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Characteristics of the Rosenblum type spark counters were studied ex- 
perimentally. In the case of a single-wire counter, number of count was 
investigated when the a-particle source was moved parallel to the cathode 
plate, and in relation to voltage applied to the anode wire and also when 
the source was moved perpendicularly to the cathode plate. Especially 
effects of temperature, pressure and humidity of the surrounding air on 
counts were investigated, and the efficiency of counting of a particles 
was estimated. Experiments were also carried out for a multiple-wire 
counter. A counter with 14 anode wires was constructed, and it was 
found that uniformity of counting through the whole acting region might 
be greatly improved by inserting a high resistance in series with each 
A neutron detector was constructed by putting a boron-coated 


wire. 
glass plate above the multiple wires and surrounding the counter with 
paraffin. 
$1. Introduction an old deposit of Po on a silver foil prepared 


The Chang-Rosenblum type spark counter” 
for a-particle detection has several attracting 
features: (1) it is insensitive to low specific 
ionization radiation; (2) it has a rapid rise- 
time of pulse; (3) it operates in the open air; 
(4) it is of very simple construction; (5) it 
does not need special amplifiers; and (6) it 
can get easily a wide plateau for applied volt- 
age. Many workers have offered various re- 
ports-'®) about its characteristics and appli- 
‘cations, but their experimental results are not 
always consistent among themselves. Some- 
times the experimental conditions are not 
made clear. The present writer has investi- 
gated the counter to make its characteristics 
clearer and also to make contributions from 
the point of practical uses. 


§2. Single-wire Counter 

A counter was constructed with a tungsten 
wire 0.1mm thick and 40mm long (anode) 
and a flat plate of stainless steel of 60x60 
mm (cathode), the wire having been stretched 
on a frame made of acryl-resin and placed at 
a distance of about 1.2mm above the plate 
separated by two narrow spacers of glass. 
The cathode plate was put on an ebonite 
plate placed on a horizontal stage of a travel- 
ling-microscope. Two modes of irradiation 
by @ particles from Po! were used. Firstly, 

way 
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2-3 years ago was used, and secondly a newly 
prepared deposit was used after the most part 
of the experiment had been performed with 
the first source. The a@ particles were passed 
through a circular hole of 2mm in diameter 
and 5.5mm in length in the first case, and 
through a hole of 0.8mm in diameter and 11 
mm in length in the second case. The second 
source was found to be much more homo- 
geneous with respect to the energy when it 
was examined by a scintillation spectrometer 
with a CsI(T1) crystal of 1/16” thick, and was 
far stronger than the first source. The sour- 
ces with the slits were attached to the micro- 
scope holder projected horizontally from the 
vertical support. Generally the whole ap- 
paratus was placed in a thermostat of 40x40 
x60cm which communicated slightly with 
outer air. The counter was operated by a 
circuit as shown in Fig. 1. 

The voltage pulses of sparks caused by the 
passage of a@ particles are of nearly uniform 
shape and magnitude, when examined with 
an oscilloscope and a synchroscope. ‘The rise 
time and the recovery time were estimated 
to be of the order of 10~’ sec and a few hund- 
red usec respectively. 

(1) After preliminary experiments the old 
Po source was placed at about 28.0 mm above 
the cathode plate, and the counter was ope- 
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rated by applying 3.70kV to the anode wire. 
Throughout the experiment the irradiation 
was always end-on. Curve (A) in Fig. 2 
shows variation of count of the spark when 
the first source was moved perpendicularly 
to the anode wire. The situation of the source 
giving the maximum count at about 28.0 mm 
from the plate was taken as the normal posi- 
tion for the measurement. Curve (B) is the 
corresponding one with the new Po-a@ source. 

(2) Fig. 3 illustrates curves of count versus 
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Fig. 2. Relation between count and displacement 
of the Po source perpendicular to the anode 
wire, (A) when a particles from the old source 
were passed through a hole of 2x5.5mm, and 
(B) when a particles from the new source were 
passed through a hole of 0.811 mm. 
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applied voltage of the anode wire, not the 
potential difference between the anode and 
the cathode, the Po source being at the nor- 
mal position, under three different conditions. 
of the air. Corona current is given in the 
curve II’ corresponding to the curve IJ. The 
voltage characteristics depend naturally on 
resistances inserted in the circuit. In the 
present example it has a very wide plateau. 
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Fig. 3. Relation between count of spark and 
voltage applied to the anode wire, under three 
different conditions of air (curves I, II and II). 
The curve IJ’ showing corona current versus: 
applied voltage corresponds to the curve II. 
(The old source was used.) 


Various workers have shown that such humps; 
as marked by a vertical arrow to the curve II 
were observed generally, and sometimes very 
markedly in such characteristic curves, but. 
others have not observed them, and an opi- 
nion was presented by the latters to attribute: 
their appearance to the different collimation 
of @ particles. In the present experiment, 
however, such humps appeared rather mark- 
edly in some cases, but not in other cases. 
notwithstanding that the geometry of irradia-: 
tion was the same. Again, the appearance- 
was not much more marked with the well- 
collimated beam of a particles from the 
second source. Also it is not clear that 
whether conditions of temperature or humidity 
may affect their appearance or not. 

(3) Fig. 4 shows a diagram obtained when 
the old Po source was moved vertically, i.e. 
perpendicularly to the cathode plate, from the- 
normal position indicated by a vertical arrow. 
Since the ordinate indicates count of spark, 
this diagram is different from the ordinary 
Bragg curve obtained for the ionization cur- 
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rent in a shallow chamber. In the present 
case it may be remarked that the count will 
depend upon the number of incident particles 
and also upon specific ionization, angular 
spread of particles and directional sensitivity 
of the counter. In this figure, (a) indicates 
the position of the source about 7mm from 
the cathode plate. Then there is a region of 
rapid increase of count as indicated by (b), 
arriving at a maximum (c), and next there 
comes a somewhat gradual decrease (d) fol- 
lowed by a plateau (e) of about 10mm, and 
lastly a steep fall (f) appears which is famil- 
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Wig. 4. Variation of count when the Po source 

was moved vertically to the cathode plate. 
(The old source was used.) 
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Fig. 5. Variation of count when the new Po source 
was moved vertically to the cathode plate. 
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liar in the Bragg curve near the end of the 
range. 

Fig. 5 shows the similar curve obtained with 
the second source. In this curve the regions 
corresponding to (c) and (d) in Fig. 4 are not 
observed. 

(4) Effects of temperature and humidity. 
As to the effect of temperature Saha and 
Nath’? indicated a shift of the count versus 
source-distance curve at 20°C and 49°C (humi- 
dity having not been indicated), and as to the 
effect of humidity Andreschev and Isaev® 
showed a nearly linear increase of count with 
vapour pressure in 5-28 mb, and very recently 
Daddi and Franceschi!) gave results obtained 
for water vapour of 27 and 112mmHg in 
broadside irradiation and remarked that the 
counting efficiency depended upon the air 
condition and particularly upon humidity, and 
in the case of completely dry air the effici- 
ency was practically zero for broadside ir- 
radiation. : 

In order to obtain various conditions of tem- 
perature and humidity we used saturated solu- 
tions of various salts in the thermostat at 
different temperatures, and stirred the air 
violently with a fan. Both the temperature 
and the humidity were measured by use of a 
small resistance-type hygrometer devised by 
K. Shiba. 

As illustrated in Fig. 3 the count versus ap- 
plied voltage curve alters with different condi- 
tions of the air. Fig. 6 shows curves similar 
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Fig. 6. Two curves similar to the curve in Fig. 
4 near the end of the range of a particles under 


different conditions of temperature, atmospheric 
pressure and water vapour pressure. 
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to the curve in Fig. 4, which was obtained 
by applying 3.70kV to the anode and moving 
the old Po source vertically under two dif- 
ferent conditions of temperature and humidity. 
It was found that the curves move not only 
horizontally as shown by Saha and Nath'”, 
but also vertically. In order to clarify the 
matter, curves were drawn again with two 
additional ones by taking the plateau counts 
to be equal. The results are shown in Fig. 
7. It will be seen that the normalized curves 
undergo displacement approximately due to 
the density variation of the air in the path 
of a particles from the source to the counter, 
and that the displacement along the horizontal 
axis will not be intrinsic to the counter, 
whereas the displacement along the vertical 
axis seems to be due al most to humidity. 
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Fig. 7. Curves similar to those in Fig. 6, the 
plateau counts being taken equal. 


Thus, further experiment was performed to 
get more data rapidly by setting the Po 
source at the normal position and applying 
3.70kV under various conditions. 

Fig. 8 shows such plateau count as a func- 
tion of absolute humidity. The points scatter 
fairly irregularly, but on the average, they 
may be assumed to lie on a straight line in 
the scope of the present experiment, irre- 
spectively of temperature. Thus it may be 
concluded that temperature has only minute 
effect upon the counting efficiency, but humi- 
dity influences remarkably. Dependence of 
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the applied voltage-count curve upon tempera- 
ture and humidity will be seen again in Fig. 
3. It seems that the curves undergo displace- 
ment towards lower voltage side with the rise 
of temperature and towards higher voltage 
side with increase of absolute humidity, and. 
count increases with absolute humidity. The 
effect of humidity seems to be an interesting. 
problem for the understanding of the me- 
chanism of the counter, yet in order to avoid 
this effect the counter will have to be put in. 
an enclosed vessel or corrections will have to. 
be made by preliminary experiment, and from 
the point of practical use, the effect will be 
troublesome especially for field works. 
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Fig. 8. Relation between plateau count and ab- 
solute humidity. 


One of the advantages of this counter is. 
that it is not affected by @ or 7 radiation. In 
the present experiment no effect was found 
when 50mC Ra was placed at 56mm from 
the acting part of the counter, that is, under 
the background of probably more than 600: 
r/hr of y radiation, speaking in detail, less. 
than 1 count per 5 min was recognized with 
Ra and without a@ irradiation, and also the 
same counts were observed with and without 
Ra when the old @ source was placed at 
various distances from the counter, for ex- 
ample 1476-15c/3 min without Ra against 
1491+-15 c/3 min with Ra. 

Next, the efficiency of counting a@ particles. 
with the counter was studied. For this pur- 
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pose, count was taken, in one hand, with the 
counter by placing the new source at about 
28.0mm directly above the anode wire, and 
passing a rays through the narrow slit, and 
in the other hand, with the scintillation counter 
by placing the source with the same slit at 
as possibly equal distance as 28.0mm above 
the CsI(Tl) crystal. The count ratio was 
~3090c/min for 23°C and 18.8mb water 
vapour and ~3610c/min for 25.4°C and 28.8 
mb water vapour against ~7720c/min, that 
is, ~40% and ~47% respectively, by assum- 
ing the CsI(Tl) scintillation count as 100%, 
under the indicated conditions of geometry. 


$3. Multiple-wire Counter 


It is advantageous to use multiple-wire 
counters to get higher efficiency for various 
practical measurement, especially that of neu- 
trons. In the present experiment a counter 
with 14 wires at intervals of 2.5mm was 
constructed. The spacing between the wires 
and the plate was about 1.3mm. When the 
old Po source was moved perpendicularly to 
the wires, a count-displacement curve was 
obtained as shown by curve A in Fig. 9 when 
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Fig. 9. Relation between count and horizontal 
displacement of the old Po source in the multiple- 
wire counter similar to the curve for the single- 
wire counter in Fig. 2. 


the 10MQ resistance shown in Fig. 1 was 
omitted. It may be that different nature of 
each acting space of the 14 wires and also 
their mutual interactions will cause such an 
unsatisfactory non-uniform distribution. In 
order to eliminate the interaction 10 MQ resi- 
stance was put in series with each wire. 
Curve B shows the result. The uniformity 
of counting shown in curve B was not ob- 
tained without adding such a high resistance 
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to each wire, for example with a resistance 
of 1MO©, to each wire or with one resistance 
of 10 MO. in series with a parallel connection 
of the 14 wires. Fig. 10 shows a voltage- 


count curve obtained by putting the @ source 
at about 27 mm above the central part of the 
It shows also a very wide plateau. 


wires. 
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Fig. 10. Relation between count and applied 
voltage to the anode wires in the multiple-wire 
counter, similar to the curve for the single- 
wire counter as shown in Fig. 3. 


Next, an apparatus for measuring neutrons 
was constructed by making use of the 14- 
wires counter. A glass plate coated with 
natural boron powder mixed with styrol over 
the area of 3x3cm was put above 1.5mm 
from the wires and the assembly was covered 
with paraffin 4cm thick. When a neutron 
source of 50mC Ra+Be was put on the upper 
side of the paraffin, ~70c/min was observed. 
Without the neutron source or the boron 
plate there was no count practically. Im- 
provement of the efficiency will be achieved 
without difficulty. 
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On the Theory of the Fracture of Liquids 


By Hiromu WAKESHIMA 
The Kobe University of Mercantile Marine 
(Received April 25, 1960) 


The theories of fracture of liquids, those of Temperley’s, Déring’s and 
Fisher’s are criticized in comparison with observations mainly by Lyman 


J. Briggs. 


The effect of bubble size on surface tension according to 
Tolman’s theory is also taken into consideration for comparison. 


As the 


result is not satisfactory, a new hypothesis for the curvature effect is 
proposed, which brings about a better agreement of the nucleation theory 


with Briggs’ data. 


Introduction 


§1. 

As is well known, there are different theories 
of the fracture of liquids at present. Tem- 
perley” put forward an idea that the pressure 
at the minimum on van der Waals’ isothermals 
corresponds to the tensile strength of the liquid. 
The temperature at which the minimum of 
the pressure is practically zero, i.e. the limit 
of superheating of the liquid according to this 
theory, is, as is shown by Temperley, in 
general accord with the observed limits given 
by Kenrick, Gilbert and Wismer?’. But, as far 
as the author is aware, there seems to be no 
published comparison of his theoretical results 
with the recent experimental data obtained by 
Lyman J. Briggs*), applying centrifugal forces 
to liquids in a rotating tube. Moreover, there 
are other ways than that given by Temperley, 
of computing the pressure corresponding to the 
minimum on van der Waals’ isothermals, the 


results by which will also be discussed. 
Doring’s theory* as well as the Fisher’s®, of 
the fracture of liquids are so-called nucleation 
theory. These authors calculated, on some- 
what different assumptions and by different 
technique of derivation, the rate of formation 
by thermal fluctuation, of critical nuclear 
bubbles for the rupture in homogeneous liquids 
under tensile stress. The ultimate strengths 
of liquids according to these two theories show 
considerable discrepancies; the limiting nega- 
tive pressures from Doéring’s theory come out 
to be larger than those from the Fisher’s. It 
will be shown that this is mainly due to an 
unrealistic assumption upon which Doring’s 
theory is based. The tensile strength of liquids, 
when calculated by Déring’s method, but mo- 
dified so as to give more reasonable foundation, 
is essentially the same as that by Fisher’s 
formula, as it is the case for the limit of 
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superheat. Both of these theories give tensile 
strengths of right order of magnitude in many 
cases, but agreement with the experiment is 
still unsatisfactory. It will be shown that the 
agreement is much deteriorated when we take 
into consideration the effect of curvature on 
surface tension, which is to be expected from 
Tolman’s theory®. To improve the accordance 
the author has made a new approach to the 
problem of the effect of curvature on surface 
tension, the result of which seems to be pro- 
mising. 


§2. Temperley’s Theory and Its Implications 


A simple treatment of the problem of tensile 
strength of liquids by Temperley”, ina slightly 
modified form, is as follows: The limit of 
stable region of the state of liquid corresponds 
to the minimum on van der Waals’ isothermal. 
Therefore, eliminating V numerically from 
the equation 


(P+3/V*)(V—1/3)=8/3-T, (1) 


expressed with corresponding variables, and 
the relation 

(OP/OV )r=0 or “P—3/V2+-2/V2=0" (2) 
we havea relation Pn(7), from which we can 
compute the pressure Pm-pe=pmin, Meaning 
the tensile strength of the liquid. In Table I 
is tabulated, in the second column, the limiting 
pressures —Pmn at 20°C for some liquids, as 
calculated using this Pm(7), and in the last 
column corresponding observed values. It will 
be seen from this table that in most cases 
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observed tensile strengths are not so large. 
But this does not necessarily mean the cor- 
rectness of Temperley’s stand point, because 
it would obviously be an over-simplification to 
use van der Waals’ relation of the form Eq.(1) 
as the equation of state throughout the liquid 
state and to correlate the limiting tensile 
strength with P» times the critical pressure. 
On the other hand, Tolman®, in his treatment 
of the superficial density of matter at liquid- 
vapor boundary, derived formulas which ex- 
press po/7’rT, —Pmin/y’7T etc. in terms of 
ar’/rT where pv, and 7’ denote ordinary vapor 
pressure and the density of the liquid respec- 
tively; a stands for the usual van der Waals’ 
constant and 7 the specific gas constant of the 
matter. When we use, for example, the vapor 
pressure of the liquids (at 20°C) to determine 
the parameter ay’/rT and compute —pmin using 
this parameter, the results turn out to be those 
given in the third column of Table I. We can 
recognize from the comparison of these values 
that the better agreement of Temperley’s 
results with the observation is rather a for- 
tunate coincidence. 

Formally we can determine in other ways 
the parameter a7’/rT, e.g. from a relation 
including the bulk modulus « of the liquid as 
follows: As the van der Waals’ equation 
using density, instead of volume, is 


pany bi@rariis sare (3) 


(here 1/7. stands for the usual van der Waals’ 
constant b), for the compressibility 


discrepancies between the theoretical and the k=7(0p/0r)r (4) 
Table I. Limitting Pressures 
(at 20°C} in) Atm: 2.) 
lee be | | | | | Curve Il 
igs — Ps EOON drt: Doring | y; ; ee ue ss 
Liquid | Crit. Vap. | Compr. | Doring | Mod. | Fisher | Tolman sage we... tees 
| Const. | Pres. ap. ¢ | 
| | | | | Pres. | Comp. : 
Water 1,000 | 6,840 | 1,390 | 1,400 | 1,320} 1,380 | 4,030) 1,330 750.| 270 
? | ? | | | 
Ethyl Alcohol 177 | 1,550 545/ 538 | 248 243 523| 241| 199| 39% 
Ethyl Ether 71 446 320 | 268 | 161 1589) seleeelO) 137 125 | 72% 
Chleroform 167 814 504 636 324 318RNeZ,000 269 | 238 | 290 
358 | 352 | 2,960 292 25 2a eel 50 
Benzene 166 846 564 | 750 
Acetic Acid 225 1,940 643'|  .678,|. . 331 325 |» 753) 322 256 288 
| | | 441 | 
Aniline 274 | 979 636 625 | | 4 280 
Cece: tes} 731 | 511|.  Gagmmmersel | 315 |" 2)720 |" 250°) 227°)" 275 
ae | | | | 162,000 | 11,400 | 6,250 | 425 
Mercury | 12,400 | 20,100 | 9,270 | 80,900 | 23,500 | 23.100 eo M5 A00s abr | 42 


fe ‘Those marked with! asterisk are data given by J. Meyer”). 
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we have 
elyrT =(ar/rT +i/rrT)?—2az/7rT (5) 
If we denote «=. for p=0, then 
ay’ [yTH=14+-V 14+ 60o/7'7T (6) 
Now the parameter ay’/rT from #0 give the 
tensile strengths given in the fourth column 
of Table I. These values come closer to the 
observation than those in the third column do, 
but it is doubtful whether we have come to 
the reality more closely. A direct estimation 
of the limiting negative pressures from ex- 
trapolation of the observed pressure-compres- 
sibility relations give results which do not 
agree with these values, though they do not 
differ in the order of magnitude. 


§3. Déoring’s Theory in Comparison with the 

Fisher’s 

Doring imagines that, by thermal fluctuation, 
there appears in meta-stable liquids a series 
of embryonic bubbles, in mechanical equilibri- 
um with the surrounding liquids; the vapor 
in the bubbles is assumed to obey the perfect 
gas law: 

p/ =p+2e/n; py’ -4/3-xr3=vkT G7) 
Here py’ denotes the vapor pressure in a bub- 
ble with » molecules, 7, the radius of the 
bubble, p the ambient pressure o, the surface 
tension of the liquid and k Boltzmann constant. 
Note that p.’ is not the vapor pressure pn» of 
vapor in thermodynamical equilibrium with 
the liquid in question. Now from the equation 
of state above, it follows that, with p negative, 
vy as a function of 7, has a maximum at a 
radius 7ym=40/(—3p), which is smaller than 
20/(pn—p) if pb<—2pn: A bubble which hap- 
pens to grow larger than this critical size, will 
continue to develope spontaneously, resulting 
in a rupture of the liquid. Doring calculated, 
from a kinetic consideration, the number /, of 
such critical bubbles appearing in a stationary 
state, per unit volume of the liquid per unit 
time, the result being 


J=B-exp (— A) (8) 
where 
Ae Ee eh Na — p/P 
27 kT(—pb) es 


The factor before the exponential term in the 
above expression is taken by Doring to be 
roughly equal to the molecular collision fre- 
quency, times the number density of molecules, 
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times the fraction of molecules having an 
energy larger or at least equal to that required 
to remove a molecule from the interior of the 
liquid, i.e. twice the heat of vaporization per 
molecule 2&, namely 
B=(Vo-V3kT/m)-7//m-(V2 &o/RT) 

exp (—2 &o/kT) (9) 
Here p and m denote the average distance 
between molecules and the mass of molecule 
respectively. As the value of p satisfying 
Eq.(8) does not vary much when / is multiplied 
by a factor of a few powers of ten, the tensile 
strength of liquids can be computed approxi- 
mately by putting J=1* in Eq.(8) and solving 
for (—p) which are tabulated in the fifth 
column of Table I. 

Now there are some points in Doring’s theory 
which have no physically plausible basis. First, 
Doring assumes the perfect gas law for the 
vapor in embryonic bubbles supposed in me- 
chanical equilibrium with the ambient liquid 
(see Eq. (7)). Even at the critical bubble 
with a radius 40/(—3p), where the vapor pres- 
sure in the bubble is just half the magnitude 
of the tensile strength of the liquid, one will 
be convinced from Table I that he has assumed 
the perfect gas law quite improperly for the 
vapor in question. A more serious objection 
to Doring’s theory can be raised against his 
basic idea that only embryonic bubbles in 
mechanical equilibrium (but not in thermo- 
dynamical equilibrium, as noted previously) 
with the ambient liquid, are needed for con- 
sideration in the nucleation problem of this 
kind. But before going into details of the 
discussion on this point, Fisher’s theory® of 
the fracture of liquids will be reviewed briefly. 

According to Fisher, the rate of formation 
of nuclei for the rupture of liquids can be 
approximated by a statistical population in 
equilibrium of the critical hole in meta-stable 
liquids, n-exp(—4¢*/kT), (here n=7’/m), times 
a factor expressing the time rate at which a 
critical hole passes to a larger bubble capable 
of growing spontaneously. 4# for the critical 
hole, 4¢*, corresponds to the maximum free 
energy of formation of a hole in the liquid; 
i.e. to 04¢/0r=0, where 


Ab=4 nro +4/3-xrp , 
therefore 


ME inn ey, AKO Ihe! I. Appl. Phys. 19 (1948) 
1063. 
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Ag*=4 rr*2o/3 (10) 
Here 7* means the radius of the critical hole. 
The kinetic factor derived from the theory 
of absolute reaction rates by Turnbull and 
Fisher” is to the order of magnitude, RT/h-exp 
(—4f*/kT), where h is Planck’s constant and 
4f* the free energy of activation for the 
motion of a molecule, at the boundary of the 
critical hole, into or away from the hole. 
Therefore 
J=nkT/h-exp{—(4¢* + 4f*)/kT}=B’exp(—A’) 
A’=16 20°/3kTp?, B’=nkT/h-exp(—4f*/kT) 
(11) 
Fisher thinks 4f* to be less than 10 Kcal/mol 
in most cases. If we assume with Fisher that 
A4f*=0, then the tensile strengths of liquids, 
as listed in the seventh column of Table I 
will be obtained. Evidently these values cor- 
respond to the lowest possible strengths from 
Fisher’s theory and when, for example, the 
value of 10 Kcal/mol is assumed for 4f*, some 
thirteen percent increase of these values 
results. 

Discrepancies between the tensile strengths 
from Doring’s theory and those according to 
Fisher’s are primarily due to the exponential 
factors in Eq.(8) and in Eq.(11), specifically to 
the difference in magnitude of A and A’. Now 
A can be interpreted as the work, necessary 
to generate a Doring’s critical bubble, divided 
by kT, just as A’RT is the free energy of 
formation of a Fisher’s critical hole. Let Wi 
be the work necessary to expand a spherical 
surface against the surface tension o from 
radius 0 to a radius “m=40/(—3)), with a 
constant inner pressure (—p/2) and under an 
ambient pressure (—p). We have 


We | ars} bie tesle pi2)} pee 
Jo le 


27p* 
Further, let W2 be the work of transformation 
of ym molecules satisfying 

4/3 -27vm3(—p/2)=ymkT 
from the liquid state to the vapor state of 
presure (—p/2). We have 


(12) 


W2=vmkT log = te == ae log af (13) 
Therefore 
(Wit W2)/kT 
"3 oa +2/3-log(—p/2p»)}=A (14) 


We now see that Déring’s critical bubble is 
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less likely formed by thermal fluctuation than 
Fisher’s critical hole,as A>A’. Though the 
Doring’s critical bubble is smaller in size than 
Fisher’s, Doring obtains larger tensile strengths 
as Doring’s embryos are of rarer occurrence 
than the Fisher’s. Fisher’s treatment, how- 
ever, has weakness too. Because, here the 
population factor for the critical holes is that 
in thermodynamical equilibrium and so discre- 
pancies therefrom is more or less to be ex- 
pected in the stationary state of nucleation. 
Moreover, a rational evaluation of the quantity 
Af* would be difficult. Therefore it may be 
of interest to modify Doéring’s theory so as to 
consider embryonic bubbles of other category 
than those treated by him. When we assume 
the vapor in embryonic bubbles to have a 
constant pressure px, instead of the pressure 
given by Eq.(7), and follow the similar ap- 
proach of the problem as made by Doring, it 
is easy to obtain the rate of nucleation /, 

J=n-exp(—Are/kT)-V/20/xm (15) 
Here 4ye denotes the work to be done to form 
the critical embryonic bubble. The tensile 
strengths of liquids as computed using this. 
formula, are listed in the sixth column of 
Table I. It will be seen that the values are 
essentially the same as obtained by Fisher’s. 
formula. 

When these theoretical values are compared 
with the observed ones, we see that in many 
cases they are not different as far as the 
order of magnitude is concerned, but generally 
speaking the theoretical threshold pressures 
are larger than the observed and notably in 
cases of water and mercury. But before going 
into the discussion of a detailed comparison, 
we must first inquire into the factor assumed 
in the theory, which has possibly a large 
influence upon the values mentioned above,. 
i.e. the problem of using macroscopic surface 
tensions in the above theory. 


§4. Tolman’s Theory of Surface Tension and 
the Fracture of Liquids 


Even if we leave the question unanswered, 
whether the term surface tension has any 
meaning when applied to small clusters of 
molecules, there is a serious problem about 
the dependence of surface tension on the size 
of bubbles. Various authors has discussed a 
possible effect in question’, but only Tolman 
could afford a general formula® readily com- 
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parable with experimental results, though his 
stand point has some theoretical weaknesses. 
Tolman argued that droplet size has a con- 
siderable effect on surface tension when it is 
under, e.g. 10-°cm in radius. Similar effect 
should exist for embryonic bubbles for the 
rupture of liquids, according to his theory, 
and not in a slight degree. A conspicuous 
influence is expected to appear on the rate 
of nucleation, as the latter is sensitive to the 
change in surface tension. Therefore a brief 
discussion of the possible influences will be 
made. 

Tolman derived in a detailed thermodyna- 
mical treatment of surface tension a formula 
of the change in surface tension of a spherical 
boundary of radius 7: 


= lle arrmma uae anza) ee 
OTs ea 


o thy 

where 7’, 7’’ denote densities of the fluid on 
the concave side as well as on the convex 
side of the boundary respectively, and I’ Gibbs’ 
superficial density with reference to his surface 
of tension. Further Tolman showed that be- 
tween I'/(7’—7”) and a quantity 6, which 
means the distance from the surface of tension 
to the dividing surface with respect to which 
superficial density vanishes, the following rela- 
tion holds: 

Pi’ —1)=8 + lr) +1/3-(O1)} (17) 
For a nearly plane surface with the liquid on 
the concave side, i.e. for a large droplet, 6 
is approximately the superficial density I, 
divided by the difference in densities of homo- 
geneous portion of fluids on both sides of the 
boundary, whereas for a large bubble the sign 
of 6 must be reversed though the magnitude 
is unaltered, as will be seen from Eq.(17). 
Therefore, following Tolman’s calculation we 
obtain a formula for the corrected surface 
tension o of a bubble of radius 7, 


o(1)=o09(z) 
=avexp | (1—2+2"8)/[1—2e—2+24/3)))dz 


z=0/r (18) 
An explicit expression can be obtained for 
the integral on the right side of this equation, 
but the result is so complicated that it cannot 
be used conveniently for further computation 
of, e.g. the critical radius or the rate of 
nucleation. The following results were all 
obtained by numerical calculations. 
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Fig. 1 gives the change in surface tension 
with the radius of bubble (Curve I). Cor- 
responding change with the radius of droplet 
is shown for comparison (Curve II). We see 
from these graphs that the change is, not only 
reversed, but more conspicuous for embryonic 
bubbles than for droplets according to his 
theory, and that application to the limiting 
pressure for liquids would possibly throw much 
light upon the validity of Tolman’s theory. 


¢ 
1.0 
08 
06 
o/ Oo (I) 
04 
0/9(0) 
02 
Fo/7 (1) 
¢ a2 04 06 08 Wiens 
Fig. 1. Change of Surface Tension with the Size 


of Bubbles or Drops 
¢(z) is given by Eq. (18); 2=6/r 
#(—) is given by Eq. (82), Eq. (33); é=ca 


Now in the computation of the rate of nu- 
cleation when the surface tension changes with 
the size of embryonic bubbles, we are not 
allowed, simply to replace the ordinary surface 
tension o in the factor A’ in Eq.(11) or in the 
corresponding factor 4¢.-/kT in Eq.(15), with 
the one given by Eq.(18). Because with the 
change in surface tension the radius of critical 
bubbles also changes. As an approximate 
evaluation of the corrected threshold pres- 
sures, we shall make use of the fact that the 
magnitude of the rate of nucleation is primarily 
determined by the factor A’/kT in Eq.(11) or 
Aye in Eq.(15), expressing the work of forma- 
tion of a critical bubble in the meta-stable 
liquid, and proceeded as follows: The rate 
of nucleation is the same approximately for 
the corrected surface tension and at the cor- 
rected threshold pressures fc, as the rate for 
the ordinary surface tension oo and at the 
uncorrected threshold pressure p. Therefore, 
from Eq.(10) we have 


4/3 - nro) =4/3-n1re™ pe +82)" ro(r)dr (19) 
0 
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where 7c* denotes the corrected critical radius, 
satisfying 


=p)G =26(Ve")ire* (20) 
Changing the variable from + to z=0/r, we 
get the relation, 


1/2-2*2=—$(z0)/z9¥ +3" be\ebede. (Ol) 


the lower limit for the integral above is set 
unity, meaning in effect that the work needed 
to form a cavity of the size 6 is neglisible 
compared with the total work necessary for 
the formation of a critical bubble. The right 
hand side of Eq.(21) was numerically computed, 
from which we obtained the corrected critical 
radii 7-*=0/ze* or the corresponding threshold 
pressures fe which satisfy 
pelp =Z0* b(ze*)/z* (22) 

The results are summarized in the eighth 
column of Table I. We see from this table 
that accordance with the observed data is 
much deteriorated by taking into consideration 
the change of surface tension with radius of 
bubbles as derived from Tolman’s theory. 

Now, as is well known, Tolman’s theory of 
the effect of droplet size on surface tension is 
based upon the relation® 


do=—T'dp (23) 


where yz is the Gibbs’ potential for the fluid 
in the homogeneous portions of either of vapor 
and liquid phases. In calculating 7’ Tolman 
first introduces approximate expressions giving 
fluid pressure as a function of position within 
the transition layer on the boundary, (see the 
next paragraph) and determines a parameter 
giving the rate of change of pressure in the 
layer, by comparing the conclusion therefrom 
with the fact for a plane boundary. Then, 
making use of van der Waals’ equation, he 
transforms his expressions for fluid pressure 
into expressions for fluid density within the 
transition layer, with which I’ is expressed. 
Finally this 7 is used for the computation 
of 6 which is assumed to be approximately 
constant in the integration of Eq.(18). It can- 
not be justified, however, that van der Waals’ 
equation even with the choice of parameters 
adopted by him, give a plausible representation 
of the succession of fluid states in the hetero- 
geneous and minute layer in the transition 
region. The large discrepancy between the 
experimental fact and the theory mentioned 
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above seems to show that his assumption is 
impermissible even in approximation. 


$5. A New Approach to the Problem of 
Surface Tension of Embryonic Bubbles 


To improve Tolman’s theory, we shall try 
to avoid using Eq.(23) and van der Waals” 
equation in the way followed by Tolman, i.e. 
to connect fluid pressure and density in the 
transition layer: Instead, we shall use the 
relations 


o-\' (6 py tex)tdx+| (op) text 
(24) 
0=\" (b—p\L-+exdedx+ | (pb —p)(L-tende 


(25) 
first derived by Tolman’? thermodynamically 
and interpreted on a molecular theoretical 
bases by Buff? afterward. Here x means the 
distance of a point in the transition layer, 
measured from the surface of tension along 
its normal, in the direction from concave side 
to convex side of the boundary with a curva- 
ture c. The first of these equations gives the 
surface tension o in terms of distribution of 
liquid pressures p’, and p”’ in the homogene- 
ous portion of the two phases and p in the 
transition layer respectively.* The second 
prescribes a specific location for the surface 
of tension within the transition layer. We 
shall further retain formally the parameter ex- 
pressions for the stress factors in the transition 
layer (p’—p or p’’—p), adopted by Tolman in 
his theory; 

We =(p’—Pmax)e"/*» (26) 

pb” —p=(b"—Ppminle (27) 
each holding over the range of vapor states 
from y=—oco to y=0, and over the range 
of liquid state from y=0 to y=oo respec- 
tively. Here a variable y designates dis- 
tance along axis normal to the dividing 
surface between phases and has the value 
zero at the point of abrupt change in stress, 
increasing in the same direction as x« increases, 
therefore x=y—%, where y; denotes the di- 
stance of surface of tension from the point of 
abrupt change in stress. fmax and Pmin are 
tentatively assumed to be equal in magnitude 
to the maxium and minimum possible pressures 


* » means the stress tangential to the transition 
layer in the statistical-mechanical treatment!®’. 
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from van der Waals’ equation. 2, and 4: are 
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parameters expressing the rates with which 


stresses in the transition region on each side of the discontinuous dividing surface change. 
Now, combining Eqs. (24) and (25) we have the relation 


=|" (p’—p)1 +oxdx-+-\ (6p +cx)dx 


(28) 


‘Therefore, making use of Eqs.(26) and (27) we get (c<1) 


o=(p’ —Pmax)Av(1—cy—Cdv) +(’ — pve 12. 90?) + (” —Pmin)Av 1 —cye +041) 


(29) 


The first term can be neglected compared with the rest on the right hand side of this 


equation, as it is expected that pPmax<|Pmin| and 2—™A:. 


Kelvin’s relation is available when 


o is defined with reference to the surface of tension, as proved by Tolman®, therefore 


b’—p” =2co; further, p’<|p’’| for minute bubbles. 


is obtained: 


—Pmind— 


Using these relations a formula for o 


7 {= 2ey.(1—1/2-eys) + 2cAC1—ey-tea) 


Here we dropped the suffix of 2:. 
similar equation for o can be easily derived: 


—PminA{—cy:)eye—cA(1—2cyr)—207A*} 


On the other hand, eliminating p’ by the use Eq.(25) a 


(31) 


In order that o remains finite, y, must be equal to 4 when c=0. 


O53 —[c?y2(1 —2/3-cyr)—2ca{(1—cy)ey:—cA(1 —2cyr) —2072?} J 


Either of the above 


equations for o give the same surface tension oo =—Pmind for c=0, the result already obtained 


by Tolman. 


Now, in order that Eq.(30) and Eq.(31) are compatible with each other, cv=y 


must be a function of cA=&. This relation between 7 and & can be obtained by comparing 


the factors o/oo from Eq. (28) and that from Eq.(29). 


Lesweee 


i.e. 


DO; 


c= S72 
oe rE 2) ya) 


4-6) (32) 


Oi 3/3: q) RoE: Ea) aa 


In order that 0,=@, the following relation must hold, 
(9/19 +8) =" —2/3- n)/ 26 E29) alm) 
From this equation, € can be expressed as a function of 7 


F=—-Fit+VFP+R 


where 
F,={(1—27)? 4/3 - 43} /41.— 9); 


We can compute numerically an inverse ex- 
pression, 7 as a function of & and thus compute 
®=0,=9, as a function of £. The curve III 
in Fig. 1 shows this in comparison with 
‘Tolman’s surface tension, though the relation 
between radius of bubble and y, or 2 is not 
given yet. Now assumptions Eq.(26) and Eq. 
(27) imply that pressure and density distribu- 
tion near the surface y=0 would be essentially 
the same down to very minute bubbles, so 
far as the material and the temperature re- 


Fo=yl—y+1/3-y)/21—7) (33) 


mains unaltered. Then it seems natural to 
assume that parameter 4 can be regarded as 
approximately independent of radius of bub- 
bles, in view of the circumstance 2 is pre- 
sumably a function of molecular force and 
the local density distribution. If this is the 
case, we can see from the curve III how 
surface tension changes with the size of bub- 
bles. It should be remarked that surface 
tension diminishes as radius of bubbles de- 
screases, contrary to the result from Tolman’s 
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theory. Second, the change in surface tension 
with the size of bubble is not so conspicuous 
in magnitude, as compared with Tolman’s 
case. 

A similar treatment as described in the 
preceding paragraph derives the threshold 
pressures for the fracture of liquids, as listed 
in the ninth column of Table I. Here —fmin, 
listed in the third column of the same table, 
are used for computation of ’4(=00/—Pmin). 
When the values of —fmin as given in the 
fourth column of Table I are used, the thres- 
hold pressures in the column the last but one 
of the table will be obtained. We notice from 
this table that agreement with experimental 
fact is somewhat improved, instead of getting 
worse as in the former case, when the surface 
tension for embryonic bubbles is given by the 
relation Eq. (18) shown previously. 


§6. Concluding Remarks 


Generally speaking, the discrepancy between 
the theoretical threshold pressures and the 
observed ones shown in the table are not so 
large as it is sometimes believed to be. Larger 
disagreement for water, alcohol, ether and 
mercury may primarily be due to different 
causes. In cases of alcohol and ether, ob- 
servational errors which probably have ac- 
companied Meyer’s old experiment”) may be 
responsible for the discord, while in the case 
of mercury the discrepancy can essentially be 
explained by the assumption that observed 
rupture took place at the mercury-glass bound- 
ary, instead of occurring in the body of the 
liquid. When contact angle of, e.g. 140° is 
assumed as a condition at the boundary, it is 
expected from the theory of nucleation’ that 
the threshold pressure for the rupture at a 
plane boundary will be reduced almost to one 
quarter of those for the rupture in the body 
of mercury. Moreover, there is no reason to 
believe that only plane boundary is concerned, 
as minute portions of a boundary, almost of 
molecular dimensions are in question here. As 
discussed, for example by Fisher, we can 
expect small fraction of this threshold pressure, 
by assuming the existence of a suitable cavity 
at the boundary. Further, inapplicability, for 
the metalic mercury, of van der Waals’ equa- 
tion to compute —fmin may be responsible for 
the discord. Whether the discrepancy between 
the theoretical and the observed values of the 
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threshold pressure for water is to be attributed 
to a similar situation due to heterogeneous 
nucleation, or to any other peculiarity of this 
common but special material, is not clear at 
present. 

As for the constancy of parameter 2 assumed 
in our theory of the size effect of surface 
tension, it has evidently to be confirmed by 
statistical-mechanical treatment of the problem, 
though it is recalled that Tolman had also to 
assume a similar relation, the constancy of 
parameter 0, in addition to the validity of van 
der Waals’ equation to describe the fluid state 
in the transition region between phases. Ac- 
tually, as will be seen from Table II, 6 and 2 
or y: for plane surfaces are most likely related 
quantities, presumably closely connected with 
intermolecular distances in the fluid. Further, 
it may be necessary to add that assumption 
of the constancy of yw, instead of 4, leads to 
an improbable consequence that 2 becomes 
unreasonably large as radius of bubbles dimi- 
nishes. 


Table II. Various Constants 
(Unit 10-8 cm) 

Liquid Pe 7) 7 Ajo 
Water 10.3 0.988 | 1.05 1.06 
Ethyl Alcohol 18.1 [SO 5 rele eA7, 1.09 
Ethyl Ether 20.8 3.44 3.82 iL iul 
Chloroform 16.5 3.04 3.34 1.10 
Benzene 16.0} 3:15 | 3.43 | 1.09 
Acetic Acid L Lor Wed 1.42 1.08 
Aniline 13.2% 1.68%** 

Carbon Tetra- Wee 
Chloride | 16.6 | 3 OMe 3.69 1.09 
Mercury | 4.00 | Deo. 2.37 | 1.04 


** The values for Aniline, marked with asterisks, 
are computed, using an extra-polation for the vapor 
pressure and are less reliable. 


The preceding arguments are based upon 
the premise of correctness of the experimental 
fact. In this respect it seems that there 
remain much to be done to expand the scope 
of observation and to increase the reliability 
of the values of tensile strength of liquids. 

In conclusion, the author wishes to express 
his gratitude to Professor Akira Harashima of 
the International Christian University, Pro- 
fessor Ituro Uhara of Kobe University and 
Professor Ichiro Shoji of Marine Technical 
College for their kind discussions. 
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The irreversible behavior of simple systems is studied. An example 


is a system composed of coupled many harmonic oscillators. 


It is shown 


that the amplitude of a specified oscillator under appropriate initial condi- 
tion, and the response function vanish after a long time, as the number 
of oscillators tends to infinity. Another example is a system of gaseous 
particle which is subject to collisions due to fixed scattering centers. It 
is shown that if there is only one scatterer the occupation number for 
the initial state changes periodically, and if there are many scatterers 
the occupation number exhibits exponential decay. 


§1. 


One of the basic problems of statistical 
mechanics is to account for the irreversibility 
which takes place generally in physical phe- 
nomena. 

Since the day of Maxwell and Boltzmann, 
this problem has been extensively studied. 
General approaches to irreversible statistical 
mechanics has been developed. A remarkable 
progress in this field is due to Van Hove”, 
R. Kubo” has afforded the theory of linear 
response in which relation between physical 
quantities are derived in elegant forms. 

In this paper, however, we shall pay special 
attention to irreversible behavior of simple 
systems which can be treated more or less 


Introduction 


rigorously. As the complete dynamics of a 
set of coupled harmonic oscillators can be 
treated in a simple mathematical way, it is 
convenient to calculate its physical quantities 
with reference to irreversible processes. 
There are a number of irrestigations of 
this sort. Recently, taking an assembly of 
harmonic oscillators coupled in periodic array, 
P. Mazur and E. Montroll®) have shown that 
the irreversibility is a consequence of the 
vanishing of the correlation coefficients as the 
recurrence time becomes infinite M. Toda” 
has treated the Brownian motion of a harmo- 
nic oscillator coupled with thermostat which 
is composed of a great number of harmonic 
oscillators, and has derived the damping equa- 
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tion and the Langevin equation. 

On the other hand, we may cite other at- 
tempts dealing with special phenomena. V. 
E. Derr® has investigated the irreversibility 
of quantum mechanical systems perturbed by 
random forces using phenomenological equa- 
tion derived from Schrédinger equation. M. 
Lax® has shown in his theory of mobility of 
electrons that the response function vanishes 
after a sufficiently long time if one takes into 
account the effect of the surrounding heat 
reservoir in a rather conventional way. 

Moreover N. Saito’) has pointed out that 
the transfer function, the Laplace transforma- 
tion of the response function with respect to 
time, has poles on the imaginary axis. In 
the limit of infinitely large system, the distri- 
bution of these poles becomes continuous, 
which might be replaced by some poles on 
the left half of the complex plane, just like 
image charges in electrostatistics. If this is 
the case, the response function will really 
vanish after a long time. 

In §2, of this paper we shall study general 
dynamics of systems to harmonic oscillator 
with a specified one, with special reference 
to the subsequent development and especially 
to the relations of transformation coefficients 
or the direction cosines between the particle 
coordinates and the normal coordinates. Tak- 
ing a special example in §3, the amplitude 
of an excited oscillator is shown to diminish 
after a time under an appropriate condition. 
In § 4, we evaluate the response function clas- 
sically, and quantum mechanically. It is 
shown that the response function really 
vanishes after sufficiently long time. In §5, 
we shall be concerned with application of §3 
to the calculation of time of flight of a parti- 
cle subject to fixed scattering counters. §6 
and §7, are devoted to conjectures and dis- 
cussions. 


§2. General Theory 

Let us consider a simple system which is 
composed of a great number of harmonic 
oscillators. The interaction energy between 
each pair of oscillators is assumed to be pro- 
portional to the product of the displacements 
from their equilibrium positions. 

In unperturbed state, the set of equations 
which determine the frequencies 2 of the 
normal modes is given by 
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N 
m;(w7?— 2?) x; ies Ajvkx—0 , 


(gj=ile seeks, N). 


where x; is the displacement, m; the mass 
and w; the frequency of the j-th oscillator, 
>’ represents the sum over oscillators ex- 
cluding the specified oscillator and 2; is the 
coupling constant between the j-th and the 
k-th oscillator. 

Denoting ys=Yms%s, Ws=V mj x5 and Ajy= 
AxxlV mymz » We rewrite Eq. (2.1) as 


(2.1) 


N 
(o;7?—2*)y5 pet Ajcyn=0 . 


It is convenient to write the coordinates 
{yj} in terms of the normal coordinates {Q;} 
by the orthogonal transformation 


N D4'f 
Qn= = CH. B= 2 CinQn : 


From Eqs. (2.2) and (2.3) we see that the 
characteristic frequency 2n of the n-th mode 
is given by one of the characteristic roots of 
NxWN matrix whose elements satisfy the rela- 
tion 


(2.3) 


N 
De (oe )nakeo” + A)xicin 


k 


N N 
= Wx" |Cua|? + >} AuCindin = Gn? (2.4) 
k=1 k,l=1 
In virture of Eq. (2.4) we have 3) wx2=>5 2n’, 
that is, trace is invariant. Differentiating 
both sides of Eq. (2.4) with respect to ;’, 
we obtain 


C2, = 02? Oa? . (225) 


On the other hand, 2n” is defined as the n- 
th eigenvalue of 2? which approaches to on’ 
of the m-th oscillator when all the coupling 
constants A;, tend to zero. 

With the matrix c=(cjx) satisfying 


DiC juju = Ont ’ DieC eC = 0 jx ’ 


(cry —— Guo (2.6) 


We note that the transformation coefficient 
cin is the direction cosine between the co- 
ordinate y; and the normal coordinate Qn. 
As an example we shall assume first that the 
oscillator s is interacting with the surround- 
ing oscillators, but the latter are not interact- 
ing among themselves. Then Eq. (2.2) can 
be rewritten as 


N 
(os? — 2!) yet 3" Asiyj;=0, (2.7) 
=! 
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(oP—2)y;3+Asiys=0 . (2.7) 
Eliminating ys and y; from Eqs. (2.7) and 
(2.7)’, we get the equation for 2n 


(2.8) 


Differentiation of Eq. (2.8) with respect to 
ws? and w;* leads to 


On? 1 


C= 3 = v ’ 
oe 1+’ (Allo 2) 
k=1 
9s O2n* eas A? |(o;?—2r?)? p 
jn Ow ;? N 4 
1+ > {A2, | (cox? — Qn®)?} 
k= 
(2.9) 
Thus we get the relation 
N 
Git > Cj, = (2.10) 
ja! 


Differentiating both sides of Sjo?= S)2,? 
with respect to w,;?, and using (2.3), we obtain 


N 
aG,=1. (2.11) 
n=1 
Another example for which Eq. (2.2) can be 
solved explicitly is the case when all the 
coupling constants are equal and is 4, Eqs. 
(2.10) and (2.11) are easily verified with the 
same method as in the previous case. The 
set of equations which corresponds to Eq. 
(2.2) is given by 
N 
(w7?—2)yj +A Pi, ye=0% (2.12) 


Eliminating the coordinates {y;} from Eq. 
(2.12), we obtain the equation for 2n, 


A 
/________=—], De 
eae w7?—A—2,* \ wy 
and the direction cosines 
ies es 2\2 
apsetlos— ee!) (2.14) 


S(1/(ok— A—2n!)*} 


§3. 
In this section, we examine a system com- 
posed of N harmonic oscillators which have 
the special frequency spectrum given by 
op=o8+(j-sf , 


V=Seek Seay, a: 


Special Example 


nist NiZe (3.1) 

As is well known, a condition that has 
proved vital in all works in statistical me- 
chanics of irreversible processes is the large- 
ness of the system. In this section, this 
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manifests itself in the fact that the spectrum 
of frequencies w; becomes dense as No. 

We shall take the first model in the previ- 
ous section, and assume that all coupling 
constants As: do not depend on the k-th oscil- 
lator, that is, 4K =A. 

We can easily calculate Eq. (2.8) in the 
limit of infinite N: 


2 
pein cot alot Fan Qn?) 


A 
May AEE: (3.2) 


Os?— Bn? 


From Eq. (2.9) we obtain 
N A2 —1 
a / 
Con {1+3 (w?—Qn2)? } 
2 f2 2s 2 
A pele Ossn ny) 
A a 
At e* 
oi (cos? — Qn2)? f 
With use of Eq. (3.2), the above equation can 
be written as 


={1+ 


(3.3) 


A2 
Cn 37+ AA) +(oe 2a? 
eit a 
z at+(we—Q?)? ’ 
(eat, bation oo 


a 


(3.4) 


A and 4 being assumed to be constants of 
the order WN and N“ respectively. We 
have therefore neglected 34? in the denomi- 
nator, which is valid for large N. 

Csn becomes continuous with respect to Qn 
in the limit of large N and small 4?. NA? 
approaches to a constant of the order 1 in 
this limit. And @ in Eq. (8.4) approaches to 
a constant of the order 1 in the same limit. 

A state of motion can be generally repres- 
ented by a superposition of eigen-vibrations. 
By an eigen-vibration we mean a synchronous 
oscillation of all particles with eigenfrequency 
Qn and amplitude adn. The displacement of 
the j-th oscillator can be described by 


V5=D Cjn(An COS Qnt +bn sin Qnt) . Key) 
n 


We impose the initial condition that, at t=0, 
all the oscillators, except a specified oscillator 
s, are at rest in their equilibrium position, 
and this oscillator is displaced by unit distance 
with vanishing velocity. To satisfy the initial 
condition, we take 
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an =Csn , br=0 5 
and then 


ses CsnC jn COS nko (3.6) 


We can see that the amplitude of the oscil- 
lator s is continuously damped down with time 
from Eqs. (3.4) and (3.6). ys can be repres- 
ented as 

2 


A a 
=>) c2, COS Qut = 
4“ 2 : T 2 ioe 


Qn? COS Brit . 


(3.7) 


Since the spectrum of frequencies w;? be- 
comes dense about ws; as remarked before, 
the normal mode frequencies 2, distributed 
about ws as No, 

In Eq. (3.7), the factor a@/(a@?+(w.s?—2Qn?)?) 
has a sharp maximum around 2n~ws. Con- 
sequently, 2n?—w;? can be substituted by 
2@s(Qn—s), neglecting the second power of 
&n—ws. It is noted that there is a solution 

n® of the transcendental equation (3.2), in 
each interval [ws?+(m—s)4?, ws?+(m—1—s)A?] 
for n—s=0, +1, +2, ---. Hence we may use 
the approximation that, for 2~;, there are 
g(2)d2=(20s/4?)d2 oscillators with frequency 
between 2 and 2+d2. Therefore the sum 
is reduced to the integral 


a 8 


a= ——— C08 Prt 
4 27Ws ~ B?+(@s— Rn)” 
Loiltes B 
aa 2s cos 2t-d2 
7 \ of eR 
=e-Fltlcos ast. (3.8) 
~where 
B=a/2as . 


Thus, we see that the amplitude of the ex- 
cited oscillator s diminishes to zero after a 
a sufficiently long time, and initial situation 
will never return. 


§4, The Response Function 

We consider the system with Hamiltonian 
3, which is composed of two parts; the 
unperturbed part So which described the 
natural motion of the systems considered in 
the previous section, and the external pertur- 
bation on the oscillator s: = Ket (b)s 
where f(t) is the applied force. . 

The system is assumed to be in a certain 
distribution p( 9) at time 7=0 in the phase 
space J’. We confine ourselves to weak per- 
turbation, for which the linear response 1s 
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observed through the change of 4xs, where 
x(t) is the velocity given by xs=ps/ms. 
We may write the change in 4x(f) as 


ee =i ar |" (xe, fie(t—l) (2) dt’ 


=|" eo Xi h at ar : (4.1) 


where the bracket means the Poisson bracket, 
and L is the self-adjoint operator introduced by 


Kirkwood®, defined by iLg=(%o, g). Thus 
x(t) is given by 
X(t) =e-"*x,(0) 6 (4.2) 
The response 4x.(t) may be written as 
t 
Ae.=| pxx (E—t f(t) dt’ . (4.3) 


The response function is defined, comparing 
Eq. (4.3), with Eq. (4.1), by 


bie) =—\ar es, Fare (4.4) 


By the use of normal coordinates in the pre- 
vious section, unperturbed Hamiltonian 4» 
is given by 


ol o= DEP n? + Qn? Qn? } : (4.5) 


In terms of the normal coordinates we have 


1 Bey Y RG 
— Dy CsnQn 5 Xs=V ms Xi CsnPn 
(4.6) 


Xs = 
Ms n=1 


Thus we obtain 


Ning NG 
d(t) ==, DS | concen PaPnlOp0/9 32 )e08 Qntdl™ 


nel m= 
= 5 c?,, COS Qat . (4.7) 
n=l 
in which we have used the relation 
[ PaPa(Oonl0ce-)ar Ty Se 
and 
DS Come" Pm = >) ComPn COS Qu . (4.8) 


Since Eq. (4.7) agrees with the right hand 
side of Eq. (3.7), the response function ¢(¢) 
is given by Eq. (3.8), that is, 

(4.9) 


Thus we see that though the response func- 
tion is a sum of terms periodic in time, it 
vanishes after a sufficiently long time. The 
transfer function is defined by 


Pa)=| esd 


o(t)=e-F! cos ast , t>0™ 


0 
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Except unimportant factor, we can easily 
evaluate ¥(z) from Eq. (4.9) to obtain 

1 1 
z+B+iws z—B—iws ~ 

Y(z) has pole at z=—8—iws and —8+1as 
on the left half of the complex z-plane. The 
poles are equivalent to position of time image 
charges for induced charge on the surface of 
the conductor. This fact satisfies the condi- 
tion which has been proposed by Saito”... Now 
we shall treat the problem quantum-mecha- 
nically by a method which is analogous to 
that of classical mechanics. 

The similar expression for the response 
function can be derived in this case. Pois- 
son bracket are to be replaced by commuta- 
tors and the distribution function (Ho) is 


Ke= 


to be replaced by the density matrix. We 
have 
bxgx,(2)= loo, Xs)icr(Xs) cet ea -8 vt % ‘ (4 12) 


By the use heer the same transformation as 
in the classical case, we obtain Hamiltonian 
as a sum of those for harmonic oscillators 
whose eigenfrequencies are given by 2» as 
before. It is easily proved the matrix C of 
the transformation coefficients has the same 
elements as for the classical mechanics in 
virtue of the properties of harmonic oscillators. 

We take the representation which make 
& diagonal, 


B= > 1Dn (« Sh 


3 = (4.13) 


1 
= nn , 
V ms 
Xs=V Ms Dy CsnPn . 
n 


In this case we shall assume that the system 
is initially in the state of thermal equilibrium 
with temperature 7, that is, we assume that 


0 4° 0)=exp {BF—-FH)} . 


where 8=1/kT, and F is Helmholtz free energy 
of the system. 


By the use of Eqs. (4.12), (4.13) and (4.14), 
g(t) can be written as 


sO== > > Cs ns ebFn 


x reget —e-FPQp (t+ (1/2))} 
x (RIQn|D)U| Pr [Rye k-DQnt : 
where 


(4.15) 
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e-PF'n 5 E~BHQy (K+ (1/2) =E-%P2Qn/2(] —@-#BOn)-! 2 
k=0 


Making use of the relations 


(RlQnlk+1)= ecard ale 


22n 2 

y Nie 
(RIQolk—1)= ( so) pelt, 

; pe (4.16) 
(k\Palk-+l)=— a et Rue , 


RQn 
2 


we sum up over 7, and then over & and ” 
ot)= Sa, SV KEED 


X EP Fne BH On k+(1/2))(] — @-#B@n\cOS Qnt . 
(4.17) 
Eq. (4.17) can not be calculated exactly as the 


factor Yk(k+1) induces complicate calcula- 
tions. 


Since except for very low temperature, the 
main contribution to Eq. (4.17) may arise 


(h|Palk—1) = =| ye eey' 


from the terms of large k values, Wk(k+1) 
can be replaced by k+4 in Eq. (4.17). We 
have then 
N —BKQn 
o=> c2, —— os Qnt. (4.18) 
n=1 


in which we have used the relations 
eb Fn SS ¢ poy eae = As 1 
K=0 2 


2 ePHQn—] ” 
eee 


2 ePh2Qn—] \a—e-##mn) aT (1+ e~8% Qn) : 


Replacing the sum over ” by integration as 
we have done in the previous section, we ob- 
tain 

ot)= ean ae Qt(1+e-*#82)dQ .. 
B?+(ws— 2)? 


(4.19) 
For small coupling constants we get finally 


for 
= Bas 
1) =e “7 ) 


This expression is valid only if Bhos<1. 
The classical limit can be obtained formally 
taking the limit #0. As in the classical case, 
the response function for large t¢ really vanishes 
in the limit of large system. 


§5. Application to the Calculation of Time 
of Flight 


We shall be concerned here with an appli- 


1961) 


cation of the method shown in the previous 
sections. As an application it is of some 
interest to consider the problem of time of 
flight of gaseous particle scattered elastically 
by fixed scattering centers, the number of 
the incident particles is expected to diminish 
continuously. 

Let us start with the Hamiltonian in mo- 
mentum representation 


SF = > Ex ay+ > Vid « (5.1) 


The equation of motion, in Heisenberg re- 
presentation, for the operator a, is 


ha,=1| KF, ay|=—1&,a,—1 Di Vids ; Gr) 
yl 

A= > CrnA,e*tint/% , (5.3) 

SS Cin*Cxn = O1% : (5.4) 


where 2 stands for the eigen-state which 
reduces, when interaction vanishes, to the 
unperturbed level with the wave vector n. We 
have written cxn for Cyn and 6:,x for 6.,. An- 
nihilation and creation operators An and Am*, 
for eigenstates satisfy the same commutation 
relations as a, and ax*. 
From Eqs. (5.2), (5.3) and (5.4) we obtain 


(Ex— En)een + 2 Viaicin=0 : (5.5) 


The occupation number m;(¢) in the state k 
can be written as 


Mu = (t)<an*an>=Tx (ax*ax0) « (5.6) 


where o¢ is the density matrix which charac- 
terizes the total system. 
Inserting Eq. (5.3) to Eq. (5.6), we get 


nxt) = SIDS etn Bm)! % Con * Crm? Am* An> ° (Gs) 


We have to note the fact that in Heisenberg 
representation o do not depend upon time, 
but A,» depends upon time. 

Now we assume that at t=0, an incident 
particle was found in the state s, that is, 
nx(0)=0 (k#s), ns(0)=1. To satisfy this initial 
condition, we shall take <An*An> equal to 
Then we obtain 


S=>) leanltew n=” tle ’ 
n 


Csn*’ Com*™. 
ns(t) ae S|? ’ 


where E) is an arbitary constant which can 
be chosen appropriately so as to facilitate the 
calculation. 

First we shall assume a scattering center 
at the position R, and further that its size 


(5.8) 
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is very small compared with the wave length 
in question, that is, the wave length of the 
order of the incident particle. If we denote 
by v(r—R) the potential of the scatterer, we 
have 

Vit Ae- i 'k-O-R : 
with 


a =— [ear 2 


when the scatterer is very small in size. 
(5.5) reduces to 


(€x—En)cun’ +A Si Cin’ =0 ; 


(5.9) 
Eq. 


Gen, Cane eee 
(5.10) 
we have therefore the equation determining 
En: 
il il 
Sine a 


(5.11) 


and, normalizing cin’ by Eq. (5.4), we have 


18) Cor Th, Aad & 1 
(€k— En) ‘ 2 (1 /(Ex—En)*} ; 


(5.12) 


To solve Eq. (5.11) in a closed from we shall 
simplify the structure of the unperturbed 
energy levels. This simplification ought to 
be legitimate. Usually we assume the system 
which is a regular cube in form. In this 
case each level is generally three-fold de- 
generate because of symmetry. The de- 
generacy, however, can be removed by a 
slight change in the form of system. We see 
that we may assume non-degenerate energy 
scheme. Then it is permitted to set number- 
ingcik=-~:lo2en-) forpthetslevels tciny sucha 
way that the energy of the level with smaller 
k is lower than that with larger k value. 
The number k thus defined is to be distin- 
guished with causion from the wave number 
|k]. 

An incident particle initially in the level 
k=s will be shifted to another level by col- 
lision with the scattering center. Since the 
unperturbed level €; is not an eigenstate of 
the total system, the incident particle is scat- 
tered to another level with slightly different 
energy. 

Thus it seems legitimate to approximate 
the unperturbed energy levels near the energy 
&€; of the incident particle by levels equi- 
distantly placed. That is 


Ex=Est(R—S)E - 


Ne 
Cn 


(5.13) 
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where k runs from —co to «, and the level 
distance € is equal to the inverse of the level 
density. 

By the use of Eqs. (5.11) and (5.13), we get 
the equation which the eigenvalues En satisfy: 


ae cot En=1. 


(5.14) 
Since this equation is of the same from as 
Eq. (3.17), we can easily obtain the following 
results. 


FEn=Est(n—sé , 
Bech 
185 = — Tag uae (5.15) 
; 3 
Csi ie a 
é[a—(n—s)] 
where 
ie 1 . a 
2— 2 - — 
PAG Mra page seer 
and 
a= == Tag i 


Now, at t=0 there is a incident particle in 
the level s. At later instant the expectation 
value of the number of particle in this state 
is ms(t)=|S|? as is given by Eq. (5.8). 

Taking the arbitary constant in Eq. (5.8) to 
E;—s€, by the use of Eq. (5.15) we get the 
result 
cc) C 2etla-(n—s) 12 t/% 


ce 
2: Cpe) 


N=— co &[a— 
= S { cosec?(za)+z[2t ‘Ber te: , 


0<—— 


Elél — 
7) (5.16) 


In virtue of Eq. (5.15) we obtain from Eq. 
(213) 


a By Elt| ét \? 
n(t)=1 e472) |2n h @ ) 


gael <2 


(5.17) 


nt) is seen to be a periodic function of 
&t/h with period 2z. This strict recurrence 
is, of course, due to the approximation of 
equidistant levels given by Eq. (5.13). 

‘Here we have to estimate the order of 
magnitude of 4/€. A is inversely proportional 
to the volume V as is seen from Eq. (5.9). 
€, the inverse of the level density, is also 
inversely proportional to the volume. If the 
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scattering center has radius 6 and potential 
depth Up, 
4z U0? 
BOT 
If the mass of the incident particle is m, the 
total cross section is” 

6 =162z(mUod?/3h?)? . 
On the other hand, the level density g(&s) is 
given by 


1 2 
ORS aye d\k\/d&s . 


where &s;=h?|k|?/2m. Therefore in the order 


of magnitude 
a 


A= 


(|k|6<1) . 


72-3) ~o""" 


Since 6 is assume so small as |k|O0<1, except 
for very strong scattering center we Bee 
assume that 
|A/E|<1 . 

For instance, the wave number of electrons. 
in solid is of the order of the atomic spacing, 
and we may expect this criterion to be valid 
for usual disturbing potential in solid. 

From Eq. (5.17), the change in %,(¢) with 
time is primarily governed by the constant 


The time of flight or the life time is B-', 
which is of the order 
EPI, 

v 
where v=h|k\|/m is the velocity of incidence. 
Under these circumstances, if these is only 
one scatterer, the life time is very long. 
Usual decay can be expected when there are 
many scattering centers randomly distributed. 

Finally we shall assume WN scattering centers 
fixed randomly at Ri, R2,---, Rwy. In this 
case, instead of Eq. (5.9) we have 
hanr=—tEran—td s »y eg: 

pal 

Taking the eigenstates ” as before, we write 


A=>, Din Ae in/% , 
n 
Then we obtain 
(€x—En) Din = —Af{e-e Ry SS ale BIE 
l 
et Bay ee Di, - 
U 


Le-tk-Ry Se e+ Ry Din} ; (5.18) 
U 
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The way to solve this equation is to decom- 
pose the orthogonal transformation, repres- 
ented by Din, into N step rotations; the first 
rotation to eliminate the first term in the 
right hand side of Eq. (5.18), the second rota- 
tion to eliminate the second term and so on. 
Let 


Din= Dine Es (5.18) 
We have 
(€:—En)DQ+Aad>>o DY 
= SCY eth (RyRy) yt eit (RyRy) PD i 
es) 7 
(5.19) 


Therefore we shall proceed to the second ro- 
tation by putting 


DA=D COD Me Re-Ry (5.19) 
where C%> is the coefficient C;,, given by 
Eq. (5.10), i.e. 

(Cre 
C= Sf ee (5.20) 
with the roots Em of the equation 
1 a mt } 
= Ex— Ey - Aa ; a) 


and C,)) is determined by the condition of 
ortho-normality. 
DiUGes Cas Onn - (5.20) 
k 
Inserting Eq. (5.19’) into Eq. (5.19) we get 


S(En'? — Ey Co D2. 


Oy 
Din = 


G21) 


After multiplying (5.21) by C‘?* and suming 
over #, we get, in virtue of Eq. (5.20)’’, the result 


(Em —En)Din ta 28 De o-tk- (Ru-Ry)C (D* 
(5.22) 


Ly Pa eo (Ryu-k) > ei (Ry -R) CS, D 


lm’ 


1G 
x Dy, DSS Ge one . 
m’ 0 


where we have interchanged the roles of m 


and m’ 
We have therefore to calculate the sums 


oven k and I in second term of Eq. (5.22). 
For »=2 we get immediately, by Eq. (5x22) 
igeevoely 

2 Gar 
(5.25) 


To get through the calculation we shall 
here adopt the approximation of equidistant 


1 
(Da (1k 
Dy (Ce ? Corse 
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levels given by Eq. (5.8). 
Then by Eq. (5.10) 

A = 
Vite 
For 442 we have 

e-tk (Ry-R») 


t  €t—Em™ 


Cin? = (5.24) 


= 1G oegim (Ry—Ry») x 


Os) 


where we have assumed 2 small and have 
taken out the largest contribution. A similar 
equation holds for the sum over / and hence 
Eq. (5.22) turns out to be 


(Em? —En)Dinn+4 >, Doar 


+A SY e-t iy-Ra) S. g- tin’ (RR) 7) =0 . 
23 m™m’ 
(5.26) 
This equation for D® has the same form as 
Eq. (5.18) for D{2, and so we can proceed in 
the same way. We put 


DG= 3 Crm Dining Ba-B (5.267 


and eliminate the term “=3 in the last equa- 
tion. Then we get an equation for D7), 
which is the same in form as Eqs. (5.19) or 
(5.26). 

Thus we can repeat the same procedure and 
get finally the result 


Din=e- Ft SY Chav Cwm Cn 


Qi=1) 


tImlire* 


mm’? m 
-e ik-(Ro Ri) .¢@ im’+(R3—Ro).. . 


(XD 
mY Uy, 


-e-im(W-1)-Ry | 


(5.27) 


which expresses NV step rotations to bring the 
states to coincide the eigen-states. For each 
rotation C®, is given by an equation an- 
alogous to Eq. (5.15). As we are assuming AB 
small, 
C@,=—Al/[A+(m’—m)é] 
E®- EO Y =A — Mme 
En=6s+NA+(u—S)€ 
These equations hold for small 4. 
We impose the same initial condition as 


before. That is, at ¢=0, .(0)=1, m(0)=0 
(k#s). This is satisfied by choosing the state 
<Am* An> = Dsm* Don. We have 

ns(t)=|S|? S= 2 | Den|2e—*'4 n= 8 0)t/ % é (5.29) 
where Ey is a constant which can be chosen 
appropriately. 
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Under the supperposition that the scatterers 
are distributed randomly, the equation 
co ei lA/e+(m ~m) }x 
2 TET Omer am} 
can be replaced by 
Om,,m{7? cosec? (74/E) +2(— |x| +2x cot (xa/E)} , 
On \<27% (5.30) 
where x stands for &t/h; m: and m stand for 
m*-) and a similar suffix in |Dsn|?. We 
first sum up over n—m-», next over m*¥—-” 
—m(‘*-» and so on. We then split Ex»—Eo 
as 


—i(m—m)*Ry 


(En—Ev)/E={4/E+(n—m*-”)} 
+ Q/E+(MF-9 — m2) oe 
+{2/E+(m’—s)} . 
By the repeated use of Eq. (5.30), we obtain 


finally '* ‘ aa pan 
nd=|1 Een cand . 


As & is taken very small, for large N, we 
get exponential decay of the incident beam; 

Wid =e 5clel . (5.32) 
with the decay constant 


This result agrees with that obtained by 
usual perturbation treatment. That is, the 
transition probability from the level / to & is 
given by 


2 ; 2a 2? 
ae een ee 
Hence, one should expect the equation 
dns 
—-=—Npns . 
dt Pits 


which after integration, gives Eq. (5.32) for 
ieAWy 


§6. Concluding Remarks and Acknowledge- 
ments 


For small system with finite degrees of 
freedom, the initial state will be reproduced 
by any desired degree of accuracy. This 
follows from the general theorem in dynamics 
due to Poincaré. For large system, however, 
we may expect, in general, no recurrence in 
a finite time interval. In fact irreversibility 
is a very general phenomena common to 
physical systems. We have confined our- 
selves to simple systems to clarify irrever- 
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sibility. However, for the purpose of dealing 
with more general cases the following way 
of approximation will be of some value. 

To find the approximate expression for Csz, 
for the first model system of §2, we may 
take only the main term of Eq. (2.8) and 
neglect other terms in which w; is far from 
Qn. That is 


ws? — Qn? A? | (on? — Qn’) ’ 
1 Ae 
eats ce 2\2 wm ns 
fr ie exam cane ae 
N#S (6.1) 
However, Csn is to be normalized in such a 
way that 


(6.2) 


es ciac=| oO) 
n 

The summation over ” has be replaced by 
integration over as N tends to infinity. How- 
ever, we have to notice the fact that the ex- 
pression Eq. (6.1) for c?, fails when 7 is too 
close to s. Eq. (6.1) means that except for 
the immediate neighbourhood of ws, the num- 
ber of oscillators in the range d2 is 


(Q)dO~ Ca A Q)/4oe? 
C Nee NES ala gar 8 9)de Caan 
(6.3) 


For 2~ws Eq. (6.3) should be modified. The 
simplest way to satisfy normalization condi- 
tion Eq. (6.2), is to modify Eq. (6.3) as 


1 B 


Oe a os eee 


dQ , (6.4) 


where 
m g(2) 
=— 2+ + 22(2 
Bae) 
Since Eq. (6.4) is equivalent to Eq. (3.9), this 
sort of way of approximation seems to apply 
to many cases where exact calculation is not 
capable. 
The author wishes to express his hearty 
thanks to Prof. Toda of Tokyo University of 


Education for extremely helpful discussions 
throughout the entire course of the work. 
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A New Picture of the Vibration of Linear Lattices 
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A new version of the method of transfer matrix is presented, which 
largely simplifies the derivation of eigenfrequency equation, on the one 
hand, and gives rise to a very simple and vivid picture (vector picture), 
on the other hand, of the normal vibration for the linear isotopic lattices. 

By using this version and the vector picture, the wave forms of the 

extra- and in-band vibrations of the lattices containing a small amount of 
impurity and the eigenfrequency spectrum of generalized diatomic lattices 
are discussed, obtaining some interesting conclusions. 


Introduction 


Sol, 

Some years ago the author devised a simple 
and effective method of treating the problem 
of vibration of linear lattices (method of trans- 
fer matrix), and treated several cases of regu- 
lar and disordered lattices, obtaining some 
interesting results”.”. In the present paper, 
a more effective version of the transfer-matrix 
method is presented, and some further results 
obtained by this new version concerning the 
frequency spectrum of generalized diatomic 
lattices and the impurity modes of disordered 
lattice are reported. 

In §2, we first show that, if we use a new 
representation (vector representation) of the 
transfer matrices, we can visualize very vivid- 
ly the vibration of linear lattice as successive 
regular or random transformations of a com- 
plex vector on the complex plane. We shall 
call such a visualization “vector picture”. It 
is the main object of the paper to demonstrate 
how the vector representation and vector 
picture shed new light on the understanding 
of linear-lattice vibration. 

In §3, we illustrate by a simple example 
that the vector picture enables us to derive 
the eigenfrequency equation in a very simple 
way and to give a remarkably intuitive ex- 


planation for the shift of eigenfrequencies due 
to impurities. 

In § 4, the eigenfrequency equation for the 
lattice of the type 


and the lattice which contains the above lattice 
as its unit cell (so-called generalized diatomic 
lattice) are derived by using the vector re- 
presentation. It is shown that there is an 
intimate connection between these two equa- 
tions. 

The vector picture leads to a simple graphi- 
cal method of calculating the wave forms of 
normal vibrations. In §5, we first calculate 
the wave forms of the impurity vibration and 
an in-band vibration of the lattice with a single 
impurity, and compare them with each other. 
It becomes clear that the former is localized 
whereas the latter is not. Next the spectra 
of a lattice with two impurities are calculated 
for the cases in which the distance between 
the impurities is maximum and minimum. 
In contrast to the former case where two 
impurity frequencies appear, there appears in 
the latter only one impurity mode: one of 
the two has got into the band. By calculating 
as an example the wave form of one of the 
in-band vibrations, it is shown that all the in- 
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band vibrations have essentially simple har- 
monic character and are not localized, whether 
they may be proper in-band vibrations or 
“ got-in” extra-band ones. 

In §6 we enter into discussion on the basis 
of the equation derived in §4 of the band 
structure of generalized diatomic lattices. In 
addition to the results which prove to be the 
same as those obtained by Maradudin and 
Weiss), we get some new results, for example, 
concerning the wave form of the vibrations 
corresponding to the frequencies at the bounda- 
ries of each band. It is also shown that the 
existence of forbidden bands can be explained 
very vividly by vector picture. 

For random lattices, the successive trans- 
formations of the complex vector become a 
kind of two-dimensional random walk which 
forms a Markov process. In view of mathe- 
matical difficulties, we leave the analysis of 
this process for future investigations, and 
confine ourselves to some comments on -the 
general feature of the process (§7). It is also 
shown that the fact discovered by Dean*’ that 
the spectra of disordered diatomic lattices 
have extremely fine structure, which seems 
rather strange as judged from the hitherto 
supported general view that the spectra of 
disordered lattice have only moderate number 


es. ee (278)(1+7€ tan @) 
—2€ tan 8 exp (278) 


(Vol. 16, 


of rounded peaks, can be explained very natu- 
rally on the analogy of generalized diatomic 
lattice. 


§2. Polar Decomposition of the Transfer 
Matrices and the Vector Picture of 
Lattice Vibration 


An arbitrary finite-dimensional matrix A can 
be represented as the product of a unitary 
matrix Z and a non-negative Hermite matrix 
P (polar decomposition) : 

A=ZFPS (2.1): 
where P and Z are given by (A*A)/? and 
AP-', respectively*. 

We consider in this paper only the linear 
lattice containing isotopic atoms. Out of the 
isotopes composing the lattice we choose a 
“basic isotope” at our convenience, and use 
its mass m to define : 


w?=(44/m) sin? B , (2.2) 
where w is the frequency and 4 is the force 
constant. Then, according to I*, the transfer 
matrix corresponding to the atom belonging 
to this isotope (basic atom) is 
exp (278) 0 ) lide 

0 exp (—278) 
and the transfer matrix for other atoms (non- 
basic atoms) has the form 


1+4=( 


where €=M/m—1, M being the mass of the non-basic atom.** 
Let us seek the polar decomposition of Q. Putting 


6 tanie—tanreyae 


the eigenvalues of the matrix Q*Q come out to be 


+ =(Sec ycetan 7)? . 


Therefore the eigenvalues of P=(Q*Q)'/? are given by 


Ua see yan 7 


7€ tan 8 exp (—278) 
exp (—276)(1—7€ tan ) ; = 
(2.5) 
(2.6) 
(2.7) 


x 
between different non-basic isotopes. 
In I, @ was called impurity matrix. 


The author’s first paper cited above will be referred to as I in the following. 
Since we treat in this paper only diatomic case, it is unnecessary to use the suffix to distinguish 


Here we avoid this terminology for two reasons. 
general diatomic lattice it is meaningless to call one isotope regular and the other impurity. 


Firstly, in the 
Secondly, 


even in the case in which one isotope may properly be called impurity, it is often convenient, as will 


be seen later, to take the impurity atom as the basic one. 


rise to confusion. 


Then the name “impurity matrix” will give 


We shall always use the letter m for the mass of basic atom, and M for that of non-basic one. 
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The diagonalization matrix V and V-! of P are easily obtained as 


v( (—2ip)(1—itany) exp (—278)i(1—i tan #) 9 
exp (278) sec —exp (278) sec 7 - 
and 
VG cece tka (wo (278) secy —exp(—278)i(1—i tan f) (2.9) 
—exp (278) sec y exp (—278)i(1—i tan 7) 
We get therefrom 
P=Vaiag (alt, wail) (_ sec 7 —i exp (—4i8) Pk ETE (2.10) 
2 exp (478) tan 7 exp (77) sec 7 
and 
exp [z(26+ 0 
z=oP-\=( pli(28+7)] : ). cont 
. 0 exp [—2(28+7)] 
In the representation in which P is diagonalized, Z becomes 
v-zv=( is) Ah on dep geo) é (2.12) 
7 sin (7 +28) cos (7 +28) 
and consequently 1+A becomes a 
aay =( aan (2.13) 
isin(28) cos (28) 


In what follows we shall use this representation throughout, unless otherwise stated, and call 
it “(complex) vector representation ”, for the reason which will become clear below. More- 
over, we shall denote matrices in this representation by the same letters as has hitherto 
been used, i.e., by Z, P, Q and 1+A. 

Let us use the complex representation for the vector representing the state of each atom, 
and denote it by x=x+zy or x=(x,ty)". Then P represents the operation of multiplying 
the real component x of x by secy+tany and the imaginary component y by secy—tany 
(P-transformation). If we operate Z on x, the resulting vector x’ is, putting a=28+7, 


if fe) ( COS a@& ae cae (emeRtei ars a 
AG — = — ‘ : f = 
Ly’ isina cosa/\ty xi sina+iycosa@ 

or 
x’ =(x+7y) exp (a) =x exp (1@) . (2.14) 


This means that Z rotates an arbitrary complex vector x by an angle 28+y7 (Z-rotation). 
Similarly 1+ rotates x by an angle 28. 

The vibration of linear lattice can thus be visualized as successive transformations of 
a complex vector on the complex plane: At basic atoms, the state vector x is merely rotated 
by the angle 28. At non-basic atoms, x is subjected to a stretch (contraction) of its real 
component by the factor sec 7+tany and a contraction (stretch) of its imaginary component 
by the factor sec y—tan7, and a following rotation by the angle 28+7. We shall call this 


visualization the “ vector picture ”. 


§3. Vector Picture for the Regular Monatomic Lattice and the Lattice with one Impurity 

Consider the linear lattice composed of N isotopic atoms. We adopt as before the cyclic 
boundary condition. Then if for some f there exist vectors which return to their initial 
position after N successive transformations as described in §2, this gives an eigenfrequency 
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according to (2.4). When the number of such vectors is finite, the phase of the vibration 
with this eigenfrequency is not arbitrary, but is determined uniquely or restricted to those 
which correspond to these “recurrent” vectors. If every vector is recurrent, the phase of 
the vibration is arbitrary. 

It is well known that the eigenfrequencies of a regular monatomic lattice is given by 


B=nz/N , n=1,2,---,N/2 or (N—-1)/2. (Sa) 


In I it was shown that the phase of vibration is arbitrary except for the vibration at the 
band-edge. This corresponds to the fact that for regular lattices every transformation of 
the vector is a simple rotation by the constant angle 28, and consequently, if P=nz/N, 
arbitrary vector is recurrent. At the band-edge, the absolute values of the displacements of 
neighboring two atoms are the same, so that the phase should be considered unique. 

Next consider the lattice with one impurity. 
It we take the regular atom as the basic one, 
the state vector is subject to P-transformation 
with following Z-rotation only once. When 
the impurity is heavier than the regular atom, 
P-transformation consists of a stretch of the 
real component and a contraction of the im- 
aginary component, since then €>0 and con- 
sequently ;7>0. Fig. 1 shows successive 
transformations of the vector for this case, 
from which it is readily seen that in any 
normal vibration the phase cannot be arbitrary, 
in harmony with the result obtained in I. 

If we take the state vector of the atom 
just before the impurity as the initial vector 
X0=(%0 +7 yo), the eigenfrequencies are determined by the condition that x. returns to itself after 


a P-transformation with the following Z-rotation and succeeding N—1 simple rotations by 
angle 28, i.e., by the equation 


Fig. 1. 


{xo(sec 7 +tan 7) +7yo(sec y—tan 7)} exp [i(28+7)] exp [2i/N—LB]=x0 +iyo (3.2) 
or 
xo{(sec 7 +tan 7) cos (2NB+7)—1}—yo(sec y—tan 7) sin(2NB+y)=0 | (3.3) 
xo(sec 7 +tan 7) sin (2NB+7r)+yo{(sec y—tan 7) cos (2NB+7)—1}=0 j 
These equations have non-trivial solution only if 
cos (2N8)—€& tan B sin (2N8)=1. (3.4) 
This is just the eigenfrequency equation derived in I. 
From (3.4) we have the relations 
tan 7=(cos (2N)—1)/sin (2N8)=—2 sin? (NB)/2 sin (NB) cos (NB) =—tan (NB) , (3.5a) 
or 
secy=(N8), cosy=cos(N), siny=—sin (N68) , exp (2Ni8)=exp (—2i7) . (3.5b) 


For the solutions B=nz/N of (3.4), however, these relations are not valid, for sin (2NB8)=0. 
Then (3.5b) should be replaced by 


cos2NB+r)=cosy,  sin(2N@+r)=siny, exp (2Nis)=1. (3.6) 


From (3.3) we obtain 
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xo/yo=[(sec y—tan 7) sin (2NB+7)]/[(sec 7y+tan 7) cos (2NB+7)—1] 
=[(sec 7—tan 7) cos (2NB+7)— 1]/[—(sec 7 +tan 7) sin (2NB+7)] , (Ou 


which becomes 


*o/Yo=(sin y—1)/cos y =—cos 7/(1+sin 7) , (3.8) 
for the case of (3.5) and 


%o/yo=(1—sin 7)/cos y =cos 7/(1+sin 7) , (3.9) 
for the case of (3.6). 


When we return to the old representation in which Z and 1+A are diagonalized, we get, 
for the ratio of two components of the vector x» 


exp (— 4i8—2i7)=exp (—4i8—2Nip) (3.10) 
or 


—exp (—4i8) , Gay 


according as (3.5) or (3.6) is valid. These results are in accord with those obtained in I. 

In the present case, the P-transformation must be reduced to a simple rotation for x. to 
return to itself after N transformations. (3.7) can be regarded as the solutions of this. 
condition. In fact, the condition that P-transformation conserves the length of xo is 


(sec 7 +tan 7)?xo?/yo? + (sec y—tan 7)? =X0?/yo? +1 , (3.12) 
from which we get 
Xo?/yo2=[1—(sec 7 —tan 7)?]/[(sec 7 +tan 7)?—1]=(1—sin 7)/(1+sin y) (3.13) 


which gives the same ratio %o/vo as is obtained from (3.8) or (3.9). 
The angle of rotation by P-transformation must be y for the case of (3.5) and —y for the 
case of (3.6). This can also be verified by the fact that the equation Pxo=exp (2&)xo, or 


-+(sec 7 +tan y)(1—sin 7) +7(sec y—tan 7) cos 7 =exp (&)(4+(1—sin 7) +7 cos 7) (3.14) 


is satisfied by E==;. 

In the case of (3.5), every eigenfrequency is smaller than the corresponding one for the 
regular lattice, since the vector is subjected to an excessive rotation by the angle 27, while 
in the case of (3.6), there are no shifts of eigenfrequencies since the vector is not subjected 
to any excessive rotation. This result is also in harmony with that attained in I. We thus. 
see that the variation of the eigenfrequencies can be explained very intuitively by the vector 
picture. ! io 

The case of light impurity, i.e., the case €<0 and 7<0 can also be discussed ina similar 
manner. Here, however, it should be remarked that, in order to visualize the operation of 
transfer matrices as the transformation of the complex vector, it is necessary for the matrix 
elements of P to be real and for the matrix Z to have the form (2.14), So that Z transforms. 
the vector in such a way that the real component remains real and the imaginary component. 
remains imaginary. For the extra-band frequencies which appear when €<0, 8 and conse- 
quently 7 becomes complex, which invalidates this condition. We should, therefore, take 
the lightest atom as the basic one, if we wish to use the vector picture also for the extra- 


band frequencies. 


§4. The Eigenfrequency Equations for the Lattices of mm--.-mMM.-.M-type and the 
generalized diatomic lattice 
Consider the lattice of the type 


28 Jun-ichi HORI (Vol. 16, 


mmm::-mMMM---M (4.1) 
q p 
The product of all the transfer matrices (total transfer matrix) h is then 
h=14+A)Q? . (4.2) 
Let us calculate Trh. Putting 
Tr Q=2 cos (28+7) sec y=2 cost , (4.3) 


we obtain for the eigenvalues of Q 


0+ =exp (Kir) , (4.4) 
and for the diagonalizing matrices 
w=(— "se y—tan 7) sin (28+7) —i(sec y—tan 7) sin (28+7) . ) ass 
(sec 7 +tan 7) cos (28+7)—exp (ir) (sec y +tan 7) cos (28+ 7)—exp (—?r) 


and 
W-'=1/[2 sin r sin (28+7)(sec 7y—tan 7)] 
x( (sec 7 +tan 7) cos (28-+7)—exp (—ir) i(sec y—tan 7) sin ang (4.5b) 
—(sec 7 +tan 7) cos (28+7)+exp (27) —i(sec y—tan y) sin (2B+7) 
‘The we have, putting 28+7;=a, 


(1+ A)"Q"=(14+ A){W diag (exp (ifr), exp (—ipr)) W-!=(1/sin r) 


(sec 7 +tan 7) cosa cos 2q8 sin pr i(sec y—tan 7) Sin acos 2qP sin pr 
—sin [(p—1)r] cos 2g8 —i(sec y +tan 7) cos @ sin 2g sin pr 
—(secy+tany)sin2g8sinasinfr +7sin2g8sin[(p+))r] ais 
x : 


u(sec 7 +tan 7)cosasin2q8 sin pr —(sec y—tan7) sin asin 298 sin pr 
—1 sin 2g¢B8 sin [(p—1)r] —(sec y-+tan 7) cos acos 2g8 sin pr 
+1(sec y+tan 7) sin acos2g8 sinpfr +cos 2g8 sin [(p+1)r] 
and 
Tr h=2 cos 2g8 cos pr—2 sin 2g8 sin pr tan acotr. (4.7) 


The eigenfrequency equation for the lattice of the type (4.1) is, therefore, 
F(8)=Tr h/2=cos 2q8 cos pr—sin 2q8 sin pr tanacotr=1. (4.8) 


To get the eigenfrequencies, we have only to plot the function F(@) and locate the crossings 
of it with the line representing the constant 1. 

In the case of m<M, there is no real tr for the values of 8 near z/2 (band-edge), since 
[Tr Q| becomes here larger than 2. We have to put r=z+ir’ in such a region to obtain the 
‘curve /(8) for the whole region of 8. As will be seen below (at the end of this section), 
the point at which the value of |Tr Q| becomes larger than 2 gives the maximum eigenfre- 
‘quency of the regular lattice composed only of non-basic atoms (M-lattice). The region of 
complex rt corresponds therefore to the extra-band region of M-lattice. It is of course possible 
for F(@) to become less than or equal to 1 also in this region. 

When m>WM, + does not become complex within the band. In this case, however, F‘(() 
can be smaller than or equal to 1 for complex 8, corresponding to the existence of extra- 
band frequencies. We should then put @=z/2+i€ in order to obtain the complete frequency 
spectrum. 


We next consider the lattice composed of L lattices of the type considered above, that is, 
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the lattice which has the unit cells of the t 


ype (4.1) (the so-called ge li i i 
Its total transfer matrix H is given by ee a 


H=h‘ . (4.9) 
Putting 
F(8)=cos 248 cos pr—sin 2qg8 sin pr tan acot r=sec 6 , ee es (4.10a) 
=cosa , IF(®)|<1, (4.10b) 
we obtain as the eigenvalues of A: 
jah 1 Oxttand, EGS) ess lee (4.11a) 
COs o=b7 Sin o=exp (io) , IF(B)|<1 . (4.11b) 


Hence the eigenfrequency equation of the generalized diatomic lattice is 
Tr H=y.2+7y=2. (4.12) 
In the case of (4.11b), the eigenfrequencies are given by 


o=2nn/L (m: integer) , (4.13) 
since 
Qj =2 cos Lo © (4.14) 


In the case of (4.1la), on the contrary, there are no eigenfrequencies, inasmuch as (4.12) 
then becomes 


(1+sin 6)?+(1—sin 6)4=2 cos 6 , (4.15) 


the left-hand side of which is always larger than unity. We thus see that only the 6-values 
for which |F(8)|<1 can give rise to the eigenfrequencies. In other words, the intervals of 8 
in which the curve F(§) lies between +1 and —1 give the allowed bands of the frequency 
spectrum of generalized diatomic lattice. Other intervals correspond to the forbidden bands. 

To sum up, the problem of obtaining the eigenfrequencies of the lattice of the type (4.1) 
and that of obtaining the frequency spectrum of generalized diatomic lattice whose unit cell 
is of the type (4.1) are reduced to one and the same problem of plotting the curve F‘(f). 

It is easy to get the eigenfrequency distribution within each allowed band. We have only to 
locate the points at which F‘(§) crosses the lines representing the constant values cos [2zn/L] 
(n=0, 1, 2,---L/2 or (L—1)/2). Therefore, if L is even, the 8-values for which F(8)=-41 give 
the edges of allowed bands. Since the equation F(8)=+1 or Trh=x2 expresses the condi- 
tion that the corresponding atoms in the neighboring two unit cells have the same or opposite 
state vectors, the cyclic boundary condition here adopted for the whole lattice is obviously 
satisfied when F(8)=-+1, as long as L is even. When L is odd, one edge of each allowed 
band is given by F(8)=cos[(L—1)z/L]. Since, however, for large L the value of the right- 
hand side is almost equal to unity, we may consider that for long lattices both edges of the 
allowed band are given by F(8)==1 whether L may be even or odd. 

The fact explained just above means that, in the normal vibrations corresponding to the 
frequencies at the edges of the allowed band, the atoms at the corresponding positions of the 
two neighboring unit cells vibrate in the same or opposite directions. For ordinary diatomic 
lattices this fact is already well known. It will be shown in §6 that the solutions of F(é) 
=+1 in fact give the well-known frequencies at the edges of acoustical and optical branches. 

It is to be noted that, for the special case of L=2, the eigenfrequency equation is given 
by) #(6)==£1. 

For M-lattice with even N, the equation which gives the eigenfrequencies corresponding 
f the band is Tr Q=-#2, since the total transfer matrix of the unit cell A is 


to the edges o 
In this case, however, there is only one allowed band, so that Tr Q=2 


now reduced to Q. 
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gives the minimum eigenfrequency, i.e., zero, and Tr Q=—2 gives the maximum eigenfre- 
quency. If N is odd, the latter is given by Tr Q=[cos (N—I)z/N]. 


§5. Wave Forms of Impurity Vibrations 

G) One light impurity. 

As was already noted, we have to take the impurity as the basic atom, in order to use 
the vector picture for the impurity vibration. This implies that we should consider the case 
q=1 of (4.1). In this case we have 


F(8)=cos 28 cos pr—sin 28 sin pr tan acotrt . (5.1) 


Fig. 2 shows the curve F(§) for the case p=6 and €=1/2. In general, if p is odd, the curve 
first descends to take large negative value as we get into the region |Tr Q|>2, but soon 
begins to ascend rapidly without sloping down again. For even p the behavior is just oppo- 
site to the above. In either case, F(8) takes the value 1 once and only once in the extra- 
band region of M-lattice (in this case, the regular lattice), which means that there is only 
one impurity vibration. 

Let us calculate the wave form of this impurity vibration. To begin with, we consider 
the general lattice of the type (4.1). As the initial vector x. take the state vector of the 
last (the leftmost) basic atom. Then xo is the solution of 


hxo=(1+A)!Q?x0 =X « (5.2) 


imaginary axis 


initial 
vector 


real axis 


Fig. 2. igs 
The ratio of the two components of x can be calculated by using (4.6), with the result that 
xo _ sin pr[sec 7 sin (a—2g8)—tan 7 sin (#+2¢8)]+sin 2g8 sin [(p+1)r] 

Yo (sin y-+tan 7) sin pr cos (a+2¢8)—sin [(p—1)r] cos 2g8—sin t 


_ sint+sin pr[sec 7 cos (@—2g8)-+tan 7 cos (a+2q¢8)|—cos 28 sin [(p+1)r] 
(sec y +tan 7) sin pr sin (@+2¢8)—sin 2g sin [(p—1)r] 


(5.3a) 


| h(d-3b) 


The eigenfrequency equation (4.8) is none other than the condition that (5.3a) and (5.3b) 
should coincide with each other. 

Putting g=1 in (5.3a) or (5.3b), and giving B the value corresponding to the impurity fre- 
quency, the initial vector x. for the present case is obtained. Fig. 3 shows Xo and its suc- 
cessive transformations for the case p=6, €=1/2. It is seen that x» returns to itself after 
seven successive transformations, as it should be. It is also seen that the length of the vector 
at first diminishes rapidly, and afterwards increases rapidly again to return to its initial 
value. This clearly illustrates the localized property of the impurity vibration. 

The localized property can be demonstrated much more concretely if we return to the 
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original representation in which the two components of the state vector represent the dis- 
placement of the atom and the difference infdisplacement of the neighboring atoms. The 
matrix which transforms the present representation to the original one is, according to (I, 2.5) 


and (2.1la), 


exp (—278)i(1—7 tan 7)+exp (278) sec + 


UV=\ i(1—é tan y)—exp (—2i8)i(1— tan 7) 


+sec 7—exp (278) sec 7 


exp (—278)7(1—i7 tan y)—exp (278) sec y 
i(1—i tan 7)—exp (—2i8)i(1—i tan 7) (5.4) 


—sec 7 +exp (278) sec 


Hence the displacement of the atom is given by 


x’=(sec 7 +sin 48+tan 7 cos 48)x+(tan 7 sin 48—cos AB)y 


in terms of the real and imaginary component 
in the vector representation. Fig. 4 shows 
the actual wave form obtained from Fig. 3 by 
aideoia (G25): 

The in-band vibrations have, on the contra- 
ry, no such localized property. Figs. 5 and 6 
show the successive transformations of the 
vector and the wave form, respectively, for 
the second inband frequency from the band- 
edge. It is seen that the wave form is nearly 
simple harmonic and not localized. 

For the in-band frequencies we can con- 
struct the vector picture also when the regular 
atom is used as the basic one. The picture 


amplitude 


impurity atom 


injtial vector 


%) 
real axis 


6 


(5.5) 


becomes even simpler, inasmuch as now all 
the transformations are simple rotations ex- 
cept the one at the impurity atom, where the 
vector is transformed by P and Z. From 
this one can see that, for all the in-band fre- 
quencies, the amplitudes of successive regular 
atoms are just equal to the values of a sine- 
function at regularly spaced points. This is 
actually the case, as seen in Fig. 6. 


amplitude 


(ii) Two light impurities. 

Consider first a lattice composed of 14 atoms, 
of which two are light impurities located at 
the largest possible distance from each other, 
i. e., with 6 regular atoms between them. 
Since such a lattice is a repetition of the lattice 
of the type considered in (i), the eigenfre- 
quency equation is given by the expression 
(5.1) put equal to +1, provided the impurity 
atom is taken as the basic one. The eigen- 
frequencies for the case €=1/2 are given 
therefore by the points where the curve F(f) 
of Fig. 2 crosses the lines representing +1. 
It is seen that two impurity modes now make 
their appearance. Moreover, the upper mode 
is antisymmetric and the lower one is sym- 
metric, according to the result obtained in § 4. 


32 Jun-ichi HORI 


Next let us consider the case where the 
impurities are at the least distance from each 
jother, i.e., they form a couple of the nearest 


band-edge of .M-lattice 
we ® 
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neighbors. Since such a lattice is obtained 
by putting g=2 and p=12 in (4.1), the eigen- 
frequency equation is 


F(8)=cos 48 cos 127 —sin 48 127 tan acost=1. 
(5.6) 


Fig. 7 shows the curve F(8), which indicates 
that an excess in-band frequency appears near 
the band-edge, whereas one of the two im- 
purity frequencies disappear and the other is 
shifted to a remarkably higher position. This 
can be interpreted as that, owing to the mu- 
tual interaction of the impurity atoms, two 
impurity frequencies have been largely sepa- 
rated, and the lower one has got into the 
band. 

From the statement made at the end of (i), 
it is almost clear that all the in-band vibra- 
tions are essentially simple harmonic and not 
localized, whether they may be proper in-band 


imaginary axis 


==) 


—_—-—oO-—— 
ine) 
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vibrations or “ got-in” extra-band ones. As 
an example, Figs. 8 and 9 show the transfor- 
mations of the vector and the wave form, 
respectively, for the uppermost in-band vibra- 
tion, obtained by the same method as described 
above. They show very vividly that this vi- 
bration is no more localized, but has essential- 
ly the same character as a simple harmonic 
wave. This can be seen more clearly if we 
take the regular atom as the basic one. Figs. 
10 and 11 show the vector picture and the 
wave form, respectively, so obtained. 


$6. Frequency Spectrum of Generalized Di- 
atomic Lattice 


In §4 is was shown that the frequency 
spectrum of the generalized diatomic lattice 
and that of its unit cell is obtained from one 
and the same curve /(8). Therefore, for 
example, the allowed bands of the lattice in 
which the mass of every seventh atom is two- 
thirds of that of host atom, and those of the 
lattice in which two light atoms appear in 
pairs in every 13th and 14th positions, are 
given by the intervals in which each of the 
curves in Fig. 2 and Fig. 7 lies between +1 
and —1l. The number of allowed bands is 
thus equal to the number of atoms in the unit 
cell. 

In general, the allowed bands become wider, 
and the forbidden bands narrower, as the fre- 
quency becomes higher. When in particular 
the basic atom is lighter and fewer than non- 
basic atoms, the curve F(f) falls or rises 
very rapidly and only once in the extra-band 
region of M-lattice, the gradient of fall or 
rise becoming extremely steep as the unit cell 
becomes longer. The allowed band which 
originates from this last fall or rise corre- 
sponds precisely to the so-called impurity 


optical 


acoustical 
branch 


Fig. 12. 
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band, which therefore becomes rapidly nar- 
rower when the impurities (light atoms) be- 
come fewer, and the frequencies therein con- 
tained become almost equal to that of the 
impurity frequency of the unit cell. 

Let us now turn to the simplest case of 
ordinary diatomic lattice, i. e., the case g=p 
=1. In this case we have 


F(8)=cos 48—6€ tan B sin 48 , (6.1) 
which is plotted in Fig. 12 for the case €=1/2. 
The figure clearly demonstrates the separation 


of two branches—optical and acoustical. Edges 
of each band are given, as already shown, 


by F(8)=:t1. Corresponding frequencies are 
calculated to be 
£(6)=1,. sin? 8=0, @2—(): 


lower edge of acoustical branch, 
P(6)=—1, "sin? B=1/204+), o=20/M: 
upper edge of acoustical branch, 
F(g)=—1, sin? B=1/2, w?=2A/m: 
lower edge of optical branch, 
F(B)=1, — sin? B=(€+2)/20+6), 

wo? =2(M+m)a/Mm: 
upper edge of optical branch, 


(6.2) 


in harmony with the well-known result. That 
also the wave forms of the corresponding vi- 
brations come out to be the same as the old 
results was already shown in §4. In the for- 
bidden bands, no initial vector «0. can return 
to itself, however often it may be transformed 
by A. Since in the present case A=(1+A)ZP, 
h stretches the real component of the vector 
by the factor secy+tan7 and contracts the 
imaginary component by secy—tany, and 
then rotates it by the angle 48+7. Therefore, 
at the 8 a little smaller then z/4, the vector 


imaginary axis 


real axis 


Fig. 13. 
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picture will become such as shown in Fig. 13. 
It vividly shows that every initial vector ap- 
proaches the real axis while it is rapidly elon- 
gated, and never returns to its initial position. 

Similar explanation applies also to more 
complicated cases. Consider for example the 
case g=1, p=2, €>0, which is less simple 
than ordinary diatomic lattice. Now the vector 
is subjected to the P-transformations with 
succeeding Z-rotations repeated twice, and 
then to the rotation by 1+A. MHence it is 
expected from the vector picture that the 
forbidden bands appear at about B=z/6 and 
B=7/3. In fact the curve F(8) is now of 
the form illustrated in Fig. 14, which shows 
the appearance of forbidden bands nearly at 
the predicted positions. Since, however, in 
the present case P-transformation has a larger 
effect because of its repetition, the forbidden 
band corresponding to @=z/3 appears at the 
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position somewhat shifted to the smaller B- 
value. Near 8=7/4 there appears no forbidden 
band, inasmuch as the vector is transformed. 
here in such a way as is shown in Fig. 15,. 
and may be recurrent. 

For larger p’s, however, the transformations. 
of the vector will become more complicated 
and the condition that no vector should be: 
recurrent will become more subtle. It may 
be difficult in such a case to predict the band. 
structure merely from the qualitative consid- 
erations based on the vector picture. 


§7. Some Speculations for Random Lattice 


In the case of random lattices, the vector is- 
transformed fortuitously, sometimes by Q=ZP" 
and sometimes by 1+A. Only the probability 
of occurrence of each transformation is known. 
The series of transformations of the vector 
becomes therefore a kind of random walk on. 
the complex plane, which forms mathemati- 
cally a Markov process. It the limiting dis- 
tribution of this process be obtained for each. 
B-value, it would become possible to calculate: 
the probability of recurrence of any arbitrary 
initial vector, and hence the frequency spec- 
trum. Unfortunately, there have been only 
very few investigations on such a process. 
which is discrete in time and continuous in. 
space, except for a general mathematical. 
argument which is too abstract and vague: 
from the view-point of physical application®.. 
Moreover, in our case, the limiting distribu- 
tion will become very singular because of the: 
singularity of transition probabilities. Such. 
a situation, which was already encountered by 
Schmidt” in his treatment of lattice vibration 
by the method of transfer matrices, makes. 
the problem all the more difficult. We there- 
fore leave the analysis of our Markov process. 
for future investigations and restrict here 
only to some remarks of extremely general 
nature. 

If for some @ the process has ergodic or 
periodic sets, this B-value will give an eigen- 
frequency at least with some probability, for 
any vector belonging to these sets will be 
recurrent with finite probability. If, on the 
contrary, the process for this 8-value has only 
transient sets, as was the case in the for- 
bidden band of the diatomic latice (Hige 13s 
this @ will never give an eigenfrequency. 
The sets of 8-values with the former and the 
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latter properties will form the allowed and 
forbidden bands, respectively. An argument 
of such a kind is of little use, however, in 
view of the above-mentioned difficulty of the 
analysis and consequently of obtaining the 
concrete ergodic structure of our process. 
We can, however, on the analogy of the 
generalized diatomic lattices, well expect that 
the frequency spectrum of the random lattice 
may have an extremely fine structure. For, 
since the unit cell of the random lattice is 
the whole ‘lattice itself, the total transfer 
matrix H=h should turn out a very intricate 
product of randomly arranged Q’s and (1+A)’s. 
The function F(8) will then oscillate very 
rapidly, especially for large 8. The set of 
8-values for which |F(§8)|>1 will then form 
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an assembly of dispersed narrow intervals. 
The result obtained by Dean‘), that the spectra 
of disordered diatomic lattice have astonish- 
ingly fine structures, can thus be explained 
in a reasonable way. 
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The cation distributions in copper ferrite-chromite series and the 
copper ferrite quenched from high temperatures are measured by X-ray 
diffraction method. The lattice parameters are also measured as a func- 
tion of chromium ion content and of temperature. The critical fractions 
of copper ions on 16d and 8a sites for the occurrence of bulk crystal 
distortion from cubic to tetragonal symmetry are determined. The 
critical temperature for the distortion of copper ferrite is 360°C. This 
crystal distortion depends only upon the copper ion distribution. The 
abrupt appearance of distortion and coexistence of two phases, cubic and 
tetragonal, near the critical fraction and the critical temperature suggest 
that this distortion is of the first order as predicted by the statistical 
theory. From the aging of the distortion, the BCU VSO energy for 
copper ion to migrate from 16d site to 8a _ site “ obtained: From the 
comparison of the critical fraction of copper ion im this Series with those 
in other mixed spinels, the origin of this crystal distortion is discussed. 


$1. Introduction 

It has been known that some spinel-type 
oxides have lower symmetry than cubic below 
some critical temperatures. Snoek” and Ber- 
taut? reported that copper ferrite is cubic 
above 760°C and is tetragonal with the axial 
ratio c/a>1 below this temperature. On the 


other hand some investigators observed anoma- 
fous behaviours in magnetization, initial 
permeability’ and specific heat®) at about 360° 
C. The detailed study on the meaning of 
these temperature values has not yet been 
given. Copper chromite (CuCrzO,) is also 
known to be tetragonal at room temperature 
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with the axial ratio less than one. 

The origin of the crystal distortion in cer- 
tain compounds containing transition metal 
ions was discussed already by several investi- 
gators. Goodenough and Loeb® examined the 
role of covalency of the transition metal ions, 
and explained that the origin of the distortion 
of copper ferrite was square covalent bond 
of copper ions at octahedral sites. Dunitz and 
Orgel” discussed the distortion from the point 
of view of the crystalline field theory. Ac- 
cording to their theory the Jahn-Teller effect 
in the ligation of some transition metal ions 
gives rise to the lattice distortion. Since the 
cupric ion is expected to have Jahn-Teller 
effect in both tetrahedral and octahedral ligand, 
the tetragonal distortions of copper ferrite 
and chromite are explained directly from their 
theory, and the difference in axial ratio is 
ascribed to the difference of the ligand of the 
cupric ion in the two spinels. (Copper ferrite 
has an inverse spinel structure, while copper 
chromite has a normal spinel structure.) 

Statistical problem of the temperature de- 
pendence of the distortion relating with the 
distribution of transition metal ions was 
treated by Finch et al.?) Wojtowicz” investi- 
gated this problem in detail and refined the 
theory. Kanamori’? wrote down the micro- 
scopic Hamiltonian as a sum of the interaction 
energy relating to the distortion and the elec- 
tronic state of cations. He explained the dis- 
tortion at 0°K and also its temperature de- 
pendence. 

In the present paper the results of a detailed 
experimental study of the distortion in the 
copper ferrite-chromite series are given. Their 
cation distributions were determined by means 
of the intensity measurement of X-ray diffrac- 
tion lines. Variation of c/a was observed as 
a function of temperature and also of the 
ratio of copper ions distributed in the two 
sites of spinel lattice. Kinetic study of the 
distortion was also made by annealing the 
quenched specimen at various temperatures. 
From the present study it was concluded that 
the lattice distortion is a cooperative phe- 
nomenon. The meaning of the two critical 
temperatures (360°C and 760°C) was also given 
clearly. Moreover, the origin of distortion 
was discussed, comparing the critical cation 
distribution for the occurrence of distortion 
of this series with those of other series. 
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§2. Preparation of Specimens 


All specimens are prepared by usual ceramic. 
technique. CuO is obtained from copper carbo- 
nate by calcination, Fe,O; from iron oxalate 
and Cr2O; from ammonium dichromate. These 
oxides are mixed in a desired proportion and 
fired at 900°C in the air for two weeks and 
then cooled down to room temperature at the: 
rate of 0.5°C/min. This rather low firing. 
temperature prevents eventual reduction of 
cupric ion. 

Specimens which contain more chromium 
ions than 50 at. % are fired at 700°C for 
several weeks in order to eliminate the for- 
mation of CuCrOz phase which has been ob- 
served after the firing at 900°C. Chemical 
analysis assures that the metal compositions. 
of all specimens are correct within 3wt. %. 
According to X-ray diffraction all specimens. 
include no other phase than spinel and haus- 
mannite phases. 


§3. Experimental Procedure 


For the determination of lattice parameter 
and cation distribution, “Norelco” and “Gei- 
gerflex” X-ray diffractometers are used. Their 
temperature variations are determined by 
using high and low temperature attachments. 

The intensity of the X-ray diffraction line 
is expressed as 

I=r-p-L(@)-\F |? A()-T(9) , 


where 7 is a constant, # multiplicity of plane: 
(hkl), L(@) Lorentz and polarization factor, 
|F| structure factor, A(@) absorption factor 
and 7(@) is a temperature factor. 

In the geometry of the diffractometers used, 
the absorption factor can be put as constant. 
The temperature factor is also constant, since. 
the relevant correction to the intensity ratio. 
is considered to be less than 3% .* 

In determining the cation distribution, we 


* Bacon and Roberts obtain 500°K as the Debye 
temperature of magnesium ferrite!2), Assuming 
the same Debye temperature for copper ferrite, 
the ratio of the temperature factors of two lines. 
does not change so much from 300°K to 700°K. 


: an 
pee rc mere or on (422), 
temperature ~ T (400) T (400) 
300°K | 1.026 0.987 
700°K | 1.030 0.976 
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assume that chromium ions occupy mainly 
octahedral sites. This assumption is very 
reasonable when we consider the experi- 
mentally determined cation distributions of 
other chromites'? and the preference energy 
of chromic ion for octahedral site'*). There- 
fore, the cation distribution of the copper 
ferrite-chromite series is expressed by the 
formula 


(CuzrFe; 2 (Cu: rFetiz tCrJOx 9 


where ( ) and [ ] mean tetrahedral and 
octahedral sites, respectively.* For copper 
chromite itself, we consider that some amount 
of chromium ion situates on tetrahedral sites 
and so the formula is 
(CucCri-z)[Cur—2Cri+2]O. : 

We measured intensities of (111), (220), (440) 
and (422) lines. Intensity ratios (111)/1(400), 
1(220)/1(400) and J1(422)/(400) are considered 
to be most sensitive to the cation distribution 
parameter x!, 

It is not allowed to ignore the oxygen 
parameter, uw, for the calculation of structure 
factor. Especially uw has a large effect on the 
ratio [(220)/1(400) because with increasing of 
u I(400) decreases while J(220) increases'®. 
The change in u of about 0.4% corresponds 
to the change in x of about 10% for copper 
ferrite. We determined u-values_ experi- 
mentally only for two end members of the 
series, CuFe.0, and CuCr.O., and for other | 
specimens we assumed that w varies linearly 
from CuFe:O, to CuCr20.:. 


( 
0,5 H 
CuFe2Oa 


0,395 


0355 0,375 

et} 

Fig. 1. The curves of cation distribution para- 
meter versus oxygen parameter for CuFe,0,. 


* The geometry “of the spinel lattice has been 
described in detail by E. W. Gorter, Philips Res. 
Rep. 9 (1954) 295. 
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CoKa@ radiation is used for iron rich speci- 
mens and CuKa radiation for chromium rich 
specimens. As the atomic scattering factors 
we used the values calculated by Dascola and 
von Nagy’. Corrections due to the anomalous 
depression of scattering near the absorption 
edge were also made for atomic scattering 
factors'®). 

In the diffractometers used, the particle 
size of specimen affects largely the intensity 
of diffraction line. The particle size of our 
specimens spreads over from 100s to 2 just 
after the firing, but it is reduced to within 
10u~2u by a few hour’s grinding. This 
particle size will produce only a few percent 
deviation of intensity!”. 


$4. Experimental Results 


1. Cation distribution and Crystal structure 
of CuFes:Cr:O. at room temperature 
Fig. 1 and Fig. 2 indicate the relation be- 
tween wand x obtained for three intensity 
ratios of slowly cooled CuFe:O, and CuCr20,, 


Cu Cre O« 


Fig. 2. The curves of cation distribution para- 
meter versus oxygen parameter for CuCr,0,. 
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Fig. 3. The relation between the cation distri- 
bution parameter and the chromium content. 
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respectively. From these diagrams, ¥=0.08 
+£0.05, ~=0.380-+0.003 for CuFe:0, and x =0.90 
+0.06, w=0.389++0.003 for CuCr:O, are ob- 
tained as the most appropriate values. These 
x values are in good agreement with those 
obtained by Bertaut? and by Bertaut and 
Delorme™. 

In Fig. 3 the fraction of cupric ion in 8a 
site, x, changing with chromic ion content, 7, 
are illustrated. x values of mixed compositions 
are corrected by assuming that uw changes 
linearly from CuFe20O, to CuCr20.. These x 
values agree well with values”? obtained previ- 
ously by microphotometric method. For the 
specimen CuFeosCri..0, intensity measure- 
ment was carried out by using two radiations, 
CoKa@ and CuKa, and there is no great dif- 
ference between x values obtained from both 
radiations. This will prove the correctness 
of the procedure used. 


——~ Lattice Parameter 


—= 9B 


° 10 2.0 


Fig. 4. The lattice parameter and the tetrago- 
nality versus chromium content. 


Lattice parameters and axial ratio c/a of 
the series at room temperature are illustrated 
in Fig. 4. The series has a tetragonal struc- 
ture with c/a>1 in the range 0<t<0.3 and 
that with c/a<1 in the range 1.6</<2.0. In 
the range 0.4<t<1.4, cubic structure is real- 
ized and the lattice parameter decreases 
linearly with increasing ¢ just as expected by 
Vegard’s law. As is shown, cube root of 
the unit cell volume in the two tetragonal 
ranges can be plotted on the same straight 
line with the lattice parameter in the cubic 
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range. Therefore it will be seen that no 
volume change is present as a result of the 
distortion. It is noticed that in the sample 
t=1.6 additional weak lines of cubic spinel 
structure were also observed. 


2. Temperature dependence of crystal struc- 
ture of CuFe2-+CriOx 

In Figs. 5 and 6 are shown the temperature 
dependence of lattice parameters of CuFe2O. 
and CuCr20.. Temperature dependence of 
axial ratio is also plotted in Figs. 7 and 8. 
As is shown, slowly cooled CuFe:O, trans- 
forms from cubic to tetragonal structure at 
360°C?2. This critical temperature is quite 
different from that given by Bertaut (760°C). 
The origin of this discrepancy will be made 
clear in the later sections. As illustrated in 
Figs. 7 and 8 the axial ratio decreases rather 
sharply at the critical temperature and two 
phases, cubic and tetragonal, are usually ob- 
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Fig. 5. The temperature variation of lattice 


parameter for CuFe,O,. 
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Fig. 6. The temperature variation of lattice para- 
meter for CuCr,Q,. 
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served at the critical temperature. Although 
there is a possibility that the temperature is 
not uniform in the sample in case of X-ray 
measurement, we believe that the appearance 
of two phases is essential. It is noticed that 
a rather large thermal hysteresis of transfor- 
mation (from 20°C to 50°C) was observed at 
the critical temperature. 

The cation distribution at high temperature 
was not determined definitely because of the 
insufficient accuracy of the intensity measure- 
ment. 

Being cooled to liquid nitrogen temperature, 


o slowly cooled specimen 


0.07 x quenched CuFe204 
A: quenched from 545°C 
006 B’ quenched from 665°C 
CuFe204 
Q05 4 
—C 
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Fig.4{7. The temperature variation of tetrago- 
nality for iron rich copper ferrite-chromite and 
quenched copper ferrite. 
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Fig. 8. The temperature variation of tetrago- 
nality for chromium rich copper ferrite-chromite. 
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more three samples, CuFe.O: quenched from 
810°C, CuFeo «Cri 6Oxu and CuFeo «Cri sO. were 
found to undergo distortion. In all cases, 
however, they do not exhibit a single phase 
but two phases, cubic and tetragonal, down 
to liquid nitrogen temperature. As the tem- 
perature is lowered, intensities of cubic phase 
lines decrease while those of tetragonal phase 
lines increase. But relative intensities of 
tetragonal phase lines remain unchanged. 
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Fig. 9. The critical temperature versus chromium 


content. 


The critical temperatures are plotted against 
the chromium content in Fig. 9. The critical 
temperature was defined as such a temperature 
below which two phases emerge into a single 
cubic phase. Over the range 0.6<t<1.2 there 
appears no structural change in the tempera- 
ture range down to the liquid nitrogen tem- 
perature. 

3. Cation distribution and structure of quench- 
ed CuFe20, 

We examined crystal structures of CuFe:O. 
quenched from various temperatures in order 


o. present values 


04 e Bertauts Values 
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—— Quenching Temperature 


Fig. 10. The cation distribution parameter versus 
quenching temperature for CuFe,Q,. 
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to clarify the meaning of the critical temper- 
ature 760°C which had been presented by 
Bertaut as the transition temperature from 
cubic to tetragonal. In Figs. 10 and 11, cation 
distribution parameter x and lattice parameters 
are plotted against the temperature from 
which the samples are quenched. In Fig. 10, 
the result obtained previously by Bertaut is 
also plotted. There is no appreciable discre- 
pancy between Bertaut’s values and ours. It 
should be noted that the parameter x increases 
sharply from 0.1 to about 0.2 at about 750°C. 
For samples quenched from 720°C and 740°C 
we observed the diffraction lines of both tetra- 
gonal and cubic structures and the intensity 
ratios of tetragonal phase-lines to cubic phase- 
lines depend on the quenching method. There 
is no appreciable volume change for all speci- 
mens in accordance with the result of Fig. 4. 


—— Lattice Parameter 


° 
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200 400 600 800 1000 |200 °C 
——= Quenching Temperature 


Fig. 11. The lattice parameter and the tetrago- 
nality versus quenching temperature for CuFe,Q,. 


Although the study of the quenching effect 
is not in detail for samples with chromium 
ion, it is certain that no change of crystal 
structure takes place for the samples that 
have tetragonal structure with c/a<l. 


4. Temperature dependence of crystal structure 
of quenched CuFe20; 

We have measured the temperature depend- 
ence of lattice parameter of CuFe.O. that had 
been quenched from various temperatures. 
Results are already shown in Fig. 7 by curves 
A and B. The figure illustrates that the 
quenching gives the same effect on the dis- 
tortion as the addition of chromium ion. 
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The critical temperatures of quenched sam- 
ples are plotted against the quenching tem- 
perature in Fig. 12. The sample quencned 
from 720°C has the critical temperature which 
is equal to room temperature. 
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Fig. 12. The critical temperature versus quen- 
ching temperature for quenched CuFe,O, . 


5. Time variation of crystal structure of 
CuFe20, 

The lattice parameters of quenched CuFe:O, 
exhibit a time variation in isothermal anneal- 
ing at the intermediate temperature range. 
This phenomenon was observed by the follow- 
ing procedure. Copper ferrite specimens are 
first quenched from 805°C. They are cubic at 
room temperature. These samples are insert- 
ed at a desired temperature and after the 
isothermal annealing of a desired time one of 
these samples is quenched to room tempera- 
ture and then lattice parameter is observed. 
This procedure is repeated with changing the 
temperature of anneal and also the time of 
anneal. The results are shown in Fig. 13 in 
which axial ratios are plotted against the an- 
nealing time. Although the sample annealed 
at 450°C transforms into tetragonal structure 
only after 5 minutes, the sample annealed at 
320°C remains cubic even after 80 hours. It 
means cations commence to migrate easily 
at about 360°C. Thus for the slowly cooled 
copper ferrite, cupric ions will commence to 
migrate nearly at the critical temperature on 
heating. However, this fact will not produce 
a large effect upon the observed behaviour of 
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the temperature variation of lattice parameters 
because it requires at most two hours in order 
to make all measurements of the diffraction 
lines from room temperature to 360°C. 

The slowly cooled specimen becomes two 
phases, cubic and tetragonal, after two hours’ 
annealing at 360°C. 


¢ 2 10 15 20 
hours 


—_——— Annealing Time 


Fig. 13. The variation of tetragonality with an- 
nealing time for quenched CuFe,0, . 


§5. Discussion 


1. Crystal distortion and cation distribution 

In view of our results on the temperature 
variation of lattice parameter of copper fer- 
rite the above mentioned magnetic and thermal 
anomalies occurring at 360°C are definitely 
due to the structural change from tetragonal 
to cubic, and the temperature 760°C is only 
the quenching temperature which provides 
such a cation distribution that the room tem- 
perature is the critical temperature. Some 
investigators?” have obtained the activation 
energy which is required for cupric ion to 
migrate from 16d site to 8a site on the basis 
of thermodynamical theory. This activation 
energy, however, is obtained from the cation 
distribution which is determined from the 
magnetic measurement, assuming the Néel 
theory of ferrimagnetism. Now, we can 
similarly obtain the activation energy from 
the aging of lattice parameter of the quenched 
copper ferrite, assuming that the lattice para- 
meter and the lattice distortion depend upon 
the copper ion content on the 1éd site. 

By assuming a simple relaxation process, 
we can get from the experiment in Fig. 13 
the relaxation times of 600sec. and 60sec. 
for the annealing at 385°C and 430°C, respec- 
tively. These values give the activation 
energy of 9=1300°K, being in good agree- 
ment with those of the other authors. 
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2. Origin of the lattice distortion 

Now for the iron rich samples we plott the 
axial ratio and the critical temperature against 
the parameter x in Figs. 14 and 15, respec- 
tively. It is evident from Fig. 14 that the 
axial ratio depends only upon x, the fraction 
of copper ion on 8a site, no large difference 


006 
° CuFe2-+ CrOa 
0,05 
* Quenched 
c-a| 0,04 CuFeeOs 
a 
003 + 
Qo2 [ 
OOF 
O on Q2 Q3 


Fig. 14. The variation of tetragonality with cation 
distribution parameter for iron rich copper 
ferrite-chromite and quenched copper ferrite. 
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Fig. 15. The variation of critical temperature 


with cation distribution parameter for iron rich 
copper ferrite-chromite and quenched copper 


ferrite. 


being recognized between samples containing 
chromic ion and those quenched from high 
temperatures. The critical temperature also 
depends only upon the parameter x and it 
decreases linearly with increasing x. In Figs. 
16 and 17 axial ratio and the critical temper- 
ature are plotted against the parameter x for 
the chromium rich samples. Their behaviours 
are just the same as those of the iron rich 
samples, except the fact that the axial ratio 
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is less than one in this case. According to 
Dunitz and Orgel” copper ions on 8a site cause 
such distortion that the axial ratio is less than 
one. Therefore the distortion in the chromium 
rich specimen will be due to copper ions on 
8a site. 

From Figs. 14 and 16 it is obvious that 
there is no distortion with c/a>1 for x>0.2 
and no distortion with c/a<1 for x<0.65. That 
is to say, for the bulk distortion with c/a>1 
it is required that 16d site is occupied by 
copper ions more than 0.8. On the other hand 
for the distortion with c/a<1 it is required 
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Fig. 16. The variation of tetragonality with cation 
distribution parameter for chromium rich copper 
ferrite-chromite. 
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Fig. 17. The variation of critical temperature 
with cation distribution parameter for chromium 
rich copper ferrite-chromite. 
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that 8a site is occupied by copper ions more 
than 0.65. 

Delorme”) examined in detail lattice dis- 
tortions of the series A) Cui-zNizFe20:, B) 
Cui-zMgzFe:0., C) Cui-.zCocFe.O, and OD) 
Cu,Zni--Cr.0.. According to his experiment 
maximum values of x above which distortion 
with c/a>1 no longer takes place are 0.35, 
0.275 and 0.25 for the series A), B) and C), 
respectively. For the series D) minimum 
value of x below which distortion with c/a<1 
no longer takes place is 0.55. He did not 
determined the copper ion distribution in all 
these series. From the consideration of crystal 
energy and experimental results it will be 
able to consider that almost all copper ions 
situate on 16d site for the series A), B) and 
C); and on 8a site for the series D)??. Com- 
paring our results with those by Delorme, 
minimum values for the distortion of the 
copper ion fraction on 16d site and 8a site 
obtained from the series CuFe2-:Cr;Os are 
greater than those obtained from the series 
A), B), C) and D). This means that in the 
present series, CuFe:-,Cr,O.:, more large 
amount of copper ions on either site, 16d and 
8a, is required than in the series A), B), C) 
and D) for the occurrence of the distortion. 
According to Dunitz and Orgel the directions 
of distortion by copper ions on 8a and 16d 
sites are opposite and therefore these distor- 
tions will be partly compensated. In the series 
CuFes-,Cr,O. copper ions occupy both sites, 
8a and 16d, and this compensation effect will 
be realized to a certain degree. Therefore, 
in order that the distortion takes place, larger 
amount of copper ions is necessary to situate 
on a specific site for the series CuFes-:Cr:O,x 
than for the series where copper ions situate 
only in either site, 8a or 16d. 

Similarly, the smaller values of x for the 
series B) and C) than those for the series A) 
will also be explained by the fact that some 
fraction of cupric ions is situated on 8a site, 
and the compensation takes place in the two 
former series. 


3. Co-operative phenomenon 

In the preceding chapter it is shown that 
the origin of the lattice distortion in the series 
CuFe:,Cr;O4 will be the Jahn-Teller effect of 
cupric ion Cu?+ as suggested by Dunitz and 
Orgel”. In order to explain the observed bulk 
distortion some statistical treatments are re- 
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quired. Finch, Sinha and Sinha® have investi- 
gated this problem and found that the tem- 
perature and composition dependences of the 
lattice distortion are just like as the order- 
disorder problem of binary alloy. Wojtowicz 
and Kanamori’ examined this problem in 
detail and predicted that this transformation 
is thermodynamically of the first order. 

It is noteworthy to mention that axial ratio 
drops off with temperature rather sharply at 
the critical temperature for CuFe.O, (Fig. 8), 
and two phases, tetragonal and cubic struc- 
ture, are simultaneously found in some cases. 
Although. the detailed discussion of the cooper- 
ative mechanism of distortion has not been 
given here, these facts will support that the 
transformation is of the first order. 
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The distribution of the interstitial-vacancy (I-V) pairs produced in 
such a substance as germanium by successive knock-on is discussed. 
Calculation of the distribution is performed basing on the formula pro- 
posed by Bohr and Seitz and Koehler and applying the Monte-Carlo 
Method. Ratio of the close J-V pairs to the total I-V pairs produced by 
an 104eV first knocked-on atom is about 60%. Taking into account the 
replacement collision, decrease of about 40% in the total number of the 
I-V pairs is obtained and the ratio becomes 30%. The decrease in the 
total number reduces the difference between the total number deduced 
from calculation and that obtained by experiment. The following results 
are also obtained. The interstitials and vacancies are distributed in 
several groups. They exist in the region enveloped by a sphere of about 
from 50 to 100 atomic distances of diameter. There is no tendency that 
the concentrated damaged region spreads in the incident direction of the 
first knocked-on atom and that the interstitials distribute in the outer 


part of the concentrated damaged region. 


me 


By the high energy particle irradiation on 
‘solid, atoms are displaced from their normal 
lattice sites and the physical properties of the 
solid change. The mechanism of displace- 
ment of atoms has been discussed by many 
researchers and a several kinds of models 
have been proposed. Interstitial-vacancy pair 
production, thermal spike’ and displacement 
spike”) are representative ones. Not only the 
thermal spike and displacement spike may 
bring the concentrated damaged region in 
solid, but also the I-V pair production would 
bear a similar region if an incident particle 
is massive. That is, a first knocked-on atom 
by an incident fast neutron can have suffici- 
ently large energy to knock-on succesively 
other stationary atoms and these knocked-on 
atoms may form the concentrated damaged 
region. On the other hand, a first knocked- 
on atom by electron or 7-ray can not have 
so large energy as to knock-on successively 
other stationary atoms and the concentration 
-of knocked-on atoms will not occur. The 
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idea of concentrated damaged region has been 
supported by the experimental results that 
there are differences in annealing behaviours 
between neutron- and electron-irradiated cop- 
per?“ and of resistivity change of germanium 
by neutron and ;7-ray irradiation. The 
concentrated damaged region has also been 
suggested for deuteron bombardment on 
gallium-antimonide” and germanium”. 

Among the above models, assumption for 
the I-V pair production model is the most 
reasonable and the model shows straight- 
forwardly the displacement of atoms. If the 
transfered energy to an atom by an incident 
particle is so small that, at the most, only 
one or two atoms are influenced, the I-V pair 
production model can be applied for it. This 
may be the case for an electron or y-ray ir- 
radiation. In order to compare the effect of 
a neutron and an electron irradiation, we had, 
therefore, better assume the model even for 
a neutron irradiation. 

Here we discuss the distribution of the I-V 
pairs produced in such a substance as germa- 
nium by successive konck-ons, which is cal- 
culated basing on the formulas proposed by 
Bohr® and Seitz and Koehler™ and applying 
the Monte-Carlo Method!”. 
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§2. Assumptions for Calculations 


The energy of a primary knocked-on atom 
produced by a neutron of 2MeV, which is 
the average energy of fast neutrons in an 
atomic reactor, distributes from zero to 10° eV. 

This energy is consumed by exciting elec- 
trons until it decreases to Ie given by!” 


where M and m are mass of an moving atom 
and an electron respectively and J; is excita- 
tion energy of a valence electron to the con- 
duction band. J. is then about 1.2x10‘eV 
for germanium. Therefore, we may put 10¢eV 
for the energy of the first knocked-on atom 
in the successive collisions. 

We assume that the screened interaction 
_ potential is expressed by 


Vez 


exp (—7/a) 


where Z is the atomic number of the nucleus, 
é is the electronic charge, 7 is the distance 
of the moving and the stationary atom and a 
is screening constant given by a@,/Z'/? in which 
a, is the Bohr radius of the hydrogen atom. 

If the screening constant a@ is larger than 
the de Broglie’s wave length zx of the moving 
atom but is smaller than the classical distance 
of closest approach 6 in Coulomb interaction, 
the collision can be treated by hard sphere 
collision in classical mechanical method. 0 
and x are given by 


(Ze)" Angee 4, 
b 2 
and 
k=h/ eV 


respectively where 4 is the reduced mass of 
the two particles, V is the relative velocity 
before collision and # is the Plank’s constant 
devided by 2x. a,b and k for a moving 
germanium atom with an energy of 10* eV 
are a=0.17 A, b=3.0 A and *=0.0001 A. Thus 
the conditions for hard sphere collision 


a>k 
b>a 


are satisfied. Even if the energy of the mov- 
ing atom decreases to 10eV the above condi- 
tions are satisfied. We can, therefore, treat 
all of the collisions following the primary 
knock-on as the hard sphere collision which 
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gives isotropic scattering in the center of 
gravity system. 

We assume in addition that the atoms in a 
solid in question distribute randomly. We 
shall take no account of crystal structure of 
the solid. The assumption may be correct as 
the approximation. Then, the free path of 
the moving atom in the solid can be given 
by exponential distribution. 

Threshold energy Ez for displacement of 
atoms from normal lattice sites by collision 
has been measured and calculated by many 
researchers!” for germanium, silicon and cop- 
per. We adopt Ea=25eV and assume that 
the probability of the displacement changes 
abruptly from zero to unity as the energy 
received by the struck atom passes through 
the value Ey. Influence of the relation be- 
tween the probability and the received energy 
upon total displacement cross section has been 
discussed by Corbett et al.”, and they con- 
cluded that it is not so large. The above 
assumption for the threshold energy means 
that there is a cylindrical potential well 
around the collision site, depth of which is 
Ea. The energy Ea of the total energy re- 
ceived by the struck atom must be consumed 
by climbing up the well and the rest will 
become the kinetic energy of the struck atom, 
which we use to calculate the mean free path. 
If the received energy is smaller than Ea, 
the struck atom will suffer several times of 
collision at the bottom of the well and will 
return to the original site. After the atom 
climbs up the well, it never falls down to the 
original site. Although the radius of the 
cylinder is not certain, it may be two or 
three atomic distances. It is neglected in the 
calculation of free path. 


§3. Calculations 

In the following section, suffix z indicates 
the value after the 7th collision and a prime 
indicates the value for the struck atom. 7=1 
corresponds to the first knocked-on by a fast 
neutron. & is a uniformly distributing random 
number from zero to unity and adopted from 
the IBM library™. 

In Fig. 1 a vector li corresponds to a free 
path between ith and 7+1th collision. Com- 


ponents %i,s-1, yé,i-1 and zi,:-1 of the vector i 
in the Cartesian co-ordinates Xi-1, Yi-1 and 
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Zi-1 are shown, where Zi-1 axis consists with 


incident direction of a moving atom, or /i-1, 
and Xi-1 and Yi-1 axes are decided from 1=2 
collision as shown later. The components in 
the spherical co-ordinates li, 0: and gi are also 
shown. The components %:,i, vie and z:,< of 


1; in the Cartesian co-ordinates Xi, Yiand Z, 


where Z; axis consists with J; and Zit, Zi 
and Y; axes are in the same plane, are 
(0 0 i). 


Fig. 1. Vectors Le and Ls the directions and 
magnitudes of the moving atom before and after 
collision, in the Cartesian co-ordinates. 


As the collision can be regarded as isotro- 
pic, the probability that the energy of a mov- 
ing atom after 7th collision is in the range of 
E; and Ei+dEi: is given by 

Ff EddEi=dEi/ ki . 
Then E; is given by 
Is Oe re 
As the free paths have an exponential dis- 


tribution, the probability that free path of a 
moving atom with energy &; is in the range 


Xi,t-1 COS gi 
Vi,t-1 ie —sin g 
2t,4-1 0 

0 
=(4i{ 0 
li 


If the relation between %i,:-1, yi,i-1, Zi,s-1 and 


Xi,1, Vi,1, Zt,1, the components of J; in the basic 
Cartesian co-ordinates, is given by 


cos 8: sin gi 
cos 4: COS ¢ 
—sin & 
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of J; and :+dli is given by 
F(l)d=-exp lode 
4 


Then /; is given by?” 
Li=—A: log E , 
where 2; is the mean free path and given by 
Ai=1/mxR? 
and 


Be CN ee (7) 


Ei 
Ri 


ey, 
in which mm is the number of atoms in unit 
volume. 

For a struck atom the energy after dis- 
placement from normal lattice site must be 
Ei/—Ea and this value is used instead of Fi 
tay {Ub}. 

As the energy and momentum are con- 
served, the deflection angle 6; and @:’ of the 
moving and struck atoms after ith collision 
from the incident direction of the moving 
atoms are given by 


Gs= COS Vi ey 
and 
Ci Coss) aime : 


Minus sign in @;’ corresponds to the fact that 
6; and 6,’ are in the opposite directions with 
regards to Z;-1 axis taking gi=gi’. 

As gi is an optional value from zero to 2z, 
it is given by 

gi=2ré. 

In the above calculations, J:, 0:, 6: and their 
primed values are given. 

In the next calculations there are no dif- 
ferences in the primed and non-primed values. 
The relation between %+,¢-1, 4-1, Z¢4-1 and 
li, 0:1, gi is given by 


sin 6: sin gi 77 0 
sin 4; Cos gi 0 | 


cos Ii J 


Xi,1 
Vi,t 
at,1 


Xi,t-1 


Yit-1 |, 
Zt,t-1 


= [Bi-1] 
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the vector J; is expressed in the basic Carte- 
sian co-ordinates by 


Xi, 0 
i,t } [Bi-1][Ai] 0 5 


ei ki 


(2) 


By putting 
[Bi]=[Bi-s][Ad] , 


0 
== Wen) c ; 
1; 


As we choose the Cartesian co-ordinates Ds 
Yi and Z:, where Z: axis consists with the 


(3) 


(2) becomes 
Xi,1 


i,t 
2,1) 


direction of Ji. to be the basic Cartesian co- 
ordinates, [B:] is given. by 


1. OO 
aie} o u | . 
00 1 


And we can find successively [Bi] by (3). As 
X: and Y: axes of the basic Cartesian co- 
ordinates are optional, it is convenient to 
choose the direction decided by g:2 to be X: 


and Y: axes. 


Fig. 2. Y-Z components of 480 eV branch of 10+eV 
first knocked-on atom. Tracks of knocked-on 
atoms are shown by full lines. Dotted lines 
correspond to interstitials and their directions 
and magnitudes are optional. The cross points 
of full and dotted lines indicate vacancies. 


5 atomic distances 


By the above method, *i,1, yi,1 and z,1 are 
calculated until Ei becomes smaller than Ea. 
All of the calculations were performed by 
IBM 650 at the Japan Atomic Energy Re- 
search Institute. 480eV branch of a 10*eV 
primary knocked-on atom is shown in Fig. 2. 
If the energy of a moving atom is smaller 
than Fa, (1) does not give a good approxima- 
tion and the moving atom can not knock-on 
the stationary atom any more. Its mean free 
path is smaller than 2 atomic distances ac- 
cording to (1). It collides with stationary 
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atoms several times then it rests there as an 
interstitial atom. Tracks of interstitial atoms 
are shown by dotted lines in Fig. 2. The 
direction and length of dotted lines are op- 
tional. In other words, a dotted line shows 
that there must be an interstitial atom in 
one or two atomic distances from the cross 
point of dotted and full line. 


§4. Discussion 


We practiced the above calculations 6 times 
for the first knocked-on atom of the energy 
of 10¢*eV. Two typical distributions of the 
interstitials and the vacancies are shown in 
Figs. 3 to 6 for X-Z and Y-Z components. 
In order to emphasize the interstitials and the 
vacancies, they are expressed by the white 
and black spots of a diameter of about one 
atomic distance and are pictured so as to 
avoid overlapping. Therefore, the positions 
of the spots do not necessarily indicate the 
exactly calculated positions and some of the 
tracks of moving atoms are omitted. 

Taking into account of the statistical charac- 
teristics of the calculations, the more the 
number of times of the calculations, the bet- 
ter the result. In our calculations the num- 
bers of collision for one time are 231, 226, 
216, 227, 230 and 214 respectively. Snyder 
and Neufeld!» have calculated the number of 
collision for isotropic collision. The number 
is 225 according to their result if £. and Ea 
are taken to be 104 and 25eV. The results 
of our practical and their theoretical calcula- 
tions are in fairly good agreement. We think, 
therefore, that there is not large error in 
discussing general situation of the defects 
produced by the collision from our calcula- 
tions. 

There are four types of collisions near the 
threshold energy, which include replacement 
collision. First; The energy of the moving 
atom after collision is still large and it pro- 
gresses forward further. The stationary atom 
receives larger energy than the threshold 
energy and is displaced from its original lat- 
tice site but its kinetic energy after diplace- 
ment is smaller than the threshold energy and 
it can knock-on other stationary atom no fur- 
ther. In this case, one vacancy and one inter- 
stitial, or close I-V pair, are produced. Second; 
The energy of the moving atom becomes 
smaller than the threshold energy after colli- 
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sion and it can knock-on other atom no further. 
On the other hand, the stationary atom re- 
ceives large energy and it can knock-on other 
stationary atom further after displaced from 
its original lattice site. The mean free path 
of the moving atom with energy below 25eV 
is below 2 atomic distances as is given by 


20 atomic distances 


° 


X-Z components of Ist calculation 


Fig. 3. 
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(1) and it is not clear whether the moving 
atom becomes the interstitial or drops back 
to the vacant lattice site. In this case one 
vacancy and one interstitial, or close I-V pair, 
are produced or only the replacement of the 
moving. and the knocked-on atoms occures. 
Third; It is the combination of First and 
Second. Both of the moving and the struck 
atom can knock-on other atoms no further. 
Close I-V pair and one interstitial or one 
interstitial are produced. Fourth; Even if the 
energy of the moving atom is larger than Ea, 
it can happen that it does not give a suffici- 
ent value of energy to the stationory atom 


20 atomic distances 


Y-Z components of Ist calculation 


Fig. 4. 
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LL 
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Figs. 3-6. X-Z and Y-Z components of two typical distributions of interstitials and vacancies are 
shown. A black spot is a vacancy and a white spot is an interstitial. 
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Table I. 
Time of akiort. (% f 5 F fas BAL ET SETRS 
ealeulation Ist 2nd 3rd 4th 5th 6th total Notice 
First I 41 43 46 33 35 B01 \,2287 | gloss 1-V pais é 
Second Il Sal | 39 34 ay 47 38 e225 close I-V pair or nothing 
Third wm | 58 42 43 52 51 44 299 | Close I-V pair and free I 
| or free I 
Fourth Jy | 43 60 50 53 46 49 | 301 free I 
A 231 226 | 216 227 230 214 1344 1+0+20+IV 
B | 130 124 123 122 133 121 FS IPP aril 
‘ce 0.56 0.55 One| O54! 0.58 OB57 0.56 B/A 
D 142 145 139 138 132 132 | 828 I1+I1+IV 
E Al 43 46 3S 35 39 Zor I 
F 0.28 0.30 0233) |e Onet 0.27 ORO) |) 028) E/D 
Gc | | 0.62 | D/A 
-Notice 


A: Total number of the I-V pairs assuming all of 


collision become interstitials. 
B: Number of the close I-V pairs of A. 


D: Total number of the I-V pairs assuming all of 


collision can not become interstitials. 
‘-E: Number of the close I-V pairs of D. 


-.and after a several times of such a collision, 
it losses most of the energy and becomes the 
interstitial. In this case the distance of the 
interstitial and the vacancy is larger as com- 
pared with the former three cases. These 
four cases are listed in Table I. In the above 
classification we consider the two extreme 
cases that the close I-V pair is produced and 
‘not in Second and Third. We will call them 
‘Case 1 and Case 2. The ratios of the num- 
ber of the close I-V pairs to that of the total 
L-V pairs are listed in lines C and F in Table 
18 

Since all of the calculations hitherto pro- 

.ceeded are idealized ones and other process 
-such as annealing are never considered, the 
results must be compared with irradiation ex- 
periments done at liquid helium temperature, 
where all of the I-V pairs produced by ir- 
radiation will be conserved without annealing. 
The Oak Ridge group find® that in copper 
and aluminium about 40 and 50% of the 
damage anneal below 60°K respectively. Our 
calculation is done for germanium but we 
have not any special consideration upon cry- 
-stal structure. Our results, therefore, can be 
applied to copper and aluminium. By our 
results the ratios of the close I-V pairs to 
-the total I-V pairs are about 60 and 30% for 


the moving atoms with energies below 25eV after 


the moving atoms with energies below 25eV after 


Case 1 and Case 2 respectively. 

The method by Snyder and Neufeld has 
been used to calculate the number of defects 
produced by irradiation of high energy parti- 
cles. And it has been found that the calcu- 
lated number is larger than the experimental 
number!”. The number of the I-V pairs in 
Case 1 corresponds to the above method. 
There are several reasons that the calculated 
number is larger than the experimental num- 
ber. For instance behaviour of the moving 
atom with energy below 25eV after coilision 
must be taken into accounts. The decrease 
of about 40% in the total number of the I-V 
pairs is seen in Case 2. 

Considering the number of the I-V pairs, 
Case 2 is better than Case 1. The ratio of 
the close I-V pairs to the total I-V pairs is 
about 30% in Case 2 and it is 10 and 20% 
smaller than the annealing ratio of the da- 
mage below 60°K for copper and aluminium 
respectively. The annealing of the damage 
below 60°K is caused mainly by the close I-V 
pairs. Discrepancy of 10 and 20% shown 
above must be caused by the assumptions in 
§2 and the fact that the values calculated for 
germanium are used for other substances. 

The following results can be known from 
Figs. 3 to 6. The interstitials and the vacan- 


50 Masayuki YOSHIDA 


cies are distributed in several groups. They 
exist in the concentrated damaged region 
which is enveloped by a sphere of about from 
50 to 100 atomic distances of diameter. There 
is no tendency that the concentrated damaged 
region spreads in the incident direction of the 
first knocked-on atom and that the interstitials 
distribute in the outer part of the concentrated 
damaged region. 

The concentrated damaged region in germa- 
nium may cause energy levels of electrons 
and holes in a forbidden band due to defects 
to have band structure. We found® that the 
energy level of neutron-irradiated germanium 
has band structure and that of y-ray irradiated 
germanium is fairly discrete. The experi- 
mental results agree with the idea of the 
concentrated damaged region. 
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The electron emission from the oxide coated cathode was measured in 
a wide range of electric field intensity, where a deviation from Shottky 


effect appears. 


The phenomena could be explained by considering the emission increase 


by avalanche effect in the oxide layer. 


The calculation of the enhanced 


emmission current was performed and compared with the measured 


results. 


$1. Introduction 

When the anode voltage is sufficiently higher 
than the voltage just enough to draw the 
thermal saturation current from the cathode, 
we have the so-called Schottky current given 
by the following formula”, 

to=tsexp(e?Y FE /kT) , ‘els 
where eé is the electronic charge, E the field 
intensity and 7s is the thermal saturation cur- 
rent given by Richardson’s formula”. In the 
Schottky region, the loginvs.j/F curve should 
show a straight line and its gradient gives 
é/?/eT. It is known that for the oxide coated 
cathode the gradient is several times larger 
than the Schottky’s theoretical value, but the 
relation between log 7 and //F remains to be 
a straight line®).*). 

The author has found the fact that, in a 
very strong electric field such as is encounter- 
ed in high power magnetrons and klystrons, 
the electron emission from the oxide coated 
cathode differs from the formula (1). It was 
also found that the phenomena is highly de- 
pendent upon the structure of the oxide 
matrix®. 

In this paper, the data measured by the 
author are presented, which can not be ex- 
plained by the existing theories. Further, a 
theoretical formula is derived by considering 
the avalanche effect in the oxide matrix in 
order to clarify the mechanism of the anomal- 
ous emission. 

Measurements of both the resistance of the 
oxide layer and the electron mean free path 
in the matrix are described and the results 
were used for the evaluation of the theoretical 
formula. The measured values are compared 
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with the calculation from the formula. Both 
show a fair agreement in tendency. 
§2. Electron Emission in Strong Electric 


Field 


2.1 Measuring method and apparatus 

Test tubes were small gap diodes as shown 
in Fig. 1. The anode consisted of a single 
tungsten rod 4mm in diameter to which a 
radiator was attached for cooling. The cathode 
was made of a nickel disc 6mm in diameter. 


Fig. 1. The construction of the test diode. 


In order to reduce the anode loss, the area 
of the oxide coating was limitted to 2mm in 
diameter. Guard rings were attached to both 
the anode and the cathode for making the 
field uniform. Tubes of the first kind (abridged 
No. 1) had cathodes of SrBa (COs): coating, 
about 50 in thickness. Tubes of the second 
kind (abridged No. 2) were prepared by mak- 
ing treatment on tubes No. 1 after completing 
all the measurement with them, as follows. 
Wet hydrogen gas was injected into a tube 
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No. 1 and the cathode heated in that atomo- 
sphere, and then the tube was exhausted and 
treated in the ordinary ways. After these 
treatments, the No. 2 cathode is considered 
to be more sintered and far less porous than 
the No. 1 cathode. Table I shows an example 
on the shrinkage of the cathode matrix. The 
anode currents 7 were measured for No. 1 and 
No. 2 cathodes at various temperatures and 
anode voltages. The measuring circuit is 
shown in Fig. 2. To avoid the overheating 
of the anode and the destruction of the cathode 
matrix by high current, the pulsed measure- 
ments were adopted in the high voltage re- 
gion, while the DC measurements were per- 
formed at low voltages (below about 2,000 V), 
because the pulse modulator was unstable at 
such low voltages. The pulse width was 1 
vs, pulse repetition rate 500p.p.s. and the 
duty cycle 5/10000. 


Table I. 
Sprayed thickness No. 1 after No. 2 after 
of exhausting exhausting 
BaSr(Cos3)2 treatment treatment 
100 pu 70 40 w 
Charging Pulse 
transformer 


choke 


Pera: 


Fig. 2. The circuit for pulse measurement. 


2.2 Experimental results and discussions 

The currents measured at various tempera- 
tures for various anode voltages are plotted 
versus the square root of the field intensity 
in Fig. 3 and Fig. 4 for No. 1 and No. 2 
cathodes respectively. According to the Schot- 
tky formula, logivs.1/E curves should show 
straight lines. However, noticeable deviations 
are clearly seen in Fig. 3, while the deviations 
are rather less noticeable for No. 2 cathode 
as shown in Fig. 4, but in the low field re- 
gion where DC measurements were carried 
out, the linearity is well kept excepting in 
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the space charge limited region, as shown in 
Fig. 5. The dependence of log z/T? upon 1/T 
is shown in Fig. 6. As to the Schottky cur- 
rent, this relation should show a straight line,, 
but it seems to be correct only in the low 
voltage region (DC measurement) as seen in 
Fig. 6. The gradient of the Schottky line is. 
given by 


d log t/d/E =e?/KT . 2) 


The measured and computed values of the 
gradient dlogi/d\j/E are plotted against 1/T 
in Fig. 7. The lines for DC measurements 
(weak field) using both No. 1 and No. 2, and 
for pulsed measurements (strong field) using 
No. 2 are parallel with the Schottky-theoretical 


80 1240°K 
60 I210°K 
40 }180°K 
H165°K 
135°K 
20 
10 
NM 2 
om 
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! 
7 l 
VE (KYm)2 
Fig. 3. logivs.“E for No. 1 cathode. 


7 8 
VE (KYm)2 


logivs.E for No. 2 cathode. 


Fig. 4, 
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line, but the line for pulsed emission from 
No. 1 cathode is far from parallel. From 
these results, we can see that under very 
strong field such as of a few ten thousands 
volts per centimeter, the mechanism of the 
high emission current from oxide coated 
cathode differs from the Schottky effect. 


100 


en ea 


hock. Gs 


50 


Tk=1132°K 


Pulsed 


Log t mie-milnar 
3 ciel ais 162 
(NO.1) D.C 


Fig. 5. Comparison between logivs.WE re- 
lations for No. 1 cathode in pulse and ‘DC 
measurements. 

]000 


Fig. 6. The temperature dependence of log1/T? 
for No. 1 and No. 2 cathodes. 


2.3 Discussion onthe existing theories of the 
anomalous emission from oxide coated 
cathode 

There have been published several studies 
about the anomalous emission from oxide 


Electron Emission Subject to Strong Electric Field 53 


cathode, which deviates from the Schottky 
effect. 

The first is that the deviation has been at- 
tributed to the nonuniformity of the electric 
field at the surface of the cathode caused by 
the inhomogeneity of the work function of 
the surface”. However, since the partial dif- 
ference of work function between patches on 
the cathode surface is no more than a few 
volts, it will contribute to deviation from a 
straight line only in the low voltage region. 
So, it may be put out of consideration in such 
a very strong field as is associated with our 
present problem. The second is that the 
deviation is due to the local high field on the 
oxide surface, resulting from the ruggedness 
of the cathode surface®’.*). Even if this effect 
is taken into consideration, since the structure 
of the cathode surface does not be changed 
with the temperature the dependency of 
log z/T? upon 1/T must remain a straight line. 
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aE Roe | 
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Crs eee 
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= 
10 9 8 t 
Fig. 7. The temperature dependence of the gradi- 
ent dlogi/dWE . 


In the low voltage region this relation seems 
to be correct, but in the high voltage region 
and especially in the case of No. 1 cathode, 
the deviation from a straight line is clearly 
seen in Fig. 6, and besides, in Fig. 7 the 
gradient becomes opposite to the Schottky- 
theoretical line in some cases. Thus, the ex- 
isting theories do not seem to be able to ex- 
plain the deviation from the Schottky formula. 
The author has succeeded in explaining the 
deviation by considering the electron multipli- 
cation in the oxide matrix. 
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§3. Electron Multiplication due to Secondary 
Emission 


3.1 Possibility of avalanche 


matrix 
Metson has shown that the whole cathode 


current is thermionically emitted at the 
cathode core surface and passes vacuum-wise 
through the pores of the matrix in the tem- 
perature range higher than 900°K”. An elec- 
tron which has travelled through the -pores 
without impact and gained a sufficient velocity 
to emit secondary electrons, will cause second- 
ary electrons at an impact with an oxide 
particle. The circumstances are very similar 
to the electron moving between gas molecules, 
which after travelling some distance makes 
an impact with gas molecules, ionizes them, 
and increases the number of electrons”. 

Let m. be the initial number of electrons 
and ZL the mean free path. The number 7 
which made first impacts between x=a and 
x=b (b>a) is expressed by 


n= ° No ex (—=) ax 
a ae oe 


and the number 7: which make first impacts 
between x=a and x=) and then travel until 
x=d (d>b) without impacts is given by 


Nn =|" 1 ex (-$) dx 
1 ; L p r : 


In this paper, the theory is constructed in a 
similar manner to the electron discharge in 
gas on the basis of the following assumptions 
in which the author’s fundamental concepts 
are included. 

(i) The number of primary electrons emit- 
ted at the cathode core is determined by the 
Schottky current according to the formula (1), 
depending on the temperature and the field 
intensity there. 

(ii) The electron motion is only in the 
direction towards the anode. 

(iii) The coefficient of secondary electron 
gain a should vary with the primary electron 
velocity, but for the simplicity we assume in 
the following that the gain in zero below a 
certain value (Vc) of the accelerating voltage 
and becomes a constant value @ when the 
voltage has reached V. and remains it after- 
wards. 

(iv) We assume that the electric field in 
the matrix is uniform, so the field intensity 
in the matrix is given by 


in the oxide 


(3) 


) 
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Sop 

where / is the thickness of the matrix layer 
and V; is the potential of the oxide surface. 
(v) The path ZL. through which the electron 
must travel to obtain the accelerating voltage 
Ve is 


E 


Ve 
i 5 
¢ V,! (5) 
and the electron velocity corresponding to Ve 
is given by 
v=) ZV, ™ 
m 


Electron that makes impact after travelling 
a path less than Le is assumed to start from 
there with zero velocity, without being multi- 
plied. 

The electron that has travelled more than 
L. will produce @ secondary electrons at an 


impact, which start from there with zero 

velocity. 

3.2 Enhanced current in the case of 2L.>1 
>Le 


In the case of Le>/ or Ve> Vi, the formula 
(1) can be applied. In this section, the simpl- 
est case, when 2L.>/>L. is considered. 


Core Oxide matrix Surface 


(=16) Gc) 5 aL) 
A B c x 


Fig. 8. The section of the cathode. 


In Fig. 8, the surface of core metal is de- 
noted by 0 and the surface of oxide matrix 
by C. Electron can be multiplied by a@ times 
at an impact if it is accelerated to more than 
Ve. After m times repetition of these im- 
pacts, the number of electrons will be multi- 
plied by a”. In the general case, nLe>/> 
(n—1)Le, m takes values, 1, 2,3, -++(m—1). 
When v=2 as in the present case, we have 
only to consider the case of m=1. 

Referring to Fig. 8, only the following two 
groups of electrons are considered for the 
calculation of @ time multiplication. 

(a) Electrons which make the first impacts 
between B and C. 
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(b) Electrons which make impacts between 0 and A, and next impacts between B and C 
after having travelled Le or more. 


The currents of electrons of groups (a) and (b) are given by the following formulas 


antic to X1 pays Le l 
Polar exp (—F#) dixie | exp(—42)—exn(—1)} (6) 
and 
; Ul lo x1 . Le hg 2 a OF l 
a d = ee tae = = ome: ob en 
ia ier ated Gores rami ean” 


where % is the primary current starting from the core surface and is determined by the 
formula (1). Let the current of the other electrons which can not cause secondary electrons 
be denoted by 7:. Then we have 


Zo=titte+is . 


The observed emission current i’ is given by 


io’ =Q(is tie) +is=io+(a—1)(ii +i2) « (8) 
Using (6) and (7) we get 
io’ =to[1+(a—1){2 exp (—A)—exp (—B)(2+B—A)}] (9) 
4a le _ Vel Babi 
where cas leak a8 Bh and B L 


Substituting = we obtain 
U 


A=pB or p==2 (10) 
and 
do’ =io{1+ (a—1)[2 exp (—pB)—exp (—B){2+BU—p)}}} . (11) 
The condition for 7 is expressed by 
1 
2>—>1. (12) 
p 


3.3 Theoretical formula of the general case 
The method described in 3.2, can be extended to the general case of mLe>J>(n—1)Le. 


Substituting /(«)=exp (—x/L), the current im of the electrons which cause a” time multipli- 
cations is given by the expression: 


dim = tol D1( G10) + bo(1) + bs(0) + b4(2)) + Diab) + Polar) + Garr) + bars) , (13) 
where 
n—m—1 (2-2) —Jny C2 I= (1-2) —-Jp ag (m—-2)—Jo 
a Pe we. ment a dye (14) 
. (n—m)—(m-1) See a a a oa seater, HW mae = be | ss 
= jas Eh papal Jee Jn=t jj=1 


and 
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si pane 5 


™m 
; ; —([(m-1)- &% JIL 
[=i Fee tC (m—1)— (G+ Im —1)I Ze 1 {C iz & 
Xm 
me 


pS Akm—1°** é adxn* 
ty sitIpZe 


Ki) = F 
askan) ®mtIm—1Xe 


m 
Sil J, 1F, 
a Cim—t)— 2 Sy © £1) ay, ; (16) 


m 
Lot I,Le dy 


mm 
I-[(m—1)-Jj,, Lg CEL) po nikte 
tImEe 


T—(m-L)L, 
s(x) =| drnss\ 
0 


emtt Tr+itInhe 


—[(m—-1)— ae IZ, 
x) alee Ta) ‘ (17) 


* m+il 
totj,L, 1b, 
+3 )z, 
(tS) Ze (1+Smnttm—1) Ze (2 pond a 
$3(%1) = Gin y Xm-1°** ites XRr** 
1-(m-1)L 4+ In Leg ®t Im —12¢ “A+1 ave 


le ftw) ie (18) 


Foi IX6 


and 


+5 )Z. w+ Bg ZL, (1+ ae yz, 
b(n)=\" drmss\ : din pant) dn) bore SUG) aay 


, “as m-+1- 
AONE ®m+1tIm@e TriitIyne Bot I Le L 


dill), ¢2(2), ¢s(2) and ¢4(2) in (13) are given by substituting f(/) for (1) in the formulas. 
(16), (17), (18) and (19) respectively. 


Using (13), the enhanced current to be observed is given by the formula: 


n-1 
to’ = Dy lio +(a"—l)en| . (20) 


§4. Measurement of Resistance of Oxide the potential difference Vo between both cores. 
Layer and Estimation of Vi was observed when no voltage was applied 

It is very difficult to directly measure the 00 the oxide layer. Then applying the volt- 
surface potential V. of the matrix when a 
heavy current is passing through it. So we 
shall attempt to determine the value of V; 
at each temperature of the cathode as the 
product of the resistance and the current pas- 


sing through the matrix given in Fig. 3 and 
Fig. 4. 


4.1 Method of measuring resistance 

The measurement of the cathode layer re- 
sistance was performed in a similar way to 
Metson’s®? but the prove was not inserted in 
the matrix. The construction of the experi- 
mental tube is shown in Fig. 9 and the cir- 
cuital arrangement for measurement of the 
potential and the current between base cores 
is shown in Fig. 10. Each heating current 
was adjusted so as to maintain the tempera- 
ture of each core at the desired value. First 


Fig. 9. The construction of the test tube for 
measuring oxide layer resistance. 
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age between cores the current was fixed at 
some value J; and the potential difference V, 
between cores was again observed. In meas- 
uring the potential difference, attention was 
paid not to pick up currents through the 
circuit for measuring the potential difference. 
The zero method was adopted by making use 
of potentiometer. 


Heater 


Fig. 10. The circuit for resistance measurement. 


The resistance of the oxide layer is then 
given as follows: 


Rey, 1). (21) 
I; 

4.2 Results of measurement 

The value of the oxide layer resistance thus 
obtained is plotted as a function of 1/T as 
shown in Fig. 11. Using the values of re- 
sistance in Fig. 11 and the values of current 
in Fig. 3 and Fig. 4, the surface potential V; 


10 
5 (NO.1) 
Ra 
(N0.2) 
Pea: 8 
AO gest 
ang 


Fig. 11. The temperature dependence of the oxide 
layer resistance. 
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of 


is estimated as shown in Fig. 12 and Fig. 13. 
It is seen that V; is higher than 100 volts in 
almost the whole range of measurement for 
No. 1 cathode while it is below 100 voits for 
No. 2 cathode. 


400 
500 
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1240°K 
1210°K 
1180°K 
[165% 
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Fig. 12. The temperature dependence of the 
surface potential for No. 1 cathode. 


lB 
VE (Yom)? 
Fig. 13. The temperature dependence of 
surface potential for No. 2 cathode. 


the 


§5. Mean Free Path of Electron in the 
Oxide Matrix 


5.1 Principle of measurement 

The measurement of the mean free path of 
electron in the oxide matrix was performed 
according to the following principle. In Fig. 
14, let m be the number of electrons incident 
on the oxide matrix, then the number of 
electrons which have passed through the 
matrix without impacts is given by: 
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nN1=No exp(—) . 


Let the incident electrons have an uniform 


velocity n= ,/ Ze V, and the cathode core be 
m 


at the potential Vo. If the potential drop of 
the matrix surface against the core is 4Vo, 
the electrons produced at impacts should have 


velocities less than v= y/ 26 4 V, at the core 


surface. On the other hand, the electrons 
which arrive at the base core without impacts 
should have the velocity vo. Thus the velocity 
distribution of electrons at the base core must 
be as shown in Fig. 15. If a retarding poten- 
tial is applied to the base core, only those 


Tlo 


Base core 


Fig. 14. A schematic representation of electron 
behaviour in the oxide matrix. 


of Electrons 


AVo 


Vo_> Velocity 


Fig. 15. The velocity distribution of electrons 
at the core surface. 


Current 


Retarding 

0 -AVo -Vo_z»Potential 

Fig. 16. The current vs. retarding potential on 
the core. 
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electrons which have velocities sufficient to 
overcome the retarding potential can arrive 
at the core. Thus the current versus retard- 
ing potential can be represented by a curve 
as shown in Fig. 16. The current at the zero 
retarding potential is given by incident elec- 
trons corresponding to m and the current at 
higher voltages near — Vo is equal to 4: corre- 
sponding to m. Thus the mean free path L 
is given by the formula: 


L=—1 /log =) 
10 


5.2 Experimental procedure and results 

The measuring arrangement is shown in 
Fig. 17, where Ki: is the cathode which sup- 
plies the primary electrons, A the accelerating 
grid, B the shielding plate, C the Faraday 
cage for suppressing stray electrons and Ke 


‘ (22) 


Fig. 17. The construction of the test tube and 
the arrangement for mean free path measure- 
ment. 


Vo=200V 


Fig. 18. Measured currents vs. retarding potential 
on, the core. 


is the cathode on which the oxide matrix to 
be measured is coated. In Fig. 17, Vo is fixed 
at a predetermined value (200 V) and by vary- 
ing Vi, the potential of Kz is adjusted to be 
negative against A. The measured value of 
the current passing through the matrix is 
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shown in Fig. 18. Using the formula (22) 
and the values of current in Fig. 18, the 
values of the mean free path are obtained as 
shown in Table II. 

Though precise reports on the measurement 
of the mean free path of electron in the oxide 
matrix have not been reported, it is generally 
believed that the mean free path is of the 
order of the size of oxide particles and pores, 
which is about a few microns. The measured 
values in Table II seem to be somewhat 
larger. The reason for it is not clear but 
the following circumstances must be con- 
sidered. 


Tabie II. 
Cathode) i | iy log iofix oo lane 
No. 1 O.lmA L6mA 3,314 56 200 
No. 2 he oimials 1.1mA_ 


2,677 | 32u |) 9.65 p 


In our measurement, the electrons which 
make elastic impacts with oxide particles are 
equivalent to the electrons which make no 
impacts. So, the mean free path we obtained 
might have resulted in the larger value. How- 
ever, such values just fit the fundamental 
concepts, since the elastic impacts are re- 
garded ineffective. 


§6. Comparison between Numerical and Ex- 
perimental Results 


Bruining has measured the variation in the 
coefficient of secondary emission gain a@ of 
BaO with the incident electron voltage Vp, 
which is shown by the solid line in Fig. 19. 
In order to simplify the calculation, we assume 
that a@ is zero under a certain value of V»p 
(that is, Ve) and is a constant value at and be- 
yond V., as approximated by the broken line 
taking V.=100 volts and a=4 in the mean. 


0 1000 1200 
0 200 400 600 &0 Vp 


Fig. 19. The secondary emission coefficient vs. 
accelerating voltage. 
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It can be seen at once from this value of Ve 
and the values of Vi in Fig. 13 why the 
avalanche effect is not remarkable for No. 2 
cathode. As is seen in Fig. 12, Vi for No. 1 
cathode ranges from less than 100 volts to. 
more than 100 volts, but as an approximation 
the formula (11) is used here for No.1. First, 
DC measurements were performed at various. 
cathode temperatures to obtain the thermal 
saturation currents 7s, which were reduced to: 
the zero field. The isvs.T curve is shown 
in Fig. 20. Using the values of 7) which are 
obtained by applying the 7; on the formula 
(1), the enhanced currents 7’ are derived from. 
the formula (11). The curves in Fig. 21 which 
show the relation between i’ and WE at 
various cathode temperatures have a very 


1200 


Fig. 20. The temperature dependence of the 


thermal saturation current. 
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Fig. 21. Computed curves for log %! vs.“ EH for 
No. 1 cathode. 
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similar tendency to the curves in Fig. 3. 
Numerical discrepancies are thought to be 
due chiefly to the following reasons. First, 
some approximation procedures were taken in 
the calculation. Secondly, DC measurements 
were performed to determine the values of 
ds. It is well known that the values by pulsed 
measurements are often several times larger 
‘than the values by DC measurements because 
of the initial decay of the emission, especially 
when a pulse of short width is used‘). The 
gradient of the curves in Fig. 21, that is 
d log to’/di/E , has been calculated as shown 
in Fig. 22. These gradients are opposite to 
the Schottky-theoretical one, and they agree 
‘in tendency with the experimental curves for 
No.1 in Fig. 7. In the case of No. 2 cathode, 
-since it is so much sintered that the surface 
potential is very low and the mean free path 
is also small, the multiplication does not occur 
-and the gradient is similar to the Schottky 
Jine. 


40 (NO.1) 
a fogto 5 
Qe VE=7°5 
300 lE=8 
C.5.u oe 
200 $$ ————_—t- 


10* denn! 
Fae 
‘Fig. 22. Computed curves from Fig. 21 for the 
gradients d log iy'//dW E vs. 1/T. 


§7. Conclusion 


It has been shown that the electron emission 
current from the oxide coated cathode in the 
very strong field is enhanced beyond the 
Schottky effect by the avalanche effect in the 
oxide matrix. In the temperature range of 
our measurements, the behaviours of electrons 
in the oxide matrix are considered as follows. 

(i) The primary electrons starting from 
the core surface are the thermal saturation 
currents or Schottky currents corresponding 
to the temperature and the field intensity at 
that place. 
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(ii) The electrons moving vacuumwise in 
the oxide matrix are classified as follows: 

(a) The electrons which pass through with- 
out impacts or make impacts with oxide parti- 
cles with velocities less than a critical velocity 
ve. These electrons after impacts will start 
with zero velocity from the positions of im- 
pact in the matrix. 

(b) The electrons which make impacts after 
having been accelerated in the matrix to the 
velocity higher than ve in the matrix. These 
electrons will be multiplied a times at each 
impact, and then they start with zero velocity 
from the positions of impact. 

(iii) The electrons transfered from solid 
n-type semi-conduction will act to keep the 
potential constant at each part of the matrix 
in spite of the electron multiplication. The 
measured emission current zo’ is the summa- 
tion of the currents caused by the electrons 
belonging to (ii)-(a) and (ii)-(b). Since the 
result of calculation from formula (11) is in 
fair agreement in tendency with the experi- 
mental result, it seems that the above de- 
scribed model can explain the mechanism of 
the emission in the very strong field. 
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Resistivity Striations in Germanium Single Crystals 


By Hiroshi UEDA* 
Musashi Works, Hitachi Ltd. Kodaira-machi, Tokyo 
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Resistivity striations resulting from periodic distribution of impurities 
have been observed in single crystals of germanium grown horizontally. 
The period of the striations ranges from 0.1 to 0.6mm, depending upon 
growth conditions. It is proportional to the average growth rate and 
inversely proportional to the temperature gradient within the crystal near 
the solid-liquid interface. This relation can be explained by assuming 
the supercooled state in the course of germanium crystal growth by the 
zone leveling technique. By the repeated supercooling and recovery from 
it, the crystalization proceeds periodically, resulting in the periodic change 
of the transient growth rate and the periodic segregation of impurities. 


§1. Introduction 


Periodic resistivity variations have been 
observed in germanium crystals grown hori- 
zontally. Two methods of detecting minute 
resistivity variations were developed. One is 
selective electrolytic etching and the other is 
micro potential scanning. The two methods, 
when properly correlated, can yield full infor- 
mation about the resistivity variations both 
qualitatively and quantitatively. 

The period of the resistivity striation ranged 
from 0.1mm to 0.6mm, and 30 to 50 per cent 
resistivity variations are observed. In the 
case of the vertically pulled crystals this effect 
was very small. 

At first we attributed this effect to outer 
conditions” .?) of crystal growth such as a 
temperature controller, furnace pulling mech- 
anism, line voltage fluctuations, etc. But the 
period resulting from these fluctuations do not 
coincide with that of resistivity striations. 
Furthermore, we used high power batteries 
as the power source of the furnace, eliminated 
the temperature controller, and took special 
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care to get smooth furnace movement. But 
in spite of these, resistivity striations were 
still present. So, it was concluded that the 
cause of these phenomena was purely internal. 

Definite relation was shown to exist between 
the period of the striations, the growth rate 
and the temperature gradient near the solid- 
liquid interface. In this paper we show that 
this relation can be explained by assuming 
the existence of supercooled state in the 
crystalizing solid-liquid interface of germani- 
um. 


§2. Preparation of Samples and Observation 
of Striations 


Germanium single crystals were grown by 
the zone leveling technique, using intrinsic 
zone-refined polycrystals and intrinsic seed 
crystals. For m type, antimony was doped to 
control the resistivity, ranging from 0.1 to 20 
Qcm. The test bars were cut from zone 
leveled crystals to include two end surfaces 
perpendicular to the growth direction, the 
other surfaces being parallel to the growth 
direction. All surfaces were lapped by #4,000 
carborandum, and a lead wire was soldered, 
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Samples were electrolytically etched in 10% 
KOH solution anodically. The conditions for 
current density are not critical, 0.1 to 0.3 
A/cm?, and can be determined by preliminary 
tests. Etching time ranges from 1 to 2 m1- 
nutes, and the temperature of electrolyte is 
about 70°C. An example thus treated is 
shown in Fig. 1. From Fig. 1 we see that 


Fig. 1. An n-type Ge sample anodically etched 
in the 10% KOH solution. 


Fig. 2. A p-n junction and striations shown by 
electrolytic etching. 


Fig. 3. A solidification line of a zone leveled 
crystal, 
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the side surfaces during crystal growth have 
curved surface. The latter was confirmed as 
follows. A p-n junction was made by proper 
doping in the course of crystal growth. In 
Fig. 2 a p-n boundary is revealed and striation 
patterns run parallel to the p-n boundary. 
Fig. 3 shows the interface between the seed 
crystal and the grown crystal. As in Fig. 2, 
striations run parallel to the boundary. In 
this case the seed crystal was made by the 
Czochralski method, and did not exhibit 
striations. 


The Measurement of Resistivity Stria- 
tions 


$3) 


Measurements of resistivity of semiconduc- 
tor are usually carried out by the four probe 
method*’. But this method is not adequate to 
determine the minute resistivity variations in 
a localized small portion. We used one probe 
potential scanning method. D. C. voltage was 
applied across the sample and potential profile 
was taken by scanning the tungsten probe 
along the sample, using the micromanipulator. 
The sample should be in a form of rectangular 
bar. The bar should be cut so that the long 
dimension in the direction of scanning should 
be perpendicular to the equiresistivity planes. 
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Fig. 4. Resistivity plotted by micro potential 
scanning. Arrows indicate deep etched portion 
of the same sample. 


These planes can be marked with this electro- 
lytic etching. From the derivatives of the 
potential profile resistivity can be estimated. 
Fig. 4 shows an example of resistivity varia- 
tions in a zone leveled single crystal. In Fig. 
4, the arrows indicate the deep etched por- 
tions of the same sample. Comparing the 
period of etched striations with that of resis- 
tivity striations, the agreement is 
satisfactory. 


very 
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$4. Resistivity Variations and Growing Con- 
ditions 
4.1 Czochralski method versus horizontal zone 
leveling 
Using the above mentioned two methods, a 
comparison was made between variations in 
‘Czochralski crystals and horizontally grown 
‘crystals. It was found that vertically grown 
crystals showed very small resistivity varia- 
tions, but in some samples of horizontally 
pulled crystals variations over 50 per cent 
were found. A typical result is shown in Fig. 
5. As shown in Fig. 3. the Czochralski crystal 
showed no etched striation pattern. 
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Fig. 5. Resistivity plots, taken from zone leveled 
germanium and vertically grown crystal. 


4.2 Annealing effects 

If a crystal which has resistivity striations 
were subjected to heat treatment, a diffusion 
process would take place and striations would 
disappear. To confirm this effect, a sample 
of nm type 22cm horizontal crystal was an- 
nealed at 910°C for 10 hours. The sample 
which showed about 50% variations at first 
showed variations much less than 10% after 
heat treatment. 


4.3  Striations and outer growing conditions 
We thought at first that the striation should 
be attributed to the fluctuations of the grow- 
ing conditions such as furnace temperature, 
rate of pulling, gas atmosphere. We checked 
carefully above conditions. For instance, we 
used a high power battery to heat the furnace 
to eliminate the effect of line voltage fluctua- 
tion. Various pulling mechanisms were used, 
but the striations appeared. To eliminate the 
effect of atmosphere fluctuation, some crystals 
were pulled in vacuum. But the striations 


still appeared. 
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$5. The Period of Resistivity Striations 


In the next step, we tried to vary the 
period of the resistivity striations by changing 
the growing conditions. 

First, we changed the pulling speed of fur- 
nace. To drive the zone-leveling furnace, a 
synchronous motor and oscillator with variable 
frequency were used. The result is shown in 
Fig. 6 that the period of the resistivity varies 
linearly to the pulling speed. 
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Fig. 6. Relation between striation period and 
mean growth rate. 
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Fig. 7. Relation between striation period and 
temperature gradient. 


Next, we tried to find the relations between 
the striation period and temperature gradient 
in the crystal near the solid-liquid interface. 
The temperature gradient of the furnace was 
varied by adding either after-heater furnace 
or after-cooling tube to the main furnace. 
Three conditions were established which cor- 
respond to temperature gradient respectively 
A7°C/cem, 73°C/em and 90°C/cm.  Striation 
observations on the crystals thus obtained 
showed that the periods of the striations are 
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inversely proportional to the temperature 
gradient. In Fig. 7, a typical result is shown 
for mean growth rate, R=1mm per minute. 
Results of the above mentioned two experl- 
ments are summarized in the following rela- 
tion. 
as igeaches g (6.1) 
(d0/dx)s 

were 

d: period of the resistivity striations (mm) 

R: mean growth rate (mm/min) 

(d6/dx)s: temperature gradient (°C/mm) 

c: constant 
By selecting units as described, the numerical 
value of c was about one in our experiments. 


§6. Discussions 


6.1 Discussion on the causes of the resistivity 
striations 

As to the possible cause of the resistivity 
striations we considered that the growth rate 
of germanium crystal is not uniform, but 
changes periodically even though the furnace 
pulling was smooth and uniform. 

It is well known that the segregation coef- 
ficient between solid and liquid varies with the 
variation of the growth speed of crystals”. 
So, if there exists a periodic variation of 
crystal growth speed, there appears a periodic 
variation in the apparent segregation coef- 
ficient, and thus, periodic impurity distribution 
may result. To explain why periodic variation 
in growth speed occurs, we considered the 
effect of supercooling. As will be shown in 
the next section, definite supercooling degree 
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Fig. 8. Temperature distributions near the solid- 
liquid interface in horizontal growing crystal. 
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AT°C exists in crystallization of germanium. 
If germanium melt is cooled slowly enough, 
it does’nt solidify at its melting point O@n°C, 
but supercooling of 4T°C is required to start 
solidification. Once solidification begins, the 
latent heat of fusion is produced and the tem- 
perature of melt rises 47°C. After reaching 
the melting point, solidification stops. 

Fig. 8(a) and (b) show schematically the 
single crystal growing in the zone-leveling 
furnace and the temperature distribution near 
the solid-liquid interface respectively. In Fig. 
8(b), the direction of heat flow is indicated. 
Temperature distribution a’Aa shows the 
state in which supercooling reaches its maxi- 
mum value 47°C. As the furnace moves to 
the left, the temperature of the solid-liquid 
interface falis under this threshold @n—ATm°C, 
and solidification begins suddenly to the left 
over the AA’ surface and the position of 
interface moves to the left. The latent heat 
of fusion being produced, the temperature near 
the interface rises rapidly and the temperature 
gradient in the melt decreases. While the 
temperature of interface reaches the melting 
point 0m and the crystal growth stops, heat is 
accumulated in the melt in front of the solid- 
liquid interface, and its temperature distribu- 
tion becomes as shown in a’bBAa in Fig. 8(b). 
Then the position of the interface is indicated 
as B of the same figure. This process (re- 
covery from supercooling) is completed in 
relatively short time, and so the movement 
of the furnace can be neglected. When the 
crystal growth stops, the latent heat of fusion 
is no longer produced, and the heat accumu- 
lated in the melt flows to the right through 
the solid-liquid interface. During this process, 
the temperature of solid-liquid interface falls 
gradually, keeping the supercooling state. 
When the temperature of the interface reaches 
its limit 0n—ATm, the furnace is located to 
the left by the amount of AC(=A’B). Tem- 
perature fall of the interface is mainly caused 
by the thermal conduction in the ingot and 
not by the temperature gradient of the fur- 
nace. This can be shown by the measured 
value of the temperature gradient and the 
growth rate. At the end of this process, the 
temperature distribution becomes c’Cc as 
shown in the figure. It is similar to the 
initial temperature distribution a’Aa. Thus, 
the same process is repeated periodically and 


1961) 


the crystal grows periodically with the period 
AC. 

According to the above consideration, the 
experimental formula (5.1) can be derived as 
follows: 


Where Q is the heat to be carried away to the 
solid through the interface, 


(d6/dx)s is the temperature gradient in the 
solid near the interface, 


. . aH 
T is the time necessary for the process BC, 
* 1s the thermal conductivity in the solid. 


In this expression T means the time necessary 


for the process BC, but process AB is assumed 
to be very short, so T can be thought to be 
equal to the time interval of the whole process. 
As the crystal is growing at the mean speed 
R, the period of striation is represented by 
the following relation. 


QR 
x(d0/dx)s 


Thus we obtained the same relation as (5.1). 
To compare this formula with experiments, 
the numerical value of Q must be estimated. 
Q can be considered approximately as the heat 
accumulated in the volume 4A Bb (Fig. 8). 


Q=p-Cp-AT/2-bB . 


Where op is the density 

Cy is the specific heat. 
As the excess temperature we take the half 
of the supercooling T and as the 5B we take 
the half of the melt zone length. In our ex- 
periment zone length is 4cm, and 4T is 30°C 
as shown in next section. We get 


Q=5.5 x0.09 x 30/2 x2.0=15 cal/cm? . 


The value of « can be taken as 0.1 watts/cm. 
deg. near the melting point’, so we get 


d=kT= 


Q/c=1.0 degree min/mm . 


The agreement with our experiment is very 
satisfactory. 
6.2 Supercooling of germanium 

To examine the supercooling character of 
germanium, the following experiments were 
made. Zone refined germanium was melted 
in the quartz crucible and cooling curve was 
determined. Typical curve was shown in Fig. 
9. AT of this figure is called the supercooling 
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degree. Supercooling degree was measured 
at the various cooling rate. Fig. 10 shows 
the relation between 4T and the cooling rate. 
In our ordinary zone leveling experiments 4T 
can be taken as constant, that is about 30°C. 
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Fig. 9. Typical cooling curve of germanium. 
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Fig. 10. Supercooling degree and cooling rate. 


6.3 Periodic variation of the melt tempera- 
ture 

According to the above mentioned mechani- 
sm of crystal growth, periodic variation of the 
melt temperature should exist in the melt in 
front of the interface. Measurements were 
made by a temperature recorder of 0.05°C 
sensitivity®. 

The periodic temperature is shown in Fig. 
11. The period of variation coincides with the 
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value determined from the resistivity stria- 
tions, so this periodic temperature variation 
can be considered to have the same origin as 
that of striations. 


Fig. 11. Temperature variation in the melt during 
crystalization. 


Conclusions 


$7. 

Resistivity striations were observed in ger- 
manium single crystal grown horizontally. All 
possible outer fluctuations which should affect 
the growth conditions were eliminated, but the 
striations still remained and we attributed the 
cause of striations to internal phenomena. We 
tried some experiments to change the period 
of striations and obtained an experimental 
formula concerning to the striation period and 
growing conditions. 
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As mentioned in the previous sections, the 
cause of periodic resistivity variations can be 
explained by assuming that the supercooled 
state plays an important role in crystal growth, 
and we derived an equation relating to stria- 
tion period and growing conditions. We 
evaluated its numerical value and obtained a 
good agreement with experimental formula. 
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Mixed crystals NaCl-CdCl, containing a few mole per cent of CdCl, 
were examined by X-ray method. By acertain heat treatment, precipitates 


of a structure having f.c.c. lattice 


the matrix are formed within the matrix. 


with lattice constant twice as that of 
By another heat treatment, 


there appear diffuse spots corresponding to the intensity distribution of 


rods extended to the directions of 


points of the above mentioned structure. 


<100> at odd-order reciprocal-lattice 
Crystal structure of the precipi- 


tates, which is identified to be CdCl,-6NaCl, are determined, and at the 
same time, main features of the diffuse reflexions are explained on the 


basis of the structure. 


§1. Introduction 


Preston” and Guinier”, and afterwards many 
authors®)”, reported on characteristic diffuse 
reflexions in X-ray photographs from single 
crystals of age-hardening alloys at different 
stages of the hardening. Some of these re- 
flexions are interpreted in terms of rod-like 
distributions of intensity weight in reciprocal 
space, and are ascribed to Guinier-Preston 
zones, or thin plate-like regions, formed in 
the matrix by segregation of solute atoms. 

In previous X-ray studies of mixed crystals 
of NaCle and CaCl,*).®.”).®), the present author 
found that the solid solutions containing a few 
mole per cent of CaCl: give diffuse diffraction 
patterns similar to those observed in certain 
kinds of age-hardening alloys. The observed 
patterns could be explained by assuming the 
formation of plate-like regions in the matrix, 
into which Cat+ ions, Cl- ions and vacancies 
segregate in an atomic arrangement similar to 
the crystal structure of CaCl. 

In the present investigation the mixed crystals 
NaCl-CdCl: are dealt with by the X-ray method, 
and in particular, diffuse reflexions similar to 
those found in the case of NaCl-CaCk are 
studied. It is revealed that these diffuse re- 
flexions are due to the precipitation of a 
compound CdCl: -6NaCl. 


mos This work was done when the author was in 
Tokyo Institute of Technology, Oh-Okayama, Me- 
guro, Tokyo. 


§2. Phase Diagram for the NaCl-CdCl. Sys- 
tem 

Phase diagram for the system NaCl-CdCl 
was given by Brand” by means of thermal 
analysis (Fig. 1). In drawing the phase bound- 
aries, he presumed the existence of the com- 
pound CdCl.-2NaCl from the fact that the 
mixed crystals containing 33.3 mole per cent 
of CdCl: showed the longest plateau in cooling 
curves. It is to be noticed, however, that the 
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experimental points indicated by circles in Fig. 
1 show a marked deviation from a horizontal 
boundary AB at lower concentrations of CdCle. 

The present author repeated the cooling- 
curve measurement for powder mixtures con- 
taining 1, 2, 3, 5, 10, 15, 20 and 33.3) inole 


Table I. Intensity change of powder lines in X-ray 
photographs from mixed crystals NaCl-CdCl, 
with different concentrations of CdCl... Indices 
hkl are referred to superstructure, hk-l are 
referred to CdCl,-2NaCl. 


Intensity 


MoS ae of | 111 | 800 | ean | ee oe 
| | 
i trace | s ee 0 
2 | distinct | Ss vw <1 
3 | distinct| vw <i 
5 distinct | m m <ul 
10 distinct | w m ~l1 
15 trace | vw Ss Sul 
20 trace vVVvw s | Saal 
SB — | _ s 00 
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per cent of CdCl. Results were in good ac- 
cordance with those of Brand so far as the 
measured range of concentrations is concerned, 
and confirmed again the deviation of the solidus 
from the horizontal line. 

Debye-Scherrer photographs were also taken 
on the specimens used for the thermal analyses. 
The photographs are shown in Fig. 2, in which 
it is seen that two kinds of extra lines gradually 
appear with increase of the CdCl: content. 

The first kind of extra lines begin to appear 
from 1 mole per cent concentration of CdCl, 
and become most distinct in the region of 
2~10 mole per cent concentration of CdCl, 
and vanish at near 20 mole per cent CdCl. 
The change of the intensity of these lines with 
the CdCl: content according to a visual estima- 
tion is shown in Fig. 3 (6) in an arbitrary 
scale, and are also listed in Table I. These 
extra lines can be indexed by half integers 
such as 1/2, "1/2; 1/2: 3/2, WeRversen 3s, 
1/2; etc., indicating the fact that they are 
due toa structure having a superstructre unit. 


Table II. Lattice spacings of CdCl,-2NaCl. Indices are referred to hexagonal lattice. 


(hk-l) | cal. (A) obs.(A) | (hk-1) cal. (A) obs. (A) 
(11-0) 8.5 8.5 (10 1-0) 1.401 
83-1) 1.400 1.389 
(22-0) 4.26 4.33 (10 0-1) a0 
(21-1) 3.21 3.27 84-1) 1.314 
00-3) 1.310 
{(33-0) | 2.84) sil 85-0) 1.299 1.308 
(31-1) | 2.84) ‘ 81-2) 1.297 
(32-1) 2.57 2.52 (64-2) 1.283 1.281 
(52-0) 2.36 
(20.1) 5 Set 2.36 10 2-1) 1.256 1.251 
(43-1) 2.06 2.08 12 0-0) 1.230 1.232: 
(71-0) 1.955) 91-2 
(61.19 ot 1.957 \\ee-2 1.216 1.217 
(20-2) 1.899 1.914 (10 3-1) 1.193 
(83 .2) i193} Bo 
(62-1) 1.815 1.791 (10 0-2) 1.180 1.175. 
{(55-0) 1.704) 
(54.1) a ee 1.737 (86-1) 1.159 1.158. 
(30-1) 1.670 1.684 (84-2) 1.137 1.136. 
(82-0) 1.610) 
(43-2) 1.527 1.512 (76-2) 1.090 
| (71-3 1.088 
(61-2) 1.480 1.482 | (2 21) te HS 
{(91-1) 1 / (11 4:1 
; 1.439 1.463 ) 1.057 
ie 1) z ‘a0 3-2) 1086} 1.059 
((66-0) 1.420) | 
\(62-2) 1.417¢ 1.429 | (11 5-0) 1.041 1.044 
(15 0-0) 0.9838 
Ree an : iid 1-1) 0.9836) 0.9843 
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icemcs 


CdClz, which have been cooled slowly to room temperature from the melts. 
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tion, 30kV, 15mA, 0.5~1h. Camera radius 5.74cm. 


[001] 


Rotating-cryst 
h has been cooled very slowly to room temperature from 500°C. [001] axis~ rotation. 


Filtered Cu radiation, 40kV, 10mA, 6h. Cylindrical film. 


Fig. 4. 
whic 


cell which is twice as that of NaCl matrix in 
linear dimension. We shall see later, that 
these lines are ascribed to the formation of 
the compound CdCl:-6NaCl, and that this com- 
position is chemically justified. 

The second kind of extra lines begin to 
appear from 2 mole per cent of CdClz, and 
become stronger with increase of the CdCl: 
content. For 33.3 mole per cent CdClz, which 
corresponds to the composition CdClz:2NaCl, 


al X-ray photograph for a single crystal of solid solution NaCl+1% CdCl, 


the pattern becomes exclusively composed of 
this type of lines. Thus, we can presume 
that the second kind of extra lines are due 
to the CdCl:-2NaCl compound. These lines 
can be indexed by assuming a rhombohedral 
unit cell of dimension a@=9.92A, w=118° 18’.* 
In Table II, the calculated lattice spacings are 
* By using hexagonal unit cell, the dimension 
is given by a=17,04A, c=3,93A, ¢o/a)=0,281, 


70 


compared with those observed. The number, 
nm, of chemical units contained in the unit cell 
can be estimated from the relation ~=pvo/M, 
where o is the density of the crystal, WM the 
mass of the chemical unit, and wo the unit 
cell volume. For CdCl:-2NaCl samples, po is 
measured to be 3.03, M(CdClz-2NaCl)=4.951 
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x 10-2 ¢ and 1%=3.275 x10“ em» The value 
of m is then found to be equal to 2.005, which 
is very close to 2. 

As revealed by the above X-ray studies, we 
are encountered with the fact contradicting 
the phase diagram shown in Fig. 1, that three 
kinds of phases, namely the a-phase or the 


[001] 
t 


Fig. 5. 


Rotating-crystal X-ray photograph for a single crystal of solid solution NaCl-+-1% CdCl, 
which has been cooled very slowly to room temperature from 500°C. 


[001] axis rotation. 


Monochromatic Cu Ka radiation reflected from a LiF single crystal monochromator, 36kV 15 
Cylindrical film. 


mA, 30h. 


Fig. 6. Stationary-crystal X-ray photograph for 
a single crystal of solid solution NaCl+1% 
CdCl, which has been kept at room temperature 
for several months after being subjected to heat 
treatment. [001] axis vertical. g=19°. Un. 
filtered Cu radiation, 36kV, 15 mA, 5h (Gye 
lindrical film, Diffuse spots are indicated by 
arrows, 


Fig. 7. Stationary-crystal X-ray photograph for 
a single crystal of solid solution NaCl+1% CdCl, 
which has been quenched from 200°C. [001] 
axis vertical. g=19°. Unfiltered Cu radiation, 
36kV, 15mA, Sn. Cylindrical film, Diffuse 
reflexions are indicated by arrows, 
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NaCl matrix, the CdCl,-2NaCl compound, and 
the CdCl:-6NaCl compound having superstruc- 
ture, co-exist at room temperature in the re- 
gion of the CdCl: concentration from 2 to 20 
mole per cent. This contradiction can, how- 
ever, be removed by assuming a metastable 
phase diagram for the formation of CdCl. - 
6NaC]. Fig. 3 (a) shows schematically the 
phase boundaries for the range of low CdCl. 
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concentrations, by superposing those corre- 
sponding to the presumed metastable phase 
diagram related to the formation of CdCl- 
6NaCl on to those of the stable phase diagram 
related to the formation of CdCl:-2NaCl. 

If the formation of CdCl.-2NaCl and CdClo- 
6NaCl takes place simultaneously by two in- 
dependent processes according to both of the 
phase diagrams, the co-existence of the three 


[111] 
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Fig. 8. (a) Series of stationary-crystal X-ray photographs for a single crystal of solid solution 
aes CdCl, which has been quenched from 200°C. Crystal was rotated around [101]. 
ae Hee (b) Negative prints of (a), being enlarged from the parts containing diffuse 
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kinds of phases may be explained. Further, 
if we assume that the solidus for the meta- 
stable phase diagram lies at lower temperature 
than that for the stable one, as shown in Fig. 
3 (a), the observed deviation of the solidius 
from the horizontal line may be qualitatively 
understood. 

The existence of the phase boundary between 
a and a+CdCle-6NaCl is confirmed by the 
X-ray observations on single crystals described 
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Fig. 3. (a) Phase diagram for NaCl-CdCl, system 


at lower CdCl, compositions. 
tensities of powder lines. 
arbitrary scale, 


(b) Relative in- 
Intensity is given in 


Rotating-crystal X-ray photograph from CdCl,-6NaCl. 
radiation, 35kV, 10mA, lh. Cylindrical film. 


[001] axis rotation. Filtered Cu 


in the next section. 


§3. X-ray Observations on Single Crystals of 
the Solid Solutions NaCl-CdCl: 


a) Experimentals 

Single crystals of solid solutions NaCl-CdCl: 
were prepared from pulverized mixtures of 
NaCl and CdCl::23H:O. The molten mixture 
in a ceramic crucible was kept in an electric 
furnace at a temperature slightly higher than 
the melting point for about 1 hour, and then 
was solidified gradually by moving the crucible 
to cooler portions in the furnace with a constant 
velocity (ca. 3mm/h). Single crystals of the 
size of about 1cm* were easily obtained in 
this way. 

The crystals were transparent when CdCl: 
content is less than 1~2 mole per cent.* The 
crystals were shaped for X-ray examination 
by cutting by a razor brade and etching in 
water. 

Heating and quenching of specimens were 
performed in a small vessel made of thin 
nickel foil (0.07 mm thickness). The quenching 
to room temperature after heating at a desired 
temperature for a desired duration was done 
by drawing out the vessel from the furnace 
and placing it immediately on a copper plate 
at room temperature. 


* Implication of the percentage is the same as 
in the case of the mixed crystals NaCl-CaCl,®). 
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Stationary-crystal and rotating-crystal X-ray 
photographs were taken at room temperature, 
using either unfiltered or nickel filtered Cu 
radiations, or crystal-monochromated Cu radia- 
tions by a LiF single crystal. 


b) Precipitation of the CdClz-6NaCl phase 

The diffraction patterns from the single 
crystal samples change with the heat treat- 
ment. In what follows, the observation for 
the [001] rotation photographs obtained from 
the solid solution NaCl-CdCl: containing 1 mole 
per cent CdCl: is described for an example. 

When the crystal is kept at 500°C and then 
cooled very slowly to room temperature, weak 
extra Bragg reflexions appear superposing on 
the reflexions due to the NaCl matrix, indicat- 
ing that the precipitation of a new phase has 
occurred within the matrix at temperatures 
lower than 500°C. The extra reflexions lie 
on layer lines intermediate between those due 
to the NaCl matrix (Fig. 4). By the use of 
monochromated radiation it was confirmed 
that the extra reflexions are present also on 
equatorial, 2nd and 4th layer lines of the NaCl 
matrix (Fig. 5). All of these reflexions could 
be indexed by assuming the face-centred cubic 
lattice with the lattice constant twice as that 
of the matrix, and it is clear that these super- 
structure reflexions and the superstructure 
lines found in Debye-Scherrer photographs (§ 2) 
are due to the same crystal structure. 

When this sample was kept at 500°C for 1 
hour and was then quenched to room tempera- 
tures, all the extra superstructure reflexions 
disappeared. When the same sample was 
reheated at 200°C for 1 hour and was then 
quenched to room temperatures, the extra 
superstructure reflexions appeared again, 
though the superstructure spots were weak 
and rather diffusive. 

Since, as already quoted, the structure giving 
rise to the superstructure reflexions is identified 
to be the CdCl.-6NaCl compound, the above 
observations show the fact that there exists 
the a-phase, or the uniform solid solution of 
NaCl-CdCle, in the range of low CdCk concen- 
trations, and that the boundary between the 
a-phase and the mixed phase of a+CdCl-6NaCl 
lies between 200°~500°C for 1 mole per cent 
concentration of CdClz. The position of the 
boundary between a@ and a+CdCl:-6NaCl is 
roughly drawn in Fig. 3 (a) by considering 
this experimental result. 
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c) Diffuse reflexions 

In order to study the initial stage of pre- 
cipitation of the CdCl:-6NaCl phase, stationary- 
crystal X-ray photographs were taken with 
unfiltered Cu radiations. Either [001] or [101] 
axis of the crystal was set vertically, and the 
angle g between the horizontal [010] axis and 
the direction of incident beam was successively 
changed. 

When the sample, having the structure of 
the homogeneous a@-phase formed by a suitable 
heat treatment, was kept at room temperature 
for several months, there appear extra super- 
structure reflexions as shown in Fig. 6. These 
spots are weak and not well defined, indicating 
that the sizes of the precipitates are very 
small. 

When this sample is re-heated at 200°C for 
1 hour and then quenched to room temperature, 
the broad reflexions are separated into groups 
of spots (Fig. 7). This phenomenon is analogous 
to that occurred in the case of NaCl-CaCle 
mixed crystals®’.®. Fig. 8 shows the cases in 
in which the sphere of reflexion passes near 
the (111) point.* For g=23°, in which the 
(111) point is inside of the sphere of reflexion, 
the diffuse spots form a triangle with the apex 
located at the nearer side of the direct spot, 
while for ¢=34°, in which the (111) point lies 
outside of the sphere of reflexion, the apex of 
the triangle is at the farther side of the direct 
spot. From the change of the shape of the 
diffuse spot with ¢, the distribution of weights 
in the reciprocal-lattice space could be deter- 
mined as follows: 

(i) All the odd-order super-reciprocal-lattice 
points are accompanied with <100>-, 
rods:** 

Neither even-order super-reciprocal-lat- 
tice points, nor main reciprocal-lattice 
points due to the NaCl matrix, are ac- 
companied with the rods. 

The fact (i) shows that, in the matrix, vacancies 
as well as Cd*++ ions segregate parallel to {100}, 
forming thin {100} platelets. The characteristic 
(ii) will be discussed in § 5. 


(ii) 


§4. Crystal Structure of CdCl.-6NaCl 
The structure determination of the crystal 


* [Indices are referred to super-reciprocal-lattice 
points. 

**k As to the meaning of the suffix 7, see ref. 6), 
p. 705. 
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having super unit cell revealed by the above 
mentioned X-ray observations could be per- 
formed on single crystal samples composed 
of this substance only, which were fortunately 
obtained as follows. 

When the mixture of NaCl containing about 
33 mole per cent of CdCl. was melt in a 
plutinum crucible and crystallized by the same 
procedure as described in §2, almost all parts 
of the products obtained were polycrystals, but 
sometimes a few specks of transparent single 
crystals distinguished by orthorhombic forms 
of the size of the about 1xl1x1lmm* were 
found distributing in the polycrystalline parts. 
It was confirmed by the Laue method, that 
these single crystals have cubic symmetry. 
The reflexions in the rotating-crystal X-ray 
photograph (Fig. 9) could be indexed by as- 
suming f.c.c. lattice with the lattice constant 
twice as that of NaCl crystal.* The com- 
parison of over-all features of Fig.9 and Fig. 
4 or 5 shows that the single crystals thus 
obtained and the precipitates in the homo- 
geneous a-phase as described in §3 are of 
the same structure. 

In taking X-ray photographs, samples were 
made as thin as possible (ca. 0.2mm in 
diameter), because of a large absorption of 
the specimen.* The intensity of the Bragg 
reflexions was measured using a microphoto- 
meter. 

By chemical analysis performed on a collect- 
ed mass (ca. 8mg) of single crystals, it was 
found that molar concentration of CdClz in 
these single crystals is 13.9 per cent. This 
value is nearly equal to 14.3 mole per cent, 
which corresponds to the compound having 
the composition CdClz-6NaCl. 

As the structure of CdCl:-6NaCl has a super 
unit cell of the NaCl matrix, it is supposed 
that the main framework of the NaCl matrix 
is succeeded by the structure of CdClz-6NaCl. 
It should, however, be assumed for the for- 
mation of CdCl.-6NaCl that, when a Na* ion 
in the NaCl matrix is replaced by a divalent 
Cd** ion, another Nat ion should be corre- 
spondingly removed from a lattice site, leaving 
a positive ion vacancy in the matrix, so as to 
maintain the electrical neutrality of the struc- 


* Some of the low-order reflexions such as 111, 
311 etc. show splitted structures due to strong ab- 
sorption of the sample containing the heavy Cd++ 
ions. 
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ture. It is reasonable to assume that the 
original unit cell volume of NaCl lattice can 
contain exactly one half the CdCl.-6NaCl 
chemical unit, when the volumes of each kind 
of ions and also of the positive ion vacancies 
are taken into account. As the volume of the 
super unit cell is eight times as that of the 
NaCl matrix, it is concluded that the number, 
nm, of the chemical unit CdCl:-6NaCl in the 
unit cell is four, namely the unit cell in the 
CdCl:-6NaCl structure must contain 24 Nat 
ions, 4 Cd** ions, 32 Cl- ions and, besides, 4 
positive ion vacancies. 

Since the extinction rule of reflexions other 
than that characteristic of the face-centred 
cubic lattice has not been observed, the 
possible space groups are 7?—F23, T,>—Fm3, 
Ta#2—F43m, O?—F43 and O,>—Fm3m. Ta2—F 
43m may, however, be discarded because it is 
hard to find probable positions of 24 Nat ions 
by this space group. The other space groups 
are identical regarding the positions for which 
the number of equivalent positions are small, 
as is expected to be the case for atoms in the 
present structure. Thus, we can assume 
without losing generality that the structure 
of CdCl.-6NaCl belongs to the holohedral cubic 
space group O,° as similarly as the case of 
NaCl. 

Then, possible positions for the ions in 
CdClz-6NaCl are assumed in the following 
way: Four Cd*+ ions occupy the sites (4a). 
For 24 Nat ions, there are two possibilities, 
either (24d) or (24e). However, (24e) should 
be discarded in connection with the positions 
of Cdt+ ions. Positions of 32 Cl- ions are 
placed at (8c) and (24e), considering the frame- 
work of the NaCl matrix. The positions of 
vacancies are then determined as (4b). Thus, 
the positions of ions (including those of 
vacancies) are written as follows:* 


(0,0,0; 0,4, 4; 2,0,3; 3,3,0)+ 


Cd++ (4a) 0, 0,0; 

vacancy: (40) 3, 3,3; 

Na* : (24d) 0, 1/4, 1/4; 1/4, 0, 1/4; 1/4, 
1/4,0; 0, 1/4, 3/4; 3/4, 0, 1/4; 
1/4, 3/4, 0; 

Cle (8c), (24e) 1/4, 1/4, 1/4; 3/4, 3/4, 3/4; 


#7; 0505/0750; ONO ae 
OP05" 0.9%, OSF0-0 42 


* The sites of vacancies are described here in 
order to indicate explicitly what Na+ ions have 
been removed from the matrix. 
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Fig. 10 shows the arrangement of ions in 
the (100) plane of the proposed unit cell, in 
which the dashed lines indicate the unit cells 
of the original NaCl matrix. In this structure, 
Nat ions at the centers of the faces of the 
original NaCl matrix lattice are retained, and 
Na* ions at the corners of the original cells 
are replaced by Cdt+ ions and vacancies al- 
ternately, forming a face-centred cubic lattice 
with the unit cell edge, a, twice that of the 
NaC] lattice. All the Cl- ions are also retained 
except for small displacements. It is con- 
venient to use in place of x the parameter 6 
defined by x=1/4—6, representing the dis- 
placement of each Cl- ion towards the nearest 
Cd** ion from the original position as illustrat- 
ed by arrows in Fig. 10. 

The intensities, J, of the reflexions of the 
rotation photograph are given by the following 
formulae: 


JHh-Q:j-A-V, ly) 
Q=C-P-L-| Fthki) |?-exp(—2M)-1/v0.? , (2) 
Fthkl)={1+expzi(h+k)+expzi(k+1) 
+expzi(l+h)} x[fcat2fn.(exp3zih-cosixk 
+exp3zik -cosz/+expsil-cosizh) 
+2fei{cosiz(h+k+1)+cos2zhx+cos2azkx 
+cos2z1x}] . C3) 


00 


50} 


Relative ‘tensity 


Equatorial Line 
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h is the intensity of the incident X-ray beam, 
j the multiplicity, A the absorption factor, V 
the volume of the specimen immersed in the 
incident beam, C square of the classical e- 


Fig. 10. Arrangement of ions in the (100) plane 
of the proposed unit cell of CdCl,-6NaCl. Small 
solid circles are Cd++ ions, small open circles 
Na+ ions, and large open circles Cl- 
Vacancies are shown by crosses. Arrows in- 
dicate the displacement of Cl~ ions. 


ions. 
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Fig. 11. Comparison of calculated and observed intensities of Bragg reflexions from CdCl,-6NaCl. 


Intensities are normalized to 400 reflexion. 
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Table III. Calculated and observed relative intensities of Bragg reflexions from CdCl,-6NaCl. Intensities 
are normalized to 400 reflexion. The asterisks, *, show the reflexions which are coincide with those 
from NaCl. 
hkl 0=0 0=1/36 obs. hkl 0=0 0=1/36 obs. 
200 3 4 4 202 | 3 4 2 
220 2 3 3} Jip 0 0 2 
400* 100 100 100 402 if 1 1 
420 2 2 i 422 2 2 , 
440* 53 50 40 442 1 0 0) 
600 | i Z 3 602 it 2 2, 
620 1 4 3 622* 0 0 0 
640 1 Z 1 642 ik 2 iL 
800* 27 23 38 802 0) 0) 0) 
820 1 0 1 822 1 0) il 
660 0 Za 0 662* 0 0 0) 
840* 44 34 if ter 1 0 0) 
860 
{1000 : : : {1002 1 2 2 
1020 if 4 4 1022* 0 0 0) 
1040 1 3 2 1042 1 o 2 
8g0* 1%, 11 11 882 0 0) 0) 
1060 1 5 Zz 1062* 0) 0 0) 
1200* 18 We 17 1202 0 0) (0) 
1220 1 0 0 1222 1 0) 0 
1240* 40 24 31 1242 a 0 0 
1080 1 7 3 1082 1 1 2 
1260 1 0 0 1262 Z 0 0 
111 13 26 29 113 HS 13 22 
311 11 10 9 313 11 3 5 
331 4 i 2, 333 4 0 0) 
511 6 17 15 513 6 9 9 
531 5 8 6 oe 5 4 2 
551 55 
{71 2 {713 5 5 3 
731 3 0 0 733 3 0 0 
751 2 2 1 753 2 1 0 
911 2 7 8 913 2 5 5 
931 2 4 5 933 2 2 3 
771 1 0 0 773 1 0 0 
951 2 9 5 953 2 6 5 
mee 2 1 0 1113 2 0 0 
71 973 | 
1131 2 Z {1133 | 4 1 2 
1151 2 2 1 1153 | 2 1 0 
e Pact 2) \le alee Se 
TS 
etl 5 7 9 11313 | 7 6 6 
1331 3 rs) a 1333 | 4 3 6 


lectronic radius, P and L the polarization and 
the Lorentz factors respectively, exp(—2M) 
the Debye-Waller temperature factor, vo the 
unit cell volume, and fca, fna and fci are the 
atomic structure factors for Cd*++, Na+ and 
Cl- ions, respectively. The absorption factor 
was obtained from the International Tables!” 
by assuming the cylindrical form for the 
specimen, with uwr~3.0, where yw is the linear 
absorption coefficient and 7 the radius of the 
specimen. The tabulated values of the ab- 
sorption factors can be applied approximately 
also to layer lines other than the equator by 
replacing r by the value 7(1+sec?,)/2, where 
% is the angle given by the relation tan¢,= 
Xn/R, Xn being the distance from the 7-th layer 


line to the equatorial line, and R the radius of 
the cylindrical film. Actually, however, the 
factor (1+sec¢,)/2 is almost equal to unity for 
the Ist, the 2nd and the 3rd layer lines of 


the present rotation photograph. The factor 


exp(—2M )=exp{—2B(sin6/4)?} was roughly 
estimated by assuming the characteristic tem- 
perature equal to that of pure NaCl, i.e., 9Q= 
281°K, and the average atomic weight (CdCl: 
6NaCl)/15=35.6. B thus calculated is 1.23 
10-'* at room temperature. 

Calculated intensities for 6=0 are listed in 
Table III. In this Table and also in Fig. 11, 
we can see a fairly good agreement between 
observed and calculated intensities, although 
there are a few exceptions, for instance the 


—_—~ => --- 
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observed intensities of 511, 911 are too strong, 
and those of 331, 333 are too weak. 

Agreement between the observed and calcu- 
lated intensities can be improved by assuming 
a finite value of 6. For example, calculated 
intensities for 6=1/36 are listed in Table III, 
and are also shown in Fig. 11. However, the 
further refinement of the perameter 43 is 
postponed, because of lack of the accuracy 
of the observed intensities, owing to the large 
absorption of the samples. 

§5. Discussions 

As is confirmed in the above section, the 
main skeleton of the NaCl structure is retained 
in the structure of CdCl.-6NaCl! fairly well, 
being accompanied only with very small dis- 
placements of Cl- ion sites, even though there 
take place the replacement of Nat ions by 
Cd++ ions and the formation of positive ion 
vacancies. This result suggests that the pre- 
cipitation of CdClz:-6NaCl may take place in 
the NaCl matrix with very small activation 
energy, without producing long range distur- 
bances in the NaCl matrix lattice. 

With the knowledge of the unit cell structure 
of CdCl:-6NaCl, we can explain the charac- 
teristic features of the <100>, rods mentioned 
in §3 (c), that they appear only at odd-order 
indices of the super-reciprocal-lattice points, 
but not at even-order reciprocal-lattice points. 

At the early stage of the precipitation, Cd*t 
ions are assumed to segregate in thin plate-like 
regions, or platelets, parallel to {100} of the 
matrix lattice, forming there complete or in- 
complete CdCl.-6NaCl structure. 

The structure amplitude, Ff’, due toa platelet 
contributing to the diffuse scattering is ex- 
pressed by® 
(4) 
(5) 


F’=S-f', 
Lie ete 


cell cell 


> =DSfrexp(2zih- rn) 


cell 


>’ => fw’exp(2zih-rw) , 


cell N 
where S is the shape function for the platelet 
concerned, i.e., it is the sum over all the 
representative points of the unit cells of the 
precipitates contained in the platelet. The 
summations “ and >») are taken over the 
nh 


lattice points within a unit cell of the precipi- 
tates, fr and rp are the scattering factor and 
position vector of the n-th atom in the original 
matrix lattice respectively, and fw’ and rw those 


(6) 
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of the N-th atom in the structure of the pre- 
cipitate respectively, and h=(s—so)/A, where 
S and s are the unit vectors of the directions 
of incident and scattered X-rays respectively, 
and 4 the wave-length of X-rays. 

When the unit cell structure of the platelet 
is assumed to be that of CdCl:-6NaCl, (5) is 
written as 


J ={1+expzi(h+k)+expri(k +1) +expzi(l+h)} 
x[—fna{i+expzi(ht+kt+)}+fca 
+2fei{cosizh(1—cos2zhé)+sinizh-sin276 

+cos3zk(1—cos2zk6d) +sinizk-sin276 
+cos3zl(1—cos2z10)+sin371-sin276}], 
és) 


where 06 is the same as what appeared in § 4. 
As was stated in §4 (Table III, Fig. 11), main 
features of the structure of CdCl.-6NaCl are 
represented fairly well by the case of d=0. 
Then, (7) reduces simply to 


J ={1+expzi(h+k)+expzi(k+/)+expzi(/+ h)} 
x[—fnu {1 +expzi(h+k+D)}+fca] . (8) 


This expression results in the following rela- 
tions: 


(i) f/oaa=4fca for odd-order super-reciprocal- 
lattice points; 

(ii) f/even=4(—2fnat+fca) for even-order re- 
ciprocal-lattice points (including both 
super-reciprocal-lattice points and main 
reciprocal-lattice points). 


Then, we have the relation f’odq>f’even. The 
shape function S, which is mainly responsible 
for the rod-like intensity weight of the diffuse 
reflexions, is common to all the reciprocal- 
lattice points, while the intensities of these 
reflexions near reciprocal-lattice points are 
mainly determined by the value of f’. Then, 
by the relation f’oaa>/’even, the observed re- 
lative intensities of the (100), rods at reciprocal- 


Table IV. Comparison of characteristic features 
of rods for the mixed crystals NaCl-CdCl, and 
NaCl-CaCls. 


Reciprocal- | Symmetry 
Mixed | Types | lattice points about recip- 
crystals of rods | about which rocal-lattice 
rods appear | points 
Ti — | ——— — U — — 
Superlattice : 
NaCl-CdCl, | <100>, points | Symmetric 
NaCl-CaCl ae | Matrix oints| Asymmetric 
2 | <310>, P y 
ee 
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lattice points of odd and even indices can be 
understood well. 

It is interesting to compare the present 
results concerning the diffuse reflexions with 
the case of the mixed crystals NaCl:-CaCle, 
for which <111>, and <310>, rods were observed 
in reciprocal space at an early stage of pre- 
cipitation. Main features of the rods for these 
two kinds of mixed crystals are listed in 
Table IV. 

1) From the mixed crystals NaCl-CdCl, the 
rods appeared only at super-reciprocal-lattice 
points and not at the matrix points, while, 
from NaCl-CaCl. the rods appeared only at 
reciprocal-lattice points for the matrix and 
not at super-reciprocal-lattice points. As has 
been shown above, the former case is readily 
explained by the unit cell structure of CdCl.- 
6NaCl. On the other hand, the latter could 
not be explained by unit cell structure only, 
and it was necessary to assume the formation 
of anti-phased platelets in thin regions called 
the plate-zones’’.®. 

2) The rods in reciprocal space are extended 
symmetrically about each reciprocal-lattice 
point in the case of NaCl-CdCl:, and asymme- 
trically in the case of NaCl-CaCl:. As the 
asymmetry of rods may be caused by the 
modulation of lattice spacings in the regions 
of platelets, the modulation of the spacings 
in the directions perpendicular to the platelets 
seems to be more conspicuous in the case of 
NaCl-CaCl; than in NaCl-CdCle. Such a dif- 
ference may be explained in the following 
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way. In the case of NaCl-CdCh, the platelets 
are the products in the initial stage of pre- 
cipitation of the compound CdCl2-6NaCl which 
have accidentally the same lattice spacings as 
NaCl. On the other hand, in the case of 
NaCl-CaClh,—especially for the <310>, rods,— 
the platelets are the intermediate products 
which have grown up in the process of the 
precipitation of CaCl: crystal having different 
crystal structure, and therefore different lat- 
tice spacings from the NaCl matrix. 

In conclusion, the author wishes to express 
his sincere thanks to Prof. S. Miyake for his 
kind guidance and encouragement throughout 
this work. 
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The resonance conditions in ferro- and antiferromagnetic resonance 
absorptions are obtained by the spin-wave theory. According to the 
usual free spin-wave theory, the resonance frequency is independent of 
temperature and has only the value at 0°K. The spin-wave interactions 
give the correct temperature dependence for the resonance frequency. 
As the results of including these interactions, the ferromagnetic reso- 
nance condition taken account of the anisotropy energy agrees with the 
Kittel’s formula. For the cases of the ferromagnetic resonance includ- 
ing the demagnetizing effect, and the antiferromagnetic resonance, how- 
ever, the resonance conditions obtained at high temperatures agree with 
the formulae of Kittel and Nagamiya, Keffer-Kittel respectively, but at 
low temperatures our conditions show the different temperature depen- 
dence from their formulae. However, this new theoretical result is not 
in agreement with the experimental data in MnF, by Jaccarino-Shulman 


and Johnson-Nethercot. 


$1. Introduction 


Ferromagnetic resonance was discovered 
first in experiments by Griffiths”. In the ex- 
periments, however, it is found that the ap- 
parent g values are often very much larger 
than the free electron g value when the 
results are interpreted in terms of the para- 
magnetic resonance relation. It has been 
shown by Kittel”, when all demagnetizing ef- 
fects are included, resonance condition is 
modified and g factor obtained becomes 
reasonable value. 

Kittel’s theory is based on the equation of 
motion for the macroscopic magnetization 
vector consisting of the total spin of the entire 
saturated ferromagnet as quantized in the 
large magnetic field, which includes not only 
static magnetic field but also demagnetizing 
field and effective anisotropy field. 

In antiferromagnetic resonance absorption, 
the situation is similar to ferromagnetic case, 
that is, the theory*® is based on the equations 
of motion for the sublattice magnetization 
vector, although they are more complicated 
than the ferromagnetic one, because the for- 
mer has interactions between sublattice 
magnetization. 

So far as the magnetization vector M, the 
demagnetizing field (which related to M) and 
the anisotropy field (which related to the an- 
isotropy constant A) are defined correctly, the 
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theories mentioned above are valid. There- 
fore it has been believed that even at arbit- 
rary temperatures the theories can be applied 
if Mand K are replced by M(T) and K(T) 
at its temperature. In fact, basing upon this 
idea, a number of experimental data for the 
ferro- and antiferromagnetic resonance absorp- 
tions have been analysed. 

From the theoretically rigorous point of 
view, however, M(T) and K(T) are not the 
quantities which are given from the the 
beginning, but they should be derived from 
the interactions in a system—in language of 
quantum mechanics, from the Hamiltonian— 
and also the resonance frequency itself must 
be obtained from the same Hamiltonian. 
When the resonance frequency at arbitrary 
temperatures is calculated by this way, it will 
become clear whether the naive idea stat- 
ing the replacement of M and K by M(T) 
and A(T) is right. 

In this paper we treat the magnetic system 
by the spin-wave theory. As is well known, 
the free spin-wave theory neglecting the spin- 
wave interactions was given first by Bloch*. 
The same result was obtained by the first 
approximation of the Holstein-Primakoff’s 
theory®) which uses the creation and annihi- 
lation operators of spin waves. According to 
the selection rule, the microwave field absorbs 
or emits the spin waves with wave number 
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k=0, so that the resonance frequency is 
equal to the energy of spin wave of k=0. 
Since the spin-wave energy of k=O in the 
free spin-wave theory is constant, the re- 
sonance frequency obtained is independent of 
temperature. If the spin-wave interactions 
are taken into account, the spin wave of k= 
0 feels the Hartree field made by the other 
spin waves, therefore, its energy depends 
upon the occupation number of spin waves. 
As the occupation number obeys the Bose 
distribution and hence depends on tempera- 
ture, the resonance frequency obtained shows 
consequently the temperature dependence. 
Following such an idea, the resonance fre- 
quency in the case of free spin-wave theory 
corresponds to no occupation of spin waves, 
so that it has only the value at 0°K, (0). If 
the spin-wave interactions are treated care- 
lessly in the Holstein-Primakoff’s method, 
there arises the discrepancy® with the result 
by Dyson” who has studied rigorously these 
interactions. Recently one of the authors® 
has shown that the perturbational method to 
treat the spin-wave interactions in the 
Holstein-Primakoff theory is essentially in 
agreement with the Dyson’s theory. His 
method is very favourable, because it can be 
applied easily to the Kubo’s theory”) which is 
antiferromagnetic analog of the Holstein- 
Primakoff’s theory. 

Though the problem of the width in ferro- 
magnetic resonance absorption line had been 
thought to be one of the difficult problems, 
and a clue of the solution was given by 
Clogston et al.‘” In our theory it seems also 
to be capable to treat the problems of absorp- 
tion line width. They will be discussed in 
the subsequent paper. 


§2. Ferromagnetic Resonance Absorption, 
Anisotropy Energy Effect 


A portion of the energy in ferromagnetic 
single crystals depends on the direction of the 
magnetization relative to the crystalline axis. 
This part of energy is called the anisotropy 
energy. In this section we confine ourselves 
to a spherical specimen, so that the effect of 
the demagnetizing field (dipolar interaction) 
on the resonance frequency may be neglected. 

We consider first the ferromagnetic crystal 
with the uniaxial anisotropy energy. The 
principal axis is taken as the z axis and the 
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x and y axes are taken to the prependicular 
to it. The nearest neighbour exchange inter- 
action model of the ferromagnet, with the 
static magnetic field H along the z axis, is 
described by the following Hamiltonian, 


eo) > S5°Si 


N N 
+eud & Sirsted oe 3 (Zeb) 
=1 je. 
Here J is the exchange integral, S; the spin 
operator at the j-th atom, g the spectroscopic 
splitting factor, » the Bohr magneton, the 
summation §; is taken over all nearest neigh- 


bour pairs, ‘N the total number of atoms and 
« is a constant proportional to the anisotropy 
energy at 0°K. The last term in (2.1) is the 
simplest Hamiltonian representing the uniaxial 
anisotropy energy and the spin quantum 
number S of each atom must be greater than 
unity. We take the € axis as the axis of 
quantization of spins, perpendicular to which 
the € and 7 axes are defined. In the present 
case the static magnetic field is along the z 
axis, so that the € axis agrees with the —z 
one and the € and 7 axes are equal to the 
—x and +y ones respectively. 

Following Holstein-Primakoff we express 
the spin operators in the forms; 


Sit =Sj+7Sj7=V 2S Fi(S ay ; 


S-=Sjt—iS"=V/2Sar*f(S) , (2.2) 
Si=S—n; . 

where 
Ee _ 7a) Cats Raid epee : 
fiS)=(1 Fk) 1B + (2.3) 


and the operator a;*a;=n; is called the spin 
deviation operator, and a;* and aj are to be 
regarded as the creation and annihilation 
operators of the spin deviation and they satisfy 
the commutation rule 


QjQy* —a;z*ar=O jr . 


(2.4) 


Using these operators the Hamiltonian (2.1) 
can be written as follows; 


SC =—N(zJS?+ guSH +S?) 
~2F > [2SaX°Fi(S)fuS)ai—2Saj*as+ as*aja*ai| 
+Hgn © astast+n S, 2Saj*a;—a;*ajas*as) 
4 


(2.5) 


We introduce the Fourier transforms of a; 
and a;*, 
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an= J SS e*kiq; 
VN FG ‘ 
. ‘ (2.6): 
ak Tweet F 
which satisfy the commutation relation 
Onde?” — An * de = Onn? , (2.7) 


and a*dx=mx is the number of spin wave with wave number k. Then using (2.3), we 
obtain 


FE =—- N2zJS?+ gpSH+«S?) 
1 
+ 4282092) +-gnH + SEE 
>} SzJ—re) + guH 2Se(1 5 \In 


1 
eee 1 ke ks ks) ie (rit re 2r-)—ehatataa ; (2.8) 


where we have picked up all terms proportional to S°, S and S2, and we have defined 
Te= Dd e*?/z (2.9) 
Pp 


with o denoting the vectors to the nearest neighbor atoms, and z the number of them. We 
have used the notation a, 71, etc. instead of amu, rm, etc., and later we will use m etc. 
instead of x1. 

Though the last term in (2.8) contains the non-diagonal terms in the representation of 
diagonalizing mx, we shall neglect them because they give a negligibly smal! contribution to: 
the resonance frequency. Then (2.8) is written in the following form. 


Se=At py Baw 2 Cue mat : (2.10): 
where 
A=—N(zJS*+¢guSH+«S?) , (2.11) 
Be=2Sz J—re)+ gut +2Se(1 ai (2.12) 
Cre = Cr = ate eS epi Vike) a : (2.13): 
N 


According to Kubo and Tomita’, the imaginary part of the frequency dependent suscepti-- 
bility y’’() is proportional to the following quantity, 


<3 it_F —4 om, i Lot 
x"w)<| Ce Mee — Mee! (2.14) 
where the average < > is defined by 
2 SZ 32 exela 
eee a Aran oon, (2.15) 


ky is the Boltzmann’s constant and Mé is the magnetization component along the € axis, 


Me=,/ 5 PR eV ay & @tavarw +c.0) + (2.16) 


Inserting only the first term of the right hand side in (2.16) into (2.14), (2.14) becomes 
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pin Ska, Ae meyer nds 


SN \" <e tae |e (Qo +a0*) 


2 


—oo 


= iy (mo + lent Bot = Conn)! % + me'*\Bor> Connn)/ wYe@let dt . CED) 
D) g 


The integral in (2.17) can be calculated as follows: 


\ CEU Bor Com) /#yetot dt 


oo > 
= gilo-Bo/ Bt g~UE Coymy>/ B= 0 <C% Coy mj)>—<E Cont??™}/ 24 Ut 
—oo 


(o Bo + & Cox<nx> \? 
he 


rm is es as exp | as: = EE | : (2.18) 


According to (2.14), (2.17) and (2.18), x’’(w) has a maximum value at 
ho=Bot > Cox<nx> (2.19) 
and has the following line width 
hAw={>) Cor?(<mi?> — <n”) 1? (2.20) 


‘This width arises from the fluctuation of spin waves with wave number k, depends strongly 
on temperature and vanishes at 0°K. Since this width, however, suffers the narrowing by 
the motion of spin waves, it is not the true origin of the width in ferromagnetic resonance 
curve. The discussions about the width will be performed in the subsequent paper. For 
the present we neglect this width, i.e. fluctuation. Then the effective Hamiltonian for the 
spin wave of k=0 is given from (2.10) by 


Fo =Bomo+ 2 Coxo<Nk> « (2.21) 


Using the selection rule of microwave 4m=-+1, Eq. (2.19) as the resonance frequency can 
be obtained directly, that is, y’’(w) is represented by the 6 function which has a center at 
(2.19). 

The second term in (2.16) leads the smaller term than (2.18) by the factor S <m)/N. 
Therefore, we leave them out of consideration. 

Eq. (2.19) is the resonance frequency at the temperature 7. Using (2.12) and (2.13), 
and omitting the terms of order 1/S, we have 


8114 aid pac EG! 2); 
4 Su : 


(2.22) 


When the axis of quantization of spins € is inclined by angle 0 from the —z axis (the 
magnetization vector being inclined by @ from the z axis), the anisotropy energy is given by 
the following canonical average, 


1 
(Lande CRSiaSA) a + (S*—38¢" cos? a» . (2.23) 
In (2.23), the portion proportional to cos? @ is the anisotropy constant A(T), that is 


K(T)=K(O){1 -— 5 my} (2.24) 
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K(0)= “NS*(1 acy 2 
(0)=« 5G (2.25) 
On the other hand, the magnetization is written as 
M(T)=gn 3 Sé= Mod ey n>) | (2.26) 
J NS % 
M(0)=guNS . (2e2) 
Using (2.22), (2.24) and (2.26), we have as the resonance frequency at temperature T 
&T Tew 
ie =|) Fl ; 2 
oT) al eo (2.28) 


which is perfectly in agreement with the Kittel’s formula. 

Next we shall consider the case of ferromagnetic specimen with the cubic anisotropy 
energy. The Hamiltonian of the anisotropy energy in this case is written as, provided that 
the non-commutative relations of spin operators are disregarded; 


Hina ES SPSP SHS TSF SF) (2.29) 


We take the axis of quantization of spins as € and define Ss, S,, Se as follows: 
Szx=cos 6 cos gSe—sin gS, +sin 6 cos @S¢ , 
S,=cos @ sin gSe+cos gSy+sin 6 sin gSz , (2.30) 
Se=— Si0 0.Si- Cos Oise. 


Inserting (2.30) to (2.29), we have 


Beg = S2; [SSP +SjPSS? Se SF 
4) 


+(sin‘ 6 sin? ¢ cos? g+sin? 0 cos? 0)(S;7+ S765 S38") 
+sin? g cos? g{(1—2 sin? 0)S,f+S;""—6 cos? 0S;S;” 
+6 sin? 0(S'S’—Sj;"Ss)}] . (2.31) 
When the static magnetic field H is strong enough, the magnetization points parallel to H’. 


In the case of the magnetic field HW along the [001] direction, we can put @=7 and g=0. 
Then (2.31) becomes 


SE n = es Dd (SH#P°Sj7 +S" SH + SSH) 
j 


=x {25 2 Nk = »» nine} : (2332) 


By the similar method as previous one, we obtain the resonance frequency as follows; 
ee? 4 
NS 
El 


2eS(1 > <ns> ) 


oT) Er] H+ | (2.33) 


Next we consider the magnetic field along the [111] direction. In this case cos@ and cos¢ 
are equal to 1/1/3 and 1/1/ 2 respectively, so that (2.31) can be written as 


Site : S74 : S¥ si*| 


Kk i 4 
——— == Sis 
Ln le ae 


J é ee) Mk! (2.34) 
ee > Nk Lon, £ dfx , 
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Therefore the resonance frequency is given by 


33(1 cae 2 tes . 
gu 


(2.35) 


oT) =] 


Now we take the average of (2.31) by multiplying the density matrix, considering the fol- 
lowing relations from the symmetry; 


(SH =C 55> == (SPS) (2.36) 


(SPS?) =<Sn?Se?) . 
Then, we have 


CL =o py (SPS +SMSSC+S°S£) 
+(sin‘ 0 sin? y cos? y+sin? 6 cos? 0)(S4+S6*—6Sj°S8)> . (2.37) 


Since the second term of Eq. (2.37) shows the angular dependence of cubic symmetry, its 
coefficient equals to the anisotropy constant Ki(T), that is, 


K(D)=G > (Gif 1S é\= 658, Si 
= ee 
= KO(1 es (m>). (2.38) 


KiO)=eNS* (2.39) 


From (2.26) and (2.38), we have the following relation! 


KiQ@e AM DAS 
Ki(0) ai M() | (2.40) 
Using (2.26) and (2.38), Eqs. (2.33) and (2.35) reduce to 
—8T 2Kki(T) 
oie ka M(T) | (2.41) 
and 
wei 4 Ki(T) 
ey E 3 val (2.42) 


respectively, which are perfectly in agreement with the Kittel’s formulae. 


§3. Ferromagnetic Resonance Absorption, Demagnetizing Effect 


In this section we investigate the effect of the demagnetizing field on ferromagnetic reso- 
nance absorption. For this purpose we consider the non-spherical specimen and omit, for 


the sake of simplicity, the one atomic anisotropy energy treated in the preceding section. 
The Hamiltonian is 


SF =KHuat FE 1+Faip (3.1) 


where 4x and 4; represent the first and second terms of (2.1) respectively and SF dip. 
is the magnetic dipolar interactions written as 


FE dip = = DilS3-Si—3(rn7-S/)(r2-S)] , (3.2) 


Du=(ge)y/Rx? « (3.3) 
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Here Ry and rj are the distance connecting the j-th atom and the J/-th one, and the unit 
vector along its direction respectively. Taking the axis of quantization of spins as the z 


axis (E=x, 7=¥, C=Z i.e., the static magnetic field is applied along the —z direction), and 
using the procedures below (2.2), (3.2) is rewritten as 


LEST Di) S*(1—3en?) 
= 2 ANA 3 amy BS 
S 2 325) 1 i et axa owtetitacta etre Maas) | 


3 DS ; 
ae he a O(Ri tke — ks)(Znrnte*®ntiay*as*as + Zurn ea a3*a2d1) 
2 ate. 


Sea SONA EE hehe = FO CL 3z,eeien ee ect geen lavataiee 
2N k,,7*.k4 | 4 


alr = O(ki +h.+k;— k)[rn*? enki gy*de*as*as+ rn? e*Fnkiag*a3a2ai] | (3.4) 
where 
iin 55 SEN ’ (3.5) 


with xn, y, and z, describing the direction cosines of lattice vector R:. In order to simplify 
the calculations without destroying the essence of the problem, let the ferromagnetic spe- 
cimen be a spheroid of revolution about the z axis. Then taking account of the symmetry, 
(3.1) is written by 


FO =O FOA+ OIF . (3.6) 


Here &- is independent of operators and %~% is given by 


62 = Arao*ao+ >i | Asav*an +5 Bra +5 Bata" : (3.7) 
K=0 
where 

Ao=gr{ H+ (Nr—N2)MO)} , (3.8) 
Asx=2z2JS(1—7.) + gu{ H— N-M(0)+2zxM(0) sin? Ox} , (3.9) 
Bax=2rguM(0) sin? G: e-** , (3.10) 

1 il Ai 
2 OS (ieee (3.11) 

Nein aR) Ae ne 
1 dL si 400 3.12) 

Nr=Ne= Ny=57 2 Ri? (1 3x27) I 3 . ( 


W;, Ny and, N,z.are the demagnetization factors and @O; and @x are the polar angles of k. 
We have used the method by Cohen and Keffer to evaluate Ao, Asx and Bx. 

In (3.6), Hs and KH are the terms of 3rd and 4th orders of spin-wave operators respec- 
tively. These are very important in the relaxation problem™.™’. In our case, however, we 
need only terms which are diagonal and involve a@o*a in the final expression. Therefore % 


does not contribute* and % is 


5 1 1 
* By the 2nd order perturbation, it contributes to the terms like W © <bo*bo><bi*bi:> and Hy 2 outbo> 


<b. *be><bx*ber> using the transformation (3.15), but the former is negligible by the factor 1/N compar- 
ed with the other terms and the latter can be neglected for it expresses three spin-wave interaction. 
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ai 


=, oN >» Di a —3zn2)(1+e*®n)ax*ando*ao 


+ = (rn? C-**®R nga +rnt? EP na*a_x*) asta | (3,13) 


= 84 M0) & [{(Nr—Nz)+3(N2—2z sin? Ox) }ax*axao*ao 
NS e-e0 
—z sin? Ox(e-*?k axa_n +e? Pk ax*a_x™*)ao* ao] . (3.14) 
We first diagonalize (3.7) by means of the following transformation, 


do=bo 


au=—— {cosh 6s (be-+-b-2)+sinh Ox(be*— be! — (&340) 
v2 (3.15) 


(i ee {cosh 0:(bx—b-x) +sinh 6x(b.* + b-x*) fe*?« (R#+0) 


and 
tanh 20x= —|Bx|/Ar . (3.16) 


Then we get 
(9/2 =const.+gu{H+(N?—Nz)M(0)}<bo*bo» 


se | {Pz 1) + H—-NeM(O) +42 MO ae 6x! 
k*=0 Ll 


1/2 
x [ee (eee = Neo) | ” Cb Be) (3.17) 
This result was obtained already by the group in Bell Telephone Laboratories’.1»). The 
energy spectrum given in (8.17) is not correct in the region of k<kmin except R=0, where 
kmin is about equal to ten times the reciprocal sample dimensions. In this region, we must 
replace (3.17) by Walker’s modes’® which are taken account of boundary condition at the 
sample-air interface. But Walker’s mode is so complicated that we will use the spin-wave 
expression (3.17) even for k<Rmin. This assumption may be justified from the fact that 
Suhl’s result’ based on the same assumption is in good agreement with the experiment. 
By means of the transformation (3.15), we obtain 


(3) = 8. MO) 5] (rN +80. Qn sin? ;)} 


x (cosh 26:<b%*bi> + sinh? Ox) 


=e Sn, dnb ee (<butbs> c s) komroe> (3.18) 
The magnetization is given by 
il 
WG = MO 1 “ENS. {bo*bo =p = (cosh 20%<b%*b> +sinh? an) | 3 (3.19) 


When the temperature is sufficiently low, an overwhelmingly numerous number of spin 
waves with small energy is excited. These spin waves are those which are k~0 and Oxzxo 
~0. (These are not important in the mechanism of subsidiary absorption treated by Suh 
However, it is the case of high signal power.) Thus we may be allowed to replace rie 
coefficients of <di*bx> in (3.18) and (3.19) by their values at k~0 and Oxxo=0. Ox~.=0 means 
Gx0=0 by (3.9), (3.10) and (3.16). Then from (3.18) and (3.19) we obtain : 


_ §h 
(FF) NS M(0) 2 (Nr +2Nz)<bi*bx><bo*bo> , (3.20) 
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MT)=Mo) 1 -s5 3 Costs) | (3.21) 


The resonance frequency is the coefficient of <bo*bo> in (3.17) and (3.20), as follows, 


o(T)=£ a] H+We—N)M(O)—MOy2Nr Nz) 3Nr} & eth» | 


MT) 
M9) 


-£ 7| H+ (Nr— NMC 


2 
+3Nr{M(0)— Mr); | . (3.22) 
This result differs from the Kittel’s formula. 

On the other hand, when the temperature is considerably high and a number of spin waves 
with large k are uniformly excited, and hence ar*ax does not depend strongly on k, we may 


eliminate the terms involve exp (:7kR) in (3.13). In this case we have 


(KH) = — gn MON. -N)a D Catand<ar*ae> (3.23) 


MT)=M)}1 ce pS <avtaxy (3.24) 


By the same way, the resonance frequency is 


pore : r{H+(Nr—ND)M(T)} , (3.25) 


which is agreement with the Kittel’s formula. It is concluded that the Kittel’s formula in 
this case, is correct at 0°K, but at low temperatures it does not give the correct dependence 
of the temperature and at considerably high temperatures it has again the correct dependence. 
The fact that the temperature dependence changes as the temperature is increased is some- 
what similar to the case of the anisotropy constant. In that case (2.40) holds at low tem- 
peratures, but the power changes to 6 instead of 10 as the temperature is increased”. 
Though a number of experimenta! data in ferromagnetic resonance absorption have entirely 
been analysed by the Kittel’s formula, it is not proper at low temperatures. Thus the g- 
factor obtained by such an analysis, especially its temperature dependence, is not correct. 


$4. Antiferromagnetic Resonance Absorption 

The theories of antiferromagnetic resonance absorption were treated classically by Naga- 
miya and Keffer-Kittel (abbreviated as NKK)® in the same method as in ferromagnetic 
resonance absorption, while by Nakamura and Ziman by means of the spin-wave method 
(free spin-wave theory)". We shall derive the correct temperature dependence of resonance 
absorption frequency, by including the interactions between spin waves as in the previous 


sections. ; ie. : 
For the sake of simplicity let the antiferromagnetic crystal have the uniaxial anisotropy 


‘energy represented by the one atomic spin. Therefore the atomic spin S must be greater 
than unity. First in the case of the static magnetic field along the principal axis (taken as 


the —z axis), the Hamiltonian can be written as 
o ole e Sie . 4.1 
A= 2J| 2 St-Sn—geH(> Si +3 Sm’) © St ae ( ) 


According to Kubo” we have to introduce two different definitions of creation and anninhi- 
lation operators of the spin deviation. These are 


St=V 28 filS)ar , 
Sr=V2S ar*fi(S) ' (4.2) 


Si? =S—ai*a 
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for an “up” spin on the / sublattice, and 
Sor= 72S Din® Fra) ’ 
Sw=V 2S Fm S)Om ’ (4.3) 
Sin —S$ a Din* dm 


for a “down” spin on the m sublattice. The operators Db and b* are defined in the same: 
way as a and a*, and satisfy the equations, 


5 are 
Dm Om Nm » (4.4) 
DinDmn’ 7K Dr Om = 6 mm’ « 
We introduce the Fourier transforms of az, ai* and bm, Dbm*: 
=V2/N > ear, ak=V2N Dd e-* ak, 
: ‘ (4.5) 
be=V 2/N > c-*®™ Dn, , bik =V QIN dX C*™m* , 


where JV is the total number of atoms. Furthermore, we use the new operators ax, ax* and. 
Bx, Bx* defined by 


x= ax COSh Ox—Bx* sinh Ox , Qk =ax* cosh 6,—Bx sinh Ox , 4.6) 
(4.0): 
by= —a@** sinh 04+ Bx cosh Ox , bx*= — az sinh 04+ 8.* cosh Ox , 
where 

tanh 26,=— ) 
an k (ate , (4.7) 

il 

2 (2 ae 

z= 2S (4.8) 

22|J|S 


Then the Hamiltonian (4.1) can be written as (only the main terms) 


se py L(+) cosh 20.—rx sinh 20.+H }m+{(1+®) cosh 26:—7x sinh 20.—H yn’) 
ih 
a 25 ie Gia Sy at) cosh 24; sinh? 62 ars sinh 264: sinh 202 71-2 
-+ cosh 20; sinh 26272 —sinh 20; sinh? azrs}ns +n’) 
— snr cosh! 6: sinh? 02 ee sinh 20; sinh ea sinh 20; cosh 20 
SN 4 2 see 
+ &(cosh? 6; cosh? 62+ sinh? 6; sinh? 0) km. +11'N2’) 
— SN yr {cosh 0; cosh? 2+ sinh? @: sinh? 02 - sinh 26, sinh 26271-2 — + sinh 26:cosh 26277 
iL : Eee 
a cosh 24: sinh 26272 +2€ (sinh? 0; cosh? 62+ cosh? 6; sinh? 0} nin’ | : 
(4.9) 
with 
Nk= OK Ale ; Nx = Bi* Bi: 5 (4.10): 


H= gpH/22\J\S (4.11) 


2 
' 
" 
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In (4.9) @ which is included in the coefficients of the quadratic terms of spin deviation oper- 
ators is that replaced by 1 instead of 1—1/2S in the definition (4.8). There are two modes 
in the antiferromagnetic spin wave and the selection rules of microwave for these modes 
are represented by 4m=-+1 and J4m’=+1 respectively. Therefore the antiferromagnetic 
resonance absorption can be obtained by the canonical average of the coefficients of m and 


nm’ in (4.9). Denoting the two resonance absorption frequencies by w+ and w- respectively, 
‘we have 


ho+. / 2 ~ y (VAS o=, ® 
Cnt, ee Se 7 eae 
2z|J |S i SN 4 4 (wie 3) 
a 9 > V 2k oe 


1 
SS Ce tn’ pene, — IF patie? 
a ieee SN a 


‘The average magnetization along the z axis is 


>» MAT) + x Mmi(T)=Sur> Syigee ps = —LU Dy (nk — Nk’ » 0 (4.13) 


Eq. (4.13) is connected by the following relation with the parallel susceptibility 


Se ee a Te (4.14) 
i gL 2 Xs. 
~where 
(i= iN een) /4z\ | . (4.15) 


Eq. (4.15) is the perpendicular susceptibility obtained by the molecular field theory. %: ob- 
tained by the spin-wave theory has small corrections of (4.15) and furthermore includes the 
temperature dependent terms, too. Using (4.14), (4.12) is written as 


= Be 16g | 1 peahrongh ninig 
oT) = | (73s) bY oR ae 3) 


1 — 8=r Tb | A 1 x.) ae 
SN py lag pape A Lanes en ; (4.16) 


‘The anisotropy constant K(T) is given by, in the same form as (2.23), 


K(T)= <= eS ($235, +5 <S?— 3S") 


= 3 s 2 Be — k K | 4.17 
=Ko) ns 2 Vater Ws Saree tO}, 1 
K(O)=«NS*(1 = (4.18) 


‘Let us now introduce two approximations; (1) in the terms which do not contain <7.+mx’> 
in (4.16) and (4.17), the corrections of order 1/S are omitted with S°®. (2) as in the ferro- 
magnetic case at considerably high temperatures <n +n > can be placed outside the summa- 
tion over k, because the spin waves with large k are also excited uniformly. Then dx 7? 
can be neglected compared with unity. Accordingly (4.16) and (4.17) can be written as 


follows, 


_ gr § 82| JIAO) |’) tae ra eH cee | 4.1 
oT) =" cee il ons 14a ET? ( 2 te) a 


K(T)=KO) 1 ae te Ede +m) |. (4.20) 
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Using (4.19) and (4.20), we have 


lee | tao} 0-2 ae) 


erik ne. Sy fg ge pail (4.21) 
2LU Meu? Kiond 2 a 
On the other hand the antiferromagnetic resonance absorption frequency obtained by NKK. 
is expressed by 
_ grt { 82lJIK(T) (s ZH) bs A(I sty a (4,22) 
on FI Newt \2 wt, az lee | ; 


We take up MnF: as the numerical example. Since at low temperatures 82|/|K(T)/Mgz)* 
~10! (Oe)? and (1/2-%),/%. -H)?<10° (Oe)? for H=5000 Oe, the latter in (4.22) can be entirely 
omitted. Therefore (4.21) agrees with the NKK’s formula. In order to obtain the omitted 
term (1/2-%;,/%::H)*? in our theory, it is necessary to calculate the 6-th order terms of an- 
nihilation and creation operators. 

Next we leave alone the first approximation mentioned above and discard the second ap- 
proximation in order to consider the case of low temperature. As at low temperatures there: 
are an overwhelming number of spin waves with small k, the coefficients of m, and m’ may 
be replaced by their values at k=0. In this case, therefore, yx is equal to unity. According- 
ly (4.16) and (4.17) are written as 


0(7)= 8 YY Le os SMe + ms >t aH(1 oe a i (zt 628 


2Ll Men)? SN Ta eae 
a 
as oe . 4.24) 
K(T) KO) 1 nS wire >) (Mx + Nk >| (4.24) 
respectively and combining (4.23) with (4.24) we have 
(py aet { 82l1KO ele ene )] ion 
a iee? f Ngo? J KOS ~ Pag ie 
On the one hand the sublattice magnetization M(T) at low temperatures is given by 
= nm J Sols I te ’ 
M(T)=gu py Sim?= M(0) ft NS wie = Cnn + n> 1, (4.26) 
M(0)=guNS/2 , (4.27) 


so that we have another form of (4.25) as follows 


nc ARE Oats -E EY). 


Thus at low temperatures it is concluded that the NKK’s formula gives the incorrect tem- 
perature dependence. 

Furthermore we attempt to calculate accurately the resonance frequency without the ap- 
proximations stated above. Using the numerical evaluations of Anderson’? and Kubo”, the: 
-correction terms in (4.16) and (4.17) are given by 


1 eat i \= | Haas for NaCl type 
ee ; 
2SN xy 1—re —0.057/S for CsCl type Snes: 
and 
bok ( yi: Lio 1)= OES E for NaCl type (4.30) 
V1 re —0.225/S for CsCl type es 
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. ~ . . : 

respectively. « in the denominator of the left hand side of (4.29) or (4.30) was neglected, 

since it 1s much smaller than 1 and the term k=0 does not contribute to the summation. 


The factors proportional to <Mx+nx’> in (4.16) and (4.17) can be calculated by applying the 
Eisele-Keffer’s method as follows 


’ 


where 
4=K(2+8) , (4.32) 
4=NT 4a/T , (4.33) 
koDsn=22\J\SV A . (4.34) 


Here Ki and Kz are the real Hankel functions of degree one and two respectively. In the 
same way, we have 


3 (Nx +N» WATS 2z\J|Sa K(x) 
NS te pe Seae O (» hoT Hyd dee cee 


Let us carry out the numerical evaluations of (4.31) and (4.35), by assuming T4,=15°K, S 
=5/2 (values of MnF2) and H=0. Using these values we have from (4.16), (4.17), (4.31) and 
(4.35) 


o(T)_ 9 9g) KD) |4 
(0) SO cia (4.36) 


Values of A are shown in the following table. 


Te 5 | 10 
a ia | 


A 1/3.14 1/3.00 


OED | 1/2.61 1/2.42 | 1/2.22 


According to this table, as was anticipated in the beginning, at low temperatures A lies near 
1/3 and approaches to 1/2 as the temperature increases. The facts that A at low tempera- 
tures differs from 1/3 and the numerical coefficient in (4.36) is different from unity are due 
to the 1/S correction. 

Finally we consider the case where the static magnetic field is applied along the direction 
perpendicular to the preferred axis. This situation is more complicated than the previous 
one, so that we shall not describe the detailed calculations. The essential point is that we 
include the terms of 3rd and 4th orders of spin-wave operators. If we neglect the 1/S cor- 


rections, the resonance frequencies at 0°K are 


£r | 8z| J |KO) Pie 4.37 
oi(0)= 2 | N 1)? ? ( ) 

87x 82z|J |KO) H? we 4.38 
o2(0)= 9 1 Nien? ar (4.38) 


which are in agreement with the NKK’s formulae. In the spin-wave calculations by Naka- 
mura‘, the terms of 3rd and 4th orders of operators were not included and he could not 
obtain the field dependence of resonance frequency (4.38). On the other hand, Kanamori and 
Yosida have obtained the same results as NKK’s, in consideration of the deviation of spin 
equilibrium directions from the z axis due to the external magnetic field. As was already 


pointed out in their paper, our treatment in the case of perpendicular field is equivalent to 


theirs. 
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§5. Considerations on Experiments of Antiferromagnetic Resonance Absorption in MnF, 


Though there are observations of antiferromagnetic resonance absorptions for several sub- 
stances, we consider here the experimental results of antiferromagnetic resonance absorption 
in MnF: especially. 

The antiferromagnetic resonance absorption of MnF: was observed first by Johnson and 
Nethercot?”. Afterwards Foner? observed it in the temperature range from low tempera- 
tures to the Néel point, by means of pulsed field and millimeter waves (wave length being 
8mm and 4mm). Furthermore Johnson and Nethercot*? had the very accurate measure- 
ments of antiferromagnetic resonance absorption over the wide range of temperature making 
use of the oscillating field with shorter wave length (3mm and 1mm). When their experi- 
mental data were analysed, they used the NKK’s formula. Accordingly in the case of zero 
static field, the resonance frequency is expressed by (4.22), that is, 


oT) _ (KD), 


(0) 1 K(0) J eat 
As easily seen from (4.24) and (4.26), we have 

K(T)_ (ML) }' 

Oe Oe es 


The more detailed calculation including the 1/S correction and the anisotropy energy com- 
ing from the dipolar interaction states that the power of the right hand side of (5.2) become 
20. 

On the other hand Jaccarino and Shulman* observed the nuclear magnetic resonance of 
F’? in MnF: in the antiferromagnetic range. The resonance frequency shifts considerably 
from the predicted nuclear resonance frequency. According to the theory by Shulman and 
Jaccarino*® its shift dw is given by 


Jo T)=—-2A! ~Ain(2.— Mf) 


2 SMO)’ 62) 


where A’ and A”? are the elements of effective hyperfine coupling tensor regarded as con- 
stants here and a@ is the deviation of the expectation value of Mn spin at 0°K (5/2). (5.3) 
means 


4o(T)_ M(T) 
400) M(0) * 


(5.4) 


From (5.1), (5.2) and (5.4) 


a des porn 
00) \4e(0) J sie 


should be satisfied. In fact Johnson and Nethercot, by using their observed values and 
Jaccarino and Shulman’s, showed that (5.5) is satisfied very well at low temperatures. 


At low temperatures, however, we pointed out the re ; 
; placement of NKK’s formula (4.2 
by (4.25). Accordingly a: 


oT) _ M(T) _ 40(T) 
00) MO)  4w(0) ’ (5.6) 


must be held due to (5.2). According to Johnson and Nethercot, (5.6) is, however, rather 
valid at high temperatures and deviates at low temperatures. One Eeeeon Aiices about 
the cause of the temperature variation in w or dw, because we assumed it came chiefl 
through the temperature dependence of A(T) and M(T) and regarded the exchange bp fe 
J and effective hyperfine coupling constant independent of temperature. In reality these 


| 
t 
| 
| 
| 
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quantities have the temperature dependence through the thermal expansion, so that we shall 
attempt to estimate these indirect effect on the temperature dependence of w or dw. We 
examine here the hyperfine coupling constant on which we have a number of data. The 


data obtained by Benedek and Kushida2” are used, but the following method of estimation is 
different from theirs. (5.3) is written as 


4o(T)= AMT) Ger) 
or 
log dw=log A+log M (5.8) 
where we call temporarily A “the hyperfine coupling constant”. Differentiating (5.8) with 
respect to temperature under the constant pressure p, we have 
= age pO dog! t, a eo . (ae (5.9) 
MOT) oni eoVe wOV aT), seg jhe ai 


Here the first term of (5.9) is the correction due to the temperature variation of A and M 
(being the functions of distance between nearest neighbours) through the thermal expansion 
of specimen, that is, A arises chiefly from the overlaps of electrons belonging to the nearest 
neighbour ions*? and M is the quantity determined by the exchange integral. Next we 
differentiate (5.8) with respect to p under constant T, resulting in 


1 /040\ _ (@log A , log M (2) ar 
aca Ca Deas ), Op )r- ee 


According to Benedeck and Kushida, the observed values of the left hand side of (5.10) are 
Mee poe 10? and 3.2.10ne (koe cm?) tiwat 42°, 20.4" and 35.7 respectively, “lor the 
sake of simple estimation we adopt the average value of them, 2x10~° (kg/cm?)-'. Denoting 
the lattice constants of MnFz perpendicular and parallel to the antiferromagnetic axis by a 
and c respectively, we have 


(2) = (2) =r 2(%) +22) | say 
Op T Op T a Op t C Op Tv 

The measured values of the right hand side of (5.11) compressibility, at 20°C are 1/a-(0a/0p)r 
= —0.45 x 10-8 (kg/cm?)-!, 1/c-(@c/Op)r = —0.31 x 10-6 (kg/cm)-'. We do not have low tempera- 
ture values, but assume them to be valid even at low temperatures. Then 1/ V-(OV/Op)r 
=—1.2x10-* (kg/cm?2)-! and from (5.10) we obtain 


as, 
(ps — Ao ee (5.12) 
aV iene (=) 
Op /r 
Inserting (5.12) into (5.9) 
S22) =~ 17/7) io (5.13) 
dw oT p V OT 2 oT Va 


The coefficient of linear expansion was The values of 1/c-(@c/OT)p at 15°, 20° and 
measured by Gibbons.”” Since the coefficient S0°K are 3.25, 6.40 “and; 10:33 x10 (deg) 
of linear expansion along the @ axis is negli- respectively and at 4°K smaller than 10-2 
gibly small at low temperatures, we may put According to Benedeck and Kushida, on the 

other hand, the values of the left hand side 


Prov. 1/ Oc 
en) Sean (6.14) of (5.13) are —0.075, —3.2 and —8.5x10- 
Dp 
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(deg)-! at 4.2°, 20.4° and 35.7°K respectively. 
Therefore the first term of the right hand 
side of (5.13) is negligible. As a result of 
this estimation we must conclude that the 
temperature dependence of 4w is chiefly de- 
termined from the explicit temperature depen- 
dence of M, and that A can be regarded as 
a constant. It could be also said that the 
exchange integral is constant. 

Our result (5.6) seems to be theoretically 
correct. As both the experiments of Jaccarino 
and Shulman, and Johnson and Nethercot are 
very accurate, there is no room to doubt 
about their experimental results. It looks as 
though we are between Scylla and Charybdis. 

The authors wish to express their sincere 
thanks to Professor R. Kubo for his kind dis- 
cussions, and also their sincere appreciations 
to Professor M. Toda for his encouragements 
and advices. 
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It is proposed that high electron densities in plasmas can be deter- 
mined from the complex reflection coefficient of a plane microwave at 


the plasma boundary. 


The coefficient which is related to the electron 


density and the collision frequency in plasmas is measured from the 
standing wave pattern produced by the incident and reflected wave at 
the boundary. Asa result of the calculation, for a microwave frequency 
of 9000 MC, electron densities of 1014 and 10!6cm-3 are determinable 


respectively from the measurement of 11 and 1.1 degree in the phase 
angle of the complex reflection coefficient. 


§1. 


Recently, the measurement of high electron 
densities in plasmas has become increasingly 
important for researches in high temperature 
plasma physics. An approach to this problem, 
using microwave techniques, has been re- 
ported,” in which a TEou mode cavity has 
been used; but such cavity techniques are not 
adapted to plasmas contained in large dis- 
charge chambers. When probing techniques 
in such plasmas are based on microwaves, 
usually the transmitted waves through the 
plasma have been considered; however, the 
reflection of an electromagnetic wave by the 
plasma limits the measurable density to its 
upper value of 10'tcm~-%, even in the case of 
4mm wave length. Thus, the measurement 
of densities higher than 10'cm-*, requires 
other techniques, such as spectroscopy. 

This article proposes a new microwave 
method, able to extend the measurable density 
range by a factor of 10* above that by the 
propagation method previously used. This 
means that densities up to 10° and 10'° cm~ 
can be measured by waves of 9 KMC and 75 
KMC respectively. 

The well known method for measuring the 
electron density by means of an electro- 
magnetic wave is based on the fact that the 
complex conductivity of the medium to be 
measured depends on the electron density 
and the collision frequency. When the fre- 
quency of the electromagnetic wave is much 
lower than the plasma frequency, most of 
the energy of the incident wave is reflected 
at the discontinuity surface and does not 
penetrate deeply into the plasma. However, 


Introduction 


the reflection at the surface of a high elect- 
ron density plasma is a little different from 
that at the perfect conductor. 

In the complex reflection coefficient given 
by |Rje”, a perfect conductor gives |R|=1 
and @=180°. Therefore, in principle the 
measurement of the small deviations, 1—|R|, 
and 180°—6@=¢ should allow the determina- 
tion of electron densities corresponding to: 
plasma frequencies much higher than the 
wave frequency. 


§2. Formulas for the reflection coefficient 

A plane electromagnetic wave, propagating 
through a plasma with a complex conductivity 
o, takes the form exp j(wt—kz) where k, the 
propagation constant in the medium, is given 
by the expression 


Je\it 
k=a—jp=h(1-) = 
wé 


ky is the phase constant in vacuum; the com- 
plex conductivity of the plasma is, as well 
known, 


(1) 


2 if 


(wr/o)* i) 
1+(/o)? 


+(v/o)? (3a) 


ease - Eee ; 
ve m v+jo hep 
From Eqs. (1) and (2), and making use of the: 
relation ne?/mE=ay,"?, one obtains 
2— For | {, __(@v/w)? = 
ge ee 
— (@p/o)* fo 
(1+ (v/@)?)? 
ko? (@p/w)? {/ (@p/w)? \? 
pfs al fl Sod SC OE ata 
8 2 | 1+(y/w)? (Pace Rene 
2 (@»/@)* hs j 
+e amt | 
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The absolute value of the reflection coefficient 
|R| and its phase angle @ are given as 


Ro—h | _ {(ko—a2—B2)? + 4h? BP} 


= 4 
as ees (Rot a)? +B oe 
tan 6=-—tan geben eh (4b) 

a’? — B? 
When v/w=0 and p/w? > 1, 
tan¢= 2V (oro) 1 IR|=1 (4b)’ 


(@p/w)?-2 
When (w,/w)?/1+(v/w)? >1, wand 8 in (3a) and 
(3b) simplify to: 


pe lo (@»/o)? rs 21/2 __ 
oi Katee) Ge) 
ge — leo” (p/w)? [{1+ (r/o)? 241] (3d) 
2 dick (ule 2 
Eqs. (4a) and (4b) can be rewritten as 
ree. Me ee 
1—|R|=1 iw & A 5 +2C (4c) 
baal id 
tan brag (4d) 
-where 
__2atko _ VV 2 [{1+(v/o)?}? 1)? 
a+ B2 Mpo 
_ Bho _ 211+ 0/orp2+1]"2 
A+B p/w 
sili sag lV lee 
al + p? = @»/o 
Again, when (@,/)?/1+(v/o)? > 1, 
(4c) and (4d) simplify to 
yan ae [1+ b/o)}V2-1"2 (de) 
Op/ 
tan $=B= los [A+6/o" 241)" (46) 
oY) 
‘The values of tang, and 1—|R] versus 


(@,/w)? are shown in Figs. 1 and 2 for different 
parameters of v/w. For w,?/m?>2 the value 
of tan ¢ for v/m<1 does not differ too much 
from its value for v/w=0. 

Solving Eqs. (4e) and (4f) for w,?/w? and 
(y/o)? 


re 4 
(Wp/w) ce a—IRp? (5a) 
Shee a, 
Jo] Be a J ae (5b) 
1 {(1=IRIP 
tan 76 


When v/w is small, 
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—|R|=0 (5c) 

and (@p/w)?= ae (5d) 
It may be worthwhile to note that d=11° 


at (w,/w)?=10? for v/o=0. This means that 
n=10'4 cm-3 will be very easily measured by 
using a wave of 9000 MC. 

The electromagnetic wave is very rapidly 
attenuated in plasmas, where w,?/w” is greater 
than one. The attenuation distant d is de- 
fined” by 

d=1)\8 (6) 
The ratio of the attenuation distance to the 
free space wave length d/2 is shown in Fig. 
3 for different v/w. From (3b) it is simplified 
for v/w=0, as 
Ueidlio..0s0nsleemean 3 
A 2x {(@x/w)?—-1}? 
Except at the low value of w»,/w, the ratio is 
very small. A plasma which has a thickness 
larger than this value is considered to be in- 
finite. In other words, the effect of another 
surface can be neglected. The electron den- 
sity in the vicinity of the wall is not uni- 
form, but changes rapidly within a distance 
which is the order of the Debye length. The 
latter is much smaller than the attenuation 


i) 


Te =2xl0% 


Te =3x10° 


he tan > 1.0 1o7! 


Fig. 1. Normalized electron density versus phase 
angle of the complex reflection coefficient for 
different values of v/w and Te. 


es a a eg es 
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distance. Therefore, this non-uniformity 
close to the wall may be neglected. 

If the gas is perfectly ionized, » is a func- 
tion of the electron temperature J. and the 
electron density 2 as 


3/2 
w==5.071 Jo !* log (1.25 10 aie (8) 


This equation is obtained from the collision 
characteristic time*®) between ions and elect- 
rons. In Figs. 1, and 2, the dotted lines 
correspond to the constant electron tempera- 
ture for 9300 MC. 


Fig. 2. Normalized electron density versus ab- 
solute value of the complex reflection coefficient 
for different values of v/w and Te. 


Thus, 


from Eqs. (5a) and (5b) for w,?/w?> 1. 
from these values and Eq. (8). 


§3. Principle of the measurement 


The next problem is the measurement of 
If the 


plasma is a steady state or repeated one, the 


the small values of 1—|R| and tan ¢. 


standard techniques of the impedance mea- 
surement (standing wave or interferometer 
method) can determine the complex reflection 


the electron density can be found 
from 1—|R| or tan ¢, if the electron tempera- 
ture is known, or both of the electron density 
and the collision frequency can be calculated 
Then 


the electron temperature can also be estimated 


A Method for Measuring High Electron Densities in Plasmas 97 


coefficient. However, for non-reproducible 
and transcient plasmas, the following improve- 
ment is here developed. 

The standing wave pattern due to the 
reflection at a plane plasma surface and at a 
metal surface are shown by solid and dotted 
lines in Fig. 4. The signal heights /; and fo, 
which are functions of the electric field at 


10 bers 10! 102 IO” 


Fig. 3. Normalized electron density versus ratio 
of attenuation constant in plasmas to the free 
space wave length. 


these points are related to |R| and ¢ by 


means of the equations, 
| oe . 
=—/1—|Rle’?| =—{(1—|R| cos ¢) 
hi 4 |Rle | zp 
-+|R|? sin 26} (9a), 
== 1+|Rle'* ‘<7 cos $)? 


ie an >} (9b), 
where a square characteristic of the crystal 


detectors is assumed, and /i‘‘and he are nor- 
malized to have their maximum value 1. By 


solving Eqs. (9a) and (9b), 
h2—h 


|R| =——*- = {2h +a) —1 5? (10a) . 
os 

fol ip Veh He 10b 

sin d= [1 2h, +h2)—1 ant 


The small changes AR and A¢ in |R| and 4 
cause the small deviation Ah; and Ahz in h, 
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and hz; they are deduced from (10a). 


Res Aln—MiA _ Ali+Ah,—|R\ sin 646 (11a) 
|R| cos & 
; Ah,+Ahz—cos o:AR 
Ag= 1lb 
|R\sin ¢ an) 


The two time varying signals of h; and hs 
are displayed simaltaneously on a dual trace 
oscilloscope, where the continuous microwave 
is used. Two probe detectors, movable along 
the slotted sections of the wave-guide pick 
up the signals /, and hz and are fixed at such 
positions that one is at the minimum, and the 
other is at the maximum amplitude of a per- 
fect standing wave pattern built by a metal 
plate, which shorts the open end of the wave- 
guide. The correction of the formulas in the 
wave guide propagation is not serious except 
small w,?/w?. The movable shorting plate 
slipped between the end of the waveguide and 
the plasma acts to show a standing wave as 
a reference. A thin mica plate is used to 
minimanize the wall effect between the plasma 
‘and the space in the waveguide. The maxi- 
mum value of the detector signals, Am, which 
is necessary to normalize f; and hz can be 
known from the maximum height of hz, where 
a pulse modulated microwave should be used 

As is seen in Fig. 4, better sensibility in ji 
and hf, with respect to the small change of ¢ 


/ 
Os 
Fig. 4. Standing wave patterns due to the reflec- 


tion at the plasma surface and the perfect 
conductor. 


(Vol. 16, 


is expected at some value of ¢ other than 
@=0. Therefore, the probe detectors are 
better to be shifted out of their initial mini- 
mum or maximum amplitude positions to new 
positions to have a bigger slope, A/i/A¢. The 
normalized value, 4z:=0.01 (1 mm for hm=100 
mm) yields a 1° change in the phase angle 
for ¢=90°, if AR is neglected. (refer (11b)), 
This phase angle change corresponds to n= 
1x10'®cm-? at a frequency of 9000 MC. 

The application of this method to shock 
wave produced plasmas is now undertaken 
and the results will be reported with the ex- 
perimental procedures. The measurement 
method here developed is also useful in other 
time varying complex values, such as im- 
pedances or propagation constants. 

Although the calculation of the complex 
reflection coefficient described here assumes a 
free space propagation of the wave, a sharp 
discontinuity in the electron density at the 
plane boundary, and plasmas without magne- 
tic field, the idea could be extended to more 
complicate conditions. 
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Energy Spectrum of Mn++ Ion 
in Calcium Fluorophosphate I 
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Hitachi Central Research Laboratory, Kokubunji, Tokyo 
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In order to find the effect of the change in the lattice constants of the 
host crystal upon the energy levels of the activator ion, calculations 
were performed for the particular case of calcium fluorophosphate 
activated by Mn++. The wave functions of the d° configuration in 
excited states are formed by the method of Condon and Shortley, and 
the matrix elements of the crystalline field potential at the Mnt+ ion 
were calculated. The Hamiltonian matrix thus obtained was diagonalized 
by a computer to derive the eigenvalues. On the assumption that the 
emission of this fluorescent body is due to the transition of Mn++ ions 
from the lowest excited state to the ground state, the calculation leads 
to a shift of the emission peak by about 200A to the longer wave length 
side caused by 1% decrease in the lattice constant. 


Introduction 


$1. 


the change in lattice constant, and that in the 


The position of the emission peak varies 
when the composition of the basic compound 
is changed, even under activation by the same 
element. For example, in the system of 
MVO;3 activated by manganese, where M 
stands for alkaline metals Na, K, Rb or Cs, 
the position of the emission peak moves to 
the shorter wave length side with increasing 
order of ionic radii of the alkaline metal ions 
involved.” But in the case of barium stron- 
tium orthophosphate phosphors the emission 
peak shifts toward the shorter wave length 
side, when a part of barium ions is replaced 
by strontium ions having smaller ionic radii 
than barium.” 

These emissions are considered to be due 
to the transition of the activator ion from an 
excited state to the ground state. The excited 
‘state from which the transition takes place is 
the lowest state among those arising from 
the lst excited state of the free ion by the 
.crystal field splitting. When we replace a 
‘part of ions by the ions of smaller ionic 
radii, the crystal field at the position of the 
activator ion is strengthened due to the con- 
‘traction of the crystal lattice. Therefore the 
experimental results mentioned above for the 
system of MVO; can be reasonably understood 
with this view point. 

From these consideration G.R. Fonda® spe- 
culated that the main cause of these variation 
.of the position of spectral emission would be 
‘the variation of crystal field strength due to 
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case of alkaline earth orthophosphate pho- 
sphors other factor such as polarization of 
ions might become important. 

Recently, M. Emoto” found the similar 
phenomena. Namely, when a part of the cal- 
cium ions in B—Ca3(PQO,)2 is replaced by mag- 
nesium or barium, the emission peak shifts 
towards the shorter wave length side, while a 
similar replacement by strontium causes the 
shift toward the longer wave length side. He 
also found that in the case of calcium fluoro- 
phospate, the emission peak shifts towards 
the longer wave length side when a part of 
the calcium ions is replaced by cadmium. 
The change in lattice constant resulting from 
the replacement of ions in these crystals is 
measured by T. Mitsuishi®) using X-ray 
method. 

In investigating the causes of such emission 
peak shift, one of the most important points 
is to examine the effect of the change in 
lattice constant of the host crystals upon the 
energy levels of the activator ion. 

Systematic calculation of the crystal field for 
the case of 8—Ca3(PO,)2 and MVO; would be 
very interesting to compare with the experi- 
mental results. Unfortunately we have no 
information about the crystal structure or the 
change in lattice constant due to the replace- 
ment of ions. 

In this report, therefore, the author decided 
to calculate the energy levels of the activat- 
ing Mn++ ion in calcium fluorophosphate, and 
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compare with the available experimental 
results. 

The energy levels of the d® configuration 
have been calculated by Orgel® for the case 
of cubic crystalline field, and the result is 
given against the parameter Dg corresponding 
to the cubic field strength. Calcium fluoro- 
phosphate, however, has more complex crystal 
structure and one of the sites of the activat- 
ing manganese ions possesses a 3-fold sym- 
metry axis parallel to the z-axis, and it needs 
four parameters to describe the crystalline 


field potential at this point. 


plane 


7: 2c 


a plane 


Z= $plane 


Z= 0 plane 


IB eal 
phate. 


Crystal Structure of Calcium Fluorophos- 


a=9.37 A and c=6.88 A 

© Oxygen ion, @® Calcium ion 

Z\ Phosphorus ion, « Fluorin ion 
The suffix uw or J indicates whether so-indicated 
oxygen is c/16 above or below the plane 


lattice constant 


We, therefore, calculate these parameters, 
regarding the ions surrounding the activator 
ion as point charges, and investigate the 
order of magnitude of the shift of these 
energy levels caused by the change in lattice 
constant. 
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§2. Crystal Structure” 


A unit cell of the calcium fluorophosphate 
crystal comprises 4 layers and possesses 42. 
ions as illustrated in Fig. 1. The suffices u 
and J on O (oxygen) in Fig. 1 indicate that 
the relevant oxygen are located at c/16 above 
or below the plane respectively. 


Each of the Ca++ ions lying in the z=0 and 
z=2c/4 planes possesses a 3-fold symmetry 
axis parallel to the z axis, but those in the 
z=c/4 and z=3c/4 planes have no such sym- 
metry axis. It is not known which of these 
sites are occupied by the Ca** ions replaced | 
by Mn*+, but it is believed that, when con- 
sidering only the dependence of the energy 
level on the change in lattice constant, there 
would be no great variance due to the dif- 
ference in site. Therefore we shall carry out 
the calculation on the assumption that the 
Cat+ ions in the z=0 plane are replaced by 
Mn++. The Mn++ ion in this case is ina 
crystalline field having a 3-fold symmetry 
axis. 


§3. Wave Function 


The ground state of Mnt* ion is °S. The 
excited state of 3d° configuration are ‘G, *P, 
*D and ‘F®. The wave functions of these 
excited states can be derived by the method 
of Condon and Shortley®. Namely, the wave 
function of ‘G state having maximum M,; is. 
given by 


GG4)=(2*25150"—1>) 


where the last index on the left side of above 
equation gives the values of Mz and notation 
such as (2+ 2> 1+ 0+—1+*) stands for a deter- 
minantal wave function in which one electron 
has m:=2 and spin up, while the 2nd has. 
mi=1 and spin down, and so on. 

Operation of L~-=L,—iLy upon the state ¢G 
4) gives (*G 3) as a linear combination of cer- 
tain determinantal functions. The state ¢F 
3) can be expressed as the linear combination 
of the same component functions orthogonaliz- 
ed to ¢G 3). In this way, we can obtain the 
whole wave functions of 3d° configuration. 


§4. Matrix Elements of Crystalline Field 


The potential of the crystalline fields pos- 
sessing a 3-fold symmetry around the z-axis 
can generally be given by the following ex- 
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pression. 
V= = {C297i?P2°(cos 01) + C,°rit P,2(cos 6%) 
+CréP,3(cos 6) cos 3gi+ der:P.3 (cos 01) 
X sin 3gi}, (1) 
and if we regard the ions surrounding to the 
activator ion as point charges,” 


C= ae Pi(cos ®;) 
Cym= 2 Cae 2&3 Pm(cos @;) cos mO; 
(+m)! Reto! NB? 
(2) 
di" =2 ae ees Pe(cos 84) sin ms, 


where 7:, 0:1 and gi are the coordinates of the 
ith electron in the activator ion under con- 
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sideration, while R;, 9; and 9; give the co- 
ordinates of the jth ion measured from the 
center of this ion. The charge of the elect- 
ron and of the jth ion are denoted by e and 
és respectively. Since the potential of the 
crystalline field is of the form of Swi, its 
matrix elements (ZL, M|V| L’, M’) can be 
expressed in terms of the matrix elements 
(m |v| m’) of a single electron. Also, on ac- 
count of the fact that the matrix element (L, 
M |\V| L’, M’) has a non-zero element only 
when M’=M and M’=M+3, total 24x24 
matrix can be factorized into three 8x8 mat- 
rices. In the rest of this article we shall use 
symbols A, B, and C to represent these mat- 
rices. The states involved in these matrices 
are listed in Table I. 


The states involved in matrices A, B and C. 


States contained in the Matrix 


Table I. 
Matrix 
A (G4), ¢G1), (4G-2), Cari), 
B (4G3), (4G0), CG@-3), (483), 
C (4G2), (4G-4), (482), 


4G=1), 


 UD-2), 


Of the matrix elements of the crystal field 
potential thus obtained only the following 
elements have non-zero values. (Owing to the 
Hermitian character of these matrices, it is 
only necessary to write half of the off-diagonal 
elements above the diagonal.) 


Matrix A 


Hel iA) 
(4,4]V] 3, 1) ay ca ig 1) 


/2~ 
(4,41V] 1, aT (2 jy|—1) 


eS. 
(411V13,) = Vie 


x [2(2|v]2) +2(1]e]1) —40]010)] 


2v 6 (9 |y|=1) 


Go Were) s V 28 


41ivin p=2%2. 
x [(2lv|2)—4(|v]1)+3(0|010)] 


(4,-21V13,p=44%3 (— 11012) 


VY 280 


(BZ | Vel Sa Nea [(2|v12) —(O|v|0)] 


(4F-2), (D1), (P1) 
(4F’ 0), (¢F-3), ¢D 0), (4P0) 
(4F-1), (4D2), (4D-1), (4P-1) 
_uyz 
4,—-2(V/1, v= 7/280 (—1]o|2) 
27 2 
(Opa Vallee lols / 140 
x [3(2]v|2) —4(1]v]1) +(0|»|0)] 
ae) Ona 
(3, P{V 12,2) “V0 (2|v|—1) 


(3,—2 |V 12, ok eye aie g [2ivl2)—(Olv10)} 


(Ql Vea we aR) 
Semin CET il 


Matrix B 
(4,31V] 3, i aiek (1[v]1)] 
(4,3 1V 13, )=— 55 (2|v|—1) 
4,31V 1/1, 7a (2|v| —1) 
(4, 01V 13, = 0 (—1jv/2) 
BZO1V 1 3\e=3)= wearin (2|v|— 
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4-3 1V 13, jo 1[v|2) 
(4,-3 |V | 3,—3)=—[(2lo|2)—(lel))] (4) 
(4,-3 |V | 1,0) = aa 1|v|2) 
wp Dawa) a 
(3, 31V | 2, Lamiyabo (2|v|—1) 
6 
(3,-3/V| 2, 0)= VY 8 Tea). 
Matrix C 
2v 6 . 
CR as Gal esp ae Bee [(2]v12) —(0|v0)] 
eyo. 
(4,2|V|3,—1) / 280 (2|v|—1) 
& 14f 2. 
(4,2 |V]1,—1) / 380 7 1) 
7 Ae 
a=W WA) Be Py ae 1|v|2) 
= site ee 
(4,—-1|V | 3,-—) / 140 
x [2(2|v}2) +2] v1) —4(0]v|0)] 
a ieee 
4,—-11V | ij=-D= V/ 140 
[2(2|v|2)—4(1v]1) + 3(0|v10)] 
rE 27 3 
(4,-4|V|3,-l)=— Vale 1|v|2) 
a nih Be ie iy 
(4,—4|V 1 1,=) ey ar om 1|v|2) 
(3, 2 |V | 2, eo (O|v|0)] —) 
3, 21V2,=)= se (2|v|—1) 
aes ee MVD 
3 = Nie) 7 140 (—1]v|2) 
“4 oy ee 
(3,-1|V|2,-l= /140 
x [3(2|v|2) —4(1]v]1) + Olv]0)] 
= Lyte tV BS 
ary aan yar 
[2(2|v|2)-.| v | 1)—(0| v | 0)). 


One electron matrix element (m|v|m/’) can be 
calciilated by Stevens’ method.!® 
(m\v|\m’)= 


5-C8a73(3m*—6)b nm 
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+g Cal Br'(35m4— 155m? +72) 3mm’ 


+315(C+ids)Br*(2m—3)bm,m+s 


+315(C2—id,3)Bri(2m+3)0mm—s 
(6) 
Here, a and @ are constants and their values 
for the single d-electron are 


2 2 


21 Tce @) 


Ge 
yr? and ré are the average values of 7? and 7* 
respectively, and they can be estimated by 
assuming the wave function of d-electron in 
the following form with the value of Zeysy 
determined by Slater’s rule!. 


bm=Nmr exp Gx r )P: ™' (cos 8) exp (img). 
3an 
(8) 


With Zeryry=5.6 for 3d-electron, we obtain 
re 3an 
P=8.-7- ( : eal 
Vente. 8-7 _N, (9) 
and 7t=10-9-8-7 tes, : 
Here @z is the Bohr radius. 

In order to obtain the coefficients, C2°, C,°, 
C.’ and d,’, we calculate the sum of equation 
(2) for the eight unit cells around Mn++. We 
use +2e and —e for the charges of Ca and 
F ion respectively. Considering the fact that 
a P ion is surrounded nearly tetrahedrally by 
four O ions, we assume the charges of P and 
O ions to be +e and —e, although the bonding 
character between P and O ions in this crystal 
is not clear. The values of the coefficients 
for the ordinary lattice constant of calcium 
fluorophosphate in C.G.S. units are as follows 


C2°=0.4311 x10 
C,°= —0.6450 x 107° 
C2=0,005543 x 10° 
d= —0.005216 x 107° 


The change in lattice constant due to the re- 
placement of ions is not always isotropic. 
For example, when the Ca*+ ion in calcium 
fluorophosphate is replaced by Cdt+t, the 
change in lattice constant has been found to 
be anisotropic as referred later. In this 
article, however, we shall carry out our cal- 
culation assuming, for simplicity, a uniform 
lattice contraction. Under this assumption, 
the crystalline field potential for the case of, 
say, 2% decrease-of the lattice constant can 
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‘be obtained by multiplying C.° by 0.98-3 and 
‘C.°, C and d? by 0.98-* in equation (10). 
By using equations (3)~(10), we can obtain 
‘the numerical values of the matrix elements. 
Non-vanishing elements of the matrices A, B, 
-and C obtained in this manner are listed in 
‘Tables II~IV. In these Tables, R=R® and 


Table I. Non-zero elements of matrix A 


elements values for R= R° values for 
R=0.98R0 

(4, 4 |VJ3,1) 621.3+ 584.67 687 .2-+646.72 
(4, 4 |Vj1,1) 507.3-+-477.31 561.2 $528.07 
4. bAVi3)) 869.6 984.2 
(4, 1 |V|3,—2) —525.1—494.1¢ — 580.9 — 546.6% 
(4,1 |Vj1,1) -—2629.3 — 2908.6 
(4,-2|V|3,1) —234.8+221.02 — 259.8 + 244.4% 
(4,-2|V|3,—2) —115.4 - —167.5 
(4,-2|V|1,1) ~671.1+631.5% — 742.3 -+698 5% 
(3, 1 |V|2,1) —2545.0 — 2786 
«3, 1 |Vi2,=2) ~ 677..9+-637 .9% 749.9 + 705.62 
(3, —2| V|2,1) 214.4—201.7% 237.1 — 223.14 
(3;—2| Vi2,— 2) = 133.3 —193.4 
aren yy | LO Orie. 7 =759).5 


Table III. Non-zero elements of matrix B 


elements values for R=F° yes a Po 

4,3 |V|3,3)  —2617.6 — 2850.0 

A, 3 | V3.0) 253.6 + 238.77 280 .64- 264.02 
4,3 |V/1.0) —761.0-—716.02 ~841.7-— 792.07 
(4, 0 |V|3,3) —479.4-+-451.07¢ —530.2+ 498.92 
‘(4 0 |V|3,—3) —479.4—451.0 —530.2—498.92 
(4, —3] V/3,0) 253.7-+238.72 280.6 +264.02 
((4,—3|/V/3,—3) 2617.6 2850.0 
4,—3|V|1,0) —761.0—716.02 —841.7—792.0 
(3, 3 |V|2,0) —643.1—605.272 —711.4—669.42 
(3,—-3|V|2,0) —643.1-+605.22 —711.4+669.47 


Table IV. Non-zero elements of matrix C 


elements values for R= Vales ae 


(4, 2 |V|3,2) 115.4 167.5 

(4, 2 |V|3,-1) —234.8—221.07 — 259.8 — 244.47 
(4, 2 |V|j1l.—1) —671.1—631.52 —742.3—698.57 
(4,-1|V|3,2)  -—525.1-+494.12 —580.9-+-546.62 
(4,—1|V|3,-—1) —869.6 —984.2 
-(4,-1|V|1,-1) 2629.3 2908.6 

((4,- 4|V|3,-1) 621.3—584.67 687.2 — 646.7% 
(4,-4|V|1,—1) 507.3—477.32 561.2—528.07 
(3, 2 | V|2,2) 136.7 193.4 

(3, 2|V|2,-1) 214.4+201.7¢ 237.1+4-223.12 
(3, -1| V|2,2) 677.9 —637.02 749.9—705.6% 
(3,-1|V|2,-1) 2545.0 2786.2 
(2,-1|Vj1,-1) 714.7 759.5 : 


R=0.98R° indicate, respectively, the case of 
normal lattice constant and the case where 
the lattice constant decreases by 2% from the 
normal values. 


§5. Results and Discussion 


The Hamiltonian matrix is completed by 
placing the following spectral values of the 
free Mn*+ ion which come from the free ion 
part of the total Hamiltonian, in the diagonal 
part of the matrix obtained above. 

*G=26800 4P=29200 
4PD)'=32300 4F = 43600 cm7—!. 

This matrix was then diagonalized by using 
I.B.M. 650 computer to obtain the energy 
levels of Mnt+ in the calcium fluorophosphate 
crystal. By multiplying the perturbation 
matrix elements by € and taking the limit of 
€—0, it is possible to find out the free ion 
state corresponding to each of the perturbed 
levels. Also, from the degeneracy of the 
free ion states and the fact that the trace of 
a matrix is invariant under the unitary trans- 
formation, we could derive the degeneracy of 
the perturbed energy levels obtained above. 

The energy levels thus obtained are shown 
in Fig. 2. The symbols G, P, D, and F in 
Fig. 2 indicate the free ion state to which the 
levels converge at the limiting case of €-0, 
while the numerals indicate the degeneracy 
of that level. Group theoretical consideration 
shows that the C3; symmetry should remove 
all the degeneracies involved in this problem. 
However, two levels which are close enough 
to fall within the range of resolution of our 
machine computation can not be discriminated 
as such in our calculation. Therefore the de- 
generacies shown here are those of accidental 
type and not substantial. 

According to these results, the lowest ex- 
cited state appears near 24500cm7!. Anda 
decrease by 2% in the lattice constant will 
cause a shift of approximately 300 cm™ to the 
lower energy side. The magnitude of this 
shift corresponds to about 13% of the energy 
depression due to the perturbation of the cry- 
stalline field of the original lattice constant. 

The absorption spectra of Mn** ion in cal- 
cium fluorophosphate has not been measured 
yet. The emission spectrum has a peak near 
17300 cm-?. We have assumed that the Mn++ 
ion is imbedded in the crystalline field created 
by the surrounding ions and calculated its 
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energy levels treating the crystalline field as 
a perturbation. It is not known how closely 
this crystal field model approximates our 
particular problem. Also, when Mn** is 
excited, there should be a change in the con- 
figuration of the surrounding ions and hence 
a further decrease in the energy of the ion 
corresponding to the Stokes shift. Therefore, 
it may not be appropriate to use the results 
of the above calculation to determine quantita- 
tively the shift of the emission peak near 
17300 cm-! due to the change in lattice con- 
stant. We should, however, be able to deduce 
the order of magnitude of the shift from our 
calculation. Let us assume that even for the 
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40000 


4D} 32300 


300QO0 
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Fig. 2. Energy levels of Mn++ ion in free state and in the 
Energies are given in the 


calcium fluorophosphate crystal. 
unit of cm-1 


(a) Energy levels of free Mn**+ ion from spectroscopic 


data. 
(b) 


Koziro NARITA 


Calculated energy levels of Mnt+t ion in the calcium 
fluorophosphate crystal having ordinary lattice oonstant. 
(c) Calculated energy levels of Mn++ ion in the crystal of 
calcium fluorophosphate contracted by 2%. 
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actual state giving the emission peak at 
17300 cm-!, 2% decrease in the lattice con- 
stant gives rise to a further shift of 13% of 
that due to the perturbation of the crystalline 
field at the original lattice constant. Then 
there should be a shift of about 1200 cm™ to 
the lower energy side when there is a lattice 
contraction by 2%. 

Experimentally it has been found that the 
peak shifts by about 100cm 7! to the longer 
wave side when one Ca in each calcium fluoro- 
phosphate Caio(PO,)sF2 is replaced by Cd. The 
changes in lattice constant for this particular 
case are anisotropic and are decrease by 
0.042% and 0.35% along a-axis and c-axis. 

respectively.® 

Since our calculations are 
made on the assumption of iso- 
tropical decrease in the lattice 
constant, direct comparison can 


44500(2 )F 

441 00(2)F not be ates es PoRAYES. we 

43700(1 JF were to replace the above 

43600( ps mentioned anisotropic contrac- 

43500(| tion with an isotropic contrac- 

tion with the identical volume: 

reduction, we would get a de- 

crease by 0.14% in the lattice 

constant. Therefore, together 

with the above estimate of the 

energy shift per 2% decrease 

occa i in the lattice constant, one: 

32000(2)p would expect a shift by 85cm 

3h ee tl 2 to the longer wave side when 

(| one mole of Ca**+ ions is re- 

29900( | ib placed by Cd** ions in each 
26500(4)G calcium fluorophosphate. 

26400(2)G In calculating the crystalline: 

——__ 25300(1)G_ potential around the Mn** ion, 

Bobet ic we assume the charge +e and 


—e for P and O ion respective- 
ly. However, the validity of 
this assumption is not so clear,. 
and ionicity of these ions will 
have considerable influence on. 
the energy levels of Mn** ion. 
Furthermore the oxygen ions. 
near the Mn** ion may be polar- 
ized, and if so, one must add 
the field from the electric dipole 
moments of the oxygen ions. 
These effect will be investi- 
gated in the forthcoming paper. 

Because of the rough approxi- 
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mation employed in our calculation the value 
obtained here should not be taken too quanti- 
tatively but should be regarded as a measure 
of the order of the energy level shift due to 
the change in the crystalline field potential. 

In regard to what other mechanism contri- 
bute to the energy level shift, the author is 
planning to carry on the similar study after 
obtaining the results of the experiments in 
which Ca is replaced by various divalent metals 
other than Cd in a systematic manner. 
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In this paper, the relation between the wavelength dependence of the 
absorption coefficient of ZnSi0;/Mn powder phosphor and that of the 
quantum efficiency of fluorescence as well as the relation between the 


latter and the activator concentration were studied. 


It was found out 


that the peak of the quantum efficiency was always at the longer wave- 
length side than that of the absorption coefficient, and that with decrease 


of manganese concentration, 
its curve sharper. 


$1. Introduction 


We have already reported on the measur- 
ing technique of the absorption coefficient of 
the powdered material following the theory 
of Kubelka.! According to our method, the 
absorption coefficient (@) can be estimated 
xoughly from the following formula, 


the quantum efficiency becomes larger, and 
A simple theory was presented to explain these facts. 


a(cm)=2101—R)2/2R 
under the resonable assumption that the scat- 
tering constant o is always taken as 210cm~* 
irrespectively of wavelength. Here, R is the 
reflectivity of the powdered sample which has 
a sufficiently large thickness, and can be 
determined in comparison with the spectral 
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reflectivity of the smoked magnesium oxide 
plate calibrated beforehand. 

We have also reported the method of measur- 
ing the fluorescent intensity of these powdered 
material, and of obtaining the quantum ef- 
ficiency of fluorescence. We found that the 
quantum efficiency in many cases was en- 
ormously varied with the wavelength of the 
exciting light. This fact was confirmed even 
when the absorption other than the character- 
istic absorption was eliminated and the emis- 
sion was caused only by the characteristic 
absorption. Though the reason was briefly 
explained already,? it will be accounted for in 
detail in the present paper, taking ZnSiO3/Mn 
of low Mn concentration as an example and 
referring to the measured result of absorption 
coefficient. 

The quantum efficiency y is defined as 

__number of emitted quanta _ Fear _ 
number of absorbed quanta J-4r- As 
where, Az is the absorption factor for the 
exciting light, J the excitation intensity, A; 
the exciting wavelength, F the fluorescent 
intensity and Ar the mean wavelength of the 
fluorescence. When the absorption of the host 
crystal became is of considerable amount, we 
subtracted it from the absorption of the sample 
containing the activator. 
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Fig. 1. Quantum efficiency curve of ZnSi0;/Mn 
Phosphor 
@ 10x«10-2 mole Mn 
@) 3x10_2 mole Mn 


@) 4x10-2 mole My 
@ 2x10-2 mole My, 


§2. Experimental results 


Fig. 1 shows curves of quantum efficiency 
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of four kinds of ZnSiO;/Mn different in activa- 
tor concentration. As activator concentration 
decreases, the quantum efficiency increases, 
especially at 2850A. Consequently the curve: 
shape becomes sharp with decrease of concen- 
tration. This effect will probably due to the: 
fact that the concentration quenching effect 
becomes smaller with decrease of concentra~ 
tion. 


i 
2500 2800 
Wavelength (A) 


Fig. 2. Quantum efficiency (7), Absorption coef-- 
ficient (a), Absorption (A) and Excitation (D- 
arbitraly unit) of ZnSi0s/Mn(2x10-2 mole), 
powder phosphor. 


Fig. 2 shows the curve of absorption coef-- 
ficient a, that of quantum efficiency y and. 
excitation spectrum (D=F/J, in an arbitrary 
scale) of the material, in the case where man- 
ganese concentration is 2x10-? mole. In this. 
figure, it is observed that the quantum ef- 
ficiency decreases with steep slant in the. 
region shorter than 2300A with increases wave- 
length, then begines to increase with gentle 
slant up to 2850A, and after passing a maxi- 
mum it decreases again with steep slant with 
increasing wavelength. There is a peak of 
absorption coefficient near 2450A and its cauve: 
is likely to be the bell shape. In the range 
shorter than 2300A, there will probably be 
another characteristic absorption band. The 
absorption coefficient at 28504 is about 10cm-?. 
This value is the critical one which could be 
estimated by the mentioned method! and is. 
about 1/60 times of the value at 2450A. 


§ 3. Discussion 


Let us consider the relation between the: 
curve of absorption coefficient and that of 
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quantum efficiency shown in Fig. 2, in which 
the concentration quenching effect seems to 
be the smallest. 

The absorption peak corresponding to the 
photon energy shown as AA’ in Fig. 3, lies 
at 2450A in this material. This shown that 
most of the activation centers absorb photons 


B’ 
A 
Fig. 3. Configrational coordinate Model of lumi- 
nescent center. 


of this energy and are excited, but the broad 
shape of the absorption band shows that an 
appreciable fraction of the activation centers 
are excited with photons of another energy. 
When the center absorbs minimum energy 
needed for excitation, the difference between 
the energy of the electron and the energy 
corresponding to the point F in the figure 
should be maximum, and the probability of 
radiative transition is to be maximum.’ If the 
absorption curve is bell shape, this minimum 
energy will not be that which is equivalent 
to AA’ in Fig. 3, but correspond to minimum 
energy component of bell shape distribution. 
So, in the characteristic absorption band, the 
quantum efficiency of fluorescence will increase 
monotonously from the shorter wavelength 
side towards the longer wavelength side. In- 
deed, Fig. 2 shows this tendency until 2850A, 
which is the longest wavelength that we can 
distinguish the characteristic absorption from 
the background. Perhaps, the fact that the 
steep slant decrease in the longer wavelength 
region than 2850A will be explained by the 
appearance of the weak absorption, the large 
part of which are the inactive absorption caused 
by other kinds of defects. 

C.K. Lui stated that the speak of character- 
istic absorption ought to correspond to that of 
excitation spectrum,‘ but, because quantum 
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efficiency is not constant, D-curve is displaced 
to the longer wavelength side as shown in 
Fig. 2. 

Pringsheim® predicted that ‘‘So called spe- 
cific excitation spectra are, in general, noth- 
ing but the characteristic absorption spectra 
of the photoluminescent substance’’, but at 
least in the case of inorganic crystal phosphor, 
D-curve does not correspond to the curve of 
characteristic absorption. 

If we assume the specific excitation spect- 
rum to be equal to the K-curve defined by 
Vavilov”, the following formula can be ob- 
tained by neglecting the quantum energy 
difference of exciting radiation; 


K=D/As=7-Az/As=7. 


Accordingly the specific excitation spectrum 
corresponds to the quantum efficiency spect- 
rum, but not to the characteristic absorption 
spectrum. It has been reported that for solu- 
tions such as eosin, rhodamin or fluorescein, 
the quantum efficiency of fluorescence does. 
not depend upon exciting wavelength. In the 
case of inorganic crystal phosphor, however, it 
is likely that the quantum efficiency of fluores- 
cence depends upon the exciting wavelength 
and is similar to the excitation function of 
gaseous discharge. 
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The optical absorption of y- and fast neutron-irradiated crystalline 


quartz and fused silica was measured from 186 my to 2.6 wu. 


Dichroism 


of the A-band was confirmed. The phenomenon of radiation bleaching 
of the B,-band and a remarkable movement of the C-band were found. 
The irradiation and optical bleaching experiments showed that only the 
C-band is essential due to radiation, and this was considered to be 
caused by an absorption center similar to the F-center which changes 
F/— or colloidal-center with subsequent irradiation. 


§1. Introduction 

Physical property changes in quartz and fused 
silica exposed to various radiations have been 
studied for many years, and reports published 
in this connection have been listed in a biblio- 
graphy by Bechman.! Above all, optical ab- 
sorption has been actively investigated by 
many authors who placed the absorption peaks 
in positions differing fairly markedly from 
author to author. The present author ta- 
bulated the hitherto reported data on the ab- 
sorption bands according to the kind of radia- 
tion, that is, X-rays, 7-rays and neutrons, and 
found that (1) the principal absorption bands 
in the region from about 200 my to 2.6 4 are 
A-, B- and C-bands, so named by Mitchell and 
Paige, while the remaining bands are not im- 
portant, and result from particular chemical 
impurities; and (2) except for the C-band, 
little discrepancy is found between the results 
obtained by irradiation with different sources. 
The disagreement of data mentioned above 
can be the result of differences in the condi- 
tions of irradiation and of measurement, and 
this has been partly proved by the present 
experiment: Firstly, the A—-band of irradiated 
crystalline quartz shows anisotropy which 
caused peak deviation when measured from 
absorption with unpolarized light. It should 
be noted that there is a difference between 
the spectral polarizability curves of the A-band 
induced by y-rays and those induced by neu- 
trons. Secondly, there was found the most 
interesting fact that the C-band of irradiated 
fused silica moves from around 200my to 


215 my with increase of absorption coefficient 
after subsequent irradiation, and this displace- 
ment is reversed by annealing: This effect 
spread the peak of the C-band within a range 
whose upper limit varied from 200myz to 
215 my depending on the exposure dose. The 
absorption bands are nearly stable and scarcely 
fade even at room temperature with the re- 
turn of the C-band to shorter wavelength. 

The experiments on optical bleaching with 
a 2536A light revealed discrepancies between 
the bleaching behavior of A-, B- and C- 
bands. A- and B-band behavior appears to 
be attributable to defects existing in the 
crystal lattice of quartz or in the network of 
the fused silica existing before irradiation, 
while on the other hand the effect on the C- 
band appears to be essentially due to radia- 
tion, as affected by radiation-induced defects. 
The E-band observed by Mitchell and Paige 
in the vacuum ultraviolet region is considered 
very probably to be a complementary of the 
C-band to be the result of electron-trapping 
by an anion vacancy or corresponding broken 
bond in the fused silica network, similarly to 
the case of the F-center in alkali halides. 
This model of the absorption center is more 
apt to explain the C-band behavior. 


Irradiations and Measurements 


SZ, 

The specimens were prepared as_ thin 
plates of fused silica and crystalline quartz 
with planparallel optically polished surfaces 
on both faces. The crystalline plates were 
cut from a natural Brazilian single crystal of 
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optical grade and from synthetic quartz made 
at the Yamanashi University, which kindly 
donated the material to the author. 
kinds of fused silica were used. 

The specimens were placed in some in- 
stances in the vertical beam hole of the JRR-1 
(water boiler type reactor), where fast neut- 
ron irradiation of 2X10! n/cm? is performed 
in a day, and in other instances in the 10000 
Curie Co” y-irradiation facility, in a rotating 
cylinder 3cm from the source. 

The measurements of optical absorption, 
from 186 my to 2.6 4, were made witha Cary 
spectrophotometer Model 14. 

All irradiations and measurements were 
made at the ambient temperature (<50°C) 
since it was believed by many authors that 
radiation-induced absorption in this material 
was very stable at the room temperature. 


Several 


§3. Radiation-Induced Absorption Bands 
The absorption bands were induced by 


radiation in the vicinity of the following 
wavelengths: 
Table I (in my) 
Crystalline A,(600) Se. c-axis 440\ C(215) 
quartz || to c-axis 380) 


Fused silica A(540)  B,(300)  B,(240) C(215) 


where the designation of the absorption 
bands A, B and C corresponds to that of 
Mitchell and Paige. The above results re- 
present the mean positions determined by 
averaging the values obtained from many 
measurements. The A:-, A:-, and A-bands 
spread over a wide range, since these bands 
are very broad; the A,-band in particular 
had an anisotropy resulting in a broadening 
into the absorption spectrum when measured 
with unpolarized light, and which caused the 
peak position to spread over a rather wide 
ranges. 

‘Absorption bands induced by radiations of 
different kinds generally have a bell-shaped 
appearance of very similar form and position. 
It is not wise, however, to conclude from 
appearances that the absorption center is 
analogous to the typical color center in alkali 
halides. Some specimens cut from natural 
crystal showed a striped pattern which ap- 
peared to have some relation to crystal 
growth, while some fused silica showed 
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colored speckles after irradiation. Both ex- 
amples indicate that the visible coloring has 
close connection with chemical impurities. 
Spectroscopic analysis indicated that all the 
specimens contained more or less Al and Mg, 
while the natural and synthetic crystal con- 
tained Cu and Fe respectively. The relation 
between chemical impurities and radiation- 


induced absorption bands is however not 
clear. 
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Fig. 1. Growth of optical absorption bands in 
fused silica of 3mm thickness upon successive 
irradiations. 

(a) A-band 


(b) By-band (C) C-band 


The increase of absorption in the 2 mm 
thick plates of fused silica and crystalline 
quartz after successive irradiation in the 
reactor is shown in Figs. 1 and 2 respectively. 
The letters X, Y and Z in Fig. 2 indicate the 
directions of cut of the quartz plate. The 
B,-band saturates first followed by that in the 
A-band, but the C-band continues to increase 
almost linearly after the change of growth 
rate. The difference in the characteristic 
forms of A-, B- and C-bands are clearly dis- 


cernible. Further details of each band are as 
follows. 
1) A-band. Ditchburn et al? have con- 


cluded that the Ai- and A,-bands were caused 
by a hole trapped in the Al**-ion substituted 
for the Si‘t-ion in the crystal lattice with the 
optical and e.s.r. methods. Cohen and Smith? 
have also reported the anisotropy of the Aj- 
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and A.-bands. This is confirmed by the 
present author with the neutron- and ;-ir- 
radiated specimens. The A,-band measured 
with light polarized in a plane perpendicular 
to the c-axis forms a fine bell shape in cont- 
rast to the flat curve with ambiguous maximum 
point when measured with light polarized in 
the plane parallel to the c-axis. 
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Fig. 2. Growth of optical absorption bands in 
crystalline quartz of 2mm thickness upon suc- 
cessive irradiations. X, Y and Z indicate cut 
direction of crystal. 


On the whole, scattering of the A-band 
position in crystalline quartz is due to the 
above-described dichroism, and Ditchburn’s 
model of the A-center agrees with respect to 
the chemical impurity Al found in the present 
specimens and the saturation tendency of the 
A-band growth curve. 

(2) B-band. This band is observed solely 
in irradiated fused silica. The Bi-band ap- 
pears at rather low irradiation levels and rises 
to a maximum, after which the effect of 
bleaching by radiation makes itself felt. This 
behavior is shown in Fig. 3. The second 
increase after 5x10! nvt represents masking 
by another absorption band. The present 
experiment has yielded little data about the 
Bi-band. Many authors have thought the 
B.-band to be the result of various chemical 
impurities, but disagreement between the 
authors on the impurities suggested to be the 
cause would appear to indicate that the B.— 
band is not due to any particular impurity 
other than the simple excess of Si or O. 
Yokotat found the B.-band in a specimen 
prepared in a reducing environment and he 
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concluded that it was due to interstitial Si or 
SiO. The data of Arnold and Compton® 
appear to support the idea of excess Si. They 
observed a 257 my band in an OH~-free speci- 
men irradiated with electrons at 77°K, but 
did not discern this band in the OH--bearing 
specimen under similar treatment. It can 
thus be inferred that OH--ions fill the excess. 
bonds of Si or SiO in the SiO, network, which 
correspond to the cation interstitial or to the 
anion vacancy in the ionic crystal if the 
257 mu band and the B.-band are one and 
the same. The B-band is probably due to 
defects in fused silica network, broken bonds 
etc. 
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Fig. 3. Radiation bleaching effect on B,-band. 


(3) C-band. Nelson and Crawford® have 
reported that the C-band appeared in cry- 
stalline quartz only after a heavy neutron 
irradiation that could produce local disordered 
regions in the crystal, and they have sug- 
gested the C-center to be the resulting broken 
bonds or local strains with trapped electrons 
or holes. 

In the present experiment, a prominent C— 
band was observed in every irradiated speci- 
men of fused silica, as well as in some of the 
neutron-irradiated crystalline quartz, including 
the synthetic quartz in which the optical 
density of the A-band was very low, after 
irradiation with fast neutrons of an integrated 
flux of 8x10!® nvt. 
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The C-bank in fused silica has the remarka- 
ble behavior of moving towards the longer 
wavelengths with increasing exposure. This 
is shown in Fig. 4 in which the abscissa re- 
presents the exposure to y-rays in log scale 
while the ordinate represents the wavelengths 
of the C-band maxima. The peak maximum 
moves from below 200myz to 215 my and it 
does not appear to move further. While 
Nelson and Crawford consider the C-center to 
be analogous to a center like the F-center in 
the alkali halides, the author judges that the 
behavior can be better explained if it is re- 
presented as the formation with radiation of 
an F’-band or a colloidal band at 215 my. 
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Fig. 4. Movement of C-band towards 
wavelength with increasing irradiation. 
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The C-band is positively due to radiation and 
not to chemical impurities because the absorp- 
tion band is observed even with the most 
purified fused silica (Corning 7940 and 7945). 

It might be said that the irradiation dose 
of 10!’ nvt was too low to produce the C-band 
in the crystalline quartz, assuming the crystal 
to be perfect and the disorder to be the result 
only of radiation. Actually however, an as- 
grown crystal is never absolutely free of 
local disordered regions, and it may therefore 
be considered quite natural to find the C-band 
even after such slight irradiation. 


§4. Optical Bleaching 

The bleaching experiment was made with 
2536 A light from a high pressure mercury 
lamp with glass filter by Toshiba (UV-D 25). 
The absorption spectrurn bleaches evenly 
under exposure to 2536 A light as is shown in 
Fig. 5. The bleaching rate of each band is 
shown in Fig. 6. The Bi-band, unsubjected 
to radiation bleaching, rapidly bleaches, fol- 
lowed by the A-band. The A-band does not 
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bleach with visible A-light, evidencing that. 
the A-band is not due to an absorption center 
such as the F-center. The C-band is fairly 
stable but is bleached by C-light, and the 
peak moves back towards the shorter wave- 
length during bleaching. The bleaching is the 
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Fig. 5. Optical bleaching of ;-irradiated fused! 
silica under illumination of 2536 A light. 
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Fig. 6. Optical bleaching behavior of each ab- 
sorption band in irradiated crystallide quartz 
and fused silica. 


reverse of that of ionizing radiation. The 
electrons must be released from the C-center 
by exposure to light and should recombine 
with the holes released from the A-center 
(or E-center). 
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It is an interesting fact that the electron 
‘trapping cross section of the absorption center 
increased after bleaching, as is seen in Figs. 
7 and 8. These figures respectively show the 
absorption behavior of a neutron-irradiated 
crystalline quartz and a y-irradiated fused 
‘silica after bleaching and re-irradiation. After 
bleaching, much lighter irradiation than that 
‘previously received by specimen before bleach- 
‘ing is enough to restore the absorption to the 
yprevious value. In other words, the amount 
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of absorption bleached by the light is reco- 
vered by slight radiation. 


§5. Summary 


The absorption spectrum of crystalline 
quartz and fused silica irradiated in reactor 
or with y-rays was measured from 186 mz to 
7449) 0 

The behavior of the absorption band during 
irradiation and during optical bleaching was 
investigated. Dichroism of the A-band in the 
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crystalline quartz reported by 
Cohen and Smith was con- 
firmed, and radiation bleach- 


10!"nvt re-irradiation 


ing of the B,-band was found. 
These occurrences are clearly 
the cause of displacement of 
the absorption peak, and re- 
sult in the disagreement 
found between the data re- 
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ported hitherto. 

The experimental results 
would lead us to conclude 
that the A-band and B-band 
are not important, and that 
it is the C-band that is essen- 
tial from the point of view of 
radiation effect. The C-band 
is the result of a center like 
. the F-center changing to F’- 
Ns center or colloidal center with 
subsequent radiation. This 
explanation however does not 
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Fig. 7. Effect of optical bleaching on restoring of optical absorption 


in crystalline quartz upon re-irradiation. 


(a) Before irradiation 

(b) After 8x 10nvt irradiation 
(Before optical bleaching) 

(c) After optical bleaching for 

6 days 

(d) After 2x 10!*nvt re-irradiation 

(e) After 4x 10!6nvt re-irradiation 

(f) After 10'"nvt re-irradiation 


for the moment represent 
more than a _ supposition. | 
More effective measurements 
are required before conclusive 
confirmation can be offered. | 
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Propagation of Ultrasonics in Triethylamine-water Mixture 


By Seiken SHIMAKAWA 


Department of Precision Mechanics Eng., Faculty of 
Fing., University of Tokyo 
(Received April 5, 1960) 


Velocity and attenuation of ultrasonic waves in a binary mixture of 
Triethylamine-water were measured at different temperatures by using 


a pulse method at 1.5 and 2.5 Mc/s. 


Assuming a Gaussian distribution of relaxation times centering on the 
main relaxation frequency, calculation showed that this main: frequency 
lies in a range of approximately 1 to 6 Mc/s and diminishes with increas- 


ing liquid temperature below the critical solution point. 


Tne prominent 


change of sound attenuation near the critical solution temperature 
depends mainly on the main relaxation frequency which varies with the 


liquid temperature. 


$1. Introduction 

The object of this work was to study the 
propagation of ultrasonic pulses in a mixture 
of triethylamine and water at different tem- 
peratures. 


§2. Experimental Apparatus 

The apparatus used in this work was similar 
to that which Brown“ used for the measure- 
ment of ultrasonic propagation in an aniline- 
cyclohexane system in this laboratory. 
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Fig. 1. Block diagram of the apparatus. 


* Present address: Dept. of Physics, King’s 
College, University of Durham, Newcastle upon 
Tyne, England. 


A block diagram of the mechanical and 
electrical apparatus is given in Fig. 1. The: 
pulse generator gives 250 volt pulses of any 
width from 10 to 200 microseconds. In the: 
present experiment an electrica] pulse of some: 
40 microseconds was applied to the gating 
valve of the gated oscillator and switched on 
the oscillator at a repetition frequency of 200° 
per second. The resulting signal gave rise to» 
a series of short pulses of R.F. voltage, 
which were amplified and fed to a piezoelect-- 
ric transducer. The generated sound travelled . 
through a liquid, triethylamine-water system, . 
and was picked up by the second transducer, . 
the receiver. The electrical pulses of R.F. 
oscillation, having an amplitude proportional 
to that of the incident sound, were amplified 
and detected, and the resulting signal was 
exhibited on a cathode-ray oscillograph, the: 
time base of which was triggered by the 
pulse generator. 

The transmitting crystal parallel to the 
receiving crystal was carried on a movable: 
piston. As the distance between the crystals 
was increased, the attenuation due to the- 
passage of the sound through the liquid 
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became larger and the displayed signal 
-decreased in amplitude. The amplitude 
absorption coefficient a’ (db/cm) or a (neper/ 
cm) can be obtained from the following 
relations, 

a’ =20 logyo sk / =8-686a 
A /x 

where Ao and A are the amplitudes of the 
received signal when the separation of the 
-transmitting and received crystals are d and 
d+xcms. respectively. 

A cross-sectional view of the mechanical ap- 
paratus is given in Fig. 2. The receiving 
crystal was fixed and held in the upper 
-crystal holder attached to the piston. This 
piston could be moved up and down by a 
micrometer screw of 20 threads per inch, and 
was prevented from rotating by three steel 
guiderods sliding in bushes in the upper 
plate, which carried a revolution counter and 
index mark for the micrometer head. The 
vessel containing the experimental liquid was 
~of glass, 2’ in diameter and some 63” long. 


MICROMETER HEAD 


PISTON. 


GLASS VESSEL 
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THERMOSTAT CYLINDER 
TRANSMITTING 
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DIAPHRAGM. 
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Fig 2. Cross-sectional view of the mechanical 
apparatus. 


The transducers were conventional X-cut 
quartz of 1 diameter and fundamental 
frequency 500kc/s. A pair of these crystals 
was employed for work at 1.5 and 2.5 Mc/s., 
working at their 3rd and 5th harmonics 
respectively. One face of each crystal was 
exposed to air so that more energy could be 

radiated into the liquid from the transmitting 
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crystal and that a larger amplitude of signal 
could be received by the receiving crystal. 
Both faces of the crystals were silver-plated. 
A thin aluminium foil was inserted between 
the near face of each transducer and a wire 
spring connected to the coaxial lead. This 
was to prevent the plating of the crystals 
from coming off which may have caused poor 
electrical contact. 

Special care was taken to align the crystals 
parallel to one another so that unnecessary 
errors were not introduced into the results. 
As it was observed that the triethylamine- 
water mixture quickly attacked brass and 
aluminium, the bottom of the vessel which 
contained the experimental liquid was closed 
by a 0.005” thick ‘‘Fluon’’ diaphram against 
which the lower crystal, the receiver, was 
pressed, acoustic contact being secured by a 
film of castor oil. A polythene envelope was 
used to insulate the upper crystal, the 
transmitter, in order to avoid any trouble 
caused by an electric current which could 
flow as a result of the electrolytic property 
of the triethylamine-water system. 

In order to keep the liquid temperature 
below room temperature, say to about 5°C, 
double cylinders made of brass having 1.5 cm. 
clearance surrounded by felt lagging and 
glass wool in a wooden box were used. The 
glass vessel containing the test liquid was 
inserted inside the inner cylinder, a mixture 
of ice and calcium chloride being packed into 
the clearance between the cylinders. A 
thermostatically controlled heating coil was 
used to keep the test liquid above room tem- 
perature. A brass cylinder 8’ long and 4’’ 
in diameter was used to enclose the glass 
vessel containing the test liquid. A pair of 
temperature control coils, one of copper and 
the other of constantan, were wound on the 
outside of the cylinder and formed two arms 
of a Wheatstone bridge circuit. Since the 
temperature coefficient of resistance of copper 
is 43x10-* per degree C. whilst that of con- 
stantan is some 100 times smaller, the bridge 
is balanced at a certain temperature, the 
value of which is decided by the setting of 
the balance arms. The heating coil was 
wound on the outside of the control coils and 
connected to a relay mechanism. The relay 
was operated by the amplified voltage from 
the Wheatstone bridge circuit when the latter 
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was out of balance. The temperature was 
kept constant to within 0.01°C between 20°C 
and 30°C. To measure the liquid temperature a 
copper constantan thermocouple was immersed 
in the liquid in the experimental vessel, the 
cold junction being maintained at 0°C in 
melting ice. The current flowing in the circuit 
was indicated by a Tinsley galvanometer 
with lamp and scale, and the temperature 
could be read significantly to 0.01°C. To 
enable the thermal equilibrium to be attained 
quickly, a manual stirrer formed of a loop of 
nichrome wire was also contained in the liquid 
vessel. A series of velocity and attenuation 
readings could be taken, the temperature re- 
maining sufficiently steady during the short 
time required—perhaps 5 minutes. 

In the measurement of velocity, the con- 
tinuous electrical oscillation was fed directly 
into the receiving system. As the acoustic 
path changed, the phase difference between 
the received pulse, which had passed through 
the liquid, and the original oscillation varied. 
This was exhibited on an oscilloscope as the 
fluctuation of the received pulse every wave- 
length. In this experiment, the micrometer 
reading was taken every five or ten fluctua- 
tions. The velocity was then calculated from 
this wavelength and the frequency measured 
using a wave-meter. 

The triethylamine-water system was used 
in the present work, because the sound ab- 
sorption near the critical solution tempera- 
ture is extremely large and also this tempera- 
ture is close to room temperature, enabling 
the experiment to be carried out easily and 
with good accuracy. Commercially pure trie- 
thylamine and distilled water were used. 
When a series of experiments was finished, 
the triethylamine and water used were re- 
placed by a new sample and the two crystals 
were carefully aligned before starting the 
next work. The test liquid was composed of 
33.5 c.c. of triethylamine and 74.5 c.c. of 


-water, i.e., 25% by weight of amine. 


§3. Experimental Results 


Previous experiments showed that the 
critical solution temperature for the triethyl- 
amine-water system occurred at 17.9°C” for 
a 44.6% mixture by weight of amine and 
19.5°C® for a 34% mixture respectively. In 


the present test this temperature was 18.2°C 
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for a mixture 25% by weight of amine. The 
measurements of velocity and absorption as a 
function of temperature for the above con- 
centration at frequencies of 1.5 Mc/s. and 2.5 
Mc/s. are given in Figs. 3-6. 

The measurements of both absorption and 
velocity were first made while the tempera- 
ture decreased from room temperature down 
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Fig. 3. Velocity vs temperature in Triethylamine- 
water system at 1.5 Mc/s. 
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Fig. 5. Absorption vs temperature in Triethy- 
lamine-water system at 1.5 Mc/s. 
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Fig. 6. Absorption vs temperature in Triethy- 
lamine-water system at 2.5 Mc/s. 
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to about 5°C and then the same measure- 
ments were carried out while the tempera- 
ture increased. No effects of hysteresis were 
observed between these two series of measure- 
ments within the accuracy of experiment. 
The measurements in the temperature range 
from room temperature (about 20°C) up to 
about 28°C were made only as the tempera- 
ture increased. The same measurements 
were checked three or four times keeping 
the temperature constant within the accuracy 
of +0.05°C and the mean values of the 
absorption and velocity were plotted against 
the temperature. 

For the ‘‘triethylamine-rich’’ layer, the 
received signal slightly above the critical 
temperature was so small because much of 
the sound energy was absorbed during the 
transmission through the ‘‘ water-rich’’ layer 
that the measurement of absorption in it was 
made difficult, especially at 2.5 Mc/s. 


Discussion 


84. 
The thermodynamic behaviour of triethyl- 
amine-water systems has been investigated 
by earlier workers‘ ©, and it was noticed that 
the system has a minimum critical tempera- 
ture of 18.4°C. By the Schlieren method 
used in the present work, it was observed 
that the liquid was not homogeneous especial- 
ly above 13°C, and the density fluctuation of 
part of the liquid was evident. This pheno- 
menon was very clear near the critical tem- 
perature and large clusters of greater density 
were observed to precipitate in various string- 
like shapes. Figs. 5 and 6 show the curves 
of absorption in db/cm. plotted against the 
temperature. These results give similar 
values of the velocity and absorption to those 
of previous workers? ®)® and it is evident 
that the sound absorption increases rapidly 
with increasing temperature below the critical 
solution temperature. : 

In order to make clear the actual me- 
chanism of absorption in binary liquid systems, 
some calculations have been done in terms of 
clusters associated with two components. 

It can be assumed that the molecules of 
the two components combine to form clusters 
of various sizes and of various compositions 
in the critical region and they are in equili- 
brium giving rise to inhomogeneous density 
in the system. Lucas” developed Stokes’ 
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theory of viscosity loss due to the inhomo- 
geneity of the liquid, and then Sette calculated 
its value with certain assumptions. Accord- 
ing to his estimate, it is found that the vis- 
cosity absorption as a consequence of hetero- 
geneity of the liquid in the critical region can 
have a certain importance at low frequencies, 
but is far too small to explain the observed 
absorption, at least at frequencies higher than 
a few megacycles. 

The scattering loss ase due to the inhomo- 
geneity of density in the liquid can be calcu- 
lated from the difference between the com- 
pressibilities of the clusters and the mother 
phase. An approximate calculation indicated 
that a@sc/f? should increase in proportion to 
f?.. The experiments, however, show asc/f” 
decreasing with the increasing of frequency 
and hence a large absorption due to scatter- 
ing appears improbable. Therefore, it is most 
plausible to ascribe the anomalous high absorp- 
tion to the relaxation phenomena predicted by 
earlier workers. 

In a relaxation phenomenon occurring with 
only two equilibrium states, the amplitude 
absorption coefficient @ is given by the fol- 
lowing expression,®) 


a=Af (1) 


1 = 
1+(f/fm)? ’ 


where f and fm are the frequencies of the 
ultrasonic waves and the relaxation pheno- 
menon respectively. A is a parameter which 
depends on the temperature of the liquid but 
does not change with the ultrasonic frequency. 
Equation (1) can be written as follows, 


F E (2) 
which shows that the relationship between 
a/f? and a should give a straight line of slope 
—1/fm?. fm can be estimated by this method. 
Sette estimated that the relaxation frequency 
in the triethylamine-water system lies in the 
range 2.5 to 30 Mc/s. at 15°C by this method. 

Table I gives the relaxation frequencies 
calculated from curves in Figs. 5 and 6. 
These values are shown in Fig. 7 in relation 
to the liquid temperature. From this, although 
only two ultrasonic frequencies were used in 
the present work, the relaxation frequency 
in triethylamine-water was found to lie in the 
range 1 to 6 Mc/s. The relaxation frequency 
decreases with increasing liquid temperature 
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Table I. 
Relaxation frequencies in triethylamine-water 
system. 
(25% by weight of amine) 
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Fig. 7. The variation of the relaxation frequency 
with temperature in the Triethylamine-water 
system. 


below the critical solution temperature. 

The above result was obtained using the 
assumption that a single relaxation frequency 
exists for the liquid. In the present experi- 
ment, however, the relaxation phenomenon 
is unlikely to occur with a single relaxation 
time because of the existence of various as- 
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sociations of the components, or of clusters 
of various sizes and compositions. It may be 
that clusters of many different sizes co-exist 
and therefore the relaxation times are as- 
sumed to be distributed about the main re- 
laxation time. In these mixtures, the total 
absorption by relaxation phenomena is given 
by summing up the absorptions over all re- 
laxation frequencies. When the distribution 
band of relaxation times is narrow, a simple 
calculation assuming a Gaussian distribution 
of relaxation times shows that the value of 
a/f? is given by the same equation as equa- 
tion (1) which involves only one single relaxa- 
tion time. It may be considered that the dis- 
tribution of relaxation times will change with 
changing liquid temperature and that the 
large absorption observed near the critical 
solution temperature depends mainly on the 
main relaxation frequency which depends on 
the liquid temperature. 

The author wishes to thank the British 
Council for the award of a scholarship enabl- 
ing him to carry out this research and Pro- 
fessor E. G. Richardson for suggesting the 
problem. 
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As the continuation of the work on copper pro- 
pionate monohydrate!), single crystals of copper-n- 
butyrate monohydrate, copper monochloroacetate 
monohydrate, and copper trichloroacetate mono- 
hydrate are examined by the method of electron 
paramagnetic resonance (EPR), at about 24 Gc/sec. 
and at room temperature. 

It was checked by the chemical analysis of Cu 
and H,O that these crystals have formulas 
Cu(CH;CH,CH,COO),:H,0, Cu(CH:,Cl1COO),-H,O, and 
Cu(CCl;COO),.-H2O, respectively. 


(a) Copper-n-butyrate monohydrate 

This crystal grows in the monoclinic system and 
in a colour of dark green. The unit-cell dimensions 
were determined by Iball?) as a=25.12 kx, b=14.65 
ku, c=26.79 kx and @=109.7°. Different crystals 
used for our investigation gave the same results 
within the experimental errors. 

The EPR showed that there exist seven inde- 
pendent magnetic units in this crystal. Spectrum 
of each unit is described by a spin-Hamiltonian 

S =98HS+D{S2—4S(S+1)} (1) 
with the effective spin S=1. The parameters for 
the seven units are almost the same and given by 
g)=2.40, g1 =2.04~2.10, and D=0.34cm-1. From 
this result of S=1, it is deduced that the magnetic 
unit in this crystal consists of a pair of Cut++ 
ions, namely of two formula units described as 
Cuz(CH;CH,CH,COO),-2H,O. Such constitution has 
been first discovered in copper acetate mono- 
hydrate®?). Afterwards, it was deduced in copper 
propionate monohydrate’). It was found that one 
of the seven units has its principal axis within the 
ac-plane and other six units reduce to three inde- 
pendent units having three units in their mirror 
positions with the ac-plane. Therefore, it was 
concluded, so far as the EPR spectra are concerned, 
there exist 16 independent Cu++ ions per unit cell. 
On the other hand, Iball concluded from his data 
of unit-cell dimensions that the unit cell contains 
32 formula units. These two results, however, are 


not contradictory, when it is taken into account 
that the crystallographically independent ions are 
not necessarily independent in magnetic behaviours. 
Similar situation occurs in copper acetate whose 
unit cell was determined by x-ray analysis to con- 
tain eight ions, while it was shown by EPR that 
only four of them are independent in magnetic 
behaviours. 


(b) Copper monochloroacetate monohydrate 

This crystal grows in shape of monoclinic system, 
though some possibilities of twinning are remained. 
Its colour is dark green. The examined crystals 
seem to have two independent Cu++ pairs, with 
other two in the mirror positions with the ac-plane. 
The EPR spectra are well explained by Eq. (1) 
with g),=2.38, g, =2.13, and D=0.359 cm7}. 
(c) Copper trichloroacetate monohydrate 

This crystal also grows in the monoclinic system 
and in a colour of light blue, as that of the copper 
sulfate pentahydrate. The dimensions of unit cell 
are a=22.5A, b=6.21A, e=9.8A and g=90°+1° 
(C3 or C$). The EPR spectrum shows only one 
resonance line at every direction of static magnetic 
field, which is well described by 


SI =98HS (2) 
with S=4 and g(2.44,, 2.10 and 2.05). The direc- 
tion giving the maximum g-value coincides with 
the b-axis. The half width of the resonance line 
is about 60 oer. independently of direction. From 
the results of the paramagnetic resonance, it is 
deduced, in this crystal, that one copper ion has 
no other copper ions in its nearest neighbours but 
only diamagnetic ions such as O-- or Cl-, as in 
the ordinary copper salts. 

More detailed reports will appear in this Journal. 
We wish to thank Drs. H. Iwasaki and S. Tamura 
for the x-ray and chemical analysis. 


References 
1) H. Abe: J. Phys. Soc. Japan 13 (1958) 987. 
2) J. Iball: Nature 159 (1947) 95. 


3) J. N. van Nieckerk and F. R. L. Schoening: 
Acta Cryst. 6 (1953) 227. 


118 


1961) 


J. PHys. Soc. JAPAN 16 (1961) 119 


Magnetic and Crystallographical Properties 
of Hexagonal Barium Mono-Ferrite, 
BaO-Fe.0; 


By Chisato OKAZAKI, Saburo Morr and 
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Among the mixed oxides belonging to the barium- 
iron oxide system, it was found that one new stable 
compound appeared as a single phase having the 
chemical composition of BaO-Fe,03, which had 
already been suggested in our previous report!). 
Here, we should like to report on the preliminary 
investigation on its magnetic and crystallographic 
properties. 

Magnetic measurements of this compound were 
carried out using an automatic recording magnetic 
balance. The paramagnetic susceptibility of this 
crystal at room temperature was 

Xe7r=7.6X10-6e.m.u./gr . 

where an aqueous solution of NiCl, was used as a 
reference. The results obtained from thermoma- 
gnetic measurements are shown in Fig. 1. In the 
high temperature range, the 1/x-7 curve is well 
described by the Curie-Weiss law, x=C/(T+8), 
where C=3.75xX10-%emu/gr-deg., 9=200°K. It 
may be concluded that this compound, BaO-Fe:03, 
is anti-ferromagnetic. To confirm it more defi- 
nitely, it is desirable to consider the arrangement 
of the magnetic ions in this crystal. 

It is reported that this compound may have a 
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Fig. 1. Curve of inverse susceptibility versus 


temperature for BaO-Fe:03. 
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tetragonal lattice!),2) by means of the indexing for 
its Debye-Scherrer patterns: the lattice constants 
calculated are a~6.0A, c~9.4A. If each unit cell 
contains four chemical formula units, the calculated 
density of this crystal may be about 6.0 gr-cm-3. 
On the other hand, the measured density was 
estimated as 4.70 gr-cm-3. This disagreement is so 
large that, it is impossible to give a reasonable 
explanation. Therefore, more precise study is 
needed. 

Fortunately, this compound has a rather low 
melting point (about 1450°C)2). So, we were able 
to prepare a small flake of single crystal by slow 
cooling from the molten phase. Laue photographs 
of this crystal did not show tetragonal symmetry 
but showed hexagonal holo-hedral symmetry, Den. 
Oscillation photographs and powder patterns were 
prepared using Fe-Ka and Co-Ka radiations. They 
indicated for the hexagonal sub-unit cell dimensions 
of this crystal, 

a=5.51A(xn),  c=8.44A, 

where » is an integer and may be 2 in the real 
lattice. There are 2 formula units in each sub-unit. 
The calculated density is 4.78gr-cm-3. If it is 
assumed that both barium and oxygen ions occupy 
the special positions in the lattice, the possible 
space group of this sub-unit cell is considered to 
be Dj, —P6s3/m me. 

If the lattice has a usual hexagonal close-packed 
skeleton with respect to large barium and oxygen 
ions, the lattice dimension along the a axis must be 
about 5.88A3), therefore, this crystal, BaO-Fe.0s, 
may have a non close-packed Ba—O skeleton sys- 
tem and may be of a new type. It may be 
considered that this crystal has a modified type of 
KFe,,0;7 which is known already as a anti-fer- 
romagnetic substance*), with respect to the ionic 
packing and magnetic coupling. 

In order to confirm the above speculative con- 
sideration, further systematic investigations on the 
crystal structure are now in progress and the results 
will be published later. 
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Electron Linear Accelerator as a Source 
of Intense Secondary Particle Beams 


By Kazuto OKAMOTO* 


Department of Physics, Tohoku 
University, Sendai 


(Received October 10, 1960) 


An electron linear accelerator produces a very 
intense electron beam. If this electron beam is 
used to produce secondary particles, their inten- 
sities are expected to be very high. In this note 
we investigate the efficiency of x meson production. 
We assume H)=760 MeV, J-=100uA (average). 

The electron beam must be converted into 7 rays. 
Therefore knowledge of the thickness dependence 
of the 7 yield is necessary. Energy loss of elec- 
trons passing through the target can be calculated 
by Heitler’s straggling theory!). One can then 
calculate the numbers of photons at varions thick- 
nesses using Schiff’s bermsstrahlung spectrum 
multiplied by the photon decay factor. The results 
for Pt are that the maximum appears at around 
1.5mm. Hence we assume this thickness. 

Production of x mesons is calculated as follows. 
The yield produced in the x converter of thickness 
dx due to a certain energy interval of bremsstrahl- 
ung, d¢/dk, is denoted as dY/dk. Then 

dY/dk=N(d¢/dk)odx , (alle) 
were WN is the number of atoms per cm? and o is 
a (7, ™) cross section. 

Assuming ¢=¢(k) exp (—2/X) and intergrating 

eq. (1) we obtain 


ve ni onde ibe set) var 
=NX[1—exp(-.xy] SAO ca (2) 


In the last equation we replaced the integral by 
the sum for convenience of numerical calculation. 
Eq. (2) can easily be evaluated if one uses the table 
of bremsstrahlung spectrum?). We assume that a 
m converter is Be of thickness 2cm. Assuming 
also that o(y, x) for Be is about 2.5 times that for 

| H and that n-/x+=1.5, and inserting necessary 
values, we get 


Y(nt)=2~3X101%n+/sec , C35) 
Y(n-)=3~5 x 10n—/sec . (Co) 
Ifithese mesons are analysed by a magnetic an- 


alyser which has a solid angle of 0.1%, we get 
« differential x yields at the target for experiment. 


6 x 10°x+/sec (4) 
1X 10&r-/sec (4/) 


* Visiting research associate of the Japan Society 
for the Promotion of Science. 


(T,=80+3 MeV) , 
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They agree fairly well with the experimental 
data?). If the area of the target is several tens of 
cm2, these values correspond to about >10* mesons/ 
sec/cm2, which is an order of magnitude higher than 
the present meson beams from synchrocyclotrons. 

If microwave of about 1300 MC is used for the 
electron linear accelerator, the average beam inten- 
sity could be increased up to 500uA~1mA. Such 
an electron linear accelerator would produce x 
meson beams which are two orders of magnitude 
stronger than the strongest x meson beams at pre- 
sent. 

Very recently the Stanford group carried out 
similar calculations for an electron linear acceler- 
ator of 25 Bev, 60uA?).5).6), Their conclusions are 
also that the linac can produce substantially high 
yields of x, K, » and ». Although the energies 
are quite different, that the two independent calcu- 
lations agree very well shows that an electron 
linear accelerator will be a powerful machine for 
producing very intense beams of secondary parti- 
cles. 

The background of the beams thus obtained is 
probably not large at large angles, so that for slow 
pions it is not serious. For fast pions emitted at 
forward angles it is serious, but can be eliminated 
by an RF mass separator. It shoud be pointed out 
here that a beam from a linac is sharply bunched 
into small groups, which greatly facilitates mass 
separation” or time of flight technique®). 

The author expresses his gratitude to Prof. M. 
Kimura for his hospitality during his stay at Toho- 
ku University. He is also indebted to Dr. Kitagaki 
and Dr. Torizuka for valuable discussions. He is 
especially grateful to Prof. W. K. H. Panofsky of 
Stanford University for kindness in sending him the 
results of recent calculations of Stanford. Finally 
he would like to thank the Japan Society for the 
Promotion of Science for the financial help. 
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A-Centers in Potassium Chloride Crystals 


By Kazuko KOJIMA and Noriko NISHIMAKI 
Osaka Women’s University, Osaka 
(Received October 24, 1960) 


Recently, the A-center in alkali halide crystals, 
‘which has not been received much attention since 
the first discovery by Petroff!), has become an ob- 
ject of active investigation?).3).4), We also report 
here some new experimental results on this center 
in KCl crystals. Single crystals used for experi- 
ments were grown out of reagent grade KCl by 
Kyropoulos method. Absorption measurements and 
optical bleaching were carried out with a Hitachi 
EPU-2 Spectrophotometer. The wavelength of F- 
light used for optical bleaching was chosen to be 
‘somewhat shorter than the peak wavelength of the 
F-band (520+5 my at —70°C, for example), because 
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Fig. 1. Temperature dependency of the growth- 
rate of the A-band during irradiation with F- 
light. 
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Fig. 2. Formation of the A’-band due to irradi- 
ation with F-light: (a) immediately after addi- 
tive coloration, (b) after 10 min irradiation with 
A=520 mp at —70°C, (6) after additional 1.5 hrs 


irradiation. All measurements were made at 


—70°C. 
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the A-band overlaps with the long-wavelength side 
of the F-band. 

Near room temperature, the A-band grows fairly 
rapidly with irradiation in the F-band. Its initial 
rate of growth, however, was almost the same at 
—30°C, 0°C, and +25°C (Fig. 1), and was about 
1/10 as that for the typical F>F’ conversion. 
This fact may be contrasted with the case of 
M-centers whose growth-rate is very sensitive to 
temperature’). Prolonged irradiation at +25°C 
causes the rise of the M-band and reduces again 
the A-band, while at —30°C the concentration of 
A-centers saturates and no M-centers appear at 
least within a time about three times as long as 
needed for the saturation of A-centers. 

Near —70°C, at the beginning of irradiation with 
F-light, F-centers go over preferentially to F'’- 
centers because the electron trapping cross section 
of an F-center is presumably larger than that of 
an A-center. Prolonged irradiation, however, seems 
to yield new centers which are supposed to be A’- 
centers from the following experiments: When a 
sample containing only F-centers is irradiated with 
Flight about 10 minutes at —70°C, no centers ap- 
pear other than F’/-centers (this can be confirmed 
by a recovery of the F-band upon warming to 
room temperature) (Fig. 2, curve 6). However, 
further irradiation in the #-band more than 1.5 
hours at —70°C changes the shape of the long- 
wavelength side of the F’’-band as shown in curve 
e of Fig. 2, without any observable change in the 
peak-height of the F-band. The A-band appears 
on warming this sample to room temperature. 
When a crystal corresponding to curve ¢ is irradi- 
ated with light in the vicinity of 850 my,it seems 
that the F’’-band decreases and another broad band 
appears which is extensively superposed on the 
F'’'-band. We observed also that when a crystal 
in the state ¢ is left in the dark at -—70°C, the 
F'’-band decreases gradually (whose half life time 
is about 1000 seconds at —70°C in accordance with 
Pick’s data®)), whereas the other centers are rela- 
tively stable and do not become unstable until 
—40°C. In addition, when a sample containing a 
large amount of A-centers is irradiated with F- 
light at —70°C, the F’’-band develops only weakly 
and the new band grows within 5 minutes at the 
expense of the A-band. These experiments sug- 
gest that the new center may be an A-center cap- 
tured another surplus electron, which we may term 
the A’-center. It should also be noted that A- 
centers decrease when the M-band is irradiated at 
room temperature in a sample containing a con- 
siderable amount of M-centers, and that scarcely 
no A-centers restore when we repeat irradiation in 
the F-band after most of the M-centers has been 
optically destroyed. 

Judging from the above experimental facts, we 


122 


may conclude that the A-center is a center pro- 
duced by trapping an electron at a certain lattice 
defect existing originally without involving diffusion 
of ions, unlike the case of M-centers which is now 
commonly believed to accompany diffusion of vacan- 
cies in their formation. Moreover, if the existence 
of A’-centers is the truth, the assumptions would 
become irrelevant such that the A-center may be 
a paired vacancy carrying an electron?), or a vacan- 
cy near a dislocation which has trapped an elec- 
tron®). Thus it seems more reasonable to assume 
that a sort of impurities existing from the first in 
crystals is responsible for the A-centers. 
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Quadrupole Coupling in ND; 
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The nuclear quadrupole coupling constant eQq 
(=—4.10 Mc/sec)!) at the position of the nitrogen 
nucleus in ND; is nearly equal to the eQq (= —4.0842 
Mc/sec)?) in NH3. When the electric field gradient 
q at the nitrogen nucleus is evaluated without re- 
spect to the effect of nuclear vibrations, field 
gradients in the two molecules have to take the 
same value. It may be obvious that the slight dif- 
ference between the values of eQq is attributed to 
the effect of nuclear vibrations on the field gradient. 

Now, the total field gradient q in ND; is divided 
into two parts, g=dn+qe, where qn and qe respec- 
tively mean the contributions to the field gradient 
from the nuclei and the electrons. However, it 
may be very difficult to take the effect of nuclear 
vibrations on gq, into account. Here the vibrational 
average has been evaluated only for qg,, on the 
assumption that the electron distribution near the 
nitrogen nucleus do not vary by small vibrations 
of the nuclei. In such a case, g, in ND3 would be 
equal to that in NH;. 

In the same way as the previous evaluation of 
the field gradient in NH;3), two approximate aver- 
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ages have been taken for gy. One is the average 
over the simple harmonic oscillation by using the 
following normal coodinates on the symmetric bend- 
ing mode y2(a1) (=749 cm—}), 
Q2=0.00402S;,+0.80996S2 , 


where S, and S_ respectively express normalized 
stretching and bending symmetry coordinates (as- 
suming the anharmonicity factor X=0.0867, so that 
the harmonic frequency w=814cm~1). The other 
is the average over the inversion doubling by 
using the results of Manning on ND34), as previ- 
ously shown in NH;3) (assuming A= —0.26). 


Table I. Calculated values of the nuclear part 
Qn Of the electric field gradient in ND3 and the 
nuclear quadrupole moment Q(N14). 


(1)* (a 
Qn (in au) —0.24492e***  —0.25173e 
Q(N!4) (in 10-26 cm?) 0.941 0.938 


* The value averaged over the simple harmo- 
nic oscillation. 

The value averaged over the 
doubling. 

*** @ is the protonic charge (=4.8022 x 10-10 esu). 


ak inversion. 


The results obtained are given in TableI. Here, 
for the value of q., the previous estimate by 
Kaplan’s wave function with configuration interac- 
tions among 13 states has been used (=—1.60973e 
au: e is the protonic charge)3). As seen in Table 
I, the value of the nuclear quadrupole moment 
Q(N!4) obtained from ND; is consistent with that 
obtained from NH; (=0.94x 10-26 cm2)3). This fact 
shows that the difference of eQq between ND; and 
NH; can be explained sufficiently by the above 
approximate calculation of the effect of nuclear 
vibrations. The value of Q(N!4) obtained above 
seems also to be supported by the value (~1x 10-26 
cm?) calculated from nuclear shell model under the 
L-S coupling, while a recent direct experimental 
value gives (1.60.7) x 10-26 cm? 5), 

The author wishes to express his appreciation 
to Prof. H. Narumi who suggested this problem 
and made helpful discussions. 
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Proton Resonance and Spin Quenching 
Effect in NiSO,-7H.O 


By Hiroshi NAGASAWA and Yuzo TomMono 
Department of Physics, University of Tokyo 
(Received November 18, 1960) 


In some paramagnetic salts, all the degeneracies 
in the spin state of a paramagnetic ion, which has 
even number of unpaired electrons, are completely 
lifted by the combined action of spin orbit coupling 
and crystalline electric field. The static suscepti- 
bility of these salts above room temperature is well 
-described by Curie-Weiss law. But as far as the 
line width of nuclear magnetic resonance is con- 
cerned, the polarization of the “quenched spin” 
plays an important role as a function of the applied 
magnetic field. Such an effect was generally studied 
by T. Moriya and Y. Obata. According to their 
theory, the line width of the nuclear resonance is 
expected to be proportional to H)o?+H,;? so long as 
the separation of initial splitting is larger than 
Zeeman energy, where Hy) and H; mean the external 
magnetic field and the low frequency part of the 
spin-spin interaction respectively. 

In this study the field dependence of second mo- 
ment of proton resonance was observed on powdered 
NiSO,-7H,O at room temperature. For a single 
crystal, paramagnetic resonance was observed by 
K. Ohno2). It has been found that the effect of 
paramagnetic ion on protons is comparatively 
smaller than that of the dipolar interaction between 
protons of the water molecules, which can be esti- 
mated by utilizing the line of ZnSO,-7H2O as a re- 
ference substance, because it is nearly identical in 
structure to NiSO,-7H,O. Their lattice parameter 
are shown in Table I. 


Table I.) 
a b c 
NiSO,-7H,O 11.86A 12.08 6.81 
ZnSO,-7H,O0 11.85 12.09 6.83 


Here it is assumed that the effect of paramagnetic 
ions is a small perturbation and the unperturbed 
line shape is equal to that of zinc complex. Ac- 
cording to this assumption, the absorption line of 
nickel complex is constructed from the line of zinc 
complex, of which each line element is broadened 
by the effect of the paramagnetic ions. So the 
shape function is written as follows, 


Gyiso4-7H20(H — Ho) 
= [Gr=s0.-rH20(H! = Ho) -fpara(H —H )dH’ i 


From this convolution, it is easily found that 


<(AH)Nis04 -7H20> — <(4H)ins0os -7H20> +<(4H)pare> ? 
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where Ga is the shape function of A, fpara is the 
influence function of paramagnetic ion which, ac- 
cording to Moriya and Obata, is expected to be of 
Lorentzian type as a result of exchange narrowing. 
Strictly speaking the second moment is not affected 
by the exchange narrowing”), and is not expected 
to have the field dependence of (Ho? +H;,?)?, but it 
is impossible to know the exact second moment 
from the observed derivative curve because of the 
finite range of the magnetic field. Therefore it is. 
estimated that the square root of the second mo- 
ment should be proportional to H)?+H,?. 


@ 
$5 
ie) 
Do 
Ss 
a 
£4 
we 
ale 
qd 
3 
Z 
] 5 ot NS me ea) 
—— Ho(k Q:) ee 
Fig. 1. The field dependence of the effective line 


width, which is obtained from the difference of 
the observed second moments of Ni and Zn 
complexes. 


The experimental result is shown in Fig. 1. The 
field dependence of the effective line width shown 
in the figure does not always agree to H)?+H,;?2. 
But this discrepancy can be understood by taking 
into account that the Zeeman energy becomes com- 
parable with the magnitude of initial splitting, and 
spin level separation varies appreciably from the 
initial value. This correction becomes important 
when external field is more than three thousands 
gauss. The solid curve shown in the figure is the 
result of the calculation considering this effect. 

The unexpected result from experiment is the 
order of magnitude in the internal field H;. The 
cause of the internal field discussed in the theory 
quoted above is the dipolar interaction between 
paramagnetic ions, but experimental result is about 
several ten times larger than the predicted value. 
The reason of this disagreement is not so certain, 
but it is expected that a sort of exchange inter- 
action such as Moriya-Dzialoshinski term contributes 
to the internal field. The contribution can be 
evaluated, according to Moriya’s mechanism»), by 
utilising the value of isotropic exchange interaction 
which is estimated from the observed susceptibility 
by T. Watanabe®. The result seems to be con- 
sistent with the observed value. 
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Electrical Properties of Sb-Doped 
n-Type SnSe 


By Jun-ichi UMEDA 


Department of Physics, Faculty of Science, 
Kyushu University, Fukuoka, Japan 


(Received November 4, 1960) 


The electrical resistivity o and Hall coefficient 
Rfof Sb-doped n-type SnSe single crystals were 
measured in the temperature range between 100°K 
and 700°K, and the effects of some heat-treatments 
on them were also investigated. 

Recently, Asanabe!) published a detailed report 


(cm3/coulomb ) 


Pp (Q-cm) 


Resistivity 


10! 


Hall coefficient R 


original 

quenched from 450°C 
omealed at 175°C for 145 tvs: 
quenched again from 450° 


a arm ta ae | aay 
Si. Ciel Che OME 
1oP7T (°K) 


Fig. 1. 


* Sn; Johnson Matthey and Co.. 
Smelting and Refining Co.. 
Chemical Co.. 


aaa ere 
4 


Se; American 
Sb; Yokosawa Pure 


Short Notes 


(Vol. 16, 


on the electrical properties of p-type SnSe single 
crystals, especially on the effects of heat-treatment 
on them. In his report the hole concentrations of 
those crystals at room temperature were increased 
by quenching from above 200°C and were decreased 
by annealing at below 200°C, whereas the Hall 
mobilities showed little change. He showed also 
that these behaviours could be explained if some 
acceptor levels were generated at high temperature 
and were frozen by the quenching, whereas they 
were annihilated at relatively low annealing tem- 
perature. It may be interesting to compare these 
behaviours with those of n-type SnSe. 

Single crystals of n-type specimens were obtained 
from the reaction Sno,9s+Se+Sbo,02* in an evacuated 
sealed quartz glass tube in the same method as 
described elsewhere!). The samples were cut in 
the rectangular form; their largest dimensions lay 
in c-plane. 

The measured Hall coefficient and resistivity of 
one of these -type specimens are shown in Fig. 1, 
in the three cases of heat treatment, i.e. a) original, 
b) annealed and c) quenched. Slopes of the curves 
of the Hall coefficient versus 1/7’ show the existence 
of two impurity levels below the conduction band 
by 0.16eV and 0.20eV. The effect of heat-treat- 
ment is found; that is, the carrier concentration 
increases by the quenching and decreases by the 
annealing. This behaviour is different from that 
expected from the results on p-type SnSe, and it 
is hardly understood on the model of the generation 
or annihilation of acceptors only. The similar 
behaviours have been reported on InAs, but they 
are different from those of SnSe, as the effect of 
the annealing on the carrier concentration of the 
InAs is reversed when »-type material is converted 
to p-type one?), 

These electrical behaviours of SnSe suggest that 
donor levels made by Sb-doping are annihilated by 
the annealing and are generated by the quenching 
in the same way as the acceptor levels in p-type 
SnSe. But this is inconsistent with the fact that 
mobility of Sb-doped p-type SnSe is decreased by 
the annealing. No consistent explanation on this 
point has been obtained. It is conceivable, how- 
ever, that some electrical properties of p- and n- 
type Sb-doped SnSe single crystals may be explained 
qualitatively by assuming simultaneous annihilation 
or generation of both acceptors and donors. 

The author should like to express his sincere 
thanks to the late Prof. A. Okazaki for kind guid- 
ance. He is also indebted to Mr. K. Hashimoto 
for valuable advices. 
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Change of Surface state of Ge by 
Electron Bomberdment 
By Kiichi KOMATSUBARA 
Hitachi Central Reserch Laboratory, Tokyo 
(Received November 16, 1960) 


Change of surface state of germanium by electron 


+H 
V-scale 10 pA/div. 


The change of 4Js~E curve due to the electron bombardment. 
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electron energy; 


Tol 
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bombardment has been studied by measuring the 


reverse current of a field effect change of pn 
junction. 


An alloy type p-n junction was prepared with 
30 ohm. c.m. N type Ge. The change curves of ths 
reverse current, Is, by the application of an electric 
field, H, verfical to the opposide surface of the 


alloying surface has been pictured on the oscillo- 
scope), 


before bombardment 


Is 48 pA 


after bombardment of 0.421015 electrons/c.m.2 


Isaacs nA 


1.761015 electrons/c.m.2 


Is 110pA 


4.2104 electrons/c.m.? 


Is 162pA 


H-scale 100 V/div. 


current density; 0.2 wA/c.m.? 


0,2 |wA/om® 


Fig. 2. The changes of surface po- 
tential by the electron irradiation of 
0.8 MeV from the electrostatic acce- 
lerator. 
sample: 
Ge. 
current density of irradiation. 


about 30 ohm. c.m. N type 


(or 
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V-scale 10 pA/div. 


The p-n junction was sealed in to a glass tube 
at 10-4mm Hg vacuum, and the Ge surface on the 
other side (f the p-n junction was mounted on 
a Ni electrode with a 0.1mm mica spacer placed in 
between. The germanium was bombarded through 
the nickel electrode with an electron beam of 
energy about 0.8 MeV and current density 0.2 yA 
after passing through the electrode. 

50 c/s A.C. voltage was applied on the nickel elec- 
trode for observing, then Js the changes in Js by 
the change of surface potential. 

In this case the contributing factor to the reverse 
current here is the generation recombination me- 
chanism of charged caraier on Ge surface2). With 
the dimension and the concentration of impurities 
of present sample, the following relationship exists 
between the variation of Js and that of surface 
recombination velocity, S:2 


dS/S=1.3dIs/Is . 


Therefore the variation in reverse current, Is, 
can be used as the measure of the variation in 
surface recombination velocity, s. 

As the total dosage of electron was increased, 
the value of # corresponding to the maximum 
value of S shifted toward more negative direction 
as shown in Fig. 1. 

From the value of # and of the capacity between 
the electrode and the Ge surface, the surface 
charge Qs was computed, and from this the surface 
potential, @s have been obtained. The relation be- 
tween the total dosage of bombarding electrons 
and the surface potential Ms in the absence of ex- 
ternal electric field is shown in Fig. 2. 

During the bombardment the S-H cvrve displayed 
curious phenomena which was shown in Fig. 3. 
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Fig. 3. The variation of a S H curve during the electron.bombardment. 
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Antiferromagnetic Magnetostriction 
in CoO and NiO Single Crystals 


By Takuré NAKAMICHI and Mikio YAMAMOTO 


Research Institute for Iron, Steel and Other 
Metals, Tohoku University, Sendar 


(Received September, 1960) 


In connection with the origin of the lattice 
deformation accompanied with the magnetic trans- 
formation in antiferromagnets, it may be important 
to investigate the nature and behavior of magneto- 
striction in those substances. Recently, Belov and 
Levitin!) reported briefly some magnetostrictive 
behavior of NiO polycrystals measured in magnetic 
field up to 14,000 Oe. We have made preliminary 
measurements on the antiferromagnetic magneto- 
striction of single crystals of CoO and NiO and 
obtained some interesting results. 

The crystal specimens employed are rounded 
square plates, 3mm thick and 13mm wide, with 
plate surfaces coinciding with the (100) plane, which 
were cut out, making use of the cleavage, from 
large crystals grown by Mr. Y. Nakazumi of Fuji 
Titanium Industrial Co. using the Verneuil method. 
They were submitted to the measurements without 
any treatment. Magnetostriction measurements by 
the strain gauge technique?) were performed at 
room and liquid air temperatures in magnetic field 
up to 11,000 Oe applied parallel to the (100) plate 
surface. 

The results obtained are summarized as follows: 


1961) 


(1) The longitudinal and transverse magnetostric- 
tions along the [100] and [110] directions vary 
monotonously with increasing field (Fig. 1). It se- 
ems that the measured magnetostrictions are pro- 
portinal to the square of the intensity of magnetic 
field, as contrasted to a linear increase of the 
magnetostriction beyond a distinct critical field as 
claimed by Belov and Levitin!) with NiO polycrys- 
tals. (2) The magnitude of longitudinal magneto- 
Striction is twice as large as that of the transverse 
one, and they have different signs, except the 
magnetostrictions along the [110] direction in CoO, 
for which the signs of longitudinal and transverse 
magnetostrictions are the same. (3) The magneto- 
Striction along the [100] direction is larger than 
that along the [110] direction. (4) The dependency 


xlo® 
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4 


fo 
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S) 


Ftetd, H (kOe) 


Fig. 1. Longitudinal and transverse_magnetostric- 
tions measured along the [100] direction in CoO 
single crystal at the liquid air temperature. 
Dashed lines follow the measured points in in- 
creasing and decreasing magnetic field and © 
and VV show the mean values of longitudinal 
and of transverse magnetostriction, respectively. 
Thick lines express the relation 4« H?. 
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Fig. 2. Magnetostriction along the [100] direction 
as dependent on the direction, g, of magnetic 
field of 10,200Oe applied parailel to the (001) 
plane in NiO single crystal at the liquid air tem- 
perature. The measured points for the clock- 
wise and anti-clockwise rotation of the field 
and their mean values are connected by dashed 
and thick lines, respectively. 
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of the magnetostriction on the direction of an ap- 
plied field is of the cos2¢ type, where @ is the 
angle between the direction of the magnetostriction 
measurement and that of an applied field (Fig. 2). 
(5) The magnitude of the magnetostriction observed 
in the maximum applied field is of the order of 
10-6 (Fig. 1 and 2). (6) For CoO single crystal, of 
which the Néel temperature is 279°K, the magneto- 
striction could not be observed at room temperature, 
showing that the magnetostriction observed here is 
certainly originated from antiferromagnetism. (7) 
The magnetostrictions along the [100] and [110] 
directions in CoO single crystal as well as those 
along the [100] direction in NiO single crystal are 
larger at the liquid air temperature than at room 
temperature, but the magnetostriction along the 
[110] direction in NiO single crystal is reverse in 
this respect. These are to be compared with Belov 
and Levitin’s!) finding that the magnetostriction in 
NiO polycrystal decreases monotonously with rais- 
ing temperature. (8) Small hysteresis of magneto- 
striction was observed when an applied field was 
decreased in magnitude or reversed in direction, 
which seems to be originated from an accidental 
thermal expansion. 

We may conclude from these measured results 
that the magnetostriction observed here is origi- 
nated from antiferromagnetism and make its 
appearance as a result of displacements of antifer- 
romagnetic domain walls. Notably, the above 
mentioned experimental facts (1)~(4), can be 
interpreted in terms of the concept of the antifer- 
romagnetic domain wall displacements proposed by 
Néel?). 
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The Purification of KCl by the Zone 
Refining Method 


By Morio INOUE and Hiroyuki MIZUNO 


Matsushita Electronics Corporation, Takatsuki 
(Received November 12, 1960) 


The zone melting method has proved to be an 
effective technique for the purifying and growing 
of single crystals of non-polar semi-conductors. 

Recently Griindig!, by applying this method for 
the purification of alkali halides, could give an es- 
timation of the binding energies of some divalent 
metal ions with positive ion vacancies in KCl and 
KBr. So far, however, the method has not been 
in common practice. 

This report is the first of a series concerning 
the behaviour of impurities in KCl when the KCl 
is subjected to the purifying zone melting process. 

The interior of the carbon boat containing KCl 
material was completely covered with thin platinum 
foil of 0.05 mm thickness in order to prevent ad- 
hesion of the KCl to the boat. The boat was moved 
with a speed of 1 to 100 mm/hour in the atmosphere 
of nitrogen through a furnace having a temperature 
distribution with a peak at its center. 

In the zone refining method an impurity distri- 
bution is given by”) 


C.=0{1-A-K)exe(-KF)], 2) 


l 


where C) is the initial concentration of an impurity, 
Cs; is the concentration at a distance x from the 
starting point of the melting zone, K is the effec- 
tive distribution coefficient and / is the zone length. 
Fig. 1 show the distributions of Br ions in a KCl 


Coz 4.6 x10" 


{KBr1/LKCII x 10° 
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Fig. 1. The distribution of Br- in KCi with the 
zone speed of 42 mm/hour. 
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crystal after zone refining is repeated m times. 
The moving speed of the zone is 42mm/hour. The 
solid curve for n=1 in Fig. 1 is a theoretical curve 
given by Eq. (1). The value of K is chosen to be 
0.75 to give the best fit to the experimental data 
for n=2 and n=3. Following the same procedures: 
the effective distribution coefficient of Na ions in 
KCl was also measured and found to be 0.1 for 
the zone speed of 42mm/hour. The concentration 
of Br ions was analysed® by the colorimetric method 
and that of Na ions by a spectroscopic method 
both with the probable error of +5%. The distri- 
bution coefficient is expected to depend to a con- 
siderable extent on the speed of the zone and 
therefore closer examination of the relation be- 
tween the distribution coefficient and the zone speed 
should be desirable. Moreover a similar study on 
the other impurities in a KCl single crystal is 
under investigation. The authors wish to thank 
the staff of the analysis section in their laboratory 
for the impurity analysis. 
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Heat Capacities of Two Manganese Salts* 


H. FORSTAT and G. O. TAYLOR 


Department of Physics and Astronomy Michigan. 
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Michigan, U.S.A. 


(Received August 31, 1960) 


During the course of some work on the antifer- 
romagnetic behavior of single crystals, heat capa- 
city studies have been made on MnSQ,-:4H;O and 
MnHPO,-3H,0. These single crystals were grown. 
from aqueous solutions at room temperature and 
they weighed approximately 2 grams. ‘The sulfate- 
crystals were monoclinic while the phosphate cry- 
stals were rhombic. The heat capacity measure- 
ments were made in an adiabatic calorimeter using 
carbon resistance thermometry?). 

Fig. 1 shows the results of these experiments. 
The data for MnHPO,-3H,0 shows no magnetic 
ordering process usually associated with an antifer- 
romagnetic-paramagnetic transition. Proton re- 
sonance data?) on this crystal did not indicate an 


* Supported by the Office of Ordnance Research, 
U. S. Army. 
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antiferromagnetic state. These heat capacity meas- 
urements indicate a Debye temperature of 28°K. In 
the case of the manganese sulphate crystal, the 
heat capacity curve shows a slight rise at the lowest 
temperature. Whether this represents the beginning 
of a magnetic transition or a Schottky type anomaly 
is difficult to say, since our experiment could not 
be performed below 1.3°K, Preliminary proton 
resonance work?) shows no evidence of a magnetic 
ordering process, but a more detailed examination 
in the low temperature region is in progress. 
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Fig. 1. Heat Capacities of MnSQ,-4H,O and 
MnHPO,-3H,0. 
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Excitation Function for the Reaction 
O(a, pn)F*® 


By Michiaki FURUKAWA and Shigeo TANAKA 


Institute for Nuclear Study, 
University of Tokyo, 
Tanashi-Machi, Tokyo 

(Received November 2, 1960) 


The energy dependence of cross sections for the 
reaction O1%(a, pn)F!8 has been determined for the 
alpha-particle energies up to 40MeV. The bom- 
bardments were performed with the external alpha- 
particle beam from the 160 cm INSJ variable energy 
cyclotron by means of a stacked-foil technique. 
The values of energy loss in target and in alumi- 
num absorber were taken from the compilation 
of Sternheimer (Phys. Rev. 115 (1959) 137). The 
beam was collected in a Faraday cup and the 
total charge of the beam was measured by a 100% 
feed-back type current integrator. In different ex- 
periments, the initial alpha-particle energies were 
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40.0 and 31.3MeV. Sodium carbonate (about 4 
mg/cm?) was used as an oxygen target. Sodium 
carbonate powder suspended in acetone containing 
a trace of polyvinylacetate (binder) was deposited 
onto a thin aluminum backing-foil by slow evapo- 
ration of acetone. And the target was dehydrated 
by heating in an oven before use. After the bom- 
bardment, the target foil was sandwiched by two. 
brass plates of sufficient thickness to stop the 
positrons, and the two 0.51 MeV y-rays were de- 
tected in coincidence with two (13 in. dia. x1 in. high): 
Nal scintillation counters positioned 180° from each 
other with respect to the source. After shorter- 
lived activities including Ct had decayed out, the: 
decay was followed for about 12 hours. The half-. 
life showed the literature value (112 min.) of F'8, 
The counting efficiency of the instrument was. 
calibrated hy an Na?2 standard source. 


=24 


{0 


(cm?) 


Section 


Cross 


-26 


10 


| 
Oe 20 25 30 35 40 
(Ea)iab. Mev 


Fig. 1. Excitation function for the reactiom 


O(a, pn)F18. 


The result is shown in Fig. 1, together with the 
energy spread in target foil and with the estimated 
error of the magnitude of cross section for some 
experimental points. The error in the magnitude 
of cross section is mainly due to inhomogeneity of 
target foil. It can be seen that F!8 is produced 
even below the threshould energy (23.2 MeV) of 
the (a, pn) reaction. This is not due to impuritie 
in target. It is thought that the deuteron emission 
is very important in this case. The threshold 
energy of the (a, d) reaction is 20.4 MeV. Further, 
the present result may give some informations. 
about the interference of F‘8 towards the activation 
studies in which oxide targets are used. 
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Mass Spectra of Baryons 


By Seitaro NAKAMURA and 
Ken KAWARABAYASHI 
Department of Physics, Facult of Science, 
University of Tokyo, Tokyo, Japan 
(Received December 3, 1960) 


Recently, one of the present authors (S.N.)!)—?) 
‘constructed a Hamiltonian for the strong interac- 
tion between baryons and mesons with the spin 0. 
All baryons are here considered to represent dif- 
ferent states of one particle, and among them a 
number of the Yukawa processes mediated by six- 
teen kinds of mesons (kaons, pions and D-mesons) 
are assumed. In order to specify baryons and 
mesons a new quantum number « charge is intro- 


Short Notes 


(Vol. 16, 


duced. (Q.x=+1 for nucleons and 2-particles, OrS0 
for S and A-particles, Q.=+1 for kaons, and Qx 
—0 for pions and D-mesons.) The concept of 
strangeness and hypercharge are not used. We 
use two orthogonal Euclidian spaces; one is the 
three dimentional «-charge space, and the other 
the three dimensional electric charge space, called 
N-space, which is identical with the M-space®) ex- 
cept its hypercharge assignment. The interaction 
Hamiltonian is assumed to be completely symme- 
tric in these speculated charge spaces; |x|, «3 and 
|N|, mg are conserved. In terms of such Hamilto- 
nian (9)-12) in the reference 1)), we would expect 
the same number of the mass correction terms for 
all baryons. By means of a perturbation calcula- 
tion to the lowest order, we obtain the following 
relations: 


1 1 r2 
Mz= Mo+-9°{3Ir+Ina+In* +9 Loot Flo 4 {3In+In0"} ; 


i il 12 
My Mot 9%3la+ Lent Ipt+ “9 Loot “9 to 14. {3Ic+ 107} , 


au 


1 1 N2 
Ms = My+9°{2lxw+2Ire+ Tap + 5 Ian t —[ por 4 {2TeatInxt len} , 


2, 


f 3 rab fe 
Maj=M+9?" 2lcwt+2Ina+ Igp+ Ip f — {3152+ Inx07} . 
2 2 [PeD 


Where Jz etc. in the expressions for Me etc. are 
the self energy terms of the lowest order derived 
from the respective channels F>3+L—-2. (1) is 
independent of the cut-off which we resort to in 
order to get a finite result. It is clear that the 
sign of the integrals Iz etc. depends on their 
coupling types. To know their gross behaviors, 
however, we have only to make clear the sign of 
the leading terms in the finite self energy terms 
which are obtained by means of the Feynman cut 
(a). 
For scalar mesons, 
OM=—f2/4n-3/8n-Mo log 22/Mo?: (s—s) 
0 M= + fo2/4n- Mo+(Mo/#)2-1/81- 22/Mo?: 
(v—v), (2) 
and for pseudoscalar mesons, 
0M=912/4n- Mo-1/8n log 22/Mo?: (ps—/ps) 
0 M=—g22/4n-Mo+3/8x-(Mo/«)2-22/Mo?: 
(pv— pv) 
OM=—g1g2?2/4n-Mo-(Mo/«)-1/2n- 22/Mo?: 
(ps—pv) (3) 
Here the interaction Lagrangians are taken as 
follows: 


Ls=fibbott fol) orpdup 
Lys=tgid7sbo+ilge/«)b7s1uPdu9 - 

If we assume that the parity of K-kaons and 
that of L-kaons are of the opposite sign, we could 
predict the mass splitting for baryons into the 
three groups —XYA—N. In fact, if we take 
Qron.KAn=tysfp OF 1, Orne. raz=izy or 75, then we 
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obtain Ma>Ms=Myn>My. In this case, the mass 
difference between the ¥ and the 4 particles can 
not be explained. 

If we take into account the hermiticity, either 
S or PS coupling will be cancelled in (12)-(13)), 
so that only V-A couplings are preferred. 

Lastly we mention that the mass splitting deriv- 
ed from the present considerations is of the right 
order of magnitude if we assume that M)~1000 MeV, 
g?/4n~1 and with the reasonable order of the cut- 
off. 
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Preferential Plastic Deformation in 
the Surface Region of Al and 
a-Fe Single Crystals 


By K6ji SUMINO and Mikio YAMAMOTO 


Research Institute for Iron, Steel and Other 
Metals, Tohoku University, Sendai 


(Received November 11, 1960) 


Although there are many evidences on the start 
of plastic deformation from the crystal surfacel) 
and on the higher density of dislocations near the 
surface than that in the interior of deformed 
crystal2), very few evidences!® are available on the 
difference in the proceeding of work-hardening in 
the surface region and in the interior, which has 
an important bearing on the theory of work-harden- 
ing of crystals. 

We have pursued this problem with aluminium 
single crystals. As shown in Fig. 1, the value of 
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Fig. 1. Stress-strain curves of an aluminium single 
crystal. In curves (a) and (b) the surface layers 
of 190 and of 150, in thickness were removed 
after the deformation of 3.38% and of 24.6% 
shear strain, respectively. 


flow stress at any stage of deformation is lowered 
by electrolytic polishing out of the surface region. 
It has been confirmed that the value of (c2—00)/ 
(«1—09) (oo is the critical shear stress, and o, and 
v2 are the flow stresses before and after the polish- 
ing out of the surface layer, respectively) decreases 
with an increase of the thickness of the polished- 
out surface layer, 4d, and attains to a smallest 
value of 0.5 at 4d=150—200,p for a relatively small 
deformation, while the (2—00)/(e1—0) value shifts 
to a larger value for larger deformation (its orien- 


indicate the advance of work-hardening in the sur- 
face region more than in the interior. This effect 
seems to be interpreted in terms of the easiness of 
the operation of the dislocation sources in the sur- 
face region, although a part of the effect may be 
attributed to the hindrance action of the surface 
film against the escape of dislocations to the surface. 


(a) (b) (c) 
Photo. 1. (111) Laue back-reflection spots taken 
from the same portion of a-Fe single crystal 
(a) before and (b) after deformation of 7.6% 
elongation, and (c) on removing the surface layer 
of 260 in thickness after the deformation. 


Furthermore, by observing the change in appear- 
ance of the back-reflection Laue spots with deform- 
ed a-iron single crystals (containing less than 0.01% 
C), we have obtained an evidence for the fact that 
the dislocation density is higher in the surface region 
more than in the interior upon the deformation. 
As is well known, in a-iron, there are strong in- 
teractions between dislocations and various impurity 
atoms resulting a high critical shear stress, so that 
the influence of surface oxide film may be very 
little. Photo. 1 shows that (111) back-reflection 
Laue spot of the same portion of a specimen changes 
from a spotty appearance to a very diffused one 
upon the deformation, but its spotty appearance 
comes back by removing the surface layer by elec- 
trolytic polishing. 

A theoretical explanation of such a preferential 
plastic deformation in the surface region of crystals 
will be presented elsewhere in the near furture. 
The authors thank to Prof. T. Suzuki for his sug- 
gestion of the present work and to Mr. K. Naka- 
jima for his help in X-ray observations. 
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Study on the Ordered Phases with Long Period in 
the Gold-Zine Alloy System 


I. Survey of Crystal Structures and Calorimetric Measurement 


By Hiroshi IWASAKI, Makoto HIRABAYASHI, Kunio FUJIWARA, 
Denjiro WATANABE and Shiro OGAWA 


J. Phys. Soc. Japan 15 (1960) 1771 
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OBITUARY NOTICE OF PROFESSOR 
SEIJI NAKAMURA 


Professor Seiji Nakamura, Honorary member of the Society, Emeritus Pro- 
fessor of the University of Tokyo and Member of the Japan Academy died in 
Tokyo on 18th July, 1960 at the age of ninety. By his death Japan has lost one 
of the great scholars who have made physics in Japan as it is today. 

He was born at Sabae-machi in Fukui Prefecture on 24th September, 1869 
as the fourth son of Masanori Nakamura and in his childhood he came up to 
Tokyo with his parents. In 1892, he was graduated from the College of Science 
of Tokyo Imperial University (now University of Tokyo) majoring in physics, 
after he had his preparatory education in the First Higher School. In 1895, he 
was appointed a Professor of the First Higher School, and in 1900 he was appointed 
an Assistant Professor in the College of Science of Tokyo Imperial University, his 
Alma Mater, where he conducted his researches under Professor Dr. Tanakadate. 

In 1903, he visited Europe to study optics and crystallography, and made an 
intensive research under Professor Dr. Voigt at the University of G6ttingen, 
Germany. In 1907, he was awarded a Doctor of Science by his thesis on Optics, 
and was promoted to professorship in Tokyo Imperial University in 1912. In 
1925, he was elected a member of the Japan Academy, and also acted as Dean 
of the Faculty of Science of the University for three years beginning in 1926, 
contributing much to the administration of the institution. At his retirement in 
1930, he was awarded an honorary title of Professor Emeritus. In the Academy, 
he also contributed to the promotion of science in Japan by issuing many papers 
at its regular meetings, and at the same time, he devoted his time to edit the 
History of Japanese Science before the Meiji Era which was one of the projects 
of the Academy. 

He is an experimental physicist, especially excellent in experimental tech- 
nique, obtained from his own abundant experiences. We can easily see his 
excellence in experiment by some of the remarks he made in his class at Tokyo 
Imperial University. Two examples of his hortative sayings are given here: 
“Don’t carry a microscope as you swing a cat by the scruff of the neck.” “In 
experiment an iron bank is not an iron bank; mind that it is like a jelly.” 

He had a special interest in the field of optical instruments, and endeavored 
to train the technical specialists in this field. It is not too much to say that 


all of the leading technicians of the optical instrument makers in Japan are 


II 


educated by him directly or indirectly. His research fields extended also to 
geophysics in general, but specially in geomagnetism, geodesy and seiches of 
Japanese lakes. And he had a very deep interest in such curious phenomena 
related to optics and to acoustics known from the olden times in Japan as, for 
example, mysterious lights on the seas (Shiranuhi) in Kyushu, Singing Dragon in 
Toshogu Shrine in Nikko, Magic Mirror, and the musical scales in Japan and 
China. 

His major achievements are his efforts in publishing great many books and 
articles and in promoting the education of physics in Japan. Furthermore, he 
was the foremost scholar who popularized the study of natural science for the 
younger people by devising new methods for it. Because of his contribution in 
education, he was awarded a national commendation as one of the Persons of 
Cultural Merits in 1953. 

He was lucid and illumitable by his character, and he had not only a profound 
ability for scholarship in Japanese, Chinese and European languages, but also 
wide interest in most of all the fields of art and natural sciences. He was very 
fond of journey, and after his retirement, he especially enjoyed his trips which 
covered every nook and corner of Japan. He loved Japan as he loved his own 
family, and desired the advent of the eternal peace on this world. 

He was survived by a son and a daughter. 
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Elastic and Inelastic Scattering of Protons from Carbon 


Nucleus from 6.5 to 16 Mev 


By Yukio NAGAHARA 
Physics Department, Yokohama National University, Minami-ku, Yokohama 
(Received May 11, 1960) 


Angular distributions and excitation functions of C12 (p, p) C2 (Q=0) 
and Cl? (p, p’) C* (Q=—4.43 Mev) reactions were investigated with 
the bombarding energy from 6.5 to 16 Mev and from 9.5 to 16 Mev, 
respectively, by the INS variable energy cyclotron. Though the angular 
distributions were found to vary gradually with energy, several distinct 
anomalies were observed. Especially, at T,—9.1 Mev, very sharp anomaly 
was found for the elastic scattering. Around T,=10.5 Mev, large anomaly 
of composite nature was found (which had been reported by Braid and 
Yntema), where the angular distributions of the elastic and inelastic 
scattering varied violently. Rather strong correlations were observed 
between the elastic and inelastic (Q=—4.43 Mev) scattering. Observed 
anomalies were found to be closely related to the levels of the compound 


nucleus N!}3, 


$1. Introduction 

Up to now, many investigations, both theo- 
retical and experimental, have been performed 
with regard to the elastic and inelastic scat- 
tering of nucleons from various nuclei. We 
will hereafter restrict our subjects to 1) the 
medium low energy region, e.g., from several 
Mev to about 20 Mev, and 2) the elastic 
scattering and the inelastic scattering leaving 
the target nucleus to the well resolved excited 
States. 

In the case of the medium weight nuclei, the 
‘elastic scattering shows the typical diffraction 
pattern and also shows the remarkably system- 
atic transient change, in the absolute values 
and in the angular distribution, from nucleus 
to nucleus”. These are considered to be the 
very feature of the optical model. As to the 
inelastic scattering, at least for the even-even 
nucleus and in the higher energy region (say, 
higher than 10 Mev), the angular distributions 
are shown to be well-fitted with the simple 
Born approximation calculation based on the 
surface direct process!)”. In several Mev 
region, the angular distributions are shown to 
become more flat and are believed to suggest 
the increase of the importance of the contri- 
bution via the compound process®. Also, the 
results of the angular correlation measure- 
ments are thought to be the support to these 
interpretation”. 

On the contrary to these comparatively clear 
situations, the scattering of nucleons from 


lighter nuclei have shown some complexity. 
At first, the elastic scattering showed the 
typical diffraction pattern, which would lead 
us to the understanding that the optical model 
had its validity. But, at the same time, it 
has been shown that the systematic regularities 
from nucleus to nucleus were not so distinct 
and also the energy dependence of the angular 
distribution was rather violent*. 

For the inelastic scattering, the situation is 
more complicated?):*»),»).”, For example in Ne*° 
(p, pb’) Ne?** (Q=—1.63 Mev), the experimental 
studies by K. Matsuda et al. have shown that 
the formerly obtained good fit of the theoretical 
result based on the surface direct process had 
to be thought as accidental. Here, it must 
be noted that for lighter nuclei, these energy 
regions may be the transient region from the 
resonance to the continum region and also the 
wave length of the incident nucleon is of the 
same order as the radius of the target nucleus. 

Many refined direct precess theories have 
been presented about the inelastic scattering of 
nucleons from nuclei®-'®». The proton-carbon 
system is treated as their examples most 
frequently. But, we can say that the scarcity 
of the experimental materials*®-** is fatal in 
order to clarify the situation. The object of 
our experimental study is to make a “map”, 
though rather crude, on the elastic and the 
inelastic scattering of protons from carbon 


nuclei. 
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§2. Apparatus 


The general feature of the experimental 
arrangement is shown in Fig. 1, schematically. 


1) Beam 

The 160cm synchro- and variable energy 
ordinary cyclotron of the Institute for the 
Nuclear Study (University of Tokyo) was used 
in the latter operation condition. Detailes of 
the design, construction and operation have 
been published elsewhere), so they will not 
be repeated here. 


Movable 
Detector 


nergy 
Measuring 
Device 


To Cyclo, 
via Focus 
Alminium Foit Changer For Energy Change 


Fig. 1. Schematic view of the experimental ar- 
rangement, 


Beam energy was varied with the interval 
of about 500 Kev by adjusting the machine 
parameters. Aluminium absorber foils were 
inserted between the focus magnet and the 
collimator, and then we could attain the fine 
variation of the beam energy. 

After passing through the target, beam was 
collected in the Faraday cup and the collected 
charge was measured by the precision current 
integrator. 

Beam energy was measured by the range 
measuring device outside the scattering cham- 
ber which comprised of an aluminium foil 
changer sandwitched between two ionization 
chambers. 


2) Scattering chamber 

The large scattering chamber, 100cm in 
diameter and 40cm in height, was used. As 
described in reference’, this chamber has 
thirty-three ports on its side wall to which 
many detectors can be attached simultane- 
ously. 
3) Target 

From 9.5 to 16 Mev, thin CH: foil was used. 
Its mean thickness was estimated to be 2.88 
mg/cm’ by weighing. Because of the degration 
of the foil caused by the proton irradiation, 
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CH, gas target was used in the later stage 
(from 6.5 to 9.7 Mev and at two energy in the 
higher energy region for the calibration of the 
absolute value). CH, gas of 99.9% purity was. 
filled in a gas target chamber, which was a 
brass cylinder of 90mm in diameter and had 
two side slits of about 20mm in breadth which. 
were sealed by 20 micron aluminium foils. 


4) Detectors and Electronics 

The scattered protons were detected by Nal 
(Tl) crystals of about 20x20x1.5mms, which. 
were slightly thicker than the maximum range 
of protons, to minimize the gamma-ray back- 
ground. As we have used so many detectors. 
simultaneously, we were obliged to abandon 
to attach any gamma-ray removing devices. 
(for example, proportional counters). 

In the case of CH: foil target, sixteen de- 
tectors were mounted to the ports of the: 
scattering chamber. The forward angle de- 
tectors (from 20° to 90°) were arranged with. 
the interval of 10° on the beam transmitting 
side and the backward ones were arranged. 
also with the interval of 10° (from 95° to 165°): 
on the beam reflecting side. One detector was. 
mounted on the turntable of the scattering 
chamber and was able to be rotate around the 
target freely. Its aim was to make up for the 
defects which might be caused by the fixedness 
of the main detectors. 

In the case of the gas target, fifteen detectors. 
were mounted on one side of the scattering 
chamber with the interval of 10° ranging from 
20° to 160°. The defining slits of rectangular: 
shape (5mm in width and 20mm in height): 
spaced 34cm apart were attached to the ports. 
of the scattering chamber. 

The signal pulses were fed to the plugboard 
in the counting room, where five of them were 
picked up and fed to five amplifier and pulse 
height analyzer systems, respectively. So, we 
could get the full angular distribution by 
changing the plug connection only four times, 
which economized the measuring time con- 
siderably and reduced the relative errors. All 
of these electronic equipments were designed 
and constructed in the Electronics Division of 
INS. 

The diameters of the circular apertures of 
these detectors were 3mm for 20° detector, 
oSmm for 30° to 50° detectors and 10mm for 
others. The aim of this design was to com- 
pensate the steep increase of the yields of the- 
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elastically scattered protons at forward angles 
and then to generally equalize the load to the 
succeeding stages. 


§3. Experimental Procedures 


The detectors were grouped into four sets, 
taking account of the yields and other measur- 
ing conditions. Each set included the 90° 
detector which served also as the monitor. 

A particular set of 30°, 60°, 90, 125°, (120° for 
gas target) and 155° (150° for gas target) de- 
tectors was extensively used for the investiga- 
tion of the excitation functions. By inspecting 
the obtained excitation functions, when some 
interesting features would be expected, then 
full observation for all angles was carried out. 
‘When the 90° detector’s counts showed diffe- 
rences larger than the statistical error from 
those of the other run at the same energy, 
that run was deserted and repeated again. In 
fact, this has seldom occurerd. 

The energy measurements were carried out 
when the coarse variation of beam energy had 
done. For the fine variation, only the thickness 
of the absorber foils used was recorded. 


§4. Possible Errors and Corrections 
1) Energy 


The INS cyclotron has an excellent beam 
energy stability. Moreover, the measuring 
time required was rather short. So, the 
fluctuation of beam energy might be very 
small. 

For the determination of the beam energy, 
the results of Bichsel, Mozley and Aron®? 
were used. As we have used the same ap- 
paratus and the same procedure at each time, 
the relative value of JT, (the proton energy 
at the center of the target) was expected to 
be accurate within +30 Kev. But, the absolute 
value of ZT» was estimated to be accurate 
within about --100 Kev. It has been reported 
that the energy spread at the half-maximum 
was about 0.5% at the outlet of the focus 
magnet. So, at the center of the target, 
the energy spread might be 1% or less. (It 
is expected to be somewhat larger when the 
aluminium absorber foils are used to lower 
the beam energy). 

2) Angle 

Accuracy of the angular position of the port 
of the scattering chamber is very good”, and 
the misalignment of the scattering chamber 
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to the beam collimator is +0.01° or less. Con- 
sidering the possible incorrectness in mounting 
the defining slit, the inaccuracy in angle was 
estimated to be at most +0.1° for the foil 
target, and +0.3° for the gas target. The 
other resposible factor to this inaccuracy was 
the one originated from the effectiveness of 
the collimator which was estimated to be 
=t()) pie 


3) Current 

The accuracy of the current integrator used 
was estimated to be 1.5% or less, including 
both the zero-point drift and the relative 
fluctuation. But, when using the gas target, 
multiple scattering correction for the escape 
of the beam out of the Faraday cup was esti- 
mated by the theory of Bethe”. Aluminium 
foils which sealed the gas target chamber 
were most responsible. They were only ap- 
preciable in the energy region lower than 10 
Mev and estimated to 8% at the lowest energy 
investigated. This correction might introduce 
about 2 to 3% error to the absolute value of 
the cross-section. 


Tp = 15.92 
@ab,= 60° 
i H 


C(2) C(O) 


C1) 
$ f 


Tp =15.97 \ 
@lab= 155° ‘ 


re) 20 40 60 volt 


Fig. 2. Examples of the publse height spectrum 
of the emitted particles. 


4) Backround subtraction 

As is shown in Fig. 2, in almost all the 
cases, background subtraction did not introduce 
any disturbing errors. The maximum and 
minimum background spectrums were as- 
sumed by extraporating from both sides and 
subtraction was performed. When the sub- 
traction error was larger than 15%, that data 
was deserted. 

5) Yield (CHs gas target) 

The gas pressure was pressure by Hg mano- 
meter and found to be substantially constant 
throughout (386mm Hg). The temperature 
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was also constant (20.0°C). The inaccuracy 
of the target density was estimated to be less 
than +1%. 

As for the G-factor, it was proved that all 
the higher order terms and also the effect of 
the finite beam width could be neglected”. 
Multiple scattering corrections on the G-factor 
were estimated and it was proved that they 
had some influences on the elastic scattering 
at forward angles for the lower energy region. 
Because of the difficulty in precise determina- 
tion of this correction factor, estimated factors 
were treated as errors. (This correction should 
not be neglected in the sharp cusp of the 
elastic scattering angular distribution. But, 
we had no way of correction owing to the 
coarseness of the measuring angles). 

6) Yield (CH2 foil target) 

In this case, the nonuniformity and the 
irradiation degradation of the target foil would 
have larger effects. So, to check the foil 
experiments, we measured the differential 
cross-sections of elastic and inelastic scattering 
by using CH, gas target at T,»=15.50 Mev, 
and 13.64 Mev, where both scatterings were 
expected to have the gradually varying features 
with energy. At both energies, it was found 
that the foil results would coincide to the gas 
results within at most +5% by multiplying a 
factor of 1.06, the origin of which might be 
attributed to the nonuniformity and the pos- 
sible inadequate mounting of the target foil. 


ao 
a2 P-Py @ng= 30° (mb/sterad) 


x 
2? 20, 
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© 2% 
°0% ©0°° amea 


Foi! No absorber 


Foil With absorber 


10 ? Tp (Mev) 15 


Fig. 3. Differential cross-sections of proton-hydro- 
gen scattering at @a»=30°. 


On the other hand, the effects of the de- 
gradation of the target were of more complex 
nature. In Fig. 3, the proton-hydrogen diffe- 
rential cross-sections at @,a»=30° obtained by 
our experiments are plotted, which show small 
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but regular bumps. (We have carried out our 
experiments from the higher energy side). 
It was found that these bumps corresponded 
to the presence of the absorber foils for 
lowering the beam energy. The origin of 
this phenomena might be attributed to the 
beam diverging effect of the absorber foils. 
By proton irradiation, the hydrogen atoms in 
the beam spot would be struck out or evaporat- 
ed, the rate of which would be larger than 
for carbon atoms owing to their smaller mass. 
So, on the presence of the foils, diverged beam 
would strike the wider (that is, newer) region 
and then result in the formation of the above- 
stated bumps. On the other hand, we could 
not find any correlation between the proton- 
carbon scattering yields and the bumps of 
the proton-hydrogen scattering yields. So, we 
concluded that the degradation effects would 
have not introduced serious error. 
Consequently, we have multiplied the results 
of the foil target experiment by a factor of 
1.06 throughout. The accompanied error were 
assumed to be +2% in the higher energy 
region, and 3% in the lower energy region. 


7) Absolute value of the cross-section 

In Fig. 3, the full line shows the straight 
line interpolation curve joining between the 
proton-proton scattering data at T7,=9.7 Mev, 
9.85 Mev?®) and 18.2 Mev?” at @rab=30°. Our 
values obtained by gas target are slightly 
smaller, but it can be said that good agreement 
exsists. 


8) Grouping of the errors 

Above mentioned errors were grouped into 
two. 

6: is the error which may distort the shapes 
of the angular distribution. It is the com- 
bination of the statistical error, background 
subtraction error, errors from the inaccuracy 
in angle and G-factor. 

02 is the error which, after combined with 
6:1, forms the error that may affects the shapes 
of the excitation function and the absolute 
value of the individual cross-section. It is the 
combination of the error in charge collection 
and its measurement and errors from the 
fluctuation in the properties of the target. 


§5. Results 


1) Representation in tables and graphs 
Absolute values (in the center of mass 
system) of the differential cross-section of the 
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elastic Scattering are tabulated in Table I, and 
those of the inelastic scattering are tabu- 
lated in Table II. 

Over-all view of the angular distributions 
are shown in Fig. 4a (elastic) and Fig. 4b (in- 
elastic), where some of our results are omitted 
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in order to make the figures clear-cut. 
Excitation functions at five angles are shown 
in Fig. 5 to 9 and in Fig. 11, including other 
author’s results. 
The integrated partial cross-section of the 
inelastic scattering are plotted in Fig. 10. 


Fig. 4. Angular distributions of the elastic and inelastic (Q=—4.43 Mev) scattering, 
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2) Self-consistency of our results 

The first check is done on the reproducibility 
of our results. The energy region ranging 
from 11.25 Mev to 10.60 Mev was doubly 
scanned in different days and both results 
were found to be quite consistent. 

The second check is on the smooth joining 
of CH: foil results and CH, gas results. As 
is shown in Fig. 5 to 9, it is quite apparent 
that the excitation functions join together 
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Fig. 5. Excitation functions of the elastic and 
inelastic scattering (Q=—4.43 Mey) at @an=30°. 
Notations; @ present results, A Peele, © Gibson 
et al., x Conzett, @ Burcham et al., (-] Fisher. 
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Fig. 6. Excitation functions of the elastic and 
inelastic scattering (Q=—4.43 Mev) at @a»=60°. 
Notations; see Fig. 5. 
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Fig. 7. Excitation functions of the elastic and 
inelastic scattering (Q= —4.43 Mev) at Oa»—90°. 
Notations; see Fig. 5. 


smoothly (for @Lab=125° and 155°, it must be 
take into consideration that the gas results 
are 120° and 150°, respectively). 

After all, we can conclude that our results 
are self-consistent. 

3) Comparison uith other experiments 

Referring to Fig. 5 to 10, it is quite obvious 
that our results are in good agreement with 
those of Peelle (Tp=14.0, 14.7, 15.2 and 15.6 
Mev) and of Conzett (T,»=12 Mev) in both the 
elastic and inelastic scattering’®:'”. 

Fisher’s results (T,=9.94 Mev) have no 
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Fig. 8. Excitation functions of the elastic and 
inelastic scattering (Q=—4.43 Mev) at @1a»=125° 
for T»>9.80 Mev and at 120° for T,)<9.65 Mev. 
Notations; see Fig. 5. 
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Fig. 9. Excitation functions of the elastic and 
inelastic scattering (Q=—4.43 Mey) at @ja»=155° 
for Ty,>9.80 Mev and at 150° for T,<9.65 Mev. 
Notations; see Fig. 5. 
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for the inelastic scattering (Q=—4.43 Mev). 
Notations; see Fig. 5. 
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counterpart in ours'®). For elastic scattering, 
his results most resembles to our 9.80 Mev 
run. As to the inelastic scattering, his angular 
distribution shape is quite similar to ours but 
the absolute values amount to only 0.6 times 
of ours. 


Ke Toa pane 
any (mr bitary scale ) 


90. ==> Q)5 
To 


Fig. 11. Behavior of the elastic scattering around 
Tipo eNViev= 


The angular distribution of the elastically 
scattered protons by Burcham et al. at Tp=9.5 
Mev”, shows rather good agreement with our 

»=9.5 Mev run, but their absolute values 
are larger than ours about a factor of 1.2. 

The results of the elastic scattering by 
Greenlees et al. at T»=—9.37 Mev” fall between 
our 9.29 Mev run and 9.26 Mev run. 

The results by Gibson et al. for the elastic 
scattering at T»=—9.58, 9.49 and 9.45 Mev’ 
are in good fit with ours. The inelastic scat- 
tering at T,»=9.58 Mev, however, shows rather 
large difference at backward angles. 
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As to the above-mentioned three cases, if 
we take into account of the uncertaintly in- 
volved both in beam energy and absolute. 
value, we can say that good agreement exists. 

Braid and Yntema2?) reported the existence. 
of the large anomaly around T»=10.8 Mev 
which occurs in our results around 7,=10.5. 
Mev. As the detailed report has not yet been 
available, further comparison will be post-- 
poned. 


6 Se ee ae ee 


120 


Fig. 12. Variation of the angular distribution 
shape of the elastic scattering with the proton 
energy. For detailes, see the top of paragraph 
4) of §V. 


4) Qualtative description of the results 

To clarify the variation of the angular 
distribution of the elastic scattering with 
energy, in Fig. 12, the angular band, where 
the differential cross-sections differ by less 
than some percent (say, 5%) from those at 
the Ist minimum, Ist maximum, 2nd minimum 
and 2nd miximum in the angular distribution 
curve, are drawn against T,, including those 
obtained by Peelle. From this figure, it seems 
reasonable to divide the whole energy region 
investigated into following four; T,>11.2, 
EES TSOP MOSS i521" eiavely ney ley. 
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For elastic scattering, the angular distribu- 
tion is of diffraction type and the positions of 
the Ist minimum and lst maximum are roughly 
constant. This means that the main feature 
of the elastic scattering is determined by the 
“shape” of the nucleus. Moreover, the pres- 
ence of the 2nd minimum seems to become 
stable for 7J»>15 Mev, but intermittent for 
Ty<15 Mev. This may suggest that some 
partial wave (e.g. /=3) becomes to participate 
to the reaction constantly for T,>15 Mev,,. 
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which may reflect the level structure of the 
compound nucleus N*. Excitation function 
show small anomaly around 15.1 Mev. 

The inelastic scattering for T»>15 Mev has 
a smooth U-type angular distribution with 
forward-backward asymmetry which was first 
discovered by Peelle. _o, (integrated partial 
cross-section) shows a small stagnation around 
15.1 Mev and monotone decrease with increas- 
ing energy. 

For T»<15 Mev, several anomalies are ob- 
served around 13 Mev. For 14.2>T7,>13.5, 
the positions of the lst minimum and maximum 
shift backward and the width of the angular 
band becomes broader. The excitation func- 
tions of the elastic scattering show small 
depression and, on the other hand, those of 
the inelastic scattering show small bump. 
Rather clear bump is seen in o. As will be 
seen later, this mutual compensating behavior 
of the elastic and inelastic scattering holds in 
every anomalous region. 

For 13.5>T7,>12.7, the diffraction pattern 
shifts forward and the excitation functions 
show rather sharp peak, for elastic scattering. 
On the other hand, the angular distribution 
of the inelastic scattering exhibits a strong 
forward-backward asymmetry; e.g., at T,»= 
13.21 Mey, the angular distribution is substan- 
tially flat for 0>90°. 

Fairly distinct anomaly accurs around 12.5 
Mev, where the inelastic scattering becomes 
large. Its angular distribution gradually 
recovers from the above-mentioned strong 
forward-backward asymmetry. 

For 12.0>Tp>11.2, the most remarkable 
feature is that the variations are fairly 
gradual. The inelastic scattering continues 
to go on towards the 90° symmetry shape 
and between 11.8 Mev and 11.2 Mey, appro- 
ximate 90° symmetry is established. 


De Lua ST, > 10 

Drastic variations occur. With decreasing 
energy, the diffraction pattern disappears, and 
the angular distribution of the inelastic scat- 
tering varies violently (Fig. 4a and 4b). o 
becomes very large (about 380mb) and has 
some structures. 


c) 10>T»>7 
At about 10 Mev, elastic scattering recovers 


the diffraction pattern and the inelastic scat- 
tering establishes another stable 90° symme- 
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trical shape, which was first observed by Gove 
and Stoddard at T»=7.26 Mev*® and later by 
Fisher!®, Burcham et al.2” and Gibson et al.”. 

Around T,=9.1 Mev, the elastic scattering 
shows very sharp anomaly. Its angular 
distribution shifts strongly forward and gives 
typical resonance-like excitation functions (see 
Fig. 11). 

For 8.9>T»>7.0, the elastic scattering varies 
slowly. Here, it must be noted that the 
behavior of the excitation functions strikingly 
resembles to those in the region above the 
10.5 Mev large anomaly at each angle. 


d)? Lyi 

This region is the higher energy side tail 
of 6.65 Mev broad anomaly which corresponds 
to the 8.08 Mev broad level of N'*. Here, it 
must also be noted that the behavior is quite 
similar to 10.5 Mev large anomaly. 


$6. Qualitative Discussions 


1) Correlation between elastic and inelastic 

scattering 

As is clear from the foregoing descriptions, 
there exist remarkable correlations between 
elastic and inelastic scattering. 

As already pointed out, the excitation func- 
tions of the inelastic scattering behave in 
compensating manner to those of the elastic 
scattering. This is one of the most striking 
features in the proton-carbon reaction in the 
energy region here investigated. In fact, in 
the similar experiments on O'*+)°, Ne2+)® 
and Mg**+p reactions” carried on at INS in 
the same energy region, no such marked cor- 
relations have not been found. The existence 
of this correlation may be attributed to the 
non-existence of the other open channel of 
large yield. 

Next, when the inelastic scattering cross- 
section shows a bump, the diffraction pattern 
of the elastic scattering shifts backward and 
grows shallower, as is most obviouse around 
Tr=13 Mev. This feature would lead us to 
remember the optical model interpretation in 
which the optical potential varies with proton 
energy. But, as will be seen in the next 
paragraph, this energy region rather belongs 
to the resonance region and also the obtained 
cross-sections are not the averaged ones. So, 
we cannot literally adopt the optical potential 
interpretation. 
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Table III. Resonance levels of the compound nucleus N}3 


C13 Nis 
Ez (Mev) IT (kev) Decay Tp (Mev) Ez (Mev) T’ (kev) Decay 

(8.33) 1000 n (6.65) (8.08) 
10.76 
10.94 9.1* 10.4* 150 (p, p) 
11.97 70 
12.21 140 10.5* 11.6* 700 ( 

A f Dp, p) and (p, Pp) 
12.24 140 group of 3(?) levels 
13.41 50 12.5* 13.5% 500 2 Y 
13.77 280 13.2* 14.2* 500 es Bee BA 
14.1 210 13.7* 14.6% 500 (p, p)<(p, p’) 
16.1 15.1* 15.9% | (p, p) and (p, p’) 


*s denote the new levels proposed by us. 


2) Comparison with C?+n system 

In Fig. 13, the excitation functions of the 
related reactions are drawn against the excita- 
tion energy of the compound nucleus C™ and 
N88 31). 

Striking similarity is found between curve d) 
and e), though d) is of o; and e) is of excitation 
functions at some angle. Moreover, curves 
e) and f) also correspond each other, and 
further, all the anomalies which were dis- 
covered in our experiment have their corres- 
ponding part in the reactions which pass 


— Ex 


Fig. 13. Excitation functions of the related reac- 
tions via the compound nucleus N%* and C8, 
Dotted lines—our results. Full lines—reproduced 
from reference 31). 


For other levels, see Ref. 31). 


through C#. Also, it is noted that the ex- 
citation function of pure reaction Be® (@, m) C 
shows the corresponding anomalies. 

Consequently, we can conclude that the 
discovered anomalies in C+ reaction are 
in close relation to the resonance levels of 
the compound nucleus N!*. Table III tabulates 
the newly found levels. But, as the beam 
energy resolution is of order of 1% (~=:100 
Kev) and also as any detailed analysis has not 
been made, the tabulated figures should not 
be considered to be decisive. 


3) Qualitative comparison with theory 


a) Inelastic scattering 

It may be a very interesting matter to in- 
vestigate how the various mechanisms of the 
direct process can explain the experimental 
evidences, especially in the energy regions 
which lie between the anomalies where the 
direct process could be expected to be pre- 
dominant. 

For Tpy>11 Mev, the results obtained by 
Levinson and Banerjee (shell model, volume 
direct), Glendinning (shell model, surface 
direct)! and Hayakawa and Yoshida (collec- 
tive model, surface direct)” can be compared 
with our results. They all show roughly good, 
though qualitative, agreement. Whether they 
can also explain the gradual variation with 
energy of the angular distribution or not, is 
one of the remaining problems. As to the 
total cross-section, the result of Levinson and 
Banerjee only is now available, which excel- 
lently reproduces the general trend of the 
experimental o:. (See Fig. 10). 

As to the other stable pattern of Fisher 
type (Tp<10 Mev), Fujimoto and Sasagawa*”) 
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has tried to realize it theoretically. More 
extensive studies are desired. 

Braid and Yntema”) investigated (p’, 7) 
angular correlation around the 10.5 Mev large 
anomaly and found that the symmetrical axis 
shifted away largely from the recoil nucleus 
direction, which might suggest either the 
predominancy of the compound process or the 
strong distortion of the proton wave in the 
direct process. Angular correlation measure- 
ments are now in progress at INS in several 
energy regions selected by the inspection of 
our results. 


b) Elastic scattering 

Many calculations have been performed on 
the elastic scattering of nucleons from light 
potential nuclei using the optical of various 
type. The common features are as follows; 1) 
they cannot obtain good fit for the backward 
angular distribution, 2) the imaginary part is 
large (say, 4 Mev for carbon). 

Now, in spite of the fact that our energy 
region is surely included in the resonance 
region, the averaged feature of the angular 
distribution roughly exhibits the diffraction 
type pattern (Fig. 12). This is the evidence 
advantageous to the optical model. The ap- 
proximate constancy of the positions of the lst 
minimum and maximum against the energy, 
may be attributed either to the long wave- 
length of the incident protons, or to the large 
diffuseness of the carbon nucleus. 

At the same time, however, it is to be noted 
that the individual angular distribution (that 
is, not averaged) has the diffraction type only 
in the off-anomaly regions. This fact suggest 
that the diffraction type elastic scattering, in 
the energy region here considered, may have 
its origin in the potential scattering in the old 
resonance theory. 

As to the large imaginary part, there seems 
to exist the possibility that it may be the 
reflection of the out-of-step application of the 
optical potential analysis on the individual 
angular distribution. Or, it may be the true 
reflection of the large yield of the inelastic 
scattering. 


c) Concluding remarks 

Almost all of the theories ever presented 
treat the elastic and the inelastic scattering 
separately. In other words, the reaction from 
the inelastic events on the elastic scattering 
is not explicitly formulated in them. 
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A. Bohr and Mottelson®® solved the elastic 
scattering of nucleon by properly taking ac- 
count of the reaction from the collective mode 
excitation, and Yoshida has succeeded to give 
general and compact formalism for the unified 
treatment of the elastic and inelastic events’? . 
He showed that 1) the reaction yield was dis- 
tributed among the elastic and inelastic events 
according to the degree of the matching of 
the wave functions of the various channels, 
2) giant anomaly could occur which was in- 
terpreted as the virtual trap of the incident 
nucleon in the surface interaction potential, 
3) the perturbation treatment was not a good 
approximation to the exact solution. So, his 
theory has many promising characters for the 
explanation of our results, where the large 
yield suggests that the lst excited state of 
C” is of collective nature*. 

If this theory can explain the experimental 
evidences, the level structure of the compound 
nucleus (C'® or N‘%) will also have the possi- 
bility to be interpreted based upon the picture 
in which the excited states are formed by the 
C core excitation and the single particle 
excitation of the extra nucleon in the potential 
formed by C’? core or its excited states**. This 
possibility has already been proposed by Reich 
et al. for the 6.4 and 6.9 Mev levels of N*#* 
as a doublet”. 
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24-min Ag!0%6 was produced by (n, 2n) reaction. 


New gamma rays of 


295, 450, 625, 883, 1045, 1190, 1398, 1525, 1730, 1880 and 2170 KeV were 


observed with scintillation gamma-ray spectrometer. 


These gamma rays 


were compared with those appearing in the decay of Rh1%, Rh1%m and 


Agi06m, 
light of the new beta-decay selection 


Introduction 


Sul 


24-min Ag!* has been known" to emit two 
components of positrons and one gamma ray. 
Recently the spin of this isotope was meas- 
ured?) by atomic-beam methods and found to 
be 7J=1. The excited levels of the daughter 
nucleus Pd! have been well investigated from 
the decay of 30-sec Rh'* which is produced 
by the decay of parent 1.0-year Ru!*®*® and 
also from the decay of 130-min Rh!" and 
8.3-day Ag%*™5 The spins of the low ex- 
cited levels were measured by gamma-gamma 
angular correlation measurement® and Coulomb 
excitation experiment”. The decay scheme 
proposed from these informations is shown 
in Fig. 1.9 Since 24-min. Ag'!® is now found 
to have the same spin as that of Rh‘, of 
which the decay involves many gamma rays 
as shown in Fig. 1, a rather complicated decay 
scheme could be expected also for 24-min. 
Ag’, The simple decay scheme known up 
to the present is contrary to this prediction. 
Therefore, it was thought worth while to 


Eiger 
from Ref. 8) 


Decay scheme for mass number 106 taken 


The beta transition to the second excited level was discussed in 


rule. 


undertake once again study of this isotope by 
using the scintillation techniques developed 
since the previous publication” appeared in 
1953. 


§2. Source Preparation 


24-min Ag!§ was induced by bombarding 
silver metal with fast neutrons in the INS 
cyclotron which were produced by the bom- 
bardment of a carbon target with 22-MeV 
deuteron beam. The silver metal was inserted 
behind the carbon piece. Hence, the reaction 
utilized was Ag?*°(n, 2n)Ag'®. Since the bom- 
bardment may induce also 8.3-day Agt6, 
2.3-min Ag’, 24.2-sec Ag'!? and 270-day 
Ag'™, the bombardment was done for twenty 
minutes and the measurement started ten 
minutes after the end of the bombardment. 


Sa. 

The gamma-ray spectrum was measured by 
means of three scintillation spectrometers. 
The first consisted of a cylindrical Nal(T1) 
crystal, 2-in. long and 1%/s-in. in diameter, 
coupled to an RCA 6342 photomultiplier, 
the second of a cylindrical Nal(Tl) crystal, 
3-in. long and 3-in. in diameter, coupled to a 
Dumont 6363 photomultiplier and the third 
of a cylindrical Nal(Tl) crystal, 4-in. long 
and 4-in. in diameter, coupled to a Dumont 
6364 photomultiplier. 


3.1 


Fig. 2 shows the single spectrum taken 
by a gamma-ray scintillation spectrometer 
with 4-in. Nal(Tl) crystal. In this case, the 
source was placed 10cm in distance from 
the front of the scintillation crystal, and 
the gamma rays were collimated by a Pb 
shield with a hole of 20-mm diameter. From 
this spectrum gamma rays of 295, 450, 


Gamma-Ray Scintillation Spectrometry 


Single Spectrum 
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510, 625, 883, 1045, 1190, 1398) 1525,..:1730, 
1880 and 2170KeV were noticed. Some of 
these peaks may be composite peaks. These 
gamma rayS were compared with those ap- 
pearing in the decay of Rh, Rhi%= and 
Ag'%™ (see Table I). The radiation caused 
by the annihilation of positrons in flight® may 
contribute to the pulse height distribution 
above 0.51 MeV. However, this effect was 


not found to change the main feature of the 
spectrum. 


\O45Kev 
| 190Kev 


SINGLE COUNTS 


6) 20 40 
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The decay of each peak was followed and 
found to have the same half-life of 24 min. 
within the experimental error, except 625 KeV 
peak. The latter peak had a fast component 
due to Ag!®. Decay curves were presented 
ine hig 3: 

In order to check the possibility of the sum 
peak or the pile-up peak, a Pb absorber of 
12.5mm thickness was placed between the 
source and the crystal. The counting rates 
Na and N; with and without the absorber were 


| 


80 Kev 
2170 Kev 


60 


~ PULSE HEIGHT (in VOLT) 
intillati -in. diameter 4-in. long Nal(Tl) crystal. 
Fi i -ray scintillation spectrum taken by 4-in. ) 
oi er fee re under part of the figure shows a theoretical absorption ratio N;/Na 
€ . . 
ith a Pb absorber of 12.5mm thickness where N, and N; are the counting rates with and 
dare the absorber, respectively. The circles are the experi-mental ratio N;/N.. 
Ww , 
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measured and the ratio Ni/Na was compared 
with the theoretical absorption curve. The 
comparison was shown in Fig. 2. Although 
we could notice a slight contribution of sum 
peak about at 1.05 MeV resulting from the 
strong 0.51 MeV peak, it was concluded that 
the spectrum was caused by genuin gamma 
rays. 


TIME (MINUTES) 


Fig. 3. Decay of scintillation spectrum. 
Each curve concerns the decay of pulse height 
indicated in Fig. 2. 


3.2 Coincidence Spectrum 

For the coincidence experiment a conven- 
tional slow coincidence circuit of 2t=1.lyus 
was used. The main and gate system used 
were a 1°/s-in. diameter 2-in. long Nal(T1) 
crystal with an RCA 6342 photomultiplier and 
a 3-in. diameter 3-in. long Nal(T1) crystal with 
a Dumont 6363 photomultiplier, respectively. 
Fig. 4 shows the coincidence spectrum with 
the reference gate set at 0.51 MeV gamma 
ray which presents both of the annihilation 
radiation and the 0.51 MeV gamma ray. The 
ratio of the true coincidence rate N:, to the 
accidental coincidence rate Nac is also plotted 
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in Fig. 4. A nearly constant ratio was ob- 
tained above 0.6 MeV. This fact means that 
the gamma rays of the energy higher than 
0.6 MeV has about the same genetic relation 
with that of the 0.51 MeV. 
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Fig. 4. Coincidence spectrum (—A—A—) with 
the reference gate set at 0-51 MeV peak. The 
spectrum in the right-hand side has an experi- 
mental set-up with a larger solid angle than 
that in the spectrum of the left hand-side. The. 
in-set in the under-part is the ratio N¢r/Nac, 
where N;,- and Nac are the counting rate of the- 
true coincidence and the accidental coincidence,. 
respectively. 


§4. Discussion and Conclusion 


As we can see in Table I, the gamma ra- 
diations which have been expected from the 
decay of Rh'*, Rh'™= and Ag!®™ were also 
found in the decay of Ag**, so that the con- 
tradiction mentioned in §1 disappears. 

In the recent study!” we had a new selection: 
rule on the beta transition from odd-odd nuclei 
which can be described as follows: In general, 
nuclei having the spin and parity of 1+, 2+ 
or 3+ is hindered to decay to the second 2+ 
level, while the decay to the first 2+ and to. 
the first or second 0+ level is allowed. There- 
fore, it is very interesting to study intensity 
relation of the beta transitions to 0+ and 2+ 
doublet at about 1.1 MeV excitation energy. 
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In the present case, the problem can be re- 
duced partly to the determination of the in- 
tensity of 625 KeV and 607 KeV gamma rays, 
which are emitted by 0+—2+ and 24+—2+4 
transitions. 


Table I. Gamma Rays in De-excitation of Pdiv6 


Parent Nucleus 


Rh = Rhit%em Agioem Agios 
Half Life 30s. 130 min 8.3d 24 min 
Spin and Parity 1+ = 6 jae 
Present 
Reference 3) 4) 5) Work i 
Gamma-Ray 
Energy (KeV) 
1 220 227 
2 295 
3 435 408 450 
4 bis 515 Biles 510 
5 619 610 624 625 
6 735 720 
if 820 805 
8 870 883 
9 940 
10 1040 1070 1045 1045 
11 TST 1131 
12 1205 225) 1205) spe 
13 130040 24662 72d 0308 
14 1540 1550 1530 1525 
15 1760 1760 1720 1730 
16 1860 1850 1880 
LG 1960 
18 2100 2090 atop aa 
19 2370 2260 


20 2660 2630 


Therefore, the pulse-height spectrum in the 
region of 510 KeV peak was carefully analysed. 
First, the Compton tail resulted from the 
gamma rays of higher energy than 625 KeV 
was subtracted. Then, the remained spectrum 
which is presented in Fig. 5 was compared 
with the 510KeV anihilation peak of Na” 
which was obtained by the subtraction of 
Compton tail of 1.28 MeV gamma ray. We 
can see clearly both of 450 KeV and 625 KeV 
peaks. The expected peak position of 607 KeV 
gamma ray was indicated by the arrow. From 
this analysis, we were lead to conclude that, 
if 607 KeV gamma ray exists, its intensity is 
weaker than that of 625 KeV gamma ray. 
This fact may suggest that the third beta 
component mainly consists of the decay to 
the 0+ level. It is consistent with the new 


beta-decay selection rule. 
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The author’s thanks are due to Drs. H. 
Morinaga and K. Sugiyama for the kindful 
collaboration for the bombardment of fast 
neutrons. 


| 510 Kev 


10 15 20 
PULSE HEIGHT IN VOLT 


Fig. 5. Analysis of the pulse-height spectrum in 
the region of 510 KeV peak. 

Open circles are the experimental points. 
The broad line is the pulse height spectrum of 
510 KeV annihilation radiation of Na?2 obtained 
by subtracting the tail of 1.28 MeV gamma ray. 
The expected peak position of 607 KeV gamma 
ray is indicated by the arrow. 


References 


1) W. L. Bendel, F. J. Shore, H. N. Brown and 
R. A. Becker: Phys. Rev. 90 (1953) 888. 

2) J.B. Reynolds, R. L. Christensen, D. R. Hamil- 
ton, W. M. Hooke and H. H. Stroke: Phys. 
Rev. 109 (1958) 465. W. B. Ewbank, L. L. 
Marino, W. A. Nierenberg, H. A. Shugart and 
H. B. Silsbee: Phys. Rev. 115 (1959) 614. 

3) D.E. Alburger and B. J. Toppel: Phys. Rev. 
100 (1955) 1357. B. Kahn and W. S. Lyon: 
Phys. Rev. 92 (1953) 902. 

4) S. Mayo and S. J. Nassiff: Phys. Rev. 111 
(1958) 1140. 

5) D.E. Alburger and B. J. Toppel: 
100 (1955) 1357. 


Phys. Rev. 


152 M. SaKal, H. IKEGAMI and T. YAMAZAKI (Vol. 16, 


Research Council). 
9). Jel Bae Gerhart: ABC: Carlson and R. Sherr: 
Phys. Rev. 94 (1954) 917. 


10) M. Sakai: Report of the Institute for Nuclear 
Study INSJ-19 July 1, 1959. 


6) E.D. Klema and F. K. McGrown: 
92 (1953) 1469. 

7) F.K. McGowan: Proceeding of the Paris Con- 
ference 225, Dunod, Paris, 1959. 

8) K. Way et al.: Nuclear Data Cards (National 


Phys. Rev. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 16, No. 2, FEBRUARY, 1961 


Counting Efficiency of Gamma Rays in Counter Tubes 


By Tatsusaburo SUZUKI and Jiro YUHARA 


First Research and Development Center Technical Research and 
Development H. Q., Japan Defense Agency, Tokyo 


(Received September 6, 1960) 


The counting efficiency of gamma rays in cylindrical counters and end- 
window counters is examined by means of a very thin sheet and a colli- 
mated fine pencil beam of gamma rays. The distribution of the number 
of gamma rays emitted from the thin slit is measured by means of a end- 
window counter or by the effect of the fine anode wire of the cylindrical 
counter. When the plane of thin sheet of gamma rays reaching from 
side to a cylindrical counter is parallel to the axis, the counting efficiency 
registers a maximum value at the position where the sheet of gamma 
rays is in contact with the inner surface of the counter, and a smaller 
value near the central wire, but when the pencil beam of gamma rays is 
parallel to the anode wire and the gamma rays entering the counter 
through the end-window plate, the counting efficiency gives a maximum 
value at the anode wire and the inner surface of the counter. An average 
efficiency for a sheet of gamma rays which are in a plane perpendicular 


to the counter axis is also investigated. 


Introduction 


Si 

Investigations have been performed on the 
counting efficiency near the ends of the 
counter’”), In the present work the collimated 
gamma rays (energy 0.662 MeV) are used to 
study the efficiency of the central portion of 
cylindrical counters and the variation of efhi- 
ciency with distance from the anode wire in 
the end-window counters. 

Because the range of the Compton-electrons 
or photo-electrons emitted by the interaction of 
0.662 MeV gamma ray is greater than that by 
soft X-rays, many electrons from counter wall 
and anode wire can enter the counter. There- 
fore, the counting efficiency mainly depends 
upon the number of Compton-electrons or 
photoelectrons emitted from the counter wall. 
A sheet of gamma rays emitted from a slit, 
0.25 mm wide and 8mm long, and a fine pen- 
cil beam (lmmx1lmm) of gamma rays are 


used to study the variation of the efficiency 
with the distance between the gamma sheet. 
the anode wire and or the distance between 
the anode wire and the fine gamma _ pencil 
beam. Using this method, the efficiency of 
the Geiger counter was compared with that 
of the proportional counter. 


§2. Experimental Arrangements and Proced-: 
ures 


This experiment was counducted by using 
a stainless steel flow counter (radius of the 
anode wire 7w=0.025mm, external radius. 
7e=30 mm, internal radius v-=25 mm) and end- 
window counters (TGC-2 type 7.=18.5mm, 
7e=16.5mm, TEN GM 132 type 7.-=22.7 mm, 
7ve=10mm and halogen quenched philips 18514 
type 7-=15.1mm, 7-=13.0 mm) as shown Fig. 
Dk 


A Cs" source which emits homogeneous. 
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gamma rays (energy 0.662 MeV) was used, the 
intensity being 2 curie. The CsCl gamma 
source is put into the cylindrical container 
4mm in diameter and 4mm in length. The 
source is embedded in a lead collimating ar- 
rangement as shown in Fig. 2a and 2b. 

The radiation from the source passes through 
an opening 8mm in diameter and 200mm in 
depth and a narrow channel (0.25mm wide, 
8mm long and 100mm deep) or a fine hole 
(1mmx1mm and 100mm deep). Thus homo- 
geneous gamma rays parallel or perpendicular 


halogen quenched 


eS bale 
Pecee ee Philips 18514 type 


TEN GM-I32 type 


Central Cathode 


wire 


End-window counters 


(_ 


Cylindrical stainless steel 
flow counter 


Counters. 


Bigad: 


Icounter 
motion 


37, 
Cs gamma _ ray 
source 


Fig. 2a. Experimental arrangement for collimated 
gamma rays. 


Lead blocks 


Counter 


tapered slit 


Counter and’ 
| motion 


C$’ gamma ray source 0,25 x 8mm*tanwed alt 
Siti 


Fig. 2b. Experimental arrangement for measur- 
ing distribution of gamma rays from slit along 
its 8mm length. 
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to the axis of the counter pass through the 
counter. The counter can be displaced ac- 
curately by the screw shown in Fig. 2a and 
we can measure the counting efficiency and 
the distribution of the number of gamma 
rays. The counting rate is measured at each 
position of the counter with a standard devia- 
tion less than a few percent. 


§3. Experimental Results 


For the purpose of measuring the intrinsic 
efficiency of the central portion of the cylindri- 
cal proportional counter for 0.662 MeV gamma 


tainless steel flow counter 


S 
Counter Counter 
gas ~~ Wp motion 


Gamma ray sheet 


a 


PR gas - 
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Senna 
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Fig. 3a. Variation of counting efficiency and 


counting rate with distance between central 
wire and gamma ray sheet. (Stainless steel 
flow counter) 
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Fig. 3b. Variations of counting efficiency and 
counting rate with distance between central 
wire and gamma ray sheet. 
counters) 


(End-window 
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rays, the counting rates for gamma rays 
emitted from a 1mec standard gamma source 
and enter the cylindrical counter through a 
lead hole (20mmx20mm or 20mmx40mm) 
are measured. The counting rates for 7.08 x 
10¢ and 1.416105 gamma ray quanta per 
minute which enter the counter are 358.7 and 
702.6cpm respectively. Thus the intrinsic 
counting efficiency of the central portion of 
the counter for 0.662 MeV gamma ray is 
0.0050. The total number of gamma rays 
emitted from the thin slit per unit time is 
determined from the counting efficiency and 
the counting rate near the anode wire. The 
total number of gamma rays thus obtained 
is 9.12x10° gamma photons per minute. 

The variation of counting rate with dis- 
tance between the anode wire and the sheet 
of gamma rays is measured as shown in Fig. 
2a. In this experiment, PR gas (90% argon 
and 10% methane) and Q gas (99% helium 
and 1% isobutane) were used in the same 
stainless steel flow counter. The experimental 
data for stainless steel flow counter is as 
shown in Fig. 3a, and those for end-window 
counters are as shown in Fig. 3b. Since the 
number of gamma rays crossing the counter 
per unit time is obtained as described above, 
the counting efficiency of gamma rays at each 
position is determined from the counting rate 
and the number of gamma rays passing 
through the counter per unit time. The 
counting efficiencies thus determined are also 
shown in Fig. 3a and Fig. 3b (left scale). 

In this case the counting efficiency mainly 


Stainless steel flow’ counter 
Counter ds 
gas > Wi mofion 
Gamma _ ray sheet 
x! cpm 
20 600 
E 500 
5 400 
Cc 
E10 300 
3 200 
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a2 0 i 


a Se I 
-04 -02 OF 02 F004 
Distance from center of slit (mm) 


Fig. 4. Counting rate due to the electrons emit- 
ted from central wire which can show the 
distribution of number of gamma rays along 
0.25 mm slit width. 
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depends on the number of Compton-electrons 
and photoelectrons emitted into the counter 
gas from the wall material per unit time. 
The smaller the angle between the inner sur- 
face of the counter and the sheet of gamma 
rays, more electrons are emitted into the 
counter. Thus each counting efficiency curve 
gives two maximum values at the position 
where the sheet of gamma rays is in contact 
with the inner surface of the counter. The 
increased counting efficiency due to the 
anode wire in efficiency curve in Fig. 3a is 
shown in Fig. 4. This curve can show the 
distribution of gamma rays along 0.25mm 
width. When the stainless steel counter is 
used as a flow counter, the counting efficiency 
of gamma rays depends on the atomic number 
of the gas, in view of their absorption coeffi- 
cient. The difference of counting efficiency 
in proportional and Geiger counters at the 
same position depends on the traveling dis- 
tance of the gamma rays in the counter gas. 
This gives maximum values at the central 
wire, and almost zero at the position where 
the sheet of gamma rays comes in contact 
with the inner surface of the counter as shown 
in Fig. 3a, 

When a fine pencil beam of gamma rays is 
parallel to the axis of an end window counter 


End-window counter 


Gamma _ ray 
ia beam 


motion 


Halogen quenched 
Philips 18514 ty 
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Fig. 5. Variations of counting efficiency with dis- 
tance between central wire and center of gam- 
ma ray pencil ‘beam. (End-window counter) 
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the efficiency gives three maximum values as 
shown in Fig. 5. In this case the counting 
efficiency registers a large value at the central 
wire of the counter because the fine beam is 
parallel to the anode wire and a great number 
of Compton-electrons and photoelectrons are 
emitted from both anode wire and the glass 
bead attached to the end of the wire. 

For the purpose of measuring the counting 
efficiency for collimated gamma ray sheet 
end-window Geiger counters along their axes, 
the counters are moved in a direction of their 
axes as is Shown in Fig. 6. The experimental 
results are as shown in Fig. 6. 

The distribution of the number of gamma 
ray sheet from the slit along its 8mm length 
is determined from the number of gamma 
rays per unit time and the counting rate 
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Fig. 6. Counting efficiency for collimated gamma 
ray sheet moved parallel to the axis of end 
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which is measured as shown in Fig. 2b. The 
experimental data obtained is as shown in 
Thige 7s 

To measure the average counting efficiency 
or the counting rate for gamma rays whose 
distribution is as shown in Fig. 7., the counter 
is moved in the plane of gamma ray sheet. 
This arrangement is shown in Fig. 8. Fig. 8 
also shows the observed counting rate (scale 


End-window counter 


\ 


Gamma ray sheet 


Counter 
motion 


© observed value 


7,000 -e calculated value 08 
32 
6,000] o7~ 
2 3 
2 5000)- eee 
055 
4000 a: 
a 04 2 
2 = 
¢ 0 033 
82000 if 
7 o2 & 
1,000 0.1 $ 
ole f°) 


-10 (0) 10 


ee 


Distance between center of gamma vay sheet & cen‘ral wire (mm) 


20 


Fig. 8. Variation of counting rate or average 
counting efficiency for collimated gamma ray 
sheet whose distribution is shown in Fig. 7. 
(TGC-2 type counter) 
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left) or the average counting efficiency (scale 
right). This result can be also obtained from 
the counting efficiency shown in Fig. 3b and 
the distribution of number of gamma rays in 
Fig. 7. If the counting efficiency shown in 
Fig. 3b is represented by (rv) and photons 
per unit length per unit time shown in Fig. 
7 is represented by D(x), where yr is the dis- 
tance from the central wire and x is the dis- 
tance from the center of the slit, the counting 
rate C(7) at 7» can be formularized as > 


Clr) =|" D®E(o+x)de . 


The numerical integration is calculated from 
Fig. 3b and Fig. 7, and is compared with the 
observed counting rate as shown in Fig. 8. 

When the distribution of the number of 
gamma rays is uniform as shown in Fig. 9, 
the average efficiency has two maximum 
values at the positions separated at 2R—lIs 
distance if the length of slit /; is shorter than 
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the inner diameter 2R of the counter, but the 
average efficiency gives only one maximum 
value at the center as shown in Fig. 9 if the 
length of slit is equal or larger than the in- 
ner diameter. 


§4. Conclusion 


It is important to know that the counting 
efficiency gives variation to positions when 
counters are used to measure gamma rays, 
and especially when they are collimated. The 
distribution of the number of gamma rays. 
emitted from a thin slit can be measured by 
means of the increased local counting efficiency 
due to the anode wire of the counter. 
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Angular distributions for the N14(d, p)N'® reaction were investigated at 
nine deuteron energies ranging from 1.5 to 3.2 MeV. Measurements 
were carried out in the angular range from 0 to 165 degrees at intervals 
of 15 degrees. The results for the N14(d, p N15 ground state reaction 
showed generally a forward peak, as was expected from deuteron strip- 
ping, and a considerable rise in backward directions. These experimental 
data were analyzed with the heavy particle stripping theory and para- 
meters adjusted to get a best fit were obtained. 

With the exception at forward directions, the main feature of angular 
distributions was found to be very similar to that for the Nt4(d, 1)O18 
ground state reaction, which is the mirror reaction, at the same deuteron 
energies. At forward directions proton yields from the N?4(d, p)N 
reaction were substantially larger than neutron yields from the N‘4(d, 
n)O' reaction. 

Angular distributions for the first excited doublet state reaction were 
found to be nearly isotropic, but a slight peak was observed at about 
60 degrees similarly at all deuteron energies. 

Total cross sections for both state reactions were also estimated. 
Excitation functions for the Ni#@, p)N'® and N4(d,7)O% ground state 
reactions showed similar behavior, having some resonance-like structures. 


Introduction 


$1. 


In our previous work”, angular distributions 
and absolute cross sections for the N‘*(d, ”)O" 
ground state reaction have been investigated 
at seven deuteron energies from 1.5 to 2.9 
MeV. It has been found that the main fea- 
ture of the angular distributions is a strong 
forward peak attributed to deuteron stripping 
with /»>=1 and a remarkable rise in backward 
directions. The neutron yields at backward 
directions varied considerably with the deuteron 
energy and at 1.96 MeV it reached the value 
of almost three times as that of the forward 
maximum. Retz-Schmidt and Weil?) have 
made the same measurements at the energy 
range of deuterons from 0.91 to 5.27MeV 
with larger energy intervals and obtained the 
similar results. It is considered, therefore, to 
be worthwhile to investigate the angular 
distributions for the N'(d, p)N reaction and 
to compare them with these for the N“(d, 
n)O** reaction, which is the mirror reaction 
to the former, at the same bombarding ener- 
gies. Such comparison will be useful for the 
investigation of reaction mechanisms of deuter- 
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on induced reactions in this energy region. 
The present investigation was undertaken to 
measure total cross sections and angular 
distributions for the N‘'*(d, p)N* ground state 
and first excited 5.28 and 5.31 MeV doublet 
state reactions at nine deuteron energies rang- 
ing from 1.5 to 3.2 MeV. 

Up to present, the angular distributions for 
this reaction have been investigated by many 
authors at deuteron energies from 5 to 20 
MeV, that is, by Gibson and Thomas at 7.89 
MeV®, Eby at 11.9MeV”, Green and Middle- 
ton at 9MeV*, Warburton and McGruer at 
14.8 MeV®, and Morita et al. at 16MeV”. 
The results for the N'*(d, p)N* ground state 
and 6.33 MeV state reactions which were ob- 
tained by these authors could be fitted qualita- 
tively by means of deuteron stripping with 
In=1. As for the 5.28 and 5.31 MeV doublet 
state reaction, the obtained results are contra- 
dictory to each other. Gibson and Thomas 
have obtained the roughly isotropic distribution 
indicating that the deuteron stripping did not 
contribute to any appreciable extent, while 
Eby has reported the anisotropic distribution 
showing a forward maximum. Unlike to 
their results, the angular distribution obtained 
by Green and Middleton had a broad maximum 
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at about 50 degrees in consistent with the 
fact that one of the doublet was formed by 
deuteron stripping with /,=2 and the other 
was probably isotropic. 

Many measurements have also been accumu- 
lated at deuteron energies below one MeV. 
At 400, 500 and 600keV, Jongerius et al.® 
have observed angular distributions for the 
ground state reaction which have appreciable 
forward maximum and a slight backward rise. 
Then, they have concluded that deuteron 
stripping seems to take place considerably in 
addition to compound nucleus formation at 
such lower deuteron energies as mentioned 
above. Booth eft al.” have made the same 
investigations at 595, 805 and 990keV and 
found the angular distributions, contradicting 
to those of Jongerius et al., which were rather 
symmetrical about 90 degrees. It will be 
noted that in the energy region below one 
MeV, angular distributions for the ground 
state reaction become more symmetrical with 
increasing deuteron energy. For the 5.28 and 
5.31 MeV doublet state reaction, Sjogren and 
Ahnlund!® have observed the angular distri- 
butions for these state separately with a 
double-focusing heavy particle spectrometer. 
At 800keV, their results revealed the distri- 
bution for the 5.276MeV state reaction to 
have a broad maximum at about 100 degrees 
and that for the 5.305 MeV state reaction to 
have a characteristic minimum at about 80 
degrees. Stanley’? has measured the angular 
correlation between protons and gamma-rays 
emitted from the 5.28 and 5.31 MeV doublet 
state at the deuteron energy of 630 keV. 

In the energy region of several MeV, very 
few investigations on the angular distributions 
for this reaction have been done. Wyly!”) has 
measured them at five different deuteron 
energies only in the angular range from 15 
to 135 degrees. The angular distributions 
obtained by him for the 5.28 and 5.31 MeV 
doublet state reaction were essentially iso- 
tropic at every deuteron energy, while those 
for the ground state reaction were found 
generally to have a forward maximum. 


§2. Experimental Arrangements and Pro- 
cedures 


Arrangements of a scattering chamber and 
detector are shown schematically in Figisli. 
The scattering chamber used in this experi- 
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ment is 23cm in its inner diameter and 10 
cm in height. On one side of its side wall 


with respect to the incident beam, eleven — 


apertures of 6mm in diameter were bored at 
intervals of 15 degrees in the angular range 
from 15 to 165 degrees and on the other side, 
ten apertures with the same intervals from 
22.5 to 157.5 degrees. These apertures, to 


which a detector system was attached directly, | 
were sealed with 20 microns thick aluminum 


foils for vacuum tight. A insulated Faraday 


cup was mounted to measure the deuteron - 


beam and secondary electrons were suppressed 
by magnetic field produced by two pieces of 
Ferrite. In the case of the measurement of 


protons emitted to zero degree, the detector — 


system was mounted instead of the Faraday 
cup. In this case a silver absorber of 23 mg/ 
cm? thick was inserted before the aluminum 
foil to cut off the deuteron beam. 


8x7 20 microns 
® Al foil 


20 microns 
Alfoil 7 
Vi 


Fig. 1. Arrangements of the scattering chamber 
and the detector system. 


As a nitrogen target, melamine (CsHsNe) 
evaporated on a silver backing was used. 
Three targets of different thickness of mela- 
mine were prepared and these thickness were 
determined by weighing to be 0.30, 0.42 and 
0.48 mg/cm?. 

Measurements were made at nine deuteron 
energies from 1.5 to 3.2 MeV, five of which 
were chosen to be almost same as those used 
in the previous investigation on the N'4(d, 
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n)O reaction. The deuteron beam from the 
electrostatic generator at Kyushu University 
was magnetically analyzed and led into the 
scattering chamber after through a defining 
silver slit of 4mm in diameter. The target 
was placed at the centre of the scattering 
chamber to make 45 degrees to the deuteron 
beam. The incident deuteron energy which 
was expected to have an uncertainly of less 
than 0.5 per cent was corrected for the energy 
loss in traversing one-half of effective target 
thickness. Finally, the deuteron beam was 
collected with the Faraday cup and was meas- 
ured to be from 0.05 to 0.5 microamperes. 

In order to evaluate the absolute cross sec- 
tions, the excitation function for the N‘(d, 
p)N® reaction was measured at 15 degrees. 
In such case, a gas target was used instead 
of the melamine target. This target chamber 
was made of brass cylinder of 2cm long and 
2cm in diameter and was supported with a 
brass pipe which served also for gas inlet. 
It has three windows sealed with 1.09 mg/cm? 
thick nickel foils, through which the deuteron 
beam and emitted protons pass. The mixed 
gas of 92.0 per cent nitrogen and 8.0 per 
cent deuterium was introduced into the target 
chamber up to 20cm4Hg pressure. Protons 
from these two elements are detected simul- 
taneously. It is, then, possible to evaluate 
absolute differential cross sections for the 
N'4(d, p)N™ reaction by refering to the proton 
yield from the Did, p)T reaction’. 

The proton detector is made of an one mm 
thick CsI(Tl) crystal and an EMI 6097 photo- 
multiplier. The thickness of the CslI(TI) 
crystal was chosen to be 1.0mm so as to 
stop all emitted protons completely. At 
several angles in forward directions gold ab- 
sorbers of suitable thickness are inserted, if 
necessary, in front of the detector to stop the 
elastically scattered deuterons. Output pulses 
from the detector were amplified and fed to 
a twenty channel pulse height analyzer. At 
22.5 degrees, a monitor counter consisted of 
a 2mm thick CsI(TI) crystal and a Dumont 
6291 photo-multiplier was mounted and its 
discriminator level was set in such a way 
that only the protons from the N'(d, p)N* 
ground state reaction were detected. 


§3. Experimental Results 
Complete pulse height spectra were taken 
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at each angle and each bombarding energy. 
Typical spectra of measured protons are 
shown in Fig. 2, (A) and (B), which were 
taken with the melamine and the gas target, 
respectively. Errors indicated in figures are 
those due to counting statistics only. In each 
spectrum a well separated group of protons 
of the highest energy, designated by fo, is 
the one from the N'4(d, p)N* ground state 
reaction. £1 corresponds to the group from 
the 5.28 and 5.31 MeV doublet state reaction. 
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Fig. 2. Pulse height spectra of protons and alpha- 
particles. (A) and (B) were obtained using the 
melamine and the gas target, respectively. , 
, and p, indicate the groups of the protons. 
from the N4(d, p)N‘5 ground state, 5.28 and 5.31 
MeV doublet state and 6.33 MeV state reactions,, 
respectively. 


Because of the small difference in energy by 
only about 25 keV, it is not possible to dis- 
tinguish separately the protons corresponding 
to this doublet state reaction. The group of 
protons emitted from the 6.33 MeV state re- 
action, fz, was also clearly separated from 
other groups in the case of the gas target. 
In the case of the melamine target, however, 
this group is obscured by that from the 
C12(d, p)C* ground state reaction and is hardly 
resolved. Moreover, the group of alpha- 
particles from the N'4(d,a@)C ground state 
reaction was observed at forward directions. 
At the angles larger than 105 degrees, this 
group of alpha-particles overlapped on or 
smeared out into the groups of protons from. 
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the N'4(d, p)N® and C!#(d, p)C reactions. In confirmed that those having the energy in 
such case in order to detect the protons from question were not observed to any appreciable 
the N4(d, p)N* 5.28 and 5.31 MeV doublet extent. 

state reaction only, a 20 microns thick alumi- From these pulse height spectra obtained 
num absorber was attached in front of the at each angle, angular distributions for the 
detector to discriminate those alpha-particles. N‘#(d, p)N'® ground state and first excited 
Background protons were measured using the doublet state reactions are obtained. In Figs. 
silver backing without melamine and it was 3 and 4, these results are shown with solid 
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“Fig. 3. Angular distributions for the N!4(d, p)N‘ ground state reaction. Dotted curves were calcu- 


lated using the heavy particle stripping formula of Owen and Madansky. Open circles and 


crosses are results for the N14(d,)Ol ground state reaction obtained in our previous work 
and the N14(d, p)N ground state reaction by Wyly, respectively. 
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lines. The relative errors indicated in figures 
include the ambiguities of the separation of 
overlapped proton groups and the statistical 
ones due to counting. Absolute values of 
differential cross sections were evaluated from 
the mixing ratio of target gases and the 
known value of cross sections for the D(d, p)T 
reaction'®. Uncertainties in the absolute scale 
of angular distribution for each deuteron 
energy, thus determined, are considered to 
amount to 15 per cent at maximum. As 
shown in Fig. 3, nine angular distributions 
for the ground state reaction are found to 
have a similar characteristic in shape which 
is a pronounced forward maximum and a 
remarkable backward rise. However, the 
absolute values of differential cross sections, 
in particular in backward directions, vary 
slowly with the deuteron energy. The posi- 
tion of minimum at medium angles also 
moves to smaller angles with the increasing 
deuteron energy from 100 degrees at 1.42 MeV 
to 70 degrees at 3.20 MeV, respectively. In 
Fig. 3, Wyly’s results which were normalized 
to the present ones at 15 degrees were also 
presented. Satisfactory agreements can be 
seen between the present results and Wyly’s 
ones, considering the difference of deuteron 
energies. For the comparison with the mirror 
reaction, the angular distributions for the 
N"4(d,)O ground state reaction were also 
plotted in Fig. 3. At every seven bombard- 
ing energies, the backward yields of emitted 
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“Fig. 4. Angular distributions for the N4(d, p)N* 
5.28 and 5.31 MeV doublet state reaction. 
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particles from both reactions show the strik- 
ing agreements. It will be noted that with 
the exception at 1.42 MeV the proton yields 
from the N'4(d, p)N** reaction at forward direc- 
tions are considerably larger than the neutron 
yields from the N'*(d, 2)O"™ reaction. 

Fig. 4 shows angular distributions for the 
9.28 and 5.31MeV doublet state reaction. 
Their patterns are found to be essentially 
isotropic and to agree with the results obtained 
by Wyly. Considering in more detail, how- 
ever, a broad maximum at about 60 degrees, 
though is not so remarkable, is observed 
similarly at every bombarding energy and a 
second slight maximum seems to take place 
at about 120 degrees in the case of 3.20 and 
probably of 2.90 MeV. 

Total cross sections estimated by integrat- 
ing the angular distributions are plotted in 
Fig. 5. Both yield curves for the N'4(d, p)N*® 
ground state and first excited doublet state 
reactions increase rapidly with the increasing 
deuteron energy up to 1.92 MeV. Beyond 1.92 
MeV, the yield curve for the ground state 
reaction is nearly constant, while that for the 
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Fig. 5. Excitation curves for the N4(@, p)N15 
ground state and 5.28 and 5.31 MeV doublet 
state reactions. Open circles and crosses are 
results for the N1!4(d, m)O15 ground state reaction 
obtained in our previous work and by Retz- 
Schmidt and Weil, respectively. 
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5.28 and 5.31 MeV doublet state reaction still 
increases gradually. Absolute cross sections 
for the doublet state reaction are generally 
larger by a factor of 1.5 than that for the 
ground state reaction over the whole range 
of deuteron energies investigated. It must be 
noted that at 1.92 and 2.73 MeV, slight maxi- 
ma for the ground state reaction and sharp 
knicks for the doublet state reaction are ob- 
served, respectively. For comparison, total 
cross sections for the N'#(d, 2)O ground state 
reaction are also presented in Fig. 5 together 
with that obtained by Retz-Schmidt and Weil. 
The yield curves for these two reactions are 
all found to be very similar both in shape 
and in absolute value. 


§4. Discussions 


The N*“(d, p)N" ground state reaction 

In the energy region of a few MeV, deuter- 
on induced reactions are usually considered 
to proceed through a mixture of compound 
nucleus formation and deuteron stripping with 
comparable importance. Moreover, in deuter- 
on stripping the distortion of wave function 
by the Coulomb and nuclear forces may not 
be neglected. Accordingly, it is not certain 
that the pure stripping theory will give a 
good fit to the present data obtained at such 
a energy region of deuterons as mentioned 
above. As shown in Fig. 3, however, nine 
angular distributions have a striking similarity 
in shape, namely the characteristic forward 
peak and the remarkable backward rise. This 
similarity of patterns over the entire energy 
range and the pronounced forward peak im- 
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mediately suggest that deuteron stripping 
contributes appreciably to this reaction. The 
backward rise will be also interpreted in 
terms of heavy particle stripping. Angular 
distributions, then, have been attempted to 
analyze using the deuteron and heavy particle 
stripping theory of Owen and Madansky™. 
In spite of some inconsistency of its derivation 
as was pointed out by Hasegawa and Ichi- 
kawa), the formula of Owen and Madansky 
was used because of its simplicity and was 
considered enough to see the qualitative 
agreement. 

The values of orbital angular momenta of 
captured particles which appear in the theo- 
retical formula were estimated as follows. 
The Jn- value for a captured neutron was 
decided to be 1 by refering to the shape of 
angular distributions and also by the values 
of spins and parities of N‘* and N* nuclei. 
Secondly, the orbital angular momentum of a 
captured C core is limited by the conserva- 
tion of parity and angular momentum. The. 
ground state of N* nucleus is known to have: 
odd parity and spin 1/2. The deuteron has. 
even parity and spin 1 and the C™ core has. 
odd parity. Accordingly, the /.-value of the 
captured C** core must be even and is limited 
to 0 or 2. Since j2(%2:R:) approches zero at 
backward angles and d-wave penetrability is. 
much less than that for the s-wave, the /.=2 
term would be possibly neglected. The for- 
mula for the differential cross section at a 
given deuteron energy, following the notation 
of Owen and Madansky, is 


do/dw =const. |Gv(K1)j1(kiR:1) +(A2/41)Ga(Ke)jo(ReRe) 2 , 


where 


Gr(K1) = (kK? Fan?) 


and 


Gu(K2) = [1/(aw?— Ke") =f 1/(Bw? + K3)|[Kerwj1(awry) jo Kern) —anrnjo(avry)ji(Kerw)) . 


are momentum distribution functions for 
deuteron and heavy particle stripping, respec- 
tively. A:/4i is the ratio of amplitudes for 
heavy particle stripping to deuteron stripping. 
A radius and depth of the potential well used 
to determine the neutron wave function for 
the calculation of Gua(K2) were chosen to be 
3.37 x 10- cm and 40 MeV, respectively. The 
parameters that are adjustable to get a fit to 


experimental data are the interaction radii, 
R: and R:, and the ratio of two stripping 
amplitudes, 42/41. The value of interaction 
radius Ri was chosen to be 7.0 x10-!8 cm con- 
stantly for every deuteron energy. With this 
value of R:, the experimental angular distri- 
butions at forward directions could be all 
fitted satisfactorily by pure deuteron stripping. 
For simplicity, constant value of 7.0x10-!%cm 
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was also chosen for the interaction radius R2, 
being the same as that for R:. The interac- 
tion radii, Ri and R:, in themselves, should 
be adjusted to get the best fit to experimental 
data independently to each other and to the 
deuteron energy. Owen and Madansky point- 
ed out that these two parameters should not 
necessarily be a constant over the entire 
energy range, since they represent phenome- 
nological expressions for the behavior of the 
incoming rather complicated wave functions 
in the interior of the nucleus. In the case 
of the B'!(d, n)C!? reaction, Owen and Madan- 
sky have chosen the value of R: and R:2 to 
be both constant, while Weil and Jones'® 
have obtained the energy dependent ones in 
the analysis of N'°*(d,)O'* ground state reac- 
tion. 

The dotted curves in Fig. 3 are theoretical 
ones thus calculated. With the exception of 
the curve at 3.20MeV the agreement with 
experimental angular distributions is satisfac- 
tory, considering the crude choise of para- 
meters. At 3.20MeV, it was impossible to 
obtain a good fit for any value of the ampli- 
tude ratio, 22/21, because the calculated inter- 
ference term between both amplitudes of 
deuteron and heavy particle stripping resulted 
to be abnormaly large. Such interference is 
in itself one of the important features of the 
formula obtained by Owen and Madansky and 
was evaluated to be appreciable even at other 
lower bombarding energies. But it was not 
so unreasonably large value. On the other 
hand, some of the experimental angular distri- 
butions show also rather considerable humps 
at medium angles that would be attributed, 
at least partially, to the interference effect. 
In the formula obtained by Hasegawa and 
Ichikawa, another parameter was introduced 
in the interference term between the both 
stripping processes. With the suitable choise 
of parameters as a function of the deuteron 
energy and also using the formula of Hase- 
gawa and Ichikawa, it would be sure that 
much better fits to experimental data could 
be obtained. 

The values of amplitude ratio, 42/41, adopted 
in the calculation of theoretical curves in Fig. 3, 
were plotted in Fig. 6 together with that for the 
N*«(d, n)O" ground state reaction. It was found 
that the amplitude ratio, 22/41, for the N“(@, 
p)N® ground state reaction remained fairly 
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constant with the increasing deuteron energy, 
while this ratio for the N*(d,n)O" ground 
state reaction showed a sharp maximum and 
a slight rise at 1.96 and 2.90 MeV, respective- 
ly. In the case of the B"(d,n)C” and Nd, 
n)O ground state reactions, these amplitude 
ratios increased gradually up to the deuteron 
energy corresponding to the Coulomb barrier 
and. then became nearly flat. Owen and 
Madansky have pointed out, as the possible 
explanation for the behavior of the amplitude 
ratio for the B'(d,)C” reaction, that a re- 
duction of the heavy particle stripping ampli- 
tude relative to the deuteron stripping ampli- 
tude would be expected at lower deuteron 
energies than that of the Coulomb barrier. 


e N4(d,p) N'°ground state reaction 
© N* (dn) O'Sground state reaction 


R.=R=ZOx1I0 om 


LO 2.0 30 
Ed (lab) (Mev) 


Fig. 6. The experimental ratio of the heavy 
particle stripping amplitude to the deuteron 
stripping amplitude, d2/2,, for Rj = Ry2=7.0 x 10-18 
cm. Those for the Ni#(d,7)O'% ground state 
reaction obtained in our previous work are also 
shown with open circles. 


However, the amplitude ratio for the N‘*(d,. 
p)N* reaction does not exhibit such reduction 
even at lower deuteron energies. On the 
other hand, the emitted particle yields in for- 
ward directions from the N'*(d,”)O" reaction 
was found to be considerably smaller than 
that from the N"(d, p)N* reaction, especially 
at 1.96 and 2.90 MeV, as was shown in Fig. 
3. This evidence seems to imply that the 
deuteron stripping amplitude would rather 
decrease considerably. It is interesting to 
notice that the amplitude ratios for the three 
(d,n) reactions, described above, have ab- 
normally sharp maximum or minimum at the 
deuteron energy corresponding to the Coulomb 
barrier, while that for the N‘*(d, p)N** reaction 
has not any such anomaly. 
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Comparison of yield curves for the N“(d, 
p)N® and N*(d,)O™ ground state reactions 
is also expected to give some informations 
on the reaction mechanism. As shown in 
Fig. 5, the yield curves for both reactions 
rise gradually up to 1.9MeV with a shape 
that will be fitted by the deuteron penetrability 
through the Coulomb barrier. At the bom- 
barding energies of 1.92 and 2.73 MeV, there 
can be seen slight resonance-like maxima. 
Moreover, absolute values of yield curves for 
both reactions are roughly equal over the 
whole range of deuteron energy investigated. 
It can not be decided yet whether these max- 
ima are due to the distortion effect of wave 
function in the stripping process or to com- 
pound nucleus formation. In the usual deri- 
vation of the stripping formula, the incoming 
deuteron and the outgoing particle are repre- 
sented by plane waves. A more exact formu- 
lation taking into account the distortion of 
these waves by the Coulomb and nuclear 
forces has been investigated by several 
authors’. It may be possible that the use 
of distorted waves would explain those reso- 
nance-like structures of the yield curves. 
However, it will be more reasonable to consider 
that those evidences would show both reac- 
tions to proceed appreciably through compound 
nucleus formation in these lower energy range 
of deuterons. In the present experiment the 
compound nucleus O' is formed in the excita- 
tion approximately by 22MeV. The level 
structure of O* nucleus at this region of ex- 
citation has been investigated with photo- 
disintegration reactions. In particular, Pen- 
fold and Spicer have found ten levels, widths 
of which are less than 40keV. The above 
described resonance-like maxima are certainly 
considered to correspond to 22.4 and 23.1 MeV 
excited levels of O'* nucleus which were well 
confirmed by other reactions. Other levels 
observed in the photo-disintegration reactions, 
however, were not found in the present yield 
curves. This situation would be understood 
by the isotopic spin selection rule, assuming 
that this reaction proceeds through compound 
nucleus formation. As the isotopic spins of 
N* nucleus and deuteron are both zero, the 
levels of the compound nucleus O" formed by 
the N“+d reaction must have the isotopic 
spin of zero. The gamma-ray absorption in 
the 20 MeV region of excitation will be mainly 
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electric dipole, which requires the difference 
of isotopic spin to be 1. The levels of O* 
nucleus excited by gamma-ray will have, then, 
the isotopic spin 1. It must be pointed out, 
of cource, that data points did not space 
closely enough to detect the narrow levels 
and so some resonance structure might be 
missed in the present experiment. 

The yield curves and angular distributions 
show two rather conflicting evidences about 
the mechanism by which these reactions take 
place. Considering the angular distribution 
alone, the mechanism would appear to be the 
stripping reaction. But if that is the case, 
then it is difficult to explain the resonance- 
like structure in the yield curve. This double- 
faced behavior was also observed in the 
Cd, p)C8 reaction!®.2, Bonner et al. took 
a viewpoint in their analysis on this reaction 
that a small amount of compound nucleus 
formation could interfer with the stripping 
reaction and cause the resonant behavior of 
the yield curve, almost not affecting the shape 
of the angular distribution. 


The N4(d, p)N® 5.28 and 5.31 MeV doublet 

state reaction 

The close doublet structure of the first ex- 
cited 5.28 and 5.31 MeV states of N* nucleus 
complicates the interpretation of the present 
results. Fig. 4 shows that the angular distri- 
butions for the N'*(d, p)N* 5.28 and 5.31 MeV 
doublet state reaction are roughly spherical 
symmetric. Such results have been obtained 
also by Gibson and Thomas and by Wyly. 
These distributions seem to infer that strip- 
ping process does not take place to any ap- 
preciable extent. The angular distributions 
for the C'*(d,n)N* reaction leading to this 
doublet state were measured by R. Chiba?” 
and found to have a remarkable forward peak 
attributed to deuteron stripping with /»=0. 
This results requires that the spin of at least 
one of the doublet states should be 1/2 and 
even parity. Halbert and French”) have pre- 
dicted on the basis of the single particle model 
that the 5.31 MeV state has spin 1/2 and even 
parity and belongs to s‘p's! configuration of 
N*® nucleus. The internal conversion coef- 
ficient of the 5.299 MeV gamma-ray from N*® 
nucleus following the beta-decay of C' nucleus 
has been observed by Alburger et al.2*) to be 
El-transition. They have, then, concluded 
that this evidence is consistent with spin 1/2 
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and even parity for the 5.31 MeV state of N% 
nucleus. If that is the case, it is implausible 
that the N'(d, p)N* reaction leading to this 
state would proceeds through the stripping 
process appreciably. The reason is that the 
stripping process should be followed with the 
rearrangement of nucleons in the residual 
nucleus to lead to this state and such mecha- 
nism would not take place to any appreciable 
extent. 

On the other hand, it cannot be overlooked 
that a broad maximum at about 60 degrees 
is observed, though is not so intense, com- 
monly in every angular distribution. If it can 
be approved that those maxima show the 
contribution of-deuteron stripping, the reac- 
tion corresponding to at least one of the 
doublet states, probably 5.27MeV state, is 
considered to proceed through this process 
with J,=2. The contribution of deuteron 
stripping with /,=2 has also observed by 
Green and Middleton and by Sjogren and 
Ahnlund. In particular, the latter authors 
have reported the angular distribution for the 
5.276 MeV state reaction showing that this re- 
action proceeds through deuteron stripping 
‘with In=2 undoubtedly. It is interesting to 
notice that the 5.31 MeV state of N‘ nucleus 
is likely to be led through the (d,) strip- 
ping process alone, while the 5.27 MeV state 
through the (d, f) stripping process. Of course, 
more precise investigation is required to ob- 
tain the definite conclusion. 

In conclusion, the deuteron induced reac- 
tions in the present energy region do not 
appear to take place through any one pure 
reaction mechanism. It may be natural that 
‘such reactions are not able to be explained 
by one of the pure reaction mechanisms which 
‘based on particular approximation. 
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Neutrons scattered by Ti, Fe, Zn and Se have been observed by the 
time-of-flight technique in the energy range of 3.4 to 4.6MeV. The 
inelastic scattering cross sections for the excitations of the lst, 2nd and 
3rd levels of these elements except Se, were obtained. The excitation 
functions of these levels were compared with those calculated with a 
formula which was made by modifying Hauser-Feshbach’s formula so as 
to be used without detailed knowledge about the levels of high excitation. 

Agreement was fairly well except for the case of the 2nd and 3rd 
levels of Zn, where calculated values were about twice as large as ex- 
perimental values. Thus it has been concluded that the compound- 
formation process is considered to predominate over the direct process 


in these energy and mass regions. 


Introduction 


Sie 
According to the current theory of nuclear 
reaction, scattering of fast neutrons proceeds 
partly through compound-formation process 
and partly through direct process. Although 
quite a lot of theoretical works have been 
published by various authors?).?), the mecha- 
nism of the reaction is not yet known de- 
finitely. From the standpoint that much 
more experimental data are required to im- 
prove the theory, it will be worth while to 
measure the energy and angular dependence 
of the cross sections of scattering leading to 
definite levels of the residual nucleus. 

It is not so easy to observe the energy 
spectrum of the scattered neutrons with good 
accuracy and resolution. Experimental data®):*) 
available at present are rather few. Of the 
various methods of measuring neutron ener- 
gies: the nuclear emulsion®, the proton-recoil 
proportional counter®, the He® counter” 
the counter telescope”, the time-of-flight 
method”? etc. the time-of-flight method 
is the most promising in the energy range of 
several MeV. 

In the present investigations, it has been 
tried to observe the energy spectra of the 
neutrons scattered inelastically from several 
medium-weight nuclei, Ti, Fe, Zn and Se (in 
Sec. 2) and to obtain the differential cross 
sections at 90° direction for the excitation of 
several low-lying levels as the functions of 
the incident-neutron energy in a range of 3.4 
to 4.6MeV (in Sec. 3). Cross sections ob- 
served were then compared with those calcu- 


lated using a formula, which was made by 
modifying Hauser-Feshbach’s formula so as 
to be applied to the cases where levels in the 
residual nucleus were not known definitely 
except the lowest-lying levels (in Sec. 4). 


§2. Experimental 


The neutrons were generated from the 
Did, m)He® reaction by using a 2-MV Van de 
Graaff accelerator, and energy spectra of in- 
elastically scattered neutrons were measured 
by the pulsed-beam time-of-flight method 
which had been developed by Cranberg et 
ali). 


vertical view <|> horizontal view 


Fig. 1. Schematic diagram of the experimental 
arrangement. A: 2-MV Van de Graaff accele- 
rator. D: Rf deflector for pulse operation. S: 
Slit. M: Beam-analysing magnet. Q: A couple 
of electrostatic quadrupole lenses. T: Gas tar- 
get. Sc: Scatterer. P: Plastic scintillator. Ph: 
Photomultiplier. Pa, Pb and Cu: Paraffin, lead 
and copper shields, respectively. 
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A. Arrangement 

As shown in Fig. 1 the continuous deuteron 
beam from the 2-MV Van de Graaff accele- 
rator is chopped by a 3.7-Mc rf. deflector 
which makes the beam sweep a slit with a 
width of 1.5mm. The duration of the ion- 
beam pulse was calculated to be about 4 
my sec by a calculation, and was checked by 
measuring the total- and the pulsed-beam 
current. 

The pulsed ion beam is deflected by an 
analysing magnet and then focused on a gas 
target’, which is located about 7m distant 
from the magnet by means of a couple of 
electrostatic quadrupole lenses. The chamber 
of the gas target has a diameter of 1cm and 
is 3cm long. Deuterium is stored in a ura- 
nium oven attached to the chamber. The 
entrance window of the chamber is covered 
with a nickel foil with a thickness of 0.00005 
in. In the present experiments the pressure 
of the deuterium was 50cmHg. But only in 
the case of a low neutron energy of 3.4 MeV, 
the gas pressure was decreased to 25cm Hg 
in order to prevent the increase of the spread 
of neutron energy. The spread of the neu- 
tron energy was estimated to be 350 keV and 
280 keV at neutron energies of 3.8 MeV and 
4.6 MeV, respectively. 

The scatterers were placed at 0° with re- 
spect to the direction of the deuteron beam 
and 1lcm distant from the gas target. The 
dimensions of the Fe and Zn scatterers were 
5cm long and 2.5cm in diameter, and those 
of the Se scatterer were 6.5cm and 2.5cm 
respectively. As the Ti sample was granular, 
it was packed in a 5cmx5cm¢ vessel made 
of polyethylene. The correction for multiple 
scattering was estimated not to be serious in 
the present experiments. 

The neutron detector was placed at 90° with 
respect to the direction of the incident neu- 
trons and at 150cm distant from the scatterer. 


B. Background and shielding 

The background radiation is composed of 
the natural radiation, the room-scattered radia- 
tion, the machine background (the radiation 
from the accelerator, the ion-beam chopper 
and the analysing magnet) and the radiation 
which enters the detector from the gas target 
directly. In the case of deuteron acceleration, 
the machine background is serious and it is 
necessary to shield the detector especially 
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from this background. 

The measurement was carried out at the 
middle of a large room (24.2mx13m) which 
had a pit of 2.5m in depth in order to de- 
crease the effect of neutrons scattered from 
the walls and the ground. The Van de Graaff 
accelerator was covered with a box made of 
lead 6m thick, which served as a shield 
against the X rays generated in the accele- 
rator, and other sources of machine _ back- 
ground was also shielded properly, but the 
machine background was most effectively 
reduced by setting the target far away from 
the accelerator by means of electrostatic quad- 
rupole lenses. As shown in Fig. 1, the de- 
tector was surrounded by a lead collar 6.5cm 
thick and a shield tank 100cm in length and 
60cm in diameter which was filled with a 
mixture of paraffin and lithium carbonate 
(mixing ratio 3:1 by weight). In order to 
shield the neutrons which entered the detector 
directly, paraffin blocks 10cm thick and cop- 
per blocks 20cm thick were placed between 
the gas target and the shield tank. 


channel 
analyser 


Fig. 2. Block diagram of the detector system. 
D: Rf deflector. S. Slit. T: Gas target. Sc. 
Scatterer. P: 2’’x2/’¢ plastic scintillator. Ph: 
RCL 6342 photomultiplier. Cf: Cathode follower. 
Att: Attenuator. 


The block diagram of the neutron-detecting 
system is shown in Fig. 2. A 2” x2’’¢ plastic 
scintillator and an RCA 6342 photomultiplier 
composed the neutron detector. The fast-rise 
single pulses delivered from the detector were 
amplified by Hewlett-Packard 460A and 460B 
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distributed amplifiers and then brought to a 
time-to-pulse height converter!”. The output 
of the converter was next fed to an RCL 
256-channel pulse-height analyser. A_ side 
channel composed of a nonoverloading ampli- 
fier and a discriminator was used to open the 
gate of the pulse-height analyser. This side 
channel cut off small pulses and reduced the 
time jittering due to the variation of the 
pulse height. The discrimination level for 
the side channel was 2 to 3 times higher than 
that for the time-to-pulse height converter. 

The linearity of the time-to-pulse height 
conversion was checked by using a double- 
pulse generator having calibrated delay inter- 
vals between pulses. The deviation from the 
linearity was smaller than =:l1 mysec in the 
whole time range. The time interval per 
channel was estimated to be 0.98 mysec. 

A current integrator was used to measure 
the deuteron beam entering the gas target 
and to estimate the neutron yield. The yield 
was also monitored by a Hanson-and-McKibben 
long counter. 


C. Time spectra 

Fig. 3 shows a typical time spectrum of the 
neutrons scattered from Fe. In this figure, 
time increases to the left, i.e. from the right 
to the left there appear several peaks corre- 
sponding to the gamma rays (7) which are 
produced in the scatterer at the moment of 


Fe 
En=4,07MeV 
0.98 myus/channel 


—--- nn” n’ n 
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Fig. 3. Time spectrum obtained at 90° for neu- 
tron scattering at 4.07 MeV from Fe. The 
dashed line under the spectrum is the back- 
ground obtained in the absence of the scatterer. 
Peaks corresponding to gamma rays, elastically 
scattered neutrons and inelastically scattered 
neutrons are marked with 7, nm and n’, n’’, --: 
respectively, 
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the inelastic scattering, elastically scattered 
neutrons () and inelastically scattered neu- 
trons (n’, n’’, n’”’, -+-) corresponding to the 
excitation of the low-lying levels of the re- 
sidual nuclei of the scatterer. Since two neu- 
tron bursts were generated every time-refer- 
ence pulse, two similar patterns appear in 
the time spectrum. The peaks corresponding 
to the gamma rays were used as the fiducial 
points to determine the flight time of the 
scattered neutrons. It took 1.5 to 2 hours to 
accumulate counts as are shown in this figure. 
In the present experiments, the pulsed beam 
entering the gas target was 0.2 to 0.4wA in 
the average. The dashed line in Fig. 3 re- 
presents the background obtained in the ab- 
sence of the scatterer. 


D. Efficiency 

The efficiency of the neutron detector was. 
determined as a function of the energy by 
calculating the yield‘? of neutrons at the 
target. 

The measurements of the efficiency were 
made several times during the experiment. 
The efficiency was estimated to be 0.25=-£0.05. 
in the range of 2 to 4.5 MeV, where the error 
gives the maximum deviation from the mean 
of the measured values. For neutron energies. 
less than 2MeV, the efficiency decreases. 
gradually and becomes zero at 0.7 MeV. 
These observed values are in good agreement 
with those calculated by using the neutron 
cross section of hydrogen in the plastic scin- 
tillator and taking account of the discrimina- 
tion of neutrons below 0.7 MeV by the side 
channel. 


E. Resolution 

There are several reasons why the peaks 
in the time spectrum have finite widths. The 
gamma-ray peak has a half-width of about 6 
mysec, which is due to the following three 
effects: (1) the time jittering in the time- 
analyser system, (2) the finite duration of the 
deuteron pulse (~4 mysec), and (3) the varia- 
tion in the paths of the neutron in the gas 
target and the scatterer (~2.7 mysec for 4- 
MeV neutrons). For the width of the neutron 
peak, the following effects are to be added: 
(4) the spread of the neutron energies due to 
the energy loss of the deuterons in the gas 
target and, also, due to the large solid angle 
subtended by the scatterer at the target (~2 
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mysec for 4-MeV neutron energy) and (5) the 
spread in the flight-path lengths of the scat- 
tered neutrons (~2 mysec for 4-MeV neutron 
energy). The energy of the deuterons incid- 
ent to the target was homogeneous enough 
to have negligible effect on the width of the 
peak. The half-width for the elastically scat- 
tered neutrons of 4-MeV was observed to be 
6 to 7 mysec. 

From the observed half-width of the gamma- 
ray peak and the time spreads of (2) and (3) 
stated above, the jittering in the time-analyser 
system was estimated to be less than 3.5 
mysec. Since the rise time of the signal 
pulse from the neutron detector was about 5 
mysec, this estimation will be reasonable, if 
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Fig. 4. Energy spectra for Ti. The vertical lines 
under the spectra show the positions of levels. 
Isotopes are specified by the marks as shown 
at the top of the figure. 
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one takes into consideration a fact that the 
small signal pulses were cut off by the dis- 
criminator in the side channel. 

The half-width of the neutron peaks was 
calculated to be 6.5mysec by adding the time 
spread of (4) and (5) to the observed half- 
width of the gamma-ray peaks, assuming that 
all of the time spreads were also of Gaussian 
forms. 


§3. Results 


Figs. 4, 5, 6 and 7 show the energy spectra 
of neutrons scattered by Ti, Fe, Zn and Se, 
respectively. The energies of the incident 
neutrons are 3.44, 3.83, 4.07, 4.30 and 4.61 
MeV. In these figures, the abscissas are ex- 
pressed in the energy scale. The excitation 
energies of the residual nuclei increase to the 
left, and the peaks at the right-most are due 
to the elastic scattering. The ordinates give 
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Energy spectra for Fe. 
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the differential cross sections in mb per ste- 
radian per MeV of the energy of the scat- 
tered neutrons measured at 90° with respect 
to the direction of the incident neutrons. 
Those parts of the spectra which are shown 
by dashed curves have large errors, because, 
in those parts (1 to 2MeV), determination of 
the efficiency of the detector suffers rather 
large uncertainty. 

In the present investigations, the absolute 
value of the cross section has a large sys- 
tematic error which is derived from the mea- 
surement, of the efficiency of the detector 
(+20%). But, as far as the relative mag- 
nitudes of peaks are concerned, the error 
from this origin is canceled out, [because the 
variation of the efficiency was small in a 
series of measurements. 

These figures show that the differential 
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Fig. 6. Energy spectra for Zn. 
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cross section of the inelastic scattering at 90° 
is comparable with that of the elastic scat- 
tering at the same direction. Generally speak- 
ing, the cross sections corresponding to the 
excitation of higher levels in the residual 
nuclei are smaller, and the level density in- 
creases with the excitation energy, so that 
the neutron groups corresponding to the ex- 
citation of the higher levels are not resolved. 
In the case of Se (and Ge also, which is not 
presented in this paper), even the peaks cor- 
responding to the excitation of low-lying 
levels are not resolved as shown in Fig. 7. 
The differential cross sections of the elastic 
scattering and of the inelastic scattering cor- 
responding to the excitation of lowlying levels 
for Ti, Fe and Zn are shown in Fig. 8 as 
as functions of neutron energies. The peeling- 
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Fig. 7. Energy spectra for Se. 
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Fig. 8. Differential cross sections of Ti, Fe and Zn at 90°. 
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The points shown by closed circles 


represent the data of the elastic scattering, and those shown by the crosses, open circles and 
triangles represent the data of the inelastic scattering corresponding to the excitation of the 


Ist, 2nd and 3rd levels in each residual nucleus, respectively. 


The dashed curves represent 


the theoretical calculations by Hauser-Feshbach’s formula and the full curves by the modified 


Hauser-Feshbach formula. 


off method was used to separate the peaks 
overlapping partially with each other, and the 
errors due to this procedure were estimated 
to be 10 to 15% of the differential cross sec- 
tions. For Se, this procedure was not ap- 
plied. In these figures, it is shown that all 
of the excitation functions decrease rapidly 
with the increase of the energy of the incid- 
ent neutrons. 


§ 4. Discussion 


In order to investigate which process, the 
compound-formation process or the direct 
process, will be predominant in the inelastic 
scattering in the energy and mass regions of 
the present work, the total cross sections of 


the inelastic scattering through the compound- 
formation process were calculated by using 
Hauser-Feshbach’s formula” on the following 
assumptions. 

Assumption 1: The levels of tke compound 
nucleus are so dense that the statistical 
treatment can be allowed for these 
levels. 

Assumption 2: The angular distribution of 
the inelastically scattered neutrons is 
nearly isotropic. 

According to Hauser and Feshbach, the 
total cross section for the inelastic scattering 
with respect to the transition from the initial 
nucleus with spin z to the final nucleus with 
spin 7’ is given by 


aie wk? Eg (QJ 4) Dv yEvy 7 Evy (THE) 
’) =——— 1 TE 7 ' 1 
9) Fagen PS Sirpanégvt TAB) 1) 
where 

T.(E): the penetration factor, 
E, E’: the initial and the final channel energy, respectively, 
j,j’ + the initial and the final channel spin, respectively, 
1,’ : the initial and the final orbital angular momentum, respectively, 
qe : the spin of the compound nucleus, 


and 
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2, if both j: and je 


€j.7 is equal to 


1, if either 71 or je 


satisfy |J—J|SjxSJ+/ . (2) 


0, if neither 71 nor je 


Double primed quantities are associated with 
those channels to which the compound. nucleus 
is feasible to decay. 

Fortunately, as the level scheme including 
the spin and parity had been reported in a 
recent work of beta decay"), calculation of 
the cross sections for Fe®** was feasible to 
be made. Although contributions of the (n, p) 
reaction were to be taken into summation in 
the denominator of the formula (1), they were 
neglected because the cross section of the 
(n, p) reaction is small, for example, (0.08 
0.12) mb‘ for the neutron energy of 4.4 
MeV. The penetration factor T:(E) was cal- 
culated by Beyster et al‘? assuming the 
Woods-Saxon potential’”. The calculated re- 
sults are shown by the dashed curves in Fig. 
8. They are in good agreement with the ex- 
perimental results not only in the absolute 
values but also in the relative values of the 
cross sections corresponding to the excitation 
of the Ist and 2nd excited levels. Therefore, 
it may be said that the inelastic scattering of 
the neutrons with the energy of several MeV 
proceeds mainly through the compound-forma- 


* It is apparent from the published level scheme 
that the energy spectrum of the neutrons shown 
in Fig. 5 is due to the major isotope of Fe, i.e. 
Fesé (91.68%). 

** Tn order to check how much the undiscovered 
highly excited levels contributed to the cross sec- 
tion, it was tried to compare the published total 
non-elastic cross section!®) one(H,) at the incident- 
neutron energy EH, with X(Hp) which was defined 
as follows, 


3(En)=4n\ ( 


Bexe 


0?oinel 
020H ) 
where (02cine1/020E )ops is the observed value of the 
differential cross section per MeV of the excita- 
tion energy for the inelastic scattering. The 
angular distribution was assumed to be isotropic. 
The integration was taken from the excitation 
energy of the lst excited level up to (Eee MeV. 
In the range of excitation energies higher than 
(H,—1.2) MeV, the cross section could not be ob- 
served, because of the decrease of the efficiency of 
the detector. For Ti, Fe and Zn, ogne=S at 3.6 
MeV, but one 2X at Hyn=4.6MeV. This fact sug- 
gests that there exist a number of excited levels 
between the excitation energies of 3.6 and 4.6 MeV. 


dE , 


obs 


tion process. The slopes of the calculated 
curves, however, are less than those of the 
experimental curves. This deviation may be 
due not to misapplication of Hauser-Feshbach’s. 
formula, but to the fact that undiscovered 
levels** are not taken into the calculation. 

For Ti and Zn, the calculation similar to 

that for Fe was impossible, because the level 
schemes were not available in the range 
higher than 3.4 MeV for Ti and 2 MeV for Zn. 
Therefore, the formula (1) was modified by 
using the notion of level density under the 
following assumption. 

Assumption 3: The residual nucleus has so 
many excited levels in the range of 
several MeV that the spins and parities 
of these levels can be treated as distri- 
buted statistically***. 

The formula (1) is then modified as follows: 


a BIUNG 
ot) = Forty 


DATA) SE? Sy veyw7 THEY 
SQ + DT HE dE” 


(3) 
where (22’’+1)/Do(U) is the level density with 
spin 2’’ at the excitation energy U. The deri- 
vation of this formula is given in Appendix 
I. The functional forms of Do(U) have been 
given by Newton!, Cameron” and others. 
Newton’s formula is adopted here because of 
its simplicity. The results of the calculation 
of the formula (3) are shown by the full 
curves in Fig. 8. Since the absolute mag- 
nitude of level-density formula is not ex- 
pected to be dependable, these curves are 
normalized to the experimental values for the 
excitation of the Ist levels by the neutrons of 
3.83 MeV. The normalization factors for the 
level densities are 0.0538, 0.123 and 0.186 for 
Ti, Fe and Zn, respectively. In Appendix II, 
a comparison is made between the calculated 
values of level density and the experimental 


x 


|, DEE 


*“** Of course, this assumption holds only approxi- 

mately. It will not lead, however, to erroneous 
results as fas as the discussion is limited to the 
competition between the channels decaying to in- 
dividual levels of the residual nucleus. 
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ones is the case of Fe®®. The resonance-like 
structures in these curves are due to the be- 
haviors of the penetration factors. 


In the spectra of Ti (in Fig. 4), the peak 
neighbouring with the elastic peak was due 
to Ti*® and Ti*®, so that the calculation was 
carried out with respect to these isotopes. 
The peaks corresponding to the excitation of 
the 2nd and 3rd levels of Ti‘? were not re- 
solved in this experiment, so that the sum of 
the cross sections for these levels was calcu- 
lated. Since the spin and parity of the 3rd 
excited level of Tit® were not definitely 
known, two series of calculations were carried 
out, assuming the spin and parity to be 2+ 
and 4+, respectively. As seen in Fig. 8, bet- 
ter agreement between the observed and cal- 
culated results is obtained if one assumes the 
spin and parity of 4+, but one cannot conclude 
the spin and parity of 4+, because experi- 
mental errors are rather large and the contri- 
bution from isotopes other than Ti*® is neg- 
lected in the calculation. 

In the case of Fe®*, where calculations both 
by the original Hauser-Feshbach formula (1) 
and by the modified one (3) were done, the 
modified Hauser-Feshbach formula shows bet- 
ter fitting at high incident energies. This 
suggests that Assumption 3 holds, i.e. there 
exist a number of excited levels, and their 
spins and parities are distributed statistically. 

For Zn, Zn and Zn®**, the -calculated 
values of the cross sections corresponding to 
the excitation of the 2nd and 3rd levels are 
about twice as large as the observed values. 
It is not clear why this disagreement** occurs. 

In conclusion, it may be possible to say 
that the compound-formation process is pre- 
dominant in the inelastic scattering of 3.4 to 
4.6-MeV neutrons by Ti, Fe and Zn. In order 
to get further confirmations, measurements of 
the angular distributions of scattered neutrons 


* The predominant isotopes of Zn are Zn* 
(48.89%), Zn®(27.82%) and Zn%*(18.56%), and the 
level schemes of these isotopes are similar with 
each other. 

The (n, p) reaction cross section for Zn is (56 
+4.0) mb29) at the incident energy of 3.6MeV. The 
contribution of this reaction was neglected in the 
calculation. 
-** This disagreement may be remedied by revi- 
sion of the magnitude of imaginary part of the 
optical potential. 
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are now in progress. 
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Appendix I The Modification of 
Hauser-Feshbach’s Formula 


When the energy of the incident particle 
is high and many levels can be excited in the 
residual nucleus, Hauser-Feshbach’s formula 
(1) can be modified by taking the following 
three aspects into consideration. 

(A) The numerators of the form must be 
preserved from the modification to give the 
dependence of the inelastic-scattering cross 
section on the spin z’ of the residual nucleus, 
because the most parts of the spin dependence 
of the formula (1) come from the numerators. 

(B) It is assumed that many levels of the 
residual nucleus are excited, the spins and 
parities of which are distributed statistically, 
and the density of the levels with spin z is 
expressed in the form!.? of 
isa 
Do(U) ’ 
where Do(U) is the function of the excitation 
energy U. 


o(U, 1)= 


target nuc. 


compound nuc. 


Fig. 9. Schematic energy-level diagram for the 
inelastic scattering. 


(C) To get a good approximation without 
the detailed knowledge on the levels of the 
residual nucleus, the denominators of the 
formula are rewritten in a form of integral, 
using the expression of level density. 

Representing the denominators, of the for- 
mula (1) by H(E, J), 
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H(E£, Dadar Ese THE”) ’ (A.1) 
where 
2, if both 7i° and 72% 
Ej" is equal to 4-1, if either 7:’’ or j2”” satisfy |J—l’|Sjr’S J+” . (A.2) 
0, if neither 7:1’ nor 72’’ 
Taking the aspect (B) into consideration, (A.1) and (A.2) may be replaced by 
B oo 
HES) ie Save ee (A.3) 
B’’=0 1’/=0 ji’ 
and 
[J-l|sj"SJ4+l” : (A.4) 


respectively. The number of the channels with a definite /’ and j’”’, through which the 


compound nucleus can decay, is given by 


L | dat} it 


22k Di =aieP) 


where dE” is a small energy interval in the residual nucleus. 


207’ —4) +1 } aE” = Aes cae dE” k 
D(E—E’”’) 


Do 


Here, the factor 1/2 before 


the parentheses results from the assumption of the equal populations of two parities in the 


residual nucleus. 


27° +1 


ae D(E_E”) 


V7=0 jl =|J-U| 


H(E, J) =| 


D © T+” 
0 


Thus, the formula (3) is obtained. 


Appendix II The Level Density of Fe*® 


The use of the formula (8) requires the 
knowledge of the level density (27+1)/Do. 
As the expression of the level density, New- 
ton’s formula’? was adopted in this paper, 
but there is no justification for using Newton’s 
formula in the energy range up to several 
MeV, because of the following two reasons. 
One reason is that the pairing energy (~3 
MeV) is neglected in the Newton’s formula. 
The other is that this formula is based on 
the data obtained from the thermal-neutron 
capture and hence related to levels with ex- 
citation energies nearly equal to the binding 
energy of a neutron. So it will be adequate 
to remark that, in this paper, it was used 
only as an approximate formula with an ad- 
justable constant factor (~0.1, See § 4). 

This normalized level density was checked 
by the level scheme of Fe** which had been 
obtained by the beta-decay experiments". 
But this level scheme was not sufficient to 
see the complete level scheme in the energy 
range related to this paper, because the levels 
corresponding to the beta-transitions of higher 


ab’ =2]+1)| 


Then replacing the summation over £” in (A.3) by an integral, 


#H ib co 
a 2’ +V)Tv( dk” . 
»D(E—-E”) pol +)Tv(E”) 


from the level scheme 
— from tne normalized Newton 
formula 


g § 


I/Do (MeV~') 
9 2 
Oo! 


9 9 
= 


3 
U (MeV) 
Fig. 10. Level density of Fe‘¢. 


order or small energy difference might have 
not been found. Tentatively we regarded all 
transitions in the aforesaid experiments as the 
allowed transitions and the following process 
was used for derivation of 1/Do as a function 
of excitation energy. 

2i+1 


I 1 
( ee 2 = Do 
Here, (1/D)obs is the level density at an ex- 
citation energy obtained from one beta-decay 
scheme. For Fe**, there are two beta-decay 
schemes, i.e. Mn**—>Fe** and Co'*>Fe*. The 


(A.5) 
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range of summation % is limited to 2’s cor- 


responding to the allowed transition. 


The igs 


10 these values of 1/D. calculated by the 
formula (A.5) are compared with Newton’s 


formula normalized by 0.123. 


The agreement 


is not bad. 
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The crystal structure of potassium trifluorocuprate (II) KCuF, has been 
determined by an X-ray analysis. The structure was refined by Fourier 
method. The crystals are tetragonal, @=y/ 2 a)=5.855 and c= 2¢)=7.852A; 
space group D}*—J4/mem, with four formula units (KCuFs) in the unit 
cell, where ap and co designate the lattice constants of the fundamental 
pseudo-perovskite structure. This superstructure is due to a displace- 
ment of fluorine ions along the copper-fluorine-copper bonds only in the 
c plane. The atoms are in the following positions: 4 K+ in (a): (0,0, 0; 
3, 4, 3)+(0, 0, 4; 0, 0, #): 4 Cu2+ in (d): (0, 0, 0; 4, 3, 2)+(0, 2, 0; 3,0, 0): 4 F- 
in (b): (0,0, 0; 4, 4, 3)+(, 4, 4; 3,0, 4): 8 F~ in (h): (0, 0,0; 3, 4, 2)£(@, 2+ 
2,0; 4—a, 7,0) with ~=0.228. In this structure a Cu?+ ion is surrounded 
by a distorted octahedron of F- ions with copper-fluorine distances of 


2.25, 1.96 and 1.89A. 


$1. Introduction 

In recent years attention of many researchers 
has been drawn to the crystal structures and 
the magnetic properties of ABO; compounds 
with the perovskite structure because the mag- 
netic ions form the simple cubic lattice in this 
structure. For the same reason antiferro- 
magnetic substances KIVF; have been investi- 
gated on their crystal structures” and magnetic 
properties?) in our laboratory, where M_ indi- 
cates the 3d transition group elements. 

At room temperature (>T wy) the structures 


of KMnF;, KFeF;, KCoFs and KNiFs; are of. 


the ideal perovskite type, but KCuF: crystal- 
lizes as a modification of the perovskite type, 
which is tetragonal (a>c). 

In the perovskite structure a 3d cation is 
in an octahedral anion interstice where the 
crystal field splits the 3d levels of the magne- 
tic cation into two groups—a set of three 
degenerate dé orbitals and a set of two dr 
orbitals of higher energy. The divalent 3d 
ions under consideration have electronic con- 
figurations as follows: 


3dé 


3dr 
Misrusiinigis forptile (vit 
Ree ‘ic liaise i 
Corts Heat hey 
Ni PNET qe Of 
Cu?* ora Pie 


* The configuration of Co2+ can be represented 
by a single one-electron configuration only in an 
approximation. 


Since the electronic charge distribution of 
Cu®* ion has the dy symmetry a distortion of 
the local octahedron around Cu?* ion to tetra- 
gonal symmetry is expected as a result of the 
Jahn-Teller effect as discussed by Dunitz and 
Orgel®. As to the direction of the distortion, 
Opik and Pryce* showed theoretically that 
Cu?* in octahedral coordination always distorts 
its surroundings so that the central ion has 
four near and two far neighbours. On the 
other hand Liehr and Ballhausen® predict that 
the distortion for Cu?+ can go either way, that 
is, with c/a for the distorted octahedron 
greater than or less than unity. 

Besides KCuFs, so far as we know, there 
are two more examples of distorted octahedron 
formed by F- ions around Cu?* ion. These 
are in CuF:.® with distorted rutile structure 
and in K:CuF,” with tetragonal K2NiF, struc- 
ture where the distortions of the local octa- 
hedra are both tetragonal, but c/a>1 for the 
former and c/a<1 for the latter.** 

Recently Kanamori” has shown that the 
sign of the superexchange interaction is closely 
connected with the cation orbital state, when 
the cation is subject to the crystalline field 
arising from octahedrally or tetrahedrally sur- 
rounding anions. Therefore it should be 
interesting to determine the crystal structure 


** Kanamori’) has pointed out that the distor- 
tion in K;CuF, can not be attributed to the Jahn- 
Teller effect, because K,NiF, has the isomorphous 
structure. 
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of KCuFs and to compare with the 
properties. 


magnetic 


§2. Experimental 


The compound, prepared by Hirakawa, Hi- 
rakawa and Hashimoto” of our laboratory, 
crystallized in the form of pseudo-cubes which 
were mostly a few mm? in volume and pale 
violet. The specimens on which the X-ray 
work was performed were formed into nearly 
cylindrical shape, length 0.4~0.8mm and dia- 
meter 0.14~0.12 mm, by cutting with a razor 
blade and by grinding with sand paper. 

The preliminary data were obtained from 
rotation and oscillation photographs taken 
with CuKa radiation. The lattice constants 
were determined as follows: at first ad was 
determined from high angle (hk0) reflexions 
about the [001] by graphical extrapolation 
against cos? 0, next using this a@ value co was 
determined from high angle (h0/) reflexions 
about the [010] by the same extrapolation. 

Integrated intensities were recorded on 
multiple film equi-inclination Weissenberg 
photographs of the (20), (hk1), (hk3) and (h0/) 
layers using MoKa radiation. The ranges of 
intensities measured were about 10‘ to 1 for 
the (hk0), about 10? to 1 for the (A0/) and 
about 10? to 1 for the (hkl) and (hk3), the 
estimate being made visually. Oscillation 
photographs were used to bring the relative 
intensities of reflexions in different layers to 
a common scale. 

The integrated intensities were corrected 
for Lorentz and polarization factors. Since 
the linear absorption coefficient for Moka 
radiation is 96.9cm~', the absorption correc- 
tions of Bradley!” were applied to the inten- 
sities, assuming the crystals to be exactly 
cylindrical. No corrections were made for 
extinction and dispersion. 


§3. Structure Analysis 


a) Preliminary analysis 

The oscillation photographs about [100] and 
[001] as rotation axes were obtained with 
CuKa radiation by spending enough time. 
Very weak reflexions due to a superstructure 
were found on these films. The cell dimen- 
sions of the superstructure are twice as large 
as those of the fundamental pseudo-perovskite 
structure, that is: 

ad =b' =2a,=8.2800.002 A , 
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C’=2¢o=7.852+0.004 A , 


where the prime and the suffix indicate the 
super- and fundamental structures, respec- 
tively. Indexing on the basis of the above 
superlattice all the reflexions are classified 
into two groups as follows: 

i) h,k,I all even, whose intensities are 
corresponding to the pseudo-perovskite struc- 
ture, 

ii) h,k,l all odd, which are due to the 

superstructure. 
(hh!) reflexions of the second group are system- 
atically absent. Moreover the relative inten- 
sities between the first and the second group 
reflexions suggest that this superstructure 
should not be attributed to an ordering of ion 
vacancies but to an ordered displacement of F- 
ions from the original positions of the pseudo- 
perovskite structure. 


ig 


mee 


b/4 


o/4 
Se 
oO 1A 
Fig. 1. Electron-density projection along [001], 


with contours at intervals of 10e.A-2. Over 


the whole region the density is positive. 


b) [001] and [010] projections 

Structure factors F(hk0) and F(h0l) of KCuFs 
are all positive if the origin is chosen at Cu?+ 
and if the departure from the original pseudo- 
perovskite structure is not large. Therefore 
a final /) synthesis could be calculated directly 
using Beevers and Lipson strips. Fig. 1 shows 
the [001] projection by the Fy) synthesis and 
the displacement of F- ions is obvious, al- 
though the F~- ions of which displacements 
are in the opposite direction in successive (001) 
planes are superposed. A preliminary com- 
parison of calculated and observed hk0 struc- 
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ture factors, Fe(hkO) and Fo(hk0), by Wilsons’ 
method!” for the 34 reflexions out to (sin 6/4)? 
=0.99 provided a provisional temperature 
factor B=1.27 A, and resulted in a reliability 
factor R=>\|Fo—Fel/S.|Fo| of 0.052 (0.048, if 
the non-observable reflexions are omitted). 
The calculated structure factors are based on 
the atomic scattering factors of Thomas and 
Umeda!” for Cu2+ and of Berguis et al.’® for 
K+ and F-. 

The refinement of the structure was carried 


b/4 


a/4 
Fig. 2. Final (fo—F) Fourier projection along 
[001], with contours of +land —3 e.A-2; nega- 


tive contours are shown as broken lines. Solid 
circles represent atomic sites. 
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out by the successive use of difference Fourier 
The final (fo—F) 
The final values: 


projection along [001]. 
synthesis is shown in Fig. 2. 
of the parameters and the temperature factors, 
given in Table I, were used to calculate a set 
of structure factors, which is given together 
with the observed set, in Table II. The reli- 


ability factor for the 58 reflexions on the hk0: 


layer is reduced to 0.046 (0.042). The stand- 
ard deviation of the atomic coordinate of the 
displaced F- ion was estimated as 0.008 A by 
the methods given by Cruickshank™. 


Table I. Atomic parameters and temperature fac- 
tors obtained from [001] projection. 
Parameters Temperature 
x y factors (A2) 
Kt t 4 1.30 
Cu2+ 0 0 133 
0 0 
is Oa 0) 1.00 
0 0.228 


A similar procedure was carried out about: 


the h0/ data. On the [010] projection by the 
Fy synthesis shown in Fig. 3, it is clear that 
the displacement of F~- ion occurs along the 
Cu-F-Cu bond only in the c plane. The same 
parameter value for the shift of F~ ion as the 


[001] projection was confirmed by the difference. 


Table II. Observed and calculated structure factors of (hk0) reflexions. 
hkO IF Fe hk 0-2 Fil Bo... | eohilie0. een eae eeb ately Hommage te 

0 20 144.9 138.6 ZOVON NS 930 Soo 240) Og sae SEO Si (Dome lk armen sas 
4 BA (pile erSilvan 12 15.6 15.4 22 ie pene, 16 22.3 9 2550) 
6 Sie Sonn 14 47.5 47.6 18 MOE" eee! 
8 Deal 71500 16 8.5 4.5 WOO ablbygsy AIS) 20 126 On Os 

10 44.2 47.0 18 AUST © vailis 8 32.8 34.4 
12 Sor OmeEOo LS) 20 0 1.0 10 A Sucre 10100 47.5 48.9% 
14 albeit Peat 22 TRO ee Cuil, 12 14.6 13.8 ie 11.6. 1186; 
16 Spl Ssevhrsll 14 41.7 39.4 14 285 Ok m2 O8 
18 17.6 14.6 4 40 272.1 270.4 16 0 4.7 16 0 4.3: 
20 LbZ ASG 6 68.6 67.0 18 18.4 18.7 18 15 Zigler 

22 Stes meld ail! 8 145.0 146.8 20 0 1.4 
10 35.0 38.6 22 aay AAG) MEP OE WAST Sy" PASS 
220 240.3 241.3 12 (AS el 3).o 14 8.7 ae Sa 
4 102.6 94.6 14 16.7 22.6 StS 10h wn 0 27 me OA ae 16 1485 li 250% 
6 151.6 153.4 16 BE Se 10 2D Zone 18 85355 fost 

8 47.6 43.4 18 1270 else 12 48.7 50.8 
14140, 17.1 17:0 
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Fourier projection, 
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while the temperature 


factors obtained by the third synthesis were 


4 


a 


Jaa 
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somewhat different from those obtained earlier 
In Table IV Fy(h0/) 


as shown in Table III. 


are compared with F,(h0/). 
ments for the (h0/) data were carried out 
under rather worse condition—shape and size 
of specimen, exposure time and size of integra- 
tion—than those for the (#k0) data, the reli- 
ability factor for the 92 (h0J) reflexions is 
0.087 (0.061). 


Table II. 


Since the experi- 


Atomic parameters and temperature 


factors obtained from [010] projection. 


Parameters 


a ‘ Temperature 
dase AY y factors (A?) 
Ra == Es 
om f Curt 0 0 1.00 
Fig. 3. Electryn-density projection along [010], 0 (0) 
with contours at intervals of 10e.A-2. Broken ie oe 3 1.40 
lines indicate 0e.A-2. : 
Table IV. Observed and calculated structure factors of (h0l) reflexions. 
hol | Fol Fe le Ot | Fol Fe la © ¢ | Fol Fe hol | Fol Fe 
OT0Re2 13456 als4e ss 2 0) 8 5is3 S320 | 2 O20 18.4 157073 ONS 97.5 99.1 
Ab Souk wl BOSE 10 o2et 83.3 10 Zee 21.0 
6 135 Tt 12 27.8 Df) | CaO» zt 82.3 leG 12 Baia Dore 
Sia64 4173.8 14 45.0 AZ.3 | 8 WAY $5) A) 3 14 Ca 128 
10 36.3 38.0 16 20 13.4 | 10 ANB AL 43.0 16 30.2 26.9 
12 90.2 86.9 18 24.6 Vee Wd 82.6 79.1/;100 8 26.6 DD). 
14 26.6 18.8 14 28.3 PAB Mh | 2 48.9 56.3 
16 44.6 40.2 AL) MOS yA | ANG) 37.0 38.1 | 14 0 18.8 
18 0 OM /an nO 1 56p(aeeeloseo) 018 0 14.0 | 16 219 28.1 
20 22S GED aS 58.7 46.8 | 20 1G. 33 16.7 
10 99.6 97.8 10 0 10 43.5 48.5 
7 (0) (OQ) leyehnals  alsts) ros | a3 0 2029')) 6:05.56) 120555 114.56 12 23.0 Wiel 
4 SVALO 371-45) 14 52a She 8 42.4 42.3 14 eee 26.0 
6 98.2 88.0 | 16 0 10.0 10 (22 69.4 16 0 9.9 
8 WaT UR | ARS Die) 26.6 12 Sono 22.6 
10 Sls 49.9 | 20 0 5.4 14 35.6 85.92 1010 20.5 11.8 
12 78.0 89.4 | 22 Se) WLS 16 0 12°25) 14 31.9 29.0: 
14 Ore) 27.7 18 19.4 Ge Zale 0 6.7 
16 30.8 ADD | hh O 2 “BO Asst 
18 0 15ES) 6 65.4 6022) |) 2Sa0ma6 30.8 SYS) | (0) 33e5 So 
20 igs 18.4 8 146.6 147.7 | 10 il a IL USB 14 WS 7 Henk 
22 12.4 7.5 10 30.7 B22 28.8 isl 16 20.8 16.6 
NZ 78.9 77.1 | 14 40.7 43.8 
9) (Ny 2 PRE AOE) 14 PTE 16.7 | 16 0 8.8 | 14 0 12 PAL 2 We 
4 105.3 98.9 16 41.8 36.3 | 18 20.8 ZS eG 18.3 72. 
6a 414 14558 18 0 8.8 
80 8 97.5 99.1} 14 0 14 ZAlatl 16.2 
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c) Analysis of (hk) and (hk3) data 

Although the [001] and [010] projections of 
electron density have shown a displacement 
of F- ions, a contribution by the displacement 
to F(hk0) and to F(h0l) is very small in 
general. Since the superstructure reflexions, 
on the contrary, are purely due to the dis- 
placement, (2k1) and (hk3) data were examined. 
The intensities of (#k1) and (hk3) reflexions 
were brought into an absolute scale by com- 
paring with those of (2k0) reflexions. The 
parameter and the temperature factor of F- 
ion shown in Table V were determined so as 
to get the best agreement between the ob- 
served and calculated structure factors, which 
are given in Table VI. 


Table V. Parameter and temperature factor of the 
displaced F- ion. 


From (hk1) From (hk3) 
reflexions reflexions 
0.232 0.230 
Parameter [1.92] [1.90] 
Temperature 2.3 
factor (A2) ee au 


Values in the brackets show the shortest Cu-F 
distances (A) corresponding to these parameters. 


Table VI. Observed and calculated structure fac- 
tors of (hk1) and (hk3) reflexions. 


Dokl Bi Fo F, hk 3 |Fol Fe 
ik a ale AUS) 21647 al S3r3 M1658 17.6 
teat =12-3 5 1158 = 109 
12.9 1359 7 11.8 Set 
9 8.6 —7.2 se) Dall —6.6 
11 4.7 Day) 11 0 5.5 
3,50 1 2222 9 2057 |-oy ono 18.8.5) 18.6 
a 4.0 5.9 7 SZ —4.9 
9 123°” — 11.0 9 WAT 9.6 
OF ie BLZk6 U3 6ao eS Gide IEG 12.8 
9 0 —2.2 ) 0 =1.9 
a Oe 6.8 sath te) |e") 8} Yel! HB 


These superstructure reflexions have weak 
asterism along the c* axis of the reciprocal 
latticet, while the fundamental reflexions have 
no asterism. Then this parameter may be an 
upper limit for the displacement and is in 
good agreement with those obtained from 


Tt This asterism will be discussed in § 5. 
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[001] and [010] projections. 

Another way to attack this problem is the 
method of the bounded projection of electron- 
density’, that is, 


We 4,205 5 


er 
which enable to separate the individual atoms 
if z: and ze are chosen properly. For the 
present case it is convenient to choose as 
zi=—1/4 and z=+1/4. Then this integral is 
expressed as follows’: 


+1/4 
\ AEN, Zaz 
4 


ma 
cel 


a? 


i >>: F(hRO) cos 2x(hx+ky) 
42°35 F (hkl) cos 2n(hn-+hy) 

7 
-235 F(hk3) cos 2x(hx + ky) 


+235 F(hk5) cos 2x(hx+ky)—-- | : 
7 


Although only Fo(hk0), Fo(hk1) and Fy(hk3) 
are used, the termination error is very small. 


eA* 


20-Oclgs "309 20° BS OP 
(a) (b) 


Fig. 4. Cross-section of the bounded projection at 
y=0; in (a) FRO), F(hk1) and F(hk3), in (b) 
F(AOL), F(hk1) and F(hk3) are synthesized, res- 
pectively. Broken lines indicate the correspond- 
ing cross-sections of [001] and [010] projections. 


The cross-section of the projection at y=0 is 
shown in Fig. 4(a). Not only Fo(hk0), but also 
F,(h0l) can be used to obtain this cross-section, 
the result being shown in Fig. 4(b). In these 
figures the cross-sections of [001] and [010] 
projections at y=0 are also shown by broken 
lines for comparison. The same results were 
obtained when F.(hk1) and F.(hk3) were used 
instead of Fo(hk1) and Fo(hk3), respectively. 


d) High and low temperature study 
This superstructure was examined also at 
high and low temperatures. In the tempera- 
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‘ture region of 670~135°K any intensity change 
“was not observed on the super- and funda- 
‘mental reflexions which were recorded on the 
“oscillation photographs taken using a single 
crystal high temperature camera having a 
‘cylindrical Ni-foil heater (Dent and Taylor‘”) 
and a low temperature camera by gas cooling 
method. There was no change of lattice sym- 
‘metry over the same temperature region. 


$4. Description ef the Structure 


Fig. 5 shows the crystal structure of KCuFs 
‘obtained from [001] and [010] projections, 
where the displacement of F- ions is exag- 
gerated. For this structure the unit cell 
‘should be chosen as indicated by broken lines. 


| 
© il -@ oS Bey 
OQ Oe e ! eee) Se I 
a tere aie teculese | 
ae | NX 
© oy 8 Sees 
O Os F a’ 
= = 
acl + 2+ 
a3 @ kK, @ Cu, OF 


“Fig. 5. Structure of KCuF;. Single, double and 
bold lines are long, medium and short Cu-F 
distances, respectively, where the displacement 
of F- ions is exaggerated. 6 F~ ions which 
‘surround a Cu2+ ion distorted-octahedrally are 
shown as shaded circles. Broken lines indicate 
the unit cell. 


“Therefore the lattice constants, space group 
-and atomic coordinates are as follows: 


a=V 2 av=5.855+0.0015A, 
€=2co.=7.852+0.004A, 

space group: D}8—I4/mcm (Z=4) 
atomic coordinates: (0,0,0; 4,2, 3)+ 
4 K+ in (a): (0,0, 4; 0,0, #) 

4 Cu*+ in (d): (0, 4,0; 4,0, 0) 
OAD) yd, £4 ¥, 0,2 


iSakieein (h): ae (edt tin 0 Reet ay 0), 
“4=0:228. 
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In this structure a Cu2+ ion is surrounded by 
a distorted octahedron of F- ion with copper- 
fluorine distances as follows: 
1=2.25+0.01, m=1.96+0.001 

and s=1.89+-0.014 , 
where /, m and s mean the long, medium 
and short distances as shown in Fig. 5 by 
single, double and bold lines, respectively. 


Table VII. Cu-F distances (A) in KCuF;, CuF,®) 
and K,CuF,’). 


KCuFs CuF, K,CuF,; 
2.25 (2) 2.27 (2) 2.08 (4) 
1.96 (2) 1.93 (4) 1.95 (2) 
1.89(2) | | 
mean 2.035 | ea 2045 2:03, 
} 


Figures in the parentheses show the number of 
the Cu-F bonds. 


In Table VII these Cu-F distances are com- 
pared with those in CuF2 and Ke2CuF;. Al- 
though the directions of the distortion are 
different, the averages of the 6 Cu-F distances 
are nearly the same. In CuF:2-:2H2O' the 
shortest Cu-F distance is 1.89 A, although the 
Cu?+ surroundings are different from those in 
the others. 


§5. Discussion 


The electronic configuration of the lowest 
orbital state of Cu2+ ion which is subject to 
an octahedral cubic field is (d&*)(d7?)d7'; 
those in parentheses indicate paired electrons. 
Therefore a dy orbital oriented to the two 
far F~ ions (dz?) should be completely filled. 


Se _cut* and completely 
filled dz? orbital 


Orr 


Fig. 6. Ordering of dz? orbitals for KCuF3. 


The ordering of these dz? orbitals is shown in 
Fig. 6. In the 2’-direction, the intervening 
F- ion p orbital overlaps on each side a half 
filled Cu?+ ion orbital, while in the «’- or y’- 
direction, overlapped Cu?*+ ion orbital is half 
filled on one side, completely filled on the 
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other. Then superexchange interaction be- 
tween Cu2+ ions on opposite side of F~ ion 
may be antiferromagnetic for the former and 
ferromagnetic for the latter as suggested by 
Goodenough" and Kanamori®. Below the 
Néel temperature (243°K), consequently, an A- 
type antiferromagnetic structure may be ex- 
pected, that is, all the magnetic moments 
within any (001) sheet are arranged ferro- 
magnetically but with antiferromagnetic coup]- 
ing between successive sheets. 

The dispositions of the magnetic cations 
relative to the intervening anions in KCuFs 
are very similar to those in MnF3;?° with dis- 
torted ReOs structure and in LaMnO;?” with 
distorted perovskite (GdFeOs) structure. By 
neutron diffraction studies the A-type anti- 
ferromagnetic structures have been confirmed 
for both MnF;22 and LaMnO;2". However the 
local distortions of these compounds are more 
complicated than that of KCuFs and, as pointed 
out by Gilleo?”, the distortion of LaMnO; may 
not be attributed purely to the Jahn-Teller 
effect, because LaCrO; and LaFeOs also have 
the isomorphous structures, for which the 
effect cannot be expected. 

On the other hand the distortion of KCuFs 
seems to be mainly due to the Jahn-Teller 
effect, because except for KCuFs there are no 
such distortions in KMF; compounds above 
their Néel temperatures and the magnitude of 
the distortion is in good agreement with that 
found in Mn*+-containing spinels'®. That is, 
ratio of long to average of medium and Short 
Cu-F distances is 1.17. 

As mentioned in §3c), the superstructure 
reflexions of KCuF; have weak asterism along 
the c* axis of the reciprocal lattice while the 
fundamental reflexions have no asterism. 
These features are somewhat similar to those 
of cobalt”, and suggest a kind of stacking 
disorder, say as follows: the displacements of 
F~ ions in successive (001) planes are in the 
opposite direction in the regions of perfect 
crystallization, but in real crystals the dis- 
placements in neighbouring (001) planes are 
in the same direction occasionally. Further- 
more one specimen among six examined in 
detail, showed superstructure reflexions cor- 
responding to the following unit cell: a’=b’ 
=2da, C’=Co, which means that in this struc- 
ture the displacements in successive (001) 
planes are in the same direction. These facts 
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suggest that the difference between the stabili- 
ty of these structures are rather small. This 
asterism did not disappear down to 135°K. 
Fortunately the disordered structure assumed 
here has no influence on F(#k0) and F(h0l). 


The authors wish to express their hearty 
thanks to Prof. T. Okada for his continuous 
guidance and encouragement, to Dr. K. Hira- 
kawa and Mr. T. Haghimoto for supplying 
the crystals for this investigation and for 
discussions, and to Miss K. Hirano for assist- 
ance in calculation. This investigation was 
partly supported by the Scientific Research 
Expenditure of the Ministry of Education. 
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Hall Effect on Some of the Magnetic Compounds 


By Satoshi Fusime, Miyuki MuRAKAMI, and Eiji HIRAHARA 
Department of Physics, Faculty of Science, Tohoku University 
(Received September 5, 1960) 


A sensitive Hall measuring apparatus has been constructed, and mak- 
ing use of it some of magnetic compounds, nickel oxide, iron telluride, 
nickel telluride, and iron sulfide have been studied. Especially, iron 
sulfide was studied because of the interest for its remarkable anisotropies 
of conductivity and susceptibility. From the results, one may say that 
the anisotropy of the conduction is responsible to the anisotropy of its 
mobility but not to the carrier concentration. 


§1. Introduction 


The conduction phenomena of a semicon- 
ducting compound containing transition ele- 
ment has some difficult problems not to be 
explained by the simple current theory, for 
example, some of these compounds exhibit 
anomalous resistivity at the temperatures near 
the Curie or Néel points, and other exhibit a 
remarkable anisotropy at the temperatures 
below the Curie or Néel points. Furthermore, 
the nature of conduction carriers in most cases 
is unknown whether it is an s-like electron in 
the energy band or a d-like electron in the 
discrete levels. In order to elucidate the 
nature of conduction phenomena, it has been 


requested to study the Hall Effect for these, 


materials. The Hall voltages of these materi- 
als observed in typical conditions, however, 
are always so feeble to be hardly detected in 
the ordinary measurements. For the com- 
pounds studied in our laboratory, for example, 
nickel telluride, iron telluride, and iron sulfide, 
the Hall voltages to be measured for typical 
conditions seem to be of the order or smaller 
than 10-7 volts. It is, to say, for nickel tel- 
luride 8x10-*volts in the case of H=5000 
oersteds, the sample thickness d=0.1cm, and 
the sample current J=200mA, so that the 


ordinary Hall coefficient will be 3.5 x 10-> cm?/ 
amp.sec.(3.5 x 10-48 volt.cm/amp.gauss). 

Therefore, in the construction of the meas- 
uring apparatus, the noise level of the detector 
must be at least of the order of 10-°volts in 
order to achieve a reasonable signal to noise 
ratio. The Hall equipment having the sensi- 
tivity mentioned above was assembled, and 
with it the Hall effect has been studied for 
the compounds above mentioned as well as 
nickel oxide. 

Among these compounds, especially the iron 
sulfide has been studied in detail, because of 
the interest for its remarkable anisotropies of 
conductivity and magnetic susceptibility at the 
a-transformation. 


§2. Apparatus and Experimental Procedures 


Our apparatus is essentially same as 
Lavine’s apparatus” except for some details. 
The block diagram of our equipments is shown 
in Fig. 1. The equipment is composed with 
a 1.025kc.p.s. power supply, a microvoltor or 
an attenuater, an amplitude and phase con- 
troller, a bucking and adding circuit, a high 
gain phase sensitive detector, and a pen- 
recorder or oscilloscope. 

The 1.025 kc.p.s. power supply is primarily 
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Frequency 
Divider 
102.5*° |,025*° 


102.5 Keps 
Quartz 
Oscillator 


Amplitude 
Controller 


Phase Shifter 


has 
Pen Phase 


Recorder 


Sensitive 
Detector 


Figy 1. 


drived by a 102.5 kc.p.s.-quartz oscillator which 
is stepped down to 1.025 kc.p.s. by a frequency 
divider or muti-vibrator, and then selected and 
magnified by a narrow band voltage amplifier 
and a power amplifier. This power is fed to 
the sample, the microvoltor, and the amplitude 
and phase controller, respectively. The volt- 
age signals controled in the bucking and adding 
circuit are shown by the vector diagram in 
Fig. 2, in which the picked up voltage inde- 
pendent of magnetic field H is shown as IZ, 


Fig. 2. Vector diagram of voltages controled in 
the Bucking and Adding Circuit. 


and the Hall voltage Vz, the magnetoresist- 
ance voltage Vm(H?) and JR drop between 
the Hall probes are in phase with the current, 
and are shown collinear in the vector. The 
resultant vector of these four voltage vectors 
is shown as the vector A. A voltage inverse 
to A is added by the amplitude and phase 
controller circuit ajusting the magnitude | A| 
and the phase as to just vanish the out put 
signal. The magnetic field is then reversed, 
the voltage out put of the system becomes 
2Vu because the Hall voltage changes its sign, 
and JR and Vm(H*) does not change sign. The 
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Narrow Band 
Voltage Amp. 


Bucking and 
Adding Circuit 


Oscilloscope 
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Power Amp. 


Microvoltor 
(Attenuator ) 


Block diagram of sensitiue Hall equipment system. 


Hall voltage 2Va is recorded by the high 
sensitive detector and recorder. 

A sample holder was constructed in special 
device to prevent the spurious signals from. 
the sample and the Hall leads. The sample 
was set in a square hollow in a copper bar 
of 4cm in diameter, 25cm in length, the 
dimension of square hollow was 3cmx3cm 
in base area, 2cm in depth. For a heating 
furnace, the nichrome wire was wound in a. 
bifilar winding around the mica plate 4cm x 
3.5cm in area, and this furnace was inserted 
into the slice-shaped ditch which was cut de- 
eply from the end of the copper bar. The. 
Hall leads and sample current leads were fixed 
in the narrow channels which were cut along 
the length of the copper bar, for the sake of 
preventing a voltage induced in these leads. 
vibrating in the magnetic field. 


§3. Results 


The results of measurement for these com- 
pounds are given in TableI. For nickel oxide 
and nickel telluride*, the Hall measurements. 
could be performed only at the room tem- 
perature (at 16°C), because of the high resis- 
tivity of the former and of the very feeble 
Hall response of the latter. For iron telluride 
and iron sulfide the measurements could be 
performed in some wider range of tempera- 
ture. Nevertheless the temperature variations. 


* The authors wish to thank Mr. Y. Nakazumi 
(Tochigi Chemical Industrial Co.) for supply of this. 
single crystal. 
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Table I. Results of Hall measurements for Various compounds. 
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Temper 
Pommpounds Coma Watt (crits Nees (ines) (ot Gey eee ol tacey 
NiO 16 4.2 x10-7 + 2.6x104 2.7 1014 1.4x 10-8 3.7x 10-4 
NiTe 16 4 x10-7 — 3.5x10-5 18x10 | 14x10 0.49 
FeTe dy ba MGs a) iter ee ee 3 alee 
FeS 7 ok Pe : : ¢ 
| eg 0.7 x10-8 +0.70% 10-4 8.5 1022 2200 0.16. . 
Ca 115 | 0.64x10-8 | 40.70x10-4 | 8.5x102. 2700 =| (0.20 
150 | -0.64x10-8 +0.70x10-# | 8.5x102— 3000 0.22 
16 =| 0.7 x10-© | +0.70x10-« | 8.5% 10H 4 2.8% 10-4 
~ ita 0.7 x10- | +0.70x10-4 8.5102 20 14x 10-4 
150 | «0.7 x10-® | +0.70x10-4 8.5x10% | 2800 0.21 


for only iron sulfide are given in the Table 
for the purpose of the later discussions. The 
Hall voltages Vz observed and the Hall con- 
stants Rx calculated for these compounds are 
shown in the third and fourth columns, respec- 
tively. 

The concentration ”, and the mobility ~ of 
the carrier given in the fifth and seventh 
columns are estimated by the following rela- 
tions 

Rua=l/en 


er O— lr 


CP) 
(2) 
where e is an electronic charge, o a conduc- 
tivity. These relations have been originally 
applicable to a simple band model of a metal 
and a semiconductor, however they may be, 
for present, used for the analysis of these 
compounds. In the present step, the conduc- 
tion nature of these compounds has _ been 
remained obscure and no relations correspond- 
ing to Eqs. (1) and (2) have been obtained, it 
may be inevitable to use the above relations 
for the analysis of our compounds. Some of 
results obtained by the use of these relations 
will be discussed in later part of this paper. 


§ 4. Discussions 


Nickel oxide: Hall measurements of nickel 
oxide have not yet been reported, because of 
its high resistivity and of its very poor Hall 
response. Morin” has determined, by the 
measurements of Seebeck effect, the nature 
of conduction was the hole conduction. Our 


Hall measurement shows a positive Hall con- 
stant and so also a hole conduction. The hole 
mobility is of the order 10-‘ cm?/volt.sec., and 
the hole concentration is of the order 10** per 
unit volume. These values seem to be reason- 
able for a high resistivity material such as 
nickel oxide. Yamashita and Kurosawa® have 
investigated theoretically the conduction of 
this material as a d-hole diffusion with very 
small mobility. The very small value of 
mobility obtained as above may be compatible 
with the concept of the hopping model pro- 
posed by them. 

Nickel telluride and Iron telluride: These 
compounds have a considerablly high conduc- 
tivity with a poor mobility. In general, these 
compounds, containing a magnetic element and 
being low resistivity, have a apparent poor 
mobility estimated by the use of the relation 
(2), and an extraordinarily large number of 
carriers estimated by the use of the relation 
(1), as shown in Table I. These carrier num- 
bers are larger than the lattice concentration, 
this means the relations (1) and (2) are unre- 
asonable to apply to these compounds and the 
Hall constants might be under estimated. It 
may be necessary to consider a two bands 
model in stead of one simple band model. The 
extraordinarily small value of Hall constant 
may be attributed to the cancellation between 
the contributions from the electrons and the 
holes. The final conclusion will be reported 
after the more detailed experiments is made. 
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Iron sulfide: The iron sulfide has a remark- 
able anisotropy of conductivity at the tem- 
perature range below Ta, the temperature of 
the a-transformation, as seen in Fig. 3(a)*. 
61 and oc in the figure are the conductivities 
in the cases that an external electric field is 
applied in perpendicular, and in parallel to the 
c-axis of a single crystal, respectively. The 
anisotropy at the temperatures below Ta is 
very large (¢./¢¢=800), and becomes to be small 
(¢../6c-=1.5) above Ta. The Hall measurements 


jTa 


|Te -| + —— plE1C) 3 
10 BL 88 
8 A olELC) @ 
6 10 -9 
2 a =a Ry Ss 
a4 10 10 , 
a 
(EMC) = 
2 o(E/c) 10 BP N 
Oe anes (onions 
aS 
10°/T 107T 
(a) (b) 


Fig. 3. Conductivity, Hall constants, and mobility 
for iron sulfide stoichiometric. (a) anisotropy 
of conduction. o and oe are the cases the ex- 
ternal electric fields are applied in perpendicular 
to, and in parallel to c-axis of crystal, respec- 
tively). (b) the mobility » and Hall constant 
Ry obtained in this work. 


were carried out at the temperatures below 
and above 7s, and the almost same values of 
Hall constants have been observed both in 
the cases of os and oc, within the limit of 
experimental error. These Hall constants ob- 
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served and the mobility estimated by the use 
of the relation (2), are also shown in Fig. 3 
(b). The concentration of carriers in the two 
cases of oa and oc, are same order. Never- 
theless the mobility exhibits a remarkable 
anisotropy as seen in the conductivity. It 
may concluded that the anisotropy of conduc- 
tivity is owing to the anisotropy of the 
mobility but not to the carrier number. 

In order to interpret the fact that the car- 
rier concentration does not change at the 
temperatures below and above 7s and that 
the mobilities very low, it may be natural to 
assume that there are two kinds of ions of 
different valences such as Fe?+ and Fe*+ for 
the lack of stoichiometry, and the electrons 
or holes hopping between these ions are 
responsible for the conduction and the low 
mobility. 

The detailed estimation of this problem will 
be reported by one of the authors on the paper 
which will be published in this journal. 

This work is supported partly by the fund 
of the Ministry of Education in Aid of Scien- 
tific Research. 
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Anisotropy of Electrical Conduction in Iron Sulfide 
Single Crystal 


By Miyuki MURAKAMI 
Department of Physics, Faculty of Science, Tohoku University 
(Received September 5, 1960) 


To investigate the anisotropy of the conductivity of iron sulfide single 
crystal, a simultaneous measurement of the conductivity and the thermal 


expansion was carried out. 


The result is that the conductivity is intimately correlated with the 
lattice parameter (or exchange energy), but is not necessarily affected 


by the spin direction. 


From this result a spin sublattice structure of 


high temperature type is proposed, and the anisotropy of the conduc- 
tivity in the range of temperature near the a-transformation temperature 


is interpreted qualitatively. 


Introduction 


aan 


The anisotropies of susceptibility and con- 
ductivity in iron sulfide single crystal have 
been studied in our laboratory”, the results 
reproduced are shown in Figs. 1 and 2. In 
Fig. 1, the solid lines show the susceptibilities 
in the heating process and dotted lines show 
those in the cooling process. In these meas- 
urement, especially the anisotropic behavior 
at the a-transformation is characteristic. The 
qualitative interpretation for the magnetic 
susceptibility has been given assuming that 
the exchange energy and anisotropy energy 
change those values simultaneously at the 
a-transformation?)». No report for the inter- 
pretation of the conductivity has been pub- 
lished at present. 

For the stoichiometric iron sulfide single 
crystal, the ratio of conductivities, one the 
current flows along the direction perpendicular 
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Fig. 1. Susceptibility versus temperature curves. 


Solid curves are in heating process, and dotted 
ones are in cooling process"). 


—————— 


to and the other parallel to the c-axis, is of 
the order of 10° at the temperatures below 
Ta (the temperature of the a-transformation), 
and is about 1.5 at the temperatures above 
Taz. One of the purposes of this paper is to 
interprete the anisotropy qualitatively. 


25 3.0 


Tx 10° 


7 BO 


Fig. 2. Conductivity versus temperature curves. 


For the interpretation of the anisotropy, it 
is necessary to perform more detailed investi- 
gation of the a@-transformation than before 
(previous cooling experiment”). The previous 
cooling experiment shows that the exchange 
energy and the sign of the anisotropy energy 
change at the different temperatures on the 
cooling process. On the theoretical considera- 
tion, though it is not clear, the exchange 
energy is considered to change its value with 
the lattice parameter or c/a of the crystal. 
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It is well known that a remarkable change 
of the c/a takes place at the a-transforma- 
tion’). To investigate the correlation between 
the exchange energy and the conduction, a 
simultaneous measurement of the conductivity 
and the thermal expansion of the crystal was 
carried out in the range of temperature near 
Tx. From the consideration of the experi- 
mental results, an antiferromagnetic sublattice 
structure of this substance has been proposed 
which is consistent with the magnetic proper- 
ties, and explain the anisotropy of the con- 
ductivity. 


§2. Experiments and Results 


The apparatus for the simultaneous 
measurements of conductivity and thermal 
expansion was built up with a conventional 
dilatometer and a resistivity measuring potenti- 
ometer. The sample was set between the silica 
pieces, and its thermal expansion was meas- 
ured by the double mirrors and _ telescope. 
Four resistivity probes were attached to the 
sample as shown in Fig. 3(a). The probes 
are made of tungsten wire. A plane figure 
of a probe ring is shown in Fig. 3(b); a small 
tungsten pin attached on the ring contacts 
with the sample. Two current leads and two 
voltage leads are connected with four rings, 
respectively. The sample crystal used for 
the measurement was the single crystal with 
the c-axis parallel to the length of the sample. 
The conductivity and the thermal dilatation 
both along the c-axis was measured simulta- 
neously, and the results are shown in Fig. 4. 


Sample 


(a) (b) 


Fig. 3. Detailed figures of sample holder unit in 
apparatus for the simultaneous measurement of 
thermal dilatation and conductivity. 
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The susceptibility %a, obtained when the ex- 
ternal magnetic field was applied perpendicular 
to the c-axis of the sample mentioned above, 
is also shown in Fig. 4. The rate of the 
temperature change for the susceptibility 
measurement was taken care to be the same 
with that of the conductivity and dilatation 
measurement. The arrows in Fig. 4 show the 
process of the thermal cycle in each measure- 
ment. 


2Y leo x1 0° 


Fig. 4. Results for the simultaneous measurement 
of thermal dilatation and conductivity, and ad- 
ded to them result for susceptibility of the same 
sample. Arrows indicate the heating and cool- 
ing processes. 


It will be significant to call attention to the 
cooling curves which show a intimate correla- 
tion between the conduction and the dilatation, 
but not between the conduction and the 
susceptibility or the easy axis direction of 
magnetization. When the temperature is 
decreased from 7s, at the temperature 7, the 
susceptibility increases abruptly, but the con- 
duction and the dilatation does not change, 
and at 7; the susceptibility, conduction and 
the dilatation bigin to decrease, and then at 
Ts the conduction and the dilatation both 
change abruptly. 


§ 3. Discussion 


a) Schematical interpretation of the anomalous 
cooling curves. 

As mentioned before, the a-transformation 
on the heating process may be understood by 
assuming the simultaneous change of the ex- 
change energy and anisotropy energy. The 
anomalous behavior of the a-transformation 
on the cooling process may be understood 
assuming the changes at different tempera- 
tures of the two energies. 

These situations are schematically given in 
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Fig. 5. The exchange energy A, which will 
be intimately correlated with the lattice para- 
meter, decreases abruptly at T:~Ts, and set- 
tles on the normal curve on the heating 
process, but on the cooling process, it jumps 
up at 7; toward the normal curve (heating 
curve) and coinside with it at T;. The ex- 
change energy is assumed to change like as 
the lattice parameter. The anisotropy energy 
constant K, which is assumed uniaxial, will 
decrease at 71, and its sign will change from 
positive to negative at T2 on the heating pro- 
cess. On the cooling process, its sign will 
change at 7; from negative to positive. For 
the anisotropy energy the change in sign will 
be important. 


wt 
[(d) @ 
fr 
OF Teas Ta TRIE 
Fig. 5. Schematic interpretation of a-transforma- 
tion. 


a: variation of exchange coupling constant A. 
b: variation of anisotropy constant K. 

Cc: variation of susceptibilities of %, and Xe. 

d: variation of conductivities of og and cc. 


Combining the variations of the K and A 
mentioned above, the temperature variations 
of the susceptibility and the conductivity near 
T. will be represented schematically as in Fig. 
5(c) and (d). These figures represent qualita- 
tively the experimental results. 


b) Estimation of the exchange energy at 
various temperatures 

As mentioned in the preceding paper®’, the 

Hall measurement for iron sulfide at the tem- 

peratures below and above Tx show that the 

mobility has a remarkable anisotropy and 
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anomaly and the carrier concentration does 
not change in that temperature range. It 
may be assumed that the main part of the 
conduction will be caused by the electron 
transfer between Fe’+ ions and Fe?+ ions, and 
the anisotropy and anomaly will be ascribed 
to the spin correlation of the conduction elec- 
tron with the lattice magnetization. There 
are two distinct cases for the electron transfer 
in the consideration of spin correlation in an 
antiferromagnetic material. One is the case 
in which the electron must transfer along the 
direction in which the lattice spins align in 
antiparallel alternately, and in this case the 
electron transfer will be assumed to need an 
activation energy for the spin flip, which is 
equal to the exchange energy /. The other 
is the case in which the electron will transfer 
along the direction in which the lattice spins 
align in parallel, and in this case no activation 
energy will be needed for the electron transfer. 
In a rough approximation the ratio of the 
conductivities in the two distinct directions 
mentioned above will be exp(—/J/kT). The 
conductivities in the two cases will be, here 
after, designated o, and a ; respectively. 

To estimate the temperature dependence of 
Oa/de Or o1/o/;, the temperature variation of 
J has been estimated by the use of the results 
of susceptibility measurement. For the tem- 
perature range above Ty, it may be put that 
J~kTw. For T<Ta, the estimated Tw’ from 
Eq. (A, 4) in Appendix fitting to the experi- 
mental value of yj; is not the same as Tw 
because the a-transformation changes the 
magnetic structure, or the magnitudes of the 
antiferromagnetic coupling constant A and of 
the ferromagnetic coupling constant 7’. 

A may be estimated from Eq. (A, 1) in Appen- 
dix, and S is assumed to be 2, g-value has 
been estimased by the author® to be g=2.14 
from the analysis for the paramagnetic region. 
Using these values, Tw’ was obtained to be 
900°K from Eq. (A, 4) fitting to the experi- 
mental values. Therefore, the exchauge 
energy J may be put as J=kTw’ =kx900°K 
TO elec 

For Iw<T<Tw, the slightly temperature 
dependent value of A is estimated from the 
Eq. (A, 1) which is slightly increasing with 
temperature as the lattice parameter gradually 
changes. The value of x / in this region has 
been estimated as %/;=2%a—%c,” where %a 1s 


190 


the susceptibility when the external magnetic 
field applied in the direction perpendicular to 
the c-axis of the crystal. The Ty’ in this 
region is obtained from Eq. (A, 4) using these 
values mentioned above, which is given in Fig. 
6. The values of A and I at various tem- 
peratures are also given in the same figure. 


\72-Cl. 


Th, 1/2-CA, 1/2-Cr 


Fig. 6. Estimated values of A, I’, and Ty/= 
4C(A-T). 


c) Anisotropy in the conductivity 

For T7<Ta the easy magnetization axis is 
parallel to the c-axis of the crystal, therefore, 
the ratio oa:¢e may be approximately exp(// 
kT):1. As J=kx900°K, this ratio is exp(900/ 
100)~8 x10? for 100°K, ca. 10? for 200°K. 
Since the actual crystal will have some residual 
conductivity caused by some sort of lattice 
defects or by some s-, p- band electrons, these 
values may be considered to give the observed 
anisotropy in the conductivity qualitatively. 

For the range Ta<T<Tvy, the spins align in 
c-plane, or easy magnetization axis lies in per- 
pendicular to the c-axis. As marked in Fig. 
5, the conductivity is not affected by the spin 
direction but intimately correlated with the 
exchange energy. In fact, it was impossible 
to evaluate the ratio oa/oc which agrees with 
the measured ratio of oa/oc=1.5, when the 
sublattices were chosen to be parallel with 
c-plane. It was considered that the sublattice 
would change its structure owing to the 
decrease of A at Tx. Hence it was attempted 
to find the types of sublattice which could be 
considered to be consistent with the experi- 
mental susceptibility results. Among these 
sublattices, the one which is able to explain 
the anisotropy and anomaly of the conductivity 
is shown in Fig. 7. The sublattice planes in 
this type incline to the c-axis by about 45° 
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(more exactly 44.5°). In this type, the con- 
ductivity along the sublattice plane is o//, and 
o, is the conductivity perpendicualr to the 
sublattice plane. Considering the experimen- 
tal results” that the rotationary measurements 
for the susceptibility around c-axis have shown 
no anisotropy in this temperature region, the 
crystal will be assumed to consist of three 
groups of domains, each domain will have the 
structure in Fig. 7 and will be disposed keep- 
ing angle of 120° with other domains. This 
domain structure will be designated as “ Y- 
structure ” for the sake of brevity. 


Fig. 7. Magnetic spin sublattice structure pro- 
posed in the temperature region between Ig and 
Tw. Circles are iron ions, neglecting sulfur 
ions for simplicity. 


The conductivity along the c-axis may be 
6e=0// COS? 45° +0, sin? 45° =(1/2)(o7;+01) . 
At 420°K, just above Ta, J=k-750°K from 

Fig. 6, so 
de=(1/2)(1/6+1)a/;=(7/12)o7, . 
At 593°K, the Néel point, J/=593°K xk, | 
do=(1/2)1/2.7-+1)¢7/=(3.7/5.4) Xa « 
The conductivity along the direction perpen- 
dicular to the c-axis may be calculated by Eq. 
(B, 4) in Appendix. It is 
6u=(1/4)(30//+61) 
=(1/4)(3+1/6)o/;=(19/24)o;, 
=(1/4)(3+1/2.7)o/;=(91/108)a,/, 
The ratio 


at 420°K , 
at 593°K . 


6a/0e™X1.36 at 420°K , 

23 ati5032 Kn: 
These estimated values agree qualitatively 

with the experimental value oa/¢e=1.5. 

Recently, Hihara et al”) have reported the 
experimental results for the susceptibility and 
the conductivity of sulfur excess sample FeS,, 
~=1.05~1.09. They found that, in these 
samples the A and K independently changed 
at different temperatures. For example, the 
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K changed its sign at —20°C, and the A 
changed its value at 110°C owing to lattice 
parameter (c/a) change, for the sample FeSi 0s. 
They also have observed that the conduc- 
tivity changes with A, and does not change 
at the temperature where K changes its sign. 

Their results may be qualitatively explained 
by our model as follows. For FeS, Gi 1F05 
~1.09), the sublattice structure will change at 
Ta from “ Y-structure” of the high tempera- 
ture type to the simple sublattice structure of 
low temperature one, so that conductivity will 
be largely affected as expected. At the Ty’, 
the temperature at which K changes its sign, 
the simple sublattice will be kept unchanged, 
and only the axis of easy magnetization 
changes its direction so that the %/, and %, 
interchange mutually their roles, however the 
conductivity will not be affected approximately 
by the spin flipping. 

Finally the writer wishes to express his 
thanks to Prof. E. Hirahara for continuous 
guidance and helpful discussions given during 
this work. 


Appendix 


A. Formulas for the susceptibilities 


In the simple theory of antiferromagnetism, 
the susceptibilities® %, and %/, are 


%i:=1/A (A, 1) 
_ 3SBs'(yo) ess Tr ae 
es c/| T+ Atr)CPE |, 
(A, 2) 
and the Néel temperature Tw is expressed as 
TK=(A—-T) C2’. (A, 3) 


The notations used in these formulas are same 
as in the reference. From the formulas (A, 1), 
(A, 2) and (A, 3) 


cos¢g sing 0 cos Y 
av=(-sin g cos¢ 9 ignyie | SIC 


0 0 i! 0 


67, COS? P+3(o// +01) Sin’ ¢ , 
The conductivity o. 


—o); sin g-cos 9+ 3(a//+o.(Sin g COS / , 


3(o/,—04)8in g , 3( 
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—sing 0 
cos g ) 
—o/; sin ¢ cos 9+4(6//+e1)siIn gy COSY, 
67, sin? g+4(4//+ 61) COS’ ¢ , 


an 


7 
3SC_ By’(yo) 


a 
X// 
is obtained. 
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B. Calculation of the conductivity 

If the x’ y’-plane is chosen in a plane of one 
sublattice plane of the “ Y-structvre ”, and then 
the z’-axis is chosen in perpendicular to the 
plane, the conductivities along the x’-, y’- and 
2’-axis, respectively, are o/;, o/) and o1. An 
electric field vector EF, and a current vector 
I are connected by a tensor a as follows, 


oy) 
I=a'E, 2-(0 oy; 0 ) (B, 1) 
0 0 o% 


When the x’ y z’-system is rotated around 
x’-axis in 45°, and z’-axis coincide with the 
z-axis which is parallel to the c-axis of crystal, 
the o is represented in the x y z-system as 


il} 6 0 oy, O O 
avma( Vs “uv | (0 o// » 

Oy, bh) e2adpenel vA. 0 0 0: 
1 0 0 

-(: Lae uv | 
US A AG 
O// 0 0 

(0 3(0// +04) Neva), (B, 2) 
0 467-44) 4(6//+01) 


The conductivity oc along the z-axis is 
os= Jif Be =(1/2)G)/¢) , (B, 3) 
To calculate the conductivity perpendicular 
to the c-axis, it is necessary to take an average 
over the three sorts of domains distributed 
in every 120° around the c-axis. The tensor 
Ory) is transformed by rotation of g around 
the c-axis to 


0 1 


3(o//—014)SINg 
3(07/—07/)COS °) . 
3(o/; +04) 


(o//—61) COSY , 


will be calculated taking average for g over the three directions. 


y+0°, g+120° and ¢+240°, and it will be, independently of ¢, 


6a=(1/3){a/) cos? g +(1/2)(o/; +4) sin® y +47) cos? (P+ 120°) +(1/2)(o/;+01) sin’ (y+ 120°) 


+01) cos? (y+ 240°) + (1/2)(o/ +41) sin’ (y+240°)}=(1/4)(80/;+64) . 


(B, 4) 
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Heat Treatment Centers in Silicon 


By Yasuo MATUKURA* 
Electrotechnical Laboratory, Tokyo, Japan 
(Received September 7, 1960) 


Heat treatment of p-type silicon at temperatures above 900°C frequently 
results in a decrease of hole concentration. In the present experiments, 
heat treatment centers have been found to diffuse from the surface dur- 
ing such heat treatments in the case of sufficient concentration to account 
for the observed changes in the electrical characteristics. The heat 
treatment center has a deep donor level at 0.4eV above the valence hand. 
This level is converted into a donor level 0.51eV from the conduction 
band at room temperature. Heat treatment centers may perhaps be 
introduced into silicon by surface impurity. Diffusion of the surface 
impurity is classified by its speed into two species. Faster diffusing one 
is characterized by the diffusion coefficient of 1x10-5cm?2/sec at 1017°C 
and the activation energy for the solution, 1.8eV. Observed properties 
on the heat treatment center show that heat treatment in the temperature 
range 900 to 1265°C results in diffusion of iron from the surface into 
bulk material. 


$1. Introduction below the conduction band and a donor level 

Recently, the growth of silicon single crystals at 0.35eV above the valece band. By our 
having long lifetime of minority carrier has Preliminary experiments, it was seen that 
become possible. However, in subsequent heat treated silicons had some donor levels. 
heat treatments to temperatures above 1000°C, Neither this discrepancy has yet been made 
the lifetime is frequently degraded.” The clear, nor the details for the formation of 
‘degradation of lifetime is sometimes ac- the heat treatment centers. 


companied by the decrease of hole concent- In the present work, observations are made 
ration in p-type silicon, resulting in anincrease on the diffusion of heat treatment centers 
-of resistivity. G. Bemski! has reported that from the surface of specimen and the tem- 
these phenomena have been caused by the perature dependencies of Hall coefficient and 
formation of heat treatment centers at high resistivity of p-type crystals treated at high 
temperatures, and that these centers are gold. temperature. The results show that the heat 
Gold in silicon has an acceptor level at 0.54eV treatment centers have some donor levels, and 

* Present address: Nippon Electric Co. Ltd., that these donors are introduced by diffusion 
Semiconductor division, Kawasaki, Japan. from the surface with the diffusion coefficient 
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of about or over 10-'cm?/sec and precipitate 
in lattice defect by slow cooling from high 
temperatures. It seems that these heat treat- 
ment centers are originated from some surface 
impurities, one of which is probably iron 
atoms. 


§2. Experimental 


The electrical effects in heat treated silicon 
are studied by standard techniques. The 
changes in carrier density at room temper- 
ature are obtained from resistivity measure- 
ments by four point probe method. The 
energy level of heat treatment centers is 
obtained from Hall coefficient and resistivity 
measurements as a function of temperature 
by using vibrating reed electrometer. 

Both pulled and floating zone refined p-type 
crystals are studied, and their resistivities are 
lying in the range of 10 to 1000 Qcm at room 
temperature. For reducing some donors 
originated from oxygen, pulled crystals are 
heated for 5 hours at 1050°C and then cooled 
at the rate of 2°C/min. After cutting, samples 
are rinsed in a mixture of HNO; and HF and 
then in deionized water by an _ ultra-sonic 
machine. Heat treatments of the samples are 
performed at the temperature range of 900 
to 1265°C in quartz tube using argon as a 
gas ambient. 


§3. Results 


When p-type silicon is heated at the temper- 
ature above 900°C and quenched, the con- 
centration of hole is reduced to about 10'* cm~* 
and its resistivity becomes high. By a long 
period treating at high temperature, p-type 
specimens are converted sometimes to the 7- 
type of high resistivity indicating that the 
heat treatment center may act like a donor 
impurity. While high purity -type silicon is 
heated at high temperatures and quenched, 
no change in resistivity or Hall coefficient are 
not observed. Thus there does not appear 
more than 10'%cm-? of acceptor levels for the 
heat treatment centers. 

Concentrations of the heat treatment center 
greater or smaller than the initial hole con- 
centration are obtained by treating high purity 
p-type silicon at high temperatures and 
quenching. On these specimens, Hall.scoe- 
fficient and resistivity are measured as a 
function of temperature. Fig. 1 shows the 
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typical temperature variations of Hall coe- 
fficient. Curve 1 is obtained on an untreated 
p-type specimen. Curve 2 is obtained on a 
sample treated at 1050°C for 5 hours, whose 
initial acceptor concentration is 1x10 cm-3, 
and the slope gives the activation energy of 
0.2eV. Curve 3 is got on another one treated 
at 1250°C for 5 hours, indicating the activation 
energy of 0.43eV. The initial acceptor con- 
centration is equal to the specimen of curve 
1. From p- to m-type conversion is found on 
a sample which was heated at 1265°C for 2 
hours and then kept at room temperature for 
4 weeks, shown as curve 4, indicating the 
activation energy of 0.5l1eV. Changes in type 
were not observed immediately after high 
temperature treatment but found to occure 
after 4 weeks. In general, it is seen that the 
specimen having the higher resistivity after 
a heat treatment has a tendency to show the 
larger slope on the Hall coefficient vs the 
inverse temperature curve. It seems that the 
decrease of hole concentration may result 
from the heat treatment center having deep 
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Fig. 1. Hall coefficient vs reciprocal temperature 
for heat treated p-type samples. 
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donor levels above the valence band, and that 
these centers are nearly ionized at room 
temperature. 

As shown in Fig. 1, the treated p-type 
specimen are converted into m-type after about 
a month at room temperature. However, this 
conversion does not always take place in heat 
treated silicon. The specimens in which a 
large number of heat treatment centers were 
introduced have a tendency of this conversion. 

Since the heat treatment center has deep 
donor levels lying near the center of forbidden 
gap, it is henceforth assumed in this work 
that that the change in hole concentration by 
heat treatment above 1000°C is a measure of 
the induced centers. 

In order to make clear the mechanism on 
the formation of the heat treatment center, 
some experiments were performed. Pulled 
and floating zone refined p-type crystals are 
cut into rectangular specimens having different 
surface-to-volume ratios. These specimens 
are simultaneously heated for 5 hours at 1050°C 
and then cooled at the rate of 5°C/min. After 
removing the surface region, the changes of 
resistivity are measured. Successive lapping 
of the surface layer shows that the heat treat- 
ment centers distribute uniformly in the 
specimen. The variation of the concentration 
of formed heat treatment center with the 
surface-to-volume ratio is shown in Fig. 2. It 
is seen that the concentration of the heat 
treatment center increases linearly with the 
increasing surface-to-volume ratio. Therefore, 
it seems that the heat treatment centers are 


Concentration of Heat Treatment Center (crri%) 


Surface-to-Volume Ratio {cm') 


Fig. 2. Concentration of introduced heat treat- 
ment center vs surface-to-volume ratio of p-type 
sample at 1050°C. 
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not resulted from the bulk properties such as 
oxygen atoms and quenched-in dislocations 
but from the surface impurities with high 
diffusion rate. If the heat treatment centers 
are resulted from the quenched-in vacancied 
or some impurities contained in the bulk 
silicon, it seems that the concentration of heat 
treatment center does not depend on the 
surface-to-volume ratio of the treated speci- 
mens. This result will predict that the heat 
treatment centers are formed by diffusion 
process from the surface into the bulk. 

As it is expected for the surface impurities 
to have a high diffusion rate, p-type specimens 
with the thickness of about 4mm are used to 
measure the diffusion constant of these im- 
purities. The specimens are heated for 1 hour 
at 1017°C and qunenched at the rate of about. 
800°C/min. Resistivity is measured as a 
function of the depth from the surface, and 
the penetration of the surface impurities into 
the specimen is estimated from the decreased. 
hole density. The distribution of the diffused 
impurities with the depth from the surface is 
shown in Fig. 3, where solid line is calculated 
value obtained by assuming error function 
for diffusion process and diffusion coefficient. 
=1x10->cm?/sec. It is seen that the penet- 
ration of the surface impurities nearly agrees 
with the calculated one. It is noticed that 
the surface impurities diffuse with large dif- 
fusion coefficient such as 115-5 cm?2/sec, and 
that as shown in Fig. 3 the concentration of 
heat treatment center near the surface is 
larger than that in the interior where the 
diffused centers have a plateau distribution. 
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Fig. 3. Penetration curve of surface impurity at 
1OMZSC: 


Similar experiments were also performed at: 
1106°C, and it was seen that the diffusion 
coefficient at its temperature was greater than 
1x10-°cm?/sec. The distribution of the duf- 
fused centers shown in Fig. 3 indicates that 
two species of diffused centers may be present: 
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a more slowly diffusing species for the shallow 
penetration with a high surface concentration 
and a faster diffusing species for the deep 
penetration. 

On the faster diffusing species, the diffusion 
coefficient is extremely large at the temper- 
atures above 1000°C such as 1x10-5 cm?2/sec 
or more. Therefore, it seems that the diffused 
impurity in thin specimens distributes uni- 
formly for about 60min. Then, the plateau 
in the curve for 1017°C in Fig. 3 measures 
the surface concentration of a faster diffusing 
species. Fig. 4 shows the variation of heat 
treatment center density with the temperature 
at which the specimens were treated. The 
specimens of 1mm thickness with the re- 
sistivity of 10 to 200 Qcm are heated for 2 
hours at the temperature range of 1000 to 
1265°C and then quenched. The changes of 
resistivity are measured at 504 below the 
surface, and the diffused center density is 
obtained. As shown in Fig. 4, the logarithm 
of the diffused center density varies linearly 
with the reciprocal of the treating temperature, 
showing the slope of about 1.8 eV. 

It is experienced that the decrease in hole 
density by heat treatment at high temperatures 
is larger in the center of pulled crystals than 
at the edge®’. Similar results are also obtained 
in present work. Specimens of 1mm thick- 
ness are prepared by slicing perpendicularly 
to the pulled axis of crystal. After heating 
at 1060 and 1200°C, the changes in resistivity 
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Fig. 4. Solubility of a faster diffusing species vs 
reciprocal temperature. 
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are measured along the diameter. Fig. 5 shows 
the variations of the concentration of heat 
treatment center along the diameter. It is 
seen that the concentrations of the diffused 
center at the edge of the slices are less than 
those at the center where dislocation density 
is expected to be small. On the other hand, 
the concentration of the diffused center depends 
on the rate at which the specimens are cooled 
from high temperatures. For example, after 
the specimens of 200Qcm resistivity were 
heated for 1 hour at 1050°C, the specimens 
were cooled at the rate of 2°C/min from the 
treating temperature to 500°C and then rapidly 
to room temperature. Results obtained from 
the resistivity measurements show that the 
diffused centers are nearly zero in the slowly 
cooled specimens. 
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Fig. 5. Concentration of introduced heat treat- 
ment center as a function of the distance along 
the diameter. 


§4,. Discussion 

G. Bemski” has pointed out that the con- 
centration of carrier in both p- and n-type 
silicon decreases by heating at high temper- 
atures, and that these decreases result from 
the introduction of gold as a heat treatment 
center which has both donor and acceptor 
levels in silicon. In this work, while the hole 
density in p-type silicon decreases by the heat 
treatment at high temperatures, the heat 
treatment on high resistivity m-type silicon 
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shows no changes in resistivity except the 
decrease of donor density due to the an- 
nihilation of oxygen®. Reduction of the hole 
density in p-type silicon may be explained by 
an assumption that the heat treatment does 
not introduce into silicon any deep acceptor 
levels, but some donor levels. In the elements 
investigated so far in silicon, the element 
which has two deep donor levels is only iron, 
of which the donor levels lie at 0.40 eV above 
the valence band and at 0.55eV below the 
conduction band.” If it is permited to assume 
that one of the impurities of the heat treat- 
ment centers is originated from iron, the 
results obtained in preceeding section may be 
nearly explained. In Fig. 1, the activation 
energies 0.43 and 0.51 eV obtained from curve 
3 and 4, respectively, are nearly in agreement 
with the values on iron, but the value obtained 
from curve 2 is very small compared with 
0.40eV. This discrepancy may be understood 
as follows: when the amount of the introduced 
heat treatment centers is small in comparison 
with the hole density in the initial p-type 
specimen, the Fermi level will be located 
below the deep donor level for such centers. 

Since the concentration of heat treatment 
center is proportional to the surface-to-volue 
ratio, it may be reasonable to assume that 
the heat treatment centers are originated from 
the impurities on the surface of specimen. 
These impurities have a large diffusion constant 
such as 1x10-'cm?/sec at 1017°C. In the 
elements investigated so far in silicon, the 
elements which have such a large diffusion 
constant are Li, Cu, Au, Zn, Fe,® and Ni®. 
Since the heat treatment centers will not have 
any acceptor levels, it seems that the above 
mentioned elements are not probable except 
iron as the impurity of the heat treatment 
center. The diffusion constant of iron which 
has been measured by C. B. Collins” is 
5x 10-® cm?/sec at 1000 to 1115°C. It may be 
noticed that the diffusion constant of iron 
shows also the good aggreement with the 
value obtained for the heat treatment centers. 
As shown in Fig. 4, the activation energy of 
the surface concentration is about 1.8eV and 
much smaller in comparison with the value 
obtained from the data of C. B. Collins for 
iron.” It seems that this discrepancy may be 
probably due to the difference in the degree 
of crystal defect, for the properties of the 
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heat treatment center are very structure 
sensitive as shown in Fig. 5. The initial 
surface concentration of the impurity may be 
roughly estimated from the faster diffusing 
species as follows; in Fig. 2, the number of 
diffused center per unit surface-to-volume 
ratio is about 1.5x10'%%cm-? at 1050°C. It 
will be resonable to consider that these amount 
of the impurities can be supplied on the surface 
of silicon during the etching process or from 
argon as a gas ambient. 

Heat treatment centers are not observed in 
the specimens which are cooled slowly from 
high temperatures. This result is suggestive 
of the precipitation of the impurity. It seems 
that the heat treatment centers diffused at 
high temperature precipitate or aggregate in 
the site, such as dislocations, having a low 
potential energy in the course of cooling. 
This mechanism will agree with the results 
shown in Fig. 5 that the reduction of hole 
concentration by heat treatment increases at 
the center of the slice where the dislocation 
density is small compared with that at the 
edge. 

It is known that some concentrations of 
heat treatment center in silicon have a dele- 
terious effect on the lifetime of minority car- 
riers.» For iron in silicon, the recombi- 
nation cross section for holes, A, is 3x10-%6 
cm? and for electrons, An, is greater than 
1.5x10-'*cm?.”) In consideration of the dif- 
fusion mechanism, energy levels, and re- 
combination properties on the heat treatment 
centers, it will be reasonable to consider that 
one of the impurities from which the heat 
treatment centers in this work originate is 
probably iron atoms. 

The author wishes to thanks Dr. T. Momota 
for his continual encouragement, and Dr. M. 
Shibuya for helpfull discussions. 
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Self- and migration energies associated with interstitial carbon and 
xenon atoms in graphite are calculated, taking account of the relaxation 
around the interstitials. Assuming that the graphite lattice consists of 
thin elastic plates held together by the weak interaction forces and sub- 
jected to the transverse force by the interstitial atom, the strain form 
is obtained by solving the equations for the bending plates. Then, em- 
ploying a suitably chosen interaction potential between the interstitial 
and all other atoms, the relaxation and the energies associated with the 
interstitials are calculated. In case of the carbon atom, the self-energy 
is 2.5ev, the migration energy 0.016 ev and the ratio of strain energy to 
the total self-energy 0.49, and in case of xenon, they are 15.lev, 0.03 ev 
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and 0.79 respectively. 


$1. Introduction 


Lattice defects in graphite have been in- 
‘vestigated since the development on the first 
nuclear reactor”. Dienes?) was the first to 
‘study the mechanism for self-diffusion in 
graphite using a simple but pertinent theory: 
He estimated the energies associated with 
‘vacancy, interstitial and direct interchange of 
atoms, and concluded from these values that 
either of the vacancy mechanism and the in- 
terstitial mechanism may be not always 
favourable for self-diffusion as compared with 
‘the direct interchange. The experiment on 
the diffusion of carbon stoms in natural 
graphite was done by Kanter®, and it was 
found that the diffusion process can be ex- 
pressed by D=40/f? exp (—163000/RT) where 
f is a constant depending on the crystal shape. 
He compared this experimental value of acti- 
vation energy for self-diffusion with the theo- 
retical values obtained by Dienes and revised 
by him, but didn’t find what mechanism actu- 
-ally takes place in self-diffusion in graphite 
‘because of the discrepancies between the ex- 


perimental and theoretical values. It should 
be noted that the above investigators took no 
account of the relaxation of atoms around 
the point defects in their calculations, which 
would substantially change the above theo- 
retical values. 

On the other hand, recent development in 
the radiation damage experiments seems to 
emphasize the importance of migration and 
self-energies of vacancies and _ interstitials 
formed by the incident high energy particles?.®), 
Although there are few fundamental irradi- 
ation experiments on graphite, it is possible 
to predict rough values for the energies of 
the defects; for instance, the self-energies of 
vacancy and interstitial are probably several 
electron volts (presumably 3~8 ev), the migra- 
tion energy of vacancy a few electron volts 
(3~4ev), and the migration energy of inter- 
stitial very low (of the order 0.lev). Actu- 
ally, Dienes” estimated the migration energy 
of vacancy as 3.lev, which seems to be fairly 
reasonable. However, all other kinds of ener- 
gies associated with the defects appear to re- 
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main not accurately calculated. Therefore, it 
is quite necessary to do more such calculations 
using appropriate theoretical methods as well 
as to do more fundamental experiments. 

Another problem concerning the radiation 
effects on graphite arise from a new develop- 
ment of the nuclear reator; that is the diffu- 
sion of fission products such as xenon atoms 
in graphite. Xenon atoms produced by fission 
of uranium will migrate in graphite in such 
a fuel element as the “semi-homogeneous ”, 
and their diffusibility sometimes could deter- 
mine the fundamental design of the reactor. 
This problem may be treated by a theory 
similar to that of the migration of the carbon 
interstitial atoms. 

In this paper, we report on the migration 
and self-energies of the interstitial atoms of 
carbon and xenon in graphite. It is well known 
that graphite has a layer structure of hexago- 
nal planes weakly held together by van der 
Waals forces. The bonds within the planes 
are very strong covalent bonds, the length of 
which is 1.42 A. The inter-layer distance, in 
which the weak van der Waals interaction is 
taking place, is 3.35A. Accordingly, it may 
be reasonable to assume the graphite crystal 
lattice to be a system of thin elastic plates 
separated at a constant distance by the very 
weak interaction forces, so far as the lattice 
can be treated by the elasticity theory. 


§2. Relaxation of Lattice around an Inter- 
stitial Atom 


2.1 Strain form in the layer structure 

There arise two kinds of extra energy in- 
creases when an interstitial atom is put into 
the graphite lattice; namely, (1) the strain 
energy arising from the change of atomic dis- 
tances and bond angles as a result of bending 
of the hexagonal layers around the interstitial, 
and (2) the interaction energy between the 
interstitial atom and all other atoms in the 
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crystal lattice. We can treat the former elasti- 
cally without taking account of the detailed 
crystal structure. As mentioned before, this: 
treatment is suggested from the layer struc- 
ture of graphite, and, in fact, had a good 
success in the interpretation of the specific 
heat of graphite®.”. The latter energy will be 
obtained if the interaction potential between 
atoms is suitably chosen and also the strain 
form of the bent layers is determined, as will 
be mentioned later. 


n+ 2th 


n+Ith 


| n-Ith 


n- 2th 


Fig. 1. Relaxation of the graphite lattice around 
an interstitial. 


In this section, we determine the strain form: 
by making the sum of both energy increases 
minimum. Formally, the latter interaction is. 
introduced as the distribution load on each. 
layer, its strength and distribution form being 
taken as two parameters in the calculation. 
The distribution of the load is undoubtedly 
co-axial as shown in Fig. 1. Therefore, we 
have the elastic strain energy associated with. 
an interstitial in the form 


els 


Here wm(7) represents the transverse displacement of the m-th layer at a radius 7, the dis- 
placement parallel to the layer being neglected. c is the distance between the adjacent layers 
and p the volume density. «? and y?, each multiplied by cp, are the bending elastic constant 
and the Hook’s force constant between the neighbouring layers respectively. The first term 
in the bracket represents the elastic energy in the bent plates, and the second term the in- 
teraction energy increase between the neighbouring layers. 

We introduce a distribution load coFn(r) and use the D’Alembert’s principle 
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av—\’ oF nlr)-8e0m(r)-2nrdr=0 , 


in order to find the equations to determine the strain form. Putting the boundary condition 


that wm(r) becomes zero as y—co, the equation for the strain form of the n-th layer per unit 
area is obtained® ; 


THEW 1) + {Wnii(1) +Wn—1(7)— 20a} = — Fil) , 2) 
where 
a IL es 
Yee i ell 
is dr? yr dr - 


To solve Eq. (2), we assume as following, provided that the interstitial is between the n-th 
and (n—1)-th layer; 


WnA(r)=—WrlK) , Wnti(*)=Q:WrAl7) , 0a le 633) 
The former assumption may be quite reasonable as an approximation, unless the crystal 
Structure around the interstitial site is precisely taken into account. The latter assumption 
is also permissible if wn(r)<c and the region of strain is comparatively small. Thus, the 
equation to be solved under the above boundary condition is 
Gth)\win=f—n: h=V3—a:Vuje,  frlr)=Falr)/n?. (4) 
‘To obtain the solution, first we find a Green function G(r, €) that is the solution of the equ- 
ation 


r+AnGt, )="— (5) 


and satisfying the boundary condition”. The physical meaning of G(v, €) is the displacement 
of the layer at any radius 7 due to the unit load on the circle of r=&. By means of the Bessel 
function representation of 6-function, we have 
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where Jo and Ho are respectively the first and the third kind of Bessel function (Appendix). 
‘Thus we can obtain the solution of Eq. (4) by the integration, 


Hee =|" Gly, DfaO2nEdE (7) 


By the direct differentiation, it is also possible to verify that Eq. (7) is the solution of Eq.(4), 
The right hand side of Eq. (7) and therefore Eq. (1) can be obtained analytically, if we as- 
sume a step function for f,(v), that is 
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where w,(0) is the displacement at r=0 of the m-th layer, which is also the maximum value: 
of wr(r). In spite of the seemingly rough assumption of Eq. (8), the real situation of the 
lattice strain can be approached by the variation of the parameters, wpz(0) and 7c. 

Komatsu and Nagamiya® derived the value of 4 from data of the force constants between 
the carbon atoms of benzen molecule and of the compressibility of graphite measured by 
Bridgeman. Further, they determined « by fitting their calculated specific heat curve to the: 
observed ones. The results they obtained are; u=1.17 x10" sec-+ and «=0.611 x 10-? cm?/sec. 
As will be shown later, a is about 0.30, and h# scarcely varies with the change of a. There- 
fore, we put # as a constant, 0.30 in atomic units. 


2.2 Expression of strain energy in terms of w2(r) 

As mentioned before, the strain energy can be regarded as consisting of the intralayer and 
the interlayer strain energy, which are represented by the first and the second term in Eq. 
(1) respectively. Now, extending the assumption of Eq. (3), we assume that the strain form. 
of each layer is similar and has the opposite directions on the upper and lower sides of the 
interstitial atom. That is, 
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2.3 Interaction energy between the interstitial and all other atoms in the lattice 


First, in case of the carbon interstitial we will determine the interaction potential be- 
tween the interstitial and all other atoms in the stacking layers. This potential is considered 
to have two terms, repulsive and van der Waals, and have no possibility of the covalent 
bond. Therefore, the interaction in question can be regarded as additive of interstitial-lattice 
site atom pairs. 

Brennan™ calculated the interaction potential between the neighbouring layers of the 
graphite lattice: He obtained the repulsive term quantum-mechanically, and found the van 
der Waals term by making the potential minimum at the observed value of c. In order to 
estimate the elastic constant for shearing cu, Komatsu” calculated the interaction potential 
between two atoms on the neighbouring layers by a method similar to that employed by 
Brennan, with appropriate modifications and corrections. 

We use Komatsu’s potential for the interaction between the interstitial and any atom in 
the layers. This potential seems to be accurate when the distance between two atoms is 
near to or larger than the c-spacing, but it becomes unreasonably attractive due to the domi- 
nant van der Waals term when they approach nearer, as is often the case with the inter- 
stitial atom. Therefore, this potential is not applicable in the vicinity of the interstitial. 
There seems no calculation for the potential in this short-distance region. 

Dienes*) found a solid relation between bond strengths and equilibrium interatomic distances 
in the C—C bond, the benzen bond and the C=C bond, and, by extrapolating it to the range 
of interatomic distance between the C—C covalent bond distance and the c-spacing in graphite, 
he constructed a repulsive potential term of Born-Mayer type. Its physical foundation is re- 
cognizable as follows: It is empirically well-known that the nature of the covalent bond can 
be represented approximately by the Morse potential U= D{exp [—2a(r—70)]—2 exp [—a(r—7)]}. 
It is likely that, at the equilibrium distance, the bond energy D in this potential is equal to 
the repulsive energy in magnitude. Therefore, the bond strengths in Dienes’ relation can be 
regarded as the repulsive energies too. On the other hand, the potential we need to construct 
consists mainly of the repulsive term in the range considered. Consequently, we can employ 
the repulsive term of the carbon-carbon covalent bond to obtain the necessary potential. 

In Table I? are shown the bond lengths 
and the bond stregths, from which the relation 
log D=An+B can be expected as Dienes ‘eels Penzenml C=G 
pointed out, that leads to the potential of Born- 
Mayer type. We extrapolate the covalent bond 
data after Dienes’ method so as to smoothly 


connect with Komatsu’s potential in the vi- , 
cinity of c-spacing. Thus, finally, the potentials to be used in our calculation are 


Table I. 


1.54 | (ei) ny 1.33A 


D | 58.6 | 86.0 100.0 kcal/mol. 


exp (1.652 —1.3867): (r<5.56) 


%c-N) = 3 a 
— 309:3 +-0.5153 exp (—0.2223r—0.07951r*): (725.56) 
Y 


in atomic units. The minimum interatomic distance to which the former potential will be 
applied in the present calculation is about 2.2 A (or 4.la.u.). The latter is Komatsu’s po- 
tential. 

In the second, we will determine the interaction potential in case of Xe-interstitial atom in 
graphite by averaging arithmetically the potential of carbon-carbon and that of xenon-xenon. 
In spite of lacking in strict verification, this procedure may give a reasonable tendency as in 
the case of covalent bonds. Komatsu’s potential is adopted for this purpose, because, due to 
the large strain in case of Xe-interstitial, we need not to take account of the potential in 
the short distance range. After Whalley and Schneider™, who investigated intermolecular 
potentials of xenon etc. using the second virial coefficients and the crystal properties at 0°K, 


we adopt the xenon-xenon potential, 
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Pre nelr)=e4(2")"— 2(2=.)} | (€=7.135x10-4a.u., 7m=8.630 a.u.) , (15) 


Thus, the interaction potential between the Xe-interstitial atom and any carbon atom in the 
graphite lattice is 


Penne =F (0c) + Pxe-xel”)} (16) 


Now, by means of these potentials, we can calculate the interaction energy between an 
interstitial atom and all other carbon atoms in the strained layers of graphite, the strain 
form of which is determined by Eq. (9) for given values of parameters, wn(0) and ve. This 
calculation is performed by summing the energies for the atoms of r<lla.u. on the 7-th 
and (n—1)-th layers, and then replacing it by the integration for all other atoms. We express 
the interaction energy ultimately in the form of the quadratic equation of wa(0) around the 
equilibrium atate; 


(= Bi(re) = Wn?(0) + B2(re) S Wn(0) ae Bs(re) (17) 


where the coefficients B: etc. depend upon the parameter 7c. 
2.4 Determinatian of the strain and the self-energy of interstitial 

The total extra energy increase due to the introduction of an interstitial atom into the 
lattice from the infinity is given by the sum of Eq. (12) and Eq. (17). We have to find the 
minimum value of the total extra energy, which is the self-energy of the interstitial atom, 
varying w,(0) and 7. First, in order to vary wnx(0) with r- fixed, we rewrite the total extra 
energy W in the form, 


W=(Ai+Bi)wn*(0)+ Bewn(0)+Bs 
as Az{wi, , (0) +wi, (0) +w? ,3(0) +... -} 
= As{wn(0) : Wn+1(0) ar Wn-+1(0) : Wn+2(0) ate Wn+2(0) y Wn+s(0) +... } (18) 


where 
Ai1=2ncor?Si+6rcoy?Se , 2=2ncon*Sit4zcow’S: , As=4ncpu?S2 . 


Si, Sz, Bi, Bs, Bs, Ai, A: and As in the equation are the functions of 7. In the real crystal 
the total extra energy increase should have the minimum value with respect to the variation 
of any one of the parameters wn+1(0), wni2(0) etc. As it is considered that the real situation 
is represented by the above calculation in good approximation, we may put the partial de- 
rivatives of W with respect to wn+i(0), wn+2(0), etc. equal to zero to eliminate them. Using 
the above relations and the conditions, wn+m+2(0)<wnim(0) where m is zero or a positive 
integer, we have 


As 
n+-m 0 =a”™-Wn 0 ’ = 
Wn+m(0) =a” -Wn(0) a ee (19) 
and 
ae. 7 = / By 2 B. 2 
W= Bi’ -wn2(0)+ Bo-wa(0) + Bs =Bi {10n(0) ee + By Be (20) 
where 
he aes A2A3? 
Riorylaat Bia 4A2—A,? © 


In Eq. (20), W becomes the minimum when wn(0)=—B2/2B,’ for a given re. Moreover, by 
varying 7 to minimize W, the self-energy of the interstitial atom can be obtained as is 
shown in Fig. 2. 
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§3. Migration Energy of Interstitials 


Two super-imposed hexagonal networks above and below an interstitial atom are shown in 
Fig. 3. A and B indicate the interstitial] sites, corresponding to the equilibrium point and 
the saddle point respectively. The migration energy of the interstitial atom is given by the 
difference between the energies at A and B, that is, Ws—W4. According to the crystal 


0.09150) 
3 
ie] 
< 
> 0.09100 
+ 
4 
> 
0.09050! 
Fig. 3. A and B site for interstitial atom in 
graphite. 
COLOOSG 40 43 50 


——> Ir In ‘au. 


Fig. 2. U4+V vs. re curve for carbon interstitial 
atom. 


symmetry in regard to the interstitial site, B is located just in the middle of the two layers 
above and below it. On the other hand, the A site is considered to have a small shift 6 in 
the direction perpendicular to the layers. The total energy increases at B and A configura- 
tion are then represented in terms of the interaction energy U and the elastic energy V as 
follows; 


W2= Uz{wnz(0), cB, 0} ae Vi{was(0), Yen} (21) 


Wa=Uslwnal0), Yea, 04} + V{wna(0), Yea} 


The parameters wnz(0) and “ves in B configuration can be determined after the procedure 
mentioned in the preceding section, while in A configuration we must determine 0,4 to mini- 
mize W,. This is done under the assumption that the strain in A configuration is the same 
with that in B configuration. 64 and Wa in this case are denoted as 04’ and Wu’. Hence, 


Wea Us{wns(0), VeB, O.4'} a V{wns(0), Yesy fi (22) 


Now, we expand Wz, in the Taylor series around Wnx(0), Yen and 64’. The result is 


Wa= Wa ( ta a ). (uma —wns) + (EE) olen) 


OWn nB Ore cB 
1 /PUs+V) 5 RR 2 oe 24 —Yon)? 
mh Z ( OWn? ),, (oma a Hs 2 Ore" oot ae 2 
oom (Wna—Wnb)(Vea —Ler) 
OWnOYc Wap cB 
ole) (84-4? +-°°. (23) 
2 004 ye 


Further, if we eliminate (we4—wns) and (yex—Yen) Of the first order terms in the equation by 
putting 0W4/Owns and OW./Orea equal to zero, the migration energy in the first order ap- 


he % 
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proximation can be obtained in the form, 
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1 
Wa— Wa=Ux{waz(0), res, 0}—Us{wns(0), rea, Da sree ae a= 2be eros} (24) 
where 
es (Sea) Uat ro 
ss (eanens a, 
Ownd Vn Bi” cB 
fe ie oe “ohn 
fs OUs+V) ) Ge ies) 
( OwWn Wy, Own OD 
eae ) (=a) 
Ore ron Ore Ten 
Table Il. Numerical results from the present calculations. 

7 Ratio of | ; : 
Interstitial ‘ | Formation Migration 
seatorn, | tte} tence po Wa" oh ene ste ahead Se ae ea 

C 0.48A | 2.29A | 0.04 A 0.30 | 0.49 2.5ev | 9.9ev 0.016 ev 
Xe 1.50A | 247A | 0.0034 | 0,31 | -MOR7OMEN Sania Teva) 0.03 ev 


§4. Discussion 


We calculated the self-energies, the migra- 
tion energies etc. associated with the carbon 
and xenon interstitial atoms in graphite, taking 
account of the lattice relaxation. In Table 2 
are shown the numerical results obtained. 

In case of the carbon interstitial, our calcu- 
lation might have a slight inaccuracy because 
of the ambiguity in the interaction potential 
used in the close-distance region. On the 
other side, in case of xenon while the potential 
is rather reliable, the displacement of layers 
becomes to be not perpendicular to them on 
account of large strain and will make the 
strain energy calculation inaccurate. Never- 
theless, the calculation of migration energy 
may be enough reliable, for it is the energy 
difference which varies with respect to changes 
of the potential, strain etc. more slowly than 
the energy itself. The values of migration 
energy calculated suggest that interstial atoms 
in graphite are very mobile even at extremely 
low temperatures. The formation energy is 
defined as the the sum of the self-energy and 
the sublimation energy, which is required to 
move an atom from the crystal surface to the 
infinity. We adopted the experimental value 


of the sublimation energy of graphite, 170 
kcal/mol. to obtain the formation energy 
of carbon interstitial in the table. Finally, it 
should be noted that our result for the self- 
energy of carbon interstitial is considerably 
smaller than that obtained by Dienes, 12.9 ev, 
suggesting the importance of the consideration 
for the lattice relaxation. In fact, the ratio 
of the strain energy to the self-energy amounts. 
to 0.49 even in case of the carbon interstitial 
as cited in Table II. 
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Appendix 
Calculation of Green Function® 
In order to get Green function which satis- 


fies Eq. (5), we employ the integral represen- 
tation of the 0-function, 


a= Ceres =|" bier ende. 


According to this representation, we assume 
G(r, €) as follows; 


(25) 
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G(r, B= |" hath): kr) Jed (6) 


Substituting both Eqs. (25) and (26) for Bam), 
g(k) can be determined. Hence, 


Cer, as \ tp ler): leak 


When r>&, this is modified in the form, 


1 
Dias 


co k ; ‘ 
(a Fag Hin er): IRE 
Carrying out the complex integration in the 
upper half of k-plane by virtue of the theorem 
of residues, finally we have 


Gtr, |= {Res (VF h)+Res(V=7h)} , 


which leads to Eq. (7). When ~<é&, the cal- 
culation can be performed by either doing in 
a similar way or using the principle of reci- 
procity. 
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The D.C. electric conductivity was measured between 100°K and 300°K 
for the ferrite solid solution (MeFe:0,):—y-(FesOs)y, where Me=Mn, Ni, 


Mn-Ni or Zn. 


Above 120°K the specific conductivity of each specimen 


depends on temperature as o=A-exp(—e/kT)/T. The activation energy 
e is (5~8)x10-2eV. A depends on the concentration, y, of Fe;0, as 


A=(6.5+2.5)x104y/1—y) degree/acm. 


The analysis of these experi- 


mental expressions shows that the dependence of the mobility on tem- 
perature for each specimen can be fitted by the expression, p=po0 
-exp(—e/kT)/T and the dependence on the Fe?+-ion concentration, y, by 


po=(3.0+1.2) x 101(1/1—y) degree (cm2/volt sec). 


kind and distribution of Me?+-ions. 


$1. Introduction 

The electric resistivity of ferrites at room 
temperature ranges from about 10-?OQcm to 
higher than 10'*Qcm depending on the che- 
mical composition. It has long been known 
that low resistivities are caused in particular 
by the simultaneous presence of ferrous and 
ferric ions on equivalent lattice sites (octahed- 
ral sites). Recently, the electric conduction 
mechanism of ferrites containing Fe?*-ions 
came to be understood as the hopping motion 
of electrons between Fe?+ and Fe** on the B- 
sites (octahedral sites) of the spinel lattice’. 
From the study on the (MeFe:0,)-(Fe:O.) solid 
solution system, it may be possible to make 
clear the effect of Me?+ or Fe?+ on the B- 
sites on the electric conduction. Previously, 
the author and his collaborators have reported 
the conductivity of MnFe.O.-Fes;O, system. 
Here the study is extended to the case of 
Me=Ni, Mn-Ni or Zn, where Ni and Zn are 
elected on account of the tendency of their 
preferred occupation of B-site and A-site, re- 
spectively. The method of analysis of the 
experimental results and some conclusions 
about the ionic distribution mentioned in the 
previous short note”) are corrected in this 
paper. 


§2. Specimens 


Specimens, 3x3x7mm, were cut from a 
single crystal or a coarse-grained ingot grown 
in the Pt-crucible by the Bridgman method 
in the air atmosphere. The main cations 
were chemically analysed. The analysis 
could not determine the excess or deficiency 


po is independent of the 


of the oxygen compared with the stoichio- 
metric composition more accurately than 5% 
of the oxygen content. The stoichiometry of 
oxygen will be estimated rather from the 
electric conductivity. The crystal structure 
was investigated by the X-ray analysis. All 
specimens reported here had the spinel type 
and their lattice constants depended linearly 
on the concentration of cations. The details 
of the preparation and structure of specimens 
will be described in a later other paper®. 


§3. Experimental Method 


The D.C. specific electric resistance was 
measured between the temperature range 
from 100°K to 300°K by the four-probe method 
with two In-amalgam electrodes on both sides 
of the specimen for the current flow and two 
brass electrodes, 4mm apart, for measuring 
the potential between them. 


§4. Results 


(a) Dependence of the electric resistance on 
the temperature 
Above about 120°K, where a knick is ob- 
served for almost all specimens, experimental 
values of the temperature dependence of the 
specific electric resistance, p, are represented 
by the expression 


o=1/o=A-exp(—éE/kT)/T” , Oa 1) 
where A is a constant, € is the activation 
energy, Tis the absolute temperature and 
is a constant which is about unity. An ex- 
ample for a few specimens is shown in Fig. 
1, where circle and square represent the ob- 
served values and the solid curves show the 
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equation (1) with the suitable choice of the 
values of A and &. 


(b) Dependence of A and & on Fe®+ concentra- 
tion 

Two constants in the equation (1), A and &, 
are determined for each specimen under the 
assumption z=1 and plotted as a function of 
molar ratio y of (MeFe20.):-»-(FesO.)y system 
in Fig. 2 and 3, respectively. €’s are (5~8) 
x10-?eV. A(y) is expressed by the relation 
A=(6.5+2.5) x 10‘(y/1— y)degree/Ocm. (2) 
The solid curve and two dotted curves show 
Eq. (2) together with its dispersion. As the 
conductivity is very sensitive to the excess or 
deficiency of oxygen content, the dispersion 
of the observed value is unavoidable to some 
extent. It should rather be noticed that, as 
seen in Fig. 2, equation (2) is common to all 
ferrite solid solution systems independent of 
the kind of Me?+-ion. 


§5. Discussion 
Generally, the electric conductivity is given 


10! 


le (Qem) 


Fig. 1. A few examples of the temperature de- 
pendency of the electric resistance (log 0 vs. 1/T). 


Solid curves mean 


Ob- 
Composition | served Vp=A-exp(—efk PIP 
wi 


values 


im ; ike A==6:0x 1056 
© acm/degree 


(Zno.sFeo.7)Fe2Ox 2=6.6X10-2eV 


| 'e enereat. iO 
acm/degree 
e=5.8x10-2%eV 
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by 

o=enp , (3) 
where e is the charge, m the number and uz 
the mobility, of the charge carrier. The 
conduction mechanism of ferrites such as. 
those described here is considered as the hop- 
ping motion of electrons between Fe?' and 
Fe*+ on the B-site of the spinel lattice”. x 
is now equal to the number of Fe?+ and in- 
dependent of temperature for each specimen. 


fie 


O 0.2 


O4 0.6 0.8 1.0 


Fig. 2. (A vs. y) of (MeFe20,):-y-(FesO4)y, A 
solid curve and dotted ones show a center and 
width of the equation A=(6.5+2.5) x 104#y/1—y) 
degree/acm. 


As the lattice constant is about 8.4A and 
there are eight molecules in a unit cell, m= 
1.35 10”-y cm. ~The=cause of the factor 
proportional to y in equation (2) is understood 
as the proportionality of m to y. (1) and (3) 
show that the mobility depends upon tem- 
perature as 
p=poexp(—E/RT)/T , fo=Alen . (4) 
Next, from (2) and (4) with e=1.60x10-” 
coulomb and 7=1.35 x 10”-ycm~°, 
oo = (3.01.2) x 10(1/1—y) degree(cm?/volt sec). 
(5) 
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Also, from the usually used equation, 
ia 
waaW and W=v-exp(—&/kT) , 
where a is taken as the distance between 
nearest B-sites, the jumping frequency, W, is 
obtained as 
12 
W= CIEL) X10 -exp(—&/RkT)-sec"! . 
(ley) 
(6) 
These relations, (4), (5) or (6), are independ- 
ent of the kind and distribution of Me?+ (Zn*+ 


0.4 


O 0.2 0.6 0.8 1.0 


Fig. 3. (€ vs. y) of (MeFe20,);~»-(Fe3Ox)y. 
bols are the same as in Fig. 2. 


Sym- 
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and Ni?+ prefer A-site and B-site, respectively) 
as seen by the experiment, and show that the 
mobility, or the transition probability of elec- 
trons between Fe?+ and Fe*+, becomes large, 
inversely proportional to (1—y), with the in- 
crease of magnetite concentration, y. The 
theoretical explanation of these relations is 
not known at present but these facts may 
provide an important evidence for the hopping 
mechanism. 

Here the experimental results are analysed 
by the use of (1) with m=1. It should be 
added that for specimens of low magnetite 
concentration the dependence of o on tem- 
perature is expressed rather by (1) with n=0, 
though the reason is not clearly understood. 
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Etch pits on ¢-face of rochelle salt were observed and it was concluded 
that they correspond to points where dislocations parallel to c-axis 
emerge on c-face. Some of the dislocations were found to be longer 


than several millimeters. 


Fine lines parallel to c-axis, called sudaré among Japanese researchers, 
were observed to be distributed in quite the same manner as dislocation 


etch pits are. 
pits. 


Sudarés are observed at the deepest points of some etch 


If surface energy of the interface between rochelle salt and its decom- 
posed products be low, dislocation core may be opened and filled with 


the decomposed products. 
may grow into the sudaré. 


$1. Introduction 

It has been pointed out that dislocations in 
ferroelectric crystals have interesting inter- 
actions with ferroelectric behaviors. Screw 
dislocations in c-direction of rochelle salt cry- 
stal were shown to anchor small domains, 
which will act as nuclei of growing domains.” 
Shape of the anchored domain was calculated 
with an electronic computer®’. The formation 
of the anchored domain was shown to stabilize 
array of parallel screw dislocation lines.® Re- 
cently observations of dislocations in ferro- 
electric GASH**®) and ferroelectric glycine 
sulfate® have been reported. 

The present paper describes observations of 
etch pits on c-face of rochelle salt crystal, 
which lead us to the conclusion that these 
pits correspond to points where dislocations 
emerge on c-face, and that these dislocations 
are parallel to c-direction and longer than 
several millimeters. 

It is known that a rochelle salt crystal in- 
cludes a number of fine lines parallel to c- 
direction, of 1u~10z in diameter, from tens 
to several hundreds of microns in length”, 
called sudaré.* The sudarés are included 
even in very good crystal which has been 
grown in the best conditions, while veils** 


* Among Japanese researchers this kind of im- 
perfection is usually called sudaré, because these 
fine lines are distributed forming a wall, which 
looks like a “sudaré”, a kind of blind, made of 
fine bamboo tubes arranged to form a wall. 

** Word veil is used as a macroscopic imper- 
fection, caused by too rapid crystallization, com- 
posed of many small spherical holes. 


It seems likely that this open-cored dislocation 


are included only in parts which have ex- 
perienced too rapid crystal growth. These two 
ideas must be kept separate one from another. 
Informations heretofore reported about sudaré 
are as follows. They are not visible in the 
crystal, when the growth has just been com- 
pleted, but become visible when the days roll 
on®). Distribution of sudarés seems to be re- 
lated to crystallographic direction”. They in- 
crease by irradiation with X- or y-ray!”.1. 

It was pointed out by Frank!” that there 
exists a state of equilibrium in which a dis- 
location core is opened if energy of strain at 
the core is larger than surface energy of 
created boundary surface. It has been sug- 
gested earlier that sudaré may be closely 
related with open-cored dislocation”, and this 
view is supported experimentally by the pre- 
sent work. 


§2. Dislocation Etch Pits on c-Face 
A c-plate crystal of rochelle salt is cut out 
from a large good crystal by means of a wet 


a 


Fig. 1. Etch figures on a c-surface of rochelle 
salt crystal. 
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thread, and carefully polished. This c-cut 
plate is rubbed lightly with a wet filter paper, 
and observed under a microscope. 

Quadrangular pyramidal etch pits as shown 
in Photo. 1 are observed. Longer side paral- 
lel to a-axis is about 100 and shorter side 
parallel to b-axis is about 504. Some etch 
pits have a shape of pointed pyramid as Fig. 
la, while some have shape of hip roof as 
Fig. 1b*. Experimental results described be- 
low lead us to the conclusion that these etch 
pits correspond to the emergence points of 
dislocation lines. 

(1) There is an imperfect cleavage parallel 
to c-plane of rochelle salt crystal. Matched 
cleavage faces parallel to c-plane are etched. 
Every etch pit on both faces corresponds per- 
fectly to each other as shown in Photo. la 
and b. 

(2) By rubbing a crystal with a wet filter 
paper, water acts not only as an etchant but 
also as a chemical polisher and dislocations 
can be followed. Photo. 2 show that etched 
pattern remains unchanged for about 1mm, 
apart from fine details. 

(3) The etch pits on the top and the bot- 
tom surfaces of one crystal piece even about 
5mm thick are sometimes observed to corre- 
spond to each other (Photo. 3). This is the 
case especially in a sub-grain boundary, most 
of which are observed to lie parallel to a-, b-, 
or m-plane. 

(4) It is observed that etch pits are nucle- 
ated by mechanical stresses which are given 
by contact with a pin-point or by dropping a 
steel bar (Photo. 4). Pits caused by the me- 
chanical shock can be followed by chemically 
polishing for about 504~300, but in the 
chemical polishing process they become round- 
bottomed and finally disappear (Photo. 4a and 
b). 

(5) The pit density ranges from 10* to 104/ 
cm’, but it reaches a value larger than 105/ 
cm*® at probably imperfect portions, where 
some veils are found nearby. 


§3. Sudaré and Dislocation Etch Pits 


A cube of about (0.5mm)? is cut out from 
a large rochelle salt crystal by means of a 


* Similar figures are found in Cady’s book!2). 
The figures are, however, remarked to be “etch 
hills” in contradiction with our experimental re- 


sult which has ascertained them to be “etch pits”. 
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wet thread, so that its faces are nearly per- 
pendicular to a-, b-, and c-axis respectively, 
and the faces are polished carefully. 

Sudaré can be observed through a- or b- 
faces, under a microscope by dark field illumi- 
nation, as bright lines shown in Photo. 5. 

Observed through c-faces, sudarés appear 
to be fine bright spots under dark field illumi- 
nation (Photo. 6a), while they appear as fine 
dark spots under bright field illumination. 
Immediately after observing sudarés through 
c-face, this c-face is etched by means of the 
technique shown above in §2. Some of dis- 
location etch pits are then ascertained to cor- 
respond to sudarés. (Photo. 6a and b) 

In the process of dissolution of c-surface 
by water, some spots are observed, which 
can be identified with emergence points of 
sudarés, at the deepest points of some of the 
etch pits. 

It has been reported by Sakisaka that sudarés 
are always found not to be isolated, but to 
form walls. Some walls are parallel to a-, b-, 
or m-face, but some are not plane but form 
cylindrical surfaces. Photo. 7a shows an ar- 
rangement of sudaré walls, which was photo- 
graphed by throwing a parallel ray at a certain 
angle of incidence (oblique illumination). 
Photo. 7b shows an arrangement of etch pits, 
which was obtained by etching the surface of 
Photo. 7a. Photo. 7a and b clearly indicate 
that the sudarés are distributed quite in the 
same manner as dislocation etch pits are. 

These experimental results seem to be 
enough to conclude that sudaré and dislocation 
are closely related with each other, and that 
sudaré may be open-cored dislocations pro- 
posed by Frank, as discussed below. 


$4. Discussion 


It has been reported that there exist two 
types of domain structure; i.e. some crystals 
consist of laminated domains parallel to a-}: 
plane (b-domain crystal), and some consist of 
laminated domains parallel to a-c plane (c- 
domain crystal). It was reported that b-domain 
crystal is obtained only by crystallization in 
the ferroelectric range, and shows tendency 
to change into c-domain crystal®. In explain- 
ing this phenomenon, it was pointed out that 
screw dislocation parallel to c-axis accompanies. 
strained region having y. which must anchor 
small domain at the dislocation”. The shape- 
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(a) (b) 


Wd. ich, Lee 


Z 


Photo. 1.a),b) Corresponding etch pits on matched cleavage faces. 


(a) (b) (c) (d) 
Photo. 2. a)-d) Dislocation etch pits in the process of chemical etching. 
distance between a)-b) 190, b)-c) 280, c)-d) 3004 


oe 

fj 200Ku 

Photo. 3. a), b) Corresponding etch pits on the top and the bottom surfaces of a crystal piece, 
about 5mm in thickness. 


212 T. NAKAMURA and K. OHI 


of the anchored domain was calculated, and 
it was also pointed out that the array of 
parallel screw dislocations will be stabilized 
by formation of anchored domains which relax 
stresses around dislocation lines, otherwise 
parallel screw dislocations cannot exist stably”. 

The present experiments revealed that the 
dislocations in rochelle salt are parallel to c- 
direction and seem to run in parallel straight 
lines through very long distance by observing 
both ends of dislocations of about several 
millimeters (Photo. 3). This fact is rather 
striking, because dislocations in alkali halides 
or GASH are reported to form loops when 


Photo. 4. Etch pits caused by a mechanical shock. 


a) pits on the initial surface. 
b) pits on the surface 30 beneath a). 


Photo. 5. Photomicrograph of sudaré through a- 
face, 
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(b) 


Photo. 6. a) Photomicrograph of sudarés through 
c-face, shown by arrows. 
b) Etched pattern of the face of a). Pits shown 
by arrows correspond to sudarés in a). 


Photo. 7. a) Sudarés in a large crystal. Photo- 


graphed by throwing light at a certain angle 
of incidence. 


b) Etched pattern of the face of a). Sudarés 
are distributed in quite the same manner as 
dislocation etch pits are. 

(Correspondence in left and right end parts looks 
to be unsatisfactory, owing to lighting condition.) 
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chemically polished about a few hundred mi- 
crons. On the present step we cannot distin- 
guish whether the etch pits correspond to 
edge or screw dislocations, but our experi- 
mental results do not show any contradiction 
with the previously proposed image that a 
number of screw dislocations run in straight 
lines parallel to c-axis, and anchor nucleus 
domains. 

Our experiment has shown that etch pits 
are identified with dislocation emergence points 
and that sudarés are distributed in quite the 
same manner as dislocation etch pits are, and 
sudaré is observed at the deepest point of a 
pit. These results are leading us to the 
previously proposed assumption that the sudaré 
may be identified with open-cored dislocation 
first proposed by Frank. Consider a screw 
dislocation in a material with isotropic elastic 
constants. If a strained part near the dis- 
location core become empty tube of radius 7, 
free energy per unit length increases by 


ar =\"2nr ey OE oy 
0 


0 8727? ( : ) 
where 7, “ and b denote specific surface 
energy, rigidity modulus and Burgers vector 
respectively. There is an equilibrium when 

r= ub?/8x*r (2) 
for which 4F takes minimum value. This is 
Frank’s hollow dislocation.. For occurence of 
open-cored dislocation, large Burgers vector 
or low specific surface energy is required. 
Since the lattice constant in c-direction of 
rochelle salt is c=6.17A according to Beevers- 
Hughes, very large Burgers vector is not ex- 
pected. However, very low specific surface 
energy may be expected, since sudaré can be 
conceived not to be empty but to probably 
contain decomposed products of rochelle salt.* 
The radius of equilibrium of the tube given by 
Eq. (2) is conceived to be much smaller than 
the magnitude which can be observed by an 
optical microscope. The open-cored tube, 
however, likely grows up to observable sudaré 
when some additional energy is supplied, for 
instance thermal energy, irradiation energy 


* A sudaré seems not to be empty but to con- 
tain decomposed products of rochelle salt, because 
the atoms which have been existing at the core 
can hardly come out from crystal. Angle of inci- 
dence of light, needed for sudaré observation, 
seems to support this view?®). 
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of X or y ray, etc. This supposed process is 
in agreement with facts reported®).®.™, 


§5. 


Etch pits on c-face of rochelle salt were ob- 
served and concluded to be identified with 
points where dislocations parallel to c-axis 
emerge on c-face. It is rather striking that 
dislocations are ascertained to be several milli- 
meters long. 

Fine lines parallel to c-axis, called sudaré 
among Japanese researchers, were observed 
to be distributed in quite the same manner 
as dislocation etch pits are. Sudarés are ob- 
served at the deepest points of some etch 
pits. 

It is proposed that sudaré is what is formed 
by the process that some parts of a dislocation 
become open-cored, as Frank’s hollow disloca- 
tion, being filled with decomposed products, 
and grows gradually when thermal, radiant 
and other kind of energy are supplied. 

This work was financially supported in part 
by a Grant in Aid for Scientific Research 
From the Ministry of Education. 
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In Part I, lattice defects which can a priori exist in graphite crystals 
and be observed by means of electron microscopy, mainly dislocations, 
are reported. Four kinds of dislocations and their combination predicted 
from the crystal structure are observed through the diffraction contrast 
and the disturbances in the moiré pattern such as the extra terminating 


half lines and the line shift. 


Their network arrangements and movement 


are also found. The line grating model reveals the relation between the 
line shift of the moiré fringes and the Burgers vector of the glissile dis- 


locations. 


§1. Introduction 

In recent years, the study of lattice defects 
in crystals by means of transmission electron 
microscopy has been developped mainly in 
three ways; 1) direct resolution of crystal 
lattices in such as platinum phthalocyanine”, 
and of super lattices in such as antigorite” 
and surpentine®, 2) direct observation of dis- 
location lines and stacking faults through the 
diffraction contrast associated with them in 
metals including aluminium‘, gold® and stain- 
less steel®, and 3) detection of dislocations by 
means of moiré patterns from overlapping 
crystals of copper sulfide”, gold-paradium®, 
ClCe 

Among these methods, the first one has an 
advantage that the direct imaging of the crys- 
tal lattices is given and dislocations passing 
through the crystal film and having a com- 
ponent of the Burgers vector perpendicular to 
the lattice planes manifest in the image as 
extra terminating half lines. However, its 
application is limited to the crystals with 
lattice spacings larger than 6A, which is the 
resolution limit of the present-day electron 
microscopes. Therefore, many of the sub- 
stances we want to study lie beyond the reach 
of this method. 

The second method is useful for examining 
the density, configuration and motion of dis- 
location lines and is not severely confined by 
the direction of the lines and the Burgers 
vectors as in the case of the first method. It 
would be, however, difficult to determine the 
Burgers vector by this method even if the 


New origins of extra terminating half lines are considered too. 


selected area electron diffraction method was 
used in parallel or a careful analysis of the 
relation between the Burgers vector and the 
diffraction contrast of the image was _ per- 
formed. 

The third method using the moiré pattern 
is more or less similar to that of the first 
one, for it reveals dislocations as extra ter- 
minating half lines in the moiré pattern. 
Consequently, the limitation of this method 
detect the lattice defects is not so different 
from that of the first method, although in 
this method indirect resolution of crystal 
planes of even less than 1A in spacing can 
be obtained and the two dimentional analysis 
of the Burgers vector is practically possible 
by using two sets of moiré patterns. 

The first attempt to apply both of the se- 
cond and the third methods in closer relation 
to the study of lattice defects in graphite has 
been put into practice by the authors, since 
various types of disturbances in the moiré 
pattern from graphite were observed by one 
of the authors”. There have been relatively 
few number of works of electron microscopy 
on the lattice defects in graphite such as ob- 
servation of spiral growth in small particles 
of graphite by T. Tsuzuku, observation of 
moving dislocations by A. Grenall'”, study of 
moiré dislocations in synthetic graphite bye dt. 
M. Dawson and E. A. C. Follett!2, and ob- 
servation of sessile dislocation rings in 
quenched graphite by S. Amelinckx"®), The 
present paper reports various kinds of disloca- 
tions and stacking faults in graphite crystals 
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predicted and observed through the diffraction 
contrast as well as by means of the moiré 
pattern, which enable the determination of 
the direction of dislocation lines and the 
Burgers vectors. Various modes of network 
arrangements of dislocations and the motion 
of dislocation lines are also observed. The 
relation between the line shift of moiré 
fringes across the dislocation lines and their 
Burgers vectors is discussed, and identifica- 
tion of sessile and glissile, full and half dis- 
locations and their combinations is found to 
be possible. Origins of extra terminating 
half lines in the moiré pattern, other than the 
dislocations passing from the top to the bot- 
tom surface of the crystal film, are also 
discussed. 


§2. Experimental Procedure 


Three kinds of graphite powder were used 
in the present experiment: Natural graphite 
powder of SP-1 grade (spectroscopically pure) 
was supplied by the National Carbon Co., U. 
S. A. Graphite powder obtained by the reduc- 
tion from silicon carbide powder by means of 
high temperature chlorine gas reaction was 
kindly offered by Dr. Y. Sasaki of the chemi- 
stry division of this institute. X-ray and 
electron diffraction measurements and electron 
microscopy revealed that the crystallites of 
this powder of synthetic graphite are as per- 
fect as those of SP-1 natural graphite in res- 
pect to the crystal structure. On the other 
hand, ground powder of artificial graphite 
supplied by the Showa Denko Co. for the 
JRR-3 reactor of our institute was found to 
be rather imperfect, and therefore not used 
in the present experiment except observation 
of irradiation effect. 

Graphite powder of these kinds was ground 
between two glass plates with a small amount 
of distilled water and ether, floated on dis- 
tilled water, meshed and then dried. This 
process enables the powder to have a dis- 
persed state suitable for electron diffraction 
and microscopy, and would also give the 
crystals appreciable mechanical deformation 
to produce dislocations, stacking faults, and 
possibly relative rotations of overlapping cryS- 
tallite flakes. 

In parallel with the observation of unirra- 
diated powder, some irradiation experiments 
were done which will be mentioned in Part II. 


Observation of Lattice Defects in Graphite, I 


215 


The electron microscopes used in the pre- 
sent observation were of Hitachi HU-10 type 
with the resolution of 10A which has the 
double condensers in the illumination system 
and is operated at 75 KV, and of Hitachi HS-5 
type with the resolution of 25A operated at 
S0 KV. Electron diffraction study was done 
by using the same equipments. About 500 
pictures were taken at direct magnifications 
between 10,000 and 30,000, in which many 
remarkable phenomena were found as illus- 
trated in the following paragraphs. 


§ 3. 


In general, graphite powder consists of 
laminar stacking of small crystallite flakes 
several hundreds angstroms in thickness, 
a few microns wide in lateral dimensions. 
This aspect can be seen in Photo. 1. In some 
areas of the photograph we can see moiré 
patterns in patches, which indicate the extent 
of nearly perfect crystal regions or the size 
of crystallite flakes. Electron diffraction pat- 
terns from such areas sometimes show satel- 
lites in hexagonal distribution around normal 
spots as are seen in Photo. 2, indicating that 
the moiré pattern is arising from interferrence 
of the direct beam and the doubly diffracted 
beam from two overlapping crystals with 
a slight relative rotation around the axis per- 
pendicular to the crystallite planes cr c-atomic 
planes of the crystals. In case of the dark 
field image, the moiré pattern still remains 
and is considered to be produced by the inter- 
ference of two primary diffracted beams from 
two overlapping crystals as pointed out by J. 
F. Goodman’. Some of the moiré patterns 
observed are formed by three or more over- 
lapping crystals. For example, in Photo. 3 
a set of moiré lines with a fine spacing of 
50 A is modulated with a large spacing of 
300 A. A simple geometrical consideration 
reveals that such a feature of moiré pattern 
is a result of overlapping of three crystals 
two of which are rotated by a relatively small 
angle of the order of 10-? with respect to each 
other and the rest one by an angle about 
6 times larger with respect to the other two. 
Much more complicated moiré patterns were 
frequently observed, some of which are ap- 
parently highly affected by the Bragg ex- 
tinction contours or the extinction of equal 
inclination and some are probably modulated 
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by densely distributed crystal imperfections 
such as a group of dislocation lines. These 
features of moiré patterns will be partly dis- 
cussed in the following paragraph. 

Extra terminating half lines in moiré pat- 
terns are sometimes observed, as are seen in 
Photos. 4 (a), (b) and 5. It is generally known 
that a dislocation having an extra half plane 
among the crystal planes to form the moiré 
pattern and passing through the crystal film 


Photo. 1. General aspect of natural graphite 
powder. 


\ 


Photo. 2. Electron diffraction pattern from two 
overlapping crystals, : 
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will give rise to an extra terminating line in 
the moiré pattern’. This was further ex- 
tended to the case of general dislocation by 


+—__4 
O.\e 
Photo. 3. Moiré pattern from three overlapping 
crystals. 


(b) 


Photo. 4. Extra terminating half lines in moiré 
pattern and their movement due to the change 
of illmination condition. 
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G. A. Bassett, J. W. Menter and D. W. Pashley® 
as discussed later. On the other hand, it was 
realized that even in absence of a real dis- 
location such structure in the moiré pattern 
can be produced by certain kind of contamina- 
tion of the specimen film'® and _ possibly by 
local distortion of the film. In the present 
case, when the focus of the objective lens is 
changed, most of such extra terminating lines 
are not displaced. While, when changing the 
angle and the intensity of illumination, many 
of them are observed to disappear or be dis- 
placed as shown in Photos. 4 (a) and (b) which 
are taken in otherwise the same condition. 
These facts are apt to lead to a conclusion 
that most of the observed extra terminating 
half lines in moiré patterns are not arising 
from contamination or dislocation lines normal 
to the c-atomic planes. There are, however, 
a few exceptions in which extra half lints are 
not displaced and have very clear contrast as 
shown in Photo. 5, likely indicating the real 
existence of such dislocations. 

Disturbances of moiré patterns along some 
curved lines are frequently observed as shown 
in Photos. 6, 7, and 8. As will be mentioned 
later, these curved lines were verified to 


Photo. 6, Disturbance of moiré 
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be dislocation lines lying in basal or c-atomic 
planes of the crystal. A direct evidence for 
that seems to be given by Photo. 7, on the 
left-hand side of which are seen dislocation 
lines due to the diffraction contrast associated 
with them like those in metal crystals, while 
on the right-hand side are the same lines 
disturbing the moiré pattern in a manner 
similar to those seen in Photos. 6 and 8. In 
Photo. 6, two sets of moiré patterns appear in 


Photo. 5. Extra terminating half line in moiré 
pattern presumably arising from a dislocation. 
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pattern due to dislocations lying in c-plane. 
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somewhat different ways probably due to the 
difference in the inclination of crystal; one, 
parallel to the direction A, is predominant in 
most of the field of the micrograph, and the 
other, parallel to the direction B, appears 
only on the lower left-hand side of the pic- 
ture. We call the former the {100} moiré 
pattern and the latter the {110} moiré pattern 
henceforth, since by a closer examination they 


Photo, 8, 
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proved to be arising from double diffraction 
from the {100} and {110} planes respectively 
in the hexagonal crystal structure of graphite 
as shown in Fig. 3. It is noteworthy that, as 
are seen in this micrograph and Fig. 1 which 
is a schematical representation of the micro- 
graph, while across the lines such as ac, gh 
and k/ the line shifts of the {100} moire pat- 
tern and the {110} pattern take place by just 


Line shifts of moiré fringes due to glissile half dislocations, 
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Photo. 9. Sharp image contrast of dislocations, 


—— -———4 
0.5p lye 
Photo. 10. Triangular network (partly rhombic in Photo. 11. Random distribution of glissile disloca- 


appearence) of glissile dislocations. tions, 
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one and two moiré spacings respectively, 
across the lines such as ab, jk and mk the 
shift of the two patterns are about a half and 
just one moiré spacing respectively. This 
suggests that the nature, presumably the 
Burgers vector, of the dislocation lines such 
as ac, gh and kl is different from that of the 
lines such as ab, jk and mk. It should also 
be noted that across five curved lines seen in 
Photo. 8 the moiré lines shift by the amount 
of about one third of the moiré spacing, and 
that generally the line shift takes place 


Fig. 1. Schematic representation of Photo. 6. 


Photo. 12. Square network and double images of 
dislocations. 


——_————; 
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Photo. 13. Parallel array of dislocations with the 
average distance of 1000A, 
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gradually across the dislocation line, presum- 
ably exhibiting the breadth of the dislocation 
in the basal plane. By a geometrical analysis 
based on the kinematical theory a full inter- 
pretation of such behaviours of the disturbance 
of moiré patterns due to dislocation lines as 
mentioned above can be given, to which we 
shall refer in the following paragraph. 

Apart from the disturbance of moiré pat- 


(b) 


Photo. 14. 


nt 
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Photo. 15. Moiré dislocation probably caused by 
a wrinkle of crystal film. 
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‘terns, dislocation lines which lie in the basal 
planes can be directly observed on account of 
‘their diffraction contrast. Generally speaking, 
their appearances and behaviour are similar 
‘to those of dislocations observed by many 
investigators in metal crystals‘.°.!”. In the 
following are the remarkable features of dis- 
locations in graphite thus observed in the 
‘present experiment. 

Apparently there are two kinds of disloca- 
tions, as are inferable from their difference in 
the image contrast and mobility, namely one 
which has sharp, clear contrast and is im- 
mobile as shown in Photos. 7 and 9, and the 
other which has rather obscure, broad contrast 
and is very mobile as shown in Photos. 10, 
11 and 14. As will be discussed later, the 
Burgers vector of the former is considered to 
have the main component perpendicular to the 
basal plane and that of the latter must be in 
‘the basal plane. Sometimes paired dislocations 
‘which may be the result of split of unit dislo- 
-cations into their partials are observed. In some 
cases, such that the thickness of the observed 
crystal is inadequate or the orientation is not 
proper for diffraction conditions, it is difficult 
to identify the kinds of dislocations, unless 
their motion is observable in the microscope. 
Moreover, in an extreme case, one cannot 
‘distinguish an array of dislocations from a 
moiré pattern, which will be discussed later 
‘on too. 

Various types of dislocation networks are 
observed as well as their random distribution, 
which are shown in Photos. 9, 10, 11, 12 and 
13: Photos. 9 and 13 exhibit parallel arrays 
of dislocations with the average distance of 
1000 A, a network partly triangular and partly 
rhombic in appearance is seen in Photo. 10, 
and a square network in Photo. 12. On the 
other hand, Photo. 11 shows more or less 
random distribution of dislocations. Photo. 12 
is also remarkable example showing double 
images of most of the dislocations in the net- 
-~work. 


kind 2 
(4) 


kind | 
(a) 


Fig. 2. Schematic representations of four kinds 
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Although many dislocations of various kinds 
above mentioned are observed in a large 
number of crystals, there are some crystallites 
in which no dislocation is observable over 
several microns in lateral dimensions. 

As Grenall' first reported, motion of dis- 
locations of the glissile type is easily observed 
by changing the electron beam current of the 
microscope. In general, dislocation loops 
spread from randomly distributed dislocations 
in certain small area or from a source situated 
at the periphery of a crystal, move rapidly 
and more or less discontinuously interacting 
with other dislocations, and finally form a 
stable network. Especially the triangular net- 
work of about 2000 A in meshes as shown in 
Photo. 10 seems to be very stable as a final 
configuration. Photos. 14 (a) and (b), which 
were successively taken at the same field in 
the electron microscope, show the spreading 
dislocation loops at the initial stage of motion. 


§ 4. Discussions 


A) Dislocations in graphite structure 

Dislocations conceivable in the graphite 
crystal structure are of four kinds as are listed 
in Table I and schematically shown in Fig. 
2 (a), (b), (c) and (d). 


Table I. Four kinds of fundamental dislocations 
in the graphite structure. 


Kind | Burgers vector 


Z a 
Line direction | Type 


1 | // to c-plane, | 


a [100] | to e-plane | edge 
| | 
. to c-plane, : 
2 | c [001] | | to ¢-plane | screw 
to c-plane, edge and 
3 I) a [100] | // to e-plane | screw 
4 - m Mine // to e-plane | edge 


As is well known’.®» a dislocation of kind 
1 may produce an extra terminating half 
line or so-called a moiré dislocation such as 
shown in Photos. 4 (a), (b) and 5, if it actually 


7 
“ 
kind 3 kind 4 
(c) (a) 
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exists in graphite crystal. From a theoretical 
consideration that the interaction force or 
binding between two succesive c-atomic planes 
is of van der Waals nature which is very 
weak as compared with the binding forces in 
the c-planes, and also from the experimental 
facts that extraordinarily thin flakes can easily 
made from a crystal by peeling off c-atomic 
layers and that the crystal is very glissile 
along c-planes producing c-plane slip and c- 
axis rotation, it is rather difficult to conceive 
that this kind of edge dislocation threading 
every successive c-atomic plane can stably 
exist. Dawson and Follett!?) found many extra 
terminating half lines in the moiré pattern 
from synthetic graphite, and refered them to 
real edge dislocations of kind 1. Although 
we cannot draw a conclusion on the existence 
of dislocations of this kind at the present 
stage of the experiment, so far as the results 
obtained at least in case of natural graphite 
most of the extra terminating lines in moiré 
patterns seem to be not arising from real edge 
dislocations of this kind, but be the so-called 
ghosts caused by the local distortion or bend- 
ing of the crystal, or be due to another kind 
of dislocations lying in the c-atomic plane such 
as kind 3. The latter two cases will be ex- 
plained in detail in the following section. 

Kind 2 is of screw type threading c-atomic 
planes like kind 1. In this case, however, its 
real existence is more thinkable than the kind 
1, if we consider the continuous herical struc- 
ture of successive c-planes around a screw 
dislocation of this kind. Actually, Tsuzuku!” 
observed such screw dislocations in small 
penny shaped graphite crystals grown from 
carbon black particles, which seem to play 
very important réle in the growth of crystals. 
It may be not unreasonable to expect that 
this kind of dislocations produces an observa- 
ble image contrast and a disturbance in the 
moiré pattern at any rate. However, we 
have not yet observed them in our graphite 
crystals. 

Kind 3 is the most probable to exist in 
graphite crystals and is undoubtedly respon- 
sible for their very glissile nature along c- 
layers. Most of the observed dislocations 
which are mobile and have the obscure, broad 
contrast such as shown in Photos. 10, 11 and 
14 may be of this kind. The very weak van 
der Waals interaction between c-atomic layers 
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would be again an important factor to deter- 
mine the breadth of these dislocations, which 
may in turn govern its electron image con- 
trast. The Burgers vectors of unit disloca- 
tions of this kind are shown by a, a’ and a” 
in Fig. 3 as well as the Burgers vectors of 
their partials b, c and so on. As a_ hatched 
parallelogram in the figure shows, the former 
form the unit cell of the graphite structure 
together with the c-axis vector perpendicular 
to them. It is apparent that a unit disloca- 
tion can reduce its energy by splitting into 
two partials with a stacking fault between 
them on account of the favourable strain 
energy relation, a?>b?+c? and of very low 
stacking fault energy. The stacking made of 
c-layers of the graphite structure can be ex- 
pressed by ACACAC-:-- or ABABAB.:.-: if 
it is perfect. In Fig. 3, the atomic arrange- 
ments in the three configurations, A, B, and C 
shown by solid circles and solid lines, dotted 
circles and dotted lines, and open circles and 
double lines respectively. When we displace 
the A configuration by the displacement vec- 
tor or slip vector 6, we have the B configura- 
tion, and by the ec vector the C configuration. 


> 


Fig. 3. Three configurations of ¢-layer stacking- 
and Burgers vectors in c-plane in graphite struc- 
ture. 


It follows that, when a half dislocation of the: 
Burgers vector b moves along a slip plane be- 
tween a layer of the A configuration and that 
of the C configuration underneath, a stacking 
sequence ACACBABA-:-:- is obtained behind. 
the dislocation, provided that the lower part 
of the crystal is fixed for the convenience of 
understanding. Therefore, if this half dis- 
location is followed by another half dislocation. 
of the ¢ vector for completion of a unit dislo- 
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cation, a stacking fault of the ABCA type is 
produced between the two dislocations. This 
situation is shown in Fig. 4(a). Similarly, if 
a half dislocation of the ¢ vector precedes that 
of the b vector, a stacking fault of the ACCA 
type is obtained, which is shown in Fig. 4 (b). 
The former type of split of a unit dislocation 
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Fig. 4. Partial dislocations of kind 3 and stack- 
ing disorders of c¢-layers. 
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may be more probabie than the latter, because 
the CC stacking of the latter type would be 
associated with a stacking fault energy higher 
than that of the ABC type. Considering, 
however, that the van der Waals interaction 
between stacking layers are very weak as 
compared with the homopolar binding in c- 
atomic layers, well-defined split of a unit dis- 
location such as in f. c. c. metals seems to 
be rather difficult to expect in graphite crys- 
tals. Actually, among many observed disloca- 
tions which can be regarded as kind 3, very 
few are found clearly splitting in spite of 
their unmistakably broad contrasts in the 
direct image or in the moiré pattern. At pre- 
sent we cannot clarify the reason why some 
dislocations behave themselves like exceptions 
by clear splitting. Nevertheless, half disloca- 
tions of the above types appear to have im- 
portant rdles in imperfect crystals such as of 
synthetic graphite or of ground powder of 
graphite. 

Dislocations of kind 4 are formed at the 
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Fig. 5. Dislocations of kind 4. 


periphery of c-atomic layers inserted in or 
extracted from the ACACAC hexagonal c- 
layer stacking in a crystal as shown in Fig. 
5: Unit dislocation, shown by (a), is a result 
of insertion or missing of two successive 
layers, and should be associated with a con- 
siderabls high strain energy, although it has 
no stacking fault along the extra or missed 
planes. Insertion or extraction of a single 
layer produces a half dislocation with a stack- 
ing fault layer of ABC type, like (b), or ACC 
type, like (c). A full dislocation (a) would 
reduce its self energy by splitting into two 
(c) dislocations if the atomic diffusion can take 
place in its vicinity, and a (c) dislocation in 
turn would reduce its stacking fault energy 
if associated by a glissile half dislocation of 
kind 3 previously mentioned as shown by Fig. 
5 (da). Such behaviours of splitting and associ- 


ation of dislocations seem to be plausible and 
important, as they can fully account for the 
disturbances in the moiré pattern by disloca- 
tions, which is to be discussed in the next 
section. 

B) Disturbances in moiré patterns due to dis- 

locations lying in c-atomic layers 

As is mentioned in the preceding paragraph, 
origins of extra terminating half lines in the 
moiré pattern have been discussed by many 
investigators’®.1. Among these discussions, 
that by Bassett, Menter and Pashley®) appears 
to be worthy of note in regards to another 
kind of disturbance of moiré pattern due to 
dislocations lying in c-atomic layers: They 
first pointed out that generally a dislocation 
line, the Burgers vector of which has a com- 
ponent perpendicular to the lattice planes 
giving rise to the moiré pattern, can be 
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detected as a number of terminating half 
lines even if it is not perpendicular to the 
film examined or it is a screw dislocation. 
Although they didn’t treat the case in which 
a dislocation passes through the film completely 
in parallel with it or more specifically the 
case in question in which the slip plane is 
parallel to the film, their argument may be 
extended to such cases to interpret the dis- 
turbances in moiré patterns as shown in Photos. 
Cpeirandyse 

Apart from the method that Bassett et al® 
have used to illustrate their argument, we 
first begin with treating a simple line great- 
ing model?” which can be regarded as the lat- 
tice projection to form moiré patterns. Con- 
sider a portion of a line grating bounded by 
a curved line is displaced by an amount of 
fraction of the line spacing, d, in the direction 
normal to the lines as shown in Fig. 6 (a). 


(a) (b) 
Fig. 6. Line shift of mceiré fringes due to a dis- 
placement of a part of a line grating. 


By superposing this line grating on a perfect 
line grating making a small angle a with it, 
a moiré pattern which has a shift of moiré 
fringes across the boundary line by a fraction 
of the fringe spacing, D=d/a, is formed. 
It is easily verified that the amount of dis- 
placement of the line grating and that of 
the moiré fringes have the same fraction in 
respect to their spacings; as a special case, 
if the displacement of the line grating is just 
d, the shift of the fringes is just D too. 
Such a displacement as mentioned above 
will actually take place ina crystal lattice by 
a dislocation with the Burgers vector and slip 
plane which are parallel with the film plane. 
Consider a glissile edge dislocation of possitive 
sign of kind 3 in a graphite thin crystal as 
shown in Fig. 7. Due to a component of its 
Burgers vector perpendicular to the crystal 
planes to form a moiré pattern, contraction of 
spacings of the crystal planes will be produced 
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along the dislocation line in the uppermost 
part of the crystal bounded by the slip plane 
as shown in Figs. 7 and 8(a). The latter 
picture is the same as Fig. 6(a) in such a 
sense that there is a displacement correspond- 
ing to the displacement vector or the Burgers. 
vector between the upper and lower sides. 
of the lattice, only a difference being that 
in Fig. 8(a) the displacement is gradual 
across the breadth of the dislocation line. 


Fig. 7. An edge dislocation of kind 3 and change: 
of lattice spacings in its vicinity. 


i 


(a) (b) 
Fig. 8. Line shift of moiré fringes due to an edge 
dislocation of kind 3. 


Like in the case of Figs. 6(a) and (b), super- 
position of Fig. 8(a) on a perfect line grating 
produces a curved and shifted moiré pattern 
as shown in Fig. 8(b), which can actually be 
observed very frequently as in Photos. 6, 7 
and 8. In the above explanation, we took no 
account of the lower part of the crystal, 
which will bear practically the same amount 
of shift of the moiré fringes in the reverse 
direction due to the displacement associated 
with lattice expansion along the dislocation 
line. In actual observations, therefore, either 
of the two parts which is thicker or more 
favourable in the diffraction condition will have 
a predominant effect on the ultimate image 
formation. 

It is clear from the above model that the 
breadth of disturbed or curved region of the 
moiré lines directly gives the width of the 
dislocation on the slip plane and that the 
amount of shift of the moiré lines gives the. 
component of Burgers vector perpendicular to 
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the lattice planes concerned. From Photos. 
6, 7 and 8, the dislocation width is estimated 
to be 200A or less. This value seems to be 
much larger than those which are expected 
for dislocations in metal crystals, but may be 
not unreasonable if we consider that the difini- 
tion of the dislocation width in the present 
case is different from a usuai “half width” 
difinition, that the very weak interaction be- 
tween the c-atomic layers above and below 
the slip plane tends to spread the dislocation, 
and that there is a possibility for a unit dis- 
location to split into partial dislocations. In 
fact, a simple calculation following the Peierl’s 
analysis for the isotropic case'® gives the value 
of the order of 100 A which is to be compared 
with the above observed value. The relation 
between the Burgers vector and the associated 
line shift of the moiré pattern in graphite can 
be predicted by using Fig. 3: Consider a dis- 
location with the Burgers vector a. Since the 
component of the Burgers vector normal to 
the (100) lattice planes just corresponds to one 
lattice spacing, this dislocation will give a re- 
lative displacement of this amount to the lat- 
tice before and behind it, and therefore will 
give a full line shift of the (100) moiré fringes. 
On the other hand, a half dislocation with the 
Burgers vector 6 has the normal component 
of 2/3 of the (100) lattice spacing, and there- 
fore will give the 2/3 line shift of the moiré 
pattern. Similarly, a half dislocation with the 
vector c will give 1/3 line shift of the (100) 
moiré pattern, which is clearly seen in Photo. 
8. The same consideration reveals that a dis- 
location with the Burger a’ in Fig. 3 will 
give the (110) moiré fringes a shift of two line 
spacings while it gives a full line spacings 
while it gives a full line shift of the (100) 
moiré fringes, and that a half dislocation with 
the vector b will give a full line shift to the 
(110) moiré fringes. All of these predicted 
behaviour of dislocations concerning the dis- 
turbance on moiré patterns are actually found 
in Photo. 6 as mentioned in the preceding 
paragraph. It should also be noted that the 
Kirchhoff’s law in regard to the amounts of 
line shift is maintained at every junction po- 
int of dislocation lines such as c, @, and k, 
suggesting the preservation of the same low 
regarding their Burgers vectors. 

Two problems seem to remain unsolved : 
In the first, the line shift of about a half line 
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spacing which is actually observed on disloca- 
tion lines such as ce, hi and jk in Photo. 6 
cannot be deduced from the above simple line 
grating model taking account of possible 
Burgers vectors in the graphite structure. 
However, careful reexamination of ig (enin 
which the concerned lattice planes are repre- 
sented by vertical straight lines even in the 
vicinity of the dislocation because of the as- 
sumption that the crystal film is very thin, 
will lead to a conclusion that the amount of 
line shift is determined not only by the 
Burgers vector of the dislocation but also by 
some other conditions such as the depth or 
the distance of crystal part to produce the 
moiré pattern from the dislocation and pos- 
sibly the applied stress to the crystal film. 
For instance, if we assume that the film is 
very thick, the crystal part far apart from 
the dislocation underneath or above it has no 
longer dilatation field and hence no displace- 
ment in the lattice planes, so that no line 
shift will take place in the moiré pattern. 
Consequently, it is not inconceivable that we 
could observe a line shift in the moiré pattern 
the amount of which does not exactly cor- 
respond to a Burgers vector possible in the 
crystal structure. The second problem arises 
from the fact that two arguments seemingly 
exclusive to each other are sometimes compa- 
tible in one dislocation; one argument is that 
a sharp, stationry diffraction contrast is due 
to a sessile dislocation of kind 4 which would 
not give rise to the line shift of the moiré 
pattern, and the other that glissile dislocation 
of kind 3 which produce an obscure contrast 
can cause the line shift because their Burgers 
vector have a component normal! to the lattice 
planes to form the moiré pattern. For ins- 
tance, while several lines on the left-hand 
side of Photo. 7 have a sharp immobile diffrac- 
tion contrast peculiar to dislocations of kind 
4, the same lines on the right-hand side are 
associated with the line shift of the moiré 
pattern which is characteristic of dislocations 
of kind 3. So far as observed in the present 
experiment, many dislocations have such an 
ancipital character. We have, therefore, to 
draw a conclusion that many dislocations are 
actually the composite of kind 3 and kind 4. 
Such association of two kinds of dislocations 
might arise from two causes, that, as previo- 
usly mentioned, a dislocation of Fig. 5(c) 
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would reduce its stacking fault energy if as- 
sociated with a half dislocation of kind 3 as 
shown in Fig. 5(d), and that the core energy 
of either of the two dislocations might be 
reduced by the association. Recently, Ame- 
linckx!®» observed dislocation rings of kind 4 as 
a consequence of plane condensation of vacan- 
cies in thermally quenched and treated gra- 
phite crystals. From their image contrast, he 
suggested that the dislocation ring is some- 
times accompanied by slip on the plane of 
condensation by a half dislocation to reduce 
the energy of stacking disorder, which is in 
good agreement with the above conclusion. 
C) Origins of extra half lines in moiré pat- 
terns 

The line grating model in the preceding 
section for the explanation of the line shift of 
moiré fringes due to dislocations of kind 3 
can easily extended to interpret the occurence 
of extra terminating half lines in the moiré 
pattern. Consider a dislocation of kind 3 the 
Burgers vector of which is such as to produce 
a full line shift of a moiré pattern. The 
shift and curvature of the moiré fringes 
around the edge part of this dislocation is 
well described by Fig. 8(b), and is again 
shown on the left hand side of a schematical 
‘representation of Fig. 9. As the dislocation 


; Fig. 9. Extra terminating half line in moiré 
fringes due to a dislocation of kind 3. 


[increases its screw component by curving as 
. Shown in the latter figure, the curvature of 
the moiré fringes becomes less sharp although 
the same amount of line shift still remains as 
is seen in the middle of the figure. Finally, 
when the dislocation becomes a pure screw as 
far as the component of Burgers vector to 
produce the line shift is concerned, the dislo- 
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cation line is parallel to the moiré lines and 
no line shift will be observed. It follows that 
there must be an extra terminating half line 
at an end of the pure screw part such as 
denoted by P in Fig. 9. Such a half line in 
the moiré pattern, arising from a glissile dis- 
location of kind 3 lying in the c-plane, may 
distinctive from that due to a dislocation of 
kind 1 by its high mobility and anomalous 
curving of some moiré fringes near the extra 
terminating half line. Actually, many of the 
extra half lines observed in the present ex- 
periment, for instance those in Figs. 4 (a) and 
(b), have such characters as above mentioned 
and therefore seem to arise from this origin. 


Fig. 10. Small wrinkle on one of two overlapping 
crystals which can produce an extra half line 
in the moiré pattern. 


Another possible origin for extra half lines 
in the moiré pattern may be a local distortion 
of one of the overlapping crystal films other- 
wise perfect, such as shown in Fig. 10, which 
would take place especially in case of graphite 
crystals. An example of this kind of moiré 
dislocation is given by Photo. 15, in which 
a distinctive half line is not shown, but in- 
stead nu half lines are found to meet m+1 
half lines, x being of the order of 30. As is 
well known, the spacing of the rotation moiré 
lines is given by D=d/a, where a is the ro- 
tation angle and d the spacing of lattice planes 
to form the moiré lines. a@ is of the order of 
2x10? rad., when D is about 100 A. By dif- 
ferenciating the above equation, we have 
6D/D=—da/a. Hence, to obtain a value of 
1/30 for 6D/D, we may put a value as small 
as 10° rad. to da, which would easily be 
produced by a slight wrinkle, as shown in 
Fig. 10, without extremely disturbing the 
double diffraction condition there. A wide 
range disturbance of moiré fringes around the 
extra half line is characteristic of this kind 
of moiré dislocation as is seen in Photo. 15. 
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D) Diffraction contrast of dislocations in 2ra- 
bhite 

P. B. Hirsch, A. Howie and M. J. Whelan™ 
treated the electron microscope image contrast 
of dislocations by a kinematical theory, and 
clarified that the contrast is essentially phase 
contrast in the Bragg diffracted beams, the 
phase difference being due to the displace- 
ments of atoms around the dislocations. The 
theory succeeded in explaining characteristic 
features of the observed images. Many of 
such features, for instances, the dependence 
of the contrast on the Burgers vector of dis- 
location, the reversal of contrast on bright 
and dark field images, the invisibility of some 
dislocations, and the occurrence of double 
images, are also observed in the present ex- 
periment. Especially, as are cited in Table 
1, dislocations in graphite have very simple 
geometrical configurations in spite of the 
variety in their kinds. Hence, if the disloca- 
tion structures, or the atomic displacements 
around the dislocations, in the graphite lattice 
were carefully analysed, this would immedia- 
tely lead to the quantitative verification of 
the theory and hence to clarifying the problem 
of the electron image contrast of defects in 
crystals. 

Recently, Y. Kamiya and R. Uyeda” found 
two interesting phenomena concerning the 
image contrast of dislocations in molybdenite 
crystals which are also found in our graphite 
crystals; one is that the diffraction contrast 
on the crystal film changes abruptly from 
black to white across a dislocation line as 
indicated by an arrow in Fig. 9, and the other 
is that very regular array .of dislocations is 
sometimes indistinguishable from the moiré 
pattern in their appearences. Kamiya and 
Uyeda explained the former by taking account 
of the tilt of the crystal film given by the 
edge dislocation the Burgers vector of which 
is parallel to the film. This gives, in our 
case, an evidence of the association of disloca- 
tions of kind 3 and kind 4, because the dislo- 
cations in Fig. 9 are regarded as immobile 
dislocations of kind 4 which would not produce 
the tilt of the crystal film by themselves. 
They also explained the latter by replacing 
the rotation or shear of two overlapping 
crystals to form the moiré pattern by a twist 
or shear boundary formed by the cross grat- 
ing or array of screw dislocations, and con- 
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cluded the correspondence between the moiré 
lines and the dislocation lines. This will be 
again discussed in Part II in regard to the 
irradiation effect in graphite crystals. 


Acknowledgements 


The authors wish to express their hearty 
thanks to Drs. Y. Takagi and K. Motojima 
for their interest and encouragement in this 
work, and to Profs. R. Uyeda, T. Suzuki and 
Dr. H. Suzuki for their valuable discussions. 
Their thanks are also due to Messrs. H. Otsu 
and Y. Katano for their continued assistance 
in this work. 


References 


1) J. W. Menter; Proc. Roy. Soc. A236 (1956) 
119. 

G. W. Brindley, J. J. Comer, R. Uyeda and 
J. Zussman: Act. Cryst. 11 (1958) 99. 

3) Y. Kamiya, M. Nonoyama and R. Uyeda: J. 
Phys. Soc. Japan 14 (1959) 1334. 

4) P.B. Hirsch, R. W. Horne and M. J. Whelan: 
Phil. Mag. 1 (1956) 677. 

} Sem Olcoxeand. Paw Besstirsen: 
(1959) 72. 

6) M. J. Whelan, P. B. Hirsch, R. W. Horne and 


i) 


Phil. Mag. 4 


W. Bollmann: Proc. Roy. Soc. A240 (1957) 
524. 

7) H. Hashimoto and R. Uyeda: Act. Cryst. 10 
(O57 )Pl43: 


8) G.A. Bassett, J. W. Menter and D. W. Pashley: 
Proc. Roy. Soc. 246 (1958) 345. 

9) K. Izui: J. Phys. Soc. Japan 14 (1959) 1829. 

10) T. Tsuzuku: J. Phys. Soc. Japan 12 (1957) 

778; Proc. 3rd Carbon Conf., Pergamon Press, 

London (1959), 433. 

A. Grenall: Nature, London 182 (1958) 448. 

I. M. Dawson and E. A. C. Follett: Proc. 

Roy. Soc. A253 (1960) 390. 

S. Amelinckx: Phys. Rey. Letters 5 (1960) 51. 

J. F. Goodman: Nature, London 180 (1957) 425. 

D. W. Pashley, J. W. Menter and G. A. Bas- 

sett: Nature, London 179 (1957) 752. 

H. Hashimoto, T. Naiki and M. Mannami: 

Electron Microscopy 7 (1959) 174. 

P. B. Hirsch, R. W. Horne and M. J. Whelan: 

Dislocations and Mechanical Properties of 

Crystals, John Wiley (1957) 92. 

A. H. Cottrell: Dislocations and Plastic Flow 

in Crystals, Clarendon Press, Oxford (1953) 58. 

P. B. Hirsch, A. Howie and M. J. Whelan: 

Phil. Trans. Roy. Soc. 252 (1960) 499. 

Y. Kamiya, K. Ando, M. Nonoyama and R. 

Uyeda: J. Phys. Soc. Japan 15 (1960) 2025. 

H. Hashimoto: J. Phys. Soc. Japan 13 (1958) 

534. 


11) 
12) 


13) 
14) 
15) 
16) 


17) 


18) 
19) 
20) 


21) 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 16, No. 2, FEBRUARY, 1961 


A Diffraction Pattern caused by Temperature Diffuse Scattering. 
I. General Theory 
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When diffuse X-rays caused by scattering in a thermally vibrating 
crystal are scattered again in the same crystal, a new diffraction pat- 
tern similar to Kossel-pattern is produced. The properties of the new 
pattern is discussed by the use of the perturbation theory of X-ray 


scattering in a crystal. 


This discussion is similar to that given in the 


author’s theory of Kikuchi-pattern (Acta Cryst. 8 (1955) 247). 
According to the present theory, the signs of crystal structure factor 

can be determined by examining the new pattern produced at an appro- 

priate crystal orientation, provided relative values of elastic constants 


are available. 


Introduction 


§1. 

In the present paper, the diffuse scattering 
of X-rays which is caused by thermal vibration 
of crystal lattice has been extensively studied. 
If the diffuse X-rays are reflected by net 
planes in the same crystal, a new diffraction 
pattern, geometrically similar to Kossel- 
pattern, will appear superposed on the diffuse 
scattering. This was first pointed out by 
Grenville-Wells””. The intensity formulae 
of this pattern are derived in what follows, and 
it is pointed out that there is a possibility of 
a new approach to the phase problem in X- 
ray crystal analysis by utilizing this pattern. 

Calculation of the intensity consists of two 
steps. In the first step, the intensity is cal- 
culated for a crystal in which the vibrating 
atoms are frozen at a certain instant of time. 
This calculation is carried out by the use of 
of a perturbation method in which a genera- 
lized theorem of reciprocity in optics plays an 
important part. In the second step the cal- 
culated intensity of the first step is averaged 
over an interval of time much longer than 
the periods of lattice vibrations. The time 
average is estimated by employing the theory 
of lattice vibration. 

It is shown that the new diffraction pattern 
is superposed on the ordinary temperature 
diffuse scattering. The new pattern lies ona 
certain diffraction cone and can be separated 
into two parts, one with a symmetrical line 


*) N. Norman (Acta Cryst. 11 (1958) 1) observ. 
2d similar diffraction phenomena due to Compton 
scattering of X-rays by a diamond crystal. 


profile corresponding to Kikuchi-line, the other 
with an antisymmetical line profile correspond- 
ing to Kikuchi-band. The antisymmetrical 
part gives a pattern similar to the ‘ Hell- 
dunkellinie’ of Kossel-pattern.** 

In centro-symmetrical crystals the sign of 
structure factor may be determined by ex- 
amining the antisymmetrical line profile pro- 
duced at an appropriate crystal orientation, 
provided the relative values of the elastic 
constants are given. 


§2. Perturbation Method 


Let a beam of parallel X-rays fall upon a 
crystal. The electric field of the incident X- 
rays in vacuum is given by 

E= Ey exp (—27iKo-r) exp (2zict/A), (1) 
where 4 and Ky are the wavelength and wave 
vector respectively of the incident X-rays and 
all other notations have their usual meanings. 

The electromagnetic field of X-rays inside 


and outside the crystal satisfies the following 
equations: 


rot E= —(1/c)oH/ot (2) 
rot H=(1/c)0D/ot j 

and 
E={1+(e?/me*)(A2/z)0(r)}D (3) 


where o(r) is the density of electrons. When 


**) The corresponding phenomena in electron 
diffraction due to thermal diffuse scattering were 
studied by S. Takagi (J. Phys. Soc. Japan 13 (1958) 
278, 287). Takagi’s theoretical approach, how- 
ever, is different from the present 
treatment. 
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o(r) corresponds to the frozen crystal, 0(r) 
has no lattice periodicity. However, the same 
average of the density <o(r)> is periodic with- 
in the crystal. We will hereafter denote 
<o(r)> by pi(r). If the incident beam of X- 
rays falls upon an imaginary crystal with the 
density oi(r), the field of X-rays E,, Hi and 
Di can be easily calculated by the use of 
Eqs. (2) and (3) in accordance with the ordi- 
nary procedure of dynamical theory. 

Let us define E2, Hz and D2 by kko=E—Ki, 
H2=H—H, and D:=D—D,, respectively. 
Then E:, Hz and D: describe the diffuse scat- 
tering caused by thermal vibration*, including 
the new pattern besides the ordinary tempera- 
ture diffuse scattering ($3). Hz, Hz and D: 
satisfy Eq. (2) while Eq. (3) is written 

Ex, ={1+ (e?/mc?)(22/7) 01(r) } De 
+(e?/mce?)(A?/z)p2x(r)Di , (4) 
where :(r) is the difference between instant- 
aneous electron density and averaged electron 
density, i.e. o2(r)=p(r)—oi(r). In the deriva- 
tion of Eq. (3) we neglected a small quantity 
(e2/mc?)(A2/7) 02(r) De. 

We must calculate the electromagnetic 
wave field with the suffix 2 at a point A 
which lies far from the crystal. If a radia- 
tion of the same wavelength 4, which is emitt- 
ed from the point A, falls upon the imaginary 
crystal of an electron density oi(r), the 
electromagnetic field satisfies the equations 


rot (E—E,)= mc? (5) 
rot H=(1/c)oD/ot 
and 
E=(1+(e2/me*)(22/)o(r)}D , (6) 
where E, in Eq. (5) is an external electro- 
motive force present at the singular point A 
and is given by 


E.=p exp (2zict/d)d(r—ra) , Co) 


* The total scattering intensity is poportional 
to the time average <|E|>=<|Eil>+<|Eil>+<A1- 
Ey*>+<E,*- E>. <|Fi|2> represents the incident 
wave and Bragg reflections, and thus it vanishes 
in all directions except the directions of the inci- 
dent beam and of Bragg reflections. On the other 
hand, <|H2|2> vanishes in the exact directions of 
the incident beam and of Bragg reflections. There- 
fore, in the above equation the cross terms <F\- 
F,*> and <E,*-E,> vanish in all directions and 
<|E2|2> represents diffuse scattering caused by 


thermal vibration. 
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where p is a constant dipole moment and 
0(r—ra) is the delta-function. Hereafter, we 
call the electromagnetic wave expressed by 
E, H and D the reciprocal wave. By the 
help of the reciprocal wave we can calculate 
Dz at the point A by a generalized theorem 
of reciprocity, which is expressed as follows: 


D214) ‘Dp exp (27ict/2) 


= ~(c'/me?ya|n)| xD. Dar Qj (8) 


The proof of Eq. (8) is similar to that of the 
ordinary theorem of reciprocity in optics?)?), 
and is given in Appendix 1. 

If the incident radiation does not excite any 
Bragg reflection, we have the expression for 
D, inside the crystal as follows: 

D,= Ey exp (—2ztko-r) exp (271ct/A), (9) 
where ky is the wave vector of the incident 
wave in the crystal. If the reciprocal wave 
is reflected by a single net plane G, then 
according to the formula of dynamical theory 
we have the following expression for D inside 
the crystal; 


D=>, > Dyé exp (—2zikn§ +r) exp (2zict/d) , 
a (10) 
where S’ is a summation over the reciprocal 
lattice Sines O (the origin) and G, and 5} is 
that over the wave points P’ and P” (Fig. ore 
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Ds is the amplitude of the plane wave with 


the wave vector k,’, where ke’=koS+G. Eq. 
(10) is derived by the use of the approximation 
that the reciprocal wave outside the crystal 
can be regarded as a plane wave at the posi- 
tion of the crystal and given by 


E=) exp (—2ziKo-r) exp (2zict/A) , 
where 


Ey = —(2/R){Ko x (Ko Xp)} exp (—2niR/2) , 
(12) 


where RF is the distance between the point A 


(11) 


and the crystal, and Ko is the wave vector of 
the plane wave (Fig. 1). Dy’ in Eq. (10) is 
given by the fundamental equations and 
boundary conditions in the dynamical theory 
of diffraction*. 

Introducing unit vectors ex. and ej; 
have 


we 


| De(1-4)|?=|De(ra)-e 4? +|De(ra)-ei/? , (13) 


where €; and @),; are perpendicular to each 
other and both are perpendicular to the wave 
vector Ko, and @, is, in addition, perpendicu- 
lar to the reciprocal lattice vector G. There- 
fore €, iS approximately perpendicular, and 
é€\; is parallel, to the plane which includes 


both wave vectors ko’ and ke’. 


$3. The time average 


The observed intensity at the point A is 
given by the average 
J2(r.4)= (¢/8z)<|D2(r4)|?>. (14) 
Eq. (14) can be obtained by averaging two 
terms in Eq. (13) and by multiplying a con- 
stant factor (c/8z). The averaging is worked 
out by employing the theory of lattice vibra- 
tion similar to that in the kinematical treat- 
ment of temperature diffuse scattering. 
The further treatment differs by the con- 


<|D2(r4)-€ 4,11?) = NRT(1/R *)(e?/mc?) 
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ditions of Laue case and Bragg case. It 
should be noted that the distinction between 
Lause case and Bragg case is related to the 
reciprocal wave but not to the incident wave. 


In Laue case both vectors Ko’ and ke* direct 
inward within the crystal (Figs. 1 and 2a); 


in Bragg case ko’ directs outward while ke‘ 
directs inward (Fig. 2b). In Laue case we 
treat both transmission and reflection patterns; 
in Bragg case, however, we treat only reflec- 
tion pattern. 

(I) Laue case. By substituting p=|ples,\| into 
Eqs. (8) and (12) and by the help of Eqs. (9), 
(10) and (11) we have for non-absorbing cry- 
stal the relation 


WY diffraction 
Cone G 
ko 
diffraction 
Cone -G 


Fig. 2. Incident wave and reciprocal wave. 
(a) Laue case (reflection pattern). 
(b) Bragg case (reflection pattern). 


x [Soo| Ho- eu, I ?+{See(ro/7¢)| Eo € 4,111? Soo] Mo-@ 4,1) |?}1/20+ Wea 
+{SoeF-e + SeoFe}(1/|Fel)V rolre (Bo-@ 1,11) Bo*-€s,611 (Cx, 11/ICx. nl) 


We /20+ Wer. 


In. Eq. #(15)3 


(15) 


the derivation of which is given in Appendix 2, F¢ is the crystal structure factor, 


* 


(A40) in Appendix 3. 


Dis is given by Eq. (A26), (A27), (A28) and ( 


A29) in appendix 2 and by Eqs. (A38), (A39) and 
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T is th absolute temperature, Rk is Boltzmann’s constant, N is the total number of unit cells, 
Yo and ye are respectively the cosines of the angles @ and @¢ (Fig. 3). The parameter 
W.,\, determines the direction of Ko and is given by 


Wait =7/{2|Fe| Ca, \(e?/mc?)(A2/2)V |re/rol (1/va)} F (16): 
where 
7=2O— Ga) sin 26e—(e8/me?)(A/n)Fo1—(re/70)}(1/va) , (17) 


where @ is the glancing angle of Ky on the net plane G, and @« is the Bragg angle. We 
have W,,,,20 and 7=0 for 6=6¢. The quantity Cx,|; in Eqs. (15) and (16) is given by 


Creal (18): 
and 
C\,=cos 26¢ (19) 


va in Eqs. (16) and (17) is the volume of a unit cell. Soo, See, Soe and Seo in Eq. (15) are 
given by 


Sho © > 2 (4702/1/ mumi)g x — bn) gi(—by) exp {—271(bn-X*—b,-X")} 
{Bn - X(t) bo} , (20), 
where 


bo=ko+ko (21) 


and 
be=b+G4. (22) 


The wave vector ko is the weighted mean of 
kos with the weight |Do.| and hk’ with the 
weight |Do.|. Then ko coincides with the 
weighted mean of koi; with the weight |Doi\| 
and ky with the weight |Dq,|. We have 
PO=LO for any y. (Pig. 3). The effectives 
atomic scattering factor of the Ath atom in 
the unit cell g; is given by 


ox(—bn)= fel —bn) exp {—Mi(—bn)} , (23) 


where f; is the ordinary atomic scattering 
factor and exp{—M:(—b,)} is the tempera- 
ture factor. mz is the mass of the Ath atom. 
The vector X* denotes the position of the 
kth atom in a unit cell relative to the lattice 
point. y,, is the tensor used by Zachariasen 
in the kinematical treatment of temperature 
diffuse scattering and related to the elastic 
constants of the crystal. The oe WECVOL Tc 0b) 
is given by r=b).—J, where J is the recipro- 

Ete Oe vector nearest to the vector Fig. 3. =) The locus of P in wiles case, where 
by. By the help of Eqs. (13), (14) and (15) PO=ky. (b) The locus of P in Bragg case, 
we have the intensity of diffraction pattern 
Je(ra) as follows: 


— ee 
where PO=mean of the real parts of kj, and 
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I(r) =NRT[LeSo0 + {e+ (Ss6(70o/7¢) —So0)(1/201+ W?)) 
+ TeSee(ro/re(—Le! 1Soo)(1/2(1 =f Wi.?))} 


+(SogF-¢+SeoFe)(1/|Fel)v role 


x (Ie>( Ws /20. + Wi?) +1 06( Wi1/2(1+ Wii?) cos 26¢/| cos 204I)I , (24) 

For unpolarized incident radiation, we have 
Te=In(1/R?)(€2/me?)*(1+ cos? $o)/2 , (25) 
T+ =Ih(1/R2)(e2/mc?)*(1/2 sin? 20¢)(cos? ¢o+cos? ga—2 cos ¢o Cos bg COS 202) , (26) 


Te! = In(1/R?)(e?/mc?)*[((1+ cos? $o)/2) 
—(1/sin? 20c)(cos? ¢o+cos? ¢z—2 cos $o Cos $e COS 204)] , i 


Dye=Io(1/R)(e?/mc?)*[((1 +c0s? $2)/2) 
—(1/sin? 26¢)(cos? ¢o-+cos? ¢¢—2 cos $o cos ¢¢ COS 26¢)] , (28) 
and 
Thy =Io(1/R?)(e2/mc?)?[(cos 20¢—cos $0 cos $¢)/2 
—(1/sin? 20¢){cos 20¢(cos? ¢0+cos? ¢a)—2 cos go cos ge}] , (29) 


where Jy is the intensity of the incident radiation, ¢. is the angle “(ko, —ko) and ¢e@ is 
Zko, —ke). 

The right-hand side of Eq. (24) can be regarded as the summation of three terms. The 
first term is the ordinary diffuse scattering around the reciprocal lattice point —J. The 
second term is an even function of 7 and the third termtan odd function, both amounting to 
considerable values near the diffraction cone of index G. The second and the third terms 
correspond to Kikuchi-lines and Kikuchi-band® respectively (Fig. 4). In practice, the line 


V2 (1+W*) w/2t+ We) 


(a) 


eeu 


(b} 


Fig. 4. The line profiles of the symmetric line and the antisymmetric line. (a) Laue case. (b) 
Bragg case. 
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corresponding to the superposition of the second and the third terms is observed only when 
the cone G passes through the diffuse spot —Z. Hereafter we treat only such cases. Under 
the influence of the third term, the line on diffraction cone shows a feature similar to 
“ Helldunkellinie’ of Kossel-pattern. While in 

a broad sense, the intensity of Kossel-pattern Nx bo 

is independent of the direction of incident 
electrons or incident X-rays, the intensity of 
our pattern depends remarkably on the direc- 
tion of the incident X-rays. 

It is to be noted that in Laue case if G+J40 
and the diffraction cone G@ passes through 
the diffuse spot —J, there appears in the 
same pattern another diffuse spot J=—(G+J) 
through which the diffraction cone —G passes. 
‘This implies that the direction of the in- 
cident beam is near the direction exciting simultaneous reflections —J and J. The above- 


mentioned geometrical. relation occurs because we have ko+ke—(G+IZ)=r in addition to ko 
+k)—I=r as shown in Eigeeo: 


Gua G 


(a) {b) 
Fig. 5. The geometrical relations between wave 
vectors. 
(a) The definitions in the text. 
(b) The same vectors in the Ewald construction. 


dD Bragg case. If the crystal is thick enough and not prefectly non-absorbing, the expres- 
sion for the intensity of our pattern j/:(r1) becomes very simple. Outside the region of total 
reflection, |W.,,;|>1, we have 
Je(ra)=RT[(Asle*+ +A le!')Soo 
(Ai Te+ exp (—2u1)+ Aj Tbe exp (—2211))Seelro/rel 
+(Asle+(C1/|Cs|)(W/| Wil) exp (—ui) +A MeO} MC) Will Wil) exp (—#11)) 
x (Soel*_-¢+SeoFe)(l/|Fal)V lro/rell , (30) 


where |W:.,;|/=cosh w:,;; and u1,1;>0. Inside the region of total reflection, |W42,\\|<1, we 
have 


Jera)= aT | (Ale! + A| Le! !) Soo 
+(Aul.* =A) J2ae)Seelro/rel 


& 7 
3 {Ask*(CsICsD(SoeF-c 95 i(os+ 5) + SeoFe exp Ca 0 


: 1 
+ A lto(Cu/|Cul) (Soe Fo exp i(v +5) tSeoFe exp =i{ vu oe) 


x (I/\Fel)V irra | ; (31) 


~where W,,|;=sinvi,|;.. The derivations of Eqs. (30) and (31) are given in Appendix 3. The 
factors Ai,|; in Eqs. (30) and (31) represent the effect of primary extinction and of absorp- 
tion and A;.,; is a function of 7 as given by Eq. (A35)*. The factors Soo, See, Soe and Seo 
are given by Eq. (20). However it should be noted that in Bragg ae bo ne Eq. (20) is not 
given by Eq. (21) but is defined as the mean of the real parts of boi and bj). In ae ay 
be is given by Eq. (22). In Bragg case, PO becomes asymptotically equal to LO as the value 
jae ae Maas ii, A\, become very small in a region of total reflection, especially when 
|y| is near zero. T hus we always have a defect line. Apart from the effect of A one : 
the general feature of the intensity distribution of our pattern in Bragg case resembles tha 


ce ” is given by Eq. (17) also in Bragg case. 
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in Laue case (Fig. 4). The intensity of our pattern can be regarded as a summation of three 
terms similar to those in Laue case. Outside the regions of total reflection, the factors Ax 
and Aj, change slowly if the X-rays are not strongly absorbed. 

It is noteworthy that in Bragg case even when the diffraction cone G passes through the 
diffuse spot —J the diffuse spot J does not usually appear in reflection pattern because the 
cone —G which passes through the diffuse spot J does not cut the reflection pattern (Fig. 2). 


$4. Possibility of the Determination of the Sign of Struncture Factor 


Let us examine the case where the direction of the incident radiation is slightly deviated 
from the condition of the simultaneous reflections made by two net planes —J and J. Then 
the diffuse spot —J is cut by both diffraction cones —Z and G in both Laue and Bragg 
cases*. We will examine the line profile of the diffraction cone at the position correspond- 
ing to a small value of |r|. Then the contribution of the acoustic vibrations to the intensity 
of the pattern predominates over the contribution of the optical vibrations if F-r and Fy are 
not zero. Thus we have at higher temperatures 


(VV mana) (t) © Be) (ArPe*v.) , (33) 


where @-1(r) is a tensor expressed in terms of the elastic constants of the crystal®. 
Since we have B®~I, be~I+G=—J and Fr= > gx(J) exp (22iJ-X*), the term {So¢F_¢ 
k 


4+Sele} in Eqs. (24), (30) and (31) reduces to 


{SogF-¢+SaoFa} © (A?/2)(e?/me?)?(1/va){T-2- (rc) (G+D} 
x (1/2?) |Fr|-|Fs|-|Pe|-2 cos gr+¢s+¢e) , (34) 


where g», is the phase of structure factor 


F,=|F| exp (ign) . (35) 


There are three degrees of freedom in the determination of the phase of structure factor 
corresponding to the three degrees of freedom in selection of the coordinate origin. The 
value (ve+¢r+¢,s) is invariant for any selection of the origin under the condition that G+J 
+J=0**. In the phase problem we must determine the invariant value of (g¢+¢r+¢z). 

Therefore, if the new pattern is observed and if its line profile is measured, then the 
value of cos (ge+¢r+¢s) may be calculated by Eqs. (24), (30) and (34), provided the tensor: 
&2-\(c) is given. Since it would be difficult to measure the line profile, we treat here only a 
centro-symmetrical crystal where cos (¢ge+¢r+¢g,r) reduces to +1. It would be easy to dis- 
tinguish whether the antisymmetric line is black-white or white-black. Then by Eqs. (24) 
and (34) in Laue case or by Eqs. (30) and (84) in Bragg case, we can determine the value 
of (ve+gyr+gzs) provided the sign of {I-Q2-(r):(G+I} is given. For the determination of 
elastic constants, which are necessary to evaluate Q-‘(r), the temperature diffuse scattering: 
may be used”. 

It may be suitable to choose combinations of G, J and J where the structure amplitude. 
|F<| is large, because the width of the line is proportional to |Fc| (Fig. 4 and Eqs. (16) and 
(17)) and thus the antisymmetrical structure of line would be clearly observed. Generally, 
Laue case is more suitable for the present purpose. In Bragg case, the antisymmetrical 


* If the cone —J passes through the centre of diffuse spot —J, the incident beam excites the 
Bragg reflection —J. In such a case, D; given by Eq. (9) can not be adopted because Eq. (9) was. 
derived under the assumption that the incident wave is not reflected by any net plane. 


**k Ff, is given by ee )exp (2nih-X) dX, where 0,7(X) is the averaged electron density and. 
the integration extends over a unit cell. If the lattice point is shifted from O; to O;’ where 0;0,'=s, 


:""(X’) is given by @,2’(X’)=p,2(X’'+s) and F;,’ is given by F,’=F, exp (—2nih-s). Thus we have: 
¢n' =¢n—2rth-s If G+I+J=0, we have og! +¢1r'+¢7'=¢e+tertor for any s. 
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structure of line would be difficult to observe since the effect of extinction, which is express- 


ed by the factor A, is so remarkable that the antisymmetrical structure is likely to be 
overlooked. 


§5. Discussions 


Booth® suggested in 1946 a solution of phase problem according to which the phase of 
structure factor can be determined in principle by observing whether two diffuse spot ares 
joined by a diffuse streak or not. His method was criticized by Stokes”. Booth paid no 
attention to the fact that the phase of structure factor has three degrees of freedom (§ 4.). 
Booth’s method takes into consideration the region of large |r| where the optical vibrations 
contribute to the temperature diffuse scattering much more than the acoustic vibrations. On 
the other hand, the region of small |z| is used here. Thus our method is free from the dif- 
ficulty found in Booth’s method. 

The calculation in this article was carried out by assuming an ideally perfect crystal al- 
though real crystals are not ideally perfect. However, our result of calculation, in the main, 
are likely to hold for fairly perfect real crystals, if adequate corrections are made for in- 
creased intensity and increased breadth due to the mosaic structure of real crystals. 

It is assumed that the radiation is almost unabsorbed by the crystal. If the absorption is 
strong and the effect of absorption is taken into account, remarkable changes will occur in 
the line profile of the pattern. In Kikuchi-bands it was found that the antisymmetrical line 
profile is reversed by the effect of absorption’?. In a phase determination by the present 
method, the use of a strongly absorbed radiation should be avoided. 

The author expresses his deep appreciation to Prof. Ryozi Uyeda for his guidance through- 
out this work. This research is supported in part by Kagaku Kenkyu Hi, the Science Re- 
search Fund established by the Ministry of Education, Japan. 


Appendix 1 


Here we prove Eq. (8), a generalized theorem of reciprocity. By the use of the well- 
known formula of vector analysis we have 


div (E. x H)=H.-rot F2—E,-rot H . 
Since HE, and Hz satisfy Eq. (2) and H and D satisfy Eq. (5) we have 
div (E: x H)=H-(—1/c)0H2/0t — E2-(1/c)OD/at , 
which is rewritten 
div (Ex x H)=(—2ni/2)(H- H+ E2-D) . (Al) 
By a similar procedure we have 
div ((E— EB) x Hz} =(—2ni/4)(He- H+ E-D— Ez: D2) . (A2) 


Subtracting Eq. (A2) from Eq. (Al) and integrating with respect to r over the whole space, 
by the help of Green’s theorem, we have 


[es x Bn — (EX H,)s}dS=(~2ni)\ (Bs ‘D—E-D:+E.-D:)dr . (A3) 


In the derivation of the left-hand side of Eq. (A3) we use Eq. (7). Since the left-hand side 
of Eq. (A3) vanishes, we have 


|B -D:dr= —\(e -D—E:D:)dr. (A4) 
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By the use of Eqs. (4), (6), (7) and (A4) we have Eq. (8). 


Appendix 2 


Here we derive Eq. (15) which holds in Laue case. By the help of Eq. (8) and the defi- 
nition of p2(r), as given in §2., we have 


<|D2(r4)- es, 11?) =(€?/me*)*(A7/7)*(1/ pl?) 
x | <ecrocry>icr -D(r))(Di*(r")-D* (1) drdr’ 


2 i <p(r)>Da(r)- D(x) dr 


| (A5) 


If the Nordheim’s assumption of rigid-atoms!” is adopted, i.e. if the electron clouds around 
atoms are not deformed when nuclei oscillate, the electron density o(r) is given by 


o(r)= py = ox(r—Tn*®¥—Un*) , (A6) 


where ox(€) is the electron density which is due to the f&th atom in the unit cell and is ex- 
pressed as a function of € (=r—rn*—un") i.e. the coordinate relative to the nucleus of the 
kth atom. rx” and ux” are the equilibrium position and the displacement from equilibrium 
position, respectively, of the kth atomic nucleus in the mth unit cell. 

By the help of Eqs. (9), (10) and (A6), we have 


[o(r). Dir) Dor)dr-= 3, S: Bo-Dut 3, S; |pn(€) exp (—2nibnt-€)d8 
xexp {—2zibp$:(rn® +Un")} exp (4zict/A) . (A7) 
By the use of well-known relation: 
fald)=| nl exp (2nib-€)d8 , (A8) 
Eq. (A7) is rewritten 
Jocr).Di( -D(r)dr 
= = x (Eo - Dn) x = fu(— bx) exp {—277bp$-(1n* + un")} exp (4zict/2) . (A9) 
By the use of Eq. (A9) we have 
[ote (Duer)- Der)idr 
=3> (Ey: D2’) = ge(—bi') exp (—2ribs’-rn¥) exp (4nict/2) , (A10) 
where gx is given by Eq. (23). Mz in Eq. (23) is given by 


Mi( — br’) = 27? (Bn5 + Un®)> . (All) 
By a similar procedure, we have 


|) <oc ocr» (Di(r)- D(r))(Di*(r’) D*(1) drdr’ 
= |> » (Eo - Dr’) > > Si — ba’) exp (—2z7iba$ - Tn) |? 
i » (Eo Dn’)(Eo* » D*y") 3, gx(—ba') gil —bo!) 


x= Pre (bn5, bg") exp {—270i(bn8 + rn*— by! - Pm")} , (A12) 
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where 
zt (Ons, Bg')=422X(Ba8-Un*)(By"- Um") . (A13) 
By the use of Eqs. (A5), (A9) and (A12), we have 
<|D2(74)-€4.,11/?>= (€?/me?)?(22/z)2(1/| pl?) = py (Eo: Di’)(Eo*-Do**) 
x Dy 8(— bn) —by) & Pii'(bn, bg) exp {—27ci(br8-Pn®—Do!-1m")} (A14) 
In the derivation of Eq. (A14) the following approximations are used. 
&r(—OnS) © gx(—Dp) (A15) 
and 
it (Dn’, By!) ~ Pii'(bn, by) , (A16) 
where 6; is the mean vector given by Eqs. (21) and (22). 
By the application of the theory of lattice vibration, we have 
zt (On, bg)=(42?RT/NV mumi)(On- %,,(tv) by) exp {2ziry-(n—m)} , . (A17) 


where the tensor y,,(t») is given by 
Net y)=(VRT) x Urs PU PQA D)/or(P)} . (A18) 


If the suffix / is replaced by suffix Rk’, Eq. (A18) becomes the same as Eq. (4. 109a) in 
Zachariasen’s textbook’”. The definitions for Uzi(p), Q;(p) and w,(p) are found in the same 
textbook. By the help of Eq. (A17), the factor Dy P.---exp{---} in Eq. (Al4) turns out 


to be 


Dy Pxi'(bn, bg) exp {—271(b,§ Tn® —bg' -1'm')} 
=(42°RT/NV mxmi)(On- x, )(Cv) bg) exp {—27i(bn- To" — bg - ro") } 
x Di exp {271(cp—b,')-n} S exp {—272i(ty—by')-m} . (A19) 


In the derivation of Eq. (A19) the following approximation is used: exp (— 277b,'-ro*) 
~ exp (—2zibs-ro®). If we assume that the crystal is large enough in all directions, Eq. (A19) 
almost vanishes except when both r,—b,° and t»—b,' simultaneously become reciprocal 
lattice vectors. Since it is not likely that bo’—bo.’’ is equal to any reciprocal lattice vector, 
the condition for non-vanishing of Eq. (A19) is the simultaneous holding of equations 


Tp—bk=—h—-I (A20) 
and 

tr—b,'=—g—I, (A21) 
where J is the reciprocal lattice vector nearest both bo’ and 6o’’. Eqs. (A20) and (Az) can 
be satisfied simultaneously only when we have s=?. When Eq. (A19) does not vanish, we 


have 
¥ exp (27i(tp—br’)-n}= > exp {—22i(tp—by'):m}=N . (A22) 


By the help of Eqs. (A19), (A20), (A21) and (A22), we have 


S P&M (bn, be) exp {—2r0i( but -rn* bo! -Tm')} 


nym 


=duNkT(402/V memi)(On- xual) bg) exp {—2700(bn- X*—by- X")} 
xexp {—2zi(h—g):ro} , (A23) 
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where ds—1 if s=t, du=0 if s#t, r=bo—J, and ro“=rot+X*. In the derivation of Eq. (A23) 
the following approximation is used: 
Laat) © Lert) (A24) 
where r°=bs—I. The approximation is good except when |r| becomes very small*. 
By the help of Eqs. (Al4) and (A23), we have 
<|Do(ra)- €1,111?>=(e?/me?)*(A?/z)?(1/| pl?) 
x SS (Eo: Dn')(Bo*-Do**) exp {—2ni(h—g) ro} NkTSia 5 (A25) 
hg § 


where Sng is given by Eq. (20). 
Let us next evaluate the factor > (Eo: Dn')(Eo*-De*) in Eq. (A25) by the use of the 


formula of dynamical theory of diffraction’. When p=|plé:, we have 


D¥=€sDix . (A26) 
When p=|p|eéi;, we have 
Dos=€1\D31\ (A27) 
and 
De= €a| |Da les (A28) 


where the unit vector @¢); is perpendicular to wave vector ke and @g); is parallel to a plane 
including both wave vectors k) and ke. If the origin of coordinate is assumed to lie on the 
surface through which the reciprocal wave enters into the crystal, the amplitudes Dec im 


Eqs. (A26), (A27) and (A28) are given by 
Dos i= (/2{1—-(W/V 1+ W*)} Eo , 
Dos =(/2{1+(W/V/1+ W)} Eo , 
Des,3=(—1/2V 1+ W?)(Fe/|Fel) exp (221G-1o)V rol re(Cx,11/1C x, 1) Eo , (A29)* 


and 
Des =(1/2V 1+ W2)(Fe/|Fel) exp (22iG-1o)V rofre(Cs.1\/|Cx, 11!) Eo , 


where the quantities found in the right-hand sides of Eq. (A29) are given in the text of 
this article. 


By the help of Eqs. (A26), (A27), (A28), (A29), (11) and (12), we have 


* If |r3| becomes very small, we have —ko’—k)~—JI, which is the condition of excitation of the 
Bragg reflection —Z. Then the assumtion under which Eq. (9) was derived can not be used. 

** The averaged electron density can be expressed as 0:-(X), a function of the coordinate X¥. The 
coordinate X denotes the relative position to zero-th lattice point. 
0:4(X)=oi(r). As well-known we have 


01*(X)=(1/0a) ps Fy, exp (—2nih-X) 


Thus we have r—ry=X and 


and 


F,=| ve cat ot OE) XP Ont X)AX « 
unit ce 
Thus we have 
o(r)=(1/va) x {Fp exp (2nih-ro)} exp (—2nih-r) . 
v 


This is the reason that the factor Fg exp (2xiG@-ro) appears in the ex 


pressions of D, and DY i 
Eqs. (A29). @i,{) 20¢ Mes yj mm 


f 
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2 (Ey: Do’) Eo* + Do**) = |Eo-@,11|?(1—(1/2(1+ Wi) }U/R?) (2/22)? | pl? , 
= (Eo -De®)(Eo*- Do*)= | Eo -€x,\ (1/201 + Ww ro/ra\(1/R?\(n/22?| pl? , 
and (A30) 
> (Eo: Do)(Eo*- Do**)= (Ey: @ 1, 11)(Eo* 6s 611)( Wa. /20.+ W*11)) 
x (Fa/|Fal) exp (—2miG -10)(Ca.11/1C x. 1)V rol rel R2\(n/A2)2| pl? 
Substituting Eq. (A30) into Eq. (A25), we have Eq. (15) of the text. 


Appendix 3 


Here we derive Eqs. (30) and (31), which hold in Bragg case. In Bragg case we can also 
prove Eqs. (A5), (A6) and (A7) which are derived in Laue case. It must be noted that 
Eq. (A8) is valid only when 6 is a real vector. In Bragg case bh is a complex vector in 
the region of total reflection. Since we have assumed that the crystal is not perfectly non- 
absorbing, 62’ has a small imaginary part even outside the region of total reflection. Thus 
we have the following equations instead of Eqs. (A10) and (A12) in Laue case. 


[<erpDutr ‘Dodr 
~ 5; (Ho: Di) & exp (2nI(bu')- 10} 5 ge(— Ox) exp (—2niR(bn')-ra¥} exp Grict/2), (ABI) 
and 
[) <ocrdote»><.cr) Div) (Dr) DY’ )ydrdr’ 

= | 3) (Eo: Dut) S: exp {2I(bn!)-rn} & Bil — Rn‘) exp {— 224 Rn’) To}? 

+ 3 (Bo - Di*)(Eo*» Do**) © exp 2{I(bu') 1+ 1(bo!) Ym} 
“5 gx —R(br!))g— Ry?) PU(R(Os!), Ry) 
x i { —271(R(bn°) -1rn®¥ — R( Bg) -1m*)} , (A382) 


where R(b) and J(b) denote the real part and the imaginary part respectively of vector b 
=R(b)+il(b). In Eqs. (A31) and (A32) >| and >| are removed because either of the pairs 
Ss St 


D,’ and De’ or D)”’ and De’ are negligibly small in Bragg case if the crystal is thick enough 
and is not perfectly non-absorbing’®. By the use of Eqs. (A31) and (A32) we have the 


following equation instead of Eq. (A14). 
<|Da(rra)-@ 1112) (@2/mc?)*(22/n)*(/| pI) 5 (Bo Du')(Eo*-Dr**) 
x 3) gx(—ba)gi(—bo) Xi EXP 27c{I(bn®) n+ I(B9%)Pm}P ki (Gn, by) 
x by {—27i(R(bn')-1n*§— R(bg*) 1m") } , (A33) 


where b, is a real mean vector defined in the text. By the help of Eq. (A17) the factor 
S exp 2x{---}P--- exp {—27i---} in Eq. (A33) turns out to be 


S exp 2n{Ibn')-¥n-+ Ib y")-Tn}PB" Dn, Bo) exP {—2reiROn') Pat — by!) -Ym)} 
| = (42?kT/NV/ mumz) SS (Bn S Ax (Tr) : bg) a exp 27c{ Ibn’) ‘Tat T(8,°) c I'm} 


x exp {27i(tp—R(bn’))-m} exp { —2ri(t»—R(b*))-m} 
x exp {—27i(bn- X*—by- X")} exp {—2ni(h—g)-ro} 
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= (47°kT/V/ mami) va [os ¥.(Tr) Ba) 
x |¥ exp {27i(rp— R(bo')) -m} exp {27 1(b0') - rn} Pdtv 
x exp {—27i(bn-X*—by- X")} exp {—27i(h—g)-ro} , (A34) 


where the integration is over a unit cell of reciprocal lattice. In Eq. (A34) we use the ap- 


proximation >} = Nou des. Let us put 
Dp 


[(bn-x0Xe0 -by)| 3 exp (2ri(ey—R(bs'))-n} exp (2 1be!)- Ta} l*dep 
= (AIN) (0s Ans») by)| exp riley —R(bst))-n} Ide « (A35) 
Then we have 
[(on-zuXe,) bo) |3, exp {2reie»— R(bo'))-m} exp {2 I(Bs"(- ra} l*dep=(A/v0)(On-Zex(e)-Bo) , (36) 


where t—b=—J. Although we can not give the factor A in any simpler expression than 
Eq. (A35), it can be seen from Eq. (A35) that the factor A has the properties mentioned 
near the end of §3 of the text. 

By the help of Eqs. (A33), (A34), (A35) and (19) we have 


<|D2(ra)- @x,111?>= (e?/me?)?(A?/x)*(1/| pl?) 
x > (Eo: Di®)(Eo* + Dg*") exp {—271(h—g)- ro} ARTSny . (A37) 
GJ 
Let us next evaluate the magnitude of Dn’ in the factor (Ho: Dn')(Eo*-Do*) in Eq. (A387). 


Eqs. (A26), (A27) and (A28) are also valid in Bragg case, while Eq. (A29) must be rewritten 
as follows, 


(i) If W<-—1, we have 
Dos 17= Eo ’ 
Dos, =V lro/rel exp (—u)(Fe/|Fe|) exp (20tG-r)(Ca,1i/ICa i) Eo (A38) 
and 
Doi = Dés.1=0 , 
where W=—coshu and u>0. 
(ii) If —1<W<1, we have 
Dos 1= Des,1=0 
Diao 


(A39) 
and 
Dees —iV |ro/rel exp (—v)(Fe/|Fe|) exp (22tG-ro)(C1,11/!C x, 111) Eo 
where W=sin v. 
Gi) If W>1, we have 
Dj. j= Dax. =0 , 
Doi w= Eo (A40) 


and 
Désni=—V lrolreltexp (—u)(Fa/|Fel) exp (221@-10)(C x, 11/|Cx, 111) Bo 
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where W=coshu and u>0. 

Outside the region of total reflection, by the 
help of Eqs. (11), (12), (13), (14), (A37), (A38) 
and (A40), we have Eq. (30) of the text. 
Within the region of total reflection, by the 
help of Eqs. (11), (12), (13), (14), (A37) and 
(A39), we have Eq. (31) of the text. 
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Inelastic Scattering of Thermal Neutrons by Paramagnetic Ions 
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For the magnetic scattering of thermal neutrons by paramagnetic ions 
with discrete energy levels, Trammell’s theory is extended to include 
the inelastic scattering. And the scattering cross section of Eu’+, Sm3+, 


Co2+ in oxide and fluoride and Fe2+ in oxide are estimated. 


In these 


ions, the cross sections appreciably include the inelastic parts, and 
depend on the temperature and the energy of the incident neutrons, that 
is, the cross sections suddenly increase when the energy of the neutron 


exceeds the level separations. 


§1. Introduction 


The orbital effect on the magnetic scattering 
of slow neutrons by the rare earth ions, has 
been discussed by Trammell’, whose result 
has proved to explain some features in the 
magnetic scattering by Nd**+ and Er*+®. Such 
an orbital effect is generally small in the iron 
group compounds, because the orbital angular 
momentum of the iron group ions is largely 
quenched by the crystalline field in compounds. 
On the other hand, in the compounds with the 
rare earth ion, the electrons in the incomplete 
4f shell are deeply buried within the ion and 
less affected by the crystalline field. However, 
in some particular compounds, for example 
CoO and FeO, a large orbital angular momen- 


tum surviving under the cubic field brings out 
a large effect on the neutron diffraction, which 
Nagamiya and Motizuki® have discussed with 
particular reference to CoO. 

These studies are principally concerned with 
the elastic scattering. But, in some ions, Eu't, 
Sm*+ on the one hand and Co?t, Fe?* in oxides 
on the other, the lowest excited level arising 
from the spin-orbit coupling is rather close to 
the ground level and the level separation is 
comparable with kT at room temperature and 
the energy of the neutrons used in the diffrac- 
tion experiments. We may therefore expect 
an appreciable portion of neutrons inelastically 
scattered, which come from the two processes: 
the one in which the energy of the incident 
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neutron decreases and the scattering ion goes 
to the higher energy state, and the other in 
which the energy of the neutron increases 
and the ion goes to the lower state. In the 
present work, we will extend Trammell’s 
theory in order to include such processes of 
inelastic scattering by the magnetic ion with 
discrete energy levels. 

The cross section of the magnetic scattering 
is roughly proportional to the square of the 
effective Bohr magneton number of the mag- 
netic ion. It is, therefore, expected that the 
cross section has a considerable temperature 
dependence, because the effective Bohr mag- 
neton number of the ion concerned now depends 
on the temperature. The inelastic scattering 
process in which the ion goes to the higher 
energy state can take place only when the 
energy of the neutron is larger than the level 
separation, since the total energy of the ion 
and the neutron must be conserved. Therefore, 
it is also expected that the cross section in- 
creases when the energy of the neutron exceeds 
the level separation. 

As is well-known, L, S and J of the mag- 
netic ion are good quantum numbers in the 
Russell-Saunders scheme, where Z and S are 
respectively the quantum number of the total 
oribital angular momentum JZ and that of the 
total spin angular momentum S and / the 
quantum number of J=Z+S. This scheme 
remains unaltered for the rare earth ions in 
compounds, and the situations are similar for 
Co?+ and Fe?+ in oxides. For, the orbital 
angular momentum LZ for these ions can be 
replaced by an effective orbital angular mo- 
mentum L’ with L’=1 within the lowest orbital 
manifold under the cubic field, and the spin- 
orbit coupling leads to the splitting of the 
energy levels according to the magnitude of 
effective total angular momentum J’=L’+S. 
Thus, we shall calculate the magnetic scatter- 
ing cross section of the rare earth ions, and 
the above-mentioned cases of the iron group 
ions will also be discussed. 


§2. The Differential Cross Section of the 
Magnetic Scattering 


Trammell” has derived the expression of 
the differential cross section of the magnetic 
scattering in the case when both the spin and 
the orbital angular momentum are operative, 
and the elastic scattering by the magnetic 


ions Nd?+ and Er*+ in the lowest state was 
calculated in his theory. We will extend his 
theory to include the transitions between the 
states with different J value. Now we denote 
the initial and final wave vectors of the neutron 
by ko and k, and the orbital and the spin 
angular momentum of the k-th electron in the 
incomplete shell by % and s:. Following his 
expression, we define the vector P by 


P= py [3(Lef (ere) +f (a -Te)le) +28x exp (da-Tx)] , 
(d) 


where 


ker = \4 ex dx, 
0 


(ix)? 
k=k—ky 
For unpolarized incident neutron the differential 
cross section per magnetic ion, da/d2, is given 
by 
diane Ve k - 
9 7(seur) SEP 2ko pasts 
Hn | Pa ey (2) 
where 7 is the nuclear magneton number of 
the neutron, pm the statistical weight of the 
initial state m, Pz=P,:-iP,, and the z-axis is 
chosen to be parallel to «. 
In the Russell-Saunders scheme, the wave 
function ¥;m» for electrons in the incomplete 
shell is the taken to be of the from 


Vou(r, ii, 


07070). ¥n)=O(r1, {Bry SOF Tn) O.1.8.3.M, 


where 
O(r1, 073; ola! rn)=gai(r2) 


Oizrssm is a function of angular and spin 
variables and ga.(7i) a radial wave function 
of the z-th electron. 

To calculate the matrix element (J’ M’ | P. | 
J M), it is convenient to expand Ps in spherical 
harmonics, thus 


ee = diy 4e V) Rt Prere) slp Ge) + pi Oxlc*] 
+22 Krx)Sxr* Py(Gx)} 5 ( 3) 
R(X) = (70/2)? x“? Joss p(x) , 


fla) =2a-*) ya ydy , 


where @; is the angle between the vectors « 
and Ix. 


In (J’ M’| P:| JM), gern) and filere) be- 
come respectively 


(On, {hg EO Yn) 2V(KLx) | O (1, [fhe OO Yn)) 
=(gar(rx) | gvlere) | par(rn)) = Gr(«) (4) 
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and 


(D1, r2,+++, rn) | flere) | O (71, 12,+-+, rn)) 
=(Gar(rx) | fern) | Gar(r.))= F(x) , (5) 
which have the same values for all 7 electrons. 
In practical calculations, G.(*) and Fy(«) are 
approximated as follows. Expanding SKr) in 
the power series of «vr, we have 


TOREZD | v 1 2 : 
Ors, eh . (1 reer aia ) 
by which (4) is written as 
y — = yv VY 1 aa) 2 | 
GW= CueaiTee. Ca 4046 <P> | , 
2p Ry Dee | si ek 
~(Qy+D! er rexp| 4y+6 <> e|, 
(6) 
where <r”> is defined by 
(>= |" bai" Pat r’t?dr . 
0 
Similarly 
2 2-y! i 
Fu(«)= voyv eee 
Sear (CRE ee (Pp exp | 4y +6 
y+? CG, oT 
AA GP ‘ | (7) 


The differential cross section has in general a 
larger value for smaller scattering angle, and 
those expressions are better approximations 
for smaller angle. 

In order to calculate the angular parts in- 


volving the spherical harmonics in (J’ M’ | Ps | J 


it is convenient to replace P,(@) by the 
equivalent tensor operator, In the shell with 
azimuthal quantum number /, the matrix 
elements of P.(@) with odd » or y>2/ are 
zero, and P,(@) with even »y are replaced by 
the tensor operators as follows 


P,(0)=@ X 1=aT>(/) 5 (8) 
Pi(0)=a4( le ; (1-4 D)=aTvO, (9) 


M), 


3 
Puo)=asl = I! a +e e041) 


2 2-24) )=aTeO (10) 
8 8 
and 
231 218 a 1D 
PHOS as( ee ee 
294 
+o2 eH Ile oe ele 


5 pa p1y4+>- PU y—P +) 
Shae d+yp— PHC 


=asTs(l) . (11) 


Inelastic Scattering of Thermal Neutrons 


243 


The values of a, for d- and f-shell are given 
as follows; 


ao a2 as a 
d-shell il —2/21 —2/63 
F-shell 1 —2/45 2/495 —4/3861 


P@) with »y>4 in d-shell and y>6 in f-shell 
do not appear in our expressions. The product 
of Ty) and J+ can be expanded in terms of 
following tensor operators 


il 
Tith(HY= eye 3 
ul (2) V2 L ? 
iS) 
=) \ wh PT) fy fee 
()= Vela (412 4121+) 
het Wee te 
and 
315 
Trey +] 4 14) 22 
p= Vac aat (lA +1e1*) I(1-+1) 
x (412+ Lel#) + 5 21-41) 
eo 
mE 1)/*+—— /+ 
8 Rd 16 é i 
Using these operators, we have 
(PA OTYO+TIOT AD 
=byTy-1#(1) +evTy 4171) (12) 
where 
b=—=(+-10+) ) Al 
pu —1+1)), eal 
=v 15 ($8 iy _Vi5 
be ia 1 —I(+1) C4 Ga 


By use of the relations (8), (9), (10), (11) and 
(12), Ps can be expressed in terms of one- 
electron tensor operators. In the expression 
of Pz, Ty*! with v>2/ does not appear. 

The orbital and spin angular momenta of 
electrons are combined to form respectively 
the resultant total orbital angular momentum 
L and the total spin angular momentum S. 
It is convenient therefore to rewrite the sum 
of one-electron tensor operators with respect 
to L and S as follows 


> Ty*'(k)=dyTyz(L) (13) 
k 
and 
Ti# (Sx) TY Ue evT1F"S)Ty(L) . (14) 
The values of dy and e, for Eu®+, Sm*+, Co? 


and Fe?t, are given as follows; 
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di ds ds €o é2 4 &6 
Eu** 1 1 1 d —1/6 —1/6 —1/6 
Sm** 1 0 14 1 —1/15 2/105 1/210 
Cor 1 —1/5 1 —1/5 —1/15 
Fe?+ 7 =) 1 1/4 1/4 


By use of (13) and (14) (J’ M’|P:| JM) is now expressed in terms of tensor operators. 
Namely 
1-1 a 
CM | P| JM)=X(- "v2 [(4u4 leu Cop Gout Poyu(t) 
es 
—(4+5)@ou+2 boyw+e doy+1 Foyie(e) |’ MW | Tou pe (LD) | JM) 
1 
+ 3(—)H2V2 (4+ den Cou Ganley’ M’ | Ti*#(S)Tow(L) JM) . (15) 
w=0 
The matrix elements of tensor operators are expressed in terms of the Clebsch-Gorsan 


coefficients C(J, v, J’; M, +1, M’). From the Wigner-Eckart theorem, the following relations 
are obtained 


SM | TL) (JMS I ToL) ICU, ss Js AL, M) (16) 
and 


JM | TASTY) |JIM) => SU MTS) MO MTL) JM) 
=> ae TKS) NSO i THD PICBADCl-2 D2 
xWeJl; I’ HCl, l, 250, DCU, «, M, #1, M), a7) 


where W(Jv J; J’) is the Racah coefficient. The reduced matrix (J’|| Ty|| J) is not 
hermitic. For simplicity, we introduce the following coefficient K.’+(J’, J) 


lisa le {Diep ae ITS) NO WI TMD) ID x(2e4+D2/” +I)? 
Wiel lel DCCl-1:.0, 2 Pt (18) 
K."+(J’, J) does not vanish only when two sets of the numbers y, /, vy and J’, », J respectively 


from the trigonal relations d4(u, /, v) and 4(J’, wu, J). And we can easily verify the following 
relations 


fs CH pees ba P= Kyaresc J) 
and 
Kyi D=—-K-JS SJ) 
Inserting (16) and (17) into (15) and using (18), we obtain 
CVE) Pal JM)=V2 3 —)*Paie J; )CJ, 2u+1, J’; M, +1, M) 


+V2 S— Fa (J! J; CY, 24, J; M, +1, M’) (19) 


where 


Frowtit(J’, J; 6)={(4ut Daoy Cop doust Foyle) 
—(4U+5)d2u42 Donte douti Fouse(e) HJ’ || Tou+1(L) || J) 
+244 + dey Con Kou ti, a(J’ J)Goul(e) 
—2AU+S) danse CoureKore(J’ J)Goute(k) (20a) 
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and 
Tod J yk) 244+ 1)dou Cu Kon e(J’ J)Geule) . (20b) 


Among Fy, and Gy, Fy and G» principally contribute to the scattering amplitude. In the 
elastic scattering the amplitude is approximately proportional to 


1 TiL) |] J) Foe) +2K 4", Go") = (|| Ti(L) || J)Fo(*)+2( J || TS) || J)Go(ee) 


and the ratio x of these two reduced matrices is 


SUN TUS I) | SSN LEAD TED 


JUTWDUS)  LL+D=SSFD4ITED * 


For J=L+S 
ey 
os L >0 
and for /=|L—S| 
eee ioe JESS 
L+1 
=—-2#1 <9 fn § 


Therefore, in the ion with more than half-filled shell, the amplitude of the elastic scattering 
by the ion in the lowest state is approximately proportional to the sum of the orbital and 
spin contributions, because J/=L+S in the lowest state. On the other hand, in the case of 
the ion with less than half-filled shell, the scattering amplitude is approximately proportional 
to the difference of the orbital and spin contributions, because /=|Z—S| in this case. 
Inserting (19) into (2), we have the final expression of the differential cross section 


a Jee SE (yr VO FDOIED XI GORE ORT), YD 
dQ 2mC2/ 7 7 ko 7 (2y-+1) 
with the help of the orthogonal property of the Clebsch-Gordan coefficients 


1 
2n+1 


a Cd,. 1, JM, 21, MICS 4 ow +1, =e VAN +Y2T+Y Onn’ . 
M M’ 

In the next section, the magnetic scatterings by various ions with discrete levels are 
discussed by use of the above expression. 


§3. The Scattering Cross Sections of Eu*+, Sm*+, Co’+ in Oxide and Fluoride and Fe’* in 
Oxide 

The level separations of Eu%+, Sm*+, Co** in oxide and fluoride and Fe?+ in oxide are known 
to be of the same order of magnitude of RT at room temperature. So we estimate the cross 
section of the paramagnetic diffuse scattering by these ions. 
1) The rare earth ions Eu*+ and Sm** 

In these ions the interactions between the ions and the crystalline fields may be neglected 
approximately. Then (21) may be applicable in these cases. . . | 

The radial wave function g.;(7) is approximated by the hydrogen-like wave function with 
shielding constant o of the nuclear charge. Van Vleck” has assumed o to be 34 in order to 
explain the magnetic susceptibility, and put the numerical value of the spin-orbit coupling 
parameter 2 to be 255cm~! for Eu*t and 266 cm-! for Sm’*+. On the other hand, Gobrecht® 
has found 2 to be 355cm-! and o to be 32 for Eu’+ from the spectroscopic data of 


Eu2(SO,)38H20. 
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(a) Butt (L=35, S35) 


The level separations are given bp Lri1—Es=(J+ Da. 


the lowest three states are 
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(Vol. 16, 


And the functions Fy+(J’, J; «) for 


= To ie 5 Fat AvtGu+ Ar'Gs) F 


Fit =(J' || To(L) ||) Ao?G 
Fst =(J' || To(L) || te 


45 
where 
Av=2hi lS Wild), 
A?v=F2Krs/S || Trl J), 
and 
Ast=2Kz, «/165(’ || Ts || J) - 
Table I. Coefficients A.J’, J) for the J’= 


2. A.J’, J) is symmetric with respect to J and 
J’. And we define A,(J’, J) to be zero unless 
the trigonal relations 4(u, l, v) and 4(J’, p, J) 
be formed. 


if Ff A; Az As? As? Ast 

1 0 —2 —0.1667 0 0 0 

1 1 2 —0.1333 0 0 0 

2 1 —2 —0.5 0.0435 —0.0447 0.0272 
2 2 —0.0163 0.0408 


2 —2 0 


The coefficients Ay(J’, J) are tabulated in 
Table I. 

Using these values we can estimate the 
numerical values of the differential and the 
total cross sections. The differential cross 
section, do/d2, monotonously decreases with 
increasing scattering angle @ as is usual in 
the paramagnetic scattering. The temperature 
dependence of do/d2 is shown in Fig. 1, where 
the wave length of the incident neutron has 
been taken to be 1.212A. At 300°K, the 
estimated values of the elastic, inelastic part 
and the sum of both parts of the total cross 
section o are respectively 0.43, 0.74 and 1.17 
barns for 42=255cm7!, and 0.36, 0.66 and 1.02 
barns for 42=335cm~-!. And the elastic, inelastic 
part and the sum of these parts of the differ- 
ential cross section do/d2(@=0) are 0.13, 0.27 
0.40 barns per steradian for 2=255cm-!, and 
0.10, 0.25 and 0.35 barns per steradian for 


* The coefficient of Fy in 1 Fy Gia Toy is exactly 
equal to 1/2 for any ion of the rare earth group. 
But it is 10.4/20.9 for Er’+, and 8.3/16.3 for Nd3+ 
in Trammell’s paper. These are not exact though 
the numerical values of the cross sections are not 
affected practically. 


276 ope¥ Garr, toAeG; PANG: 


30 ) 


Av=—2 hese Wa oe 
As*=2K3'4/27/J' || Ts || J) 


i 335 ee The numerical value of do/d2 
in the unit of 2/3(e?7/2mc?)? correspond to the 
square of the effective Bohr magneton number 
Heft. For comparison, the curve pervs T is 
also shown in Fig. 1. 

do/d2 and o depend on the energy ¢« of the 
incident neutron, as are shown respectively in 
Fig. 2 and 3. They suddenly increase when 
e exceeds the level separations aS were ex- 
pected previously. 
(b)seSm evo. S=52) 

Herp Of Sm*+ is about 1/2~1/3 of that of 


O 


(in units of 2/3(é&y/2mc’)? ) 
r) 


soe 
do 


O 500 
aaa 


1000 


Fig. 1. Temperature dependence of the foreward 
scattering cross section per ion for 42=255cm-!, 
Curves I, II and III represent respectively elastic 
part, inelastic part and the sum of them. The 
dotted curve represents en?, where per has been 
calculated by Van Vleck#), 
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Eu** except at very low temperature, and the 
cross section is much smaller than that of 
Eu'+, 


2) Co*+ and Fe** in oxide 

Magentic susceptibilities of CoO and FeO 
have been discussed by Kanamori®. According 
to his theory, LZ is replaced by aL’(L’/=1; 
a=-—3/2 for Co*+, and —1 for Fe?+) in the 
lowest orbital triplet, and the tensor operators 
are, therefore, replaced by 


ej — a 26 cL) 
dese L) = 15923,/2V.2, 7.21), 
12 b)=6T2(L) 


10 4=255cm" 


4=335cm"' 


(in units of 2/3( e*7/2mc*)?) 


d=255cm"' 


d=335cm"' 


do 
40 


O 


fe) 500 iKereye) 


é€/K 


Fig. 2. Dependence of the foreward scattering 
cross section on the energy e of the incident 
neutron. The dotted curve represents the elastic 


part. 
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Fig. 3. Variation with ¢ of the total cross section. 
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and 
TEL) =105/4 TL) = 35/2 TL) 
for Co?*. And 
TA h)=—Ti a), 
Ts*\(L)= —3V 6 /2T:*"(L) , 
T2(Ly= —3 TL) 


and 
Tih) =—92T MO =3T XL) 

for Fe*+. The level separations are 
F3yp2—E1j2=405 cm“ , 


Es ;2— E32 675 cm! 
for Co?+, and 

E,—F1=200 cm"! 

FA p= 300:eme? 


In Nagamiya and Motizuki’s theory which 
has discussed the coherent scattering by CoO, 
the form factor has been calculated by use 
of the wave functions calculated by Slater” 
and Ariyama et al.® On the other hand, the 
form factor of Co*?+ in CoF2 in which the 
orbital angular momentum is largely quenched 
has been found experimentally by Erickson”. 
At present, we use the hydrogen-like wave 
function with shielding constant o=18.3, by 
which we can approximately fit Go(«) to the 
form factors by Erickson. The same wave 
function is approximately used in FeO. 

We are not concerned with the short range 
order effect occuring from the exchange in- 
teraction, though the effect is appreciable near 
room temperature. 


(C)raCo( 4 SS 3/2) 
The functions Fy*(J’, J) for Co?+ are 
jg nee: 
Pea-3 (Ah ah) d TUL) WD) 
+(2Go— Gi) Kis’ J) 


-(8 Ga. = GK, is 


8 Zz, 
Rta(7 Gn Gi) KT) 
and 
re=(4 G15 Oi) KET }) 


(J \| TL) |! J) and K,%2(/’, J) are tabulated 
in Table II. 

The temperature dependedce of the foreward 
scattering cross section is shown in Fig. 4. In 
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Table II. (J’|| Ti(L’)|| 7) and K,”,W’, J) 


(Vol. 16, 


J’ J (J’ || Tz || J) Ki." J) Ky’ .J', J) K,_(J', J) KI J) 

1/2 1/2 =lh/ 3s. 5/23 =1) Ais 0 0 

3/2 3/2 2/V 15 11/2V/15 17/10/15 0 —3Y 14 | 57/15 
5/2 5/2 V7 [V5 38V7 /2V5— —3Y7 /20Y5 0 9V7 [10/5 
3/2 1/2 V5 /V6~ 9/5 6. 13/5 /40V6 —YVé6 /16 0 

1/2 32 = 5 fy 3 V5 /Vv3. 1375 /40V3 —V3/8 0 

3/2 5/2 V3 /V5 Sy oe —11V¥3 /40Y5 35/8 4AV7 |[5V5 

5/2 3/2 —3/V10 3/V10 33/40V10 W105 /8Y2 —2V/42 / 5Y5 

15 Fig. 5, e-dependence of do/d2 is shown, and 


Ste 


( in units of 2/3( e*y/2mc*)*) 


ose 


* 500 
TK 
Fig. 4. Temperature pependence of the foreward 
scattering cross section. Curves I, IJ and JJI 
respectively elastic part, inelastsc part and the 
sum of them. The wave length of the incident 
neutron is taken to be 1.212A. 
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ing cross sections for Co?+ (J) and for Fe2+ (II) 
at T=300°K. The dotted curves represent the 
elastic parts. 


the qualitative behaviour is similar to that of 
Eee 

When the wave length of the neutron is 
taken to be 1.212A and T=300°K, the elastic 
and the inelastic parts are estimated respec- 
tively 0.56 and 0.14 barns per steradian for 
the foreward scattering cross section and 0.48 
and 0.16 barns for the total cross section. 
(dj) y het (L/S 52) 

The functions Fy,*+(J’, J) for Fe*+ are 

19 9 


Fit=—(P- Bt) SUTIN 


+ (26... D 


=(F OAT GK D), 


5 Zz, 
Ft=( 7 G2+ 7 Gu) Kat Ip 
and 


F3* ae G2 +2 CK rb) 


JTL) || J) and K,%.(’ J) are tabulated 
Table III. 

In the same situation as Co?+, the elastic 
and the inelastic parts are estimated respective- 
ly to be 0.92 and 0.50 barns per steradian for 
the foreward cross section and 0.70 and 0.39 
barns for the total cross section. e-dependence 
of cross section is similar to the former cases 
as is shown in Fig. 5. 


3) CoF2 

The lowest orbital state of Co?+ in the 
crystalline field with lower symmetry than 
cubic is nondegenerate. But the orbital angular 
momentum contributes to the magnetic moment 
to some extent via spin-orbit coupling, and L 
is replaced in the perturbation treatment, by 


L=a:S 
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Table Il. (J'|| Ti(Z) || J) and UG SACP OD) 


J’ J CJ" || T1 || J) Kye, J) KJ’, J) Ke 5d) K;?J’, J) 
1 1 ya 31/2 30/2 0 “9 
2 2 YV6 5/V6- 13/10//6 0 —V7 21/5 
3 3 2/V3 4/V3- —2/ 5/3 0 6/5 
2 1 3/V/10 —3/V10 6/5710 —Yv3 /21/10 —V21/5V/10 
1 2 —3/V/2 S12 21730572) 31/21/35 V7 ([5VY2 
3 2 VW 2YY BIE MENG) 2) = 79/2/2093) V3 /2 6/5 
2 3 = 14 /V15 V 14 /V15 7V 14 0V15 377 2Y15 8 —6Y7 Svs 


where @ is a tensor. CoF» belongs to this case. 
In order to explain the magnetic susceptibility 
Nakamura and Taketa (hereafter refered to as 
N—T)® estimated the components of @ to be 


Qzezez—=0.48 
Qyy=0.62 
Az=0.06 


choosing the principal axes properly. 

The energy levels split into low lying two 
Kramers doublets and higher ones. The 
separation between the lowest two doublets 
has been estimated to be 130k by N—T or 
240k by Stout and Catalano!”. We assume 
that the separation is 240k though the results 
are not very dependent on the choice of the 
value. Using the matrix elements of the spin 
angular momentum estimated by N—T, we 
can estimate the cross section, we may neglect 
F:, G2, Fs and Gs because the contributions of 
these terms to the cross section are much 
smaller than that of /) and G» unless the 
wave length of the incident neutron is very 
short. 

When the wave length of the neutron is 
taken to be 1.212A and 7=300°K. The fore- 
ward scattering cross section is estimated to 
be 0.98 barns per steradian, which is about 
25 percent larger than the observed one”. 
Unlike the background due to the nuclear 
scattering the magnetic scattering is larger 
for smaller scattering angle. The observed 
value is obtained from the the extrapolation 
of the measurements at large angles to =0, 
since the short range order effect is appreciable. 
Therefore, the observed value may not be 
accurate. On the other hand, the coherent 
scattering is in satisfactory agreement with 
the one calculated from N—T’s theory. The 
elastic and the inelastic parts are respectively 
0.65 and 0.33 barns per steradian. The elastic 
part decreases slightly with increasing tem- 


perature, while the inelastic part increases. 
Then, the sum of them is nearly constant 
except at low temperatures. But they depend 
on € as in the former cases though the in- 
crease when e exceeds 240k is not so remar- 
kable as in the case of Eu®+. 


§ 4. Conclusion 


In the case when the level separations of 
the magnetic ions are comparable with kT at 
room temperature, we have extended Tram- 
mell’s theory to include the inelastic scatter- 
ing, and estimated the scattering cross sections 
by the ions, Eu*+, Sm*+, Co?+ in oxide and 
fluoride and Fe*+ in oxide as the function of 
the temperature and the energy of the incident 
neutron. For these ions the inelastic parts 
of the cross sections are appreciable, and the 
cross sections depend on the energy of the 
incident neutron as were expected previously. 
If the increase of the cross section when ¢ 
exceeds the level separations is observed, we 
may detected the level separations, though 
they may be more or less affected by the 
crystalline field for the rare earth ions or the 
exchange interaction and the effect of the 
crystal distortion for CoO and FeO. The cross 
section, more or less, depends on the tem- 
perature, but the aspect of this dependence 
is different for different ions. Unfortunately, 
we have no experimental data to compare 
with our results for Eu*+, Co?+ in CoO and 
Fe?+ in FeO. 

In magnetically ordered state, the spin can 
change its orientation during the collision if 
the Curie point is not so high, since the work 
required to change the spin state is approxi- 
mately equal to z/ where / is the exchange 
integral and z the number of the nearest 
neighbours,and is comparable with energy of 
the neutron. Therefore, we may expect the 
inelastic scattering which comes from such a 
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transition. The contribution of the transi- 2) W.C. Koehler and E. O. Wollan. Phys. Rev. 


tion to the inelastic scattering is given by 92 (1953) 1380. 5 
(e?yF/mc?)? x 2S(1+(e-«)2), where F is the form 3) T. Nagamiya and Motizuki: Rev. Mod. Phys. 
factor and e and « are the unit vectors parallel 36 (1958) 89. 


to the scattering and magnetic vectors, re. 4) J.H. Van Vleck: The Theory of Electric and 
spectively. Magnetic scattering by MnO, FeO, Magnetic Susceptibilities. oxford, Clarendon 
CoQ and NiO at low temperature has been Pugssuakies2) 
observed by Roth”, and an appreciable diffuse °) J See egne: Ann. Phys. 28 (1937) oe 
scattering has been observed. Above mention- ©) J. Kanamori: Prog. Theor. Phys. 17 (1957) 
ed transition may contribute to the diffuse : nc 
scattering, because kTw of these crystals are 7) J.C. Slater: Phys. Rev. 36 (1930) 97. 
smaller than the energy of neutron used in 8) M. Ariyama, K. Kayama and M. Sugimoto: 
his experiment. J. Phys. Soc. Japan 12 (1957) 285. 
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Mixed Ferrites 
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The time decrease of the magnetic permeability after demagnetization, 
or disaccomodation, was measured for Mn-Zn, Ni-Zn, Cu-Zn and Mg-Zn 
ceramic ferrites. Considerable disaccomodation was observed with sam- 
ples containing Fe,03; over the stoichiometric composition. In the case 
of Mg-Zn ferrites, the disaccomodation is remarkable on both sides of 
the stoichiometric composition, where it is fairly small. For the speci- 
mens sintered in air, the disaccomodation is larger for higher electrical- 
conductive specimens, while such a correlation to the conductivity dis- 
appeared after the specimens were annealed in the nitrogen atmosphere. 
A single crystal of Ni-Zn ferrite, which is supposed to contain a very 
small amount of vacancies, also shows a very small disaccomodation. 
The activation energy determined from the disaccomodation measure- 
ments is about 0.5-0.8eV for Mg-Zn ferrites. It is suggested that the 
displacement of either vacancies or interstitial ions may possibly be a 
main origin of the phenomenon. 


§1. Introduction The disaccomodation in ferrite was first ob- 

It is normally observed that the magnetic served with a Mn-Zn ferrite by Snoek” in 
permeability of ferromagnetic materials de- 1947. He suggested that the electron dis- 
creases with time after demagnetization. This placement between divalent and trivalent iron } 
phenomenon is termed the disaccomodation. ions in ferrite would be the cause of this 


} 
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phenomenon, just as the diffusion of inter- 
stitial carbon or nitrogen atoms was as the 
cause for the disaccomodation in alpha-iron. 
Further investigations were made by Enz” 
for a single crystal of Mn-Fe ferrite and by 
Miyahara and Yamadaya®) and by Shichijo et 
al.» for Mn-Zn ceramic ferrites. 

Theory of the magnetic after-effect, which 
is closely related to the disaccomadation, was 
first proposed by Snoek®) and then revised by 
Néel®.”.®, who assumed that the time change 
in anisotropy energy due to the rearrange- 
ment of atom pairs through the diffusion of 
atoms is the main origin of the magnetic 
after-effect. The change in anisotropy energy 
could also be the origin of the disaccomoda- 
tion. In the case of alpha-iron, the main 
origin is considered to be the movement of 
either carbon or nitrogen atoms between dif- 
ferent interstitial lattice sites. A similar ef- 
fect was also proposed for magnetic alloy, 
where the different sorts of atoms changes 
their positions substitutionally among the lat- 
tice sites. In the case of ferrites, two pos- 
sibilities can be considered as the origin of 
the disaccomodation, i.e. the diffusion of elec- 
trons between divalent and trivalent iron ions 
as proposed by Snoek”, and the diffusion of 
ions themselves in or among various sites of 
spinel lattice. 

The present author® has studied on the dis- 
accomodation of Ni-Zn ferrites, and clarified 
that the disaccomodation is observed only in 
the specimens containing excessive iron ions 
than the content of stoichiometric ferrite, and 
it becomes remarkable as the content of iron 
increases. The same result was observed for 
the time decrease of the permeability after 
an application of the mechanical compression 
on the same specimens. 

In this paper, the results of the disacco- 
modation measurements are reported for vari- 
ous mixed ferrite series, such as ceramic 
Mn-Zn, Ni-Zn, Mg-Zn and Cu-Zn ferrites. The 
experiment has also been made by using a 
single crystal of Ni-Zn ferrite. 


§2. Preparation of Specimens and the Pro- 
cedure of Measurement 
Ceramic ferrites tested were prepared by 
an ordinary ceramic technique; The mixtures 
of metal oxides such as Fe:O:, CuO, MgO, 
ZnO, NiO, and or carbonate MnCO; were 
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baked at 1000°C for two hours, crushed down 
to fine powders, and then compressed into 
toroidal forms. They were sintered in the 
air for two hours at 1250°C for Cu-Zn fer- 
rites, at 1350°C for Ni-Zn and Mn-Zn ferrites, 
and at 1400°C for Mg-Zn ferrites, and after 
cooled down to 1000°C, they were rapidly 
cooled in the air. The specimens prepared 
were of a ring form, about 25mm in outer 
diameter, 20mm in inner diameter, and 5 
mm in thickness. The compositions of the 
specimens are in the range of 58Nio «Zno 6O-42- 
Fe:O3; to 40Nio4Zno6O-60Fe:0; for Ni-Zn 
ferrites, and in the range of 58Mo 6Zno .O-42- 
FeO; to 35Mo 6Zno .O-65Fe2O; for other fer- 
rites, where M represents divalent metal ions 
such as Mn, Mg or Cu. 

A single crystal of Ni-Zn ferrite was grown 
from the melt by the Bridgeman method. 
The furnace used for this purpose was similar 
of Smilten’s!” one. A plutinum crucible con- 
taining the raw material was suspended in 
the furnace, which was held at 1700°C with 
the temperature gradient of 30°C per cm 
along its vertical axis, and then lowered down 
at the rate of 10mm per hour. A picture 
frame toroid was cut out from the (110) single 
crystal plate, by the aid of an ultrasonic 
vibrating cutter. Each of the four legs of 
the frame is parallel to one of the <111)> 
directions. The length of each legs is 4.3mm 
and its thickness is 2mm. The composition 
of this frame specimen was 40Nio sZno 6O-60- 
Fe.03;. All specimens are ascertained to be 
single phase of spinel structure, except some 
of the specimens with highest iron content. 

Measurements of the permeability were car- 
ried out by A.C. bridge method. The spe- 
cimens were first demagnetized by decreasing 


Permeobility wu 


Ho OG? 


Fig. 1. Typical example of the disaccomodation 
curves. The specimen is 40Mg» ¢Zmo.40-60F e203. 
The measuring temperature is —10°C. The 
amplitude of measuring A.C. field, Hm is 10m 
Oe. 
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the amplitude of 50c.p.s. field from 10Oe6, 
and then exposed to lkc field with the am- 
plitude smaller than 0.05Oe for the perme- 
ability measurements. 

A typical example of the time-decrease of 
permeability is shown as a function of the 
logarithm of the time ¢, in Fig. 1. The solid 
curve represents the function proposed by 


Richter!” : 
1 \" u exp ( u )ae ; 
log t2/t1 Jz, T T 


pt)= 

where rt is the relaxation time in a unit pro- 
cess of changing permeability, and 7: and rz 
are, respectively, the lower and upper limits 
of the assumed flat distribution of r. The 
value of ti and tz in Fig. 1 are chosen to get 
the best fit between theory and experiment. 
In some cases only a linear portion of the 
curve of this type was observed, depending 
upon the measuring temperature. In order to 
measure the magnitude of the disaccomoda- 
tion, we adopted the quantity D=(po 1—y10) 
/40.1, where “0.1 and 10 are the permeabilities 
at 0.1 and 10 minutes after demagnetization, 
respectively. 

The electrical conductivity was also mea- 
sured for the specimens at room temperature 
by means of the two-point-contact method 
with D.C. bridge using indium amalgum as a 
electrode as used by Uitert!”. The measure- 
ments were extended to low temperatures for 
some specimens in order to determine the 
activation energies. 


§3. Experimental Results and Discussions 


3.1. Effect of the FezOs content on the dis- 
accomodation 

It has been found that the disaccomodation 
is very sensitive to the content of Fe.O; for 
all kinds of ferrites tested. In Fig. 2a) to d), 
the disaccomodation, D, at room temperature 
are shown as a function of the FeO: content. 
It is seen in these graphs that the disacco- 
modation is remarkable for specimens con- 
taining an excessive FeO; (more than 50 mol 
%), while it is very small for specimens con- 
taining a deficient FeO; (less than 50 mol %), 
except for Mg-Zn ferrites which show a fairly 
large disaccomodation for iron-deficient region. 

Electrical resistivities, 9, of Ni-Zn and Mg- 
Zn ferrites at room temperature are given as 
a function of the Fe:Os content in Fig. 3a) 
and b). The resistivity decreases with an 
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increase of the FeO; content, which is in 
agreement with the measurements by Uitert™. 
This fact looks like to support an idea that 
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40 . 45 50 55 60 65 
a Fe203 (mol %) 


(d) 
Fig. 2. Disaccomodation as dependent of the Fe,O3 
content in several ferrite series; 
(a) Nio.4Zno ¢O-Fe,O3; sintered at 1350°C; and 
annealed in nitrogen atmosphere at 1250) Ge 
(b) Mnpo.¢Zno.40-Fe,03 sintered at 135076; 
(c) Cuo.6Zno.40-Fe,0; sintered at 1250°C, 
(d) Mgo.eZno.4O-Fe,03 sintered at 1400°C. 
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the disaccomodation has the same origin as 
that of the electrical conductivity which is 
believed to be due to the diffusion of electrons 
between ferrous and ferric ions in octahedral 
sites. In the case of Mg-Zn ferrites (Fig. 3b), 
the resistivity decreases also in the iron-poor 
region as well as in the iron-rich region. It 
is interesting to note that the disaccomoda- 
tion of this ferrite series behaves in the same 
way as shown in Fig. 2d, which seems to 
support the idea mentioned above. 


Oo a5 «50.55 
—+ FeO; (mel%) 


(b) 
Fig. 3. Electrical resistivity as dependent on the 
Fe,O3 content in (a) Nio.4Zno.¢O-Fe,03; and (b) 
Mg» ¢Zno.4O0-Fe2O3 series. 


3.2. Disaccomodation as a function of the 
temperature 

Generally speaking, the disaccomodation is 
strongly dependent upon the measuring tem- 
perature. Practically no disaccomodation was 
detected below the dry ice temperature for 
all specimens. The 4 vs. log? curves mea- 
sured at various temperatures are shown in 
Fig. 4 for Mg-Zn ferrite containing 42 Fe2Os, 
where the permeabilities at ¢=0 and are 
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taken as 100 and 0, respectively. 

The minimum and the maximum relaxation 
times ti: and re were calculated from the 
curves in Fig. 4, and plotted as a function of 
1/T in Fig. 5. The values of the activation 
energy, Ha, calculated from tvs 1/T lines thus 
obtained were about 0.7eV for 42 Fe2Os, 0.5- 
0.8eV for 54 FeO: and 0.5-0.7eV for 60 
Fe:QO3. 


Permeability # 
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Fig. 4. Thermal change of the disaccomodation 
in 58Mgp 6Zno 40-42 Fe,Os. 
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Fig. 5. Maximum and minimum relaxation time 
T1, tg aS a function of 1/T for 58Mgo.¢Zno, 40-42 
Fe,03. 


The temperature dependency of the electri- 
cal conductivity in Mg-Zn ferrite with 42 
Fe:03 is shown in Fig. 6, from which the 
activation energy was determined to be 0.18 
eV in the vicinity of room temperature. The 
value for the specimen with 60 Fe2Os is 0.16. 

It has been known that many ferrites show 
large magnetic relaxation losses in the high 
frequency range, and its activation energy 
agrees fairly well with that of the electrical 
conductivity. From this agreement, it has 
been concluded by Wijn' that the origin of 
the relaxation loss may be the diffusion of 
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electrons between divalent and trivalent iron 
ions, as is the case for the electrical conduc- 
tivity. 

In the case of the disaccomodartion, how- 
ever, the activation energies are very large 
as compared with that of the electrical con- 
ductivity, as stated above. Enz” also showed 
that the activation energies of the disacco- 
modation and of the conductivity were about 
0.7 and 1.8eV, respectively for a single cry- 
stal of Mn-Fe ferrite, whose composition is 
Mno ssFee 140s. This result was also supported 
by recent measurement made by Shichijo ez 
al.) who obtained the values of 0.55 and 0.18 
eV, respectively, for the Mn-Zn ferrite cera- 
mics with the composition of (MnO)2s(ZnO)19 
(Fe2Os)ss. 


107 


Ep=O\8eV 


A Sas Sg RE 


— iT CK 
Fig. 6. Thermal change of the electrical resi- 
stivity, 0, in 58Mgo 6Zno 40-42 Fe,O3. 
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Enz” explained this discrepancy by assuming 
that a small amount of Mn*+ would be pre- 
sent in both octahedral and tetrahedral sites 
of spinel lattice, thus giving rise to various 
types of electron transitions between Mn?+, 
Mn?+, Fe*+ and Fe*+ ions which would distri- 
bute over octahedral and tetrahedral sites. 
He assumed that the electron transition with 
the lowest activation energy will be respon- 
sible for the electrical conductivity, while that 
with a fairly high activation energy will play 
an important role in giving rise to the dis- 
accomodation. 

According to his theory, it must be ex- 
pected that the relaxation time of the dis- 
accomodation must spread over a fairly wide 
range which covers the relaxation time of 
high frequency losses. Actually, however, 
the relation between +r and 1/T for the dis- 
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accomodation is confined between the two 
lines denoted by 7c: and te in Fig. 7, and is 
completely separated from that of high fre- 
quency losses. The origin of the disacco- 
modation, therefore, must be explained by an 
entirely different mechanism. The fact that 
Mg-Zn and Cu-Zn ferrites would have very 
few trivalent metal ions except Fe*+ but still 
show a fairly large disaccomodation conflicts 
with the idea proposed by Enz. 
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Fig. 7. Relation between rc and 1/7, for Mg-Zn 
ferrites as compared to that of high-frequency 
relaxation losses. 


3.3. Influence of the sintering atmosphere 

The disaccomodation is greatly affected by 
the sintering atmosphere, which changes the 
degree of oxidation of the specimens. 40Nio 4- 
Zno 6O-60Fe203 ferrite was used to study these 
effect, and the results are summerized in 
Table I. 

After sintered at 1350°C for two hours, 
some specimens were quenched and the re- 
maining specimens were cooled slowly in the 
furnace. These heat treatments were made 
in the air. There is a small difference in the 
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Table I. Effect of the sintering atmosphere on the disaccomodation, D, in 40Nip .Zny 60-60 Fe;03. 


No Heat treatment D (2) 
1 sintered at 1350°C in air and cooled slowly in air ZR) : 
2 rapidly in air 25.0 
3 annealed at 1250°C in air and cooled slowly in Ny ales) 
4 in N» and in air 6.8 
5 in Ne and in Np iveal 


disaccomodation, D, between slowly cooled 
specimens and rapidly cooled ones. Next, 
these specimens were annealed again at 1250°C 
for a half an hour, and then cooled in the 
furnace. This heat treatment was carried 
out in nitrogen atmosphere during the whole 
process, or only during the cooling cycle, or 
only during the annealing cycle. It may be 
seen from Table 1 that the disaccomodation 
decreases with decreasing degree of oxidation. 
The lowest disaccomodation is observed in the 
specimen heat-treated in nitrogen atmosphere 
during the whole process. 

The disaccomodation of the Ni-Zn-Fe series 
which has been annealed at 1250°C in nitrogen 
atmosphere compared with that of the spe- 
cimens sintered in air atmosphere in Fig. 2a. 
It can be seen that D decreases to a con- 
siderable extent by nitrogen treatment. 

It may be expected that nitrogen treatment 
deoxidizes the specimens, thus changing some 
excess ferric ions to ferrous ions. Such an 
increase in the number of ferrous ion or 
ferrous-ferric ion pairs, will result in increase 
in electrical conductivity. This is actually 
the case, as seen from Fig. 3a. Thus, we 
might expect that the disaccomodation would 
be increased by nitrogen treatment, if electron 
diffusion is really the origin of disaccomoda- 
tion. The experimental facts, however, are 
entirely opposite, as mentioned above. 

The actual effect of nitrogen treatment can 
be interpreted as follows: It is commonly 
recognized that ferrites containing excessive 
Fe:O; are normally oxidized to some extent, 
when they are sintered and cooled in the air. 
It is assumed here that vacancies caused by 
oxidation is responsible for the disaccomoda- 
tion. When the specimens are treated in 
nitrogen atmosphere, however, the number of 
vacancies will be decreased, thus decreasing 
the disaccomodation. This model can also 
explain the effect of iron content on the dis- 


accomodation: That is, when the iron content 
is increased from the stoichiometric composi- 
tion, the number of vacancies is expected to 
increase, because trivalent iron ions are hard 
to be reduced to divalent ions. 

In the case of Mg-Zn ferrites the disacco- 
modation increases with the deficiency of 
Fe:O:, contrary to the other ferrite series. 
This can be explained in terms of the effect 
of excess Mg ions. Since divalent Mg ions 
can not be oxidized to trivalent, the excess 
Mg ions added to the stoichiometric composi- 
tion should enter into the interstitial lattice 
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Fig. 8. Time decrease of the permeability in 
nitrogen-annealed 40Nip 4Znp,60-60 Fe,O3 at vari- 
ous temperatures, 
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sites. Paladino’) who recently investigated 
the phase diagram of Mg-Fe ferrites reached 
the same conclusion. We can, therefore, ex- 
plain the experiment by assuming that the 
interstitial Mg ion is also responsible for the 
disaccomodation. This effect cannot be ex- 
pected for Mn-Zn and Ni-Zn ferrites, because 
in these cases Mn or Ni ions can be changed 
to trivalent ions, thus maintaing the regular 
spinel structure. 


Furthermore, the time decrease of perme- 
ability was measured at higher temperatures 
for the nitrogen-treated Ni-Zn 60 Fe:Os; ferrite, 
which showed no disaccomodation at room 
temperature. As shown in Fig. 8, very re- 
markable changes in permeability were ob- 
served above 200°C. The main part of this 
change, however, was found to be irreversible. 
In other words, this change is supposed to be 
acompanied with the change in the structure 
of the material (aging effect). Thus this 
phenomenon is regarded as independent for 
the present interest. 

In the case of Ni-Zn ferrite single crystal, 
a negligibly small disaccomodation was ob- 
served at and below room temperature (D= 
1%), although ceramics with the same com- 
position shows a fairly large disaccomodation. 
It can be considered that this is due to the 
fact that the single crystal is more perfect 
and free from vacancies than the air-sintered 
ceramics. (On the way of the experiment, 
a large disaccomodation was once observed 
even at the liquid oxigen temperature. But, 
it turned out that this was effectuated by 
heat generation due to the demagnetizing pro- 
cess.) 


The value of activation energy obtained 
from the experiment of disaccomodation, i.e. 
0.5-0.8eV, is also consistent with the model 
proposed above. Namely, these values are 
fairly close to 0.9eV which has been obtained 
by Bozorth'» as the activation energy of 
atomic diffusion from the experiment of mag- 
netic annealing effect of Co ferrites. Lind- 
ner’? has reported about 3eV as the activa- 
tion energy of Fe, Ca and Zn ions in Zn and 
Ca ferrite, basing on the measurements of dif- 
fusion by means of the radioactive tracer, 
but this is expected to include the energy of 
formation of vacancies or interstitial atoms. 

Thus it may be concluded that the main 
origin of the disaccomdation in various fer- 
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rites is the diffusion of either vacancies or 
interstitial ions generated by oxidation or re- 
duction of the materials. 


3.4. Magnetization process and the field of 
after-effect 

Here we discuss what kinds of magnetizing 
processes are responsible for the disaccomoda- 
tion. The magnetocrystalline anisotropy con- 
stant, measured by using the torque magneto- 
meter with the (110) disc of the NiZn ferrite 
single crystal, is Ki=—1.7x10* erg/cc at room 
temperature. The initial permeability, “i, due 
to the rotational process, as calculated by the 
formula: 
= Ande 
ee 
is 60, using the observed value /;=490 gauss. 
While, the value of measured for the ceramics 
and the single crystal of Ni-Zn 60 Fe2Os fer- 
rite, are 270 and 750, respectively. This in- 
dicates that the displacemet of magnetic do- 
main walls is predominate over the rotational 
process in these specimens. It can be as- 
sumed that this is generally the case for the 
other kinds of ferrites. 


ji 


100 150 200 
— Hm (me) 
Fig. 9. Relation between the disaccomodation 
and measuring A.C. field, Hm, for 40Mg» ¢Zno ,O- 


60 Fe,03 ati Cs 


Using Mg-Zn 60 Fe2Os ferrite, the disac- 
comodation at 1°C was measured as a func- 
tion of the amplitude of the measuring A.C. 
field, Hm. The ratio Do=(/o—s)/ fo has the 
maximum value for Hmw~50mO0e (Fig. 9), 
where 4 and 4. are the values of the per- 
meability at t=0 and oo, respectively. The 
shape of this curve is similar to the theore- 
tical one proposed by Néel® for the after ef- 
fect due to 180° wall displacements. Accord- 
ing to the process adopted by Brissoneau” 
and by others®.!”, the magnetic induction, B 
vs Hm curves are constructed for various 
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durations of time from the instant of demag- 
netization (Fig. 10). From Fig. 10, the field 
of magnetic after effect or stabilization field, 
H, which corresponds to the difference of 
field between two curves of t=0 and co, was 
determined as 35mOe. 

According to Néel’s® theory, the field of 
after effect for 180° wall displacements is ex- 
pressed as: 


_ cw 
2Aof= 7 SUCH, 


where f(U) the variation of the energy as 
the function of the position of domain wall 
U, G(t) a function of time which varies from 
0 for t=0 to 1 for t=oo, w the change in the 
atom pair energy due to the displacement of 
interstitial atom, c the concentration of inter- 
stitial atoms, k the Boltzman constant, and 
T the absolute temperature. 


40) 
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) 50 100 
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Fig. 10. Relation between magnetic induction, B, 
and measuring field, H,,, at various times mea- 
sured from the demagnetization. 


Néel has calculated the function f(U) and 
showed that the maximum value is 2 for 180° 
wall motion. Here, we consider the case in 
which G(t)=1, f(U)=2, Ho=35x10-* Oe, Js= 
=4.5x10? gauss, then approximately Waals 
x10-*/ ¢ is obtained. If we consider the 
case in which the atomic pairs change their 
direction, the value of w is changed by the 
factor 2.9, and thus we have w=3.8x10-°/Y c - 

There are two possible mechanisms by 
which vacancy or interstitial ion contributes 
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to the disaccomodation: One is the case that 
the vacancies accerelate the diffusion of metal 
ions in the spinel lattice without any direct 
contribution to the anisotropy. Tne other case 
is that the vacancies have a direct contribu- 
tion to the anisotropy through the rearrange- 
ment of ion-vacancy pairs. If we assume the 
second case, and put the vacancy concentra- 
tion, as c=2.3x10°, which was determined 
from chemical analysis of ferric and ferrous 
ions, into the formula of w, we have w=2.6 
x10-% erg or 1.5x10%erg/mol. This value 
seems fairly reasonable as compared to the 
value of the dipole-dipole interaction deter- 
mined by Néel!® by using the magnetostric- 
tion data of iron-nickel alloys. The same es- 
timation has not been made for the mixed 
ferrites, but the order of magnitude will be 
the same, because the magnetostriction con- 
stants of ferrites are the same order of mag- 
nitude as those of alloys. 


§4. Summary 

1) It was observed for Mn-Zn, Ni-Zn, Cu- 
Zn and Mg-Zn ceramic ferrites that the dis- 
accomodation increases with an increase of 
Fe.0; from stoichiometric composition MFe2O.. 

2) Only in the case of Mg-Zn ferrites, a 
remarkable disaccomodation was observed also 
in the region of defficient Fe.O;:. It takes a 
minimum value at the stoichometric composi- 
tion. 

3) The tendencies 1) and 2) are also seen 
for electrical conductivity. But this correla- 
tion is found to be superficial, because, when 
the specimens of Ni-Zn ferrite were annealed 
in nitrogen atmosphere, the disaccomodation 
was remarkably decreased, while the electrical 
conductivity was increased. 

4) A negligibly small disaccomodation was 
observed with the Ni-Zn ferrite single crystal, 
which is supposed to contain a very small 
amount of vacancy. 

5) The activation energies determined from 
the disaccomodation measurements with Mg-Zn 
ferrites are 0.5-0.8eV, which are fairly large 
as compaired to that of the electrical conduc- 
tivity (0.16-0.18 eV). 

6) It may be concluded that the disacco- 
modation is closely related to the vacancy or 
interstitial ions, the displacement of which 
may change the local anisotropy, thus chang- 
ing the permeability. 


298 Keizo OHTA (Vol. 16, 
Acknowledgement 6) L. Néel: J. de Phys. Rad. 13 (1952) 249. 
7) P. Brissoneau: J. Phys. Chem. Solids 7 (1958) 


The author should like to express his sincere 
thanks to Prof. S. Chikazumi for his guidance 
and kind inspection of the manuscript, and 
to Prof. S. Miyahara, Dr. T. Yamadaya and 
Mr. T. Wakiyama for their helpful advices. 
Thanks are also due to Dr. N. Sakamoto and 
Dr. N. Miyata for their kind advices for the 
preparation of single crystal, and to Mr. T. 
Ikeda for his assistance in this experiment. 


References 


1) J. L. Snoek: New Development in Ferro- 
magnetic Materials (Elsevier Publ., New York 
1947) 54. 

2) U. Enz: Physica 24 (1958) 609. 

3) S. Miyahara and T. Yamadaya: 
Japan 14 (1959) 1635. 

4) Y. Shichijo, T. Hiraga, O. Ishii and M. Mori- 
sawa: Rep. No. 1360, Elect, Comm. Lab, (1959) 
(in Japanese). 

5) J. L. Snoek; Physica 6 (1939) 161, 


J. Phys. Soc. 


BD. 

8) G. Biora, A. Ferro and G. Montalenti: A.R. 
D.C. Contract No. AF 61 (514) 1331, Technical 
Report 3a (1959). 

9) K. Ohta: Bull. Kobayashi Inst. Phys. Res. 
8 (1958) 17 (in Japanese). 

10) J. Smilten: J. Chem. Phys. 20 (1952) 990. 


11) R. Becker and Doring: Ferromagnetismus 
(1939) 247. 

12) L. G. Van Uitert: J. Chem. Phys. 23 (1955) 
1883. 


13) H. P. J. Wijn and H. van der Heide: Rev. 
Mod. Phys. 25 (1953) 98. 

14) A. E. Paradino: J. Amer. Ceramic Soc. 43 
(1960) 183. 

15) R. M. Bozorth, E. F. Tilden and A. J. Wil- 
liams: Phys. Rev. 99 (1955) 1788. 

16) R. Lindner: J. Chem. Phys. 23 (1955) 410. 

17) J. Bindels, J. Bijvoet and G. W. Rathenau: 
Physica 26 (1960) 163. 


18) L, Néel; J, de Phys. Rad. 15 (1954) 225. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 16, No. 2, FEBRUARY, 1961 


Oxygen Positional Parameters of Tetragonal Mn,O,* 


By Ken’iti SATOmMI** 


Tokyo Institute of Technology, Oh-okayama, 
Tokyo, Japan 


(Received August 6, 1960) 


The positions of the oxygen ions of tetragonal Mn;O, are determined 
through the Debey-Scherrer X-ray analysis, by the extension of the 
Bertaut’s method and with least square method. The assigned correction 
for the anomalous scattering on Mn to Fe-Ka radiation is somewhat 


larger than the calculated value. 


The two oxygen parameters ¢ and 6 


for the space-group iD; are 0.032~0.036 and 0.008~0.010. These values 
correspond to the case that the tetragonal deformation comes from the 
octahedral sites but the tetrahedral sites resist to the deformation. 


Introduction 


Sa); 


Since the investigation by Barth and Posn- 
jak” about the existence of the inverse spinels, 
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the cation distribution and the oxygen para- 
meters of the spinels have been investigated 
by many authors and the main factors which 
determine the cation distribution are given 
for the usual ferrites by Verwey et al,” being 
regarded as purely ionic crystals. On the 
other hand, as they pointed out already, the 
deviation from the ionic crystal in same spi- 
nels, especially in those which do not contain 
much Fe*+ ions, becomes more and more 
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clear. In this respect, Goodenough et al) 
proposed according to the Pauling’s theory of 
the hybridized covalent bond that the Mn*+ 
or Cu®+ ions in the spinels prefer the octa- 
hedral site and make dsp? square covalent 
bond while the Mn?+ and Fe*+ ions in the 
spinels prefer the tetrahedral site and make 
sp* tetrahedral covalent bond. If there are 
sufficient amount of these ions in the octa- 
hedral site to establish the order of the direc- 
tion of the deformed octahedron, the tetra- 
gonal deformation of a crystal as a whole 
will result. Other authors®) discussed these 
problems using the crystalline field splittings 
of the ionic energy levels. 

Being interested in this deformation, the 
present author has investigated the oxygen 
position around the Mn** ions in the octahedral 
site of tetragonal Mn;Q, by the measurement 
fo the Debey-Scherrer X-ray diffraction in- 
tensities. 


§2. Experimentals 


The powder specimens of Mn;0, were pre- 
pared by the decomposition of manganous 
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oxalate precipitated from the mixture of the 
boiling ammonium oxalate solution and conc. 
manganous sulphate solution. To prevent the 
formation of the vacancies of the 7-Mn:O3 
type, this powder was heated for two hours 
at 1100°C and then is quenched by putting it 
between two aluminum plates. The annealing 
temperature was chosen because it is higher 
than the decomposition temperature of Mn.O;° 
but lower than the transition temperature from 
the tetragonal to cubic phase”. Although the 
powder was not coase, it was rubbed in an 
agate-mortar. Then the powder was packed 
in a frame and the flat surface was used for 
the measurement of the X-ray diffraction. 
The diffraction intensities were recorded by 
the Norelco diffractometer using Fe-Ka@ radi- 
ation with slow scanning speed. All the 
measured lines of this sample can be indexed 
according to the space group Dj}® with a@=5.76 
A and c=9.46A Fig. 1 shows the diffraction 
lines of Mn;O. and the relations between them 
and those of a cubic spinel. The observed 
breadths of the diffraction lines are found to} 
be about 1/5°. This is mainly the instrumental 


tetragonal MrsQ4 
a= 5.76 x 


Bas rg 
440 | | 5335 ttt 
‘sje a 


26—> 


Fig. 1. X-ray diffraction patterns of tetragonal Mn;O, and cubic SnCo2Q,. 


broadening, because the dimension of the 
powder observed under the microscope were 
about 10 microns. 


§3. Method of Analysis 


The analysis of the measured integral in- 
tensities of the lines (Akl) was performed by 
a method similar to that used by Bertaut® in 
his investigation of the cation distribution of 
Cu ferrite. Then the result was refined by 
the least square method. The author extend- 


ed the Bertaut’s method so as they could be 
applied to the case of the tetragonally de- 
formed spinel Mn;O.. Based upon the de- 
scription of the International Tables of the 
Dj, the positions of the oxygen ion are ex- 
pressed as 16(h) site and the positions of Mn 
ions are expressed as 4(a) and 8(d). Their 
coordinates are respectively (0, 1/4—6&, 3/8+0), 
(0,0, 0) and (0, 1/4, 5/8) etc. For €=é=0 the 
oxygen lattice is only uniformly deformed 
from the face-centred cubic closepacked to 
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the face-centred tetragonal with the Z-axis 
streched by c/1/2q times. For €=20 the oxy- 
gen position is the same as in the spinel un- 
less the tetragonal deformation is considered. 
If €>26 the ratio of the displacements is 
larger in the XY-plane than parallel to the 


Table I. The crystal structure factors F (hkl) 
and the numbers of the planes p(hkl) of MnzOu. 
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Z-axis in the sence to compensate the defor- 
mation of the tetrahedral site from the regular 
tetrahedron. To determine the position of 
the oxygen, first of all we calculate the crystal 
structure factors for the small values of & 
and 6 retaining only the contribution of the 
linear terms of parameters. The result is 
shown for the relatively low angle lines in 
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the Table I. It is seen that the first order 
contribution of the oxygen parameters exists 
for the lines: (011)(013)(121)(123)(031)(015)(033) 
(231)(035) and (143) etc. Although for the 
cubic spinels only the intensity of the (111) 
lines is strongly dependent on the oxygen 
parameter u—3/8, for the tetragonal MnsO, 
the intensities of so many diffraction lines 
are influenced by the oxygen positional para- 
meters that the two parameters € and 6 can 
be determined fairly well. If we put &/2= 
d6=u—3/8, these structure factors is of course 
the same as those in the spinels. 


2 O +002 1004 +006 


Sane 
Calculated Intensity as a function 
of the oxygen parameters «,8 
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Intensity 


Parameter 
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* The correction of f in § 4 can explane the 
weak observed value but J(022) is not ex- 
act for the overlap with (121). 
Fig. 2. The observed and the calculated intensi- 
ties of the diffraction lines of Mn;Q,. 


Upon using the Thomas-Fermi scattering 
factors for Mn, the Hartree scattering factors 
for O?- and the Lorentz’ and polarization fac- 
tors of the diffraction intensity for a poly- 
crystalline block i.e. 1+cos? 26/sin? 6 cos 0, 
the intensity values were calculated. The 
results are shown in the Fig. 2, where the 
ordinate represents the logscale intensity, the 
abscissa denotes € and the curves are drawn 
for various 6’s. The lines (123) and (031), 
which correspond to the spinel line (331), are 
too weak to be used for the determination of 
the oxygen parameters. 

Looking at the Table I and the Fig. 2 we 
can see immediately that the intensity ratio 


ee 
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of the following lines can be used most effectively, to determine € and 6 separately, and 
to estimate the deviation from ¢=26, 


3. 1(013) c: 7013) 4121) 1011) 


. 12 ee AB) 
VOUS 1033)" 131)". 1015)’ 


" 11013)’ (035) ° 


20 


There are many lines to use for the determination of the average displacement of the oxygen 
from the tetrahedral site toward the octahedral sites, 


e199. 1015) 231) K013) 1011) 
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For the ratios coming after the semicolon, the result should deviate if it happens that the 
structure factors of the Mn ions on the octahedral and the tetrahedral sites are different. 
What site is more dense in the electronic distribution can be estimated by selecting the lines 
sensitive for it and by calculating their intensity ratios & 


ga i12), 1020)} {fret }? kOe? 
{1(004), 1(220)} {2 foce—Stet +4foxy}? 9(0") ~ pp’ 


etc: 


Where 4(@) is the part of the atomic structure factors and the other geometrical factors 
which depends upon the scattering angles. The corrections from the ratio Ecaic. calculated 
for the distribution Mn(Mn),O0.?- are estimated and compared with the experimental data for 
the most probable distributions 


Mn3/3 V1/3(Mn*+)20.2— ; Mn?+(Mn35 V1/3)O.- , Mn?+(Mn*+).0.2-, and Mn*+(Mn?+Mn?+)0,2- , 
assuming that 
fo2-=10, fn=25, fimn2+=23, fvn3+=22 and 4(0)/¢’(0’) = const. for various distributions, 


where the metal ions in the parentheses occupy the octahedral site and the metal ions outside 
of it occupy the tetrahedral site and v indicates vacancy. The existence of the metal ion 
vacancies v is considered, because it is believed that the disappearence of the tetragonal 
deformation by the substitutions of the Mn ions in spinels is dependent on the degree of 
the oxydation®. In the end, there are no contradiction in assigning the normal 2(33) spinel 


arrangement for Mn;0,., 


E3u(3) —0.3*, £330) 1.49 , £233) 9.96 , £3023) _¢ g9 and fobs. _¢) 99 


Séale. calc. calc. tae calc. 


where the same constant factors for each the optical mode of the lattice vibrations, as 
distribution are eliminated by taking the ratio it has been observed by the author’? in the 
E/E calc. « far infrared region. The observed values are 
For the correction of the temperature fac- 200cm~' for NaCl, 600cm~* for Mn;O, and 
tor exp {—B(sin 6/2)?} it must be given B= then 0@mn,0,/9Nacl = ¥Mn,0,/YNac1=3.0. From 
6h? O(X ) ge yee ere ie the this and n= Siva MoT = 33, the correction 
mkO XG de ( for MnsO. is given as Byn,o,=0.18x10-*. 
Debey temperature. For NaCl @=281°K,™= The Mn:0, belongs to relatively hard crystals 
mci tmna/2 230 and B=1.43x10-". Here 9 and the correction for the thermal vibrations 
of Mn,Q, is estimated using the frequency of js not great for the relatively low angle lines 
for which 10-8 sin 6/2 is smaller than 0.3. 
The corrections of the absorption and the 
extinction can be neglected if the sample is 
the ideal polycrystalline block. The diffracted 
intensity is reduced only by a constant factor 


* 7-Mn,O3 shows this vacancy distribution and 
a slight existence of the vacancy in the sample 
have a large effect on the result but the more ex- 
act calculation does not show the posibility of the 
existence of vacancies on this investigation. 
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for the whole lines. 

Each intensity ratio for the lines dependent 
upon the oxygen parameters is calculated and 
the loci which satisfy both the observed and 
calculated intensity ratios are given on the 
€-6 plane, as shown in the Fig. 3. If these 
loci cross at one point, this point gives the 
result consistent for all the line intensities. 
This method of determining two parameters 
has been used by Hastings and Corliss!” to 
give the cation distribution « and the oxygen 
parameter wu of the Mn ferrite by the Neutron 
diffraction method. On the determination of 
the cross point, one must be careful of the 
fact that the error in the observed intensity 
of each line gives rise to a different amount 
of shifts of the loci on the &-d plane. Due 
to the uncertainty of drawing the base lines 
on the diffraction pattern and the approxi- 
mations used in the calculations, the result 
will be given as d=0,008~0.012 and €=0.032 
~(0.040. 
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Fig. 3. The graphical determination of the oxy- 
gen parameters e¢ and 6 of Mn;0,. 


§4. Refinements of the Results 


In the above calculation, the contribution 
from the higher order terms of € and 6, the 
anomalous scattering of the Mn ion core and 
the charge difference of Mn ions on the octa- 
hedral and tetrahedral sites are neglected. 
In this section the result obtained graphically 
is refined by the application of the least square 
method to the deviations of the calculated 
line intensities from the observed ones, Aj,_;= 
Tne obs.) —Inei(calc.). The exact formula for 
the dependence on & and 6 and the new FMn2+ 
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and fMn3+ obtained by Thomas and Umeda 
(TFD) and fo2- in the 2+ wells obtained by 
Suzuki (HF)* are used in the refinement. 
When many lines can be used for the deter- 
mination of parameters the least square method 
is suitable in weighing each line’. 

The calculations are put forward to derive 
the most probable values of the scaling factor 
K, oxygen parameters € and 0, temperature 
factor B and the real part of the anomalous 
scattering factor f. The last parameter / is 
efficient for the correction of fun to the Fe- 
Ka@ radiation, the wave length of which is 
just in front of the absorption edge of Mn 


: oxygen and octahedral site Mn3+ of the 
upper layer 

( yf) + oxygen and octahedral site Mn3+ of the 
<< lower layer 


© : tetrahedral site Mn2+ 


Fig. 4. Arrangement of the ions and its displace- 
ment in tetragonal Mn;0,. (a) Coordinates and 
Interbond angles. (b) Oxygen displacement in 
the c-plane. 
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ion'®. The calculation started with E€=0.04, 6=0.01, f=—3.5, B=0 and K=1.9 and the 
refined K, €, 6 and f are determined from solving the normal equations: 


“Bow "3 Se an) B (Ge )( 5h) +46 B (24) 4) rary (24)(24) 


aK \o 

aA @A\/ OA @A\/ AA aA\/ AA aA\/ OA 

BS ee =A Suh \( 22 \ a45 ell ) REMY eed oe \ 

a a5 Daas Gal * oa Jaa )t4° al 5 76 TASS a0 )\af 

aA @A\/OA @A\/ OA @A\/ OA /OA\/ OA 
“aa (G0) S08 og (288) rg (2 
a 96 Salta) aK) 1? al ae wat os TAT Bi Be 


€ 0 
“E4073 57 am )* 3 (ar) an) (G7 (ae) YR (Br )Cor) 


The standard deviations are given by oo=V > Aj,,,/m—s:Au/D , where m is the number of 
hkl 


the used lines, s is the number of all the parameters to determine. The result is 


K=2.28+0.21, 6=0.00830.0015 , &=0.0320-+0.0027, f=—4.440.7. 


The correction for the anomalous scattering of fvm turns out to be a little larger than the 
calculated value —3.5. To take account of B, we selected the lines which depend not so 
strong on € and od and determined K, f and B from these lines. Then based upon these 
values, € and 6 are obtained from the lines which depend strongly on these parameters. 
The result is B=0.4+0.3 x 10-* and the other values are not much altered. 


§5. Discussion 

The coordinate of ions and the angles a, 8, ¢ etc. as well as the schematic result are 
shown in the Fig. 4. Cell dimensions are expressed as c=(1+27/3)ao and a@=(1—7/3)ao/Y 2 
using ad the edge of the cube and 7 the degree of the tetragonal deformation c///2q—1. 
The volume of the cube is twice as large as the tetragonal unit cell of Mn:0,. The observed 
values €=0.036, 0=0.009, y=0.16 and a=8.54 A are used in the calculation. 


The oxygen—metal distances are 
Y octahedralsite-oxygen in c-plane = (—2E— 7/3)ao/4 = 1.85 A 


Yoctahedralsite-oxygen // c-axis = (40 +27/3)do/4 = 2.28 A 
/tetrahedralsite-oxygen = (1 +86/3 +80/3)V 3a./8 =2.0; A : 


The oxygen—oxygen distances are 


(1-0 ~(1—-48—7)3)al2/2 24,4 
(2-0)(3-0) ~ (1-40-28 + 7/6)ao/2V 2 2.72 A 
(4-0 m(144E—7/3)a0f2/ 2 23.204 
(5-0)(6-0) = (1440428 +7/6)ao/2V 2 3.424 
(7-0)(9-0)(10-0)(12-0) =~ (1+7/6)ao/2V 2 ~3.1) A 
(8-0)(11-0) ~ (1—7/3)a0l2V 2 ~ 2.86 A, 


the ion numbers correspond to those in the Fig. 4. 
The interbond angles are 


1 +212 (de—88—7) fy BL 


Ap = —8.° 
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B’ =n/2—40—26 
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Ap’ ABCA 2 = —6.2° 


Ppt Mesa nee +22 (48—5€+1/2) bp eorenate: 


V3 
1 


b =x cos" €/4—36—7/3// 2 


o” = n/2+40+26 =n—B’ 


If the positions of oxygen ions are deformed 
uniformly by 7=0.16 from the cubic close- 
packed arrangement to the tetragonal one, 
we should have 4a=—8.6°. The observed 
value Jda=—4..° is nearly half as large. For 
the regular octahedron, the interbond angles 
are B=$’=,’’=90° but for the observed one 
they are 82°, 84° and 86° and the longer edge 
of the rectangle is parallel to the Mn*+ line 
on c-plane (c.f. Fig. 4). The similar defor- 
mations are known in the octahedron around 
the ions Cu2+, Pd?+, Pt?+ etc. which make the 
square covalent bond and linear complex in 
oxides or chlorides’”:*®. 

For the sake of comparison let us review 
the results of spinels MnFe.,O, and CuFe:Q,:. 
The inter ionic distances in MnFe:O0:, obtained 
by Hastings’ data, are!” 


Yoctahedralsite-oxygen =2.0s A 
Ytetrahedralsite-oxygen = 2.00 A 
(1, 2, 3-0) =2.73 A 
(4, 5, 6-0) 3.2. A 
(7,8, 9, 10; 11,.12-0) 3°01 A 
and those of CuFe.0;, calculated by Prince’s 
data, are?) 
Yoctahedralsite-oxygen in c-plane 1.99 A 
Yoctahedralsite-oxygen // caxis 222.1e A 


7tetrahedralsite-oxygen = 1.89 A 


(1-0) 212 A 
(2, 3-0) =2.9 A 
(4-0) ~3.0.A 
(5, 6-0) ~3.00A 
(7,9, 10, 12-0) ~2.9, A 
(8, 11-0) ~2.%A. 


The summations of the ionic radii give the 
following lengths: 
Mn**Os octahedron (Mn-oxygen) ~2.02. A 
(oxygen-oxygen) ~ 2.8 A 
Mn**O, tetrahedron (Mn-oxygen) ~2.2)A 


(oxygen-oxygen) = 3.6) A 


Ad! = 415° 


Ad’ = 6.2° : 


Fe®+O. octahedron (Fe-oxygen) 2.00 A 
(oxygen-oxygen) = 2.8; A 

Fe*+Q, tetrahedron (Fe-oxygen) 2.00 A 
(oxygen-oxygen) = 3.25 A 


In the above results, Yoxygen-octahedralsite in 
cplane are Shorter than the sum of the ionic 
radii, and /tetrahedralsite-oxygen are also shorter 
than that but longer than the /tetrahedralsite-oxygen 
of the MnFe:O, in which it is believed that 
the tetrahedralsite Mn ion forms covalent 
bond. The differences in the bond lengths 
and the interbond angles for the same Mn?+O, 
tetrahedron between Mn;O, and MnFe2O, 
might come from the fact that in the MnFe2O. 
the octahedralsite Fe*+ is purely ionic while 
in Mn;Q, the octahedralsite Mn** is covalent 
and the oxygen pf orbit cannot be directed to 
both the tetrahedralsite and the octahedralsite 
at the same time®). The similar contraction 
of the bonds of the tetrahedral site by 0.1A 
compared with the sum of the ionic radii 
exists in Fe*+Q, tetrahedron in the CuFe2O, 
spinel. Although the tetragonal deformation 
is not so great as Mn;Q,, Prince et al state 
that the tetrahedron Fe*+Q, is almost regular 
in CuFe:O, : 

As is shown in Fig. 5 the above geometrical 
relations are visualized on the (€—6) plane 
by drawing the loci which satisfy the specific 
conditions for the angle and the length of the 
tetrahedral bonds. If the tetrahedron does 
not change its angles for the overall defor- 
mation of the unit cell, there must be approxi- 
mate relations 


4E—8d—-y7y =0. 
Since y amounts to 0.16 for Mn;0;, then & 
and 0 must be on the line (b). If the defor- 
mation is uniform, they must be on the line 
(a). If the length of the tetrahedral bond 
does not vary and is put to be equal to the 
value found on MnFe20. by Hastings the & 
and 6 must be on the line (c) which satisfies 


(1+86/3+80/3)V 3 ao/8=2.004 . 


ea ~ 
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On the other hand, if the sum of the ionic 
radii is used for this, the line (d) is obtained. 
By the cross point of the two lines (b) and 
(c) is represented an extreme case in which 
the tetrahedron does not deform at all. An- 
other extreme case is given by the cross point 
of the lines (a) and (d), which means the 
model of rigid spheres freely slideable. If 
the octahedron has the six bonds of the same 
lengths, € and 6 must be on the line (e). If 
the average length of these bonds is kept 
constant, the line (f) is obtained for the case 
in which the average is equal to the sum- 
mation of the ionic radii and the line (g) is 
obtained for the case in which the lengths of 
bonds contract by 0.1A from the value of (f). 


foto} | 


Fig. 5. The specific conditions on the oxygen po- 
sitions given from the formation of the ideal bond 
in the each site of the tetragonal Mn;0, and the 
experimental results given as the squares, the 
larger from §3 and the smaller from the §4. 
The both are shown on the same ¢-d plane as in 
Bigano. 


In the Fig. 5 the probable values of & and 
6 measured for Mn;O, are shown by small 
squares. This square is in the middle of the 
quadrilateral formed by the lines (a), (b), () 
and (d). This shows that the oxygen position 
is determined by the balance between the 
deformation due to the octahedral site becom- 
ing tetragonal and the deformations due to 
the tetrahedron preserving its regular form 
against the tetragonal deformation of the 
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crystal as a whole. Contrary to the case, if 
the cause of the tetragonal deformation is not 
on the octahedral site but on the tetrahedral 
site, the measured point of the oxygen para- 
meters will be on the other side of the line 
(a). In the Fig. 5 Sinha’s result is also 
shown by the line (h)2”. 

On the contrary to Mn;O,, the tetragonal 
contraction along the c-axis exists for the 
CuCr2O. spinel? and the tetragonal defor- 
mation exists also for the iron-chromite spinels 
of which the average oxygen parameter u 
has been given by Derbyshire.22? When the 
two oxygen parameters are separated for 
these spinels, from the reasoning similar to 
the case of the elongation, it will become 
clear that whether the tetragonal deforma- 
tion of these compound comes from the 
tetrahedral site or the octahedral site. If 
the contraction of CuCr20, comes from the 
Cu ions as is stated by Dunitz et al, the 
displacement of the oxygen should be also 
€>20 not withstanding the fact that 7 is 
negative. The author hopes that for these 
oxides a detailed investigation of the elec- 
tron density around the each site should be 
performed. 
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Introduction 


By Tokujiro FUKE 


Faculty of Engineering, Tokushima University, Tokushima 
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The nuclear quadrupole resonance frequencies of [!2’ in stannic tetra- 
iodide (SnI,), As in arsenolite (As,O,), Br8! in paradibromobenzene (p- 
C.H,Brs) and in potassium bromate (KBrO3) were measured as a function 
of hydrostatic pressure at various temperatures. The pressure range 
was 1-9000 kg/cm? in the temperature range from —77° to 100°C, and 
1-1000 kg/cm? at liquid oxygen temperature, respectively. 

In general, the pressure and the temperature dependence of the reso- 
nance frequency is found to agree with Bayer’s theory incorporated with 
Kushida-Benedek-Bloembergen’s theory. It is noticed, however, that an 
anisotropic change of the internal parameters for the positions of atoms 
in a unit cell would contribute appreciably to the analysis of the data 
even in the cases of cubic crystals, SnI, and As,Og and that a deviation 
from the Bayer curve is observed in As,Os. Doublet lines for Snl, are 
found to behave differently as a function of volume, and it is concluded 
for the molecular crystal, As,Og that the effective modes of lattice vibra- 
tion which are responsible for the temperature dependence of the reso- 
nance frequency, are intra-molecular modes rather than a tipping mode 
of the molecule as a whole. 


and Bloembergen®)*. They observed pressure 


A theory for the temperature dependence 
of the nuclear quadrupole resonance frequency 
was first proposed by Bayer”, and it was 
modified by a few investigators?)®)., and the 
discrepancy between the theories and observed 
data which exists more or less in almost all 
cases, was explained by Kushida, Benedek, 


dependence of the resonance frequency at 
various temperatures and pointed out that the 
temperature dependence at constant pressure 
includes not only an explicit temperature 
dependenec in the amplitude of particular 


* Hereafter their article will be referred as 
KBB. 


mem na 
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mode of lattice vibration <6?) but also an 
implicit temperature dependence via the vol- 
ume dependence of the static field gradient 
q(V) as well as <6?. And KBB obtained the 
value of q and <6? as a function of volume 
and concluded that the observed temperature 
dependence of the resonance frequency is 
accounted for by Bayer type theory, if the 
effects of the thermal expansion on qg and <6?) 
are properly taken into account. They also 
obtained many other important informations 
from the values of g(V) thus derived. 

Recently Barnes and Engardt® explained the 
anomalous positive temperature dependence of 
bromine quadrupole resonance frequencies in 
titanium tetrabromide TiBr. in terms of the 
large and negative pressure dependence of 
these lines on the base of KBB’s analysis. 

It is the purpose of this article to see how 
precisely and to what extent the KBB theory 
is applicable. The resonance frequencies 
studied under hydrostatic pressure in the pre- 
sent investigation are in the range of 100-250 
Mc/sec at various temperatures which include 
liquid oxygen temperature. 

The possibility of deviation from KBB theo- 
ry was first suggested by Walsh” in his pres- 
sure experiment of electron spin resonance for 
ammonium alum (NHs4)2SO:-Al2(SO:)3-24H20. 
He pointed out the importance of “ out-of 
scale ” displacements of individual atoms in a 
unit cell under hydrostatic pressure even for 
a cubic crystal. 

The similar idea was also proposed by 
Bernheim and Gutowsky® when they explained 
the observed deviation from V~ law* for the 
volume dependence of the quadrupole splitting 
of Nat in ionic crystals with the form NaXOs, 
in which X is either Cl, Br, or N. 

Because cubic crystals are appropriate in 
order to check this kind of mechanism, Sn 
and As:Os were chosen in the present investi- 
gation. And #-CsH.Brz and KBrO: were also 
used in order to make comparison with the 
KBB’s results for similar samples p-CsHiCk 
and KCIO; respectivaly. 

It was intended also that the volume depend- 
ence of the doublet lines in SnI, was compared 
with each other and that their different be- 
havior would be accounted for by the chemical 
inequivalence of the positions for iodine nuclei. 
It is suggested that the similar study of the 
pressure dependence of multiplet lines in many 
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other samples would reveal the detailed origin 
of such multiplicity. 


§2. Experimental Method 


The apparatus used in the present experi- 
ment consists of a) a high-pressure pump and 
a pressure gauge, b) a pressure bomb in which 
an rf coil and the sample are enclosed, and 
c) a spectrometer and a frequency meter. 

In Fig. 1 is shown the main part of the 
apparatus. At the right part of the figure is 
seen the high-pressure pump* which generates 
hydrostatic pressure up to 10000kg/cm?. The 
pressure-generating cylinder is made of Cr- 
Mo-steel (SCM3) with 120 mm o.d., 16 mm i.d., 
and 200mm height. The plunger which is 
made of high carbon steel (S55C) and has a 
Bridgman packing®), is driven by the 30-ton 
hydraulic rum. 


Fig. 1. Photograph of the main part of the ex- 
perimental apparatus. 


It is noted that the active volume of the 
cylinder is made large enough compared with 
the sample space of the bomb so that a by- 
pass pump system® can be eliminated. 

A pressure gauge which consists of man- 
ganin wire® is installed in a gauge coil plug 
at the upper part of the wall of the cylinder. 
An Amagat cone-seal® is used as a high pres- 
sure electrode for the gauge coil, and the 
details of its insulator part will be shown later. 
The change in the resistance of the coil caused 


* The high-pressure pump was designed by 
Professor Y. K6i and constructed under his guid- 
ance. 
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by the pressure is measured with a conven- 
tional bridge, and overall accuracy of the 
pressure measurement with this method is 
about 5kg/cm?2. The gauge coil is calibrated 
against the freezing point of mercury at 0°C”, 
using the discontinuity in the resistance of 
mercury at the freezing point. 

In Fig. 2 is shown the high-pressure bomb 
assembly. It is similar in structure to the 
one used by Benedek and Kushida’” when 
they observed the pressure dependence of 
NMR line in antiferromagnetic MnF:. The 
material of the bomb is, however, the same 
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Fig. 2. High-pressure bomb and plug assembly. 
(A) Cr-Mo-steel bomb. (B) (C) Cr-Mo-steel 
plug. (D) Stainless steel connecting tubing. 
(H) Sealing washers. (F') Conical seals for 
electrical terminals. (G) Radio frequency coil. 
(H) Sample holder 
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kind of steel as the pressure-generating cylin- 
der, since it is less expensive than Be-Cu 
which was used by them, and satisfactory for 
the present zero-field measurement, if fre- 
quency modulation is used. The o.d. and the 
id. of the bomb are 60mm and 12mm 
respectively, and the bomb was tested several 
times up to 10 000 kg/cm? and is used regularly 
up to 9000kg/cm?. The bomb and the pres- 
sure-generating cylinder are connected with 
a piece of flexible stainless-steel tubing (1/8’ 
o.d. and 0.025” i.d.)*. 

A pair of Amagat cones were used as high- 
pressure electrical leads of the bomb. Since 
these leads are connected to an rf sample coil 
in the bomb, the insulator of the high-pressure 
leads ought to be chosen with a special care. 
Although the traditional material, pipe stone, 
was used by KBB”, this is not appropriate for 
the present purpose, because of its relatively 
high dielectric loss in the frequency range of 
the present experiment. Walsh” and Bene- 
dek-Kushida’” reported that artificial mica is 
satisfactory for this purpose in sub-micro to 
microwave region. 

Therefore, artificial mica, Micalex M-21**, 
was tried first as the insulating material. Its 
electrical character was found to be satisfac- 
tory, and the initial sealing of the conical shell 
was achieved with the doping by epoxy resin. 
Chances of cracking were increased, however, 
with the increase in thickness of the conical 
shell, which was necessary at the frequency 
of 200 Mc/sec or more in order to reduce the 
capacity between the bomb and the electrodes. 
More precise machining might improve the 
situation. 

As an easy method epoxy resin shell was 
tried, which can be made simply by curing 
the resin between the cone and the bomb 
without any skillful machining, and was found 
to give fair result below 150Mc/sec. This 
type of electrical lead has been used at the 
gauge coil plug for a long time without any 
trouble. Although this method of sealing has 
a disadvantage of relatively high dielectric 
loss above 200Mc/sec, the mixing of either 
Micalex or MgO: powder with this material 
improved the high frequency character, and 
the frequency range in the present experiment 


* This tubing was purchased from Harwood 
Engineering Co., Inc., U.S.A. 
** Product of Toshiba Electric Co. 
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was safely covered with this method. 

Petroleum benzine was used as_pressure- 
transmitting medium at and above —77°C. 
Even at —77°C the pressure in the bomb was 
believed to be hydrostatic up to 9000 kg/cm?, 
because any abrupt broadening of the line 
width was unobserved. At liquid oxygen 
temperature, petroleum ether was used, and 
the measurement was carried out up to about 
1000 kg/cm?, using another bomb. Its steel 
connecting tubing (6mm o.d. and 2mm i.d.), 
comes out through the same plug as the elec- 
trical leads in order to minimize the dipping 
of the tubing in the liquid oxygen. The 
maximum pressure available at this tempera- 
ture is limited by the freezing of the trans- 
mitting liquid in the tubing instead of by its 
freezing in the bomb, as is evidenced by the 
fact that the pressure shift of the resonance 
frequency stops increasing before the line 
width increases suddenly when the pressure 
is increased above this limit. Therefore, it is 
suggested that the measurement under the 
higher pressure at this temperature would be 
possible, if the sample and the gauge coil are 
‘installed in the same bomb, the pressure is 
applied to the bomb first without cooling, and 
then the whole assembly is cooled down in 
the liquid oxygen bath. 

K6i’s spectrometer!” is satisfactory for the 
detection of the resonance line. This spectro- 
meter has Lecher-line tuning circuits and can 
be used either as a regenerative or a super- 
regenerative spectrometer. Usually superre- 
generative scheme was used in order to get 
a better signal to noise ratio. The resonance 
lines were displayed on a CRO screen, and 
their frequencies were measured by superpos- 
ing a signal from a heterodyne wavemeter on 
‘the resonance signal, the accuracy of the 
measurement being better than 5 kc/sec. 


§3. Experimental Results 
A) Stannic Iodide Snl,. 

The sample is an assembly of fine crystal 
grains which were prepared by heating the 
‘stoichiometric amount of Sn and I in an 
evacuated ampule. 

Doublet quadrupole lines for this sample was 
first observed by Dehmelt!” at room tempera- 
ture, and they were explained in terms of a 
chemical inequivalence of the positions for 
iodine nuclei. The temperature dependence 


of the resonance frequencies for these doublets 
was measured as well!®).14), 

In the present experiment the resonance 
frequency was measured as a function of 
hydrostatic pressure up to 9000 kg/cm? at 
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Fig. 3(a). The resonance frequency of the higher 
frequency line of the I!2” doublet lines in Snl, 
plotted as a function of pressure at three tem- 
peratures. 
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Fig. 3(b). The resonance frequency of the lower 
frequency line of the [127 doublet lines in Snly 
plotted as a function of pressure at three tem- 
peratures. 
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— 7.7, 10° and) 40.52 CimeAteeachmtemperature 
the measurements were repeated while the 
pressure was increased and decreased. Right 
after the pressure was varied, the resonance 
frequency was not stationary, and it drifted 
to the direction which can be explained in 
terms of the recovery from an adiabatic heat- 
ing or cooling during the change in the pres- 
sure. After several minutes the frequency 
reached the stationary value, which has no 
hysteresis within the experimental error. 
Each component of the doublet lines was 
measured alternatively at each pressure in 
order to measure the separation between these 
lines precisely. 

The pressure dependence of the resonance 
frequencies for the higher and the lower fre- 
quency lines are shown in Figs. 3(a) and 3(b), 
respectively. At liquid oxygen temperature 
the resonance frequency decreased linearly 
with the increasing pressure up to 1000 kg/cm?, 
and the values of (Ov/OP)p-o for the higher 
and the lower frequency lines are 75 and 47 
cps/(kg/cm?), respectively. Their resonance 
frequencies at atmospheric pressure at this 
temperature were 208.912 and 207.481 Mc/sec. 
B) Arsenolite AssOc 

The sample was of commercial reagent 
grade with purity of 99.8%. In Fig. 4 the 
resonance frequency of As* in this sample is 
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Fig. 4. The resonance frequency of the Asv% 
nucleus in As,O, as a function of pressure at 
three temperatures. 
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plotted as a function of pressure at —77°, 0°,. 
and 97°C, respectively*. The resonance fre- 
quency at liquid oxygen temperature is found 
to be 116.837 Mc/sec*, and the pressure shift 
at 1000 kg/cm? is smaller than the line width,. 
10 kc/sec, which has been broadened by pres- 
sure. 


C) Paradibromobenzene p-CeHuBrz 

The sample was recrystallized from an alco- 
holic solution. In Fig. 5 the pressure depend- 
ence of Br*! in this sample is shown as a 
function of pressure at —77°, 0°, and 44.5°C, 
respectively. It is noted that the resonance: 
frequency decreases almost linearly with in- 
creasing pressure at —77°C. This behavior 
ought to be compared with the similar ex- 
periment of KBB” for p-CeHiCle, where v- 
versus-P curve shows the similar linear’ 
decrease only above 4000 kg/cm?. 

The resonance frequency at the liquid oxy- 
gen temperature decreased linearly with 
pressure up to 1000kg/cm?, and it was found! 
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Fig. 5. The resonance frequency of the Br3 


nucleus in p-CsH,Br, as a function of pressure 
at three temperatures. 


* Since the observed temperature dependence of 
the resonance frequency at atmospheric pressure 
is slightly different from the value reported by 
Bray, O’Keefe, and Barnes5), the measurement of 
the resonance frequency at —77°C and liquid oxy- 
gen temperature was repeated with the regenerative: 
spectrometer. 
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that (0»/OP)p-0=85 cps/(kg/cm2), and yp= 
226.398 Mc/sec. 


D) Potassium Bromate KBrOs 

The sample is the assembly of fine crystals 
which were recrystallized from aqueous solu- 
tion. In Fig. 6, v-versus-P curves are plotted 
at three temperatures, —77°, 0°, and 97.5°C, 
respectively. At the liquid oxygen tempera- 
ture the frequency increases linearly with 
pressure up to 1000kg/cm?, and it was found 
that (0v/OP)p-.=86 cps/(kg/cm?), and ypo= 
149.212 Mc/sec. 
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§4. Analysis of experimental data 


Since the experimental results were ana- 
lyzed on the basis of KBB, theory, its 
essential points will be summarized here. 

The pure quadrupole resonance frequency 
is expressed by 


Y=yo(1—3/2<02(t)> ar) , Gaby 
where » is the resonance frequency when the 
effect of lattice vibration does not exist, 6(t) 
is the tipping angle of the maximum principal 
axis of field gradient tensor caused by the 
lattice vibration, and < >4y denotes the average 
over the time. If <62(t)>ur is expanded with 
respect to normal modes of vibration, and the 
energy of each normal mode thus obtained is 
equated to that of corresponding harmonic 
oscillator we obtain. 


N 
y=n) 1 3 23 


i=i Wi 


( ; mn SuReREmN (2) 


Here the summation ought to be carried out 
over all the normal modes, but actually the 
effect of higher-frequency modes can be 
neglected due to the factor l/w:. And Eq. 
(2) is reduced to the following equations, if 
the relation x=hw/(kT)<2 holds, 


Ai 


> hoi X 


v=a(l-+bie-c/ th), (33) 

were 
CH= oe D ( 3mMz : ) , (3a) 
pati S05 ae, (3b) 
2 Ai (3c) 


Here a, b, and c, which generally depend of 


volume, can be obtained as a function of 

volume, if the »(V, 7) is measured experi- 

mentally. Since the measured value in the 

1425 present experiment is, however, v(P, T), equa- 

o- s0007" 4000 —¢000 8000 tion of state, either empirical or theoretical, 

a Ta is necessary for this purpose. KBB» used the 

Fig. 6. The resonance frequency of the Br®  ¢o)1owing semi-empirical equation for compres- 
nucleus in KBrO, as a function of pressure at sibility %, 

three temperatures. x(T, V) 
V—Vo 
The pressure experiment was also tried for "a aye ah Xoo Ee is Caen » (4) 


NaBrO;, but this material reacted with the 
transmitting fluid explosively at about 2000 
atmos. The similar explosion was reported 
by KBB* for NaClOs. 


where € is a constant, whose value is 3.33 
for wide range of solids, if use is made of 
Birch-Murnagham law’?. And Vo, Zoo denote, 
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respectively, the equilibrium volume and the 
compressibility at T=0°K and P=0 atmos. 
The integral of Eq. (4) determines P-V iso- 
therms with integration constants determined 
by thermal expansion coefficient. 

Thus a, 6, and c can be determined as aj 
function of volume, from y-versus- V isotherms 
at three different temperatures. Hence, the 
volume dependence of go, w:, and A: can also 
be deduced respectively, and they can be 
written as 


go V)=go( Vo V/Vo"™ , (A) 
wi(V)=ai(Vo)(V/Vo)-% , (B) (5) 
Ail V)=Ai(Vo)(V/Vo)*” , (©) 


If the average over 7 is taken, one obtains 


dina/dinV=n(V) , (A) 
dln|b|/dinV=27-+0 , (B) (6) 
din|c|/dinV=co . (C) 


When an asymmetry parameter y of the 
field gradient tensor is small enough, which 
is the case treated by KBB, the volume change 
of the resonance frequency can be devided 
into two parts as follows: 


Olny _din qo Olny d1ln<O®>ar (7) 
OlnV dinV Oln<@ ar OlnV 
_dina | db T+ CGiim ysl 
dinV [L(dinV) —(dinV) T | 
/A+bT+c/T) . (8) 


These relations can be extended to the case 
of 7+0 by slight modifications in 6 and ¢ in 
PGi): 

For instance, if tipping motions about x and 
y axes which are perpendicular to the direc- 
tion of g, are assumed to be sole normal 
modes of vibration which are responsible to 
the reduction in resonance frequenny, the 
following equation is obtained!”, 
q=q0\ ied 


l 2 ‘ | mae ( : ie EF a) 


Oyoy 
om c Se en, » (9) 


where 9, and 9, are moments of inertia of 
the normal modes along x and y axes, and 
@: and wy are their vibration frequencies, 
respectively. 

In this case, therefore, 6 and c are expres- 
sed by 


a. 
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ail 1 
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pret Let) = . 1 
2 Gate aay ( Y 
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‘ cleat) 24k\O. Oy Y 


The effect of 7 can usually be neglected, 
except for the case with a large 7, where its 
temperature and volume dependence ought to 
be determined experimentally. 

A) Snly 

Thermal expansion coefficient of SnI,; was 
measured by Biltz et al'®) in the range —195° 
to 0°C, whereas its compressibility has not 
been measured yet, so far as the author 
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Fig. 7. The v-versus-volume isotherms for SnlI« 
derived from the experimental data using an 
equation of state. The solid curves show the: 
results for the higher-frequency line of the 
doublet, and the dashed curves show those for 
the lower-frequency line. 
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knows. Therefore its compressibility was 


measured here with a lever piezometer which 
is the same as was used by Bridgman®, and 
the result is 16x10-*/(kg/em2) at room tem- 
perature(12°C). 

By using Eq. (4), the P-versus-V isotherms 
for this sample were determined with these 
values of thermal expansion coefficient and 
compressibility, in conjunction with the value 
3.33 for €. And v-versus-P curves which were 
obtained experimentally, were transferred 
into v-versus-V curves as shown in Fig. 7. 

First it was tried to determine the value 
of ¢c at V/Vo=1, but the experimental error 
did not allow this value to be determined 
definitely. Its value is, however, very small, 


as is evidenced by the fact that v-versus-T 


relation at constant volume is almost linear. 
Therefore, the moment of inertia <O9>=1/<A> 
has large value. This is compatible with the 
following estimate of the moment of inertia, 
namely if one evaluates the moment of inertia 
of a tetrahedral molecule SnI, about an axis 
which passes through its center of gravity, 
one obtains 9=3900x10-*° gcm?, which cor- 
responds to c=0.005. 
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Fig. 8. The contribution from the volume depend- 
ence of the static field gradient go and that of 
the lattice vibration, to the volume dependence 
of the resonance frequency for Sn]. The solid 
and the dashed curves are those for the higher 
and the lower frequency lines, respectively. 
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In Fig. 8 are plotted the contributions to 
Olnv/Oln V from go and <6?) 4y, respectively. 
These two contributions have opposite signs 
with each other as shown there. This is 
similar to the results for p-CsHiCk obtained 
by KBB®, but here the <@%>4y contribution 
depends more strongly on the volume than the 
case of p-CsHiClz, and this tendency is more 
striking for the higher-frequency line. The 
volume dependence of the <6?>4y contribution 
is rather similar to those for KClO; than to 
those for p-CsH:iCk, and its temperature 
dependence at constant volume is almost 
linear, indicating dc/dln V in Eq. (8) to be 
negligibly small. 

Now let us compare the higher-frequency 
line (Solid curve) with the lower-frequency line 
(dashed curve). Both the gq and the <6*>ay 
contributions for the higher-frequency line are 
larger in magnitude and stronger in their 
volume dependence than those for the lower- 
frequency line, and the differences between 
the curves for the two lines have the tendency 
to decrease to zero at a smaller volume. The 
same tendency is seen for the b-versus-V and 
the 1/2:01n b/0 1n V-versus-V curves in Fig. 9. 

It is necessary to estimate the value of o 
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Fig. 9. The volume dependence of 1/2-d1nb/dlnV 
and 6 for Snly. The solid and the dashed curves 
correspond to the higher and the lower frequ- 
ency lines for the doublet, respectively. 


in order to obtain the value of 7 (a modified 
Griineisen’s constant) from the volume depend- 
ence of 6. The accuracy of experiment is, 
however, generally insufficient for the accurate 
estimate of o». Although Snl. is not an ideal 
molecular crystal”, it may be safe to assume 
that o is very small as is the case for a typical 
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molecular crystal. And if this assumption is 
admitted, it is concluded that there is con- 
siderable difference between the values of 7 
for the two resonance lines, and this differe- 
nce decreases in magnitude with decreasing 
volume. This deduction is compatible with 
the following observation in the low-frequency 
Raman lines in molecular crystals: Ichishi- 
ma!*) investigated their temperature depend- 
ence and found that 1/w-dw/dT is different 
for different components of multiple lines. 

The different behaviors of the doublet lines 
in Snl, stated above may be explained as 
follows: Stannic iodide crystal?” consists of 
Snl, tetrahedrons, and each tetrahedron is 
slightly distorted so that only one I atom (Ip) 
is at a position with three fold symmetry, 
and the other three (Iq) lie at slightly less 
symmetric positions, as has been pointed out 
by Dehmelt!”. Therefore, the resonance line 
due to In’s has non vanishing asymmetry 
parameter, which amounts to 0.8%. The two 
SnI, tetrahedrons are situated so that the base 
planes of the tetrahedrons, each of which 
consists of three In’s, face each other with 
the relation of a screw rotation by 60° about 
an axis of three-fold symmetry, and they have 
a slight tendency to form a kind of associated 
molecule Snel.2”. The separation of the 
doublet resonance lines in SnI, is caused by an 
inter-molecular effect as was discussed by 
Schawlow et al'?:', and the ly atoms which 
are responsible for the lower-frequency line, 
must be influenced by neighboring molecules 
more strongly than the I; atoms, because 
inter-molecular hybridization usually decreases 
the value of g, as is evidenced by the observed 
positive value of Olng/Oln V for this speci- 
men. Therefore. it is natural to assume that 
the relative displacement between the pair of 
tetrahedrons stated above behave differently 
from the displacements among the other 
neighboring tetrahedrons, when the sample is 
subjected to a hydrostatic pressure. And this 
assumption enables the explanation of the facts 
that Olng/OIn V, Olny/O In (6%) 4r-8 In (6? ay / 
dln V, b, and Olnd/Oln V are all larger in 
magnitude for the higher-frequency line than 
for the lower one, and the differences between 
the values for the two lines have a tendency 
to decrease with decreasing volume. 

In another word, it may be concluded that 
the distance between the pair tetrahedrons is 
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slightly more rigid under the hydrostatic 
compression than the distances between the 
other tetrahedrons, therefore, the resonance 
line originated from I; atoms is influenced 
more strongly under the pressure than Iy line, 
and with the increase of the degree of com- 
pression, this difference decreases and all the 
molecular distances would be compressed more 
homogeneously with the further compression. 
It should be noted that the effect of asym- 
metry parameter itself is negligible as stated 
before. 

It is suggested that the study of the pres- 
sure dependence of multiplet lines in general 
would give an important clue for the under- 
standings of the origin of the multiplets and 
of a detailed behavior of the molecules in a 
unit cell as well. For instance, the pressure 
dependence of triplet Cl lines in chloral hy- 
drate CCl;CH(OH)2 would be interesting, be- 
cause only two components of the triplets are 
believed to have hydrogen bonds’. 


B) AsiOg 

Thermal expansion coefficient for AssOs is®?’, 

41.2 x 10-*— 67.9 x 10-% T—313) , 

and its compressibility at 30°C is®®), 9.29 x 10-*. 
P-V isotherms for this specimen were deter- 
mined with these values in conjunction with 
the value of 4.8 for €. 

Since the pressure coefficient of the reso- 
nance frequency at liquid oxygen temperature 
was so small that it was not determined ac- 
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Fig. 10. The y-versus-temperature curves for 


As,Og. Curve (A) is the temperature dependence 
of vy at atmospheric pressure. Curves (B) and 
(C) are a(1+b7+¢/T) curves calculated from 
the three lower and the three higher tempera- 
tures, respectively, at the constant volume 
which corresponds to liquid oxygen temperature 
and atmospheric pressure. 
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‘curately enough, »(T) curve at constant 
volume was determined only at the volume 
which corresponds to the temperature of liquid 
‘oxygen and to the atmospheric pressure. This 
volume was estimated with the thermal ex- 
pansion coefficient. The resonance frequency 
at the same volume at —77°, 0°, and 97°C, 
and the frequency at liquid oxygen tempera- 
ture under the atmospheric pressure were tried 
to be fitted to Eq. (3), which is expected from 
the high temperature approximation of the 
Bayer type theories. The results are, how- 
ever, unsatisfactory as are shown in Fig. 10. 
In this figure curve (B) represents Eq. (3) 
with the values of a, 6, and c determined with 
the use of the three lower-temperature points, 
and curve (C) is the similar curve with the 
ame parameter determined at the three 
higher-temperatures. This discrepancy indi- 
cates that the approximate equation (3) at high 
temperature fails to hold at about 90°K and 
the relation, x=hw/(kT)<2, does not hold at 
this temperature, because the value of @ is 
small and hence w is large. Therefore, one 
ought to return to the original equation Eq. 
(2). Assuming N=2, wi=02.=0, and Ai= 
Az2=A=1/0 on the basis of the crystal struc- 
‘ture, one obtains, 


(Y90— 196) 5 (Y196 — 273) 5 (v273 —V370) 


m 1 a 1 
= nomics —1 exp (4a/90k)— 5) 


f 1 1 
s ir —1 exp(hw/196k)— i) 


n te 1 . 
[ becomes ear TEE 


And the best choice for the value of the lat- 
tice vibration frequency » is in wave number 
unit, )=w/2zc=370cm-! at the lower three 
temperatures, and it is 440cm~’ at the higher 
three temperatures. In any case the value of 
x is greater than 5 at 90°K. 

The moment of inertia deduced from the 
value w is 17x10-° and 11x10-*° g cm’ in the 
two temperature regions respectivly, volume 
which corresponds to liquid oxygen tempera- 
‘ture and atmospheric pressure. 

There are two points to be noted. First, 
the value of the moment of inertia thus ob- 
tained is much smaller than that of As.Os 
molecule about its center of gravity, which 
amounts to about 1700x10-*gcm’. The 
second point is that the value of w thus 
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determined appears to depend explicitely on 
the temperature. 

The first point can be explained only by 
assumming that the dominant mode of lattice 
vibration which is responsible to the reduc- 
tion in the resonance frequency, is intra- 
molecular vibration instead of tipping motion 
of the molecule as a whole as in the case for 
usuall molecular crystals. 


Although a unique explanation for the 
second point does not seem to be possible 
from the present experiment, either unhar- 
monicity of the vibration considered above, or 
some distribution of the intra-molecular vibra- 
tions (or both) could account for this point. 

The pressure dependence of the resonance 
frequency in this sample will be considered 
now. Although negative pressure dependence 
of yv is usually observed at low temperature 
in such molecular crystals as p-CsHiCle and 
pb-CeH.Brz and even in Snl., no such tendency 
is observed even at liquid oxygen temperature 
for this specimen. 
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Fig. 11. The contribution of the volume depend- 


ence of gp and that of the lattice vibration to 
the volume dependence of the resonance fre- 
quency for As,O, at three temperatures. 


In spite of the ambiguity mentioned above 
in applying KBB’s analysis to this sample, the 
volume dependence of the resonance frequency 
is analyzed along the KBB method. The re- 
sult thus obtained is shown in Fig. 11, where 
the contributions to 0Inv/OIn V from the q 
and the <6?)4y terms are shown. The volume 
dependence of 0 is also small, and the value 
of 7 at V/Vo=1.00 is only 0.3. This can be 
explained in terms of the fact that the intra- 
molecular bending motions play the most 
important role to the temperature dependence 
of the resonance line. 
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©) p-CcH.Bre and KBrOs 

Mean thermal expansion coefficient of /p- 
CsH.Brz in the temperature ranges 20° to 
—77°C and 20° to —183°C are 138x10-* and 
98 x 10-* deg-!, respectively. Its compres- 
sibility is found to be 15.5x10-*/(kg/cm?) at 
room temperature (12°C). From Eq. (4), the 
equation of state was obtained using these 
values as well as the value of 3.33 for €. 

The result of the analysis is shown in Figs. 
12 and 13. The contributions of go and <@?>ar 
to 01ln»/Oln V, which are similar to the case 
of Snl;, are drawn in the former figure, and 
the volume dependence of 6 and 7 are shown 
in the latter one, where the value of 7 is 
found to be roughly equal to that of iso- 
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Fig. 12. The contribution of the volume depend- 
ence of go and that of the lattice vibration to 
the volume dependence of the resonance fre- 
quency for p-C;H,Br. at three temperatures. 
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morphic p-CsH:Cle. Using the data of two 
low-frequency Raman lines*”, the value of b 
is estimated as b>=—0.55x10-4/°"K. The agre- 
ement between this value and the value shown 
in Fig. 13 can be regarded as reasonable, if 
it is taken into account that the compression. 
under the pressure could not be_ isotropic 
because of less symmetric crystal structure. 

The pressure dependence of KBrOs is found. 
to be quite similar to that of KClO; which 
was extensively investigated by KBB already, 
and therefore, the result will not be shown 
here. 
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Magnetic anisotropy of compounds of CrSb, 
(Cro.sMno.2)Sb was investigated by using their single crystals. 


(Cro,9Mno,.1)Sb and 
From the 


measurements of torque curves by means of torsion pendulum magneto- 
meter, the difference between the susceptibilities parallel and perpen- 
dicular to the c-axis of the hexagonal crystal lattice was obtained for 


each specimen. 
the c-axis for each compound. 


It was confirmed that the magnetic spin axis lies along 
(also in the ferrimagnetic region of 


(Cro.sMno.2)Sb) The magnetic anisotropy constant K of CrSb was estimated 
to be about 10° erg/gr. at room temperature. 


Introduction 


$1. 

The magnetic properties of chromium anti- 
monide and its manganese substitutes in 
powder form were studies by Lotgering and 
Gorter” and Hirone et al.” It has been known 
from these studies that these compounds have 
either antiferromagnetic spin ordering or 
both ferromagnetic and antiferromagnetic 
spin ordering with a temperature transition 
between them. Snow®) showed by neutron 
diffraction experiments that the spin magnetic 
moment of each cation in chromium anti- 
monide orients along the c-axis of the hex- 
agonal crystal lattice. In order to study the 
magnetic anisotropy of these compounds and 
the interesting magnetic behavior, the pre- 
sent author measured the magnetic anisotropy 


by using single crystals of these compounds. 


* Present address is Totsuka Works, Hitachi, 
Ltd. Yokohama, Japan. 


§2. Specimens and the Method of Measure- 
ment 


Single crystals of chromium antimonide 
and the manganese substitutes were prepared 
in the following way. First, the powders of 
these compounds, CrSb, (Cro.6Mno.:)Sb and 
(Cro.sMny.2)Sb were made by the ceramic 
method as described in the pervious paper.” 
The compounds perpared in this way were 
then pressed into a rectangular rod with a 
pressure of six tons per square centimeter. 
These compressed bars were sealed in evacu- 
ated silica tubes, heated at temperatures sever- 
al degrees above the melting points of each 
specimen, and cooled in a furnace at a rate 
of a few degrees per minute. The size of 
single crystals obtained were about 4x4 mil- 
limeters square and 10 millimeters in iength. 

The crystallographic orientation was de- 
termined by means of Laue photographs 
within an accuracy of a few degrees. A 
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magnetic torsion pendulum magnetometer 
was used to measure the anisotropy of mag- 
netic susceptibility. The difference of princi- 
pal magnetic susceptibilities can be expressed 
by the following equation, 

2L 
mH? sin 26 ’ 
where m is the mass of the specimen, L the 
torque in the specimen due to the magnetic 
field H and @ the angle between the c-axis 
and the applied field. 


Nata (1) 


§3. Experimental Results 


First, an example of the torque curve in 
the a@—c plane for a single crystal of chromi- 


Fig. 1. Torque curves of a single crystal of CrSb 
in a-c plane. 
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um antimonide at various temperatures in a 
magnetic field with a field strength of 6420 
Oe are shown in Fig. 1. Each curve shows 
that the torque changes nearly as sin 20 with 
the angle 0, and its amplitude decreases with 
a rise of temperature. It was also confirmed 
that the torque value changes linearly with 
the square of the applied magnetic field 
strength, and example at liquid nitrogen 
temperature being shown in Fig. 2. On the 
basis of equation, (1) the difference of suscepti- 
bilities perpendicular and parallel to the c-axis 
of the crystal, (%,—%-), are obtained as shown 
in Fig. 3. On the other hand, the powder 
susceptibility may be expressed as an average 
of parallel and perpendicular susceptibilities 
by the well-known formula 


1 2 
X == i —— Xn e 

es 3 
Using the previous data of powder suscepti- 
bility and the difference (%,—%-) obtained by 
the present experiments, the values of %, and 
%- were calculated. The results are shown 


in Fig. 4. To confirm the results, the author 


(2) 
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Fig. 4. ya, X¥c and yp of CrSb. a and x are the 
values of ya and xp obtained by using the mag- 
netic balance. 
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measured %, and %» of the same crystal at 
room temperature using a magnetic balance. 
The powder specimen was prepared from the 
original single crystal. The results are shown 
in Fig. 4 by the marks a and x. Each value 
agrees very well with the former curves. 
The same measurements were also made 
for the compounds (Cro..Mn.,;)Sb and 
(Cro.sMny.2)Sb. It is known from the meas- 
urement of the powder susceptibility that the 
compounds are antiferromagnetic in a certain 
range below the Néel temperature, but be- 
come ferrimagnetic in the lower temperature 
range. In the antiferromagnetic region, the 
torque curves were represented nearly by sin 
26 as shown in Fig. 5and Fig. 6. However, 
for the compound (Cry.sMnv.2)Sb at liquid 
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Fig. 5. Torque curves of a single crystal of 
(Cro,9Mno,1)Sb in the a—e plane. 
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Fig. 6. Torque curves of a single crystal of 
(Cro,sMno,2)Sb in the a—¢ plane at 290°K. 
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nitrogen temperature, which is just below the: 
ferrimagnetic transition point, the maximum. 
points of the torque curves are displaced to: 
the side of the c-plane (about 15° at the. 
maximum field strength of 25.2 k0e) (Fig. 7). 
The relation of the maximum torque value. 
versus the square of the magnetic field at. 
several temperatures are shown in Fig. 8. 
As shown in Fig. 8, the maximum values of 
torque at the higher temperatures of the 
antiferromagnetic region change in proportion 
to the square of the magnetic field strength, 
however, at the lower temperature of the. 
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Fig. 7. Torque curves of a single crystal of 
(Cro,sMno,2)Sb in the a—c plane at 77°K. 
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Fig.8. Torque versus H? relation of (Cro,sMno,2)Sb. 
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region it increases more rapidly than the 
linear relation. As in the previous case of 
chromium antimonide, we obtained (%,—%.) as 
shown in Fig. 9 and 10. % and %, obtained 
with combining the previous data of powder 
susceptibilities” are shown in Fig. 11 and 12. 
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Fig. 9. (xa—x%e) Of (Cro,sMno.1)Sb. 
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It is considered that the easy axis of the 
magnetization lies also in the direction paral- 
le to the c-axis of the crystal. 
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Fig. 12. Xa, Xe and yp of (Cro,sMno,2)Sb. 


§ 4. Discussions 


It is concluded from the torque measure- 
ment that the antiferromagnetic easy direc- 
tion of CrSb is along the c-axis of the crystal. 
This fact is consistent with the results of 
neutron diffraction experiments by Snow.” 
In such a case, it is to be expected that the 
perpendicular susceptibility will be inde- 
pendent of temperature below the Néel point. 
Contrary to this expectation, present results 
show that the perpendicular susceptibility of 
chromium antimonide decreases with falling 
temperature from the Néel point to 400°K. 
This fact may be explained by a weakening 
of the antiferromagnetic interaction which is 
accompanied by the change of the lattice 
constant c (according to Snow’s X-ray work,” 
the lattice constant c expands several percent 
during the temperature rise of these ranges). 
According to a molecular field approximation, 
the Néel point and the susceptibility of anti- 
ferromagnet are expresses as 


(3) 
Xn = No? 2"/4 | J|z (4) 


where J is the exchange integral, z number 
of the nearest neighbour, K Boltzman’s con- 
stant, S spin quantum number, %y the sus- 
ceptibility at the Néel point, N Loschmit 
number, g Landé factor and “sz Bohr mag- 
neton. The same consideration can be applied 


Tw= 4 Jiek3S(S+1) , 


1961) 


also to the other two compounds, since the 
same kind of behaviour appears in %, below 
the Néel point in these and, at the same time 
the measurement of the dilatation performed 
by Hirone et al® gives the change of lattice 
‘constants of the same order of magnitude. It 
is noticed for (Cro.sMny.2)Sb, that the torque 
versus» H? curve at 15°C displaced from 
straight line appreciablly at above H=20000 
Oe. This anomalous behaviour is considered 
to be based on the induced ferromagnetism 
of this crystal in the stronger field strengths. 
(At room temperature, the compound is anti- 
ferromagnetic from the previous suscepti- 
bility data and present torque measurement.) 
Torque curves at liquid nitrogen temper- 
ature show that saturation could not be 
obtained at 13000 Oe. Ferrimagnetic easy 
_ direction is in the c-axis of the hexagonal 
crystal and coincide with the antiferromag- 
netic easy direction at higher temperatures. 
Finally, we will show the results of the 
magnetic anisotropy constant for CrSb. 
Introducing the anisotropy constant, K, we 
can express the powder susceptibility by the 
formula® 


1 ?, 
ty=-3 iene Me ETM PEOS") 
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Thus, if we measure the x, as a function of 
H’, then we can calculate K combining with 
the observed %, and %,. The obtained value 
of K is of the order of magnitude of 10° erg/gr 
at just below room temperature. 
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The change in intermolecular potential energy produced by mixing 
some low molecular liquids, which are considered as the substitute for the 
chain elements of polystyrene molecule, with several non-polar solvents 
and the extension of polystyrene molecule in these solvents were measur- 
ed, and the obtained results were compared with the theory@). Deter- 
mination of the energy change was made by means of calorimetric method 
and that of the extension of polystyrene by measuring the intrinsic viscosity 
of the solution. We found that the variation of the extensions of poly- 
styrene in different non-polar solvents is mainly determined by the differ- 
ence in the energy change effected by the mixing of benzene, the side 


group of polystyrene, with the solvents. 


Introduction 


we 


The fact that the extension of high polymer 
molecule in solution depends on the kind of 
solvent may be ascribed to the difference 
in potential energies between chain elements 
of the high polymer molecule and solvent 
molecules. Since many properties of high 
polymer solution have an intimate relation- 
ship with the degree of the extension of high 
polymer molecule in solution, the investiga- 
tion on the relation between the molecular 
extension in solution and the intermolecular 
potential energies between chain elements and 
solvent molecules must be of importance not 
only to the problem of moleculor extension 
but also to the study of the physical pro- 
perties of high polymer solution. 

According to the theoretical treatment", 
the mean square end-to-end distance <7*> of 
the high polymer molecule in solution is 
given by 


| es { oN? JE pa 37? nar 
P= eee seat aes 
exp ee ae a oe \rear 
ee 20h 2CNY 
with 
sp=Hwt Esp, <n eels oaig -+(2) 


where —Ey», —Ess and —Eys are the mutual 
potential energies for chain element-chain 
element, solvent molecule-solvent molecule, 
and chain element-solvent molecule, respec- 


tively, o the number of the nearest neighbors: 
around a lattice point, N the number of chain 
elements, »v the number density of lattice 
points, tc a constant number [(47/3)-(1/6?/?)], k 
Boltzmann constant, and CN” the end-to-end 
distance of high polymer molecule when the 
volume exclusion effect of chain element is. 
taken into account, C and y being constants. 
Eg. (1) is the formula for the end-to-end 
distance of high polymer molecule in solution 
obtained with due consideration for the inter- 
action between the chain elements and the 
solvent molecules as well as for the volume 
exclusion effect of chain elements. From this 
equation we see that the end-to-end distance 
of high polymer molecule in solution is a 
monotone decreasing function of 4E, the 
energy change produced when the chain ele- 
ment and a solvent molecule come in contact 
with each other (cf. Fig. 5). The problem 
thus reduces to the experimental investiga- 
tion into the relation between <7?) and 4E 
for different solutions of a high polymer 
substance. 


Since it is practically impossible to measure: 
AE directly for high polymer solutions, we 
had instead recourse to the use of low mole- 
cular substance, which might be regarded as 
the equivalent to the chain element of the 
polymer. As the chain element we may 
assume the monomer of high polymer mole- 
cule or the units whose size are larger or 
smaller than monomer. 
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If we take polystyrene as a high polymer 
substance: 
~CH:-CH-CH:-CH-CH,-CH- 
| 
oa vin ve’ 
MWA Wwe Se 
the conceivable chain elements are: 
~CH,-CH- ~CH.-CH-CH,- -CH- 
| 
( > fem ( i : 
Bea RSs 7 


The corresponding stable molecules which 
might possibly behave in the same manner 
as these units are: 


Mass 


styrene ethylbenzene isopropylbenzen 
CH:-CH CH:-CH, CH.-CH-CH; 
ie CY a 
| 
a we 4 
toluene benzene 
cH 
a 4) 
wes Sa 


Which molecule of these can be considered 
as the suitable substitute for the chain ele- 
ment of polystyrene may be judged by deter- 
mining 4E-values for that molecule in various 
solvents and trying to see if the 4#-values 
thus determined and the <7?> -values, which 
can be obtained from the intrinsic viscosity 
[7] of polystyrene solutions (see later), satisfy 
Eq. (1). The 4#-value can be derived, as will 
be described in §4, from the energy change 
AU, which in its turn can be determined from 
the mixing heat 4H evolved (or absorbed) in 
the process of mixing the molecules with the 
solvent by the use of the relation 

A4U=4H—T(a/B)AV. 
Here T is the absolute temperature, a the 
thermal expansion coefficient, 8 the isothermal 
compressibility, and 4V the volume change 
brought about by mixing. The methods of 
measuring 4H, 4V and [y] will be described 
in detail in the following sections. 


§2. Measurement of Mixing Heat 4H 
The easiest and most accurate method of 
obtaining the mixing heat is perhaps to 
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measure the heat transferred from an electric 
heater to the mixture of two liquids, which 
is required for componsation or reproduction 
of the temperature change according as heat 
is absorbed or evolved. 

I) Apparatus 

Employing this method, we constructed an 
apparatus which is an improved type of that 
devised by G. H. Cheesman and A. M. Beryl 
Whitaker® (Figs. 1 and 2). Main points of 
improvement are as follows: 

i) Up-and-down motion of iron rod for 
mixing and stirring liquids is drived by an 
electro-magnet set outside the glass tube. 
D. C of constant voltage is used for the 
magnet to prevent the heating of the mixing 
vessel due to the electric induction. Make 
and break of circuit of the magnetic coil is 
performed by a rotary switch connected to 
a synchronous motor. 

ii) As is shown in Fig. 1, a cylindrical 
piece of copper (indicated by D in the figure) 
with large heat capacity is used as temper- 
ature standard, with reference to which the 
temperature change in the mixing vessel is 
to be measured. In this way the measure- 
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Fig. 1. Scheme of the whole apparatus. 
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ment is markedly simplified. 

As seen in Fig. 1, the mixing vessel sup- 
ported on a ring holder H, which in turn is 
supported on top of a glass tube 7J>, is set in 
a glass tube 7;. There are several holes in 
the upper part of the ring holder through 
which the tube 7, is evacuated. In order to 
prevent radiant heat transfer between the 
mixing vessel and the outer space, inner sur- 
face of glass tube 7; is coated with aluminium 
by means of vacuum-evaporation technique. 
Glass handle L is used for pulling down the 
copper piece D stated above so that it may 
be released from contact with the bottom of 
the mixing vessel. 

The heating coil is an enamel-coated con- 
stantan wire 0.2mm in diameter, about 1 
meter long, and with resistance of 13 ohms. 
Voltage applied to the coil ranged from 0.65 
volt to 1.3 volt. These values of the current 
were selected so that the plotting of the 
“heating curve’’, as will be illustrated in Fig. 
3, may be made easily and quickly. 

M is a magnet coil designed so as to let 
the iron rod move up and down and to break 
the tinfoil diaphragm (described below). The 
magnet coil is made of an enamel-coated 
copper wire 0.4mm in diameter, total number 
of turns being 8000. 100 volt D. C. voltage 
is applied to this magnet coil and the current 
is closed and cut off at regular intervals of 
one second by a rotary switch drived by a 
synchronous moter. The duration of time 
while the switch is on is 0.01 sec. 

Fig. 2 gives the details of the mixing vessel. 
It is composed of two parts B and C with 
respective volumes 2.7cm’ and 3.4cm?, into 
which the liquids to be mixed are introduced. 
Band C are separated from each other by 
a tinfoil diaphragm 0.005mm in thickness, 
which is hold tightly by gaskets G, made of 
annular polyethylene sheet 1mm thick. 

In C there is an iron rod with a sharp 
point which is used for breaking the tinfoil 
diaphragm and mixing the two liquids by its 
up-and-down motion. Around the vessel C 
are wrapped two sheets of insulating paper 
P, with a heating coil E in between. 


II) Experimental Procedure 

Accurately measured quantities of the two 
liquids to be mixed are introduced into the 
vessels B and C, and the whole apparatus is 
evacuated down to pressure 10-‘mm Hg. 
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Now, we start the motor which drives the 
rotary switch. If the readings of galvano- 
meter are found constant we commence 
mixing and stirring the liquids. The results 
obtained in endothermic and exothermic cases 
are shown in Fig. 3a and Fig. 3b, respectively. 
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Fig. 2. Mixing vessel. 


A in Fig. 3a indicates the point where the 
mixing is started. The galvanometer reads 
from A to C and finally to D. The net tem- 
perature change due to mixing corresponds 
to the height AB which is obtained by extra- 
polation of the curve DC leftwards down to 
B. In order to obtain the mixing heat 4H 
(see section (III)), we close the heater circuit 
at the moment when the curve arrives at 
the point D (which can be selected arbitrarily*. 
The “‘heating curve’ DEF is then plotted, 
and the tangent is drawn at E which is at 
the same level as A. This tangent means 
a heating curve which would have been 
obtained if the heating were solely due to 


* Only, the curve C D must be long enough to 
be extrapolated. 
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heater current”. 

In the case of exothermic mixing (Fig. 3b), 
the height A’B’ corresponding to the net 
temperature elevation brought about by 
mixing is obtained by extrapolation of the 
curve D’C’. The plotting of the “heating 
curve’ E’F’ is started from the room tem- 
perature. The tangent of the curve E’F’ at 
E’, is, as before, nothing but the heating curve 
which would have been obtained, if the heat- 
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Fig. 3a. Mixing curve of benzene and isopropyl- 
benzene. 
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Fig. 3b. Mixing curve of benzene and methylethylketone. 
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ing were only due to the heating coil. 


III) Calculation of Mixing Heat 
i) Endothermic Mixing 

In Fig. 3a, AB measures the net tempera- 
ture depression caused by mixing, and the 
gradient tan @ of the tangent drawn to the 
curve DEF at E means the temperature ele- 
vation of the mixture per unit time when 
the heat is transferred from none other than 
the heating coil. Thus the mixing heat 4H 
(joule) is given by 


Ae ae (A) 
tan 0 
where J (ampere) is the heater current, and 
FR (ohm) the resistance of the heating coil. 
ii) Exothermic Mixing 
From Fig. 3b, and following the same pro- 
cedure as in the case of endo-thermic mixing, 
we get the mixing heat 
A'B' 


AVG SS IPIR : 
" tan 0’ 


(5) 


Measurement of the Volume Change 
Caused by Mixing 


S83. 


A pycnometer with stoppers, as shown in 
Fig. 4, is used for the measurement of volume 
change produced by mixing. The stoppers 
serve for preventing the liquids from evapor- 
ation. Measurements of the densities o4 and 
oz of the liquids A and B and of uz of equi- 
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Fig. 4. Pycnometer. 


* In constructin 
-within the mixture 


¢ the heating curve, due corrections must be made by subtracting the heat developed 
"cheat of kinetic energy origin), which can be measured by the blank test. 
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Table I. Volume change by mixing. (cm3/mol. mixt.) 

>* ae ae: Styrene Ethylbenzene ye she Toluene Benzene 

Solvent ; ait aa 
Benzene +0.0504 +0.1193 —0.0583 +0.0715 0 
Toluene —0.2896 —0.0163 +0.1120 0 +0.0715 
Xylene +0.0231 +0.0422 +0.0323 +0.2070 +0.2797 
Styrene 0 —0.0136 +0.0478 —0.2896 +0.0504 
Ethylbenzene —0.0136 0 —0.0876 —0.0163 +0.1193 
Cyclohexane +0.5694 +0.4792 +0.4699 +0.6348 +0.6412 


molal mixture of A and B are determined 
by the ordinary manner. The volume change 
per unit equi-molal mixture is therefore given 


by 

——— es Mz idk (6) 
2 OAB OA OB 

where M, and M; are the molecular weights 

of A and B respectively. Experimental results 

obtained are shown in Table I. 


AV= 


§4. Calculation of Energy Change Due to 
Mixing 

In this section we shall derive the mixing 
energy of two liquids A and B [4E= 
(EnotLEss)/(2)—Eys| from the change of the 
intermolecular potential energy 4U brought 
about by mixing. We assume for simplicity 
that the quasicrystalline lattice model for 
liquid is allowed to use and that the size 
and shape of molecules of A and B are so 
similar to each other that the probability for 
a molecule to occupy a lattice point is the 
same in both liquids. 

Let the numbers of molecules of A and B 
be Ny and Nz, respectively, the number of 
the nearest neighbor sites around a lattice 
point be o, and the potential energies of mole- 
cular pairs A—A, B—B and A—B be —E yu, 


Table II. 
Thermal Isothermal 
Solvent expansion compressibility @ 

coefficient a cm2/dyne 
Benzene 1.229 10-8 0.953 x 10-8 
Toluene 1.051 » 0.9147 » 
Xylene 0.994 4 0.798 7 
Styrene 0.738 7 0.74 ” 
Ethylbenzene 1.018 47 0.833 7» 
Cyclohexane 20 ee, IPA! ig 


—Ezz and —E4,z, respectively. Then the sum 
of the potential energies of two liquids A and 
B before mixing is 


Ua U,=— Ea one Exe . Ce» 

Since the numbers of the molecular pairs 

A—A, B—B and A—B are respectively given 
by 


N 4? 
pp, ee 
“WN Ne 

IN p2 
Nes=— 
22ND)” (8) 
Nia oNiANe : 

Nat+Ne 


we have, for the total intermolecular potential 
energy of the mixture, 


Usng= —NasEsa—NoepEzn—NazE az 


oN. E oN;? E 
2(NatNe) ~~ 2(NatNz) 7” 
oNjANp 

Dp 
Na+Nz i or, 


Thus the change in intermolecular potential 
energy of the two liquids produced by mixing 
is, from Eqs. (7) and (9), 


102 ee 


She 0) 
with 
Apa ast Ean By (11) 
so that 
dpe at Naw (12) 


oNiNe 


If no change of volume accompanies mixing, 
AU is equal to the mixing’ heat 4H, or we 
have 


Ag=NatNe gy 


ONL e (13) 


| 
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In the case where the volume change 4V 
is not zero, the system of mixture undergoes 
a change in energy corresponding to the work 
done in a form of mechanical work of ex- 
pansion or contraction. Theory requires 
that 


4U=4H—T(a/B)4V 
+(higher terms of 4V), (Es) 


in which a, thermal expansion coefficient, and 
8, isothermal compressibility of the mixture, 
are given in terms of corresponding values 
of the component liquids, by 


A= 1A; + $22 : (14) 


B=¢:B: + b282 ? 


$s’ being the volume fractions of the com- 
ponents. Eqs. (8) and (12) yield 
Nit+N, 
A See 
oNs«Np 


In the special case where unit molal mixture 


is made of equi-molal liquids A and B, we 
have 


(AH T@iAV oo wl) 


Na=Ny=o" ; 
Nay being Avogadro’s number. If we put 
G12 
Eq. (15) becomes 
1 
4E=——{AH-T AV}. i 
E 3 peas (a@/B)AV } (16) 


Table III. Energy change by mixing. 


ues Energy change by mixing 
Chain element Se meee Wie neat Ica) 
equivalent cal/mol. AU AE 
cal/mol. : 
cal/mol. cal/pair 
Styrene Benzene + 13.5 + 4.42 + 9,1 + 4.99 10-24 
Toluene 0.00 —24.46 + 24.46 +13.45x 7 
Xylene + 10.4 + 1.99 + 8.4 + 2.63x » 
Styrene 0 0 0 0 
Ethylbenzene 0.00 — 1.13 + 1.13 + 0.62x » 
Cyclohexane +205 +37.46 +167 +92.1 x 7» 


Table IV. Energy change by mixing. 


Pe Energy change by mixing 
heat 
Chain element ee a T(a/B)4V 
equivalent Solvent ‘i 1 cal/mol. 4U AE 
Calne) cal/mol. cal/pair 
Ethylbenzene Benzene + 21.1 +10.37 +10.7 + 5.91x10-24 
Toluene — 3.38 — 1.37 — 2.01 — 1.11x » 
Xylene + 4.68 + 3.62 + 1.06 = 10558 xX 7 
Styrene 0.00 — 1.13 + 1.13 + 0.62 “7 
Ethylbenzene 0 0 0 0 
Cyclohexane +102 +30.4 +72 Sra Sk My 


Table V. Energy change by mixing. 


h oe 
Maxineldeat 1(@l9)4V Energy change by mixing 
Chain element Solvent AH non Pe 7 

equivalent 1/mol ca 
a ‘ cal/mol. cal/pair 
Isopropylbenzene Benzene 21.3 —2 4.10 +26.1 +14,34x 10-24 
Toluene — 5.53 + 8.87 —14.40 — 8.92x «7 
Xylene — 1.39 + 2.60 = EW!) LO aaa, 
Styrene + 3.64 + 3.69 — 0.05 — WO 
Ethylbenzene 0.00 — 6.80 + 6.80 + 3.74x 4 
Cyclohexane +86.0 +29.30 SOO md SoH ASS Wz 
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Table VI. Energy change by mixing. 
ce. Energy change by mixing 
Chain element Mixing heat T(a/B)4V 
: Solvent 4H 1 
equivalent cal/mol cal/mol. 4E 
: cal/mol. cal/pair 
Toluene Benzene + 12.6 + 6.36 + 6.2 Sse: ye 
Toluene 0) 0 0 0 
Xylene + 6.34 +18.13 —11.79 — 6.48 7 
Styrene 0.00 —24.46 +24.46 +13.45x #7 
Ethylbenzene — 3.89 — 1.37 — 2.52 — 1.38 
Cyclohexane +116 +38.00 +78 +42.7 X » 
Table VII. Energy change by mixing. 
sll Energy change by mixing 
Chain element Solvent balers heat T(a/B)AV 
equivalent cal/mol. AU 4E 
cal/mol. ? 
cal/mol. cal/pair 
Benzene Benzene 0 0 0 0 
Toluene + 13.9 + 6.36 + 7.5 + 4.13x10-4 
Xylene + 50.6 +25.34 + 25.3 +13.86 7 
Styrene + 10.5 + 4,42 + 6.1 + 3.34x » 
Ethylbenzene + 21.6 +10.37 + 11.2 + 6.15x 7» 
Cyclohexane +171 +43.90 +137 +75.5 xX @ 


Observed values of 4H for equi-molal mixing 
and calculated values of 4E are given in 
Tables III-VII. 

Procedure of deriving the equi-molal mixing 
heat from the experimental results for non- 
equi-molal mixing is as follows. Neglecting 
the effect of volume change 4V and putting 
AU equal to 4H, we obtain from Eq. (13) the 
expression for equi-molal mixing heat per 
unit molal mixture; 


A Hequi-moi. mix./mole 
Nar ea 
= Ala hee 
4 ( NaNz as 


or, introducing the molal fractions of liquids 
A and B; 


(17) 


44— Nas 
HSS ? 
N. 
AV (18) 
XB3> Ne 
oar Nav 
A Hequi-mot. mix,(mole=24+*2 4 Fong : (19) 


XAXB 
§5. Measurement of Extension of High 
Polymer 


The end-to-end distance of polystyrene of 
molecular weight 200,000 in various solutions 


has been measured. Between the intrinsic 
viscosity [7] of the high polymer solution and 
the molecular weight M of the high polymer 
molecule there is an empirical relation 


lyJ=KM", (20) 


where A and a are constants. For the 


benzene solution of polystyrene, Eq. (20) 
becomes “ 


[y]=2.7x10-*x M-6 , (21) 


This equation enables one to determine the 
molecular weight of any fractionated sample 
of polystyrene. The values of K and a for 
solvents other than benzene are then obtained 
from the measurement of [y] by using poly- 
styrene of known molecular weight. 

With these values of K and a, [y] of the 
solutions of polystyrene with molecular weight 
200,000 can be calculated, so that finally the 
extension of polystyrene in these solutions 
can be derived from the values of [y] and 
a, The measurement of viscosity was 
carried out by the use of a viscometer of 
Ostwald type. The concentration of the 
solution was determined by weighing the 
high polymer residue after a known quantity 
of solution was dried by evacuation and 
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Table VIII. Intrinsic viscosity [y] and root mean 
Square end-to-end distance (<r?>)1/2 of polystyrene 
with molecular weight 200,000. 


Solvent [7] g/cc a (<r2>)t/2 A 
Benzene 85.5 0.66 320 
Toluene 82.0 0.59 290 
Xylene 74.0 0.52 25S 
Styrene 84.5 0.62 303 
Ethylbenzene USS 0.50 256 


heating. Experimental results are shown in 
Table VIII. 


§6. Discussion 


As already stated (§1), the mean square 
end-to-end distance <7?) of high polymer mole- 
cule in solution must be a monotone decreas- 
ing function of 4E. As can be seen from 
Tables II-VI, it is only the case where ben- 
zene is assumed as the chain element equiva- 
lent that <7?) comes out a monotone decreasing 
function of 4E (cf. Tables VII and VIII). It 
may therefore be inferred that, in so far as the 
solvent molecules are non-polar, the extension 
of polystyrene is determined mainly by the 
intermolecular interaction between the ben- 
zene group, which is bound on the side of 
the main chain of polystyrene, and solvent 
molecules. 

That the benzene group acts as a substitute 


o xylene 


-25 
5} [6907 1605 9'7N0 110 
AE cal /pair 


lwedis v4 


Fig. 5. Relation between root mean square end- 
to-end distance and energy change by mixing 
for polystyrene (M.W.: 200,000). 

Full line: Theoretical curve (c=12, N=1923) 
Circle 1/40 of observed values 
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for the chain element of polystyrene may be 
interpreted as follow; If the structural chain 
element of polystyrene were free, its nearest 
neighbor sites (usually 12) should be all equi- 
valent to one another and capable of admit- 
ting any other element (chain element or 
solvent molecule) into them: But the nearest 
neighbor sites of actual chain element are not 
all equivalent with respect to the chain ele- 
ment, since some of them are already occupied. 
The remaining sites which are capable of 
admitting any other element are perhaps for 
the most part identical in character with the 
nearest neighbors of benzene. This may pro- 
bably be the reason why benzene molecules 
show a behavior similar to the chain elements 
of polystyrene. 

The next step to be taken is to compare 
the relation between 4E# and <7?> with the 
theory quantitatively. In Fig. 5 the full line 
gives the theoretical curve and circles give 
the observed values of 4£ multiplied by 1/40. 
Theoretical values are those calculated nu- 
merically from Eq. (1), where as the lower 
limit of integration is taken the value of 7 
which is computed from the radius R of a 
hypothetical sphere considered to consist of 
close-packed chain elements by the relation 
based on the random fleight model 


(R=) 


and as the upper limit is taken the value of 
the end-to-end distance of the chain with the 
elements lined up straight. The constants in 
Eq. (1) are estimated to be: o=12, N=1923, 
y=2,566 x 1072 and t=0.285. 

The fact that the experimental values of 
AE multiplied by 1/40 come out to fit the 
theoretical curve fairly well may be inter- 
preted as follows: 

(1) For the chain elements constituting a 
chain some of the configurations of the pairs 
of ‘‘chain element-chain element’’ and of 
“chain element-solvent molecule’ will be 
frustrated on account of the steric hindrance 
by the neighboring chain elements, so that 
the effective number of the nearest neighbors 
around a chain element must be less than 
o=12. The diminution in o-value causes 
theoretical value of 4E as calculated by Eq. 
(1) to increase so that the curve in Fig. 5 
should be displaced to the right. 

(2) It is generally regarded as true that 


(22) 
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the high polymer molecule in solution as- 
sumes the form of a thread ball, the density 
of the chain elements at a point within the 
ball being the larger, the nearer it approaches 
the center. Thus, the solvent molecules are 
more or less prevented from penetrating into 
the ball; that is to say, it becomes impossible 
for the chain elements near the center to 
make free contact with solvent molecules. 
Consequently, the effective number of chain 
elements should be considered to be less than 
N=1923. The decrease in N-value also leads 
to the displacement of the curve in Fig. 5 to 
the right. 

(3) The steric hindrance stated in (1) will 
cause the destruction of low energy configur- 
ations along with the diminution in the num- 
ber of geometrical nearest neighbors. This 
implies that the values of 4E to be observed 
when the high polymer (polystyrene) is dis- 
solved in various solvents should be smaller 
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than those observed in the present experi- 
ment. 
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Proton Magnetic Resonance of Ice Single Crystal 
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(Received September 10, 1960) 


The single crystal of ice was examined by proton magnetic resonance 
method, and the result was shown to be consistent with Pauling model. 
The problem of whether the arrangements of protons is ordered or not 
is, however, still open to the question. 


The structure of heavy ice has been investi- 
gated by Peterson and Levy” by neutron 
diffraction and the result is found to be con- 
sistent with Pauling model®. We examined 
the ice single crystal by proton magnetic reson- 
ance method and obtained the result which is 
again consistent with the model. 

The sample was kindly provided by Dr. K. 
Arakawa. The crystal was examined by the 
etch-pit method”. The etch-pits developed on 


the surface perpendicular to the c-axis are 
reproduced in Fig. 1. All of them are regular 
hexagonal as is expected from the hexagonal 
crystal lattice of ice. It may safely be concluded 
that the crystal is quite single and the c-axis 
is almost parallel throughout the crystal. A 
cylindrical specimen about 10 mm in diameter 
and 15mm in height, the axis of which was 
perpendicular to the c-axis, was cut from the 
central part of the original single crystal of 
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Fig. 1. Ech-pits on the ice single crystal. 


Fig. 2. Derivative of absorption curve of ice 
single crystal when the magnetic field is applied 
paraliel to the c-axis (@=0°). 

Sample: Ice single crystal, see the text for 
; details 

Field: 5630 Gauss 

Field sweep: about 3 Gauss/min 


Proton Magnetic Resonance of Ice Single Crystal 


Frequency: 24.0 MC 
R.f. Field within sample coil: about 50 micro- 
gauss 
Time constant: about 10sec 
Temperature: 93°K 
Q= 0° @= 
3 
3 o~_10 
2 or, 
°o 
3 (my 
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Fig. 3. 
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about 200mm in diameter and 70mm in height. 

Fig. 2 shows an example of the results. 
The external magnetic field was applied paral- 
lel to the c-axis, within the accuracy of 5 
degrees. The temperature was kept as low 
as —180°C, and H, was cut down to as low 
as about 50 microgauss to avoid saturation. A 
Twin-T bridge-type detector was used through- 
out this experiment. The upper part of Fig. 
3 shows the angular dependence of the absorp- 
tion, where the external field makes the angle 
@ from the c-axis in the plane which contains 
the c-axis and a direction that makes the 
angle of about 20 degrees with an a-axis in 
the c-plane. 

The calculations of line shapes were based 
upon Pauling model: first, protons occupy 
the two among the four possible positions 
surrounding each oxygen, secondly, the protons 
lie on the lines connecting two oxygens, and 
thirdly, only one proton can exist on any 
oxygen-oxygen line closer to either of the 
two oxygen atoms at both ends. The as- 
sumption of the microscopic random occupa- 
tion of protons among possible arrangements, 
however, are immaterial here, because the 
contribution to the second moment from 
neighboring protons, which must be used in 
the calculation of the actual line shape, is 
practically the same, whether these protons 
take random or ordered arrangements”. Then 
the number of possible interproton vectors 
are 18 in all; 6 of them are contained in a 
c-plane, the remaining 12 being contained in 
the cone, which is shown in Fig. 4. These 
interproton vectors were assumed to be equally 


10 10 


Gauss 


Derivative of absorption curves of an ice single crystal. For the meaning of 6 see text. 
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occupied throughout the whole specimen. 
Then the line shapes were able to be calcu- 
lated by using the data on the interproton 
distance as well as the intermolecular contribu- 
tion which were obtained by the powder experi- 
ment®. The results are shown in the lower 
part of Fig. 3. In view of the fact that the 
angular precision was rather poor, the agree- 
ment between observed and calculated curves 
is considered to be satisfactory. 

Fig. 5 shows the motional narrowing. Al- 
though the experiment is rather qualitative, 
the general tendency is consistent with the 
powder experiment”. 

The authors express their hearty thanks to 
Prof. Y. Kakiuchi, who showed much interest 
on the experiment, and offered a chance to 


Blope line width (Gauss) 
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Fig. 4. Possible interproton vectors in ice crystal. 
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250 


Temperature (°K) 


Fig. 5. Narrowing of absorption line of ice single crystal. 
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We also thank Mr. H. Shimizu for his assis- 
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Microwave Attenuation by Cyclotron Resonance in 
a Slightly Ionized Gas 


By Taro Dopo 
Hitachi Central Research Laboratory, Kokubunji, Tokyo 
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The Boltzmann equation is solved for the distribution function of 
electrons in a static uniform magnetic field By and a high frequency 
electric field. The tensor of dielectric constant and the propagation con- 


stant k are obtained from this solution. 


The calculations are made by 


neglecting the square of the amplitude of electric field for two cases: 


(1) k//Bo, (2) k1 Bo. 


The attenuation spectrum for the case (2) is not a Lorentzian type and 
its maximum occurs at the microwave frequency 


WO (We? + © p? + ym?)1/2 . 
If the electron density is high, the attenuation spectrum differs from a 
Lorentzian type even for the case (1). 


Introduction 


$1. 


For the measurement of plasma temperature 
(collision frequency), the electron cyclotron 
resonance method gives more accurate means 
than the usual microwave diagnostic techni- 
que”, because the half width of the resonance 
spectrum gives directly the collision frequency. 
It is then desirable to establish the theory, 
which would enable us to analyse the results 
obtained by cyclotron resonance technique. 
Several works”®” pertaining to this topic 
have been published. They are, however, 
neither rigorous nor convenient for the com- 
parison with the experiment. 

Keily, Margenau and Brown” had obtained 
the cyclotron resonance absorption spectrum 
by calculating the quantity (J+ E>iime averace- 
Because the electric field H used in the theory 
of K. M. B. is the incident external field, which 
does not include the induced electric field 
produced by the plasma current J, their theory 
can be applied only to a dilute plasma, Le. 
o,?<w?. Drummond® had carried out more 
detailed calculations, but his analytical results 
were complicated and difficult to be inter- 
preted intuitively. Also he had shown many 
numerical results about the refractive index, 
but he had aimed at a very dense and hot 
plasma, so his results were not appropriate to 
apply to a slightly ionized cold plasma used 
in ordinary laboratory experiments. Also both 
authors had introduced phenomenologically 
the collision frequency, the relation between 
the collision frequency and the differential 


collision cross section* had not been clarified. 
Recently, Kelly*® has derived conductivity 
tensors including electron-electron collision,. 
but he has not derived propagation constant. 
The quantities that should be compared with 
experiments are propagation constants and 
these are different for propagation directions. 
in relations to the static magnetic field. 
K.M.B. and Kelly have assumed without any 
discussion that the distribution function is 
uniform in spatial coordinates. When an 
electromagnetic wave polarized normal to a 
static magnetic field propagates in normal 
direction to the static field, a longitudinal 
current and a longitudinal field are induced. 
By these longitudinal components the electron 
density will be made inhomogeneous in the 
propagation direction. 

The “absorption” of the electromagnetic 
energy can be obtained by calculating the 
quantity of’, where E should include the 
field induced by the current flowing in the 
plasma. On the other hand, for the plasma 
diagnostics, we get the information about the 
density and the collision frequency of the 
plasma from the measurement of the “attenua- 
tion constant” and the phase shift. The 


* Desloge, Matthysse and Margenau®) had made 
some errors in the treatment of collision term in 
the Boltzmann equation. They had used the collision 
frequency instead of the momentum transfer collision 
frequency, which should be used in such a problem. 
Recently, Desloge and Matthysse®) has carried out 
the correct treatment in this point. 
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“absorption” and the “attenuation” are not the 
same. Consider the propagation of microwave 
of frequency through a collision-free plasma 
without static magnetic field. If w,>, as 
is well known, the amplitude of the wave 
attenuates, although there is no absorption of 
the wave energy. Usual plasma diagnostic 
method is based on the measurement of this 
attenuation. From this reason, we aimed to 
derive the “attenuation constant”. The at- 
tenuation constant is more complicated than 
the conductivity tensors when the wave pro- 
pagates perpendicularly to the static field. 


§2. Distribution Function 


The Boltzmann equation is solved for the 
distribution function f of electrons in a static 
uniform magnetic field B, directed in z-axis 
and a high frequency electromagnetic field, 
whose electric vector EF is in the x—y plane. 
The Boltzmann transfer equation is 

Dis he erage 6 

Te bill a (5) Jon Gh) 
where F is the Lorentz force and (Of /Ot)co1 is 
the change of distribution function by colli- 
sions. Taking the non-relativistic approxima- 
tion and neglecting the quantities of the order 
of v/c, F is given by 


Ls Sires flat Gag (2) 


m 

In a slightly ionized gas, collisions of the 
electrons are mainly electron-neutral atom 
encounters. We neglect the electron-ion and 
electron-electron collisions and assume that 
(Of/Ot)coux comes from the electron-neutral 
elastic collision only and the relative velocity 
of collision can be replaced by the electron 
velocity because of (atomic mass)s>(electron 
mass). By these assumptions (0f/Ot)cou be- 
comes very simple in form. We can assume 
safely that ions are not influenced by the 
high frequency microwave field because of 
their large inertia. Further we neglect 
the quantities of the order of E*. This 
is the most essential and severe assump- 
tion* in this paper. This means that the 
increase of mean kinetic energy of electrons 
by the absorption of microwave energy is not 
taken into consideration. Actually, for the 


* If the collsion frequency hy is independent of 
the electron velocity, this assumption is unnecessary 
for the results derived in 8 3(i). 
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plasma diagnostics by the measurement of 
microwave attenuation, we must use the 
microwave of small amplitude in order that 
the plasma is not disturbed by the measuring 
means. Therefore, the neglect of the quanti- 
ties of the order of H? is a natural assumption. 

With these assumptions we can treat rigo- 
rously the problem without ambiguity. To 
the first order of E, we can put the distribu- 
tion function f into the form 


S=fetfoaa=fe+02GitvyG2=fet vG ’ (4) 
where f., Gi, and G, are functions of electron 
speed v. Since 


0 Ofe , =) 
aoe = +G, o 
+ (fet 0G)= 7 eaeae a (5) 
kg A (4) into s gives 
Of. Ofe oe) -@, 
at +07 at po ofeg See Boalt yl rk =p 
_e@ pv Of “) e Ge | 
ile. toes oa 0) Ol ice « 
(6) 


Substracting from (6) the expression obtained 
by replacing v with —v in (6), we obtain 


0G Of. OF 1 Of. e | 
— = B 
la: me or m v Ov ne a) 


[Cede @ 


where [(0f/Of)couzloaa is the odd function part 
of (0f/Ot)cou With respect to v. Neglecting 
the terms containing (electron mass/neutral 
atom mass)!/?, the right hand side of (7) be- 
comes, as shown in Appendix I, 


—YmvG , 
where vy» is the collsion frequency for mo- 


mentum transfer and is generally a function 
of v, 


m= Bn \(a—cos 8) falvagog,6)sin 0d0dvm, (8) 


where f,(Uz) is the distribution function of neut- 
ral atoms, g is the relative velocity given by 
g=|v—v,|=v, and o(g,@) is the differential 
scattering cross section. Then (7) reduces to 
a simpler expression 


cE 1 Of. 


Me Cy Ge uO fa 
G mM 


v Ov Or 


The solution of (9) is easily obtained by the 
change of variables 


EL, +tihy=E.,, E,—ithy=E_, G:+1G.=G.,--*. 
(10) 
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By use of (10), (9) becomes 


ae 
F1M¢G + t+ UmG+ 


guriohis aft (Popa = sar. 
oie ora ( Sipps 


G 
ot 


(11) 
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where , is the cyclotron frequency 
Oc=eBi/mc . 

If EF, and E_ vary as 

E,=e, exp (—iot), E-=e_ exp (—iat), (w: real), 

(E,: ordinary wave, E_: extraordinary wave), 

we obtain the soltuions of (11): 


Cua | ee (ei ee 


m v Ov Ox 
(13) 
and 
Gre | SE {m= ye ook} 
mv ov 
Of, ; Of. 1 
sat (Yin—t@)+ By 07 | ee ag” (15) 
G=|o 77 fe st eB. +m io) Ey} 
mv Ov 
Of. Of. ; | il 
po oY a : . 16 
Ox De ay (YUm—10) Cie (16) 


Of./Ov of the first term on the right hand side 
of these expressions can be replaced under our 
assumption by 0f,/0v, f. being the zero-order 
quantity with respect to the perturbation FE, 
i.e. the Maxwell distribution in equilibrium. 


§3. Propagation Constants (Dispersion Rela- 
tions) 

Calculations are carried out for two different 
cases, namely (i) when the propagation vector 
k is parallel to the z-axis, k//B), and (ii) when 
k is parallel to the x-axis, k1 Bo. In both 
cases we treat a plane wave, so that 0/./0y=0. 
(i) k//Bo 

In this case, 0f./0r=0 because the electro- 
magnetic wave propagates as a transverse 
wave. Using (13), we obtain the current /x: 


em —el v.sciv, fdu= ~(e/3)|"G-do 


orks | UY f,Anvdv 
7 SRT Syn 1 Ow.) 


ne 
ir. BEB. — ay ; 


When vy, is independent* of v, we have, because 
of <v?>)=3kT/m, from (17) the relationship 


(17) 
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Oy" 1 
4x Ym—UOLWe) ’ 
When vy, is proportional to », i.e. the collision 
cross section (mean free path) is independent. 
of v, we can obtain an analytical expression 
and the result is shown in Appendix II. The 
numerical results is nearly the same as (17)’. 
By use of (10), the Maxwell equations are 
rewritten as follows: 


a 


Op =4rne?]m. (17) 


joHs 10E. | 4x 
Oz ~ co Ot Cc Je 

OE: 10H: ep 
02° Geto; 


Eliminating H. from these equations and sub- 
stituting (17) into Js, we obtain the scalar 
dielectric constants ¢: and e_ for the ordinary 
and extraordinary waves: 

OF. 1 (ORs m OJe\ ez OEs 

az =a ae + *" a ee at? 
As stated at the begining of this subsection, 
in the case of k//B) the electron density is. 
independent of the spatial coordinates and so 
On/ot=0, oe Then we obtain 


+-Oe— lV 
s=1 @ Cc ™m 2 py) 
3Ap? atau » ee 
where 2p is the Debye length and &p= 


(kT/4zne*)'/?, When v,», is independent of »v, 
the above expression comes to 


l+yr—-if 


(21) 


TET EB ae 
where y=0,'/0, r=@,/0, B=Y»/o. 
Substituting 
Es=Ex) exp 1(ksz—ot) ‘t (24) 
hha ten 


into (21), we obtain the real and imaginary 
parts of propagation constants: 


Ran=Ro(| ex |+exr)?/(2)? , 


25 
hag=ho| ex |—exr)!/2/(2)¥? , (25) 


ko=o/C O 


TER is independent of v, we get (17)’ by the 
partial integration: 


Ofe 1 
Any? 
fe dv Ym — Uw +o BD) pide 
3 
=a An 2, 
vm —Uo+ We) \f ee) 


=—3n/[vn—t(w+ we)] - 
Therefore, f. is not necessarily the Maxwell distribu- 
tion, namely the assumption stated at the last section, 
the neglect of quantities of the order of E?, is un- 
necessary. 
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The attenuation constant k;, of wave energy 
for the linearly polarized wave propagating 
parallel to the static igi field is 
1 
| E,E_ | 02 


kyj=— Os ELE |=Rit tks 


nepers/cm. (26) 

In the case of a plasma of extremely low 
density (w,»’<w?), we expand the square root 
of (25) into a power series of w,?/w? and take 
the first term only, then we get the well-known 


Lorentzian spectrum: 


t= Gel tata 
si 62Ap2c (O@+@¢)? +m 


i v>| for @,’<w?. (27) 


(o —We)? SFE 


When vp is independent of v, (27) becomes 


k On Yn Yn 
ve 125 amr i el 
for aopKotre Zh)! 
This expression is already given by K.M.B.” 
from the calculation of conductivity tensor 
ok?. 
When the value of v» is not extremely large, 


Attenuation constant £/ 


1,0 


(e} 


rf | : 
+o] 


Oo 1.0 LS 


Fig. 1. Attenuation spectra of a Lorentzian type 
and an exact one as a function of magnetic field 
strength we/w. 

(a): Calculated by (27)’. wy’<w?, vm/w=0.1. 

(b): Calculated by (22)’ and (25). wy ?=0.5w2, 
vm/wo=0.1. 

The collision frequency is the same for both cases. 

The normalization factors are adjusted so as to 

give the same peak height. 


(a) 


W/W 
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the attenuation spectrum (27)/ has the maxi- 
mum at w=, and has a symmetrical shape 
about w=a,. Fora plasma of not extremely 
low density (w»?=>w?/10), the attenuation spect- 
rum numerically calculated from (22)’ and (25) 
has a maximum at (@)max>we. and has an as- 
symmetrical shape about (@)max. A numerical 
example is shown in Fig. 1. 


Gi) kLBo 

In this case, even when the incident micro- 
wave has Ey, component only, a longitidinal 
component £, is produced in the plasma by 
the current J, produced by FE, and Bp. 

The first term of the current obtained by 
using (15) is a current J, produced by the 
electric field and its second term containing 
Of./Ox is a current Jp produced by diffusion. 
One can prove (as shown in Appendix III*) 

(JalJo)«(A'lav)’ , (28) 
where 2’ is the wave length of the microwave. 
Therefore, in case of (4’/Ap)*>1, the term con- 
taining Of./0x can be neglected. In laboratory 
experiments, 2p is usually of the order of 
10-*cm and so the condition (4’/4p)?>1 is well 
established. 

On these grounds, calculations are carried 
out neglecting the term containing Of,/Ox. 
Currents J, and J, are obtained from (15) and 
(16): 


i= ~e|».fae= “tite 
n— 1 


A RTE Onin? OE, 


Noam YE, | ; (29) 
a aaa be EEN OE, 
Ci oe Aye 7 E,| (tee (0) 


Substituting these expressions into the Max- 
well equation 


OE Os 
OF ter) 
we obtain the dielectric tensor ¢. In this cal- 
culation, the term 0J/0t is composed of two 
terms: 


(4?—grad div)E= Fl (31) 


OJ On OH 
GANOR A OF * 


* This discussion was suggested by Professor 
T. Kihara of Tokyo University. 
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The first term (0n/O0t)E is the quantity of the 
order of HE? and can be neglected from our 


assumption. Then 
1/@E OJ\ : &E % 
al at — co OF’ oe 
aes Orin “ 
ea: ae O \ (O+tYm)? a /? 
Exy — Eyx=t ore as 
~ — 32p? @ NN (@+iY¥m)?— we? 
Exe Cyz = Czy Ezy —0 , 
a a 1 te y2 
OAR () O+iWm 5 
(33) 


In the case of plane wave propagating along 
the x-axis, i.e. OF/Oy=0H/0z=0, (31) and (32) 


are 
if OF, OE 
Salo OF hase faa 
By 1 OE, 
Aerts con a wt eae |: 


Eliminating i“ from these equations, we 
obtain the effective scalar dielectric constant ¢ 
for E, propagating along the x-axis: 

OEy __& O°Ey 

Ox? ~—c?_ OF ’ 


E> Eyy — Spores 


ids! ERG 1+i8 > 
SL Sa a he 
Bap? w?} \ (1+i82—7? 


1 Tee v2 2 
3Ap” ae (1487? » 
ye Lage 1+728 vy} 

3Ap* 0? 01 +78)?—7? 
If v» is independent of v, the above expression 
becomes 


or . (34) 


i708 

(l—y—8?—7?)+i8(2—7) ° 
Substituting this dielectric constant (34) or 
(34)’ into (25) instead of ex, we obtain the 
propagation constant for Ey. Because this 
expression is lengthy*, we show the numerical 
results for the cases of 7=0.1, 0.3, 0.5, 2.0: 
B=0.1 in Fig. 2, as an example. The attenua- 
tion spectra were calculated numerically by 
using (34)’ for various combinations of 7 and 

* Mr. S. Tanaka? of Kyoto University has oT 
an approximate expression for the case of wr’<w 
and he has given many numerical examples for this 
case, 


(34)! 


e=1—7 
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8. From these calculations, we found that 
the half width was given by 2v, in good accu- 
racy when 7S0.3 and @<0.3. And the 
maximum of attenuation spectrum occured, as 
expected from. (34)’4 at. (q:)maxt 


(7) max =(1—y— B?)¥/? . (35) 
From another point of view, the microwave 


frequency (@)max at which the attenuation 
spectrum attains a maximum is given by, 


Attenuction constent 4; 
10 (c) (b) (a) 


0.5 


0 05 Ke) ED) 


We/as 


Fig. 2. Attenuation spectra of the microwave pro- 
pagating normal to the static magnetic field. In 
this figure the microwave frequency w is fixed 
and the cyclotron frequency (field strength) we, is 
varied. The resonance maximum (we)max is given 
by 

(we) max = (w?— wp? — Vm")? . 
The normalization factors of (a), (b), (c) are adjusted 
so as to give the same peak height. 


instead of a, 

(@) max = (We? + Wp? + Ym?) /? : (36) 
The appearance of w,? in the denominator of 
the expression (34)’ of the dielectric constant 
results from the fact that in the case of k1 Bo 
the electric field has a longitudinal component 
leading to fluctuation of the electron density. 
This density fluctuation is in close connection 
with the plasma oscillation. 

In order to see a characteristic feature for 
the case of k1B), the relation between the 
phase velocity V and the frequency is shown 
in Fig. 3 for the particular case of ym=0. 
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The phase velocity V is given by the relation 
oO,» 


2 2 —1 
te aet(I oat ) i 
G wo 0 —W,?—We" 


This figure should be compared with the 
Figures 4.1 and 4.2 in Spitzer’s text®. In 
the case of wy >, (Fig. 3(a)), the phase velocity 
is similar to that of an ordinary wave. In 
the case of w.>w, (Fig. 3(b)), the difference 
between k//B, and kB) is remarkable and 
the phase velocity has the characteristics 
of both an ordinary wave and an extra- 
ordinary wave. With regard to experiments, 


(37) 


2.0 


(v/c)* 


(b) 
Fig. 3. Dispersion curves for v,,=0 for the electro- 
magnetic wave propagating normal to the static 


field. (a): Op=IWe ’ (b): Op=0.20¢ 


if an experiment is carried out by chang- 
ing the microwave frequency and fixing 
the static magnetic field strength, a maximum 
of attenuation occurs at very low frequency 
O~O@,y'?/w. aS well as at w=(w,.2+o,?)/?. On 
the other hand, the maximum occurs at only 
one point w,.~(w?—a,")'/? when the magnetic 
field is varied keeping the frequency constant. 


§4. Conclusion 


In this article a theory of cyclotron reson- 
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ance appropriate to the plasma diagnostics is 
constructed rigorously with the definite as- 
sumption which should be reasonable for the 
ordinary diagnostic experiments. 

The main results are the following two. 
First, the dielectric tensor is derived from 
the Boltzmann equation without ambiguity. 
The collision frequency ym, which is treated 
ambiguously by many authors, is clearly 
defined and an analytical expression for di- 
electric tensor is derived when v,, depends on 
the electron velocity. It is clarified that the 
dependence of distribution function on the 
space coordinates, which is in usual treatment 
ignored without comment, can be neglected 
when the wave length of the electromagnetic 
wave is larger than the Debye length. 

Second, the “attenuation spectrum” of micro- 
wave is represented as a function of the 
magnetic field strength. In a rather dense 
plasma, even for an extraordinary wave, the 
attenuation spectrum is considerably different 
from the absorption spectrum calculated by 
Kelly, Margenau and Brown” using the 
conductivity tensor. (See Fig. 1.) This dif- 
ference becomes even more pronounced for 
the wave propagating normal to the magnetic 
field. This is attributed to the fact that the 
electromagnetic wave has a longitudinal com- 
ponent. The main feature is the shift of 
resonance maximum point of attenuation 
spectrum from w=, as shown in (35) and 
(36). Nevertheless, for the case of k 1B, the 
collision frequency is found to be given by 
the half width of attenuation spectrum in 
good accuracy. The density of plasma can 
be determined by the peak position using 
expression (35) as well as by the ordinary 
method where the peak height is used. 

This theory is in good agreement with ex- 
periments.® !” 

The author is greatly indebted to Mr. S. 
Tanaka of Kyoto University who suggested 
this problem and gave valuable discussions. 
He wishes also to express his sincere thanks. 
to Professor T. Kihara of Tokyo University 
for his valuable advices and suggestions on 
the rigorous treatment of the Boltzmann 
equation. He is deeply obliged to Miss. Y. 
Nakamura for her performance of numerical 


calculations and to Mr. K. Matsuoka for his 
discussions. 
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Appendix I Change of the Distribution 
Function by Collisions 


As is well known, when the electron-neutral 
atom collision alone is taken into account, 


(OF/Ot)eor is 


(a) 


=\\ en Fo) Fale FON gog, 6)dOdvp . 


(A. I. 1) 
Let Wvv, v')dv' be the probability that an 
electron having a velocity v gets a velocity 
between v’ and v’+dv’ after a collision. Using 
W, (A. I. 1) is rewritten as follows: 


4) 
(Fg (ZOOM! LOWE, vo" 
coll 
(A O7242) 
There is no anisotropy of space with respect 
to collision: 


Ww, v')= W(—v, —v’) 
The right hand side of (7) is 


[()..LFlueme.o-me.-0 


ot 
—f(v) Wow, v')+f(—v) W(—v,v')dv]’ 
(A. I. 4) 
Using the decomposition (4) and (A. I. 3), we 
get for each term in (A. I. 4) 


[20% Veo eon ie 


Ua, td. 3) 


s | flv { Wv!, v)— W—v', v)}do! 


=|K0O WE, )— We’, vido 
(-. change of variable) 
=0, 


flv) Ww, v')— W(—2, v)}dv!=0 , 
z\ Go! (Wu, v)— W(v', —v)}dv' 
=|vew we’ v)dv' , 
= |paox We, v')+ Wn, v')}dv' 
acm [eae) Ww, v!)dv’ . 


Then, (A."I. 4) becomes 


[Gr a 


— [eee Wiv, v')—v'Gv') Wv', v)|dv’ , 
(A. I. 5) 
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=— [leew Ate.) v'GW)fulv',)|go(g,0)dOdvp. 
(A. I. 6) 
In a slightly ionized plasma, the temperature 
of neutral atoms equals to at most the elect- 
ron temperature, i.e. 
| Uz |S@m/M)'?| v |. (A. I. 7) 
(m/M)*? is the order of 10-2, we expand v’ 
and v,’ into a power series of (m/M)‘/?: 


Va! =Up[1+O0(m/M)?] , (A. I. 8) 
v’=vi[cos 6+ O(m/M)1/?] 
+|v|sin@é[hcos¢g+ising], (A. I. 9) 


where h and i are the unit vectors normal to 
v. Substituting (A. I. 8) and (A. I. 9) into 
(A. I. 6) and neglecting the quantities of the 
order of (m/M)'/2, we obtain 


L(G) 


— va) ja ~ cos O)f(Un)go(g,0)dOdvn , 
(A. I. 10) 
=—vGY,,(v) , GA Il. OY 
where we have used the fact that the second 
term of (A. I. 9) after integration by solid 
angle dQ, is zero. The quantity v» is the 
momentum transfer collision frequency, and 
is equal to the collision frequency only when 
the forward scattering is equal to the back- 
ward scattering, i.e. o(g, 0)=o(g, z—8A) . 


Appendix II J: When »y,, is Proportional to v 

If the cross section o(g, 0) is independent of 
the relative velocity g and we neglect the 
terms containing (m/M)*/2, vm becomes propor- 
tional to the electron velocity: 


— s\ \a lebsiori (os ndodes 


=Nosv=oles (A. II. 1) 
where N is the number of neutral atoms 
per unit volume and o,, and 2» are the total 
cross section and the mean free path for 
momentum transfer, respectively. The inte- 
gral (17) can be carried out analytically: 

=o Ym tM) (=)" 

* 8kT Sym? +(@z@)*\ 2 
x exp (— av*)4xvidv 
Ope 2 
= EF. 
An * 3 | 
+ix{1—2x?+4 | x? | exp (x?) Erfc (| x |)}] , 
(A. II. 3) 


(Av TTse2) 


See pen hex pl GEO} 


ip: 
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(a) 


(b) 


(b) 
Fig. 4. The current J_ induced by the extraordinary 
wave is represented as a function of 7=z(w—w,). 


Real part of iJ_ 

Solid line: constant cross section, x[1—2a%2+ 
4| «| exp (a?) Erfc (| #])) 

Broken line: constant collision frequency, 
2 /(a?+1) 

Imaginary part of iJ_ 

Solid line: constant cross section, 1—#2+ 
a exp (a?) E(x?) 
Broken line: 
1/(@?+1) 


constant collision frequency, 
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where a=m/2kT, mean collision time 
T=Ap|(2kT/m)'”? , 


eieenoae stent i: Pepa 


x 


Rife @=\" exp Clare 


The real and imaginary parts of i/J_ are plot- 
ted against x=t(w—a-) in Fig. 4 (a), (b). The 
current ij_’ in the case of constant collision 
frequency (17)’ is also shown by a broken 
line in the same figure: 


c= Liye, . 


shee hese T(W—We)—1 

Ad ae Ar pee bot TH | 
From this figure, we can see that j/- in the 
case of constant cross section is almost the 
same as jJ_’ in the case of constant collision 
frequency. 


Appendix III Current due to grad f 
Let us compare J, produced by the longi- 
tudinal field E, with Jp produced by the den- 


sity gradient 0f./0x. By use of (15), Ja and 
Jp are given as follows: 


i e\v.t2 i Of 


mv Ov 


= (Ym—10)? + We 


ne? Ym—1o 2 —_ 
i aii (oeaieatt ; DEamnenks 


; 4nv*dv 


(A. III. 1) 
ae Ym—1o 2 On 
Jo= 3 < (Ym—1@)? + we? a Ox 
Rie pO 0 
=e 0 ae (A. III. 2) 


We can see from the above equations that 
the Einstein’s relation is valid in microwave 
region. Let the wave length of microwave 
be 4’, we have relations of order estimation: 


ot =div E=4re(n—n) , 
On | N—No 
On = ate 
where m is the equilibrium value of the 
density. Finally, we obtain the relation 
Jal Jo= noe? pAr(n—no)a' [RT u(n—n)/2'] 
=Are*nod!*/RT =A? ]Ap*. 
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Three major developments have been associated with problems in image 
formation optics in the last decade. They are the application of Com- 
munication and Information Theory concepts to optics, the theory of 
partial coherence and finally the matrix approach to image formation. In 
this report it is shown that these three developments are intimately 
related. Starting with E. Wolf’s general theory of image formation in 
terms of the mutual coherence function, it is shown that both the matrix 
and communication approaches flow naturally from it. In addition, these 
latter two are themselves closely related. Finally, some new results 
showing the change in entropy loss as a function of focal position are 
presented both from a geometrical and physical optics point of view. 

The appeal is one of unity. The arguments presented are confined to 
the special but important case of quasi-monochromatic illumination. For 
sources of arbitrary spectral width and time varying fields, the generalized 


theory has not yet been fully developed. 


$1. Introduction 

The field of opitical image formation has 
undergone a renaissance in the last decade or 
-so, the impetus for this renewed interest 
-coming from several distinct sources. First, 
the fact that the equations describing the 
-formation of an optical image could be cast 
into a form already well known to circuit 
engineers gave rise to the speculation that 
-optical image formation could be treated from 
the standpoint of linear filter theory. With 
-certain slight, but important, modifications, 
* This work was supported by the Air Force 
‘Office of Scientific Research under Contract No. 


AF49 (638)-577 . 
*& Now at Department of Physics, Boston Univer- 


esity, Boston 15, Mass., U. S. A. 


the techniques developed in electric filter 
theory were applied to optical systems with 
so much success and appeal that today they 
are an accepted way of treating problems in 
image formation. 

In addition to this stimulating influence, a 
number of workers began to examine care- 
fully the naive concepts associated with the 
terms “coherent” and “incoherent” light. By 
a process of inductive investigation, much of 
the ambiguity and vagueness of the earlier 
work was removed from the theory. Culmi- 
nating in the outstanding work of Emil Wolf 
in recent years, the theory of partial coherence 
stands as a self-consistent, conceptually clear, 
and logical extension of the classical Maxwell 
description of electromagnetic wave propaga- 
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tion. A similar treatment has been and is 
being carried on for vector waves in the 
theory of partial polarization. 

Finally, Gamo” and Gabor,” simultaneously 
and independently, demonstrated that image 
formation could be treated by matrix methods 
in complete analogy to the wave versus 
matrix formalism of the early days of modern 
quantum mechanics. Gamo has developed 
the theory of the point where it now appears 
that the “illumination matrix” will play a 
role in statistical optics similar to that played 
by the density matrix of statistical mechanics. 

This paper, in addition to presenting some 
new results of the application of statistical 
communication theory concepts to optics, will 
attempt to demonstrate the the connections 
among these three approaches. For reasons 
of logical consistency, a phenomenological 
treatment of the theory of partial coherence 
based on Wolf’s approach will be given in 
section 2, while section 3 will develop the 
two extreme cases of this general approach, 
emphasizing the notation of linear filtering. 
The part that entropy plays in image form- 
ation will also be presented in section 3, to- 
gether with illustrations and discussions of 
the connection between the entropy criterion 
and the more classical descriptions of image 
quality. Section 4, will demonstrate the rela- 
tion between the Gamo matrix description 
and the partial coherence factors outlined in 
section 2. 


§2. Generalized theory of image formation 


An excellent historical review of the work 
in the theory of partial coherence has been 
given in a recent publication® by Born and 
Wolf. For our purposes here, we accept the 
final results of the theory on the basis of the 
phenomena it is capable of explaining in a 
logically consistent way. Taking the deduc- 
tive approach, we start with the most general 
relation® between observable quantities over 
the object and image planes and deduce the 
equation describing the formation of an image 
in quasi-monochromatic light for the two 
extreme cases of fully coherent and fully in- 
coherent illumination. It is with these two 
extreme cases that the remainder of the paper 
is concerned. 


A few definitions, will be needed. Follow- 
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ing Wolft let r w(t)=C'(x1, Xo; tT) represent the 
mutual coherence of the light vibrations at 
two points in the wave field at times separated 


by ¢ and let T(x, Xo; v) represent its temporal 
Fourier transform. In terms of the scalar 
disturbance over the wave field, I2(c) is 
defined as 


P(t) =<V Gi, +7) V*Ge, t) =< Vi +1) Ve*(t)> 
(1) 
the brackets indicating a time average. 
In terms of the sketch below, the relation 
between the Fourier transforms of I",2(t) over 
the object and image planes is given by 


PCs, 3 y=|\\\E rE. E; v)KE.—x ») 


—co 


K*(E,—x9; v)dE dE, (2) 


where K(x,, v) represents the complex ampli- 
tude distribution in the image plane due to 
a monochromatic point source of frequency 
y in the object plane. In (2) it is assumed 
that this distribution does not change appreci- 
ably over the region being explored. 


z Gi 
Object Plane Aperture Plane 


The mutual coherence function itself, it must 
be recalled, is given by 


Image 
Plane 


ape [Pade tds (3) 


and the actual intensity variations over the 
object and image planes by 


AE)=1'1.0) =P E,, £1; 0) (4) 
A)= Lx) = T's, £25 0) 
respectively. Taking the temporal Fourier 


transform of (2) yields a direct relation be- 
tween the mutual coherence function over 
the object and image planes in the form, 


ID (x1, Xe} = |\\\P Kea; v) 


x K*(E,—%; v)ol"Es, E,, ve *xjv" dE. dE.dy (5) 


t The authors wish to express their gratitude to 
Dr. G. Parrent for permission to consult a manu- 
script based on his Doctoral Dissertation at Man- 
chester University. 
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The time and space Fourier transforms of 
I;,(t) have interesting physical significance®) 
in terms of the fringe contrast produced in 
the Michelson two-beam and stellar interfer- 
ometers respectively. In the former case, 
information is obtained about the spectral 
energy density of the source; while in the 
latter, information is obtained which describes 
the brightness of the source as a function of 
its geometry. 

Turning now to the special case of guasi- 
monochromatic illumination over the object 
plane defined by the set of (5) 

a. ol 12(T) =ol12(0)e- 2747 
b. of’2(¥)=—Ms2(0)0( —9) 
assuming 


1 
Cc laos 
equation (5) becomes 
+0 as sh = =s 
Tits a =|((\ KE.—x; )K*E,— x; 0) 


x oI(E1, £5; 0)dE dE ,e 2" (7) 


The actual intensity variation over the image 
plane is then, by (4) 


Me) = Le we a=\\\\ Ee, D) 


x K*(E,— x15 Dol (Es, Es} ode dE, == (8) 
We now specialize still further. From inco- 
herent illumination over the object plane, for 
exampie a self-luminous object, o/'i2(0) takes 
the form 


l'(Es, £25 0) =o E,)6(E,—E:) (9) 
Substituting this into (7) and capitalizing on 
the sifting property of the d-function, we 
arrive at an equation which emphasizes the 
linear filtering aspect of incoherent image 
formation: 


a)=\\"ot@sE-%, DdE —-«A0) 


where s(x)=|K(x)|* is the intensity impulse 
response or spread function for the system. 
Taking the two dimentional spatial Fourier 
transform of (10) results in the well known 
multiplication equation in frequency space 
for the object and image spatial spectra 


if(@) =c(o)ofo) (11) 


where t(w) is the spatial frequency response 
or transfer function of the optical system in 
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incoherent light. Because, in practice, most 
optical instruments are confronted with in- 
coherently illuminated objects, a great deal 
of attention has been paid to (10) and (11) in 
the last decase—so much so, in fact, that 
today a number of industrial instruments are 


available which yield c(o) for lens systems. 

At the other extreme, for fully coherent 
illumination over the object plane we must 
make an appeal to a theorem recently demon- 
strated by Parrent® which states that “in 
the quasi-monochromatic approximation a 
coherent field is completely characterized by 
a complex wave function U which depends 
on the coordinates of one point only and in 
terms of it the mutual coherence function is 
given by 


P ule)= UP UP dee, |e|< (02) 


Applying this theorem to the mutual co- 
herence function over the object plane in (8), 
we find for the intensity distribution in the 
image plane 
(re er eee oA 
Mx)= i UEK E-X; Vode 


(13) 


or in terms of the complex amplitudes over 
the object and image planes, the system be- 
haves as a linear filter governed by the 
equation 


UG)= ve UEKE-x3)dE. (14) 


Again, taking the spatial Fourier transform 
of both sides, we derive the multiplication 
relation in frequency response 

(U(o)=?(o)U@) (15) 
where 7¢(w) is here the coherent transfer 
function. 

Before closing this section it is important 
to emphasize again that this material is being 
used as both a base and a connecting link 
for the remainder of the paper. From the 
standpoint of image formation as linear filter- 
ing we are concerned with the extreme cases 
of fully coherent and incoherent illumination. 
For the more general case of partially co- 
herent illumination these concepts have been 
extended considerably in Dr. Parrent’s thesis. 


§ 3. Entropic Description of Image Formation 


Section 2 indicate that, at least in principle, 
under conditions which are frequently satisfied 
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in practice, it is always possible to predict 
the variation in intensity over the final image 
plane in terms of the parameters describing 
the optical system, the intensity variation 
over the object plane, and the mode of illu- 
mination. In practice, however, most optical 
systems are required to image incoherently 
illuminated or self-luminous objects. For 
this special but important case the equations 
simplify considerably, leading to the relatively 
simple relations shown in (10) and (11). In 
this section, attention will be focused on the 
problem of image formation in incoherent 
quasi-monochromatic light with emphasis on 
the aspect of linear filtering. Many of the 
results will be directly applicable to systems 
linear in complex amplitude (coherent). 


A study of (10) and (11) shows that r(o) and 
s(x)=|K (x) |? are Fourier transform pairs. A 


direct application of the Convolution Theorem 
results in the interesting relation 


||" K@\Ke@+e)aai 
Nel K(@) "de Si 


7(@)= 


But it is well known in scalar diffraction 
theory that the complex amplitude variations 
over the aperture plane and Fraunhofer image 
plane are Fourier transform pairs. Hence, 
the space frequency response in incoherent 
light is given by the normalized self-convolu- 
tion of the complex aperture distribution with 
its complex conjugate. For a circular aperture 
with unit amplitude and zero phase (aberra- 
tions) over it, t(w) in (16) is given by the 
common area of two circles as one slides 
over the other as a function of the distance 
between their centers. In this way, the 
picture of an optical system as a two-dimen- 
sional low-pass filter of spatial frequencies is 
sharpened. 


All of this is well known,® of course. For’ 


periodic objects or for isolated objects on a 
dark background, (10) and (11) have been used 
with considerable success to determine the 
Fourier structure of the image. For random 
detail in the object plane, the multiplicative 
relation in frequency space must be written 
in terms of the Wiener spectra 


(O(0)=| t(e) |*O(o) (17) 


where O(o) and ;O(0) are the spatial Fourier 
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transforms of the auto-correlation of the 
object and image intensity variations respec- 
tively. If, in addition, the object structure 
is bandlimited to W lines per millimeter then 
by the Sampling Theorem” it is possible to: 
write 

Ei ae Dinalae ot nen ae 

I@= SS oll ges gy) Fm) 


where Tinn(€) is the two-dimensional sampling. 


function given by 
2, sin (2xw&—mr) sin (2xwy—nz) 19) 
PnnlS) = (2nwE—mz) (2xrwy—nz) a 
If, in addition, the object is confined to an 
area L?, then the Sampling Theorem can be 
applied directly in frequency space, yielding 
io= 3 Shiite eee 
ee m2 (sr ar) pees 
The relation between the sampled values in 
the space and frequency planes can be 
described through the matrix equation 


le=> Dy Oe odmn 
m™m n 
where Pjx:mn are the elements of a unitary 


matrix describing the Fourier transformation 
between the planes in the form 


Fycmn= eXP {ian(4 ihn ) 4 WL (22) 


(21) 


4WL 


and where N=16W?L? represents the number 
of degrees of freedom. The complete trans- 
formation from the sampled points in object 
space to those in object frequency space, 
through the instrument to the image frequency 
space, and finally to the image sampling 
points themselves can be described by the 
matrix equation, 


I@)=F-1Fil€) (23) 
where r is a diagonal matrix describing the 
sine wave response of the instrument and 
where the elements of the matrix on the left- 
hand side of (23) can be forced to yield the 


continuous function (I(x) by a further applica- 
tion of the Sampling Theorem. 

If, further, the probability distribution for 
the statistically independent intensity values 
in object space which were sampled is given 
by P(J), then the entropy of the object set 
is given by 

Hy=—\POl) logsP(D)dl (24) 


and a transformation from the E to an ? 
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representation results in the entropy 


Ay=Hy—| POD) logs Jol/oL dol (25) 


For a linear transformation through the 
matrix A such that 

f=Aol 

Kollel) =[A} (27) 

where A is the determinant of the matrix A. 

For the transformation described by (21), 

J0offol)=1 so that H).=Hy. In addition the 

image plane /(;J/;1)=1 so that 
4H=H,—H,=H,—-) . (28) 
By reasoning similar to that of Shannon® 


and Goldman” in two dimensions it is easily 
shown that 


4H. 


= \\. logs|r(@) "da (29) 
Since 0S |r(w) |?S1 over the resolution limit 
of the system, this entropy change is always 
a loss. That is, the image is always a 
smoothed-over version of the object. To 
illustrate this effect the entropy loss as a 
function of the defocusing error has been 
calculated for a one-dimensional slit aperture 
and a circular aperture from both a physical 
optics point of view and from the correspond- 
ing geometrical approximation. The results 
are shown in Figures 1 and 2 where only the 
one-dimensional case is illustrated, while the 
two-dimensional case can be found in the 
report!®. The expressions for the frequency 
response have been taken from reference 6. 
One sees that from a geometrical point of 
view, the image is perfect when properly 


old gg | 
af 
i f Sfo 


oe F (y) 
ONE-DIMENSIONAL OPTICAL SYSTEM 
}4= 8f/8fo, (dgSfotan a where dedo for the case wd=7) 
02 04 O6 O08 ike) 


Bc 

tf 

6-04 

dG 

i 06 

log, 2ir/e a1 “0 
5 og 
B -10 
Fig. 1. Entropy loss versus defocusing (one- 


dimensional geometrical optics case). 
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focused in terms of zero entropy loss, while 
from the more accurate physical optics de- 
scription, the entropy undergoes a loss even 
at best focus due to the finite spread of point 
image. 

It is interesting to point out that, if one 
substitutes |c(o) |? in (17) into (29), there 
results a relation between the entropy differ- 
ence in the object and image planes and the 


average value of the log Oo) in the form 


AH= + logul(o)/.00) (30) 


indicating that for a number of systems in 
cascade, the entropy loss is given in terms 
of the logarithm of the ratio of the final 
Wiener spectrum to that of the original. 


(WAVE LENGTH) 


O A/4 72 A 


(BITS PER DEGREE OF FREEDOM)AH 


4k An 


Fig. 2. Entropy loss versus defocusing (one- 
dimensional physical optics case). 


su=\ oes / ee a {Reference 6} 
0 


Finally, it is important to see if this de- 
scription of image formation is connected 
with the more classical and accepted descrip- 
tions. Recalling that 0<r(o) <1, a series 
expansion of (29) in the form 


{1-r(@)+ 50 


sa 
3 


w 


AH=const. \\ 


0 


(31) 
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shows that only the first few terms contribute 
appreciably to the integral. However, quality 
factors defined in terms of integrals over 


t(o) and 7%) have already been suggested 
and used” in optics with some success. It 
is not surprising, therefore, to find that 
minimizing the entropy loss between the 
object and image plane corresponds to maxi- 
mizing such terms as Schade’s equivalent 
passband JN,” or the Strehl Definition’ of 
classical optics. 


§4. Matrix Description of Image Formation 


It remains now to relate the treatments in 
sections 2 and 3 to the recent matrix descrip- 
tion which has already reached an advanced 
state of development at the hands of H. Gamo. 
For reasons of conceptual ecomony, one- 
dimensional variations only will be considered 
in this section. This will preserve the main 
features of the argument without introducing 
unwieldy notation. It should be pointed out, 
however, that the general theory in two 
dimensions, including the proof of the rota- 
tionally symmetric Sampling Theorem, has 
been given by both Gamo and Gabor. The 
emphasis here, however, is to demonstrate 
how this new formulation is related to that 
already presented. To this end, therefore, 
the one-dimensional equivalent of (8) can be 
written as 


dad=\\" KE a3 D)K*(E,— m4; 3) 


x ol '(E1, &2; 0)dE dé. (32) 


Since K(x) is the Fourier transform of the 
complex amplitude over the exit pupil of the 
optical system, it is certainly band-limited, 
allowing one to write 


KE-s)= 3 K(E—F) Tala) 


= wid. (33) 


where T;,(x) is the one-dimensional form of 
the sampling function defined in (19). Insert- 
ing the summations for K and K* in (82) 
results in the following matrix expression of 
the quadratic form, 


x)=TAT= = = Pil) Anim Lae 4) 


where Amn are the elements of the “illumina- 
tion matrix” defined as 


E. L. O’NEILL and T. ASAKURA 


(Vol. 16, 


oe | |" KEE. £1; o)Ku¥(ExdE dé, (85) 


Since Ax,=Amn and I(x) is positive, the 
matrix is of the positive definite Hermitian 
form. In addition, the total illumination in 
the image plane is fixed and is given by the 
integral over ,J(x) in (34). Due to the or- 
thogonality of the sampling functions there 
results the invariance principle for the trace 
of the matrix 


\AGa)ae= — SS oy pats trace (A)=const. (36) 
2wW 2 2w 


Finally, there exists a transformation S in 
function space from the T to J’ representa- 
tion such that 

I(x)=T' A! (37) 


"Where A is given by the similarity trans- 
formation 

A=SAS. (38) 
Conventionally now it is convenient to diago- 


nalize A so that (37) reduces to a sum of pure 
square of the form, 


iT (x)= Di dnTn'*(x) (39) 


where 4, are the eigenvalues of the illumina- 
tion matrix A obtained from setting the 
determinant |A—2|=0. These eigenvalues 
A; can then be used to construct the eigen- 
vectors from which the S matrix itself is 
determined. 

From the standpoint of image formation 
it is an easy matter to show how these 
matrices reduce for the two extreme cases of 
fully coherent and incoherent illumination. 
First, for the coherent case, the insertion of 
the condition in (12) into Am», results in 


+00 +00 
Anw= |" KulEidoU EddEs\" Kut EDU EMME: 


(40) 
or 


Agu a) uti) 
n= ( a Sr (41) 
Now, substituting this back into (34) and 
making use of the Sampling Theorem, there 
results an expression for the image intensity 
distribution 


(x)= |,U (x) |? (42) 


which agrees, of course, with (13) and (14). 
For the incoherent ol’i2=oT(E,)6(E.—€,) and 
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again the elements of the illumination matrix 
take the form 


Ano=\" LOKnEK MEME (43) 


and inserting this into (34) a little manipula- 
tion results in 


(x)= |") | K(E—x) Pd 


(44) 


which, again, agrees with (10) and emphasizes 
the role of the optical system as a linear 
filter. 

It should also be pointed out that for a 
series of systems in cascade, the multiple 
convolution integrals of the form in (44) can 
be replaced by Fourier space by a single 
equivalent multiplication relation for the 
equivalent frequency response of the whole 
chain as a product of the separate frequency 
responses of each link. Similarly, Gamo has 
demonstrated that there exists a matrix 
parallel to this which allows one to determine 
one equivalent illumination matrix as a prod- 
uct of matrices arising from each system in 
the chain. Finally, the sinusoidal test chart 
plays such as important role currently that 
the image of such an object has been calcu- 
lated using the matrix method for the cases 
of coherent, incoherent, and partially coherent 
illumination. The rather lengthy and tedious 
manipulations can be found in reference’. 

Turning now from the image forming 
aspect of the matrix description, it is inter- 
esting to note that the illumination matrix 
corresponds formally in many ways with the 
density matrix of statistical mechanics. 
Following von Neumann!) we now extend 
the analogy further and define the entropy 
of the light beam in terms of the eigenvalues 
of the diagonalized matrix; thusly 


A; A; 
oe iV Io (ae (45) 
= ( x A) eo A; 
ol 
which was mentioned by Gamo™. Since the 


trace is invariant under a unitary transform- 
ation, the sum in the denominators represents 
the total illumination by (36) and is constant. 
It is proven’, further, that in the coherent 
limit H goes to zero, while in the incoherent 
limit H reaches a maximum agreeing with 
the usual interpretation of the entropy of 
completely ordered and disordered arrange- 


ments respectively. 
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It is important to mention here that this 
entropy is not the same as the entropy of 
the object intensity distribution given in (24). 
In point of fact, the term “entropy” as used 
in thermodynamics, statistical mechanics and 
information theory has caused considerable 
confusion. Since its introduction by Cla- 
usius'®?, entropy in thermodynamics has been 
used to describe the irreversibility between 
equilibrium states. Starting with the pioneer- 
ing work of Boltzmann” in the form of his 
celebrated H theorem and the interpretations 
given by Gibbs'®, entropy in statistical 
mechanics has came to be understood as a 
description of the overwhelming tendency for 
a non-equilibrium state to reach equilibrium. 
In a strikingly prophetic paper, Szilard!® 
pointed out in 1929 the similarity between 
entropy and information in treating the prob- 
lem of Maxwell’s demon. Later, Shannon,® 
concerned with practical problems of message 
transmission, defined an entropy as a measure 
of the choice of a massage as well as of the 
average information in long messages. It is 
clear that these expressions for entropy are 
certainly not equivalent since they refer to 
basically different physical quantities. Much 
confusion can be avoided if it is agreed to 
define entropy first as a measure of uncer- 
tainty in the mathematical theory of prob- 
ability. In the same way that the various 
moments, standard deviation, etc. are defined 
as weighted sums, it is often useful to employ 
a stronger measure of the unexpectance of 
an event than the linear measure P, itself, 
where 0SP;<1. The suggested stronger 
measure is the log 1/P; which covers the range 
O<log1/pjS0o. The average value of this 
quantity defined in the usual weighted sense 
is called the “entropy” of the set of probabil- 
ities p; and is given by H=—}D; pi log pi. 
One is now free to apply this notion to any 
fields in the same way that one applies such 
concepts as variance and standard deviation. 

It is in this spirity that the entropy is a 
perfectly valid measure of the degree of 
coherence of a light beam. This is not an 
unexpected result, however. The value that 
H assumes is determined by the eigenvalues 
4; which in turn arise from elements of the 
illumination matrix. These elements in turn 
are derived from Wolf’s mutual coherence 
function which itself, in normalized form, has 
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been defined as the “degree of coherence.” 
It, too, is a statistical description in the form 
of the complex cross correlation function of 
the disturbance at two points in space at 
different times (see (1)). Finally, it is interest- 
ing to point out that Planck?” (1907) mentions 
Laue’s”) attempt to relate the thermodynamic 
entropy of the black body radiation field to 
the tate of partial coherence. The connection 
between the present work and Laue’s has 
not as yet been demonstrated. 


§5. Summary and Conclusions 


An attempt has been made to relate the 
three major developments of theoretical optics 
in the last decade. Starting with the most 
general theory of scalar wave propagation in 
the form of Wolf’s mutual coherence func- 
tion, it has been possible to demonstrate how 
one can incorporate within this framework 
some of the more important applications of 
matrix techniques and statistical filter theory. 
For the most part, progress has been confined 
to the more restricted case of quasi-monochro- 
matic illumination with special emphasis on 
the coherent and incoherent limits. It is to 
be expected that further attempts at unifica- 
tion will be directed toward treatments of 
polychromatic partially coherent fields. In 
addition, the similarity between the illumina- 
tion matrix of statistical optics and the density 
matrix of statistical mechanics indicates that 
future research will exploit this analogy still 
further. Despite the often centrifugal effects 
of specialized investigation, it is encouraging 
to note that, in modern optics at least, there 
is now a tendency for more general formula- 
tions to approach a common focus. 


1) 


2) 


3) 
4) 
5) 
6) 
7) 
8) 
9) 


10) 


11) 
12) 


13) 
14) 
15) 
16) 
17) 
18) 


19) 
20) 


21) 


ASAKURA (Vol. 16, 
References 

H. Gamo: J. Opt. Soc. Am. 47 (1957) 976; 

48 (1958) 136. 

D. Gabor: ‘Optical Transmission,’’ Third 


London Symposium on Information Theory, 
1955; ‘‘Light and Information,’’ Proc. Sympo- 
sium on Astr. Optics and Related Subjects, 
interscience Publishers, 1956. 

M. Born and E. Wolf: Principles of Optics, 
Pergamon Press, 1959. 


E. Wolf: Cimento Nuovo 12 (1954) 884. 
G. B. Parrent: J. Opt. Soc. Am. 49 (1959) 787. 
E. L. O’Neill: Selected Topics in Optics and 


Communication Theory, Itek Corporation, 1958. 


S. Goldman: Information Theory, Prentice- 
Hall, 1954. 

C. E. Shannon: Bell System Tech. J. 27 (1948) 
623, 739. 


E. H. Linfoot and P. B. Fellgett: 
Roy. Soc. A247 (1955) 369. 


Phil. Trans. 


O. H. Shade: Journal of SMPTE 58 (1959), 
181. 

H. Strehl: Z. F. Instrumkde 22 (1902) 213. 
T. Asakura: Publ. Theor. Opt. Sec., Itek 


Corp., (1958) 58-13. 


J. Neumann: von Mathematical Foundations: 


of Quantum Mechanics, Princeton Univ., 1955. 


H. Gamo: J. Appl. Physics, Japan 25 (1956) 
AB 

E. L. O’Neill and T. Asakura: Itek P-163, 
April 1960. 


R. Clausius: Ann. Physik 100 (1857) 358, 
Phil. Mag. 14 (1857) 108. 

L. Boltzmann: Wien. Ber. 58 (1868) 517; 66. 
(1872) 275. 

J. W. Gibbs: Hlementary Principles in 
Statistical Mechanics, Yale Univ. Press, 1902. 
L. Szilard: Z. Physika 53 (1929) 840. 

M. Planck: The Theory of Heat Radiation, 
Dover Publ., 1907. 

M. Laue: von Ann. Phys. 23 (1907) 1; Hand. 
du exp. Phys. 18 (1928) 272. 


7 
a 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 16, No. 2, FEBRUARY, 1961 


Magnetic Hyperfine Structure in the Rotational Spectrum of H:CO 


By Hiroshi TAkuMA* 


Department of Physics, Faculty of Science, University of Tokyo, Tokyo 
(Received October 24, 1960) 


The theory of magnetic hyperfine interaction of an asymmetric rotor 
molecule with Cz, symmetry in 1¥ state was discussed, and the magnetic 
hyperfine structures in the low frequency rotational spectrum of formalde- 
hyde were studied with a beam maser. The 4F'=0 and the 4F=+1 
components in the J=4, K_;=3 and the J=5, K_1=3 Q-branch transi- 
tions were observed with good signal-to-noise ratio. The frequency of 
the 4F'=0 component of the J=5, K_,=3 line was measured as 18.275-+4 
0.004 Mc. The observed hyperfine structures were analysed with the 
theory, and the hyperfine coupling constants were determined as a= 
—13.24+3.4kc, B=—3.043.4kce and 7=30.2+2.7kc. The coupling con- 
stants were theoretically interpreted, and a proportionality of the hyper- 
fine coupling constans and the rotational g factors for the asymmetric rotor 
molecule was found. <rg2eron>av arround the proton in HCO was ob- 


tained as 1.5x1024cm~—3 from the comparison of these two quantities. 


Introduction 


§1. 

The magnetic hyperfine splittings in the 
rotational spectrum of a molecule in ' state 
are usually very small, and cannot be ob- 
served by a conventional absorption type 
spectrometer. Recently, the application of 
beam maser techniques in the field of micro- 
wave spectroscopy allowed the observation 
of the magnetic hyperfine structures of some 
kinds of molecules with sufficiently good 
resolutions and sensitivites. 

Gordon” observed the magnetic hyperfine 
structures of inversion lines of ammonia, and 
determined the hyperfine coupling constants. 
Takuma, Shimizu and Shimoda” observed 
and analysed the magnetic hyperfine structure 
of the 3,.—>3,, transition of H,CO. Thaddeus, 
Loubser, Krisher and Lecar® observed and 
analysed the 2,,—2,. transition of H,CO and 
HDCO. Shimoda and Kondo* observed the 
magnetic hyperfine structure of the /=3, 
K=2 inversion line of ammonia. 

The magnetic hyperfine structure of NH: 
was discussed by Gunther-Mohr, Townes and 
Van Vleck, and by Gordon”, and experi- 
mental results are completely analysed except 
the anomaly of the hyperfine structure of the 
(3.2) line found by Shimoda and Kondo.” 

The theory of magnetic hyperfine struc- 
tures of asymmetric molecules in ‘2’ state 


with C,, symmetry was discussed by Okaya,” 
but his theory and experiment were rather 
incomplete and did not agree well with the 
recent studies with masers. The observed 
patterns of the 3,,— 3); and the 2,,—> 2), trans- 
itions were explained satisfactorily with the 
theory in TSS**. However, the hyperfine 
coupling constants were not obtained from 
the lack of sufficient number of experimental 
data. 

The physical interpretation of the magnetic 
hyperfine coupling constants and their relation 
with rotational g factors were discussed by 
White® for diatomic, linear or symmetric 
rotor molecules. However, such discussion 
for asymmetric rotor molecules have not been 
published. 

Thus the problems about the magnetic 
hyperfine structures are left unaccomplished 
for asymmetric rotor molecules. The purpose 
of this paper is to treat such subjects for an 
asymmetric rotor molecule, H.CO. 

The theory of the hyperfine interaction of 
H.CO type molecule was discussed, and the 
hyperfine coupling constants were theoretical- 
ly analysed. The hyperfine structures of the 
low frequency transitions of H,CO, the 4;:— 
4s. and the 53,533 transitions, were studied 
with a low frequency beam maser which was 
pioneered recently by Shimoda, Takuma and 


* Present Address, Department of Applied Phys- 
ics, Faculty of Engineering, University of Tokyo, 
Tokyo. 


** The paper by Takuma, Shimizu and Shimoda” 
on the 32 — 313 line of H2CO is reffered as TSS in 
this paper for convenience. 
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Shimizu®. The magnetic hyperfine satellites 
in these two transitions were observed with 
a little improvement of the sensitivity of the 
spectrometer. From these observations and 
the experimental result on the 3,.—3,; line, 
the magnetic hyperfine coupling constants 
were determined. 

The results were physically interpreted, 
and the relation between the magnetic hyper- 
fine coupling constants and the rotational g 
tensor of the asymmetric rotor molecule was 
also discussed. 


§2. Theory of Magnetic Hyperfine Interac- 
tion of H.CO Type Molecules 
The Hamiltonian of a formaldehyde type 
molecule with C2, symmetry in !2 state can 
be written as;!-2.>.9 


H=A(J.—L.? + BUy—Ly? + CUz—-Lz)? (1.0) 
+(eny/Cc) a = reiri—rx) 
ZK 
ra 1 roeiew TK TAK . 
x{v ( as \o Ii (ei) 
—(awlc) 2 Ziveu'e—r) 
Zz 
1 co he OG: HAE . 
x{( ee vx) g I (1.2) 


+ pwr on {Nh 1, —3ry 12) Te P12) } wala) 
where J, is the component of the rotational 
angular momentum along the molecular fixed 
9(9=%x,¥,z) axis, L, the electronic angular 
momentum, wy the nuclear magneton, 7x; 
the distance between the K™ nucleus and the 
7 electron, 7c, the distance between the K® 
and the L™ nuclei, r; and vu; the position 
vector and the velocity vector of the 7* elec- 
tron, rg and vx the position vector and the 
velocity vector of the K* nucleus, gq the g 
factor of proton, Zx or Z, the effective charge 
of the K™ or the L™ nucleus, 7 the distance 
between the two protons, and Je the spin of 
the K'™ proton. The nuclei are numbered so 
that K=1 and 2 for the protons. The molecu- 
lar fixed coordinate axes x, y, and z are chosen 
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as the principal axes of the molecule. 

The energy of the hyperfine interaction was 
given as a function of I-J coupling constants 
Ax, and spin-spin interaction terms, but the 
theoretical evaluation of Axy was not dis- 
cussed in TSS. In order to obtain a theoreti- 
cal background about the experimental values 
and to get informations about the electronic 
state of the rotating molecule, detailed dis- 
cussions on Ag, are given below. The elec- 
tronic state must be excited by molecular 
rotation, because Eq. (1) contains the coupling 
terms between the electronic angular mo- 
mentum and molecular rotation. The Hamil- 
tonian H will be treated by the electronic 
wave function at first. The Hamiltonian is 
devided into two parts; H® and H®, the one 
which is diagonal and the other which is off 
diagonal in electronic wave function as below; 


H®= > A,J,? (2.0) 


9=2,Y,2 
—(€uwgulc) > > Ziv tex —Vrz) 
K=1,2 [4K 


x| (2 +2® og —vs]- Ie (2.1) 


+ pyro [hh —37-7*-h rie) Ue T12)] , 


(2.2) 

H®= > AGL’ (2.3) 
J=2,Y,2 

= 2: >> A aS glg (2 4) 


+ uw Gale)> 2: rik(Ti—Ve)X Vix Ix , 
(2.5) 
where Az,=C, A,=B, A-=A, and v,.=uU— 
(1+Zx/97q)Uc. The terms (2.0) is neglected 
because it is independent of rotational energy 
of the molecule. The second order perturba- 
tion calculation by Van Vleck’s method can 
be written as® 
<0| G|o>=<o | H™ | o> 
+ 3, Ea—En)Ko| H?|n><n| H|0>, (8.0) 


where o and m refer to the ground and the 
n™ excited electronic state of the molecule, 
and G is the effective Hamiltonian. 

The first term in Eq. (3.0) is calculated as; 


(0| H|o= S AjJ~—(euyle) SS Zarik(re—rs)x| (14+<® ovr | -anl 
9=2,Y,2 K=1,2 L#K In 


=1, 


+ by’ gn’r LT - —-3h- y2)(T2-riz)r-?] 


and the second term is obtained as; 


2», (Bo Eno | H | n> <n | H® | 0» 


2 2 Moo Sofa + 2 ~ > Nxwgo' Igleg +d x Soa Ly Tey! , 
g of eer 


, (3.1) 


(3,2) 


; 


1961) 


where 


Moy = 3 (Ev—En)*-4A,Ay<o|Ly|n) <n |Lylo> , 
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Soa = — Caw gule) X (Eo— En) <0 | » [(ri—11) X Vix] gr’ | n> 


31 
(3.3) 
Negg’= —Cnwle) 3) Ev—E,)-{Xo |Lo|><n | Y (re —Tx)X Vix lor ix | 0> 
+<0| x (2-1) X Uizlg riz |n><n ako ota (3.4) 
(3.5) 


<A DS [(i—re) x Vix lyin? NO 


The first term in the right hand side of 
Eq. (3.2) is the increment of the rotational 
energy of the molecule due to the excitation 
of the electronic state, and can be neglected 
in the present discussion, because it is small 
compared with the rotational energy and has 
the same expression as the energy of the 
molecular rotation. 

Because Ug;=@Xrx, where @ is the angular 
velocity of the molecule, and @, is equivalent 
tomZAy sin, terms such as (r<e—rz)XUe can 
be substituted by® 


(re —-Prr) X Ur]y 
= DS (Ooe(re—-11)re—Vrg (re —Wz)g} 


(se 
2Ag Jy 
ae ee 

On the other hand, the directions of the 
principal axes of the diadic of J-J coupling 
constants for each hydrogen nucleus must be 
parallel to the principal axes of the molecule 
from symmetry consideration. Therefore, 
cross products J,J,, between different g and 
g’ must vanish in the final form of the 
effective Hamiltonian. Taking into account 
of these facts, and by putting —Jcg=Ix, in 
order to discuss with the molecular fixed 
coordinate axes, we obtain the Hamiltonian 
for the nuclear magnetic interaction; 


G=— SS (AxelezJe+ AxyleyJy+AxelxeJ:) 
K=1,2 rue : HS 
+ py'gn’r [> Dgloom oS: Lig gM Legh ot" | , 
g g 
| (4) 


x 


which is the same as Eq. (4) in TSS. The 
hyperfine coupling constants, Ax," and 
Ax,® are defined below. 
(pee 2epuwAckn 7 (1 +25) 
Agyg= a Pee ee 
x (re—1a)rx—Veg("x—11)¢] 
—[(re—riyrs—ridre—rDal} (6.1) 


Ag = Se8a4s Ss (pp) 
G n#0 


x {<o|L,|n> <n| [ri re) x Lixlorix |0> 
+<0| S[s—re) x viclgrix|n><n|Ly|oy} .. 
(5.2) 
Then Ax, in Eq. (4) is determined as 
Apa Ane Ale (5.3) 
For the convenience of later discussions, 
following constants are defined; 


a=AiztArz 
B=Aty+ Aoy (5.4) 
T=Ai,+ Az 

The indirect spin-spin interaction term, 


> Sggligleg, is neglected in the above discus- 
g 


sion, because it is of the order of (¢uygu/c)- 
<Feiectron av(1/mAg)AL,~10-"2AZ,, and A, is 
usually the same order of magnitude as the 
direct spin-spin interaction term (2.3) in 13” 
state molecules. 

The physical meanings of A, and A), are 
apparently shown in Eq. (5). The former is 
the part of Z-J coupling constant due to the 
rotation of nuclear charge, and the latter is 
that due to the excitation of the electrons by 
rotation. In general, the sign of the value 
of AW, is negative, and that of Ax} is positive, 
as seen from Eqs. (5.1) and (5.2). Therefore, 
the sign of the value of Ax, is positive if 
the greater parts of the electrons rotate with 
the molecular frame, because the electrons. 
get angular momentum and A, predomi- 
nates. On the contrary, the sign of the value 
of Ax, is negative, when the greater parts 
of the electrons slip against the molecular 
frame. 


Measurement of Hyperfine Structures 
by a Low Frequency Beam Maser 


Sie 


The rotational spectrum of H,CO lies in a 
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very wide range. The greater part of the 
rotational transitions lie in rather short wave 
length microwave region, and it is difficult 
to study them by beam masers at the present 
stage. Only a few 4/=0 transitions are in 
centimeter ranges in which a beam maser is 
operated without difficulties. The 211-212 
and the 3,.—3,; transitions, which have 
already been studied, belong to such trans- 
itions. The hyperfine structures in 4/=0 
transitions in microwave ranges consist of 
three strong 4F=0 components and weak 
AFf=+1 components.) “Therefore, “itis 
difficult to observe a 4F=+1 or =—1 trans- 
ition, because it overlaps one of 4F=0 com- 
ponents frequently. Only the value of a—f 
is obtained from the observation of 4F=0 
transitions, as shown in TSS. 

On the other hand, some 4/=0 transitions 
of H:CO lie in low frequency ranges, and it 
has been shown by Shimoda, Takuma and 
Shimizu® that these transitions can be ob- 
served by a beam maser. The 4F=0 com- 
ponents in these transitions are separated by 
only a few cycles per second, while 4F==+-1 
transitions are estimated to be separated from 
AF=0 components by the order of 10kc, as 
will be shown later. Therefore, the low 
frequency beam maser is suited to the study 
of 4F==+1 transitions. The measurements 
in microwave and low frequency ranges give 
more accurate values of a, 8 and 7 than the 
measurements in only one of these two 
ranges. 

The low frequency measurements were 
made on the 4,,-4,3, and the 53.—533 trans- 
itions. The experimental procedure was the 
same in principle as stated in the previous 
paper.» A high Q resonance circuit was used 
to improve the sensitivity. The noise figure 
of the spectrometer was 2 for the 43,—4,. 
transition, and 1.5 for the 53.533 transition. 
A long time constant and slow sweeps were 
used for the observation of hyperfine struc- 
ture in the 4,;-> 43, transition to improve the 
sensitivity. The time constant was 10 seconds 
and the sweep rate was about 3kc/min. for 
the 4;:—43. transition, while the time con- 
stant of 2.5 seconds and the sweep rate of 
about 10kc/min. was used for the 53.5.5 
transition. 

The observed patterns are shown in Fig. 1 
and Fig. 2, and the measured values are 


Fig. 1. Trace of the 43;>43. transition of H,CO 
by beam maser. 


; 
Oe 
c 


Fig. 2. Trace of the 53.>533 transition of H.CO 
by beam maser. 
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Table I. Observed values of hyperfine splittings 
in the low frequency transitions of H»CO. 


Transitions Splittings Frequencies 
SK 3K = JK_K, FF’! (ke) (Mc) 
AF=0 0.00 4.5769 
+0.0023*) 
Sisk ieee ce0.8 
431 > Age Ack 
ee 1b. Seal 
AF=0 0.00 18.275 
+0.004 
6—>5) 
532 > 533 o> 4) 9.9+0.7 
4 . wa 


*) Measured by Shimoda, Takuma and Shimizu.) 


listed in Table I. 
The frequency shifts due to the magnetic 
hyperfine interaction for the F-—F’ com- 


ponent, 4yy.7’, are calculated from Eq. (10) 
Cie ARSE 


Avrr7=0 (F=J+1, VE J 1) ’ \ 
oo —Avyasr4t 
= oF [ax Jn> + B Je + 16 J27>] 
Qu gn?r* 2 wr 
Sg ge SBD qu+y) |, if, 
Ayvyoz- distal Ios 
=e eae Ja ae) 
94n* gar ed ad 
sie | <na— sun |, 


because 4¢J,?> <1 for low frequency trans- 
itions. 

Eq. (6) shows that the hyperfine spectrum 
of the low frequency transition of H,CO 
consists of a strong center line which cor- 
responds to the 4F=0 transitions and sym- 
metrically arranged four satellites which 
correspond to the 4F==+1 transitions. The 
AF=-+1 satellites were completely resolved 
in the 4;,—432, transition, while only one 
satellite was observed in the 5;,—5;; trans- 
ition. In the latter case, 4ve.; and 4ys4, or 
Avs, and 4,.; are nearly equall and two 
satellites are unresolved. 

From the observed values of 4y;.4 in the 
4s. > 452 transition, by putting the values of 
/tw =5.050 x 10-*4 erg/gauss, £a7=5.585 and r= 
1.89A in Eq. (6), we obtain 
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KTP >+ KI >+ 16> 
=9.500a+5.5008 + 9.0007 =188.0+7.2 ke. 
(7.1) 
Similary, from the observed value of Avse1, 
we obtain 


9.500a + 5.5008 + 9.0007 =183.041.1 ke . (7.2) 


The right hand sides of Eqs. (7.1) and (7.2) 
agree will with each other. This is a check 
for the measurement of 434, and Avyos. 
Averaging the values of Eqs. (7.1) and (7.2). 


9.900@+5.5008 + 9.0007 =185.5+9.1 kc. (7.3) 


On the other hand, in the 53.5.3 trans- 
ition, the average values of 4vs5 and dics 
give the frequency shifts of the unresolved 
satellites in the higher or lower frequency 
side, which are referred as 4y: or Av_ re- 
spectively. Thus we obtain from Eq. (6), 


Aye —Ap_ 


=p (A JED+ BI) +16 TED)— 0.07 ke. 


The observed value is put into the above 
equation, and it becomes; 


10.50a@+10.508+9.0007=107.2+7.6kc. (8) 


The value of a—f is precisely determined 
from the observation of the 4F=0 components 
in microwave lines. The separation between 
the F=4 and F=2 components in the 3,.— 3,3 
transition was measured as 23.0+0.6kc. By 
putting this value into Eq. (9) in TSS”, we 
obtain” 

a—B=—10.2+0.9 kc. (9) 


Thus the values of a, 8 and 7 are determined 
from Eqs. (7), (8) and (9); 

a=—13.2+3.4 kc 

B=—3.0=53.4 ke 

7=30.22-2.7 ke 


§ 4, Discussions 


The hyperfine structures in the rotational 
spectrum of HCO have been calculated ac- 
cording to the theory and the hyperfine 
coupling constants determined above. The 


*) The value of a—B was determined as —9.1+ 
0.6kc in TSS. However, the measurement of the 
separation between the F=3 and the F=4 com- 
ponents might have some systematic error, because 
they were not resolved completely. Therefore, the 
experimental value of Av2.2—Av4—4 alone was used to 
determine the value of a—8. More precise measure- 
ments on the 332-313 and the lio > 11 transitions 
are now in progress. 
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calculated values are listed in Table II, and 
compared with the experiments. The agree- 
ment between the calculated and the experi- 
mental values is very good. Thus the hyper- 
fine structure in the rotational spectrum of 
H.CO has been completely analysed, and the 
theories of hyperfine structure in the rota- 
tional spectrum of an asymmetric molecule 
by Posener? or TSS” have proved to be 
useful for a practical analysis. 


Table II. Observed and calculated values of 
hyperfine structures in the Q-branch 
transitions of HCO. 


Transitions Observed Calculated 
Caen Rare) eg (ke (ke) 

ii —22.1+0.7 —22.8 

214-2 2is*) 1>2 — 8.5+1.0 — 9.0 
333 0.0 0.0 
2-52 11.1+1.0 10.6 
2>2 —23.0+1.5 —23.8 

3122 313%") 333 10.4+0.7 Or 
454 0.0 0.0 
Be Caria ts eae 
>4 _ — 

431439 el si “ 
ee 
ries Zone 09 M250) 
534 

532 533 9.9+0.7 9.3 
a) ad 
5>6 


*) Measured by P. Thaddeus, J. Loubser, L. Kri- 
sher and H. Lecar.®) 

**) Measured by H. Takuma, T. Shimizu, and K. 
Shimoda. 


The magnetic hyperfine coupling constants 
are closely related to the electronic state of 
the rotating molecule. The magnetic hyper- 
fine coupling constant of proton had been 
determined with H:, HD and NH;.® It has 
a negative sign in all these molecules. That 
is, the magnitude of the magnetic field due 
to the rotation of nuclei exceeds that due to 
the excitation of the electronic state. This 
is because the distribution of the appreciable 
portion of the valence electrons is spherically 
symmetric about the center of mass of these 
molecule. 

On the other hand, the hyperfine coupling 
constant y in H,CO has been obtained to have 
a positive sign. This is the first case in 
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which the coupling constant of proton has. 
been found to have a positive sign. The 
reason of the positive sign of the J-J cou- 
pling constant will be considered in the fol- 
lowing. 

A portion of the electrons in the CH 
bonding orbitals in H,CO may be assumed 
to be spherically symmetric about each pro- 
tons, but it is not spherically symmetric 
about the center of mass of the molecule. 
Because the electrons in sp? hybridized 
valence orbitals of the carbon atom and the 
lone pair electrons of the oxygen atom are 
fixed with respect to the molecular frame, 
they are easily excited by rotating the mo- 
lecular frame. 

Therefore, a large portion of the valence 
electrons does not slip about the center of 
mass of the molecule. The portion of elec- 
trons distributed with spherical symmetry 
around each proton exibits a kind of slippage 
about the proton and cancells partly the 
magetic field due to the proton. Moreover, 
HH distance vy in H.CO is larger than that 
of H, or NHs, so the absolute value of Ak 
is smaller, because it is proportional to 7-* 
as shown in Eq. (5.1). 

Both @ and B have small negative values. 
This shows that the magnetic field due to 
the nuclear charges exceeds that due to the 
electrons in the rotation along x or y axis, 
contrary to z direction. This is because the 
magnetic field due to the carbon and oxygen: 
nuclei is less effective in producing a mag- 
netic field by a revolution of the molecule 
along z axis compared with a_ revolution. 
along x or y axis. 


Table II]. Magnetic hyperfine coupling 
constants of H2CO. 
Nuclear F Totals 
Com- Electronic : 

(Calculated) (Experimental) 
ponents (kc) (ke) (kc) f 

a —37.8 24.6 —13.243.4 

B —19.7 16.7 — 3.0+3.4 

7 —18.6 21.6 30.2+2.7 


The nuclear parts of the I-J coupling con- 
stants a,8 and 7, can be calculated from 
Eq. (5.1), and listed in Table III. Half an 
electron is assumed to be in the atomic orbit- 
al of each hydrogen in the average, slipping: 
about the proton like the chair of Ferris. 


a es ee a 


Be 
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wheel, in the calculation of these constants. 
The electronic parts are obtained by sub- 
tracting the nuclear parts from the experi- 
mentally obtained values of a, 8 and ry. They 
Bre also listed in Table III. The nuclear 
part or the electronic part of y+ is much 
greater than that of the other components of 
I-J coupling constants, because each diagonal 
component of the Z-J coupling diadic is pro- 
portional to the rotational constant along 
each axis as shown in Eqs. (OL and, (5.2), 
and HCO has the largest rotational constant 
along z axis. Physically, this molecule rotates 
with a much larger angular velocity about z 
axis than the angular velocity along x or y 
axis. 

In order to derive the relation between the 
I-J coupling constants and the rotational g 
factor of the molecule, Eq. (5.2) is somewhat 
modified. 


mM > (Ti—-Ve) X Vix=mM ri XUy;+MNrx X VE 
a t 


—mrx x > o.—m(1+2=) DMX Ux , 


fH 

where J is the total number of the valence 
electrons in the molecule, and m the electron 
mass. The first term of the right hand side 
of the above equation is the electronic angular 
momentum of the molecule, and the order of 
magnitude of the remaining each term is 
equal to 


ap * angular momentum of the molecule), 


where M is the mass of the molecule. 
Therefore, the last three terms are smaller 
than the first term, and \(n—rxc)XUix in 


Eq. (5.2) can be substituted by #”L,/m. Then 
following relation is derived; 
Anj=AusunguA BT sicsiron ay 
(11) 


x 3 (En Ex |<o|Lo|n> 


where yw, is the Bohr magneton. This is the 
extension of Eq. (19) in the paper by White® 
to an asymmetric top molecule H,CO. 
> (Anr— Eo)“ |<o| L£,|2>|?, which we shall ab- 
nF0 

breviate as >i(Lz),, is a measure of the 

n . 

excitation of the electrons by a revolution of 


the molecule along g axis. 
It was also shown by White that & (Ln)g 


was closely related to the rotational g factor 
for diatomic, linear or symmetric top mole- 
cules. The simillar relation to be satisfied 
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for asymmetric molecules with Cy, symmetry 
in 1S state is discussed in the appendix of 
this paper. From Eqs. (11) and (A10), we 
obtain the following relation; 

— AR l(guttn 2 ey oe or z (12) 
Thus the value of <vazcron Yay Can be obtained 
from the value of A, calculated above, if 
the value of g¥) is known. 

The Zeeman effect of the microwave spec- 
trum of H.CO was studied by Kondo et al. 
with an absorption type spectrometer.” 
Their results are listed in Table IV. From 
Eq. (Al10), nuclear parts of the rotational g 
tensor of H,CO are calculated with the same 
assumptions as have been assumed in calcu- 
lating Axy. The electronic parts are obtained 
by subtracting the nuclear parts from the 
experimental values. The results are listed 
in Table IV. 


Table IV. Molecular g tensor of H2CO. 


Nuclear : Totals*) 
Com- Electronic : 
E ental 
ponents Ce (kc) ( hike ntal) 
Gun 0.305 —0.285 0.02+0.10 
Guy 0.317 —0.667 —0.35+0.10 
GJzz 0.503 —3.403 —2.90+0.05 


*) Determined by K. Kondo et al.!0 


Putting the values of AY, and gy, in Ea. 

(12), we obtain 

AP gra gon=2.08x 10cm, 

Az |( Puts aoe. 10cm, 

SAC er pag gH 48 x 10Y cay . 
These values should agree to give the value 
of <ratetron dav. Though they differ with each 
other, their differences are not significant 
because the relative errors for the experi- 
mental values of 8 and gzz exceed 100 percent 
(See Table III and IV). The most precise 
value of <raveron>av is obtained from Ax: 
(guttw’gs?), because the relative experimental 
errors of 7 and gz, are much smaller than 
that of a, B, ger and Zyy. 

Then, the value of <7déctron ay is determined 
as; 
CP eiceot neal x10" Terma 

This is very much larger than that of pure 
2p orbitals in hydrogen, and it shows that 
assuming the excited state as a p-electron is 
questionable. This is the same conclusion as 
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White® obtained for H;, but the circumstances 
are more complicated in the present case, 
because the electrons in the bonding orbitals 
of the sp? hybridized carbon atom play a 
principal role in H,CO. 
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Appendix 


Zeeman effect of the rotational spectrum 
of H.CO by an absorption type spectrometer 
will be discussed here briefly.*) 

The hyperfine splittings are assumed to 
be negligibly small, and only the first order 
Zeeman effect is considered. The Hamiltonian 
for this problem is; 


HE = C(J2—Lz)? + BJy—Ly)? + AGL)? 


+57 rex) Saree ee - 
Cam 26 K 


(Al) 
In order to treat the Hamiltonian in the same 
way as that of the magnetic hyperfine struc- 
ture, the external field H will be described 
by the molecular fixed coordinate system. 


lEb=vtsdel 
Ay=hyzH ’ 
lslteVizlal 


where dzz, dys and d2,, are the direction 
cosines of x, y and z axes with respect to 


(A2) 
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The direction of the 
Zeeman 


the space fixed Z axis. 
static field is chosen as the Z axis. 
energy is then described as 


4Ws=—-Lw = 3) S00' JoHs’ , (A3) 


where gy is the rotational g tensor of the 
molecule. 

The Hamiltonian is devided into two parts 
in the same way as that of the magnetic 
hyperfine interaction: one which includes only 
diagonal terms in the electronic wave func- 
tion and the other which includes off diagonal 
terms. The diagonal part H" is given as 


HY =CJ/7+Bjr+AJe 


abe Ce > Zk(reXvx):H, (A4) 
NO TE 


After a little manipulation, we find 
<o| H™|o> 


= — py ginJeHet+-gyuJoHy +237 JeH:) » UCAS) 
Be ee alee 
Linch K 
where g() is the rotational g tensor of the 


molecule due to the rotation of nuclear 
charges. 

The effective part of the Hamiltonian 
which includes off diagonal terms is 


H® =—2CJ,L,—2BJyLy—2AJ-Lz 
sages (r.xv;)-H. (A6) 


Thus the electronic part in the result of the 
perturbation calculation is written as 


= (En—Eo) 0 | H® |n><n| H | 0> 
== > Moo Jor Jo+ ds > DoqJgHg ? (A7) 


where the second order terms on H are neg- 
lected, and 


Mog = 2 Abo En) Ag Ag<o |Lg|n><n| Lg | o> 


eA, 
c 


Dg = 


2 Bo— En)"KXo |Lg|n><n| py (Ti X Vi)gr | OD 


(48) 


+C0| D(X vi)g |) <n | Ly | 0] 
The term 3) > Myo JoJy, will not be considered here, because it is the same experssion as 
the rotational energy of the molecule, and included in it. 
Therefore, the Zeeman energy due to the excitation of electrons is obtained as 


4W? = = ee Seg otl alle , 


(2) pa CBee jy De! 


(A9) 


[Co] Lo ln) <n| & (rex va) 0 +40 | (1iX Vi) 1M) <n | Ly |0>] . 


*) Recently, after this work was finished, more detailed calculation of the magnetic interaction of 
1)’ state molecules including the second order Zeeman effect has been developed by K. Kondo. 
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As m>.r,Xv; is the electronic angular mo- 
mentum of the molecule, the diagonal terms 
of the rotational g tensor of the molecule are 
obtained as below; 


eel) (2) 
So9=L 09 +850 


eA 
i=, C(x? 70) (A10) 


Lynch 


re 76 oe oN AO EE 
Uy nF 

where wz is the Bohr magneton and m the 
electron mass. Eq. (A10) is the extension of 
Eq. (22) by White® to an asymmetric top 
molecule with C;, symmetry. 
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Some Remarks on Hydrostatic Pressure and Maxwell Model 
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The difference between hydrostatic pressure and isotropic component 
of stress tensor was early mentioned by Reiner in his theory of dilatancy. 
In the recent development of the theory of viscoelasticity, however, it 


seems that this distinction becomes fade and is slightened. 


In this paper, 


this distinction is rigorously discussed in relation to Maxwell model. 

It has been shown that as far as we stay at the assumption that actual 
stress is equivalent to elastic stress and also to viscous stress and the 
condition that viscous stress vanishes when viscous strain rate becomes 
zero, derived Maxwell’s formulas can not contain hydrostatic pressure. 


$1. Introduction 
The extention of classical Maxwell’s formula 
to three-dimensional case was initially done 
by T. Alfrey.” However, either the classical 
formula or Alfrey’s formula are founded on 
the assumption that strain and strain rate are 
sufficiently small and so are not valid to the 
cases of large strain and strain rate. Recently, 
new theories have been developed by Yama- 
moto” and Segawa,” which are valid for non- 
linear viscoelasticity, basing on the extended 
Maxwell model. Now, we must remember 
that the classical Maxwell model is the series 
combination of a Hookeian spring and a New- 


tonian dashpot and the actual stress is equi- 
valent to the elastic stress and also to the 
viscous stress. On the other hand, the Maxwell 
model in the theory of non-linear viscoelas- 
ticity is the series combination of a non- 
Hookeian spring and a non-Newtonian dashpot, 
though the assumption that the elastic stress 
is the same as the viscous stress is conserved, 
as far as we stand in the idea of the series 
combination of a spring and a dashpot. 

The viscous stress is such stress as it 
vanishes when the viscous strain rate becomes 
zero. Thus, we can expect that either elastic 
stress or viscous stress becomes zero when 
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the viscous strain rate vanishes, considering 
the property of the series combination of a 
spring and a dashpot. Then, hydrostatic 
pressure must also vanish because it is a 
kind of the elastic stress. 

The difference between the hydrostatic 
pressure and the isotropic component of stress 
was early emphasized by Reiner in his mathe- 
matical theory of the dilatancy.” In the 
recent development of the theories of viscoelas- 
ticity, however, this distinction seems to 
have been treated carelessly. In this paper, 
we will discuss how this distinction is im- 
portant, especially in relation to Maxwell’s 
formula and some remarks will be done, 
relating to hydrostatic pressure and Maxwell 
model. 


§2. Hydrostatic Pressure and Isotropic Com- 
ponent of Stress Tensor 

After Reiner,” component of the stress, 

the strain and the strain rate tensor in the 
liquid are written as follows: 


TON SONG (2.1) 
Crp =COru +e’ ru 5 Cy) 
Sru=SOrmu tt ru ? (2.3) 


respectively, where 6,, is the Kronecker’s 
delta, and 

Li <=¢\, =f, =0 7 (2.4) 

I POSER BP ' €xa= 3e basa... (225) 

In Eq. (2.1), T* and T’*“ express the isotropic 

components and the deviatoric components of 

the stress tensor, respecticely. Moreover, 
this equation can be rewritten as follows: 

L*e=(T—p)oy,+ 7 (2.6) 

where p represents the hydrostatic pressure 


and is regarded as a function of the isotropic 
components of strain tensor e: 


p=pe) (2.7) 
and T and 7“ are the functions of isotropic 
components of the strain rate tensor and of 
components of the strain rate tensor, respec- 
tively: 


ToL) sich ® =0 (2.8) 
PN TOM a) (2.9) 
Putting 
TT pO = TA, (2.10) 
Eq. (2.6) becomes 
PM=T iit hOrs (2.11) 
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which in the case of liquid is a function of 
only components of strain rate tensor and 
just corresponds to 7,“ in §3. From Eq. 
(2.10), we have 
T*=T—p=T(f)—-b€©@) . (2.12) 
From the above consideration, we can see 
that hydrostatic pressure p is not equivalent 
of the isotropic component of the stress tensor 
T*, but such part of it as remains when 
fau=0. This fact was initially pointed out by 
Reiner. We must also take care of the fact 
that hydrostatic presure vanishes when @,,=0' 
because e=0 if @,=0. 


§3. Hydrostatic Pressure and Maxwell Model 


As it is well-known, characteristic properties. 
of Maxwell model are represented by two 
assumptions that (1) the actual stress is equi- 
valent to the elastic stress and also to the 
viscous stress and (2) the actual strain is the 
sum of the elastic strain and the viscous. 
strain. In the theory of three-dimensional 
non-linear viscoelasticity,?® the second as- 
sumption has been improved so that the actual 
strain rate is the sum of the elastic strain rate: 
and the viscous strain rate but the first as- 
sumption has not been improved substantially. 

Let the actual stress, the elastic stress. 
and the viscous stress be denoted by JT’, TA” 
and 7," respectively, then the first condition. 
is expressed by 


T = T= Ty (3.1): 
Moreover, let the actual strain rate, the elastic 
strain rate and the viscous strain rate be: 


Fru Fern and foru, respectively, then the second 
conditioned will be represented by 


Sxued exe lone « (3.2): 
Similarly as above, let the actual strain, 
elastic strain and viscous strain be denoted. 
bY @au; @eau and ry, respectively. Then, we 
can assume that 
FevS TP AWexg) 3 
and 
Ty\"= Ty(foau) , To**=0 when f,“=0 (3.4) 
It seems that Eq. (3.3) and Eq. (3.4) are surely 
natural and reasonable assumptions to be em- 
ployed whenever we want to develop any theory 
of viscoelasticity. But as soon as we admit 
these assumptions we will encounter unplea- 
sant results as we shall see just later. 
As we have seen in § 2, hydrostatic pressure: 


T2“=0 when @a,=0 (3.3): 


| 
{ 
| 
6 
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is such part of the isotropic components of 
stress tensor as remains when f,,,.=0. But, 
if foa.=0, we have from Eq. (3.4) 


tee () 
and from Eq. (8.1) also 
eee) 


and at the same time hydrostatic pressure 
will vanish because it belongs to the elastic 
GRE 

From the above circumstances, we can see 
that hydrostatic pressure is not contained in 
Maxwell model and accordingly in Maxwell’s 
formulas and this fact is natural result as 
far as we admit Eq. (38.1), Eq. (8.4) and the 
definition of hydrostatic pressure as mentioned 
above. ' 

If we want to avoid this obstacle, we should 
adopt any other model different from the Max- 
well model as mentioned above. For instance, 
we could employ such a model as parallel 
combination of a spring and a Maxwell ele- 
ment, but then we could no longer call that 
model a Maxwell model in the same sense of 
this paper and moreover we would face 
another obstacle. 

Finally, we must notice that in Voigt model 
the circumstances are quite different from the 
above, there exist no obstacles, because now 
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actual stress is the sum of elastic stress and 
viscous stress and elastic stress never vanishes 
even if viscous stress becomes zero. 


§4. Conclusions 


Hydrostatic pressure is such part of the 
isotropic components of the stress tensor as 
remains when components of the viscous strain 
rate tensor vanish. Whereas, as the condition 
that component of actual stress tensor is 
equivalent to that of the elastic stress tensor 
and also to that of the viscous stress tensor 
is assumed in Maxwell model and as com- 
ponents of the viscous stress tensor vanish 
when components of the viscous strain rate 
tensor becomes zero, we can conclude that 
the hydrostatic pressure can not be con- 
tained in the rheological equations of Maxwell 
model as far as we conserve the above. con- 
ditions. 
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Rheological Equations of Generalized Maxwell Model and Voigt 
Model in Three-Dimensional, Non-Linear Deformation. 


By Wataru SEGAWA 
College of Humanities and Sciences, Nihon University, Tokyo / 
(Recieved October 24, 1960) | 


It is well known that the generalized Maxwell model and Voigt are | 
very useful for description at the mechainical behaviours of the materials | 
having the distribution of relaxation times or retardation times, as far 
as the deformation of the materials is one-dimensional and the strain and [ 
the strain rate are sufficiently small. In this paper, these two models 
have been extended so as to be applicable to three-dimensional and non- 
linear deformations of initially isotropic materials and two sets of 
rheological equations corresponding to each of such extended models 
have been obtained. 

It has been also shown that, the condition of small deformation being 
introduced, each of the two sets are reduced to three-dimensional exten- 
sions of the corresponding classical equations, and moreover, the three- 
dimensionaly extended formulas, which are applied to simple elongation, i 
are reduced to the corresponding classical (one-dimensional) equations for 


the case of simple elongation. 


§1. Introduction 


In the previous papers”), we have derived 
the rheological equations of the Maxwell 
model and the Voigt model in the case of 
three-dimensional, non-linear deformation. 
Similar derivation was also done by Yama- 
moto”, in somewhat different formulation 
from our’s. 

In these treatment, one-dimensional, classic- 
al models have been extended so as to be ap- 
plicable to three-dimensional, non-linear de- 
formations. For instance, in the classical 
Maxwell model actual strain is the sum of 
elastic strain and viscous strain, whereas in 
our Maxwell model actual strain rate is the 
sum of elastic strain rate and viscous strain 
rate. Moreover, in order to represent non- 
linearity, Hookeian spring and Newtonian 
dashpot have been replaced by non-Hookeian 
spring and non-Newtonian dashpot, respec- 
tively, and to be valid for three-dimensional 
deformation, various relations have been de- 
scribed by the components of their tensors. 

As is well known, in the classical theory 
of viscoelasticity we considered the general- 
ized Maxwell model and Voigt model having 
the distribution of relaxation times and retar- 
dation times, respectively, in order to represent 
the mechanical behaviours of materials and the 
former is the parallel combination of Maxwell 


elements and the latter is the series combina- 
tion of Voigt elements.” 

In this paper, under the similar considera- 
tions of the previous papers, we will derive 
the rheological equations of the generalized 
models in the case of three-dimensional and 
nonlinear deformations of initially isotropic 
materials and moreover we will make clear 
how the above equations will be reduced to. 
the corresponding classical formulas or the 
three-dimensional extensions of them. 


§2. Rheological Equation of Generalized. 
Maxwell Model 


Let the quantities relating to p-th Maxwell 
element be denoted by subscript p. 

The generalized Maxwell model in three- 
dimensional case will be specified by the 
condition 


TM= 37M (2.1) 
p=1 


where 7“ is the component of stress tensor 
(referred to the deformed state), and T,’ is. 
the component of stress tensor in ~p-th Max- 
well element. 

Let the coordinates of a material particle 
in underformed state and deformed state 
(when elastic process alone took place in p-th. 
Maxwell element) be denoted by x* and y,**, 
respectively, in*a rectangular coordinate 
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system fixed in space. Then, strain rate- 
stress relation in p-th Maxwell element may 
be represented by 


09, Oye id (Ox) Oxi 

Bp xtiOdt ie Gy ae A078 
+ BT y+ CTT} 
+ Dyb.ut EpT y+ Fo T pT (2.2) 


where fx, is the component of strain rate 
tensor and Ay, Bs; Cy, Dosis, Fp are the func- 
tions of stress invariants defined by 


Tp: = eae Ty2= $ 1G I BFFs 


Tvs — STP T TE fete (2.3) 


In Eq. (2.2), we must notice that A, py, +--+, 
i,j, +++ etc. are so-called dummy index, but 
pb is not so. This convention will be used 
throughout this article. 

A component of strain tensor in p-th Max- 
well element will be given by 


1 e 


where y** represents Oy,*/Ox! and 6), is the 
Kronecker’s delta. The strain stress relation 
is written as follows 

Cpu = Aporw t+ Bol p+ Cpl yp’ T 
which has appeared in Eq. (2.2). 

By virtue of Eqs. (2.4) and (2.5), together 
with other conditions, we can decide y** (and 
accordingly Ox'/Ox,**) (A, i=1, 2, 3) as the func- 
tions of T,*“(A, u=1, 2, 3), then Eq. (2.2) be- 
comes the relation between fx. and Ty. 
Thus, Eqs. (2.1) and (2.2) express the rheo- 
logical equation of generalized Maxwell model 
for the material which is isotropic in the 
natural state. 

When deformation is sufficiently small, we 
can use the relation 

Ov, OyyXt 

Be a tad. 

Oxt = Ox 

Oy p** Dyy*P 
and the strain-stress relation and the strain 
rate-stress relation will become linear. Sub- 
stituting these conditions into Eq. (2.2) we 
have 


(2.5) 


— 0:00 58, (2 6) 


xe. =F (Apr + BoT™) 


+ Dydrxut+ EpTp™ (2.7) 
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where, denoting the shear modulus by “4 and 
the coefficient of viscosity by 7p, 


1 
Ae Se == Tien, Boat 
6p 2Ltp 
1 ars (2.8) 
Die 325 Tae esto 
6% » if ° 20» J 


if the material is incompressible and isotropic. 
Eqs. (2.1) and (2.7), together with Eq. (2.8), 
are three-dimensional extension of the classic- 
al equation of generalized Maxwell model. 
Let us apply Eqs. (2.1) and (2.7) to incom- 
pressible, simple elongation which is specified 
by 
T"' +0, all others=0 
T,'+0, all others=0 


ye) ite Lesa, 
i 
Sn=fo=— Shu 


Ws oe Ihe 


Putting TST oT YaST Ts pwehavetrom 
Eq: (2.1) 


(2.9) 


T- si Ts (2.10) 
p= 
and from Eq. (2.7) 
d il 1 il 
=—|( — Dna —_—— 
f dt ( 6p : 2p a) 67» deg 
il 
+——T, pe calalt 
any Pinca a 
ee: ( 6 itp T»)— 6%» o 
accordingly, 
IL Es, 1 
= le Bil 
i Caer caceae (2.11) 


Eq. (2.10) and (2.11) are equivalent to the 
classical equation of generalized Maxwell 
model.” 


§3. Rheological Equation of Generalized 
Voigt Model 
Generalized Voigt model for three-dimen- 
sional deformations may be characterized by 
the condition 
Fru= Dif pru (3.1) 
where fpau represents the component of strain 
rate tensor in the p-th Voigt element. (In 
this paragraph, we will represent the quantities 
relating to the p-th Voigt element by sub- 


script p) 
The rheological equation to the p-th ele- 
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ment of Voigtian material which is isotropic 
in its natural state will be represented by 


The =Ly0ry.+ Me prt Ne pru pve 
+ Prdrut+QoforautRof rv ov 


where J" is a component of stress tensor, 
€pu Yepresents a component of strain tensor 
in p-th Voigt element, and Ly, My, Np, Pv; Qo, 
R, are functions of the strain invariants and 
the strain rate invariants, respectively, defin- 
ed by 


(3.2)2®) 


Cpi=Cpray, Epo= FP onl has 
1 
ep3 = Bes ads acs 
1 (3.3) 
FT or =f pra, Fr= aS out ona 
J 
if 1 ck pavJ pad; DIL 


If the material is incompressible, L» will be 
reduced to an undetermined coefficient ¢, and 
fr will become zero. 

Strain component in the p-th Voigt element 
may be defined by 

enna (SAISA— Ia) (3.4) 

where yx} represents Oy,*/Ox' and x‘ and 
4yy** express the coordinates of a material 
particle of undeformed and deformed states 
in the p-th Voigt element, respectively. 
Moreover, strain components and strain-rate 
components are related to each other as 
follows: 


Ox! 
Cyru = ba Ae ‘Se OY» *a ay Jocael mod (3.5) 
or 
d ( axt Ox 
Forxu= => aay 4) dt ea 3y,8 om): (3.5 yp 
Dp Dp 


Then, we can express €pau(A, u=1, 2, 3) as the 
function of fovu(A, u=1, 2, 3) by virtue of Eqs. 
(3.4) and (3.5). Thus, Eq. (3.1), Eq. (3.2), 
together with Eqs. (3.4) and (3.5), constitute 
the rheological equation of the generalized 
Voigt model for the material which is iso- 
tropic in natural state. 

When the deformation is sufficiently small, 
Eq, (3.2) will become linear, and using the 
relation 
Ox? Ox 


OriOu5, Oy »*% Oy y*2 *B 


SVR ie =dia0;p (3.6) 
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Eq. (3.5) and Eq. (3.5’) will be reduced to 


emu Fru ee 
respectively. We must notice that Eq. (3.7) 
is valid as far as we concern with small de- 
formation, on the other hand in large deform- 
ation strain rate is not given mere by the 
time derivative of strain but by Eq. (3.5’). 
Thus, Eq. (3.2) will be reduced to 


T= Lb xu t+ My€prut PpdrxutQ of pru (3.8) 


where, denoting the shear modulus by 4» and 
the coefficient of viscosity by yp 


My=2up, Qy=2nn 
and L, and P, are linear functions of @,; and 


foi, respectively. Moreover, if the material 
is incompressible, Eq. (3.8) will be reduced to 
TM = D0 rw t2Mpl pr t2y vf pru (3.9) 
where ¢ is an undetermined coefficient. Eq. 
(3.1) and (3.9) express the three-dimensional 
extension of the classical rheological equation 
of generalized Voigt model. 
In the case of incompressible materials, 
simple elongation is specified by 


T"'0, all others=0 


te, if Aref, fa=fu=—Sfu 
: 3.10 
eee if AX LL, frm=foa=—Sho \ 
nike 1 
Cypw=0 if AX yp, C2 Sey iy eas 


Putting T"=7, fu=f, fou=fe and mie, we 
have from Eq. (3.1) 


f==S» (3.11) 
and from Eq. (3.9) 
T=¢+ 2p ply t+2yvf p 
0=9+214(——e» | +2m(—Sf») 
2 2 
or 
T=3pyly +3 vf p (3.12) 


Eqs. (3.11) and (3.12) represent the classical 
equation of generalized Voigt model in the 
case of simple elongation.*) 


§4. Discussions 


In the precedings, we have derived two 
sets of rheological equations for the general- 
ized Maxwell model and Voigt model in the 
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case of three-dimensional, non-linear deform- 
ations, and it has been shown that, the condi- 
tions of small deformation being introduced, 
the derived equations are reduced to three 
dimensional extensions of the corresponding 
classical equations, which, in turn, being ap- 
plied to simple elongation, are reduced to the 
corresponding classical equations. We can 
easily show that the three-dimensionally ex- 
tended formulas are also reduced to the cor- 
responding classical equations in the case of 
simple shear, the conditions of simple shear 
being introduced. 

As we have seen, any Hookian spring and 
any Newtonian dashpot have been thoroughly 
replaced by non-Nookian spring and _ non- 
Newtonian dashpot, respectively, and stress- 
strain-strain rate relations in the most general 
type have been effectively utilized. 

Eq. (2.1) and (2.2), together witn Eq. (2.4), 
(2.5), can serve for solving actual problems 
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of general deformation of Maxwellian materi- 
al which is isotropic in natural state, in prin- 
ciple. But, these equations are very com- 
plicated and such calculations will be much 
involved, because of non-linearity of the equ- 
ations. The same is true in the case of Eq. 
(3.1), (8.2), (8.4) and (3.5). More detailed 
discussions relating to these problems and 
others will be done later. 
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The Velocity Distribution at the Interface between Two Liquids 


By Setsuo OKUDA 
Department of Physics, Okayama University, Okayama 
(Received October 31, 1960) 


By carrying out detailed experiments in a water flume of dimensions 
180 cmx50cmx15cm we have observed, by the use of a suitable colour- 
ing material, the velocity distribution near the interface between two 
superposed liquids having different densities, the lighter liquid flowing 
over the heavier one confined in a hollow. It has thus been found that 
if there is any difference, however small, between the densities of the 
two liquids, the velocity of the upper liquid decreases fairly rapidly near 
the interface, as if it were a solid plane, while the lower liquid is almost 
at rest in the hollow. 

Attempts have then been made to explain the observed flow pattern 
theoretically. First, a rather simple approximate calculation has been 
performed by assuming that the two liquids are in direct contact with 
each other, but no satisfactory explanation of the observed flow pattern 
has been obtained. 

We have next carried out an improved calculation by assuming that 
there is formed a thin intermediate zone between the two liquids and 
it has been found that the calculated flow pattern is, in this case, in 


fairly good agreement with the observed one. 


Introduction 


§1. 

In natural flows at rivers, lakes and the 
sea or in artificial flows in chemical engineer- 
ing process, it is frequently observed that a 
lighter liquid flows over a heavier one in a 
concave hollow and that there exists an inter- 
face or a thin contacting zone with sharp 
density gradient between those two liquids. 
The investigation of such a phenomenon, 
especially the study of the velocity distribu- 
tion in the contacting zone, is not only 
physically interesting for the problem of 
boundary layer between two liquids, but also 
practically useful for the technical planning 
of water supply or the treatment of chemical 
substance. The purpose of the present study 
is to observe, by carrying out experiments 
in a water flume, the velocity distribution 
in the contacting zone between two liquids 
having different densities, one of which flows 
over the other confined in a hollow, and to 


explain the observed results by theoretical 
analysis. 


§2. Experiments 

The water flume used in the present ex- 
periments is shown in Plate 1. 

It consists of two glass side-plates (length 
being 180cm and height 50cm) placed in 


parallel at a distance of 15cm and two steel 
walls and steel bottom. For the scale meas- 
urement grid lines with spacing of 10cm are 
drawn on the semi-transparent paper pasted 
on the backside glass plate. For convenience 
in treatment and application of the obtained 
results to natural flow, brine was used for 
heavier liquid and its density was controlled 
by the concentration of salt, while tap water 
was used for lighter liquid. 


The densities of the liquids were measured 
by a precise hydrometer (scale interval being 
1.000~1.020 gr/cm’) and it was found that 
the density difference 4o between the two 
liquids did not exceed 0.02 gr/em® which is 
the maximum value of density difference 
found in natural water flows under normal 
conditions. 

The thickness of the flowing liquid layer 
was changed by controlling the positions of 
the water surface S and the mouths of inlet 
I and exit E. The lighter liquid was made 
to circulate by a motor pump M along the 
course of I>E--C (cock)—M-—I and the flow 
speed was controlled by turning the cock C 
and regulating the voltage for the motor 
pump M. 

Prior to the present experiments a few 
physical experiments have been carried out 
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Plate 1. Whole view of water flume and piping — — 
system. Plate 4. The flow in the upper layer is turbulent 
I: inlet; E: exit; |S: surface; _C: cock; (Re=2400). 


U: upper liquid; L: lower liquid; M: motor 


Plate 2. Water-blue lines and small glass spheres 
Gi, Gz, Gs, whose densities are 1.005, 1.010, 1.015 
gr/cm’ respectively. B: bending part of diagonal 
line at sharp density gradient. 


Plate 5. The flow in homogeneous liquid. 


Plate 3. The flow in the upper layer is laminar Plate 6. Three-layer flow with intermediate zone. 


(Re=250). Re: Reynolds number related to the U: upper liquid: I: intermediate zone; 


upper layer. L: lower liquid 
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Plate 7. Very thin intermediate zone (I) pressed to 
the downstream side. 


Plate 8. Veloctiy distribution near the intermediate 
zone (I) which flows out towards the exit. 


on stratified water flow. 

G. I. Taylor” observed two-layer flow 
(tap water flowing over brine in a hollow) in 
a small water flume (50 cmx6cmx0.6 cm) in 
order to explain qualitatively the wind dis- 
tribution under stabilized condition and G. H. 
Keulegan? investigated quantitatively the 
stability of interface and the mixing of two 
liquids in various water flumes. In his ex- 
periments tap water was made to flow over 
sugar water. 

However, the exact velocity distribution in 
the contacting zone between two liquids was 
not determined in their experiments. 

In order to determine precisely the velocity 
distribution in the thin layer, a newly devised 
“Water-blue Method”? was applied to the 
present experiment. When small particles 
of water-blue (a kind of aniline dye-stuff) of 
diameters of 0.1~0.3mm are plunged into 
water, they fall down vertically and are dis- 
solved in water and, as shown in Plate 2, 
there appear blue vertical lines along their 
paths. 

If water flows horizontally, these vertical 
blue lines shift as time goes on, so that the 
vertical distribution of the horizontal velocity 
can be determined by recording the positions 
of these lines by means of photography or 
cinematography. It was observed that the 
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flow in the central vertical plane containing 
flow direction is completely two-dimensional, 
because the plane is the center of symmetry 
and the velocity component perpendicular to 
it vanishes. 

In order to determine the density distribu- 
tion in the contacting zone in motion, small 
glass spheres® of various densities, which had 
been measured precisely beforehand, were 
put into the zone and their equilibrium posi- 
tions were observed. 

The position at which discontinuous change 
of density occurs is indicated by a partial 
bending of the straight line drawn diagonally 
on the backside wall, as shown in Plate 2, 
which may be caused by discontinuous change 
of refractive index®). If ferric chloride is 
dissolved in brine and potassium ferrocyanide 
in tap water, prussian blue becomes visible 
in the mixing zone between two liquids and 
by observing such a coloured layer it is 
readily found that the flow in the zone is 
laminar or turbulent. 

For the sake of comparison of the observed 
results with slow-motion theory, the flow 
speed was made so slow and the contacting 
zone was made so stable in most experiments 
that the coloured layer was very thin and 
could hardly be recognized in photographs. 
Lest a small natural convection should occur 
in the water flume due to the temperature 
gradient on the side-wall, the temperature of 
air in the laboratory was kept nearly constant 
and experiment was not carried out until the 
temperature of water had become nearly 
equal to the temperature of air. For con- 
venience in photographing or observation 
three photo flood lamps (500 W x3) were used 
to illuminate the wall from behind, but only 
in short duration lest they should overheat 
the wall. 

Some typical behaviours of the stratified 
flow as observed by the above-mentioned 
method are shown in Plates 3, 4, and 5. In 
each of these plates, the plate with mark (A) 
shows the general feature of the stratified 
flow as revealed by pouring the blue ink 
into the upper liquid at supply mouth, while 
the plates with mark (B) show the velocity 
distribution at the central part of the water 
flume which are visualized by water-blue 
lines. It is to be noted that the flow in the 
upper layer is laminar in Plate 3, whereas it 
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is turbulent in Plate 4. 

Plate 5 shows the feature of the flow in 
the case of a homogeneous liquid without 
density difference. 

From these plates it will be seen that when 
there exists any- density difference between 
two liquids, each liquid flows as if there 
were a solid plane in the interface, namely, 
the upper liquid flows with the parabolic 
velocity distribution in the case of laminar 
flow or with the flattened one in the case of 
turbulent flow, while the lower liquid is 
confined in the hollow and is almost at rest. 
In the case of a homogeneous liquid without 
density difference, however, the moving upper 
layer induces the motion of the lower liquid, 
and the horizontal velocity decreases contin- 
uously. 

In the following sections, some analytical 
calculations are tried in order to explain the 
remarkable diminution of velocity in the 
contacting zone between two liquids with 
density difference. 


§3. Calculation of the Horizontal Flow in 
Two Layers, neglecting Vertical Flow 


A considerable amount of studies has been 
carried out so far on two-layer flows stratified 
vertically. Especially, the velocity distribu- 
tion in a half jet with infinite layer thickness 
and infinite horizontal extent has been calcu- 
lated by G. H. Keulegan®, R. C. Lock” and 
O. E. Potter® for the case of laminar flow, 
and by S. I. Pai for the case of turbulent 
flow. But their results that the velocity in 
the interface is nearly equal to the mean 
value of the upper and lower velocities are 
inconsistent with the prompt vanishing of 
velocity in the contacting zone as observed 
in the present experiments on a finite flume. 

In the branch of estuarine hydrography, 
on the other hand, many experimental 
studies have been carried out on the velo- 
city distribution in two-layer flow which 
consists of upper fresh river water and lower 
sea water and has finite vertical thickness 
and infinite horizontal extent. But, their 
results too cannot be applied to the present 
experiment for a finite flume. 

A. Thom and C. J. Apelt!? calculated the 
flow pattern when the horizontally moving 
liquid with the parabolic velocity distribution 
flows over the same liquid contained in 
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rectangular hollow whose height is twice as 
large as its width. The general feature of 
the calculated flow pattern is very similar to 
that of the observed one in homogeneous 
liquid as shown in Plate 5, but as a matter 
of course their results cannot be applied to 
the stratified flow with density difference. 
The stable interface between two liquids 
with density difference coincides nearly with 
the ceiling plane of the hollow and the lower 
liquid is confined and circulates in the hollow. 

K. Hidaka’? calculated the liquid flow in 
a rectangular hollow subject to the boundary 
condition that constant tangential stress is 
acting along the ceiling plane of the hollow. 
Also, M. Kawaguti!® calculated a similar 
flow subject to the boundary condition that 
there is a constant velocity along the ceiling 
plane of the hollow. But they did not con- 
sider the flow over the ceiling plane. Although 
both of these authors carried out their rather 
troublesome calculations by solving the 
Navier-Stokes equations of motion numeri- 
cally, yet it will be shown below that a 
simple calculation can give an approximate 
flow pattern at the central part of the water 
flume where the vertical component of velo- 
city is negligibly small. 

Hidaka shows that when the liquid circu- 
lates in a horizontally long rectangle, the 
vertical component of velocity is negligible 
except in the regions near the vertical edge- 
walls. 

This situation does not change even when 
a horizontal flow contacts with the liquid in 
the rectangular hollow at its ceiling, and in 
fact, observation of the motion of the fine 
materials in the water shows that the vertical 
flow is negligible in the central region of the 
long flume. 

Thus, a simple calculation for two-layer 
flow is tried to investigate approximately the 
flow pattern in the central region of the 
flume. 


-H(-1) 
Two-layer flow. 


Ih ex, aly. 
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As shown in Fig. 1, we take the x-axis 
along the ceiling of the rectangular hollow 
in the direction of horizontal flow and the 
y-axis vertically upwards. 

Then, if we neglect the vertical component 
of velocity, the equation of stationary hori- 
zontal motion becomes 


Ou Op 
——— 1 
Oy Ox’ w) 
where vy is the coefficient of viscosity, a the 
horizontal velocity, and p the pressure. 
The boundary conditions to be satisfied by 


“the horizontal flow are 


ui=0 ate 
(at the fixed surface), 
U;=U2 
Ou, _ Outs at y=0 
“oy ay (at the interface), 
UWs=0 at y=—1 


(at the bottom), 


the suffixes 1 and 2 indicating the values in 
the upper flow and the lower one respectively. 

The total flow rate Q, through the upper 
layer is calculated by the use of the initial 
parabolic velocity distribution U),=4y(1—y) 
with the maximum value of unity at a section 
sufficiently upstream of the hollow. Thus 
we have 


1 a8 
a.=| udy=| Ay(1—y)dy=2/3 , 
0 0 


while the total flow rate Q, through the 
lower layer should vanish, since the lower 
heavier liquid is confined and circulates in 
the hollow. Thus, 


ay 
Q.=|"udy=0. 


0 
The solutions of Eq. (1) satisfying the above 
conditions are given by 
u={—(4r+1)y*?+4ry+1}/d+7) ' (2) 
u2=(8y?+4y4+1D/A4+n , 
where rv=/2// iS the ratio of the coefficients 
of viscosity of the two fluids. From these 
solutions the pressure gradients in the upper 
and lower fluids are calculated to be 


Op: a 8u2t2p, 


Ox 1l+yr os 
Ops +5 62 
Ox y itm s 


and the interface inclination y necessary for 
balancing with the difference of the pressure 
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gradients in the two layers is given by 


7 =( See 202) Iga 
raf On an Hee 
=(142.t+2a)/{(1+7)gAo} , (3) 
where g is the acceleration, of gravity and 
4p=02— 1 is the density difference. 
The velocity at the interface, wu), which 


indicates the scale of motion in the lower 
layer, is derived from Eq. (2) as: 
Uo =(Hs)y=o=1/A+7) . (4) 

Thus, it will be seen that the larger the 
viscosity “2 of the lower liquid as well as 
the value of 7 are, the smaller are the value 
of uw as well as the circulating velocity in 
the hollow. 

The velocity distribution as given by Eq. 
(2) is very similar to that obtained by Hidaka 
in the central region of the flume, but it 
does not coincide with the result observed in 
the present experiments. 

In fact, a slight difference of viscosities 
between the upper and lower liquids (as 
measured by the Ostwald viscosimeter) gives 
the value of r=1 so that we have from Eq. 
(4) u)=0.5, which conflicts with the prompt 
vanishing of uw, near the interface as observed 
in the experiments. 


§4. Shear Flow Jumping over the Hollow; 
Effect of Vertical Wallis upon the Flow 


In the preceding section the effect of ver- 
tical walls upon the flow has been considered 
only as an indirect condition that the lower 
liquid is confined in the hollow, which gives 
rise to Q@.=0, and the vertical flow near the 
vertical walls has not been taken into account 
in the calculation. 

We shall now investigate theoretically the 
direct effects of the vertical walls upon the 


--->x 
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flow as well as upon the general features of 
the flow jumping over a narrow and deep 
hollow. 

In order to simplify the calculation and 
especially to investigate the flow pattern near 
the interface in detail, we shall study the 
shear flow jumping over a semi-infinite ver- 
tical hollow. 

As shown in Fig. 2, the horizontal inter- 
face between the two liquids coincides with 
the ceiling plane of the hollow, and with the 
origin 0 at the middle point of interface of 
length 2 we take the x-axis along the direc- 
tion of the horizontal flow and the y-axis 
vertically upwards. We call the region of 
the upper lighter liquid over the interface 
and the horizontal walls “Region A” and that 
of the lower heavier liquid in the hollow 
“Region B”, namely: 

Region A: y20, 
U0 Mee tsxrS 1s 

If, in the case of a stationary slow motion 
of fluid, we neglect inertia terms in the 
equations of motion, a stream function which 
satisfies the equation of continuity is a solu- 
tion of the following biharmonic equation: 

NO, (5) 
where, as usual, A stands for the Laplacian 
operator 0?/0x?+0?/Oy’. 

In Region A, # consists of the term y?/2 
as originated from the shear flow with velo- 
city distribution w=y and a term #4 as ori- 
ginated from the effects of the lower liquid 
in Region B, while in Region B the flow 
originates only from the tangential viscous 
drag exerted by the flowing upper liquid in 
Region A. Thus, 


in Region A: 


Region B: 


p=(1/2)y+ha, (6) 
in Region B: p=Pz. (7) 
The boundary conditions to be satisfied by 
the solution of Eg. (5) are as follows. In 
Region A the effect of the lower liquid upon 
the flow is very small at a great distance 
from the interface, so that 
yO as |x|, yo. (8) 
In Region B, on the other hand, the effect 
of the upper liquid upon the flow at an in- 
finite distance from the interface vanishes 
and the liquid sticks to both the vertical 
walls. Thus, 


0 @) 


aS zor On, 
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b2=0P2/0x=0 (10) 

A particular streamline coincides with the 

interface line itself, and the horizontal velo- 

cities as well as the tangential viscous stresses 

at both sides of the interface are continuous 

and the liquid sticks to the horizontal walls. 
Thus we have 


atev==nile 


ps=$2=0 aye w=). Gil) 

Obs Oe (0 [xfSty) = 

ay oo Uye) Leleip at 2=0» OP 
Od 4 THOTE 02h 

a “pa tl) =e By? at y=0, (13) 


where 4 and y, are the coefficients of visco- 
sity of the liquids in Region A and Region 
B respectively, and f(x) is an unknown func- 
tion which expresses the velocity distribution 
at the interface. 

A solution of Eq. (5) can be obtained by 
assuming ~ in the form: 

paetY(y), 
where Y(y) is a function of y alone. Insert- 
ing this into Eq. (5) and solving a resulting 
ordinary differential equation for Y(y), we 
get 
Yy)=Kie™+ Kee" + Ksyet™+ Kyye , 


where K,, Kz, K; and K, are constants to be- 
determined by the conditions described in the 
above. 

Thus, in Region A the conditions (8) and. 
(11) require that 

GEG STK =O ’ 
so that the function Y(y) becomes 
Yi ya Byes 
and therefore 
Wz Byestie ke d 
where B, like K,, is a constant. 

This solution can be generalized by assum- 
ing B to be a function of k and then taking 
all values for R. 

Thus, taking into account that the flow 
pattern is symmetric with respect to x, the 
appropriate expression for ¢~4 in Region A 
can be put in the form: 


dass y| "Bmw Ghd by (14) 
0 


and the function B(k) is determined by the 
boundary condition (12) as: 


B= sei ea aay (15), 
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In like manner the, appropriate general 
solution ¢, of Eq. (5) for Region B can be 
obtained, which satisfies the conditions (9) 
and (10), and is symmetric with respect to 
x. It can be expressed by the sum of two 
infinite series as: 


de = 5 Am(Pm 6 Pin®) ’ 


where A,,’s are constant and 


(16) 


Pm=y €?m™ COS PmX , 


ysere [ene sinh kx—tanh kcosh kx) sin ky dk, 
0 


Cm=4(—- 1)" Rpm? /7{ (Pm? +R?)*(sinh Rk 
+ksech k)} . 
M=N,.2, dye (positive integers) . 


From (16) and (12) we get the relation 
F(x“) and Am’s in the form: 


fx)= D AaGn(2), (want Way 


where 
Gls) =COS Pk 


2 [fen Sint ee tan code. 
0 


and this is a completely definite function of 
x and Rk. 

Also, the relation between the function 
Bk) and Am’s is obtained by substituting 
(14) and (16) into (13) as follows: 


1 -2\ PORE ED 
0 


=rn 5 (2m—1)AmCOS Pm, (18) 
m=1 


where r=yz/“4 is, like r in (2) in §3, the 
ratio of the coefficients of viscosity of the 
liquids in the upper and lower layers. 

In order to determine the feature of the 
flow, it is necessary to get, from the above 
three relations (15), (17) and (18), definite 
functional forms of B(k) and f(x) as well as 
numerical values of A,,’s. 

First, taking account of the symmetry of 
flow pattern with respect to x, we expand 
the horizontal velocity distribution F(x) along 


the interface into a Fourier cosine series. 
‘Thus, 


Sa) = uD COS Pink , 
=() 


(x pesis. 


also. 
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Putting this into (15) and carrying out 
integrations, we get 


BQ) = S{2DnPal— L/h} « (20) 


Then the integral on the left-hand side of 
Eq. (18), which is denoted simply by F(x), 
can be evaluated as: 


F(xy= | #50) cos kxdk= S DeHROStel) 
0 m=l1 
where 
Hes) — 


(=I) p(CalPm*) COS (Pm) Cx(Pm-) COS (Pm) 
AG. 

+ Si(Pin*) sin Chin?) ap Spa) sin (pin) , 
with 


bn=—; (2m—1) ’ Pin* = Pint Dn » Pm =Pm—PmX » 


HAnx)’s are completely known functions 
containing the functions C,(7) and S;(7) whose 
values can be obtained by the use of suitable 
numerical tables. 

Using (21) and (19), Eqs. (18) and (17) be- 
come respectively 


27 3 PmAm COS PmX=1—2 3 DinHyl(x) , (22) 
m1 m=1 


3 Dm COS Pat= > AmGm(X) « 
m=1 m=1 


From these equations approximate values 
of the first eight constants A,, As, As, As, Dy, 
D;, D; and D, have been obtained by neglect- 
ing terms with suffixes m=5 and using 
numerical values of cos Pmx, Hmn(x) and G(x) 
at four fixed points x=0, 0.25, 0.5 and 0.75. 
Since the ratio 7 of the coefficients of visco- 
sity of the two liquids is nealy equal to unity 
in the present experiments, we have put 
v=1 in Eq. (22). Thus, we have 


(23) 


A,=0.2573, A, =—0.0330, 
A;=0.0099, A,=—0.0024, 
D,=0.1875, D,=—0.0160, 


D;=0.0038, D,=—0.0008. 

These values show that each series in Eqs. 
(22) and (23) converges fairly rapidly and that 
the neglect of the terms with suffixes m>=5 
does not bring about an error exceeding 1%. 


Re Set Ser s 
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Therefore it may be expected that the gen- 
eral feature of the flow pattern can be obtain- 
ed with sufficient accuracy by using the above 
numerical values of the constants. 

With the use of the above numerical values 
of D,, Dz, Ds and D,, the horizontal velocity 
distribution at the interface mu =f (x) has 
been calculated by Eq. (19). The result is 
shown in Fig. 3. It will be seen that the 
interfacial velocity changes rather slowly in 
the central part whose length is about one 
third of the total length of the interface and 
that it decreases rapidly near the vertical 
walls. 

In order to investigate how the interfacial 
velocity is affected by the value of the ratio 


YW 
-1 -05 0 05 +1 


Fig. 3. Velocity distribution along the interface. 
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7=[4z/44, the velocity at the origin has been 
calculated for various values of r. The result 
is shown in Fig. 4. It is found that the in- 
crease of 7, namely the increase of the coeffi- 
cient of viscosity of the lower liquid brings 
about the decrease of flow velocity in the 
lower liquid as in §3. 

Next, the velocity distribution near the 
interface has been compared with the observed 
one. 


The horizontal velocity u is derived from 
the stream function as: 


u=O0d/0y . 


Thus, by using (14) we obtain the horizontal 
velocity in Region A as: 


uUa=yt \-a —yk)B(k)e-** cos kxdk, (24) 
0 


while, by (16), the horizontal velocity in 
Region B becomes 


Up= 3 Am Umt Um*) , (25) 
m=1 


with 
Um=(1+HPm)e?m™ COS PmX , 


Die — ae i} ya 
HG, 


The velocity distribution calculated by 
these formulae at four fixed points x=0, 0.5, 
feand 2 is shown in, Fig. >. The ‘definite 
integrals involved have been evaluated by 
the Simpson rule with an accuracy of 0.1%. 
From this figure it will be seen that even in 
the central section (x=0), where the horizontal 
velocity is maximum, the flow of the lower 
layer vanishes at the depths nearly twice as 
large as the width of the hollow and this 
result suggests that the flow in a rectangular 


Uo 


1o 10° | 10' 10? 
Fig. 4. Relation between the ratio of the coeffi- 
cients of viscosity of the two liquids and the 


interfacial velocity. 


° Rpm? cos ky(x sinh kx—tanh k cosh kx) dk 
0 (Pm? + k?)?(sinh k+k sech k) : 


Fig. 5. Distribution of horizontal’velocity near the 
interface. 


332 


hollow, whose height is greater than twice 
of its width, is very similar to the flow in 
the semi-infinite vertical hollow. 

Also, the calculation by M. Kawaguti for 
the flow in a rectangular hollow with large 
value of the ratio of height to width gives 
a similar flow pattern in the central section 
to that obtained by the present calculation. 

According to the present calculation, how- 
ever, there exists in the central section a 
horizontally moving layer with considerable 
thickness in the lower liquid, and this result 
does not coincide with the observed fact that 
the horizontal velocity near the interface 
vanishes rapidly. 


§5. Horizontal Flow with Intermediate Zone; 
Three-Layer Flow 


In the preceding two sections we have 
calculated the velocity distribution in two 
superposed liquids under the assumption that 
the lower heavier liquid is confined in the 
hollow and the upper liquid flows over it 
and that they contact with each other directly 
at the ceiling of the hollow, but no satisfac- 
tory explanation has been obtained for the 
observed fact that the horizontal velocity 
vanishes rather rapidly. In the present sec- 
tion, therefore, an attempt will be made to 
carry out improved calculations, assuming 
the existence of an intermediate zone between 
the two liquids. 

It is generally observed that when a lighter 
liquid such as tap water is piled on a heavier 
liquid such as brine, a thin zone with inter- 
mediate density is formed up between these 
two liquids owing to inevitable mixing even 
at very slow piling. 

In the present experiment, the arrangement 
of two superposed liquids was obtained prac- 
tically by pouring tap water very slowly over 
a filter paper spread on a veneer-sheet which 
was initially floating on the surface of brine 
filled the hollow to its ceiling. As the thick- 
ness of the upper water layer increased, the 
veneer-sheet rose up very slowly from its 
initial position. At the very initial stage of 
piling, the poured fresh water flowed out of 
the edge of the filter paper in the form of a 
very thin film, with a rather considerable 
speed in spite of very slow pouring of the 
fresh water. Then, mixing occurred along 
the interface between brine and fresh water, 
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and a thin intermediate zone was formed up. 
Not only at the initial stage of arrangement, 
but also in the course of experiment, such 
a mixing zone grew up along the initial 
interface owing to (molecular or turbulent) 
diffusion and shear flow. 

A part of the liquid in the mixing zone, 
which did not flow into the mouth of exit 
but impinged upon the vertical wall of the 
hollow, moved downwards vertically along 
the wall. Owing to its small density, how- 
ever, it could not go down to the bottom of 
the hollow, but rather flowed back horizon- 
tally at a small depth from the ceiling, as 
shown in Fig. 6. Thus, a thin intermediate 
liquid layer with intermediate density was 
formed, which circulates between the upper 
and lower liquids. 

Upper Layer 


Pe et 


Upper interface 


WTITITTTPOTTOTTA. 
Intermediate layer Of eae) Wall 
Lower interface 


Lower layer A 


Ge 


Fig. 6. Growth of intermediate layer. 


Fig. 7. Three-layer flow. 


It has been observed that in a finite time- 
duration (a few hours) for observation, the 
thickness of such an intermediate zone is. 
very small in comparison with that of the 
upper or lower layer. It is likely, however, 
that the existence of such a thin layer affects. 
the general flow pattern remarkably. 

We now calculate the flow pattern approx- 
imately, neglecting, for the sake of simplicity 
as in §3, the vertical motion in the central 
major part of the flume which is very long 
in the horizontal direction as compared with. 
the vertical one. With the coordinate-origin 
O at the center of the ceiling of the hollow, 
we take the X-axis along the ceiling in the 
direction of horizontal flow and the Y-axis. 
vertically upwards, as shown in Fig. 7. 

The equation of stationary horizontal mo- 
tion is then given by Eq. (1), namely: 
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where y is the coefficient of viscosity, p the 
pressure and U the horizontal velocity. 

Asasimple model for calculation, the three- 
layer flow is assumed as shown in the figure, 
which consists of the horizontal flow in the 
upper layer with thickness H, the circulating 
flow in the intermediate zone with small 
thickness h and the circulating flow confined 
in the hollow with thickness (H—)h). 

In order to distinguish physical quantities 
in each layer, suffixes 1, 2 and 3 have been 
used for the upper, intermediate and lower 
layers, respectively. For convenience of 
numerical calculation, the maximum velocity 
V in the far upstream of the hollow has 
been taken as the standard scale of the 
horizontal velocity, while the thickness of 
the upper liquid layer, H, as the standard 
scale of the vertical distance. 

Then, introducing non-dimensional horizon- 
tal velocity « and non-dimensional distance 
y defined as: 


UBD, er 1s 
the equations of motion become 
Cur HOD; 


= a ea cogs CO 
lua ae @ 3). (26) 


The non-dimensional thicknesses of the 
three layers become respectively 


1 (upper layer), 
e=h/H(«1) (intermediate layer), 
l—e (lower layer). 


If we assume that the pressure gradients 
0p;/9X (i=1, 2,3) are all constant, Eq. (26) 
can be integrated easily, obtaining 

waaay t+boiytc @=lt z, 3) 5 (27) 
where 
gepaltiins OPo 
ON OK, 

The nine constants a, b.,c; ¢@=1, 2,3) in 
(27) can be determined by solving simultaneous 
linear algebraic equations as obtained by 
substituting (27) into the following six bound- 
ary conditions and three flow-rate conditions: 

(i) Boundary conditions: 


ay 


u,=0 at Very 

Uj=Us, (40U,/Oy = ,0u,/Oy at y=0, 28) 
U2=Us, [2,0U2/O0y = H3:0U,/Oy at y=—e, 

Ye), Ate =aael 5 
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(ii) Flow-rate conditions: 


1 
| u,dy=2)3 (upper layer) , 

0 

0 
u,dy=0 (intermediate layer) , (28) 
i uz;dy=0 (lower layer) . 

=i 


In the first place, we have solved approxi- 
mately the said simultaneous linear algebraic 
equations, assuming that the thickness of the 
intermediate zone is very small so that «<1. 
Since, in the present experiment, the coeffi- 
cients of viscosity of the liquids in the three 
layers are nearly equal to each other, we 
have assumed, for simplicity, that ,=.= 5. 
The results obtained are 


a=—4+4e , 

b,=b,=4—5.3e , 

C= OR= Ls: 

G,=(2/e)—1.3 , (29) 
a3= —2e—2.6e? , 

b3= —2.7e—4.8e?2 , 

Cg=—0.7e—2.2¢? , 


Using these values we have calculated ap- 
proximately the horizontal velocity u) at the 
upper interface y=0 as well as the similar 
quantity u_. at the lower interface y=—e, 
thus obtaining 

Uo le ces 
Us=—0.7e. \ 

From these results it will be seen that the 
thinner the thickness of the intermediate 
layer is, the smaller are the velocities in the 
intermediate and lower layers. 

Next, we have also calculated exact values 
of the nine constants a, b;,c; @=1,2,3) by 
solving, by the use of a digital computer, 
the above-mentioned simultaneous linear 
algebraic equations for various values of ¢ 
such as 0.1, 0.03 and 0.01, and it has been 
found that relative errors of the preceding 
approximate values of a, b; and c; do not 
exceed 10%, 3% and 1% for «=0.1, 0.03 and 
0.01 respectively. 

The velocity distributions as calculated by 
using the exact values of a, b; and c; cor- 
responding to e=0.1, 0.03 and 0.01 are shown 
in Fig. 8. In this figure, the observed velo- 
city distribution is also shown for comparison 
by a dotted curve. 


(30) 
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From Fig. 8 it will readily be seen that the 
calculated velocity distributions are in fairly 
good agreement with the results of observa- 
tion and that the existence of a thin inter- 
mediate zone between two superposed liquid 
layers with different densities rather prevents 
the motion in the lower layer of heavier 
liquid confined in the hollow. 


y 


Fig. 8. Calculated velocity distributions in the 
three-layer flow with various thicknesses of the 
intermediate layer. The dotted curve shows the 
observed velocity distribution. 


It is worth noticing here that even when 
the thickness of the intermediate layer is 
fairly small, the velocity distribution in the 
three-layer flow is remarkably different from 
that in the two-layer flow without inter- 
mediate layer which has been discussed in 
§ 3. 

In case when ¢ is vanishingly small, the 
value of the constant a as given in (29), 
namely: 


becomes large, and therefore the inclinations 
of the upper and lower interfaces should 
become very steep in order to balance with 
the large pressure gradients Opi/0X. The 
existence of a thin intermediate layer becomes 
then difficult and neglect of the vertical 
velocity component as done in the present 
calculation becomes inadequate. 

Next, in order to investigate the effect of 
the value of the ratio r=y;/y,, of the coeffi- 
cient of viscosity, us, of the lower liquid to 
that yu, of the upper liquid upon the flow in 
the lower liquid layer, we have calculated 
the horizontal velocity m) at the upper inter- 
face y=0 for various values of 7, assuming 
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that the coefficient of viscosity, /2, of the 
mixed liquid in the intermediate layer with 
thickness ¢=0.1 is equal to the algebraic 
mean of , and ps, i.e. f2=(1/2)(41+ Hs). 

The result of calculation is shown in Fig. 
9, in which the interfacial velocity as calcu- 
lated by Eq. (4) in §3 as well as that derived 
from Fig. 4 in §4, both for the two-layer 
flow, are also shown for comparison. Here, 
the velocity m#.; at y=0.5 has been taken as 
the standard scale of velocity, which is equal 
to the maximum velocity in the upper layer 
in the flows treated in §3 and §5. 

From this figure it will be seen that the 
interfacial velocity is much smaller in the 
case of the three-layer flow than that in the 
case of the two-layer flow for all values of 
the ratio r=p3/ 441. 


1 =e =} Ee Tica '| 
[Ong IO pine lOVMO* 107 


Fig. 9. Effect of the ratio of the coefficients of 


viscosity of the upper and lower liquids upon 
interfacial velocity. 


§6. Stability of Intermediate Layer 


In the preceding section we have given a 
fairly satisfactory theoretical explanation to 
the observed velocity distribution near the 
interface between two superposed liquids 
having different densities by assuming three- 
layer flow with a thin intermediate layer. 

But we have not yet verified theoretically 
or experimentally the stable existence of such 
an intermediate layer. In the present section 
we shall discuss analytically the stability of 
the intermediate layer and explain experi- 
mentally the ‘fect of the said layer upon the 
velocity dist ution in the superposed liquids. 

A few theoretical studies'® have been made 
so far on the stability of horizontal flow with 
vertical density gradient. L. F. Richardson 
has investigated the atmospheric turbulence 
by the energy method, and G. I. Taylor and 
S. Goldstein have studied independently, by 
the use of the method of small disturbances, 
the stability of a horizontal shear flow with 
density stratification. All these authors have 
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‘shown that the horizontal flow with density 
stratification is stable when the so-called 
“Richardson number” @ defined as: 


se ad 
MONTE Ya 
exceeds a certain critical value, where p is 
the density of the fluid, U the horizontal 
velocity, g the acceleration of gravity, the 
Y-axis being taken vertically upwards. 

Also, H. Schlichting!» has studied theoreti- 
cally the stability of boundary-layer flow near 
a horizontal solid plane with vertical density 
gradient by the method of small disturbances, 
obtaining the result that the flow is stable 
for all values of Reynolds number if 


@>1/25 , (31) 


and he has shown that this theoretical result 
is in good agreement with the result of ex- 
periment by H. Reichardt who investigated 
the stability of air flow in a wind tunnel 
with large temperature gradient. 

In our experiment, the lower heavier liquid 
is almost at rest in the hollow, as mentioned 
already, and therefore the flow near the upper 
interface is quite similar to the boundary- 
layer flow on a solid plane. Thus, we may 
use the above critical value of 9=1/25 as the 
criterion for stability of the flow. 

The velocity gradient at y=0, where the 
flow is most liable to be unstable, is given 
by (29), as: 


( Zus) =b,=b,=4—5.3e=4, 
y=0 


(31) 


dy 
and therefore we have 
dU ,4V 
dY° H’ 


-for small value of e«. 
Also, since the intermediate layer is suff- 


ciently thin, we may put approximately 
do Ap 

"nd anh * 
‘where Ap is the difference between the den- 
-sities of the liquids in the upper and lower 
layers and h is the thickness of the inter- 
‘mediate layer. In practice, however, there 
occur sharp density gradients along the upper 
and lower interfaces, so that the value of 
—dp/dY near the interfaces is much larger 
‘than the above mean value and the flow there 
is more stable than expected by the estima- 
tion. 
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Substituting the above values of dU/dY and 

—dp/dY into Eq. (31), we obtain 
sures Ao ie gAoH? 
iD Hh H 16V2oh ~ 

In the present experiment p=1 gr/cm?, H= 
10cm, h=1cmand V=2cm/sec approximately. 
Thus, using these values and adopting the 
critical value 1/25 for 9, we obtain, from (32), 

Apa 25xi10= 

This result shows that only a slight differ- 
ence in the densities of the upper and lower 
liquids suffices to stabilize the flow in the 
intermediate zone. 

Although, as can been seen from (32), the 
flow in the intermediate layer becomes more 
stable as its thickness becomes thinner, yet 
the pressure gradient 0p,/0X becomes then 
very large and the inclinations of the upper 
and lower interfaces become very steep. We 
shall next estimate numerically the slopes of 
the interfaces. 

We write the density differences o.—p; and 
0s—02 aS Api, and Ap; respectively, and we 
denote the inclination of the upper interface 
by 712 and that of the lower interface by 7.3. 
Then it is found that if there hold the follow- 
ing relations, the equilibrium of pressure in 
each layer can be maintained: 


(32) 


gr/cm?® . 


0 0 
Apusra= aay 
_ Obs Oe 
Ade 8723= PaO Nes 


If, in these relations, we substitute the ex- 
pressions for the pressure gradients from (27), 
namely: 


OD; a Q2Vai pi 
OX Hes 
we get 
ia eM (2/2 Gifs) , 
gAo.H* 


(33) 


(33 —A2ft2) « 


2V 

1255 FROUH? 

In case when the three coefficients of visco- 

sity 41, 42 and mw; are nearly equal to each 

other, as in the present experiment, a, is 

much greater than either of |a@| and |a;| 

for very small values of ¢«, as can be seen 
from (29), and therefore 

T2>0, T23<0. 


Thus, it will be seen that the thickness of 
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the intermediate layer increases towards 
downstream. 


If we assume that the density of the liquid 
in the intermediate layer is equal to the 
algebraic mean of the densities of the upper 
and lower liquids, so that 


1 
Ap1s=A0x= (01 p1)=5-Ap , 


and if, for very small e, we neglect a, and 
da; in comparison with a,, we have approxi- 
mately 


ReisOV Ut 
 gdoH*e ° 
Under normal conditions in the present 
experiment, the coefficient of viscosity of 
water was z=0.01 poise (c. g.s.), the maximum 
velocity in the upper layer V=2cm/sec, the 
density difference between the upper and 
lower liquids 4o0=0.02 gr/cm’, the thickness 
of the upper layer H=10cm, and the thick- 
ness of the intermediate layer h=1 cm (e=0.1). 
Substituting these values into (33’), we get 


Y2=|7e3|=8x10*, 


(i ee (33’) 


and then the difference in thicknesses, 4h, 
at both ends of the intermediate layer with 
length of 200cm is calculated as: 


Ah=200x2x8x10-*=0.32cm , 


which is considerably large compared with 
the mean thickness h=lcm, but since the 
slopes of the interfaces are gentle, the neglect 
of the vertical velocity component may be 
allowed. 

If, however, the thickness h of the inter- 
mediate layer would decrease, for example, 
to a value of 0.1cm, then the slopes 7:2. and 
sz would take a large value of 8x10-° and 
the value of 4 would become 3.2cm which 
is much larger than the mean thickness of 
the layer, and consequently such a very thin 
intermediate layer cannot exist in the flume. 

Lastly, summarizing the above results we 
may say that as the thickness of the inter- 
mediate layer becomes thinner, the flow in 
the layer becomes more stable, but the slopes 
of both the upper and lower interfaces be- 
come more steep. The limiting thickness of 
the layer which can exist between the upper 
and lower liquids depends upon the horizontal 
velocity V, the density difference 4p between 
the upper and lower liquids and the thick- 
ness H of the upper layer. As can be infer- 
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red from (33’), even a very thin intermediate 
layer can exist in case when the horizontal 
velocity V is small and either or both of the 
density difference 4o and the thickness H of 
the upper layer are large. 

Next, in order to verify experimentally the 
stable existence of a thin intermediate layer 
and its effect upon the velocity distribution, 
some experiments of the three-layer flow 
have been carried out in the water flume. 

Coloured brine of density o.=1.01 was poured 
very slowly, to the thickness of 1cm, on the 
heavier brine of density o;=1.02 confined in 
the hollow, and then tap water of density 
01=1.00 was poured gently on the coloured 
brine over the ceiling plane of the hollow. 

The fresh water in the upper layer was 
moved horizontally by a motor pump as ex- 
plained in §2. 

In the first several hours of flowing in the 
upper layer, the coloured brine remained in 
the stable state in the intermediate layer, 
and the inclinations of the upper and lower 
interfaces were observed to be | 712|=| 723 |= 
10-%, in fairly good accordance with the the- 
oretically estimated value of 8x10-* given 
above. 

The stable existence of the coloured brine 
in the intermediate layer and the velocity 
distribution in the layer are shown in Plate 
6 (A) and (B). It will be seen that the velo- 
city distribution as revealed by water-blue 
lines is very similar to the theoretical curve 
shown in Fig. 8 for the case of the inter- 
mediate layer with thickness of 1cm (e=0.1), 
and this result seems to justify the present 
analysis on the basis of the three-layer 
flow. 

Further, in order to observe the flow pat- 
tern with a very thin intermediate layer, the 
coloured brine in the layer was sucked up 
by a small siphon very slowly so as not to. 
disturb the flow. As the volume of the 
coloured brine decreased, the thickness of the 
layer became thinner and the slopes of the 
upper and lower interfaces became steeper, 
and ultimately the coloured brine became 
confined in a rather long horizontal triangular 
region as shown in Plate 7. 

In such a state of flow, the upper and lower 
liquids were in direct contact with each other 
at the upstream side of the hollow and the 
two-layer flow occurred there temporarily, 
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which however could not be maintained owing 
to the turbulent mixing of the upper and 
lower liquids at irregularly vibrating inter- 
face near the vertical wall. 

In §5 we have carried out the theoretical 
analysis under the condition that the liquid 
in the intermediate zone is confined and is 
circulating in the zone. If, however, a part 
of the liquid in the intermediate layer flows 
out towards the exit, a remarkable change 
occurs in the flow pattern. Such a flow could 
be realized by lowering slightly the horizontal 
wall surface at the exit side. The velocity 
distribution in this case is shown in Plate 8. 
It will be seen that this velocity distribution 
resembles to that in the case of the two- 
layer flow treated in §3 and §4. It is to be 
remarked here, however, that in this case 
too, a new intermediate zone grows up, after 
a short time-duration, along the interface 
between the old intermediate layer and the 
lower liquid and the flow pattern comes soon 
back to that in the case of the three-layer 
flow. 


Summary 


§7. 

The principal results obtained in the present 
work may be summarized as follows. 

(1) Carrying out detailed experiments in a 
water flume of dimensions 180 cm 50cm x 
15cm we have observed, by the use of a 
suitable colouring material, the velocity dis- 
tribution near the interface between two 
superposed liquids having different densities, 
the lighter liquid (such as tap water) flowing 
over the heavier one (such as brine) confined 
in a hollow. It has been found that if there 
is any difference, however small, between 
the densities of the two liquids, the velocity 
of the upper liquid decreases fairly rapidly 
near the interface, as if it were a solid plane, 
while the lower liquid is almost at rest in 
the hollow. 

(2) Attempts have been made to explain 
the observed flow pattern theoretically. In 
the first place, a rather simple approximate 
calculation has been carried out by assuming 
that the two liquids are in direct contact with 
each other. However, no satisfactory explana- 
tion of the observed flow pattern has been 
obtained, namely, in such a two-layer flow 
‘ the velocity near the interface is not so small 
; compared with the velocity in the upper 
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layer. 

(3) We have next carried out an improved 
calculation by assuming that there is formed 
a thin intermediate zone between the two 
liquids owing to inevitable mixing of the 
liquids, and it has been found that the calcu- 
lated flow pattern is, in the present case of 
the three-layer flow, in fairly good accordance 
with the observed one. 

(4) The effect of the ratio of viscosities of 
the liquids in the upper and lower layers 
upon the flow pattern has also been discus- 
sed, and it has been found that the larger 
the viscosity of the lower liquid in the 
hollow is, the smaller is the velocity near 
the interface and consequently the weaker is 
the motion in the hollow. 

(5) The stability of thin intermediate layer 
has been discussed and it has been shown 
that the thin intermediate layer can exist in 
stable state, provided that its thickness is 
not too small. 

(6) Further, it has been observed that 
artificial removal of the intermediate layer 
makes the two-layer flow appear temporarily, 
but such a flow cannot be maintained for a 
long time owing to the growth of a new 
intermediate zone by inevitable mixing of the 
liquids at the interface. 

In conclusion, it may be remarked that the 
phenomenon that a lighter liquid flowing 
over a hollow is prevented by a thin inter- 
mediate layer from contacting directly with 
a heavier liquid which is confined and is 
nearly at rest in the hollow, is frequently 
observed in natural circumstances, and such 
a phenomenon seems to be a cause of the 
existence of dead water in a deep hollow in 
storage dam or in estuarine reservoir, where, 
in the former, cold water originated from 
snow melting, and, in the latter, sea water 
flowed in at the time of artificial blocking of 
estuarine mouth are conserved for a rather 
surprisingly long period. 
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Annealing of Radiation Damage on Lifetime 
in Silicon 
By Kenji MATSUURA and Yoshio INUISHI 


Faculty of Engineering, Osaka University 
(Received December 14, 1960) 


The annealing of carrier lifetime < in 7-ray 
irradiated nm type silicon crystals was observed. 
The lifetime at room temperature was obtained by 
measuring the decay of photo-injected carrier by 
microwave absorption method (10 GC) without using 
any electrode!). 

40 (2-cm) Sb-doped, pulled silicon which shows 
intense infrared absorption (py) and 20(2-cm) 
floating-zoned n-type silicon containing little oxy- 
gen were irradiated with Co% y-ray at room tem- 
perature. 

Surfaces were etched with CP4 before measuring 
lifetime. Since little difference in lifetime was 
found between etched and non-etched crystals after 
irradiation, it might be concluded that bulk effects 
play the important part in the present experiment. 

Fig. 1 shows the effect of annealing temperature 


poe 


20} i 


floating zoned n type Si 
(p=20Q2-cm, 7 =55 ps) 


pulled n type Si 
(P=40.Qcm, T= 80s) 


I/r - \/to 
ol 

\ 

j 

: 

‘ 


6 30, 60, 90, 120, 150, 180,210, 240,270300, 330 °C 


Annealing Temperature 
Fig. 1. Isochronal annealing of two different kind 
m type Si. (Annealing time of these crystals 
is ten minutes at each temperature.) 


on z following 7 irradiation. According to Shockley- 
Read theory2), 1/r—1/ro is proportional only to re- 
combination center density provided that the Fermi 
level does not change appreciably and that the 
capture cross sections for holes and electrons are 
kept constant during the annealing cycle. to and 
rc are the lifetimes measured at room temperature 
before irradiation and after each annealing inter- 
vals, respectively. 


An Sb-doped, pulled Si crystal shows different 
dependence on annealing temperature from floating- 
zoned crystal, having a peak of 1/r—1/ro at about 
200°C which is not observed with the latter. Proba- 
bly, the oxygen in silicon will be mainly related 
to the mechanism of this behaviour. An isothermal 
percentage annealing curve for pulled Si at 240°C 
shown in Fig. 2 also has a peak but those for 
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Annealing Time 
Fig. 2. Isothermal annealing curves of a pulled 
n type Si and floating zoned n type Si. (cz is 
the lifetime just after 7 irradiation.) 


floating-zoned Si do not show such a peak. From 
these curves, the activation energy of the anneal- 
ing process in floating-zoned Si is calculated as 1.2 
eV. which is in good agreement with the value 
reported by Bemski and Augustyniak®). These 
annealing curves, however, represent neither first 
order process alone describable with an exponential 
time dependency nor second order process. 
Experiments are being prepared to clarify the 
mechanism of interaction between radiation-induced 
defect and oxygen or various other imperfections. 


References 


1) A. P. Ramsa, H. Jacobs AnGehAGs Brande: 
Appl. Phys. 30 (1959) 1054. 

2) W. Shockley and W. T. Read: Phys. Rev. 87 
(1952) 835. 

3) G. Bemski and W. M. Augustyniak: Phys. 
Rev. 108 (1957) 645. 


339 


340 Short Notes 


J. PHys. Soc. JAPAN 16 (1961) 340 


The Fundamental Absorption of Lithium 
Fluoride and Sodium Fluoride 


Ryumyo ONAKA, Atsuo FUKUDA and 
Arisato EJIRI 


Institute for Optical Research, Tokyo University 
of Education, Shinjuku-ku, Tokyo 
(Received December 15, 1960) 


The fundamental absorption of alkali halides has 
been measured by many authors. Eby, Teegarden 
and Dutton!) have recently investigated them ex- 
tensively in the vacuum ultraviolet region both at 
room temperature and at liquid nitrogen tempera- 
tures. Since the alkali halide samples measured 
by them were of thin films evaporated on lithium 
fluoride plates, the measurement of the fundamental 
absorption of lithium fluoride itself was not under- 
taken. 

Thin films of lithium fluoride were prepared by 
evaporation on thin film substrates in the present 
study. It was found that celluloid is the best 
material as the substrate. Substrate films of about 
100 A thick were easily prepared by dripping a 
drop of one percent amylacetate solution of celluloid 
onto pure water, and by picking up with a frame 
made of brass wire. The celluloid films gave the 
transmission of about 30 to 50 percent at 900A. 


0.6 
i . 
a 0.4 ite 
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Fig. 1. The fundamental absorption spectrum of 


lithium fluoride. 


The thickness of a lithium fluoride film evaporated 
on the substrates was so controlled as to give the 
optical density of about 0.5 to 1.0. No annealing 
of the sample was tried because the material of 
the substrate was organic. 

A small vacuum spectrophotometer with a 20cm 
concave grating was used in measurement of the 
transmittance. The slit width used corresponded 
to about 7A in wavelength. With a hydrogen 
discharge tube as the light source, the transmittance 
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of lithium fluoride films was measured at wave- 
lengths down to 900A. The correction for the 
background intensity was carefully made, since its 
amount is almost of the same order as the signal 
below 1000 A. 

Transmissions of two portions of the prepared 
film, on one of which lithium fluoride was evaporated, 
were measured, and from them the optical density 
of the lithium fluoride film was deduced, for the 
absorption of the substrates was almost the same. 
No correction was applied to the difference of re- 
flection. The measurement was made only at room 
temperature. 

The transmittance of a lithium fluoride film 
measured is shown in Fig. 1 as a function of the 
photon energy. A strong absorption band was 
found with its peak at 12.740.lev, anda depression 
at 13.5+0.lev on the higher energy side. These 
values of the peak and the depression agree very 
well with those in the reflection spectrum recently 
reported by Kato et al?) Remarkable asymmetry 
is observed in the absorption band shape, which 
seems to imply that the band consists of two or 
more components. A similar asymmetry of shape 
of the first fundamental band is seen in the spectrum 
of sodium fluoride obtained by Eby et al). 
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Fig. 2. The fundamental absorption spectrum of 
sodium fluoride. 


The fundamental absorption of sodium fluoride 
was also measured by the same method described 
above. (Eby et al measured it at wavelengths 
above 1100 A). The wavelength range of the present 
measurement was extended down to 900 A, and the 
second absorption peak was investigated. As shown 
in Fig. 2, it was found that the second absorption 
band is broad, similar to that observed in sodium 
chloride and sodium bromide. 
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The Inverse Solution of the TFD Equation* 


By Kwai UMEDA, Yasuo TOMISHIMA 
and Chikao KAWABATA 


Department of Physics, Okayama University 
(Received November 8, 1960) 


The series expansion of the inverse solution of 
the TF equation has recently been calculated by 


Gold!). We have carried out in turn the similar 
calculation for the TFD equation 
ay 2 1/23 
da? =a| e+(<) | >) 
with the initial conditions 
¥0)=1 and —v/(0)=B, (1a) 


the value of B being dependent on the boundary 
condition. 

For smaller values of x, ¥(~) can be expanded 
into a semiconvergent power series of the form 


W(a)=14> ana? (2) 


Qn’s being listed by several investigators?) as func- 
tions of a» only. 

As for the inverse solution it is convenient to 
take not the intrinsic one x=2(¥) but the alternative 
one w=2(V) where Y=1—%, since we are concerned 
in the shaded region (4=0 and ~=1 or YO) in 
The inverse of (1): 


Pig. ae 


dx dz. \3 (= 1/2 3 3 
atlerallicaliess hs 3) 
allows in the neighborhood of ’=0 the series ex- 
pansion of a(¥%) of the form 


a(W) = Senn (4) 


¢n’s being given in Table I as functions of c, only. 
The @-free part in c, reproduces by,-1 given by 
Gold?) for the TF case exactly, as it must be. The 
Gn’s and the c,’s are connected parametrically by 
B via the relation 


eo=( dsr \ 82 -1( no) hes -laz=1/B. (5) 


dv du 


Table I. ¢x’s as functions of ¢ only. 


* Financially supported by the Research Grant 
from the Ministry of Education. 
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Table Il. c,’s for free A-atom 
(Z=18, 6=0.030835, B=1.635403). 
n Cn | B-free part @-part | (§)/(@-free) 
2 | 0.611470 | 0.611470 
3 | 0.389832 | 0.389832 
4 | 0.383369 | 0.372794 | 0.010575 | 0.02837 
5 | 0.322702 | 0.298970 | 0.023732 | 0.07938 
6 | 0.293607 | 0.253433 | 0.040174 | 0.15852 
7 | 0.264282 | 0.205509 | 0.058773 | 0.28599 
g | 0.241408 | 0.162868 | 0.078540 | 0.48223 
9 | 0.223037 | 0.124016 | 0.099021 | 0.79845 


In order to see the effect of exchange on the én’s, 
we have evaluated them for free neutral Argon 
atom’), as shown in Table II. It is noteworthy that 
the series (4) converges very slowly and the exchange 
(g-dependent) part predominates more and more with 
the increasing sequential order n. 
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Spin Wave Resonance in Cu-Ni Alloy Films 
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The studies on the spin wave resonance in Cu-Ni 
alloy films were carried out at 9300 Mc/sec. These 
films were prepared by the evaporation of alloyed 
materials on the glass substrates maintained at 
room temperature, following the procedure estab- 
lished in the case of pure Ni films!). 

The rate of evaporation in the present work was 
considerably rapid such as about 500~1000 Al/sec 
in order to prevent the films from imperfect alloy- 
ing. The film thicknesses measured by the multiple 
beam interferometer were about 2500 A. The colori- 
metric analysis on the prepared films showed that 
the weight contents of Cu had increased by a factor 
of two. The electron diffraction patterns of these 
films by the reflection method, however, made clear 
the facts that the line widths were similar to that 
of pure Ni films and moreover the lattice constants 
were nearly consistent with the data of the X-ray 
diffraction measured on a bulk specimen?2), as shown 
in Fig. 1. These results were hardly affected by 
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Fig. 1. Concentration dependence of lattice con- 
stants of Cu-Ni alloy films; ©: present value 
by E.D., x: Coles’ value by X-ray as bulk2). 


annealing at 300°C for one hour. Therefore, it 
may be admitted to believe that the present films 
have a nearly perfect structure. 

The exchange coupling constant A can be deter- 
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mined from the term 2A/M;(pr/L)? of spin wave 
resonance, where M, is the saturation magnetization, 
L the film thickness and p the mode number. The 
values of A in these alloy films are shown in Fig. 
2, where the value for pure Ni is somewhat differ- 
ent from that of reference 1 because of the un- 
certainty of assignments of p. They decreased 
rapidly in proportion to the concentration of Cu: 
For reference, the Curie temperature T, measured 
for a bulk specimen by Marian?) are plotted on 
this figure. It seems that the variation of A with 
concentration behaves in the similar way to that 
Olwelee 


Curie temperature Tc (°K) 


Exchange coupling constant A (erg/cm) 


O 5 10 15 20 (28) 30 
Content. of Cu in Ni (atom.%) 

Fig. 2. Concentration dependence of exchange 
coupling constants of Cu-Ni alloy films; ©: 
present value, x: value estimated from meas- 
urements by Kondorskij, et al.4), A: JT, by 
Marian®). 


We can estimate the values of A in a bulk speci- 
men from the coefficient of 73/2 law for the tem- 
perature dependence of saturation moment meas- 
ured by Kondorskij, et al.4) and compare them with 
the present values. They are in good agreement. 
However, it is surprising to note that the obser- 
vation of spin wave resonance in 28% Cu-Ni alloy 
at room temperature corresponds to the observation 
at the temperature as high as about 80% of its 
Curie temperature. 

The author wishes to express his thanks to Prof. 
R. Kimura for his continued encouragement and to 
Mr. M. Ichikuni for his colorimetric analysis. 
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Nuclear Magnetic Resonance Study of NaCl 
Crystal Containing Ca Impurities 


By Junkichi IToH, Mitsuo Satou* 


Department of Physics, Faculty of Science, 
Osaka University, Osaka 


and Akio HIRAKI 


Faculty of Engineering, Osaka 
University, Osaka 


(Received December 9, 1960) 


Reif!) first made nuclear magnetic resonance 
studies of the diffusion of positive-ion-vacancies in 
AgBr containing Cd impurities. We have made an 
extensive study on NaCl crystals containing vari- 
ous kinds of divalent impurities. In this note, we 
shall report only the results of our measurement 
of the spin lattice relaxation time 7, of Na nucleus 
in crystals containing Ca impurity. 

Fig. 1 shows the temperature dependence of 7;. 


900°K 700°K_ _500°K 300°K 


Na Cl + Ca | 


Molar 
Concentration 


© (A) 23 x10° 
© (B) 4.0x10% 


AG)E2.0 pal Ome 
x pure (host crystal) 


100 


(sec!) 


17T1 


O,! 


Re) 2,0 3.0 3.6 
10°/ TK 


Fig. 1. Spin lattice relaxation rate 1/7, of Na 
in NaCl+Ca++ versus inverse absolute tempera- 
ture 


Samples A, B and C are those containing Ca im- 
purity with concentrations shown in the figure. 
The contribution of imperfections to 1/7; may be 
considered as the difference of the curve A, B or 
C and that of “pure”, which will be denoted as 
GAT : 

Now these crystals containing Ca impurity will 


* On leave from Okayama University. 


have various types of imperfections; isolated Ca++ 
impurity ions, isolated positive ion vacancies with 
a concentration equal to that of isolated Ca++ ions, 
the complexes between Ca++ and the vacancy, 
aggregate or precipitate of Ca++ (probably accom- 
panying positive ion vacancies), and at high tem- 
peratures, thermal vacancies. These various kinds 
of imperfections may contribute differently to 
Wiehe 

Above 400°K, 1/7,° first increases exponentially 
with 1/7. The line A, B and C in Fig. 1 are all 
parallel, and the value of 1/7,° is roughly propor- 
tional to the concentration of the impurity. This 
means that 7,° is determined by the motion of 
isolated positive ion vacancies, and the activation 
energy for the jump of vacancy is obtained as 0.75. 
eV), Thus it might be suggested that there is no 
appreciable number of complexes even at~400°K?). 
At about 580°K, the correlation frequency ve of the 
jump of the vacancy becomes equal to 2vo (vo: 
nuclear Zeeman frequency) and a maximum in 
1/T,° occurs. 

If only the vacancy diffusion contributes to 1/7,° 
at still higher temperatures, 1/7,;° must decrease 
monotonously above 600°K. Actually, however, 
there appears a second maximum at about 810°K 
in A. Also an indication of the tail of the second 
maximum appears in B and C. This second maxi- 
mum may be due to the diffusion of Ca++ ions. 
The correlation frequency of the diffusion of Ca++ 
via vacancies which contributes to T,° is of the order 
of Czve, where C is the concentration of Ca++ ions 
and z the number of the nearest neighbor positive 
ion sites. The maximum of 1/7,° due to this origin 
will occur at the temperature where Czye~2vo, and 
the height of this maximum will be about the same 
as that due to vacancy diffusion, for the effective 
charge of the vacancy is —e, while that of Ca++ 
is +e. In A, this is just the case for the maximum 
at 810°K, but in B and C the expected maximum 
lies at a much higher temperature, being masked 
by the effect to be described next. 

Above 900°K, 1/7,° increases sharply with tem- 
perature. This may be due to thermal vacancies; 
the main contribution may come from the negative. 
ion vacancies, which may produce much larger 
electric quadrupole energy in the surrounding Na 
nuclei and also moves much more slowly than the 
positive ion vacancies*). 
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Temperature Dependence of the Line 
Width of Ferrimagnetic Resonance 
in Polycrystalline Nickel 
Cadmium Ferrite 


By Susumu TAKEMOTO 
Department of Physics, Faculty of Literature 
and Science, Shimane University, Matsue 
(Received December 16, 1960) 


Ferrimagnetic resonance experiments were carried 
out on polycrystalline nickel cadmium ferrite (Nio.7 
Cdo,.3 Fe. O,) in the temperature range from —180°C 
to 100°C at 9500 MC and 24000 MC in order to in- 
vesigate the temperature dependence of the line 


TEMP. -I80°C 
AHm:226(OE ) 
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width and the g-value. The writer used a standard 
electron spin resonance equipment at 9500 MC be- 
cause of the high fidelity in measurements. But 
it was modified such that the scanning field was 
broadened to about 2000 oersted. The sample cavity 
was of cylindrical Hi; mode and was kept in a 
temperature controlled Dewar vessel at low tem- 
perature measurements, liquid oxygen being used 
as low temperature agent. In order to reduce the 
frequency shift which might be caused by the reso- 
nance absorption, it was necessary to make the sample 
diameter less than 0.30mm. The samples used in 
the present experiment were selected, by a micro- 
scope, out of scores of spherical samples which were 
obtained by the Bond sphere grinder. It was found 
that the resonance condition was greatly affected 
by a slight deviation of sample shape from sphe- 
ricity. The absorption curves were almost Lor- 
entzian over the measured region. The derivatives 
of the absorption curves at various temperatures 
are shown in Fig. 1, where 4H» means the width 
between the points of maximum slope of the ab- 
sorption curve. The resonance field was found to 
strikingly drop as the temperature was lowered. 
As shown in Fig. 2, the full line width 4H is 
affected to a great extent by both the temperature 
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Fig. 2. Temperature dependence of the line width 
4H of Nio,7Cdo.3Fe,0, at 9500 MC and 24000 MC. 


and the frequency. The line width increases at 
lower temperatures in a similar manner to Healy’s 
result!) on nickel ferrite and to Tannenwald’s 
result?) on manganese ferrite. The curves, (a) 
and (b), were obtained using the conventional re- 
sonance apparatus and the curve (c) using the ESR 
equipment described above. The g-value varies 
from 2.13 at —180°C to 2.03 at 100°C, gradually 
increasing with decreasing temperature and the 
internal field?) takes values from 300 oersted to 


Temperature variations of the derivatives of the resonance curves of Nipy.7Cdo.3Fe.O, at 


200 oersted in the same temperature range. The 
writer could not find any subsidiary peaks of the 
absorption curves in the range of dc magnetic field 
swept by the scanning field. The line broadening 
due to the electron migration between ferrous iron 
and ferric iron seems to be negligiblly small because 
of the low electrical conductivity’) of the present 
ferrite sample. The writer wishes to thank Proffesor 
I. Takahashi of Kyoto University for many helpful 
and stimulating discussions and the Central Labora- 
tory of To6yd Rayon Company for co-operation in 
part of the present experiments. 
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Electrical Resistivity of Ferromagnetic 
Chromium Dioxide 


By Buichi KUBOTA and Eiichi HiroTA 
Research Department, Wireless Division, 
Matsushita Electric Industrial 
Co., Lid. Osaka, Japan 
(Received December 9, 1960) 


The electrical resistivity of CrO, has been studied 
with the powder specimen, which was prepared in 
the same way as that described in the previous 
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paper!).2), The measurement of electrical resis- 
tivity was carried out by the modified Brentano’s 
method?), Since the electrical resistivity of powder 
varies with a packing factor, the factor was kept 
to be about 60% throughout this experiment. 

In Table I, the electrical resistivities of CrO; 
prepared under various conditions are tabulated 
with other properties of CrQ,. It is seen that the 
resistivity of CrO, is in the order of 10-!09-cm at 
room temperature and does not seem to be related 
directly to the ratio, O/Cr. The temperature 
dependence of the electrical resistivity is shown in 
Fig. 1. It is of interest to note that the resistivity 
exhibits a peak near the Curie temperature of 


Table l. Properties of CrO, prepared under various conditions. 
| | | | | - 
Preparing condition: | | | “contsant 
Sample | O/Cr* Specific | Ry*8) G8) a Pe) 
number pravity | (acm) : (uVideg) (°C) | (gauug/er) 
Temp. Pressman] A) oy 
(SC) | (kg/cm?) - / a, 6 
it 500 317 1.961 4.96 | 0.20 —_ — 92.5 4, 421 207 
U 450 289 1.988 — 0.23 — — 96.9 — — 
3 480 299 1.997 — 0.17 — = 96.9 — | 
4 420 128 1.998 — 0.13 —35 — 103.8 tate 
5 355 WD 2.005 4,90 0.23 —22 0, — _ 4.421 12.917 
6 560 627 1.985 4,92 0.91 _ 116.5 98.0 '4.420 2.916 
MG 520 593 1.997 -- 0.31 | = | 100.6 — — 
8 500 DS 1.998 = Or35 —30 | 102.9 — — 
9 400 | 247 2.000 4.90 0.30 — | 99.0 4.421 2.916 
*1) Ratio, O/Cr, is determined from the ignition loss at 1000°C, lhr. 
*2) Ry: the resistivity at room temperature. 
*3) ©: the thermo-electric power. 
**4) the saturation magnetization at room temperature. 
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Fig. 1. R/R, versus temperature curve for vari- 
ous chromium dioxide; fo is the resistivity at 


room temperature. 


The sample, CrOz, has a rutile type structure. 


CrOs, 116°C, and, except this anomaly, decreases 
with increasing temperature in the range between 
—150°C and 350°C. The thermal hysteresis and. 
the absolute value of resistivity are somewhat. 
uncertain due to the powder form of the specimen. 
Activation energies have also been obtained from 
this measurement except near the Curie tempera- 
ture, and the results are about 0.1 to 0.3 ev in the 
range between 200°C and 350°C, and 0.005 ev 
between —100°C and the room temperature. To 
understand the conduction mechanism of CrO:, the 
Seebeck effect has been studied. The results are 
also shown in Table J. It is seen that the thermo- 
electric power of various oxides is negative. 

In view of the above results a probable conclu- 
sion to be drawn is that the N-type conduction of 
CrO; may be attributed to the interstitial Cr ions. 
of the oxides#), and the peak of resistivity near 
the Curie temperature may be due to a magnetic 
interaction between the bulk magnetization and a 
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spin of charge carrier. Further experiments, how- 
ever, are necessary to understand and explain the 
conduction mechanism of CrQp». 


References 


1) B. ‘Kubota: J. Phys. Soc. Japan, 15 (1960) 
1706. 

2)_-E. Hirota and B. Kubota: 
15 (1960) 1715. 

3) J. C. M. Brentano and C. Goldberg: 
Rev., 94 (1954) 56. 

A) B. Kubota: to be published at J. Amer.-Ceram. 


Soc. 


J. Phys. Soc. Japan, 


Phys. 


J. Puys. Soc. JAPAN 16 (1961) 346 


Measurements on Collision Frequencies of 
Electrons in Neon Gas 


By Taro DoDo 


Hitachi Central Research Laboratory, 
Kokubunji, Tokyo 
(Received December 12, 1960) 


The* collision frequency of electrons in an arc 
discharge in neon gas has been measured by the 
cyclotron resonance method!). The microwave of 
frequency 9.6 Gc/s was propagated along a square 
wave guide in TH, mode. The discharge tube 
was mounted across the wave guide inclined 30 
degrees to the H-plane. The values of V.S.W.R. 
due to the reflection from the discharge tube were 
found to be less than 1.2 in any case. The attenu- 
ation of microwave power transmitted through the 
discharge tube has been measured as a function of 
the static magnetic field applied perpendicular to 
both the axis of the wave guide and the H-vector 
of the microwave. 


2K25 Balanced 


Fig. 1. Abbreviated schematic of experimental 
apparatus. 


The collision frequencies obtained for the various 
gas pressures from the half-widths of the attenu- 
ation spectra are shown in Fig. 2. The electron 
density in these measurements was 0.3~1X10!1/cms, 
The collision frequency for momentum transfer of 
electrons in neon gas obtained from our measure- 
ment is 


Ym=7.3X108p , p: gas pressure in mm Hg. 


(1) 


This value is in agreement with the fact that the 


Short Notes 


(Vol. 16, 


collision probability P,2) (in cm-mmHg) for the 
electron of energy 3eV in neon atoms is 7. The 
collision frequencies for 0.5 and 1mmHg neon 
gases are larger than the values given by (1). This 
result could be originated if the electron tempera- 
ture in these low pressure gaseous discharges is 
higher than that of high pressure discharge. To 
confirm this speculation, we have performed a 
probe measurement). The results indicate that 
the electron temperatures at 2mm Hg and 4mm Hg 
are 4.1x104°K and 3.1x104°K, respectively. The 
collision probability P, for the 4eV electron is 
8.32), 

The measurement has been made at higher elec- 
tron concentration; ne~5x101!/em3. In this ex- 
periment, the discharge tube was mounted across 
the wave guide parallel to the H-plane and to the 
static magnetic field. The collision frequencies in 
this measurement are the same as for the case 
of low electron density. Therefore, we can con- 
clude that the collisions between charged particles, 
e-i and e-e, are negligible in these gaseous dis- 
charges of low degree of ionization as compared 
with the electron-neutral atom collision. 
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Fig. 2. Electron collision frequencies in neon gas 
as a function of gas pressure. 
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Sakai for his assistance in this experiment. He is 
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Messrs. M. Yamamoto and H. Takano for their 
preparation of discharge tubes. 
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Observations of Dislocation Network in 
Neutron-Irradiated LiF Crystal 


By Kazuko KUBO and Yoshio KATANO 


Japan Atomic Energy Research Institute 
Tokai-mura, Ibaraki-ken, Japan 


(Received November 11, 1960) 


Optical-microscopic observations have been made 
with phase-contrast attachment for LiF crystal which 
was irradiated with neutrons of about 210!7 nyt in 
the JRR-1 reactor and annealed at successively 
higher temperature from 400°C up to 800°C. 

Microscopic observations of the same object have 
been made by several authors!—‘, who have reported 
that the square cavities, with the faces parallel to 
(100) and colored by the interference of light, were 
found densely near cracks and sub-boundaries while 


Photo. 1. Square cavities precipitated on a dis- 
location line. 


Photo. 2. Isolated dislocation lines, a closed loop 
and a four-fold node are seen at the lower 
middle part and a corner respectively. 


Photo, 3. Polygonal dislocation network. 


Photo. 4. Parallel dislocation lines found at the 
terminal part of a network. 


Photo. 5. Dislocation lines on a sub-boundary. 


Photo. 6. Cobwebby arrangement of dislocation 
lines near crack. 


often isolatedly in sub-grains. Besides these facts, 
we have observed the followings: 

(1) Closely formed cavities decorate sub-bound- 
aries and make them visible but few cavities are 
observed in the region within about 30, from the 
outer surfaces or sub-boundaries of the crystal. 

(2) There are isolated dislocation lines, as well 
as isolated cavities, in sub-grains, which are visually 
observable by being decorated with light-scatterers. 
It is almost certain that the most of decorating 
light-scatterers grow to square cavities with in- 
creasing annealing time and temperature (Photo. 1) 
but there still remains a little uncertainty that some 
of the quite small light-scatterers might be metallic 
Li colloids precipitated during thermal annealing 
but not the nuclei of square cavities which are 
coagulation of vacancies. It is difficult to find the 
regularity in distribution of the dislocation lines. 
The density of the lines is different from one sub- 
grain to another sub-grain. Those are 30~40 » in 
average length and have various shapes, that is, 
an isolated line, group of lines with nodes, nearly 
straight line, helical line and closed loop (Photo 2). 

(3) Dislocation network exists near the spot with 


347 


348 


very dense concentration of the cavities. The de- 
corations of the network appear to be same as 
described in (2). We show the first picture of the 
dislocation network in neutron-irradiated LiF crys- 
tal. The network consists of either irregular poly- 
gons or long parallel lines (Photo 3 and 4). 

(4) Dense arrangements of dislocation lines be- 
come observable on sub-boundaries and near cracks 
when the crystal is annealed at about 700°C for a 
short time (Photo. 5 and 6). 

It is certain that tremendous Frenkel pairs are 
produced by fast neutrons and fission fragments 
resulted from (n, a) reaction of Li§ by thermal 
neutrons during in-reactor irradiation. It is believed 
that interstitial F-atoms, forming Fy -gas, escape 
from the crystal and interstitial Li-atoms precipitate 
to colloids and vacancies coagulate to the square 
cavities during thermal annealing. The existence 
of Fy-gas and clloidal Li metal in the crystal lattice, 
which has been ascertained by nuclear magnetic 
resonances, partly supports this idea. The disloca- 
tion lines appear to play an important role which 
might give F;-gas some means of escape from the 
crystal lattice or might offer interstitial Li-atoms 
and the vacancies the opportunity and the location 
of coagulation. The microscopic observations in 
the present note is a part of the studies on the 
annealing behavior of the neutron-irradiated LiF 
crystal, which are in progress and the details will 
be reported soon. 
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Spectrum of the Electron Cyclotron 
Resonance in a Plasma 


By Taro Dopo 
Hitachi Central Research Laboratory, 
Kokubunji, Tokyo 
(Received December 15, 1960) 


When the electromagnetic wave is propagated 
through a plasma in the direction perpendicular 
to the static magnetic field, a cyclotron resonance 
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peak should occur at the angular frequency w: 
(1) 


where we/2x, wp/2x, and vm are the gyration fre- 
quency eH/2nmc, the plasma frequency (ne2/mx)'/?, 
and the collision frequency for momentum transfer, 
respectively. We have carried out a measurement 
on microwave attenuation and verified the relation 
(1). 

The experimental apparatus is the same as the 
preceeding article.5) The attenuation spectrum for 
a constant discharge current is obtained by changing 
the magnetic field strength and fixing the frequency 
w/2n of microwave at 9.6 Gc/s throughout this ex- 
periment. The discharge tube is a fluorescent lamp, 
and it contains 3.5mm Hg argon and mercury 
vapour at room temperature. According to the 
theoretical result (1), the magnetic field strength 
at which the resonance peak occurs should depend 
on the electron density w,?. In order to confirm 
this prediction, the attenuation measurements were 
carried out for various electron densities. The 
electron density is controlled by the discharge cur- 
rent. Although the magnetic field strength at which 
the gyration frequency w,/2x becomes 9600 Mc/s is 
3429 gauss, for a high density plasma the attenua- 
tion peak occurs at 2000 gauss or less. The mag- 
netic field strength at which the attenuation peak 
occurs is shown as a function of the discharge 
current in Fig. 1. 
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Fig. 1. Field strength at the resonance peak as 
a function of the discharge current. 


From the peak height of the cyclotron resonance 
spectrum, we can obtain the electron density. From 
the peak heights of the resonance spectra at the 
discharge currents of 5, 10, and 20mA, we find 
that the electron density is proportional to the 
discharge current and is 5x10!0/cm3 for the dis- 
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charge current of 10mA*. The plasma frequency 
»,/2x for the electron density 5x 109/cm3 is 2109 
c/s. From this numerical relation and the propor- 
tionality of w,? to the discharge current J, we 
obtain the relation between (wp/w)? and J for our 
experiment: 

(wp/m)?=4.4x10-% J (I in mA). @) 

When we put the theoretical relation (1) into the 
form 

we/w =[1—( p/w)? —(vm/w)?]!/2 5 (Clay 
we can see more easily the relation between the 
theoretical result and our experimental result. The 
relation (1) tells us that the magnetic field strength, 
at which the cyclotron resonance peak occurs, de- 
creases as the electron density increases**. The 
theoretical curve which is obtained by substituting 
(2) into (1)/ is shown in Fig. 1 by a dotted line***, 
The theoretical prediction is in good agreement 
with our experimental result. 

Recently, S. Tanaka?) has carried out the meas- 
urement on cyclotron resonance absorption in neon 
gas and he has also verified the relation (1) in the 
range of low electron density: (wy/w)?~0.1 to 0.3. 
K. Kato*) has also verified the relation (1) by the 
measurement on cyclotron radiation from a mercury 
discharge tube. 

Finally, we shall make another remark on the 
shape of resonance spectrum. Examples of spectra 
for low and high current discharges are shown in 
Fig. 2. The half-widths of the spectra for high 
current discharges (90 mA, 160 mA) are very broad. 
-One may suppose that the width becomes broad 
‘because the collisions between charged partcles 
‘become frequent. But this is not true and the 
‘broadening of spectrum width comes from the in- 
_ homogeneity of the electron density in space. By 

the Lorentz force, the discharge current is pushed 
‘to one side of the wall of the tube and the electron 
density becomes high at this side and low at the 
other side. As can be seen from (1)’, when the 
electron density is m, in the region 1 in the dis- 
charge tube and is m2 in the region 2, the field 
-strength, at which the resonance peak occurs, is 
H, and Hz in respective regions. In this way the 
_-spectrum is a superpose of many spectra which 
have peaks at different field strength, and its width 


* J. Nakamura had carried out the measure- 
ments on electron density in a discharge tube similar 
to ours using the double probe method?). He found 
that the electron density was proportional to the 
discharge current and was 4X1014/cm® for the dis- 
charge current of 50mA. 

** Note that the microwave frequency w/2n is 
fixed throughout this experiment. 

*kk From the half-width of the resonance 
spectrum for the discharge current of 20 mA, we 
obtained the numerical value of 1.8x10%c/s for vm. 


becomes broader. When we used an arrangement 
which insures a uniform distribution of electron 
density, (for example having the discharge current 
parallel to the static magnetic field,) the width of 


Attenuation (db) 
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; Fig. 2. Attenuation spectra for the discharge 
currents of 20, 90, and 160mA. The shape of 
of spectra for 5, and 10mA is similar to that 
of 20mA. 


spectrum for high current discharge became as 
narrow as that for low current discharge. 

The author is deeply obliged to Mr. T. Kuroda 
for his assistance and discussions. 
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On the Inelasticity in High-Energy 
Nuclear Interactions 


By Shigeo MATSUMOTO and Shoji MIKAMO 


Institute of Polytechnics, Osaka City 
University 


(Received December 5, 1960) 


The inelasticity, K, in a nucleon-nucleon collision 
is defined as the ratio of all the energy of created 
particles to the available kinetic energy of the 
nucleons before collision in the center-of-mass 
system. Let <ni> be the average number of 
charged mesons produced, <H> its average total 
energy in the center-of-mass system. Then the 
average value of K,<K>, is expressed by the for- 
mula 


1.5<n4><H> 
~ 2(<7e>—1)M cc?’ 
where <7e> is the Lorentz factor of nucleon (in the 
center-of-mass system) having the average prima- 
ry energy and WM is the nucleon mass. In order 
to estimate <K>, we will first try to obtain <n. 

A stack of Ilford G5 emulsions (108 sheets of 
9’/’x6'', 600 thick) was flown at an altitude of 29 
km during six hours from Kobe. In this stack, 
54 nuclear interactions induced by singly charged 
particles and 12 by neutral particles* were detected 
by the tracing-back method. This method consists 
of tracing star-producing flat tracks back along 
their passage through successive emulsion strips 
and finding primary interactions!) The above 
singly charged particles are mostly the primary 
cosmic ray protons incident upon the top of atmos- 
phere, but some of them are the protons produced 
in the atmosphere and the emulsion stack. The 
effect of the latter protons may be subtracted by 
the following assumptions: both interactions of 
these protons and neutral particles are equal in 
number (12 interactions) and have the same distri- 
bution in the number, m;, of shower particles 
(particles with blob density less than 1.5 times 
plateau blob density). Another thing to be con- 
sidered is a bias against low multiplicity events 
which is due to the tracing-back method. This 
bias has been corrected by the probable assumption 
that the detection probability in this method is 
proportional to ns. In this way, the average value 
of 3s, <ns>, was found to be 4.5. We will subtract 
one track to obtain <nz>. In the above process, 
the contamination of x-mesons among. singly 
charged particles which induce nuclear interactions 
has been neglected. This neglect does not lead to 
serious error, because the contamination of r- 


<K> 


* It may be reasonable to consider that all of 
these particles are neutrons. 
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mesons could be estimated to be of the order of 
4%. For the primary protons incident upon the 
stack without undergoing nuclear interactions in 
the atmosphere, the average kinetic energy can be 
obtained by the energy spectrum of the primary 
cosmic ray protons with a sharp geomagnetic cutoff 
at a kinetic energy of 10GeV. The value obtained 
was 26GeV. Thus, the value of <ns> at an average 
energy of 26GeV was found to be 3.5. The same 
method was applied for the interactions with less 
than 6 heavily ionizing prongs, Np. In this case, 
the value of <ns> was estimated to be 2.8. 

It was found, in this laboratory, that the value 
of <E£> in nucleon-nucieon collisions around 40 GeV 
is 0.44GeV2). It has to be borne in mind that the 
events analysed in reference 2 are confined to the 
relatively large multiplicity showers. We will 
take the above value of <H> to calculate <K>, 
because it is known that, for primary energies 
around several tens GeV, the change of <H> with 
primary energy is small2),.3). From the above value 
of <B>, <y:>=3.9, and <n+>=2.8, the value of <K> 
was estimated to be 0.34 for the interactions with 
Nad: 

This value is slightly smaller than those of 6.2 
GeV*4).5) and 8.7GeV®. If the value of <H> for 
events with low ms is comparatively large, <K> 
will increase. However, it seems that a consider- 
ably large value of <H> is less plausible by the 
following facts. Kalbach et al‘). made an analysis 
of proton-proton collisions using protons of energy 
6.2GeV from the Bevatron. Their observation 
indicates that the value of <H> does not change 
appreciably as the prong number increases. Ana- 
lysing the cosmic ray showers, Kaneko and Oka- 
zaki3) suggested that the value of <H> in each 
nucleon-nucleon collision does not depend on the: 
inelasticity. This suggestion is also supported by 
the data observed in reference 2. Thus we reach 
the conclusion that <K> does not change greatly 
with increasing energy at least up to several tens. 
GeV. 

The authors wish to express their sincere thanks 
to Prof. Y. Watase for his interest and encourage- 
ment. Thanks are due to Dr. S. Kaneko for sug- 
gesting to obtain the inelasticity. They are also 
indebted to Mr. O. Kusumoto for his criticisms. 
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It has been generally accepted that the infrared 
quenching upon CdS or CdSe crystals was associat- 
ed with the recombination of electrons and holes 
made free from traps by irradiation of infrared 
rays!.2), In the case of CdS single crystal, it was 
reported!.2) that the photocurrent produced by ir- 
radiation with visible rays was reduced by irradia- 
tion with infrared rays of 900 my or 1400 my. But, 
when a high voltage (of about 2000 volts/cm) was 
applied to CdS crystal, it was found that the photo- 
current was enhanced by irradiation of infrared 
rays of 900 my or 1400 mz. 

Pure CdS crystals used in the present experiment 
were prepared by the sublimation method?) in argon 
gas. The average size of the crystal was 8x6xX 

-0.04mm. A schematic diagram of the experimented 
arrangement is shown in Fig. 1. Electrodes were 


Visible Infrared 


+ \ yi Electrode 
: ual, —CdS Crystal 


In Electrode 
Fig. 1. Schematic diagram of specimen. 


formed by indium evaporated on opposite surfaces 
of a specimen. A specimen to be measured was 
mounted on a fused quartz plate and was then put 
in a hard glass tube with quartz windows in which 
nitrogen gas was flowing. 

Quenching and enhancement of photocurrent by 
irradiation with infrared rays superposed on visible 
rays are shown in Fig. 2. When D.C. 750 volts/cm 
was applied to the crystal, two quenching maxima 
were observed at 900 mp and 1400 mp. On the other 
hand, when D. C. 1250 volts/cm was applied to the 


crystal, the quenching value* decreased, most ap- 
parent decrease being at 900 my and 1400 mp. When 
D. C. 2000 volts/em was applied to the crystal, the 
enhancement of photocurrent appeared at 900 my 
and 1400 my. By irradiation with infrared rays of 
900 my or 1400 mp only, there was no photocurrent 
to be measured. When the electrode on the plane 
of incidence was negative, the enhancement of 
photocurrent appeared above 3000 volts/cm of ap- 
plied voltage. 
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Fig. 2. Quenching and enhancement of photocur- 
rent by irradiation of infrared rays superposed 
on visible rays. 


The above phenomena cannot be understood by 
the previous interpretation!.2) that free holes availa- 
ble for recombination are produced by irradiation of 
infrared rays. Experiments are now being carried 
on in order to investigate the mechanism of infrared 
enhancement. The author wishes to thanks Assistant 
Professor K. Fukuda at Kyoto University for his 
valuable advice. 
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* Quenching value is indicated as {l1—Jp+;/ 
(Ip +Is)} x 100(%), where Ips is the photocurrent 
produced by the irradiation of infrared rays super- 
pose on visible rays, I» is the photocurrent produced 
by irradiation of visible rays and J; is the photo- 
current produced by irradiation of infrared rays. 
In the present experiments, J; was nearly zero. 
When the quenching value is negative, the word 
infrared enhancement is used. 
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According to Zwicker, et al.!), an intermetallic 
compound of manganese with germanium, Mng »;Ge, 
has a hexagonal close packed structure, in which 
an ordered, D0,) (NisSn) type of structure is in- 
duced by annealing the specimen at 750°C for 2 
days. The ordered structure, however, was not 
established in our specimen similarly treated, and 
a phase transformation into a tetragonal one was 
found at a lower temperature. 

The specimen for this study had a composition 
of Mn3,4,Ge (22.7 at. % Ge) and was prepared as 
follows: Powders of electrolytic manganese (99.9%) 
and germanium (seven-nine purity) were mixed in 
the proportion, and the mixture was charged in an 
alumina crucible, sealed in an evacuated silica 
tube, and melted by an electric furnace at 1150°C. 


Table I. The X-ray diagram of Mn; ,Ge, annealed 
at 430°C (Cu Ka radiation), 


obs. calc 

20 d II PS unig II 
(degrees) | (A) c | (Aves ° 
Abe8 ouie=2166 9 100 Lo 22816 100 
47.8 1.90 | 30 200 | 1.90 34 
BOA Wrbst |) 615 002 | 1.81 14 
69.8 Laser T7 290 | 1.385 10 
FQ: 0 ab.31 20 202 | 1.31 18 
84.9 1.14 25 Siduk wid 22 
88.7 {:10 | ee i173 | . 1.10 10 
91.0 1.08 8 279)| 1.08 10 
400 | 0.951 * 

004 | 0.904 2 

124.5 0.87 10 331 | 0.870 8 
313 | 0.852 18 

129.8 0.85 20 | Foal Gece : 


After examined by an X-ray diffractometer to 
have the same (h.c.p.) structure as Mn3.;Ge re- 
ported previously?), the specimen was annealed at 
430°C for 9 days and quenched into cold water, 
with the intention of investigating the effects of 
heat treatment on the magnetic property and on 
the atomic arrangement as well. Then, a struc- 
ture change was brought about, rather than a 
modification of the original one as has been first 
expected. 
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As seen from the X-ray diagram which was ob- 
tained by the diffractometer and given in Table I, 
the specimen thus annealed consisted of a single 
phase with a face centered tetragonal structure.* 
No superlattice lines were found and the lattice 
parameters were determined to be a=3.803 A, C= 
3.61, A, and e/a=0.951. 

As to the magnetic property, the new phase ex- 
hibits an anomalous behavior, and has a fairly 
stronger magnetism than the hexagonal one. Fig. 
1 shows the values of the saturation magnetization 


oe (emu/g) 


16 


Dr 


fo) 200 400 600 800 
Temperature (°K) 


Fig. 1. Temperature dependence of the saturation 
magnetization of tetragonal Mn3.4Ge. 


as a function of temperature, which were deter- 
mined under a field of 9 kilo-oersteds from the 
force exerted on the specimen in an inhomogeneous 
field. The saturation magnetization is nearly con- 
stant at low temperatures and extrapolated to be 
llcgs emu/g at 0°K, while, on heating above the 
room temperature, increases gradually towards its 
maximum value 17cgs emu/g at 700°K. Then it 
falls off quite rapidly and the Debye photograph 
taken for this specimen after cooled to the room 
temperature gives only the h.c.p. pattern. Accord- 
ingly, the falling off of the thermo-magnetic curve 
is not due to the magnetic transition of the tetra- 
gonal phase, but may be associated with the phase 
transformation into the hexagonal one, which is 
paramagnetic at these temperatures. Apart from 
this point, the magnetic behavior of the tetragonal 
phase is somewhat similar to that of Néel’s P type®) 
of ferrimagnetism, but it should be postponed to 
make that classification until further investigations 
will be carried out. 

Thus it may be concluded that the hexagonal 
phase reported by Zwicker, et al. is stable only at 


* A f.c.t. structure is equivalent to a b.c.t. 
structure with a’=a// 2. The former is prefered 
here in relationship to L6 (TisCu) type of struc- 
ture, to which D0jy type of structure would be 
transformed. 
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higher temperatures, but the transformation from 


it to the tetragonal one, which is more stable at References 

lower temperatures, takes place so sluggishly that 1) U. Zwicker, E. Jahn and K. Schubert: Z. 

the latter seems to be realized only after a long Metallkde. 40 (1949) 433. 

time annealing. 2) K. Yasukéchi, T. Ohoyama and K. Kanematsu: 
More detailed examinations of the transformation, J. Phys. Soc. Japan 14 (1959) 1820. 


as well as as of the anomalous magnetic behavior 3) L. Néel: Ann. physique 3 (1948) 137. 
of the tetragonal phase, are now in progress, and 


will be reported on later, together with the findings 


on other compounds of the Mn-Ge system. 
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Should read 
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Gamma Rays from Inelastic Scattering of Neutrons 
by Fe, Cu, Zn, Ge and Se 
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Gamma rays following inelastic scattering of neutrons by Fe, Cu, Zn, 
Ge and Se, have been measured with 3.11~4.72 MeV neutrons using a 
ring geometry arrangement. The excitation functions for the following 
gamma rays were observed: 0.844, 1.23*, 1.80*, 2.11* and 2.56* MeV in 
Fe5®, 0.665, 0.965 and 1.33 MeV in Cu®, 0.760 and 1.11 MeV in Cus, 
0.810*, 0.995 and 1.81 MeV in Zn®4,66,68, 0.590 MeV in Ge74,76, 0.830 MeV 
in Ge, 1.01 MeV in Ge’, 0.560 MeV in Se7s, and 0.660 MeV in Se%.78,80, 
respectively. The asterisk indicates the transitions from the higher 
excited to the Ist excited states. An aspect of de-excitation of higher 
energy levels was also discussed by analyzing the ratio of probabilities 
of de-excitation through or not through the Ist excited state as a function 


of the incident neutron energy. 


§1. Introduction 

A nucleus, that is raised to an excited state 
by the inelastic scattering of neutrons, will 
decay to its ground state with the emission 
of gamma radiation. It is an important pro- 
blem to observe the de-excitation gamma rays 
as well as the inelastically scattered neutrons. 
These two observations, complementary in 
nature, present useful informations to clarify 
the nuclear structure and the mechanism of 
nuclear reactions. 

Measurements of the de-excitation gamma 
rays following inelastic scattering of fast 
neutrons have been made by many authors, ").” 
8),4),5) and yielded valuable data on the structure 
of nuclear levels, especially in those cases 
where excitation of the levels is not attainable 
by beta decay or Coulomb excitation. The 
excitation functions of gamma rays near the 
threshold have also been measured by several 
authors®.”).8) for the lowlying levels in various 
nuclides, and the results have been compared 
with the theory of Hauser and Feshbach® 
based on the statistical model. 

On the other hand, only a few measurements 
have been made on the production of gamma 
rays at neutron energies higher than 3 MeV, 
well above the threshold for the low-lying 
levels in medium-weight nuclides. With in- 
crease of the incident neutron energy, more 
levels in the residual nucleus are excited and 
analysis of data becomes difficult due to the 


increase of contributions from the higher 
levels. Some informations about higher levels 
of the residual nucleus may, however, be 
obtained by these measurements, since the 
character of nuclear levels is reflected in the 
gamma-ray spectra or their excitation func- 
tions. 

This paper reports the results of measure- 
ments on the gamma-ray production in five 
elements (iron, copper, zinc, germanium and 
selenium) excited by neutrons of 3.11~4.72 
MeV. The gamma-ray spectra observed are 
illustrated at a neutron energy of 4.04+.10 
MeV. Most of these gamma-rays are fitted to 
known level scheme in relevant nuclide. The 
absolute production cross sections of gamma 
rays measured at the neutron energy of 4.04 
MeV. are also tabulated. 

An analysis on the ratio of transition pro- 
babilities from the higher to the lst and the 
ground state was also made in iron and zinc, 
by combining the data of the present work 
with those obtained with time-of-flight tech- 
nique’”. 


§2. Experimental Arrangements 


The de-excitation gamma rays following 
neutron inelastic scattering were studied with 
the ring-geometry arrangements as shown in 
Fig. 1. Ring scatterers of iron, copper, zinc 
and carbon had an inner and outer diameter 
of 9.0cm and 11.0cm and a thickness of 
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5.0cm. Germanium oxide and selenium were 
enclosed in aluminum containers, having the 
same dimensions with a wall thickness of 0.5 
mm. 

Neutrons were produced by the D*(d, m)He? 
reaction. Deuteron beam of 0.5 “A was focused 
on a gas target at a distance of 1.7m from 
a steering magnet, which was located at 2m 
from a 90° beam-analyzing magnet. Measure- 
ments were done in a large room, the dimen- 
sion of which was 25m by 14m, and 10m in 
height, and which had a pit 2.5m deep covered 
with gratings. The target was positioned 
1.06 m above the gratings. The neutron back- 
ground due to the scattering from the wall 
and floor were found to be negligible. 
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Heavy metal cone 2% x as 


Dz gas nae : 
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Fig. 1. Experimental arrangement for observing 
gamma rays from the inelastic scattering of 
neutrons. The scattering sample has ring 
geometry. 


The gas target was of a cylindrical shape, 
3cm in length and 1cm in diameter, and had 
an entrance window covered with a nickel 
foil of 1.27x10-*mm thickness. The bottom 
was sealed with a platinum foil of 0.05mm 
thickness. The pressure of deuterium gas 
was 40cm Hg. The energy loss of the deute- 
rium ions in passing through the nickel foil 
and the deuterium gas was calculated by use 
of published data'”. 

The scattering ring was placed 45 cm distant 
from the target with its axis in the direction 
of the deuteron beam. Owing to its finite 
dimensions, it received the neutrons emitted 
in a range of 4.5°~8.5° with respect to the 
deuteron beam. The average angle between 
the neutrons incident on the scatterer and 
the de-excitation gamma rays which entered 
the detector, was about 100°. 

The spread in the energy of the neutrons 
incident to the sample, which resulted from 
the spread in the energy of the deuterons in 
the target and the divergence in the angle 
of emission of neutrons, was estimated to be 
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less than +100 keV. 

The spread was also checked experimentally 
by observing the 2.95MeV resonance in the 
neutron total cross section of carbon. Both 
results agreed fairly well with each other. 

The gamma rays from the scattering sample 
were detected with a 26x 2” Nal(TI) crystal, 
mounted on a RCA 6342 photomultiplier. Pulses 
from the scintillation counter was fed into 
an RCL 256-channel pulse height analyzer 
through a preamplifier. 

A cone of heavy metal, 30cm in length, 
was placed between the scintillation counter 
and the neutron source. The heavy metal 
cone was made from wolfram, copper and 
nickel, and had a density of 17gm/cm*. It 
shielded the scintillation crystal against the 
neutrons and gamma rays from the neutron 
source effectively. 

Neutron flux was monitored using a BF: long 
counter, placed 3.6m distant from the target 
in a direction of 60° to the deuteron beam. 


§3. Experimental Procedures 


Day* has reported that there are two methods 
of calculation of inelastic scattering cross 
sections; one is to neglect completely the 
effects of all neutron scattering, assuming 
that the neutron flux is constant throughout 
the scatterer, and the other is to calculate 
rigorously taking multiple scattering of neu- 
trons into account. But according to him the 
root-mean-square difference was only 3.5% 
between the results mentioned above. We 
take, therefore, the simple method in which 
the effects of multiple scattering just cancel 
out the neutron attenuation. 

One can generally determine the gamma- 
ray intensity by measuring number of counts 
in a photo-peak. If neutrons enter the scat- 
tering ring parallel to its axis, the number of 
counts C produced in the gamma-ray detector 
is given approximately by Eq. (1): 


do 
C=nN — |\ydV dQ 
i fea (ee le shu 
Here ~ denotes the number of incident 


neutrons per cm’, N the number of nuclei 
per cm*® of the scatterer, 2 the solid angle 
subtended by the scintillator at an elementary 
colume dV of the scatterer, and V the volume 
of the scatterer, respectively. do/d2 repre- 
sents the differential cross section for the 
gamma-ray production by the neutron inelastic 
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scattering and 7 the photo-peak efficiency of 
the Nal detector. 

Assuming that the angular distribution of 
gamma-ray yield does not change greatly in 
the range of observation, Eq. (1) can be simpli- 
fied as follows: 


(2) 


where €=(72) is called the effective photo-peak 
efficiency, which is determined experimentally 
by a method to be mentioned later. 

The neutron flux n incident to the scatterer 
was calculated from published data!?) on the 
differential cross section of D*(d, 2)He? reaction. 

Then, the differential cross section at 0@=100°, 
(do/d2)1002 can be obtained by measuring the 
photo-peak yield C and the effective photo-peak 
efficiency &. 

Some of the neutrons, which are scattered 
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at the sample, enter the Nal crystal. These 
neutrons cause inelastic scattering or neutron 
capture in the sodium iodide, and result in 
producing gamma rays which contribute to 
the background. These scattered neutrons can 
be closely reproduced by replacing the scatter- 
ing sample with a carbon scatterer, which 
does not give an inelastic scattering of neutrons 
below En=4.43 MeV, although the energy 
spectra of scattered neutrons are slightly dif- 
ferent in the two cases. The gamma-ray 
yield C is, therefore, obtained by taking the 
difference between the measurement with the 
scattering sample and that with a carbon 
scatterer. 

The pulse-height distribution of the back- 
ground for neutron energies from 3.11 to 4.72 
MeV are shown in Fig. 2 (a) and 2 (b), which 
are mainly attributed to gamma rays caused 
by the neutron inelastic scattering in the 
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Fig. 2(a) and 2(b). 
a carbon ring scatterer. 


The pulse-height distribution of the background, which were measured with 
The energies of the incident neutrons are in the range of 3.11~4.72 


MeV. Most of gamma-rays, which are indicated by arrows, arise from inelastic scattering in 


the Nal(TI) crystal, as listed in Table I. 


sodium iodide crystal. Table I gives the 
energies and de-excitation scheme of these 
gamma rays at a neutron energy of 4.04.10 
MeV. 

The effective photo-peak efficiency € have to 
be known as a function of gamma-ray energy 
Ey. It depends on the shape of the gamma- 
ray source and scintillation crystal, and on 
their relative position. Sodium bicarbonate 
was irradiated in the JAERI water-boiler 
reactor (JRR-1) and its absolute activity was 
measured by a 4z beta counter. Then, this 
sodium bicarbonate was put in place of the 
scatterer and the efficiency was determined 
for the Na** gamma rays of 1.37 and 2.75 MeV, 
with a result of (1.04:0.04)x10-* and (4.46 


-+0.12) x 10-8, respectively. 

According to Day*®) and Freeman et al.,®) & 
can be expressed by a simple power of Ey in 
a range between 0.5 and 2.8 MeV, that is 

€=AE,2 C3 

From the efficiency measured for Na*4 gamma 
rays, A=1.55x 10-* and B=1.21 was obtained.* 

The errors in the absolute cross section are 
originated mainly in the determination of the 
gamma-ray yield C and the neutron flux n, 
involved in the published data!” of D?(d, m)He? 
reaction, is about7%. The statistical accuracy 
of gamma-ray counting was 1% or better. 


* According to Freeman et al.,8) A=6.14x10-3 
+5% and B=1.09+2%. 
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Table I. Background gamma rays which were determined with a carbon ring scatterer in the 
arrangement shown in Fig. 1. In the second column the de-excitation scheme of the nuclide 


emitting the gamma ray is given. A comparison with energies given by other authors is listed 
in the third column. 


Ey (MeV) De-excitation scheme Comparisons with other 
author’s Hy 

0.200+ .015 I2%(n, n'y) 2nd—0 0.2043) 0.208+ .0027) 
0.420+ .020 Na3(n, ’7) Ist >0 0.438 + .0058) 

IL2"(n, n’7) 3rd >0 0.435+ .004,7) 0.4413) 
0.511+.020 annihilation gamma ray 0.50,4) 0.515) 
0.625+ .015 I2"(n, n’7) 4th +0 0.634,3) 0.632+ .006”) 
De (SiS ONES I2%(n, n’/7) 5th 0 0.742,3) 0.750+ .0207) 
0.844+ .015 Fes*(n, n'7) Ist 0 0.8413) 

AL(n, n'y) Ist >0 0.835+ .001,2) 0.840+ .0083) 
1.014.015 127(n, n’7) 1.0128) 

AR(n, n'y) 2nd—>0 1.02 .01,2) 1.0174 .0108) 
1.23 .02 Fe%(n, n’7)  2nd—Ist 1.248) 
1.42+ .03 Fe4(n, n/7) Ist >0 1.418) 
1.713. 102 Al(n, n'y) 4th 2nd 1724-022) 
2.19+ .03 | Al(n, n'y) 3rd >0 2.224 .03,2) 2.214.028) 
2.424 .04 Na2%(n, n'y) 3rd30 2.386 + .0108) 
2.97+.04 Na%(n, n'y) 6th 30 2.979+ .0158) 


‘The errors due to background subtraction were 
negligible for large or isolated photo-peaks. 
But the determination of area under a weak 
or unresolved photo-peak caused appreciable 
error; sometimes it amounted to 20%. The 
correction for absorption of gamma rays in 
the sample was made by assuming that all 
gamma rays passed through an average thick- 


Table II. 


errors 


ness of 5mm in the sample. 
error in the effective photo-peak efficiency 6&, 
which was within 3.5% as mentioned above, 
was originated from the statistical accuracy 
in the absolute beta-counting. 

Taking account of these errors, standard 
in the absolute measurement were 
estimated as follows: 


The standard 


The energies of gamma rays produced by the inelastic scattering of (4.04+.10)-MeV 


neutrons, and the differential cross sections for the production of relevant gamma-rays at 2=100°. 
The cross section values in parentheses have rather large errors (~430%), since the yields 


are small compared with other gamma rays. 
column, those in parentheses represent tentative, but most probable assignments. 


De-excitation schemes are also shown in the fifth 


[ ] represents 
the average energy in the superposition of more than two gamma rays. References are cited in 


the text. 
Element Ey(MeV) tee Nuclide De-excitation scheme 
.844+ .015 81.5 Fe56 Ist —0 

192352202 12.0 Y 2nd—1st 
1.42+ .02 (10.9) Bess lst +0 
1.80+.03 13.0 Bee 3rd 1st 
2.11+.04 26 y 4th > 1st 

Iron ess 
2.56+ .04 6.2 ” 7th Ist 
2.97+.04 4th>0 
3.09+.04 
3.39+ .05 (6) Fe 
3.514 .05 (3) v 
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Table I. (cont’d) 
-665+ .015 20.5 Cuss Ist >0 
.760+ .015 39.0 Cus Ist +0 
.965+ .015 56.2 Cués 2nd>0 
i liliectas OZ, 88.2 Cué> 2nd>0 
SSB) Beals Sule Cués 3rd>0 
1.46 +.05 (32) Cus 3rd>0 
Copper 
ROG a 04 (12) Cues 5th +0 
1.88 +.04 (8) Cuss 6th >0 
2.07 + .04 (@)) Cu (Cus: 6th-0) 
2.86 +.05 (3) Cu 
Se biwse 05 
3.40 + .05 
[.810+ .010] 2326 Zn Zn64,66,68; 2nd—I1st 
[-O95c=2015] 83.3 ” ” alist 
120m 203 (7.2) Zn6s 3rd—>1st 
[13503] (48) Zn64, 66 3rd>l1st 
Pe 1.46 +.05 (2) Zn 
[1.81 +.04] PALA " Zné+,66,68; 2nd—>0 
[2.36meE205| (6) ” (  G 3rd—>0) 
2.88 +.05 (5) Y 
Sally Se 05 
3.482205 
[.590+ .010] 84:3 Ge (Ge74,76: Ist—>0) 
.740 + .020 (13) ” 
.830+ .020 65.9 1 Ge: 2nd>0 
; IOs 020 64.9 ” Ge: Ist +0 
Germanium 1.19 +.02 Ceitiond->0 
1eAQ Be 03 Ge®?: 3rd >0 
1.70 +02 (22) a Ge: 4th >0 
12 92e=Es 03 
.560+ .020 28.1 Se (Se: Ist-0) 
[.660+ .010] 105 ” Se78,80;  Ist>0 
Se%6,78:  2nd—I1st 
.800+ .020 (14) Ses0 2nd—> 1st 
.900+ .020 (4) Se (Se&2: 1st>0 
Toe 02 (6) 1 (Se76: 2nd0) 
SAteniunh T3002 (8) Se78 2nd—>0 
1.42 +.03 (16) Ses0 2nd>0 | 
iba se 408) (Ses: 2nd) 
1.65 =£.02 
Pro ae (08) (12) Se 
Pah ae 
2.90 +.04 (10) ” 
Byray Ge ss 


2.56 MeV (iron): =&:20~25% 
1.81 MeV (iron): =:20% 
0.56 MeV (selenium): =:20~35% 


Other all gamma rays: 415% 
The standard errors are also represented by 
vertical bars in the figures. 
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§4. Results 


The spectra of gamma rays from iron, 
copper, zinc, germanium, and selenium excited 
by the inelastic scattering of (4.04-+.10) MeV 
neutrons are shown in Figs. 3, 5, 7,9 and lil; 
respectively. The background spectra as 
determined with the carbon ring are also shown 


per Channel 


Counts 
ine) 


80 
Channel 


20 40 60 


Gamma Rays from Inelastic Scattering of Neutrons 


100 


361 


in these figures with the crossed points. 

The differential cross sections for the produc- 
tion of these gamma rays are presented in 
Table II, together with the scheme of de- 
excitation. In Table II, the isotropic cross 
sections of nuclides specified with mass number 
are calculated taking account of the isotopic 


Fe (n,n’r) Fe 
Gamma ray spectrum 


3.39351 Mev 


140 


120 
Number 


Fig. 3. The spectrum of gamma rays following the inelastic scattering of (4.04+.10)-MeV neu- 


trons in iron. 
trated with crossed points. 


abundance. Those described by chemical 
symbol only, are calculated using the number 
of nuclei per nuit volume of the natural ele- 
ment. 

The differential cross sections for gamma- 
ray production by the neutron inelastic scatt- 
ering, which were measured in the range of 
incident neutron energies 3.11~4.72 MeV, are 
shown in Figs. 4, 6, 8,10 and 12. The cross- 
section values in parentheses in Table II have 
rather large errors (~+30%), since the yields 
are small compared with other gamma rays. 
Measurements of the excitation functions for 
these weak gamma rays, therefore, was not 
performed. 

(Gis) melon 

The gamma rays from low-lying levels in 
iron are clearly fitted to the known level 
scheme"). The peak around 2.56 MeV in Fig. 3 
seems to be composed of three peaks at 2.56, 
2.58 and 2.66MeV; i.e. a peak due to the 


The background spectrum determined with the carbon ring scatterer is illus- 
There are subtracted in the inserted figure. 
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60 
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Fig. 4. Excitation curves for gamma-ray produc- 
tion by the neutron inelastic scattering Fe(n, n/;7) 
Fe. Those gamma rays which corresponded to 
the arrows in the inserted level scheme, were 
investigated. 
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transition from the 7th (3.45 MeV) to the lst 
level (0.844 MeV), one-quantum escape peak 
of the gamma rays from the 5th (3.12 MeV) 
to the ground level, and a peak due to the 
transition from the 3rd (2.66MeV) to the 


ground level, respectively. 
The excitation curves for iron gamma rays 


80 
Channel 
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are shown in Fig. 4, together with the known 
level scheme. The 2.11-MeV gamma ray is 
considered not to be due to a cross-over transi- 
tion (2.08 MeV to the ground level) but cascade 
one (2.97 to 0.844 MeV), since the excitation 
curve rises steeply above 3.0 MeV. 


Cu(n,n’r) Cu 


Gamma ray 


spectrum 


120 140 


Number 


Fig. 5. The spectrum of gamma rays from Cu(n, n’7)Cu reaction. 


(2) Copper 

The gamma-ray spectra of the present mea- 
surements are in good agreement with those 
by Day® and Pasechnik et al. as shown in 
Fig. 5. Furthermore, gamma rays of 2.86, 3.11 
and 3.40 MeV were found in our measurement. 

The excitation curves of five gamma rays 
are shown in Fig. 6. Those gamma rays 
corresponding to the direct transition from the 
Ist, 2nd and 3rd to the ground state, are 
predominant. This mode of de-excitation is 
different from those of even-even nuclei such 
as iron, zinc, germanium and selenium. 

(3h Zine 

The first excited states of zinc isotopes are 
known to be 0.99MeV (Zn**), 1.04 MeV (Zn**) 
and 1.07 MeV (Zn**), respectively!*.!5).16, The 
observed photo-peak has an energy of 0.995 
-£.015 MeV, which result from the superposi- 
tion of gamma rays of these energies. 

There is almost the same amount of cross- 
over transition (1.81 MeV) as the cascade one 
(0.81 MeV). This mode of de-excitation is 


Ey MeV 
1.11+O0.015 
360 
8 
w 
3 
iS 
S 
= 
6 
Uv 
0.770 
Seq 
509% 
3.0 35 4.0 45 
En MeV 
Fig. 6. Excitation curves for Cu(n, n/y)Cu reac- 
tion. 


different from that of iron. 

Recently, gamma-ray spectra from the Zn 
(n, n’y)Zn reaction were observed for valle) 
~3.3 MeV by Van Patter et al..1” The pre- 
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Zn (n,n'r) Zn 


Gamma ray spectrum 
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Fig. 7. The spectrum of gamma rays from Zn(n, n’7)Zn reaction. 
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Fig. 8. Excitation curves for Zn(n, n/y) Zn reac- 
tion. 


sent results will be connected to their ex- 
citation function. 

(4) Germanium 

A detailed pulse-height distribution from 
1.0 MeV to 2.0 MeV is shown in the insert of 
Fig.9. The transitions from the Ist (1.04 MeV) 
to the ground state in Ge” and from the 4th 
(1.73 MeV) to the 1st (0.69 MeV) in Ge” are 
probably observed as a single peak at IL Oike= 


.02 MeV. Some of gamma rays observed are 
fitted to known level scheme!®.!®, 

The excitation curves for gamma rays of 
energies 0.59, 0.83 and 1.01 MeV are shown in 
Fig. 10, and these excitation curves show 
rather flat variation in the energy range 
observed. 

(5) Selenium 

The 0.660 MeV peak is remarkablely larger 
than those of any others. The 0.56-MeV 
gamma ray is narrowly resolved from the 
0.660-MeV gamma ray by the subtraction of 
background. 

The detailed pulse-height spectra are shown 
in Fig. 1l(a). If one takes the Ist level of 
Se® as 0.670 MeV!® and estimates the energy 
of its 2nd excited state by the systematics of 
level scheme for even-even nuclide, the value 
obtained becomes 1.57 MeV. Then, the gamma 
ray of 1.57-+.03 MeV will be the transition 
from the 2nd to the ground state of Se®. 
Furthermore, the 0.900 MeV gamma ray will 
be the transition from the 2nd (1.57 MeV) to 
the Ist (0.670 MeV) state of Se®?. 

Fig. 12 shows the excitation curves for 
gamma rays of 0.56 and 0.66 MeV. The fact 
that there is many transitions of rather small 
intensities in the de-excitation of selenium 
following the neutron inelastic scattering, 
agrees with the results of a recent time-of- 
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Fig. 9. The spectrum of gamma rays from Ge(n, n’7)Ge reaction. 
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Fig. 10. Excitation curves for Ge(n, n’7)Ge reac- 
tion. 


flight experiment!”. 


§5. Discussions 


In the present measurements of gamma-ray 
yield from low-lying levels excited by the 
inelastic scattering of neutrons, we find an 
amount of cascade transitions from the higher 
excited states. We can obtain some informa- 
tion about the de-exciting property of higher 
excited states by combining the present data 


with the results of time-of-flight measurement 
of neutron inelastic scattering and the relevant 
non-elastic scattering cross sections. 

For this purpose, we examine the probability 
that higher states (Hiss) excited by the 
neutron inelastic scattering are de-excited to 
the ground state by cascading through or not 
through the lst excited state. These probabi- 
lities are represented by 7; and Jo, respective- 
ly, and expressed by definition as follows: 


Ti=Z0¢"(En, Ed p(ED 
(4) 


ho Soe" (En, Ei) pol Ei) 


where the index 7 indicates the i-th excited 
state, k is the index of the highest state excited 
by the inelastic scattering, p:(Ei) or po(Z:) the 
probability of transition from the 7-th excited 
state to the ground state by cascading through 
or not through the lst excited state, respective- 
ly (see Fig. 13) and o”’ the neutron inelastic 
scattering cross section leading to the i-th 
state. In the above equation, the 2nd excited 
state is excluded from the summation for 
simplifying the discussion. 7: and To can be 
determined experimentally by the following 
equations as follows: 


T1=0)—(0,""+a02”), a=a/(1+a) 


k (5) 
Ti air To == Of Oi aon cami er 62") 
i=3 
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Fig. 11. The spectrum of gamma rays from Se(n, n’7)Se reaction. 


Se (n,n'r) Se 


Gamma ray spectrum 


40 50 60 70 80 
Channel ‘Number 
Fig. 1l(a). The spectrum of gamma rays from 
Se(n, n’y)Se reaction, especially in the range 
from 0.80 to 1.65 MeV. The background is 
subtracted. 


Here, o:” is the gamma-ray production cross 
section which de-excites from the Ist to the 
ground state, as observed in the present expe- 
riment; «1% and o.” the inelastic neutron 
cross sections which leave the target nucleus 
in the lst and 2nd state, as reported in the 
time-of-flight experiment’. nn is the non- 
elastic cross section as given in reference (19). 
a is the cascade-to-cross-over ratio of the 2nd 
excited state. a= (2nd-— 1st)/(2nd— ground). 
This quantity is introduced to take account of 
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Fig. 12. Excitation curves for Se(n, n’/7)Se reac- 
tion. 


Fig. 13. Notations, which are used in Eq. (6). 
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the cascade transition from the 2nd excited 
state through the lst excited state. 

Then, the probability ratio R is given as 
follows: 
Ti os? —(01"" + at02”") 
To Onon—61’—(1—@) a2” 


IR= (6) 

The notations used in Eq. (6) are illustrated 
rim, 1K 1 

The results of the calculations of the pro- 
bability ratio Rvs. neutron energy En are 
shown in Fig. 14, where the angular distribu- 
tions for the emission of gamma rays and 
neutrons are assumed to be isotropic, the 
branching ratio for the cascade transition from 
the 2nd excited state in iron is assumed to 
be one!®, i.e. a=1, and for zinc an isotopic 
average of reported values!” is used, i.e. a= 
0.55. 


2.0 


=I1/ To 


R 


0.5 


Probability Ratio, 
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Fig. 14. The results of probability ratio R in 
Eq. (6). 


Fig. 14 shows that the probability ratio R 
decreases as the incident neutron energy 
increases. This fact suggests that higher 
excited states are in general more difficult to 
be de-excited through the lst excited state 
than lower excited states. This property of 
higher excited states in iron will be explained 
to some extent by the $-decay data‘) which 
show that branching ratio to the lst excited 
state decreases gradually with increase of the 
excitation energy. 
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Angular Distributions and Excitation Functions 
of the Be’ (d, p) Be” Ground-State Reaction 
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and Takao NAKASHIMA 
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(Received November 11, 1960) 


Angular distributions and excitation functions of the Be? (d, p) Be! 
ground-state reaction were studied in the energy range of deuteron from 
1.7 to 3.0 MeV. Six angular distributions were measured at the deuteron 
energies of 1.74, 1.97, 2.24, 2.51, 2.73 and 3.03MeV. Each angular 
distribution has a forward peak characteristic of the deuteron stripping 
process for l,=1. The yields in the backward directions, however, are 
predominant at the lower energies. The excitation curve taken at the 
laboratory angle of 30°, where the forward peak occurs in the angular 
distribution, shows a monotone and rather fast rise with deuteron 
energy. On the other hand, the excitation function of the total cross 
section of this reaction shows a comparatively slow variation and has a 


broad peak at about 2.1 MeV of deuteron energy. 


§1. Introduction 


A number of investigations on the Be’ (d, p) 
Be’® reaction have previously been made in 
the energy range of deuteron up to about 10 
MeV, and there are many informations on the 
angular distributions of the proton groups 
from this reaction”. At the deuteron energies 
from 100 keV to 20 MeV, the angular distri- 
butions of protons from the Be®(d, p) Be 
ground-state reaction have been measured at 
small intervals of deuteron energy and the 
results show somewhat regular variation 
of the angular distribution with deuteron 
energy?”. At the deuteron energies below 
800 keV, the differential cross section of this 


reaction increases smoothly and rapidly with 
emission angle of protons to the direction of 
incident deuteron beam. At about 900 keV of 
deuteron energy, a peak appears at a forward 
angle and it becomes more and more eminent as 
deuteron energy increases. At about 2 MeV, 
however, the proton yield in the backward 
direction is still predominant. At the deuteron 
energies of 3.6 and 3.9 MeV, the angular distri- 
butions are those of stripping type though they 
have a relatively high second maximum at 
about 100°, and the forward peak at the 
deuteron energy of 3.6MeV is fitted fairly 
well by the stripping curve for /»=1 evaluated 
with Butler’s formula using the nuclear radius. 
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of 4.5x10-%cm5)*). At the deuteron energies 
from 8 to 12MeV, the angular distributions 
show a more distinct stripping feature having 
a weaker second peak compared with those at 
lower deuteron energies, and were well 
explained by Butler’s stripping theory for /Jn=1 
using the nuclear radius of about 5x10- 
cm8)9)10) | 

The excitation function of the Be® (d, p) Be! 
ground-state reaction at the laboratory angle 
of 90° has been measured by Canavan’, using 
a proportional counter and aluminium absorbers 
over the energy range of deuteron from 0.55 
to 2.95 MeV. The result shows broad maxima 
in the excitation curve at about 0.9, 1.3 and 
2.1MeV of bombarding deuteron energy, and 
the last one is thought to be indicative of 
overlapping resonances due to the compound 
states at about 17.5-MeV excitation in B" 
nucleus. 

We tried to investigate the variation of the 
angular distribution of protons from the 
Be? (d, p) Be!® ground-state reaction with 
deuteron energy, and investigate the excita- 
tion functions of the forward peak in the 
angular distribution and of the total cross 
section, over the energy range of deuteron 
from 1.7 to 3.0MeV. It was hoped that these 
informations, together with the previouslv 
obtained results, would give a clue to under- 
stand the mechanism of (d, p) reaction at lower 
deuteron energies. 


$2. Experimental Methods 


Details of the apparatus used in this experi- 
ment are to be reported elsewhere", so here 
they will be described briefly. The magnetical- 
ly analyzed deuteron beam emerging from the 
Van de Graaff accelerator of Kyusyu University 
passed through a slit of 1mm in width which 
served to get error signals for the stabilizer 
of accelerating voltage and another slit of 
4mm in diameter, and then entered into a 
scattering chamber and struck a beryllium 
target mounted at the center of the chamber. 
These two slits were distant each other about 
26cm and the plane of the target made 45° 
to the beam direction. The inner diameter of 
the chamber was 23cm, and the target was 
metalic beryllium of 0.27 mg/cm? in thickness 
evaporated in vacuum on the silver foil of 
2.2mg/cm? in thickness. Charged particles 
emitted from the target came out of the 
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chamber through the windows made on the 
side wall of the chamber at intervals of 15°. 
The windows consisted of openings of 6mm 
in diameter covered with aluminium foils of 
20 microns in thickness. 

A CsI(T]) crystal of 1 mm in thickness which 
was mounted on a DuMont 6291 photomultiplier 
tube was placed close to one of the windows 
and it stopped all of the charged particles 
outgoing through this window. Output pulses 
from the photomultiplier were amplified and 
then analyzed by a 20-channel differential 
pulse-height analyzer. A typical pulse-height 
spectrum obtained by this arrangement is 
shown in Fig. 1. 


x16 
80 Ed = 2,5! MeV 
@lab= 75° 
60 Triton group from 
the Be’ (d,t) Be’ reaction 

o 
€ 
,2] 
sS Po 

40} 
= 
wn 
iS 
oO 
oO 

20) 

(@) — 
ie) 10 20 30 40 50 
Channel number 
Fig. 1. Pulse-height spectrum of charged particles 


from the deuteron bombardment of beryllium, 
obtained at the deuteron energy of 2.51 MeV and 
at the laboratory angle of 75°. 


Another scintillation counter similar to that 
mentioned above was mounted on the window 
at 22.5° to the direction of deuteron beam and 
used as a monitor counter. Output pulses 
from this counter were discriminated in such 
a way that only pulses corresponding to the 
ground-state protons from the Be®(d, p) Be 
reaction were registered. 

The deuteron beam was collected in a 
Faraday cup, 3cm in diameter and 5cm in 
depth, and integrated by a current integrator 
similar to that designed by Higinbotham and 
Rankowitz'?. To insure accurate measure- 
ments of the beam current, the secondary 
electrons emitted from the cup wall were 
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suppressed by the magnetic field produced 
by two pieces of Ferite mounted just outside 
of the cup. The excitation curve was taken 
at the laboratory angle of 30° where the 
forward peak occurs in the angular distribu- 
tion. At that time the Faraday cup was 
placed as close to the target as possible in 
order to avoid the effect of deuteron scatter- 
ing in the backing material of the target, i.e. 
the distance between the forward edge of the 
cup and the center of the target was chosen 
to be 5cm. 

The peaks corresponding to the ground- 
state protons from the Be®(d, ~) Be! reaction 
in pulse-height spectra, obtained at different 
angles and at a certain deuteron energy were 
integrated to get the areas under them, which 
give the measures of the intensities of this 
group at different angles. The angular distri- 
bution in the laboratory system at that 
deuteron energy was obtained by normalizing 
these areas to a fixed number of monitor 
counts, and it was transformed to the center- 
of-mass system. 

Experimental points at 0° in the angular 
distributions were taken, preventing the direct 
deuteron beam to reach the detector by means 
of silver absorbers of suitable thickness 
inserted in front of the window made in 0° 
direction, and allowing protons of higher 
energy to enter the scintillation crystal. 

To obtain the excitation function, the pulse- 
height spectra were taken at a fixed counter 
angle of 30° at different deuteron energies in 
the same manner as for the angular distribu- 
tion measurements. Areas under the peaks 
corresponding to the ground-state proton group 
in these pulse-height spectra were normalized 
to a fixed value of integrated beam current, 
to obtain the excitation function at the labora- 
tory angle of 30°. 

Each of the angular distributions at different 
deuteron energies obtained in this experiment 
was integrated over the whole solid angles to 
obtain the total yield of the ground-state 
protons from the Be? (d, p) Be!® reaction. Six 
values of the total yield at different deuteron 
energies derived in this way were normalized 
with each other using the measured excitation 
curve at the laboratory angle of 30°. Thus, 
the excitation function of the total cross section 
of the reaction concerned was obtained. 
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§3. Results and Discussions 


Figs. 2 and 3 show the angular distributions 
of the ground-state protons from the Be%(d, p)- 
Be*® reaction at different deuteron energies. 
Deuteron energies indicated in these figures 
are the mean values in the target material, 
measured in the laboratory system. The 
statistical uncertainty of each experimental 
point is less than 3%. Fig. 4 shows the 
excitation function of the Be? (d, p) Be*® ground- 
state reaction at the laboratory angle of 30°. 
Errors indicated in the figure include uncertan- 
ties ascribed to the counting statistics and 
beam current integration. The relative un- 
certainty in the beam-current integration was 
estimated to be less than 1% from the distri- 
bution of ratios of integrated beam currents 
to the corresponding monitor counts in every 
runs at a certain deuteron energy. Fig. 5 
shows the excitation function of total cross 
section of the Be®(d, p)Be'® ground-state 
reaction, derived from the angular distributions 
shown in Figs. 2 and 3, and the 30°-excitation 
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Fig. 2. Angular distributions of the protons from 
the Be? (d, p) Be!® ground-state reaction at the 
deuteron energies of 1.74, 1.98 and 2.24 MeV. 
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function give in Fig. 4. 

The scales on the ordinates of these figures 
were determined with the peak areas and corre- 
sponding values of integrated beam current, 
which were obtained when the 30°-excitation 
function was measured, and the geometry of 
the experimental arrangement. They are 
estimated to have inaccuracy of 20%, mainly 
due to the uncertainty in the determination 
of the target thickness. The target thickness 
was determined by weighing the backing foil 
by means of a chemical balance before and 
after the vacuum evaporation of the beryllium 
metal. 
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Fig. 3. Angular distributions of the protons from 


the Be? (d, ») Be!° ground-state reaction at the 
deuteron energies of 2.51, 2.73 and 3.03 MeV. 


Canavan” has measured angular distributions 
of protons from the same reaction by means 
of photographic plates at six deuteron energies 
from 1.0 to 2.2MeV. He has also studied 
the excitation function at the laboratory angle 
of 90° from 0.55 to 2.95 MeV using a 
proportional counter and aluminum absorbers. 
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His result on the angular distribution at 1.75- 
MeV agrees well with ours at 1.74MeV and 
his result at 2.0 MeV agrees reasonably with 
ours at 1.98MeV. In Fig. 5, the points de- 
rived from Canavan’s results are also shown, 
where his point at 1.75 MeV is normalized to 
our 1.74-MeV point. 
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Fig. 4. Excitation function of the Be® (d, p) Be!® 
ground-state reaction at the laboratory angle of 
30°. 


It is clearly seen from the results on 
angular distributions that the forward peak 
in the angular distribution becomes more and 
more eminent with increasing deuteron energy 
and finally the angular distribution approaches. 
to that characteristic of the deuteron-stripping 
process of Butler type. In Fig. 3, a theoretical 
angular distribution for /»=1 and Ea=3.0 MeV, 
evaluated by a formula derived by Bhatia et 
al.'®) on the basis of the deuteron stripping, 
is also shown. Nuclear radius of 7.0 x 10-1?cm 
was used in the evaluation. Agreement 
between the experimental and _ theoretical 
angular distributions is not so well and the 
value of nuclear radius used here is rather 
large. At such a low deuteron energy, 
however, in addition to the contribution of the 
compound-nucleus process to the (d, p) reaction, 
there may be a considerable amount of 
contributions of Coulomb and nuclear interac- 
tion effects discussed by Tobocman and 
Kalos'”, and it is expected that the experi- 
mental angular distributions deviate from the 
theoretical ones derived from a simple theory 
of the deuteron stripping. 
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As shown in Fig. 4, the yield of the ground- 
state protons at the laboratory angle of 30° 
shows a monotone are rather fast rise with 
the deuteron energy. Since in the energy 
range investigated in this experiment the 
forward peak which is characteristic of the 
stripping process appears at the laboratory 
angle of about 30°, the behavior of the excitation 
function at 30° is thought to give some indi- 
cation of the gradual growth of the deuteron- 
stripping process. Tobocman and Kalos*?) 
have shown that the total cross section of 
the deuteron-stripping reaction is much reduced 
by Coulomb interaction, so that the growth of 
the stripping process with the deuteron energy 
will be, at least in part, due to the decrease 
of the Coulomb effect. 


1.0 LS nO) AS) 3,0 


(Ed)iab, (MeV) 


Fig. 5. Excitation function of total cross section 
of the Be%(d,)Be!® ground-state reaction. 
Crosses are points derived from Canavan’s 
results. 


On the other hand, it is seen from Fig. 5 
that the total cross section of the reaction 
concerned varies slowly with the deuteron 
energy, showing a broad maximum at about 
2.1MeV. The general behavior of the total 
cross section will probably be explained on 
the basis of the compound-nucleus process. 
The excitation function at 90° obtained by 
Canavan also shows a broad peak at about 
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2.1MeV of deuteron energy, which was 
attributed to the overlapping resonances due 
to the states of about 17.5-MeV excitation in 
the compound nucleus, B". Since the strip- 
ping process should have little contribution to 
the excitation function at 90°, the similarity 
between these two excitation functions sug- 
gests that in the Be®(d, p) Be’ ground-state 
reaction, the contribution of the stripping 
process to the total cross section is much 
smaller than that of the compound-nucleus 
process at deuteron energies below 3 MeV. 
Neverthless, it must be noticed that even at 
such a low energy as about 1MeV, the 
forward peak in the angular distribution of 
protons from this reaction is thought to be 
due to the deuteron-stripping process, because 
of its growth to a definite stripping peak with 
increasing deuteron energy. 

The authors would like to thank Prof. S. 
Morita and all other staffs of the nuclear 
laboratory of Kyusyu University for their 
supports and discussions throughout this work. 
Thanks are also due to Mr. T. Maki for the 
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On the Nuclear Interaction of Mu-Mesons* 


By Hiroyuki SHIBATA 
Institute of Polytechnics, Osaka City University, Osaka. 
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The penetrating showers observed with a large multiplate cloud chamber 
at 50 mwe and 250 mwe underground have been analyzed. The frequencies 
of the penetrating showers which are experimentally verified to be 
produced by mu-mesons have been interpreted with the Williams-Weiszacker 
method and the constant. photonuclear cross section of 1.4x10-%8 


cm2/nucleon. 


It has been also shown that the angular distribution of 


secondary penetrating particles in multiple productions produced by mu- 
mesons is nearly isotropic in the center-of-mass system of the target 
nucleon and photon which is virtually associated with the incoming mu- 


mesons. 


Introduction 


§1. 

Many investigations on the high energy 
nuclear interactions produced by mu-mesons 
were made with cosmic rays underground. 
It has been pointed out by George and Evans” 
that the frequency of stars underground is 
understood with the aid of the semiclassical 
Williams-Weiszacker method which hereafter 
will be cited as the W-W method and of the 
constant photonuclear cross section. Likewise, 
it has been investigated whether the frequency 
of the penetrating showers at various depths 
could be interpreted with the W-W method 
and a constant or slowly increasing cross 
section of photonuclear interaction, or not?~®. 
Using a large multiplate cloud chamber, how- 
ever, we found that about a half of the 
penetrating showers observed underground 
had been produced by secondary pi-mesons”. 
Therefore, it can not be realized to investigate 
the nuclear interactions of mu-mesons, unless 
they are distinguished from the penetrating 
showers produced by secondary pi-mesons 
underground. 

The purpose of this paper is to investigate 
whether or not the frequency of the penetra- 
ting showers which are verified to be produced 
by mu-mesons in the large cloud chamber and 
its dependence on depth are interpreted in 
terms of the W-W method with the constant 
photonuclear cross section and moreover to 
discuss an angular distribution of the pene- 
trating showers using a kinematics on photo- 


* This work has been supported in part by a 
Grant from the Aid for Fundamental Scientific 
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of Education. 


nucleon interactions. 

The observations were performed at 50 mwe 
and 250 mwe underground from March, 1956 
to November, 1957, in the Isohama Tunnel of 
the National Railway, Yaizu City, Shizuoka, 
Japan”. 


§2. Apparatus and Experimental Results 
The experimental arrangement is schema- 
tically shown in Fig. 1. 
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Fig. 1. Experimental arrangement. 


The chamber was triggered by coincidences 
“ASD (AS l-(BS2)9(CE2) (DE2) 2eats0 
mwe, and “ (A’>1) (A>1) (B>2) (C>1) ae am % 

“(ASD (ASI) BS2) (Cea oe 
35 mwe, but only the photographs of ee 
cloud chamber which were found to be trig- 
gered by the coincidences “(A’>1)(A>1)(B>2) 
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(C>2)(D>2)” were analyzed at both the depths. 
The penetrating showers are classified into 
two groups, P-showers and S-showers. P- 
showers are the penetrating showers produced 
by the particles assumed as mu-mesons at the 
lead plates inside the cloud chamber, and S- 
showers are those produced by secondary 
particles of the nuclear interactions originated 
by mu-mesons. For further details on the 
apparatus and the classification of showers, 
they will be found in the paper of Higashi et 
eal) 

The number of P-showers at the receptive 
‘time and the cross section of nuclear interac- 
tions of mu-mesons are shown in Table I. 


Table I. Receptive time, number of P-showers and 
the cross section of nuclear interactions. 


Depth ekecoplive Number of ¢,, (cm?/nucleon) 
| 


time P-showers | 


50: mwe | 667.9% | 7 
250 mwe | 3603.1% | 12 


(2.4+0.6) x 10-81 
Ga 0.3) «x 10-30 


The ratio of the cross sections at both depths 
(¢.(250)/o,..(50)) is found to be 7.04%2.2”, 

The measurement on the angular distribu- 
tion of secondary penetrating particles was 
‘made by stereo analysis, and the errors of the 
angle measurements were within 2 degrees. 
‘The angular distributions were measured on 
all of the P-showers observed at 50 mwe and 
‘7 events at 250 mwe. The remaining 5 events 
at 250 mwe were accompanied with large 
cascade showers so that their angular distri- 
bution can not be measured, and 2 events of 
them seem to be extra-ordinary high energy 
ones. 

Since it is expected that the angular distri- 
butions of incident mu-mesons in their unclear 
interactions from the original direction are 
‘very small, the minimum deflected particle 
among the secondary particles, without any 
‘successive nuclear collision with lead plates, 
included in each nuclear interaction is as- 
sumed to be the surviving mu-meson. The 
angular distribution of the secondary particles 
regarded as mu-mesons is shown in Fig. 2 
and that of the other secondary particles is 
shown in Fig. 3, putting together the data 
obtained at 50 mwe and 250 mwe. 

The averaged multiplicity (7s) of secondary 
particles except mu-mesons is found as being 
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3 per shower. Their interaction MMSE Dan, ews 
has been recognized as (22-+5) cm in lead which 
may be concluded to be consistent with the geo- 
metrical m.f.p.. The averaged multiplicity of 
heavily ionizing secondary particles was found 
to be 0.3 per P-shower and this value shows 
that the P-showers have 10 times smaller 
number of heavily ionizing particles than the 
S-showers have. 


No. 
10 
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Fig. 2 Angular distribution of the secondary 
particles regarded as mu-mesons. 
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Fig. 3. Angular distribution of the other secon- 
dary particles than mu-mesons. 


§3. Discussion and Conclusions 


1) Cross section of nuclear interactions of 
mu-mesons and its dependence on depth 
Following the procedure of George and Evans, 
the nuclear interactions produced by mu- 
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mesons may be accounted for in terms of the 
interaction of the virtual photon field of mu- 
mesons with nucleus. If the deflected angle 
of the incident mu-mesons in nuclear interac- 
tions is so small as we may put sin@~é and 
also the transferred energy is small, the virtual 
photon spectrum may be described by the W- 
W method®. It may be realized from the 
observed results, as shown in Fig. 2, that the 
deflection angle of incident mu-mesons is so 
small that one can now apply the idea of the 
W-W method for the treatment of the nuclear 
interactions of mu-mesons. 

The number of virtual photons of energy 
greater than € associating with a mu-meson 
of incident energy E is given by” 


0(E, &) == {in (=) }2-0.76 In el 


for €<E (1) 


where @ is the fine structure constant. Here, 
we assume that O(E, &) is given by the follow- 
ing formula: 


OE, a= {in (=) }-0.76 in( =) | he 


for &€<& 
O(E, €)=0 for &>& 
7HK¢) 
a 
10" ; - 
50mwe 7 
10 = 


Fig. 4. Integral energy spectra of photons ob- 
tained by the W-W method at 50 mwe and at 
250 mwe understand. 
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and equation (1) has 


e076 oe 

a negative value when €>&. Hence, the 

number of photons of energy greater that € 

at x mwe underground is given by 
ss dIA(E) 

O(c, e=|" o(b, 6) TAS. aE 
where J,(E) is the flux of mu-mesons of energy 
greater than E at x mwe underground. The 
photon spectra at 50 mwe and at 250 mwe are 
obtained by numerical calculations and are 
shown in Fig. 4. If the photonuclear cross 
section ony is taken as being independent on 
the energy of photon at high energy, the cross. 
section o,(x) for shower production by mu- 
mesons is expressed by: 


$(x, Emin) 
Jt 


x 


where = 


(3) 


C4) 


Ou(X) = Ony 


where /; is an intensity of the hard compo- 
nent at the depth x mwe, and Emin is threshold 
energy of the shower observed in the cloud 
chamber. The expected values of o,(50 mwe) 
and o,(250 mwe) and the ratio of them, ou 
(250 mwe)/c.(50 mwe), are given in Table II, 
as a function of Emin*. 


Table II. The expected values of o, (50 mwe) and 
o. (250 mwe) and the ratio of them, o, (250 mwe)/ 
o, (50 mwe). 


Emin o (50) ou(200) 
(BeV) (cm2/nucleon) | (cm?2/nucleon) 4u(250)/o4(50) 
5) | 137K 10=8oRy | 10x 1058 ony Dag 
TE Wallealt Y G Y 6.4 
10 | 0.6 a 4.5 » (eS: 
ZO FOR, " Dae, Sif 11 
Table IJ. Relation between Emin and ony. 
Emin(BeV) | ony (cm2/nucleon) 
5 | 1.4 10-2 
1 Paya? ib 
10 | 4.0 9 


The value of o1, was determined by compar- 
ing in the observed value of o.(50 mwe) with 
the above expression, and their results were 
shown in Table III. 


* The values of the ratio o4(250)/o,(50), which 
has been shown in N. C.%, was obtained from the 
equation O(H, ¢)=a/r [In(E/e)]? which is given by 
George and Evans!). 
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If the nuclear cross section of virtual photon 
would be postulated to be identical with that of 
real photon, and would be taken as a constant 
at the energy of more than 1 BeV, it may be 
expected that the value of the photonuclear 
cross section would be nearly equal to 10-28 
cm?/nucleon!. The values of cross section of 
mu-mesons at both the depths and their depth 
dependence, thus, should be interpreted as a 
behavior of the showers with the threshold 
energy of 5BeV. The threshold energy ob- 
tained above is also consistent with the esti- 
mated value of Emin from the triggering 
condition by using the relation between the 
averaged multiplicity and the shower energy, 
on the assumption that the nature of the 
showers of mu-mesons is similar to that of 
nucleons. 

Barrett et al. have obtained the cross section 
¢.(1600 mwe) with a hodoscoped counter arran- 
gement at 1600 mwe underground. They 
inferred the cross section o,(1600 mwe)>(4-£2) 
x 10-*° cm?/nucleon for energies above 5BeV"™. 
The value of o,(1600 mwe) expected from 
equation (4) is evaluated to be about 6x 10-*° 
cm?/nucleon. But this discrepancy at 1600 mwe 
is probably not very serious. Because it seems 
that they did not pay attention to the fact 
that the tail of a cascade shower is surviving 
in lead and made them overestimate the number 
of penetrating showers, and they obtained the 
maximum cross section of penetrating showers 
Omax=3X 10-**/7 cm?/nucleon from local absorp- 
tion!?) at the same depth, where 7 is the 
multiplicity of production resulting from a 
single interaction of a mu-meson. Therefore, 
it seems that there is no reason to consider 
that the value of o,(1600 mwe) is too large. 

It should, accordingly, be concluded that the 
frequencies of penetrating showers produced 
by mu-measons at the depth down to 1600 
mwe are interpreted with the W-W method 
and the constant photonuclear cross section of 
1.4 x 10-78 cm?/nucleon. 


2) Angular distribution of secondary pene- 
trating particles 

The P-showers, of which secondary penetra- 
ting particles are investigated, are occurred in 
lead plates. It is then doubtful whether or 
not the angular distribution of the secondary 
particles of P-showers directly implies that of 
mu-meson-nucleon interactions. The fact that 
the heavily ionizing particles are rarely pro- 


duced in the P-showers, however, suggests 
that the successive interactions of shower 
particles in the nucleus may be neglected in 
the P-showers. It may be therefore consider- 
ed that the angular distribution of P-showers 
expresses that of mu-meson-nucleon interac- 
tions. As the nuclear interaction of mu-mesons 
may be understood with the W-W method, 
the differential energy distribution of the P- 


showers is given by Oe) where @(x, €) is 


the number of photons of energy greater than 
€ at x mwe underground. Then, the angular 
distribution of secondary penetrating particles 
of the P-showers at x mwe underground is 


AD Xx, E) a0. 
ae dé -de 


he d0(x, &) 


Wtcorcr 
F(¢)dg=—— 


(5) 


nm&) “dé 


Emin d 

where n(€) is the averaged multiplicity and 
g(&€,¢) dg is the angular distribution of secon- 
dary particles of showers produced by photon 
of energy €. Since the number of photons of 
energy greater than 40 BeV is less that 10 
percents of that of energy greater 5 BeV as 
shown in Fig. 4 and as a dependence of 
averaged multiplicity on the incident energy 
would be expected to be only slight, it does 
not result so much errors to assume that 7(&) 
is constant. Kessler and Maze‘) have given 
the anisotropical distribution of the type 
(1+cos ¢)d2 in the center-of-mass system of 
photon-nucleon interaction by the use of the F- 
plot analysis from their observed penetrating 
showers data. The angle ¢ in the center-of- 
mass system is transferred to the angle ¢ in 
the laboratory system by the relation 

th sin (6) 
ye cos 6+(Be/Bx) 

where 7c and Be are Lorentz factor and velo- 
city of the center-of-mass system in the 
laboratory system respectively, and §, is 
velocity of the secondary particles in the center- 
of-mass system. In case that the secondary 
particles have the angular distribution (1+cos@) 
d@ in the center-of-mass system, the distri- 
bution in the laboratory system fi(g) dy was 
obtained by numerical calculation under such 
condition as being §./8:=1 postulated by 
Kessler and Maze). The mean value of that 
expected at both depths is shown in Fig. 5. 
If we consider the case that there are a few 


tan g= 
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of low energy secondaries in the center-of- 
mass system, the angular distribution in the 
laboratory system should tend to increase 
forward. On the other hand, in case that the 
angular distribution in the center-of-mass 
system is isotropic, a different distribution f2(¢) 
dg, was evaluated with the same way as above 
and using the similar momentum distribution 
of secondary particles in the center-of-mass 
system as that of pi-meson-nucleon interac- 
tions!» which is shown in Fig. 6. The result 
is also shown in Fig. 5. 

Although the experimental results we ob- 


O: 
wm :(I¢cosd)d2 distribution 
— .uniform distribution 
O3 
Q2 
jee = 


O [05 220) SOM 4 OM5O 


—> gin L.S. 


60 =60 


Fig. 5. Expected angular distribution in the lab. 
system obtained from the distribution (1+cos 
¢)d2 in the c.m.s. and from the uniform distri- 
bution in the c.m.s. 


O o2 O04 O06 
—- BeVé in cms. 


08 Ke) 


Fig. 6. Assumed momentum distribution of secon- 
dary particles in the center-of-mass system. 
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tained till now have still a quite large 
statistical uncertainties, it seems that the 
distribution f2(v) dv, on the whole, is in better 
agreement with our results than the distribu- 
tion fi(¢) dg is. 

Namely, the distribution f2(g) dg is similar 
to the observed one except a few part in 0-10: 
degrees region. On the other hand, the distri- 
bution fi(v)dgy cannot interpret so broad distri- 
bution as observed. It may be likely that the 
anisotropical distribution (1+cos ¢)d2 obtained 
by Kessler and Maze is due mainly to the 
narrow arrangement of the observing system. 
The result that the angular distribution of 
secondary penetrating particles in multiple 
productions of photo-nuclear interaction is 
nearly uniform in the center-of-mass system 
is of the same behavior as the fact that those 
of nucleon-nucleon interactions at the energy 
of 6.2 BeV*® and of a few tens of BeV'” and 
pimeson-nucleon interactions at the energy of 
5 BeV!® seem to be uniform in the center-of- 
mass system at the first approximation from 
their observed results. It seems, therefore,. 
that the angular distribution of secondary 
penetrating particles of multiple production 
at these energy region is nearly uniform in 
the center-of-mass system and is not de- 
pendent on the character of incident particles. 
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The quantum mechanical behaviors of a dilute gas in a vessel with 
finite volume are considered with special reference to the surface effect. 
It is shown that the thermodynamic function of the system with weak 
interaction between particles can be expanded in terms of permutation 
rings with the use of M. Toda’s formula, and the result is shown to be 
in harmony with that derived from the method of grand partition func- 


tion. 
given. 


Introduction 


§1. 
The theory of gas of interacting particles 
has been investigated for many years as one 
of the most typical problems of statistical 
mechanics. In classical theory, as is well 
known, J. Mayer has given the expansion 
formula in terms of interaction of particles. 
The first term of Mayer’s formula (the zero- 
th approximation) gives the ideal gas law. 
The deviation from the ideal gas law is 
generally represented as the 2nd, ord, 
virial coefficient. In quantum statistics, how- 
ever, the symmetricity of wave function must 
be considered, and Ursell expansion has to 
be substituted for Mayer’s formula. Many 
authors») have developed the theories of 


An approximate treatment for molecules with hard cores is also 


quantum corrections for systems of interact- 
ing particles. 

In the present paper, the quantum statistical 
theories of a dilute gas in a vessel with finite 
volume are developed. Especially the effect 
of boundary wall of a vessel on a dilute gas 
is discussed. When the volume of a container 
is restricted to be finite, then thermodynamical 
quantities of a gas are affected by the sur- 
face area. In Section 2, the general formula 
for the surface free energy is developed by 
the use of M. Toda’s*) formula. In Section 
3, we treat the surface effect assuming that 
the interaction between molecules is weak. 
In Section 4, the equation of state of such a 


gas with surface effect is given. Especially 
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the results derived from the Toda’s*.® for- 
mula is shown to be in harmony with the 
result calculated by the method of grand 
partition function. 

In the present work, the potential energy 
between molecules u(y) and that between a 
molecule and the boundary wall w.(z) are 
nitroduced. The effect of non-comutability of 
potential energy and kinetic energy is taken 
into account, and the statistical effect (effect 
of symmetricity of wave function) is consider- 
ed. Our results may be applicable to the 
surface phenomena of substances in which 
quantum effect is predominant (for example 
liquid helium®.”.®), or to atomic nuclei” since 
they consist of only several hundred nucleons 
even for the heviest atom. In the latter case, 
however, we must remark that the boundary 
surface is not plane, but has curvature. 

On the other hand, at room temperature, 
many interesting chemico-physical phenomena 
between solid and gas have been observed. 
Adsorption of gas to solid surface is one of 
them. Some authors’! have developed the 
statistical theories of adsorption by the use 
of grand canonical ensemble. In this case, 
generally, the quantum treatment need not 
to be considered, but the potential energy 
Uw(z) plays an important role. W. A. Steele 
and G. D. Halsey, Jr.!” have calculated the 
excess volume, assuming the inverse cubic 
attraction between a gas molecule and the 
boundary wall. Moreover M. P. Freeman and 
G. D. Halsey, Jr.’® have introduced the hard 
sphere repulsion between molecules and have 
had a good agreement with experimental 
results. In the previous paper’ we have also 
introduced square-well potentials for the inter- 
action between molecules and between a 
molecule and the wall. If the interaction 
between molecules has hard sphere repulsion, 
the quantum statistical treatment becomes 
very difficult. In Section 5, we avoid this 
difficulty by substituting the effective diameter 
o for the classical diameter oo of a molecule 
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as we have done in the previous paper”. 


§2. General Formula for the Surface Free 
Energy 

The system we shall consider is a gas 
composed of N identical molecules in a vessel 
with volume V (=L:zLyLz). Molecules are as- 
sumed to be nonpolar and spherically sym- 
metric, i.e., the potential energy u(r) between 
molecules is assumed to be a function only 
of the distance 7 between the centers of the 
molecules. Moreover we introduce the poten- 
tial energy between a molecule and a wall 
uUw(Z), Which is a function of the shortest 
distance z from the center of the molecule to 
the surface of the wall. The total energy 
is thus 


N N 
H= Hot & tw(xi)+ = u(|xj;—xi|) (CAR) 
t=1 t<) 


where Hy represents the kinetic energy of 
gas molecules. 

The increment of the free energy due to 
the presence of walls can be written as 7A, 
where A denotes the total surface area of the 
walls and y stands for the surface tension. 
Here we are assuming that the size of the 
vessel is large compared with the interaction 
lengths of uw» and uw, and further with a cer- 
tain multiple of the de Broglie wave length 
of gas molecules. y is defined by the deriva- 
tive of free energy F with respect to the 
surface area A, keeping the volume constant: 


r=(OF/OA)r 7.9 (2.2) 
with 
F>—kiogwiieps (223) 
where oe stands for the density matrix 
p=e be . (2.4) 


It is convenient to use Toda’s method?).®) 
to make the derivative in Eq. (2.2). In our 
case there is potential energy due to the wall, 
which contribute an extra term. Thus we 
get an extension of Toda’s formula?): 


2if—xi7? du(7ij) 


Zi Sst-1 Hi 


ol /A Aig (215) 


dri; 


where the surface perpendicular to the z-axis, with area A is considered, and A.(7) and 
FAoe(z) are the kinetic energy, for the z-direction and for the x-direction respectively, of the 
i-th molecule given by 


FAo(t)=pzi?/2m , FAoc(t)=pzi?/2m . (2.6) 
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Now, assuming that the potential energy 


U= Sulit. > MeO (2.7) 


is sufficiently small compared with the kinetic energy 


N 
Jake 2 pil2m ‘ (2.8) 
we get the expansion of density matrix of the form 


B 
P= po—po| exp (sHo)U exp (—sHo) ds+---, (2.9) 
0 


where 
oo=exp (—BA) (2.10) 


stands for the density matrix of an ideal gas. 
Noting the fact that Ho.(i) and Hoc) commute with Hy and po, we have, for the first 
term of the right-hand side of Eq. (2.5), 


Tr {(Aoe(1)—Hoz(1))o}=Tr {(Ho(1) — Hoa(1)) 00} 
Oo 1G {3 uw(t)(Hoe1) —Hox(1))00}—B Tr { aM, j)(Hoe(1)—Hoz(1)) 00} + (2.11) 


For the second and the third term of Eq. (2.5) we may substitute oo for o if we neglect 
terms of higher order with respect to interaction potentials. As will be shown later, diagonal 
element of (Ho-(1)—Hoz(1))00 vanishes except in a limited region of the order 2 (de Brogie 
wave length) near the wall. So the second and the third terms in the above equation can 
be neglected in a rough approximation. All these terms can be rewritten using the reduced 
density matrix of the form'® 


po™ (x1, = el= Kis) Sales Peete «=| ae 6 [ocx SIS ond, Geliis n BCIOIO & 9, 26 Mies eee oe Ms+i, "°° Xy) 
x dXs41 +++ dXy (2.12) 


where the index (NV) is attached to clarify the number of molecules. 


§3. Explicit Formulas for the Surface Tension 


As we are interested in the effect of surface perpendicular to the z-axis, we shall impose 
periodic conditions with respect to the x and y directions. Thus we think of a gas contained 
in the space between the walls at z=0 and z=L., and between the periodic boundaries at 
x=0, x=L, y=0 and y=L. For brevity’s sake we have put eo le 


(1) Boltzmann Statistics 
For classical statistics we have!” 


po (X13 x1) = ~ F'%-Y(B)o0(%1; X1'|B) , (3.1) 
po (x1, X23 X21", X2") aa Ff %-*)(B) o0(%1; X1"|B)00(X2; X2”|B) (3.2) 


where f(8) represents the partition function for an ideal gas with m molecules, 


fOB)=Tr woM=[fF(B)"/n! , (3.3) 
fO(B)=Tr po™ 
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and po(x;x’|8) is the density matrix for a molecule subject to the foresaid boundary con- 
ditions : 


po(x; X’|8)= Pox Poy oz (3.4) | 
where 
Poz= Pox(x; x’|B)=2~* exp {—x(x—2/)"/27} , 
Poy= Poo; W’|B)=4-! exp {—z(y—y’)?/A?} , (3.5) | 
= a i fink v2 = _ Qar2f 272 UHM of 
Poz = Poz(Z; 2’|B) = L exp ( Br?h?n?/Lz - 
and 
h=V 2rh?Blm (3.6) 


is the de™Broglie wave length. For the lower half (0<z<L./2) of the system we use the 
integrated form 


poz; 2’|8)=A~'[exp {—n(z—2’)?/47} exp {—x(z+2/)?/A7}] , 3.1) ¥ 


as we are assuming that L.>A2. 
We have for the diagonal, 


[2Hporlene=— | os px] = pale Soe dreet[i*) += ee anctlat) |, (3.8) 


az” Ls. 
mW kT 
[2HoxPoz|z—2" oS eee |. MOG . (3.9) 


Since L,>A, we get 
kT Lz 


ay 
2Hoz z\z=2" = 
po [2HozPoz|z-2" dz = eee (3.10) 
Zf Ls 
i [0oz]z-2" dz=— ? ghee 4 ) , (3.11) 


The same contribution comes from the wall at z=Z.. Thus_we obtain (V=L?L., A=2L?) 


igh 


ie (2Hozpo)=— Ww ; (3.12) 
ash | 
Tr (2Hozpo)= hl sa A), (3.13) 
4) | 
1 a 
Gi am = eases (3.14) 


Surface tension yo for a gas of free molecules (u%»=u=0) is therefore 


2abr {(Ho-(1)— Hoz(1)) 00} 


=n 
sas A Tr 00 

NES ee 

=r ay eee eae (3.15) 


which is in agreement with Tada’s result”. 2/4 represents the width of the region inacces- 
sible for molecules due to the boundary condition that wave function vanishes at the wall. 
In fact, it is easy to see in the case of free molecules, that the free energy is 


Fis eT lop Ha(v-4ayy “f Ns (3.16) 
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and the pressure is given by 


pee Ca = a ; 
po ( se a (tee A). (3.17) 


Further in this case, we obtain from Eq. (3.15) and Eq. (3.17) the relation 
(poV—7oAVRTEN . (3.18) 


On the other hand, however, from thermodynamical argument, the left-hand side of the 


last equation is seen to be related to the logarithm of the grand partition function & given 
by 


Bu(C)= 30" f=exp naire) (3.19) 
Since the parameter € is determined by the condition 
N=€ 0 log Z0(€)/0C , (3.20) 
the thermodynamical relation 
(po V- PART = log Zo (3.21) 


is established. 

Since interaction potentials u» and u are diagonal in the coordinate representation, diagonal 
elements of 00, Hozoo etc. are sufficient for calculating y from Eqs. (3.8) and (3.9). We note 
thatetor-2<1,/2; 


kT 


[2(Hoz— Hox) Oolx=x’= 7 (—1+872z?/2?) exp (—472?/2?) , (3.22) 
[Ooz]x-2’=[Poyly-y =A" , G23} 
[Poz]e-2”=A-!{1—exp (—47z?/2?)} (3.24) 


We note the fact that [2(Ho:-—Hoz)Oole-x7 is comparable with kT [0]x-x only at the distance 
of the order 2 from the wall. We may therefore neglect the terms like 


Tr {uw(t)[Ho1)— Hox(1)] 00} 
and 
Tr {u(d, j)[Ho-(1)—HAoz(1)] 0} . 


Thus we get an approximation formula which is valid when the]interaction distance of uw 
and u are large compared with the de Broglie wave length 2: 


r=N| BL A [2 duw(zZ) 00(Z; 2iB)dz /'2F°%(8) 


vee dz 
= aoe hia dure) 00(Z1; 2118) 00(X2; X2| 8) 
7A, Ti2 di 12 
x dai dx12 dy 12 dan /aseey? | : (GrZ5) 
(ii) Quantum Statistics 
In quantum statistics, we have’):*® 

N es ate ae 
po (x1; w/a PES er! (N—V)(B) oo(X1; X1 |vB) (3.26) 
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in thee if utvsN Soper o(21; X1"|4B) po(x1; X2"|y8) (3.27) 
po, X23 MI =A) ee (PT paces x3/1e8) pole; 22”) | 


where the upper sign corresponds to Bose-Einstein statistics and the lower sign to Fermi- 
Dirac statistics, and po(x; x’|v8) is the density matrix given by Eq. (3.4) and Eq. (3.5) but 
vB is substituted for B and is a chain integral of the form 


0o(%1 5 x6) =| ie [ence X28) 00(%23 X18) +++ Oo(xy; X1/|B) dx2 +++ dxXy. (3.28) 
We see that 
BET pee x pp) = a e A r) (3.29) 
ple say A 


means a permutation ring of »y molecules. The average size of this ring is seen to be v'/?A/4 
because the above equation means that V—v'/2AA/4 is to be substituted for the geometrical 
volume V. As is known in the theory of polymers or of Brownian motion, the magnitude 
vi/?2/4 can ce interpreted as the length of a chain of » segments with length 2 each. The 
amount of decrease in effective volume and the effect of surface become more predominant 
when the permutation ring becomes larger even if we ignore the potential energy between 
molecules and wall. 
The surface tension for an ideal gas in quantum statistics is given by 


SHC paresis 


re=N AT (3.30) 


ye Sy 


in which the second term in the denominator may be neglected. It can be shown (cf. next 
section) that the equation of state takes the form 


p aN AT SS (ey fy) V/y3/2 
apie Te ol ee PE (3.31) 
Si esate el sql a A) 


Therefore the equation which corresponds to Eq. (3.18) is 


poV—pA SX (ty-fr-nb,/y 


= BrO2 
NRT SS (Ge ei Mealy ( ) 
On the other hand, from Eq. (3.26) we see that 
fine ~ (GaP eis, : n > il (3.33) 
yel 
and that the grand partition function 2)(€)= Ss €"f™ satisfies the equation 
n=0 

d Sf vert = yv-1P¥v 

C= (C)= Fo (=) Cubs (3.34) 


dé y=1 
Solving this equation with the initial condition that 3.(0)=f=1, we get 


log 23(C) = SiGe sos om (3.35) 


€ is determined by the condition 


N=C 0 log Se/0G = Sy Gay ee "by : (3.36) 
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The general thermodynamic relation (p V—rA)/kT=log £ can be written as 


PV-pA S(O, /v 
NkT = DESL Veis (3.37) 


which is to be identified with Eq. (3.32). 


To establish this identity we multiply 7” to both the denominator and the numerator of 
the right-hand side of Eq. (3.32). We note that for an appropriate value of 7 


2 (AYA fF IMG, = yk fo) (3.38) 


has a sharp maximum for a certain value of N, which therefore can be replaced by the 
average 


Nar f£™ _ , O log Foy) 


Ss poy ” On 


Comparing Eq. (3.39) with Eq. (3.36), we see that y=€. For this value of €, the right-hand 
side of Eq. (3.32) can be replaced by the average as follows: 


(3.39) 


Sly SOR fe ofy BO) S EPO br/v 


n vel v 


Fi acer Oe = = (3.40) 
2 (+) fab, PAS 2a (EP tf My 2 (0) 23 ete", 
Therefore Eq. (3.32) has the same implication to that of Eq. (3.37). 
For ideal gas, log 2) can be written as 
log Fo=Qr V+QiA 5 (3.41) 


in which both Qy and Qu do not depend on the volume V and the surface area A of the 
system. Thus we get the pressure pf as the derivative of log 4 with respect to the volume 
V, keeping the surface area A, the chemical potential ~ (u=kT log €) and the temperature 
T constant: 


0 log Zo 

=kT (= ) (3.42) 
p OV A,o,T 

We also obtain the surface tension 7 as the derivative of log 5./V with respect to the volume- 

V, keeping A, uw and T constant: 


pazary{ 2 (Iot2)) 


3.43): 
OV Va Wuer 7 ( 


Even if there are interactions it can be shown that the above relations (Eqs. (3.42) and. 
(3.43)) hold when 4 is replaced by £. In this case (non-ideal gas) the explicit expression 
which corresponds to Eq. (3.25) for surface tension, becomes lengthy which will be published 
elsewhere. The equation of state becomes complicated, and we shall discuss, in the next 
section, its relation to the grand partition function. 


§4. The Equation of State and the Grand Partition Function 

We have seen in the foregoing sections that the formula for surface tension is rather 
complicated. The reason why the combination pV—7A yields simpler consequence lies in 
the fact that complicated contributions from the effect of surface on pressure and surface 
tension cancel out in this combination. To see the circumstances in more detail we have to 


investigate the pressure equation. . 
It should be noted that pressure, in general, depends on the surface area of the container.. 
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Even if the wall does not exert any interaction on gas molecules, the volume available for 
the molecules is diminished if the molecules have hard cores. If the wall repells gas mole- 
cules the available volume is decreased and if it attracts molecules the effective number of 
molecules in gas state is decreased. These affect the pressure which would change pro- 
portionally to the surface area. Pressure is given by 


p=—(F/OV)4,7,~ (4.1) 


where the derivative is to be taken keeping the surface area A constant. For the system 
under consideration Toda’s method® gives (Appendix I) 


w & d ,, j 
pv={Tr (2 3) Hedi)p)— RS yen) Belt) )- Tr 3 ae Hae (4.2) 
We make combination )V—7rA from Eqs. (4.2) and (2.5), to get 
pV-rA={Tr @ 3 Hox(io)—Tr ( 3 AAD} /Tr p (4.3) 


i<j Yiy ty 


This is much simpler than Eq. (2.5) or Eq. (4.2), because in the x-direction the system is 
periodic. In the second term in the right-hand side of Eq. (4.3), we may substitute oo for 0 
just as discussed in Eq. (2.11). 

On the other hand, on the assumption that the work done on the system is of the form 
dW=—pdV+r7dA (cf. Eqs. (2.2) and (4.1)), thermodynamic argument leads to the theorem 
that 


pV—rA=hT log & 


where £ denotes the grand partition function. For the case of ideal gas this relation is Eq. 
(3.21). When the potential energy is present, grand partition function 2 becomes 


BES CUT, PESTO \(1-6 S w(t) —B S uli, j) po} (4.4) 
n 4 4<j 


By the aid of Eqs. (8.26) and (3.27), we get!” 
(pV—rA)/kT=log F=log 2.—B SX Cn Tr (uw(1) 00) 


B= cond) Tr (u(1, 2)00) . (4.5) 


It should be noted that Eq. (4.5) does not represent the surface tension, but is only a combi- 
nation of PV and yA. In other words, the derivative of Eq. (4.5) with respect to A (surface 
area) does not give the surface tension, because the pressure p also depends on the surface 
area of container. 

Eq. (4.3) which is derived from Toda’s formula, must be identical with Eq. (4.5) obtained 
by the use of grand partition function. To verify this identity we shall evaluate Eqs. (4.5) 
and (4.3) as follows. 


(i) Boltzmann Statistics 
In Boltzmann statistics, Eq. (4.5) is written 


GY en poe 50— 60) ul x)osCe; mie de 


TF S| fue, X2)00(%1; X1|8) Po(X2; X2|8) dxidxe . (4.6) 


‘The average number WN of particles in the system is 
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Olog £ 0 log 2 
er eae [neta x|B) dx 


— 6+ U(X1, X2)00(X1; X18) 00x23 x218) dxi dxe . (4.7) 


The first term in the right-hand side of Eq. (4.7) is by Eq. (3.19) 


CA-3( V— Adf4y=EOF™ . (4.8) 
Thus the equation of state derived from the grand partition function becomes 
V-rA 
es SN aly. paler X2)P0(X1; Xi|B) Oo(X2; X2|8) dx1 dx2 a Co (4.9) 


higher order terms in uw, and u being neglected. 
On the other hand, Eq. (4.3) becomes 
Tr{d—s py Uv(t)—B zu, I)2N Hox(1) 00%} 


yet aes | 3 
islact Tr {1-8 ¥ wold)—B Sui, j)) 00) 


Ou(1, 2) Ou(1, 2) 
NWN-1) \\! gi eee Br: 
Z 


Po(X1; X1|F)00(X2; X2|8) dx1 dx2 
Foy 
The numerator of the first term in the right-hand side of Eq. (4.10) can be evaluated by 


the aid of Eq. (3.9), and become just NRT times the denominator. The numerator in the 
second term can be integrated partially and becomes 


(4.10) 


({{ pie ise Ou boas; %1| 8) 00(2%2; X2|8) Ax: dX2 
Ox1 Ox2 


= {L (| [u(x1, X2)) 2-1 [ 00(%1; X1i|P)]2,=2 00(%23 X2|8) dy dz: aXe 
—\ luce, X2) 00(%1; x1|8) Po(X2; x2|B) ax dx} ; (4.11) 


‘The factor 2 in the above equation comes from the fact that the coordinate x1 and x2 play 
the same roles. The first term in the right-hand side of Eq. (4.11) gives the half value of 
the second term, thus we obtain 


DV-TA Toth N+ Mw) B [aces X2) Po(X1; Xi |B) Po(%2; X2|8) dx: des [{F} . (4.12) 
We may put M.N—1)~WN? for large N, thus the selfconsistency of two different methods is 


"satisfied. 


(ii) Quantum Statistics 
In quantum statistics the verification of identity of two different methods (Eq. (4.3) and 
Eq. (4.5)) becomes much more cumbersome. For brevity’s sake we put 


by= [ete x|yvB) dx , 


w= | tol) pox; x|vB) dx , (4.13) 


00(X13 x1|“48) 00(%15 X2|v8) dx; dX2 . 
Po(x2; Xil4B) Po(Xz; X2|v8) | + 


u(y, Y) =| [uce, X2) 
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By Eqs. (3.26) and (3.27), Eq. (4.4) becomes 
B=Bf1—8 S(t) —& D (eyereerratys, ») | (4.14) 
" LT) 
Thus the thermodynamical relation derived from the grand partition function becomes 


(pV ART log B= 3. (4) 0’ byy—B ES (LPO —E Ss (eyeremra(a, ») (415) | 


A more explicit expression of Eq. (4.15) is given in Appendix IL. 
On the other hand, Eq. (4.3) becomes 


pV-rA=|N Tr {a— BS uni) —B Sul, j))2Hox(1) 00% | 


_NW-1)_. p {et au 2) dul, 2) om I spa am , (4.16) 
2 V 12 driz 


The terms in the numerator of the right-hand side of Eq. (4.16) are calculated as the follow- 
ing. First, by Eq. (3.26) and Eqs. (3.4) and (3.5) with 8 substituted by v8, we get 


Tr(2Hoa(1) 00%) = ae SLPS B)by/y (4.17) 
Eq. (3.27) gives 


NW—1)p| dei[2He<(0) 00x, x4 WN leleal’ 


I 


S (efor Onn pole; X21v8) —— po(xee; eal [e+ ¥]8) 
oy Lt Ut+y 
= Seer B) pace aly) +3, ef -M(B)( 1—— )oolae; wels8) (4.18) 


where we have used the identity 


[eo X1| 48) 00(X13 X2"|vB) dx1= Po(X2; X2”|[u+v]B) . 


Thus we get 
NN-1)B Tr (2tw(2)2Aox(1) 00%) = > (SB Wie. (B) ws 
ts (ee Pot Bag ga at) ate aE) ea oa (4.19) 
Similarly 
NB Tr (tw(L)2Hox(1) 0) = 1 (4) 1 f YB) wy/v . (4.20), 


To calculate terms including u(z,7) we have to use 


1 MtV+tt<sN 


Oo" (X1, X2, Xs; HK", X2", Xs") = MND —2) De hate Eee ane) 


MYT 


0X1; X18) olr; X2"|YB) 0(X1; Xa’ |r B) 
X | Oo(X2; X11 4B) po(X23 X2’|vB) Oo(x2; xs’|rB)| . (4.21) 
Pols; 1148) polxs; X2"12B) po(xs; xa’IrB)} , 


After some calculations we get 
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NN—-1)(N— 
= 2 B Tr ((2, 3)2Hox(1)00) +NIN—=1)8 Tr (w(1, 2)2Hox(1) 0%) 


_NN=1) 7 ee du(1, 2) nom} 
2 Ti2 ari2 


il 
SS aye sy ae aig) By +S SEPM Bly, 2). (4.22) 


V5 


These together give 
(pV—y AYkT= DS (4) f 8-(8)(by/y—Bws) 


—B Se ees ee eae 2) uy, 7. Bb iS} GEER! FOV SBSY=9) (8) Prey: T) 
Lu 2 Le 
9 
2 


SS Cat Pt f NSB aD, T) } [Tr o™ 4 (4.23) 


Multiplying €” to both the numerator and the denominator of the right-hand side of the 
above equation, we sum up over N. Thus the numerator in the right-hand side of Eq. (4.23) 
becomes 


Bol B.(st) AC *Dr/v—B 3 (LY Oy BE (Mba De (ce) Oy 
ES eypererru(y, 2) ZB eyeetrraty, 2) BEC bul} 
HF] (EPH D/Y—8 BS (LY — EB eyrerruee, ») 
x {1-8 Saye — FS eee, |, (4.24) 
neglecting terms of the second order in w and w. The denominator gives 4(€) or 
BoC)1—B SS (HY Oray— Es amrcrinta, yb 
Then thermodynamical relation derived from Toda’s method gives 
(PVT ART HD (EP rly — BS (Yew — BS ey, ») (4.25) 


This is just the same to Eq. (4.15). The selfconsistency of two different methods, in quantum 
statistics, is thus satisfied. 


§5. Formulation when Interaction has Hard Sphere Repulsion 

If there exists strong repulsion between molecules at short range, Eq. (2.1) diverges because 
of the infinite value of potential energy, and we have to take into account the fact that the 
probability density |v(x)|? becomes very small in the range r—oo <0 (r is the relative dis- 
tance between the centers of two molecules and oo means geometrical diameter of the mole- 
cule). To avoid these difficult circumstances, we have introduced in the previous paper’ 
effective diameter o and the effective distance a which are related to the geometrical diameter 


oo and to the geometrical distance do respectively by 
g=otd/2V 2, a=aotA/4 (65.1) 


where a means the classical distance of approach to the wall. That is, any molecule can 
not come closer to the wall than the distance a because of the strong repulsion between a 
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gas molecule and the wall. 
In this section we shall assume the potential energies which have strong repulsions and 
weak attractions given by the following: 


wala fpen'ee Srl OR iat 6.2) 


Vw(Z) MOI OI 7 


u)=| so Stor Os eae, (5.3) 


v(7) fOf.-d.<7,, 


where a and o are defined by Eq. (5.1). w.(z) stands for the interaction between a molecule 
and wall and u(r) the mutual interaction between two molecules. 
We shall calculate the effect of surface on the free energy given as?” 


AL yx BY om 


Fa Beg Bae Nn 


where 
B=Tr {exp (—f[Ao(1) +u%(1)))} , (5.5) 
B®=Tr {exp (—$[Ho(1)+ Ao(2) +u(1, 2)+u(1) +uw(2)]) 
—exp (—$[Ao(1)+(1)]) exp (—B[Ho(2) +uw(2)])} (5.6) 


in which Ao(z) means the kinetic energy of the 7-th molecule. As we assume that both vw(z) 
and v(7) are small, we can use plane waves in the range a<z and o<r as the eigenfunctions 
of molecules. Thus Eqs. (5.5) and (5.6) become 


L, hi? B? ad 
23 a w w 
B: Al’ exp {—Buw(z)} dz oe A\'| - 6 Ge (z) 
+2 Le Dee) l | exp {—Bvw(z)} dz , xa) 


ee | ayy LOxP {— Bu) —Ulexp {—Batn(-es)— Bitolxe)}] dx de 
=| \J exp (—2zr?/2®) exp {—Bu(r)}[exp {— Buw(x1) —Buw(x2)}] dx1 dxe 


an Vek 6 tan# Oh Lar | 


xexp {—Bu(r)}[exp {—Buw(2x1) — Buw(x2)}] dx1 dxe 
= 1%(By® Bs ® +B) . Oe) 


in which r=|x.—x1|. 
If we assume the attractive energy between a gas molecule (x) and a molecule in the wall 
(X%w) to be of van der Waals type”), we get 


CONS. gees 25 
|x—Xw|® ~~ ws 


Vw(Z) = = (5.9) 


in which —&€ means the energy of a gas molecule when it touches the wall. Putting —8é&= 
w, we get from Eq. (5.7) the expansion 


2: 110) *48 


Lediefcae ty we ib bee 
& ATER oe) (5.10) 


BBO=V— Aa+ Aal 5 Cunha 
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and the first term in the right-hand side of Eq. (5.8) becomes 


af $0 1p 
=0 Sh 


L 
Bs = Al od {e-Pur) _]} dr 


0 


"2 (wa les) 
i\, °* 3 ee pi Bvat | 
wea ie ony (Waa aaa 


Ms Jz-a a' yl 3y—1 


_> mealgee ( (wa?) = Neer} ar é (GA) 


l (gtr)! yl 3p 


pee ar 


Cae =a 7. 


Assuming that v(7) is small, above equation is expanded in Appendix III. If we substitute 
exp (—2z7?/2?) exp (—Bu) for {exp(—Su)—1} in integrand of Eq. (5.11), we can get B:®, and 
in the same way substituting 


a2 
m ake 


Bau can be obtained. 


zur) +e uo “lex (—Bu) for exp (py) 


§6. Conclusion Remarks 

In general, quantum statistical theory of gas is treated in the limit of infinite volume, 
keeping the density constant. Under the restriction of the volume to be finite, the integral 
region can not be extended to infinity. This circumstance makes the theory more cumber- 
some. For example, the integral of Gauss’s error function $¢(x) appears as is shown in 
Appendix, which has definite value ¢(co)=1 when the volume extends to infinity. 

When the density of gas increases, our treatments are not suitable. However the circum- 
stance that, in quantum statistics, the surface effect increases with the length of permutation 
rings will be valid even if the density becomes large. 

The surface free energy is affected by the potential energy ww(z), which does not appear 
in the treatment of systems with infinite volume. When we make the gas in a vessel very 
dilute, it is observed that many molecules of the gas adhere to the boundary wall. This 
tendency may be intensified for large negative value of ww(z). 
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Appendix I 


p=—Tr{(S7) eval [tr (aia (A.1.1) 


For the system in the box with volume V=L’L and surface area A=2L’, we write, accord- 
ing to Toda’s method’, 

bah ie aly, 2-0 S Fy Ce) 

npHLEig tmp tLerciy . (A112) 


Pressure ~ is given by 


Hamiltonian becomes then 
Joh eles SY pe+ Dd uolze)+ > ulris) 
Qm % i v<j 
hn O° Os :) a te ap Uw We 
ImL? a Gan: On? 2mnL* ~ ss A = (Lbs) 
+ SW LEP + uy) +LeC? ) - (A.1.3) 
i<j 
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Keeping A constant we differentiate H: 


6L=0, OV=L'OL, 


6H 1(1 #& Siel) epee aut 
ae Le mL? Seth hia Fe Ces Vij oe dri; 
=F sy Fay “ad dui, 3) : (A.1.4) 
V iim 02? Zi V63 AY tj 


Thus (A.1.1) gives Eq. (4.2). 

If we impose the condition that wave functions vanish at x=0, L and y=0, L instead of 
the periodic condition we have A=2L?+4LL:. However, as we assume that" Lh; the 
result does not change as is easily verified. 


Appendix II 


The grand partition function can be written as follows 


el ae: a o(x1, Xi) o(X1, 
& Bo} 1 8 malo) X1) dx; + 5 al{ucn, GD) ols, £0) oles ENE AX: | 
= £){1— BQ} (A.2.1) 
where 
Q= Y Uw.pp &p +5 -. > &pSqUpq-pq+Upq-qp) (A.2.2) 
in which 
a(x, x’)= x Li Pk(X OK x) (A.2.3) 
&r={C* exp (BEx) - 1" (A.2.4) 
and 
to pa= euemora dx 
torn =| [eotedeat(xducn, X2)Pr(X1)Ps(X2) dx1 dX2 , (A.2.5) 


g(x) is eigenfunction of a molecule. Thus the equation of state becomes 


pDV—-rA=hkT log 2—-Q. (A.2.6): 
The first term in the right-hand side of Eq. (A.2.2) is 


s 1 Aza 

5 ("+ (z) sinz 2 d A.2.7) 
1p, MP 7 Nz Ny? Ne PL. w 2QAZ ( F 7) 
SS ex yg Fa oe alee a i 


and considering that w.(z) does not vanish only when z or L,—z is small, we get 


S ptt a5; (yee A\ “we(a){1— exp (—4rz![vi")} co (A.2.8) 


y3/2 


In the calculation of the second and the third terms of Eq. (A.2.2), we use the spherical 


coordinate for x2, and the volume integral of a function takes the form 
L 
\\ Fax, de.=| ‘dzA\|F 2nr? sin 9 dr a 
WV) 0 


L rs wt °° 
=a\ ‘da|| " Qner? ar | Fsin ado+| 
0 0 0 


nr? ar i 
| "nr? dr | 


eos—1(2z/r) 


Fsin 0.6 . (A.2.9) 
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Thus we obtain after some calculations 


aA jects Cr 
> > &pqltpq.pq= a > > oye pel? yale 


2 Al" (exp (—deet[ult)} de 
x| | woneers ar] 2— Aaa (eb +r1)} 


: SV an 2k ae 
+|'u(r)enr dr ag o( 25 -[z— r))+ ie u(n)2zrr ar( P 1 )| : (A.2.10) 
where i= 7—(" exp (—s?) ds | aunt, 
with g¢(co)=1 and ¢4(0)=0. nl 


The third term in the right-hand side of Eq. (A.2.2) is 


1 Ld yee 
EE > y EPSallpg-ap = = = 2 ( Be aa = soa dz 
© 2 ™ 
x u(rn)2xr® dr exp ease Ean 2+ ae exp Ss Webs [e*+2r]) 
0 7c as) ee 4nzr A® pe 
zy ee dyes (-4#(4.41]tr+en)} 
ue Zr exp ( Ay Lz +2r1) Anzr(u+y) ves Ae au 24 vy ee 


iV 1 Au ae th ) 
2 re ee cae 2 SS eee 2 
+ | uoneer dr exp ( les + . }r i fe ex ( Rk, [2—zr] 


2 
cals exp sly sie AUN exp i - [= lear) 


\ Aner R Anzr(ut+y) 
es 2 eee eee ics ee Ly) + aN Ble 
+\) u(r)2zrr dr exp ( ae + . }r 5 1 ree (uty) eae 
(A.2.12) 


Thus the equation of state pV—7A is obtained from Eqs. (A.2.6), (A.2.8), (A.2.10) and 


(A.2.12). 
Appendix III 


By the use of Eq. (5.3) and Eq. (5.9) can be written as follows 


q, a= (Waters =. wat > or =. eee le 
Bo= Al" dednt|" dr oy ZY al Sh Gn yl 2 i OS I 
5 wet 1 (LG) ae or: 
+\" ar Pane j) Ge yl 3y— 1 tT! 
(wa®)* 1 (way r 1 a 
=i are a tn vl Bel ~ el 
Z, (wa?)* 1 (way 7 wl 
Fly dadal\" dr > me! 2 —ry vy! Sy—1 
(wa*)* 1 (ih \ Rey dowel | 
_\" dr x Ze yt! x (gtr vl sy—l 


a+o wa®?)* 1 (wa*)” 7 1 l*nl 
+Al’ dz2n|\" ae, = aH! @-! yp! 38y—1 tT! 
(Tt, oe 
(gtr)! y! 3y—1 t! 
ato Z Ath WE TH it 
-al" dz 2r ie Gis, Ze op! (z—r)-*_ vl 3y—1 


-\" drs ie 
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Y Wel — Wa en 1 
aie dy > ge al = ay yl Sy— 1 
ey a 1 (Wary & Cel A.3.1) 
aI OA > Gene vl Bv—1)’ 
where v*(r)=—fv(r) is the function of 7. If we put w=0 and v*=0 (hard sphere particle), 
Eq. (A.3.1) becomes 
By = ot V+ An(-< +02). (A.3.2) 


This formula is identical with the result of our previous paper’. 
4°B.® is a small quantity, in which we have only to calculate the hard sphere part and 


becomes 
MBeO= Ver? exp (2207/2) ae 
— Acai? exp (— 2707/2?) — rea 5 Aod(/ 2x o/A) 


—Agt exp (—2z0?/A2)+ Ae \ 00/22 $/A) ds (A.3.3) 


in which ¢ was defined in Eq. (A.2.11). In the high temperature approximation (A<o), we 
may put 04/27 ¢/4)~1, and Eq. (A.3.3) becomes 


B® ~ A(L,—a—a)A3/2)/ 2 . (A.3.4) 


This formula is identical with the term in the virial coefficient due to exchange of two free 
particles in the volume A(L:—a—o). 
Buu can be obtained substituting 


S n —— pr 1 KT —2(4yK/\2 zs 1 et dye” eS & *KT—1)2(4)K/)\2 ; 
Sia (T 8 Ger ne a ggye en hg Gane ee pe 


for Serre! in the integrand of Eq. (A.3.5) and omitting the terms which do not include 
= [v*(r)|"/c!. In Eq. (A.3.5) v*’ and v*’’ represent the first and the second order derivatives. 


t= 


of —Bv(r) respectively with respect to variable 7. 
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The magnetic property and the electrical resistance of Mumetal and 
50-permalloy were measured after low temperature heat-treatment ranging 


from 200°C to 600°C. 


It is observed that the maximum permeability of 
Mumetal is remarkably increased by this heat-treatment. 


These results 


can not be explained simply by the existing theories proposed by Néel 


et al. 


From the comparison between experimental results obtained in 


binary permalloy and polynary permalloy and the analysis of the relation 
between the maximum permeability and the electrical resistance, we in- 
troduce the idea of inhomogeneous internal structure to explain the change 
of 0, 4m Of permalloys by this low temperature heat-treatment. 


§1. Introduction 


In the alloy of Fe-Ni-Mo, Fe-Ni-Cu-Mo, it 
is known that the permeability of these alloys 
is sensitive to the heat-treatment at a rela- 
tively low temperature, and it was reported 
that the specific resistance of Ultraperm” was 
changed by the low temperature heat-treat- 
ment. In these high permeability alloys, the 
dependence of permeability and _ electrical 
resistace on the heat-treatment can not be 
explained satisfactorily in terms of “super- 
lattice-transformation ”?. By using two high 
permeability alloys, namely, Mumetal and 50- 
permalloy, we measured the magnetic pro- 
perties and the electrical resistance, and then 
we try to explain the experimental results. 


§2. Experimental Method 


Specimen: We prepared two kinds of high 
permeability alloy, namely, (1) 50-Ni-Fe alloy 
(binary alloy) and (2) Mumetal (Ni; 77% Fe; 
16% Cu; 5% Cr; 2%). We used high purity 
electrolytic nickel, electrolytic iron and other 
electrolytic elements. They were melted 
carefully in vacuum. The test samples were 
punched in the ring-form with 0.6 m/m. thick- 
ness for Mumetal and 0.35 m/m thickness for 
50-permalloy. The mechanical stress due to 
cold-working was released by an annealing 
at high temperature. To protect them from 
oxidation and reduce non-metalic impurities, 
test samples were annealed at about 1100°C 
in an atmosphere of pure hydrogen gas. In 
this way, the scattering of the values of 
magnetic properties 1.€. 40, Um of each sam- 
ple was limited within 5%. 

Measurement: The magnetic property was 


measured by the _ ballistic-galvanometer- 
method. The specific electrical resistance was 
measured by the potentiometer, using the 
knifeedge as a contact with the specimen. 


SEP 


After the annealing at 1100°C, the sample 
were reheated to 650°C in the non-inductive 
furnace of small heat capacity, held for lhr. 
at this temperature, and then rapidly cooled 
in the furnace with the mean cooling rate of 
about 600°C/hr.. After this treatment, the 
samples were again heated rapidly in the 
same furnace to each temperature, ranging 
from 200°C to 650°C, in order to observe its 
annealing effect. The samples were annealed 
for lhr. at each temperature. 

Fig. 1 shows initial permeability so, maxi- 
mum permeability “m and the fractional change 
of electrical resistance 4o/o (%) as a function 
of annealing temperature in the case of Mu- 
metal. The 4o/o-value increases in the tem- 
perature range from 300°C to 500°C and then 
decreases from 500°C to 600°C. The decrease 
of the 4o/p in the range from 500°C to 600°C 
has not been observed in the case of Ultra- 
perm?), The o-curve has a steep maximum 
at 520°C. 

The “m-curve is more complicated than the 
yo-curve. The maximum permeability shows 
a sharp maximum value nearly at the tem- 
perature of 400°C which is lower than the 
Curie-point of Mumetal, 440°C. Another 
maximum is nearly at 500°C. The minimum 
point of the #m-curve occurs nearly at the 
Curie-point of this material. The shape of 
the “m-curve is similar to that of 4o/o-curve 
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in the whole range of temperature, except 
the range from 500°C to 600°C where the “m- 
curve has a broad maximum. But, if we plot 
the magnetic induction value By,,=m: Hu, 
at the state of maximum permeability instead 
of “m-value, it is noticeable that the temper- 
ature-dependence of the B,,, coincides with 
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that of the 4o/o, as shown in Fig. 5. 

Fig. 2 shows the results which we obtained 
by the different heat-treatment; i.e. the 
samples were furnace-cooled before the low 
temperature heat-treatment. The mean cool- 
ing rate of the furnace cooling was about 
100°C/hr. between 600°C and 300°C, and the 
final heat-treatment is the same with the 
above case. 

The curves were not affected by the heat- 
treatment below 300°C as shown in the figure. 
The 4o/o-curve has a small maximum at about 
400°C which coincides with that of Fig. 1. 
But, the shapes of 4o/o-curve in Fig. 1 and 
Fig. 2, differ from each other. This phe- 
nomena at the temperature range from 350°C 
to 550°C is remarkable. The sm-curve has 
the maximum at 440°C and falls down with 
slow slope at about 500°C. On the other 
hand, the so-curve has the maximum at 520°C 
similarly to the case of Fig. 1. In Fig. 2, 
the temperature corresponding the peak of 
Aop/o and #m-curve does not coincide, but if 
we plot the B,,, instead of wm as shown in 
Fig. 5 (b), the maximum point of this curve 
coincides with that of 4o/o in Fig. 2 nearly 
at 400°C, and also the minimum point coin- 
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ples were held for 1.5hr. at 400°C in addition 
to the heat-treatment for the case of Fig. 1. 
The 4o/o-values are given by adding the change 
by the heat-treatment at 400°C to that by the 
initial heat-treatment. 
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cides.at..550°C, 

Fig. 3 shows the results of the superposed 
heat-treatment by the additive annealing for 
1.5hr. at 400°C, giving the largest change of 
4o/o and wm. Specimens are initially heat- 
treated in the same way as in the case of 
Fig. 1. 

The 4o/o-values were obtained by adding 
the change of resistance by this heat-treatment 
to those 4o/o-value in Fig. 1. The relation 
between the increase or decrease of permea- 
bility and electrical resistance is complicated 
by the initial heat-treatment. Namely, in the 
case of the initial heat-treatment at tempera- 
ture below 350°C and above 600°C, the change 
of 4o/o-value by the additive heat-treatment is 
simple, but in the rest range of temperature, 
the rate of increasing of 4o/o-value by the 
additive heat-treatment is not uniform. The 
4 decreases by the additive heat-treatment 
at the whole range. But, the um increases 
by the additive heat-treatment, except for case 
in which the initial heat-treatment is carried 
out near 400°C. 

Fig. 4 shows the results in the case of 50- 
permalloy which was annealed for l5hrs. at 
each temperature ranging from 350°C to 600°C. 
The effect of the heat-treatment for few 
hours on this alloy is not so conspicuous as 
for Mumetal. 
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The initial permeability increases ranging 
from 420°C to 480°C and decreases at 500°C 
slightly. The maximum permeability de- 
creases ranging from 350°C to 500°C. But these 
changes are smaller than those in Mumetal. 
As shown Fig. 4, the fractional change of 
electrical resistance is similar to the change 
of the maximum permeability, and the electri- 
cal resistance decreases ranging from 350°C 
to 500°C. These results resemble to 75-per- 
malloy’s. 

In our experimental results as shown above, 
we have attached great importance to the 
fact that the change of maximum permeability 
caused by the special heat-treatment is analo- 
gous to change of electrical resistance. As 
characteristic quantities for the magnetized 
state at maximum permeability, we have 
tried to use the B,,, and Huz,,-value instead 
of 4m-value. We show these values given as 
a function of annealing temperature in Fig. 5. 
The Bz,, and Hu,, are obtained by the relation 
of Ym=Buz,,/Hu, from the B-H curve, and 
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of Fig. 2, and (C) corresponds to pm-curve of 
Fig. 4. 
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each of curves in the figure corresponds to 
the “m-curve of Figs. 1, 2, 4 respectively. 

It is noticeable that the variation of the Bu,, 
in Fig. 5 as a function of the temperature 
of the heat-treatment is similar to that of 
Ao/o in Figs. 1, 2,4. Regarding the variation 
of maximum permeability, we can find that 
the peak of the wm-curve at 400°C in Fig. 1, 
corresponds to the highest Bz, and the small 
H.,,, the minimum of sm-curve at 450°C to 
the largest H,,, and the small peak of “m-curve 
at 520°C to the small Hu,,. The H,,,-curve 
for the samples furnace-cooled before the low 
temperature heat-treatment shows steep slope 
at the temperature range below the Curie- 
point, 440°C, and we can find that the peak 
of “m-curve at 440°C is induced by the mini- 
mum of H,,,-value, and the low value of pm 
at 550°C is induced by the increasing Hu, 
and the decreasing B,,,. From the curves 
illustrated in (C), we can find that the lower- 
ing of sm between 400°C and 500°C in 50- 
permalloy, is mainly induced by the lowering 
of the B,,,. 


§ 4. Discussion 


The magnetic properties and the electrical 
resistance of Mumetal and 50-permalloy are 
changed remarkably by the low temperature 
heat-treatment. The correlation between the 
magnetic property and electrical resistance 
affected by the special heat-treatment on per- 
malloy have been interpreted by the idea of 
an atom-ordering*’. For example, in the case 
of 79-permalloy®, the origin of high permea- 
bility and high electrical resistance obtained 
by a rapid cooling from 600°C was explained 
by the freezing of the disordered phase. 
However, our experimental results show that 
such an explanation is not satisfactory for 
the general kind of permalloy. Namely, in 
the case of polynary permalloy such as Mu- 
metal, the affected electrical resistance is not 
always decreased by the heat-treatment in 
the temperature range of atom-ordering, and 
is remarkably increased by the annealing near 
by the Curie-point of Mumetal. 

And moreover, the change of magnetic 
properties of ~o and sm by the special heat- 
treatment are not explained by the former 
theory. The theoretical explanation about 
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the magnetic property on permalloy was pro- 
posed by Néel et al.®.”.8).%. But, considering 
our experimental results, the following facts 
remain in question. 

(1) The magnetic property by the special 
heat-treatment is very sensitive to the history 
of heat-treatment. 

(2) The variation of “o and #m as a func- 
tion of annealing temperature is very com- 
plicated, and the each value can not be ex- 
plained by the existing atom-ordering theories. 

(3) The sign of the change of magnetic 
property by the special heat-treatment is op- 
posite to each other for the binary permalloy 
and polynary permalloy. 


§5. Conclusion 


The maximum permeability of Mumetal is 
remarkably increased by a relatively low 
temperature heat-treatment. The existing 
theories for the effects of the heat-treatment 
are not consistent with our experimental re- 
sults. In our investigation, however, the as- 
sumption of the origination of inhomogeneous 
structure in the permalloy material such as 
(1) internal strain caused by the third element 
added to binary permalloy, (2) lattice defects 
and (3) short range order of the superlattice 
seems to be very useful to explain the complex 
phenomena for the polynary permalloy. 

In conclusion, the author wishes to express 
his hearty thanks to Director Dr. Tamatsu 
Nishina for his kind guidance and also to 
those who gave me many advices to my in- 
vestigation. 
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Transmission electron micrographs of cold-worked aluminium show 
that the crystal grain consists of many subgrains the smallest size 
of which is less than 0.lu. On _ subsequent heating, the subgrains 
grow by two kinds of process, i.e. the formation of subgrain-groups 
and the usual growth, and finally they grow up to a stable polygonal 
shape of 3~10y in size. The total area and the structure of sub-boundaries 
are likely to play a very important role for recrystallization because they 
act as the sinks of lattice defects in the intermediate course of migration 
to the recrystallization boundaries, but the recrystallization in situ is not 
found as a special stage of subgrain-growth. 

The results obtained in the present work are discussed in relation to a 


mechanism of the recrystallization which was proposed by the author. 


$1. Introduction 

It is known that the presence of substruc- 
tures within a crystal is closely related to the 
physical phenomena such as_ deformation, 
recovery and recrystallization. Formerly the 
present writer studied the subgrain formation 
in cold-worked aluminium by electron micro- 
scopy using the replica method’. Although 
this method is very convenient for observ- 
ing the surface details such as slip bands and 
deformation bands, it is difficult to observe 
the internal structures of metals. Therefore, 
some other methods must be used which 
can directly reveal the internal structure. 
Heidenreich?) was the first who observed the 
structure of metals by transmission electron 
microscopy. It should be noted that since, 
in this method, no replica is used, the resolv- 
ing power of the electron microscope is the 
only limitation for disclosing fine structure 
details such as dislocations. Therefore the 
direct observation method was applied to the 
study of the subgrains, and some of the re- 
sults obtained were already reported®. The 
object of the work presented here is to in- 
vestigate in detail the subgrain-growth of 
cold-worked aluminium and its relation to the 
recrystallization. 


§ 2. Specimen Preparation and Experimental 
Method 
Specimens were taken from 99.99% purity 


n This is part of the work reported at the an- 
nual meeting of the Phys. Soc. of Japan, Oct., 1957. 


aluminium foil which had previously been 
cold-rolled to 0.01mm in thickness, well an- 
nealed, and hammered at room temperature 
to 0.54 or less in thickness. The specimens 
were annealed at various temperatures and 
then chemically polished in a two percent 
aqueous solution or several percent alcohol 
solution of hydrofluoric acid untill the thick- 
ness was reduced to less than 1000A. Another 
method of preparation of specimen was also 
used as follows: The specimens were wet 
with oil, sandwiched between thin foils of tin 
and cold-rolled to a thickness less than 1000A. 
The final thickness of the specimens prepared 
by any of these two methods was fairly uni- 
form throughout the specimens. The speci- 
mens were finally washed with alcohol and 
acetone, and were picked up with a mesh for 
observation. 

The transmission electron microscope used 
had a resolving power of 20A and was operated 
at 60kV. To find the relationships between 
subgrains and the structure of sub-boundaries, 
observation was made (A) with different angles 
of incidence of the electron beam obtained by 
varying the current of condenser lens, or (B) 
by tilting the specimen. Method (A) in which 
the maximum change of angle would be about 
a few degrees was very useful for changing 
the image contrast between subgrains. The 
relative contrast between subgrains and the 
positions of extinction contours could be varied 
with the angle of incidence, while the other 
images, the position of sub-boundaries and the 
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Fig. 1. As beaten. G: dislocation grid. C: extinction contour. N: node of sub-boundary. 
Arrows show diffused sub-boundaries. 


Fig. 3. Annealed for lhr. at 200°C. (b) is a 
sketch of (a). 


darkness variation depending on the specimen 
thickness, were not influenced. It was there- 
fore easy to distinguish each of them from 
the others. 

Method (B) was convenient for examination 
of the structure of sub-boundaries. The speci- 
men could be rotated up to 45° around an 
axis perpendicular to the incident beam. 


§3. Experimental Results 


(a) Cold-worked state 
Fig. 2. (a) As beaten, (b) after electron-bombard- Figs. 1 and 2(a) are of the specimens as 
ment for 30 mins. in electron microscope, beaten: there are found many relatively dislo- 
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cation-free regions of 0.1~1/ dia., which seem 
to be bounded by diffused lines (ft ) construct- 
ing irregular dislocation networks. In some 
regions where the deformation may be severe, 
these lines are so more clearly observed that 
they may be called the sub-boundary. The 
possibility of formation of such small subgrains 
was already shown by the replica method». 
In Figs. 1 and 2, the segmentation of extinction 
contours (C) and the existense of the nodes 
of the boundaries (N) are helpful to detect 
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were taken from different specimens. 
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the sub-boundaries. 

The misfit angles between the subgrains 
mentioned above were roughly estimated with 
method (A) to be less than one degree for the 
small subgrains and a few degrees for the 
large ones. Furthermore, it is recognized in 


Figs. 1 and 2 that the boundaries of larger 
subgrains are of the dislocation cross-grid struc- 
ture (G), which means that the sub-boundary is 
composed of two or more families of disloca- 
On the other 


tions. hand, most sub-bounda- 


The specimens were annealed 
(a), (b) 
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ries of smaller ones seem to have a tendency 
to take the simple tilt type as slightly seen 
at the region noted by J in the photographs, 
which might correspond to K-band’ reported 
already. 

The temperature rise of the specimen owing 
to electron-bombardment under observation in 
the electron microscope was estimated as fol- 
lows: Fig. 2 (a) and (b) were obtained before 
and after a strong electron-bombardment in 
the electron microscope for 30 mins. In these 
figures it is noticed that there is no visible 
change in the positions of sub-boundaries. 
On the contrary, the specimen annealed at 
200°C for one hour shows a more marked 
change, i.e. straightening and sharpening of 
sub-boundaries as in Fig. 3. It is therefore 
reasonable to make an estimation that the 
temperature of the specimen under electron- 
bombardment was lower than 200°C. 


(b) Subgrain-growth 

On annealing cold-worked specimens, the 
subgrain-growth occurred in succession to 
polygonization, as seen in Figs. 3~7 in which 
the annealing was 200°C xlhr., 260°C x1lhr., 
260°C x2 hrs. and 350°Cx1.5 hrs., respec- 
tively. These specimens are considered to 
have still been in the recovery stage, as no 
recrystallization grain was found by optical 
microscopy combined with chemical etching. 
Prolonged annealing caused remarkable sub- 
grain-growth as in Figs. 5 and 7. From these 
photographs it is recognized that the subgrain- 
growth proceeds with two kinds of processes; 
(a) With the sub-boundary migration in the 
usual sense, (b) with formation of groups of 
subgrains as region A in Fig. 4(a) which has 
the size of about 1, and it was general that a 
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few groups were formed in the region of 104 
in size. The latter process will be very im- 
portant not only in the case of subgrain-growth 
but also in the recrystallization process. In 
Fig. 4(b) the subgrain-groups are clearly 
observed. 

At the biginning of formation, the subgrain- 
group has such behaviors as follows: (1) 
Misfit angles between subgrains composing 
the group are very small. (2) The sub- 
boundary of the group is not so smooth but 
it is only a simple connection of the individual 
boundaries of composite small subgrains. 

Figs. 4 and 5 are examples showing the 
process of stabilization of the boundary of the 
group which might be produced due to the 
absorption of the sub-boundaries within the 


group. 


Fig. 5. Annealed for 2 heowat 260°C. 


s 


Fig. 6. Annealed for 1,5 hrs. at 350°C, a region outside a recrystallization eceni 
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On further annealing, the subgrain-growth 
by the two processes becomes conspicuous as 
in Fig. 5 (260°C x2 hrs), and finally recrystal- 
lization occurs. In the region existing be- 
tween the groups in Fig. 4(a) (260°C x1 hr) 
there is no considerable change in size of the 
subgrains comparing to that of the specimen 
annealed for one hour at 200°C. After 260° x 
2hrs. annealing, however, the subgrains exist- 
ing between the groups also grew by the 
usual subgrain growth process. Fig. 6 was 
obtained with a specimen annealed for 1.5 hrs 


IDs, We 
recrystallization boundary. 
ing angle of incident beam. 


Annealed for 1 hr. at 260°C. Boundary R-R is considered as the beginning of 
(b) was taken at the same region as (a) under the different glanc- 
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at 350°C, the photographed region being out- 
side the recrystallization grain where subgrain- 
growth was delayed. 

Fig. 7 is of another region of the specimen 
(260°C x1 hr.) which is likely to be considered 
as the beginning of formation of a recrystal- 
lization boundary. In order to estimate the 
misfit angles between subgrains existing in- 
side the boundary noted by R-R, Fig. 7(b) 
was taken at the same region as 7(a) under 
the different glancing angle of incident beam. 
Comparing these two photographs it seems 


forming a 
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that the R-R boundary has characters as 
follows: (1) R-R is a boundary of the sub- 


grain-group in a certain sense, because it is 
a smooth boundary in spite of the presence 
of many boundaries of small subgrains inside 
the R-R boundary. (2) The grain size of the 
region surrounded by the R-R boundary is 
much larger than the usual subgrain-group, 
which is the same order as that of the beginn- 
ing of recrystallization, 3~10% in size. (3) 
The misfit angles between subgrains existing 
inside the R-R boundary are very small as 
that of the usual subgrain-groups. (4) Outside 
the R-R boundary the recovery process is so 
delayed that subgrains are not so clearly seen. 
Furthermore, a part of the boundary, noted 
by A in Fig. 7 is very faint compared with 
the other part, and a subgrain exisiting inside 
the boundary at this part (above the boundary 
A) has a large misfit angle to any neighbour- 
ing subgrains inside the R-R boundary. The 
remainder of this subgrain is observable in 
the outside region, that is, in the lower part 
of the photograph. It is, therefore, supposed 


Fig. 8. Schematic illustration of forming a re- 
crystallization boundary. 


Fig. 9. Optical micrograph of a recrystallized foil 
specimen annealed for 1.5 hrs. at 350°C. 
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that the formation of the R-R boundary is 
owing to the deposition of vacancies and dis- 
locations which had existed near the boundary, 
and this process will be as schematically 
illustrated in Fig. 8, though more detailed 


Fig. 10. ive es) Ines, «ee SOC, 


Annealed 
C: boundary fringe. G: dislocation cross-grid. 
O: oxide film. 


Pa 
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Fig. 11. Recrystallizatio boundary appeared in 
a specimen which was subjected to annealing 
for 3uhrs) at) 3502Cs 


403 


1961) Direct Observation of Subgrain-Growth of Cold- Worked Al 


Yi 


Fig. 12. Dislocation grid appeared in specimens annealed (a) for 1 hr. at 260°C, (b) for 
1.5 hrs. at 350°C, (c) for 2.5 hrs at 350°C. H: dislocation hexagonal network, 
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study is necessary to get the decisive con- 
clusion. Although it is considered that the 
stage mentioned above corresponds to someth- 
ing like the beginning of the recrystallization, 
the contrast between the recrystallization grain 
and the matrix became not yet so strong that 
it was difficult to observe the recrystallization 
boundary by optical microscopy. This might 
be owing to the fact that subgrains inside the 
boundary R-R still play a strong role as the 
sink for vacancies and dislocations in the in- 
termediate course of migration to the re- 
crystallization boundary so that the formation 
of the recrystallization boundary was sup- 
pressed. 
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Here, there is some doubt about that in the 
case of thin foils of metals the recrystalli- 
zation mentioned above is suppressed by the 
size effect. To solve this doubt, the specimen 
used was also observed by optical micro- 
scopy and it was verified that the recrystalli- 
zation occurred even in such thin foils of 
0.5 in thickness as follows. After further 
annealing (350°C x 1.5 hrs.), the recrystallized 
grain becomes observable by optical micro- 
scopy as in Fig. 9 which was taken of the 
foil specimen after etching with a reagent 
(10 g NaOH+100 cc H2O) at 40°C. Although 
there is seen in Fig. 9 a recrystallization 
boundary which shows only a little growth, 


Fig. 13. 


it was general that the size of the recrystalli- 
zation grain at this stage was usually 10~ 
404 which was one-second-to one-third of 
that before cold-working. 

By electron microscopy it was found in a 
specimen annealed for 1.5 hrs. at 350°C that 
most subgrains grew up to 1~3y in size as 
in Fig. 10, and that there were scarcely found 
both subgrain-groups and small subgrains less 
than ly in size. From the annealing history 
of this specimen the subgrains in Fig. 10 are 
considered to have been produced by the re- 
crystallization in situ as observed by Crussard?’. 
So it is very interesting that they appeared 
when the recrystallization boundary became 
observable. However, it is quite clear that 
they do not belong to a special stage as the 
subgrain-growth. These subgrains have the 


Annealed for 3 ee at 560°C. . 


Se Sarl SU ory 


size and the shape as similar as those of the 
stable subgrains that will be mentioned ina 
later page. 

Next, Fig. 11 is an example showing a 
recrystallization boundary. Comparing Fig. 
11 with Fig. 7, it is very interesting that the 
recrystallization boundary become — sharper 
with the prolonged annealing. This fact is 
quite reasonably understood if the formation 
of recrystallization boundary is owing to 
coagulation of the lattice defects. 

Fig. 12(c) shows a_ dislocation net-work 
structure in a sub-boundary formed by the 
recrystallization in situ. In this stage, how- 
ever, the cross-grid structure of dislocations 
is apt to take a hexagonal net-work structure 
under the thermal vibration (compare Fig. 12 
(c) with (a) and (b)). It is interesting that 
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in Fig. 12(c) both the cross-grid (G) and 
the hexagonal net-work structure (H) are 
observed in a sub-boundary. 

After long annealing at high temperatures 
just below the melting point, the subgrain 
grows more and more and finally it takes a 
stable polygonal shape, whose size is o~10z4, 
as in Fig. 13 which were taken of a specimen 
annealed for 3 hrs. at 560°C. At this stage, 
it was recognized by optical microscopy that 
recrystallization grains had grown further. 


§4. Discussion 


About six years ago*), the author proposed 
a mechanism* concerning the nucleation of 
recrystallization. This mechanism is based on 
the idea that the positions of the recrystalliza- 
tion boundaries are originally decided at the 
time of cold-working and the nucleus in the 
usual sense is not needed for the recrystal- 
lization. In other words, subgrain-growth 
plays a very important role for disappearance 
of the stored energy, but it is not so much 
important for the formation of recrystallization 
boundary which needs the coagulation of lat- 
tice defects. Since the sub-boundary acts as 
a sink for lattice defects, it is necessary for 
formation of the recrystallization boundary 
that the number of subgrains within the 
recrystallization boundary decreases to a 
certain value. Because, for the coagulation 
of lattice defects to the _ recrystallization 
boundary, the defects have to travel for a 
long distance compared with that in the case 
of polygonization. In case polygonization has 
not proceeded so much, most of the lattice 
defects formed by cold-working may be ex- 
hausted for polygonization in the intermediate 
course of migration to the recrystallization 
boundary. Furthermore, for the recrystalliza- 
tion boundary the difference of bulk free 
energy between the recrystallization grain and 
the matrix around it must be larger than a 
certain value. So, first of all the subgrains 
must grow and take the thermally stable 
structure in order to form the recrystallization 
boundary. 

This idea might be supported by the follow- 
ing experimental results obtained in the pre- 
sent work: (1) remarkable growth of 


* QOrowan®) proposed independently the similar 
idea concerning recrystallization, which was called 
as the homogeneous nucleation. 
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subgrains was observed before the recrystal- 
lization, (2) grown subgrains, i.e, so called 
the recrystallization in situ, were observed 
within the recrystallization grain, (3) outside 
the recrystallization grain, there remain the 
subgrains where subgrain-growth was delayed, 
(4) at the beginning of the recrystallization, 
boundaries of the recrystallization grain were 
rather faint and broad. 

Fact (1) proceeds by two kinds of process, 
i.e. (a) formation of subgrain-groups and (b) 
subgrain-growth in the usual sense. A few 
subgrain-groups were formed in a region of 
several micron in size which corresponded to 
the initial size of a recrystallization grain, and 
even after the recrystallization, tne recrystal- 
lization in situ was observed within the 
recrystallization grain. Thus it is considered 
that a subgrain-group is not an embryo of 
recrystallization but it belongs to the category 
of subgrain. 

The fact that some subgrains have a special 
behavior such as composing the subgrain-group 
leads us to an imagination that such subgrains 
were already given a suitable condition for 
forming the subgrain-group by cold-working 
so that misfit angles between them are very 
small. Since the boundary of the group has 
a larger misfit angle compared with those of 
subgrains inside the group, it becomes a strong 
sink for lattice defects such as dislocations and 
point defects. That is the reason why disloca- 
tions composing a sub-boundary within a 
subgrain-group are absorbed so easily that 
finally sub-boundaries within a group disap- 
pear. This process is one kind of subgrain- 
growth. Subgrain-growth in the usual sense 
may also proceed. by the same process more 
or less, in which case formation of subgrain- 
groups was not observed. 

Fact (2) shows that a recrystallization grain 
is not a resultant formed by the process of 
subgrain-growth. Because it is hardly possible 
that there exist some large subgrains within 
a recrystallization grain, if the recrystalliza- 
tion boundary was formed by means of 
subgrain-growth. 

Fact (3) indicates, however, that the sub- 
grain-growth plays a very important role for 
recrystallization process. Accordingly, stored 
energy given by cold-working is released by 
the process of subgrain-growth so that the 
recrystallization boundary is thermally sta- 
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bilized. 

Fact (4) indicates that a recrystallization 
boundary is formed by some coagulation of 
lattice defects, especialy point defects. Such 
positions playing a role as the sink for lattice 
defects may be formed during cold-working 
in the same way as in the case of the subgrain- 
group. The author reported” already that 
unpredicted slips occurred in small regions 
divide a crystal into many domains of a few 
microns in size. The domain boundary is not 
so clear that it is recognized only by a dif- 
ference of slip system or reflected light on 
both sides of the boundary. Even in the 
boundary region of the domain, small sub- 
grains less than ly in size are formed as well 
as within the domain with small sink and slip 
bands”. So, as far as the strained state of 
the subgrain is concerned, it is rather difficult 
to find out anything discontinuous at the 
boundary of the domain. 

It should be emphasized, however, that such 
domains have large misfit angles with each 
other, so that small subgrains formed within 
a domain have large relative misfit angles to 
those within the neighbouring domain, but 
the subgrains belonging to the same domain 
have small misfit angles with each other. So, 
it is reasonable to consider that the boundary 
region of the domain is a strong sink for 
coagulation of lattice’ defects in the case of 
forming a recrystallization boundary. 

From the consideration mentioned above, 
the following equation* will be deduced, which 
shows a relationship between the experimental 
(a) and a theoretical specific surface energy 
(a) of the boundary determined from both 
misfit angles and boundary structures. 


2a 2a 
Yc Ye 


—Anl'=0F 
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where 7e is a critical size of a recrystallization 
grain, OF and dn are the differences of bulk 
free energies and of the densities of disloca- 
tions terminating at the boundary, respec- 


tively, between the matrix and _ the 
recrystallization grain. Hence 

pe 2a 

OF +AnT * 


a will be very small at the beginning of 
recrystallization, since the misfit angle is very 
small because of the diffused structure. If we 
assume d4n=10°/cem?, [’=10-* ergs/em, ao=a 
few ergs/cm? ~ 500 ergs/cm?, and df=the 
order of 10° ergs/cm*?, 7v- becomes lu~10z 
in size, which is in agreement with the ex- 
perimental results®’ observed. 
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The growth of cavities by vacancy condensation in graphite and the 
transformation to dislocation loops have been theoretically investigated. 

During the heat treatment of carbonaceous substances for graphiti- 
zation, numerous vacancies and cavities presumably exceeding 10-3 atomic 
per cent are introduced in several ways, e.g., decomposition and evapo- 
ration of various impurities. By taking account of the internal surface 
energy and the configurational entropy of them, it has been concluded 
that these vacancies and cavities are driven to consolidate to fewer and 
larger ones lying extensively on the (00J)-planes. 

In the course of the steady dimensional growth, the cavity is expected 
to collapse to a prismatic dislocation loop under the compressive thermal 
stress in e-direction (graphitization stress) caused by the interference 
between the anisotropically expanding crystallites. The criterion of such 
transformation has been determined by comparing the self-energy of the 
dislocation loop with the sum of the surface energy of the original cavity 
and the compressive strain energy to be released by the collapse; 7.e., 
the critical diameters are ranging from about 100A to 1100A in accor- 
dance with the various conditions concerning the crystal modification and 


the cavity thickness. 
the experimental results. 


These values are in fairly good agreement with 
It has been remarked that along this course 


the characteristic intercrystallite voids can be explained. 


Introduction 


§1. 

In the previous paper”, the author pointed 
out that the dislocations in the graphite 
structure might be produced by the so-called 
graphitization stress owing to the interference 
of the anisotropic thermal expansion of each 
crystallite in some polycrystalline carbons. 
At the same time, it was remarked that the 
condensation of point vacancies to fewer flat 
cavities would be another powerful source of 
the dislocations in accordance with the sugges- 
tion of Seitz”. These two origins of the 
dislocations are both in close connection with 
the two characteristics of graphite, i.e. the 
heat treatment at elevated temperatures for 
synthesis and the remarkable anisotropy in 
the crystal structure. 

_As generally known, a crystal in thermody- 
namical equilibrium has to contain a number 
of lattice vacancies and other imperfections 
by which the free energy of the system is 
lowered through the contribution of the con- 
figurational entropy. In the case of graphite, 
since the crystal grows up through the 


pyrolysis of raw carbonaceous substances, 
much higher concentration of vacancies are 
expected to be generated in various ways of 
impurity dissipation; e.g., (1) volatilization of 
light organic components at temperature below 
1000°C, (2) dehydrogenation arising nearby 
1000°C and lasting up to about 1700°C, and 
(3) evaporation of inorganic impurities* taking 
place in the final stage of graphitization above 
1800°C, et al. 

Conclusively, the graphite crystal is consi- 
derable to be so exceedingly supersaturated 
with vacancies that the condensation of them 
to fewer cavities would occur more actively 
than other crystals. Recently, in the course 
of the electron microscope study of some 
graphite flakes, Fujita and Izui*) have observed 
circular moiré patterns having the diameters 
of several hundred angstroms. The patterns 
of this kind can be explained by supposing 


* This is well known to take place sometimes 
through the intermediate formation and the follow- 
ing decomposition of various metal carbides, e.g. 
silicon carbide, cementite etc. 
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that such disciform cavities as considered 
above collapse to the edge dislocation loops, 
1.e., the peripheral lattice distorsion may give 
rise to the Bragg reflection of electron waves 
responsible for the moiré patterns. 

Now, it is worthy to examine a theoretical 
investigation on the mechanism of vacancy 
condensation to a small number of cavities in 
the graphite structure and the following 
transformation to the same number of disloca- 
tion loops. 


§2. Growth of Cavity by Vacancy Condensa- 
tion 

2.1 Basic Model 

Owing to the characteristic anisotropy in 
the crystal structure, an arbitrary cavity lying 
in graphite may easily take a flat cylindrical 
form as widely accepted; the diameter and 
the height in angstroms are denoted by D and 
h respectively. On the other hand, the area 
of each unit hexagon containing two C-atoms 
(Fig. 1) is computed at 5.22 angstrom square. 
Therefore, the number of atoms emerging on 
the basal face of such a cylindrial cavity is 
Mpasl=2.01( xD D=Vs0D* 


Fig. 1. Unit hexagon of graphite net plane. 


Nextly, since the interplanar spacing in 
c-direction is known to be about 3.36 A*, the 
number of point vacancies composing the 
cavity is 1=3.36mpasai/n=0.089D?h. 

Finally, supposing that along the periphery 
of the cavity C-atoms are aligned 2.46 A apart, 
one can give the total number of the free 
bonds (atoms) which are exposed all over the 
side-face of the cavity, 


Mside = (7 D/2.46)(3.36/h) =0.38Dh. 


2.2 Surface Energy of Cavity 

According to Pauling’, the graphite struc- 
ture is considered to be resulted from the 
infinite aromatic condensation, so that each 
carbon-carbon bond achieves one-third double- 


* The spacing varies in accordance with the 
degree of graphitization. The lowest value has been 
reported to be 3.354 A (at 18°C) on natural graphite 
of Ceylon, which corresponds to the best graphiti- 
zation. 
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bond character. Since the energies of pure 
C-C and C=C valence bonds are known to be 
58.6 and 100 kcal/mol respectively, the cohesive 
energy of graphitic net plane is computed at 
58.6 x (2/3) + 100 x (1/3) =72.4 kcal/mol in appro- 
ximation. On the other hand, the energy of 
interplanar van der Waals bond of graphite 
has been calculated by Brennan* to be about 
Akcal/mol. At the time of the destruction of 
these chemical bond, in general, the binding 
energy may be shared by half with each 
surface newly exposed. Thus, the total surface 
energy of such a cylindrical cavity as consi- 
dered above is given by 


Es=2mMbasal X 2+ Mside X 36.2 


=1.2D?+13.8Dh (kcal/mol) Ci 


where the first term in the right-side corres- 
ponds to the contribution of the upper and 
lower basal faces, and the second to that of 
the side face. 

Hereupon, let introduce a quantity “ specific 


surface energy”, 7s, defined by the next 
equation, 
Oa Ee he (kcal/mol) (2) 


The physical meaning of 7s is “ the increment 
(decrement) of the surface energy when a 
point vacancy pours into (out of) the cavity 
considered here”. For example, if a point 
vacancy leaves a cavity of D=20A4 and h=3.36A 
(one atomic plane missing) and pours into 
another of D=80A and h=6.72A (two plane 
missing), the internal energy of the crystal 
is reduced by the difference of the specific. 


surface energies, 7.é., 
) en a 


tay ose Se 
Are=( 20 3.36) \80 6.72 
=11.8—3.9=7.9 (kcal/mol). 

Thus, those vacancies and minute cavities 
generated in the aforesaid ways (81) are 
expected to condense successively, through the 
heat treatment at elevated temperatures for 
graphitization, to a small number of much 
larger ones. From Eq. (2), moreover, one can 
see that the specific surface energies are 
equalized by degrees with the consolidation 
of cavities, and, when the vacancies and minute 
cavities are mostly exhausted the dimensional 
growth may almost terminate. Such a state 
can be regarded as a metastable balance, and 
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rs is considerable to give a negative measure 
of the stability. 


2.3 Configurational 
Energy 
In order to describe} the mechanism of 


Entropy and Free 


vacancy condensation (cavity consolidation) 


more exactly, the contribution of the con- 
figurational entropy has to be taken into 
account. For simplicity, let suppose that 
cavities consisting of z point vacancies res- 
pectively are arranged on W lattice points 
(N>i). This supposition corresponds not only 
to the aforesaid metastable balance but to the 
actual state in approximation, if the cavity- 
size distribution is not so much broad. Thus, 
the number of possible arrangement, W, is 
generally given by 


ae eo 
BERS | aI 
w=—_\?# 


(Fm): ni! 
1 


Putting n=m xz and c=n/N, which represent 
the total number and the concentration of 
point vacancies (consisting the cavities) res- 
pectively, and using Stiring’s formula, the 
configurational entropy, Ser, is expressed in 
the following form, 


Se=hinw=" 7] ein a c) In(.—o)| 


RN 
~ 0.089D2h 


2 
f | 0.089 D?h (1 a)in(t—o) | 
(3) 
Now, in the similar way to that concerning 
the surface energy, one can define the 
“ specific configurational entropy ”, 


E=Soz/n=Seyr/Ne 


which may give a measure of entropy change 
by vacancy migration from a cavity to 
another. 

Hereupon, combining 7; and &, the so-called 
“specific free energy”, v, is defined by the 
next equation, 


g=rs—TE 
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C= 


#-(2)en( 2) 
N y’ kT ojix 
where x is the number of the atoms neigh- 
bouring a vacancy, v’ is the Einstein frequency 
of them, v is that of the perfect lattice part, 
and F, is the formation energy of a vacancy. 
In approximation, v/y’~2, x=3 (taking only 
the co-planar neighbours around a vacancy) 
and T=3000°K (temperature of usual indust- 
rial graphitization furnace). Moreover, since 
the three conjugated double-bonds are broken 
in removing an atom from a lattice point, and, 
3/2 bonds are recovered on average in placing 
it to the periphery of the net plane, 
Ee=72.4 x {3—(3/2)}=108.6 kcal/mol 
is obtained. Substituting these values to the 
above equation, vacancy concentration is com- 
puted at 10-°.*. However, as mentioned in 
§1, graphite is considerable to be highly 
supersaturated with the vacancies and cavities 
in the way of active impurity dissipation, and 
hence one can put approximately c~10-°. 


20 
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Fig. 2. Dependency of specific free energy on 
cavity-size. 


Thus, the D—g relaction curves at 3000°k 
are plotted in Fig. 2 for the parameters of 
h=3.36, 6.72 and 10.08A (corresponding to 


alent ay T k 


b 0.089D*h 
D h 0.089D*he, 


—(1—e)In(d—o) (4) 


Now, let make an estimation of the vacancy 
concentration, c, by using the well-known 
expression” 


that one, two and three planes are deficient 
respectively). As shown there, the contribu- 
tion of the configurational entropy is so small 
that y decreases monotonically with the growth 
of cavity-size, indicating no minimum value. 
Moreover, one can see that when D mounts up 


410 Takuro TSUZUKI (Vol. 16, 


to several hundreds angstroms the cavity is 
hard to make further growth in actual owing 
to the equalization of g, similar to the case 
of the specific surface energy discussed before. 
In other words, these cavities are possible to 
be existent only in the so-called metastable 
balance but impossible in thermodynamical 
equilibrium, somewhat alike the dislocations. 


§3. Transformation to Dislecation Loop 


3.1 Geometry of Transformation 

By means of X-ray and electron diffraction 
it has been established that graphite has two 
crystal modification”®, the hexagonal (A B-type 
stacking sequence of e-planes) and the rhombo- 
hedral (ABC-type sequence), as schematically 
illustrated in Fig. 3. This gives a cause of 
the variety of the dislocation loops to be 
introduced, being in company with the various 
conditions on the deficient planes, as itemized 
in the following paragraphs: 


Hexagonal Rhombohedral 


Fig. 3. Two crystal modifications of graphite. 


Hexagonal Modification 
(h1) One plane missing (h=3.36 A) 

In addition to the prismatic partial dis- 
location which closes the cavity, another 
partial dislocation with a Burgers vector 
connecting the nearest neighbours in (00/)- 
plane is introduced so as to fit the subtending 
basal faces. Denoting them by 8 and ba 
respectively, the resultant slip is represented 
by 

b=b. +b.=$e-[001]+4a-<210> . 
This causes such a stacking fault as 
ABABCBCBC or ABABACAC. 
(h2) Two planes missing (h=6.72 A) 
b=be=e-[001] (perfect dislocation). 


The dislocation loop can glide along the 
cylindrical face perpendicular to the basal 


(h3) Three planes missing (h=10.08 A) 
b=be +b. =e -[001]+3a-<210>. 
The possible stacking faults are quite 
same as those in (h1). 


Rhombohedral Modification* 


(rl) One plane missing (h=3.36 A) 
b=6-=3c-[001]. 

The stacking faults are as follows; 
---» ABCBCABC:::- (A-plane missing), or 
---» ABCACABC:::- (B-plane missing), or 
---» ABCABABC::-- (C-plane missing) 
(y2) Two planes missing (h=6.72 A) 

b=6-+b..=8e- [001] + 3a: (210 


Table I. Combination of missing planes and basal 


translation in rhombohedral graphite. 


Missing planes pa ace Stacking disorder 
A, B C>B --- ABCBCABC::- 
C5A None 
133, (G: ABC ---ABCACABC::- 
AB None 
C, A BoA ---ABCABABC:-- 
B=>C None 


The under-lined planes in this column correspond 


just to those in the left-hand column respectively. 


In this case, various combinations of the 
missing planes and the translations by b.’s 
give rise sometimes to the stacking disorder 
and sometimes to none. When the stacking 
order is not altered, the dislocation loop. 
can glide along the surface of such an oblique 
cylinder as in Fig. 4 (6). All the possible 
combinations are summarized in Table I. 
(73) Three planes missing (h=10.08 A) 

b=be=c:[100] (perfect dislocation). 
It is easily understood that the same rules. 


plane as in Fig. 4 (a), though it might be @S Mensioned above can be applied repeatedly 


not so easy. 


* The e-dimension of the unit cell is 10.08 A. 
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and correspondingly to the cases that more 
than four planes are deficient. 


3.2 Self-Energy of Dislocation Loop 
Several years ago, Foreman showed the 
expression of the elastic energy per unit length 
of a dislocation line in an anisotropic crystal 
_Kt 


as follows”, 
R 
ene etal 
4x n( =) : 


where 0, R and 7 represent the Burgers vector, 
radii of the stress field arround it and the ef- 
fective core respectively. The so-called “energy 
factor” K in every case of our problem con- 
sidered before is evaluated in the following 
way, taking use of his treatise on the hexa- 
gonal system. However, the elastic constants 
cijs referred to the dislocation axis in his 
general expression are rewritten so as to be 
referred to the normal crystal axis. 


(1) 


Ea (5) 


Prismatic dislocation (either perfect or 
partial) with the Burgers vector perpen- 
dicular to the basal plane 
Kedge(prismatic) 

Csa(C11— C13) rs (6) 
C11(C11 + Cis + 244) 

Partial dislocation connecting the near- 
est neighbours in the basal plane 


=Guters)} 


(2) 


_Cas(C1 + C13) sr 
C33(C11 + C13 +2¢44) 
ee) 


(8) 


Kegge(basal)=(6n.+ 01) 


Kscrew = 


eee hod 
2 
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Kmix(basal) = Kedge(basal) sin?0+ Kecrew CoS’ 
(9) 


where ¢iu=(ci1-Css)'/?, and @ is the angle 
between the slip vector and the dislocation 
line. In the case of such a dislocation loop 
as considered here, by averaging Eq. (9) 
arround it the energy factor is given by 


= ‘eee Css(€11— C13) 17e 
K (basal) =— 
\Dagab) 2 ena pid apna EON) 


nj 
(3) Combination of prismatic and _ basal 

dislocations 

Since there is no interaction energy 
between the orthogonal dislocation compo- 
nents, the separate energy components are 
additive, and therefore the combined K- 
factor in this case may be given by the 
next equation, 


Kb-b= Keage(prismatic)bc: be + K(basal)ba: bu . 
(11) 


(10) 


Table IJ. Elastic constants of graphite lattice. 
he. : Cheatuiek (unit) 


Ci C12 C13 C33 C44 


107 —21.4 —6.3 2.6 1.3 (10 dynes/cm2) 


The elastic constants of graphite lattice, 
cis, can be determined from the correspond- 
ing elastic coefficients, si;’s, written in the 
previous paper”, and are tabulated in Table 
Il. Moreover, substituting them into the 
above equations from (6) to (10), the energy 


Table II]. Energy factors of various dislocations. 
Keage (prismatic) Keage (basal) Kserew K (basal) (unit) 
15383 9.8 91 9.5 (101! dynes/cm?) 


factors are evaluated as shown in Table III. 

Using these K-factors, the elastic energies 
of the dislocations in various cases itemized 
in the last sub-section can be calculated from 
Eq. (5), where R is appropriately assumed to 
be about D/2 (radius of the dislocation loop). 

The energy in the dislocation core (residual 
part of the self-energy) is very difficult to 
estimate exactly. However, in the case of 
the prismatic dislocation as considered here, 
it may be approved to say roughly that the 
core energy of the dislocation loop is given 


by the peripheral free bonds exposed at the 
ends of the extra half-planes. In the other 
words, the core energy can be said to corres- 
pond to the side-face energy of the original 
cavity represented by the second term in the 
right side of Eq. (1). 

3.3. Criterion of Transformation 

As previously pointed out, when a polycry- 
stalline carbon is heat-treated for graphitization 
each crystallite is subjected to the compressive 
thermal stress and the corresponding elastic 
strain in e-direction. These stress and strain 


412 


may be partly released by the collapse of the 
aforesaid flat cavity to the dislocation loop 
lying on the basal plane. The thermal strain 
energy owing to this mechanism, &:, is 
generally given per unit volume by half of 
the product of the compressive stress and the 
constrained expansion in c-direction, 


E; = $ x Or(E,-—ay T) ) 


where the notations are used in the same way 
as those in the previous paper”. For instance, 


fo) 


, (10 ®ergs/cm?) 


to 


t 


Thermal strain energy, E 
ie) ie) 
cS ery 


of 


0.2 0,4 0.6 


r/R 
Fig. 5. Distribution curve of thermal strain 


energy along the radius of the “filamentary 
polycrystal “, owing to the graphitization stress. 


0.8 1.0 


assuming T=3000—1300=1700 (°K)*, and using 
the expressions for the filamentarily textured 
polycrystal (typical soft carbon) cited in the 
previous paper’, one can obtain such a radial 
distribution curve of the thermal strain energy 
as shown in Fig. 5, which indicates the 
maximum value, 1.87x10%ergs/cm’, at the 
centre. Therefore, the collapse of a cavity in 
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the neighbourhood of the central axis of the 
filament is expected to release the energy by 


1.87 


E; x (cavity volume)= yen x10-!* (ergs). 


(12) 
Thus, the criterion of this transformation 
is determined by comparing the self-energy 
of the dislocation loop with the sum of the 
total surface energy of the original cavity and 
the thermal strain energy to be released by 
its collapse. It needs not to compare the free 
energies, for the contribution of the entropy 
term is so small that the difference can be 
neglected in approximation. Besides, as men- 
tioned before, the core energy of the disloca- 
tion loop is nearly equal to the side surface 
energy of the cavity in the present case. 
Accordingly, one can put 


(elastic energy of dislocation loop) 
=(basal surface energy of the cavity) 
+-(thermal strain energy to be released). 


Operating in c.g.s. unit, and using Eqs. (2), 


(5) and (12), this equality is arranged as 
follows, 
5 

AD inl ae ) =De(833-+0.47 xh) “10-§ (13) 


4 2%o 


where Dc. represents the critical diameter (in 
angstroms) of the cavity-dislocation transfor- 
mation. Substituting the K-factors in Table 
III and the proper Burgers vectors on the 
assumption that 7.=30, the critical diameters 
corresponding to the six cases in the sub- 
section 3.1 have been determined as shown in 
Table IV. 


Table IV. Critical diameters of transformation from disciform cavities to dislocation loops, 
corresponding to various geometrical conditions. 


Crystal modification and number HEXAGO NAL a Be ane x 
of defficient planes 5 2 3 1 2 3 
Critical diameter, De, in angstrom 225 425 1070 102 535 910 


From Table IV, firstly, one can see that the 
aforesaid round moiré patterns having the 
diameters of several hundreds angstroms, 
observed by Fujita and Izui*), correspond to 
the dislocation loops born of such thin cavities 


* In this case, 7 denotes the difference between 
the graphitization and baking (solidification) tempera- 
tures. 


missing one or two atomic plance respectively. 
On the contrary, those thick cavities missing 
more than three planes may be hardly trans- 
formed to dislocation loops in the crystallite 
of usual artificial graphite which is seldom 
over thousands angstroms in diameter. Natural 
graphite and some special artificial ones care- 
fully prepared may be possible to contain even 
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such large dislocation loops, since the crys- 
tallite-size can be up to several micron. 
However, as mentioned in § 2, when the point 
vacancies and minute cavities have mostly 
condensed to fairly large ones, several hundreds 
angstroms in diameter, the driving force of 
cavity growth is expected to decline so remark- 
ably that the rate of further consolidation 
becomes negligible, z.¢. the state in metastable 
equilibrium. Accordingly, those large disloca- 
tion loops exceeding thousands angstroms in 
diameter may be scarcely generated except for 
some special treatment, e.g. hard quenching 
and radiation damage etc.. 

Finally, it is worth to point out that the 
mechanism of cavity consolidation considered 
here may be applicable to the formation of 
the characteristic intercrystallite voids exten- 
ding in nearly parallel to the basal layers. 
Formerly, by means of the combination of 
liquid displacement, gas absorption and X-ray 
diffraction methods, Loch and Austin!® have 
evaluated the thickness of those opened voids 
to be ranging between 3-8 A, which is in 
fairly good agreement with our supposition 
used in the above discussions. 


§4. Concluding Remarks 


The principal results of the preceding 
theoretical investigation are summerized as 
follows: (1) Through the extremely high 
temperature treatment for the synthesis of 
graphite, numerous vacancies and cavities 
exceeding 10-* atomic per cent are introduced 
in several ways. (2) The so-called “specific 
free energy ” of a cavity has been defined as 
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a measure of the stability, from which it has 
been concluded that all the cavities and 
vacancies are driven to consolidate to fewer 
and larger ones extending on the basal planes. 
(3) In the course of the dimensional growth, the 
flat cavity is expected to collapse to a prismatic 
dislocation loop under the compressive graphi- 
tization stress in e-direction. The critical size 
has been determined, by comparing the ener- 
gies before and after the transformation, to 
be ranging between, 100~1100 A in accordance 
with the geometrical conditions concerning the 
crystal modification and the cavity thickness, 
which is in fairly good agreement with the 
experimental observation. (4) The formation 
of the characteristic inter-crystallite voids can 
be explained in the similar way. 
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Radiation damage effects by X-ray in rochelle salt are studied experi- 
mentally and theoretically. Double hysteresis loop is explained as 
a superposition of two biased single loops. Each biased single loop cor- 
responds to each of the two oppositely polarized domains, of which the 
crystal is composed. Single domain crystals show biased single loops 
when damaged, and the internal bias thus induced can be compensated by 
an external dc biasing field. But the Curie point of the damaged crystals 
compensated by this suitable external field is lower than that of the virgin 
by 4T, which depends upon the X-ray dosage. In this respect the effect 
of damage differs from that of the stress. It is assumed that the ir- 
radiation gives rise to polar anisotropy centers which produce effective 
bias fields in undamaged ferroelectric regions. Irradiation time depen- 
dences of the spontaneous polarization, the coercive field and the internal 
bias are studied. A phenomenological theory is developed to explain the 
various phenomena. The polarization within the polar anisotropy center 


is estimated to be the order of 100 esu near the shifted Curie point. 


$1. Introduction 


Since Vigness” found coloring and disinte- 
gration in rochelle salt irradiated by X-rays 
in 1935, there has been no investigation on 
the radiation damage effects in ferroelectric 
substances. In 1956 Rogers?) observed that 
dielectric constant of BaTiO: is decreased and 
its 120°C peak disappears by pile irradiation. 
On the same substance several investigators?-® 
have studied the changes of their properties 
by radiation damages. Recently, Lefkowitz” 
found in BaTiOs with PbTiO; additive shifts 
of the Curie point and the other changes of 
properties due to pile irradiation. On the other 
hand, Iurin” found double hysteresis loop of 
y-irradiated rochelle salt, and Eisner®) observed 
that the dielectric constant of X-ray irradiated 
rochelle salt is increased by dc biasing field. 
Chynoweth” studied in detail the same effects 
and time-dependent phenomena of X-ray da- 
maged triglycine sulfate. Then several in- 
vestigators gradually became interested in the 
field of the radiation damage of ferroelectric 
materials. By Krueger! y-effects of rochelle 
salt, by Moulton et al.’ paramagnetic reso- 
nance of X-ray damaged rochelle salt and by 
Toyoda et al.’ diffused scattering in X-ray 
photograph of a heavily y-damaged rochelle 
salt have been studied. 

Investigations on impure or mixed ferroelec- 
tric materials which have similar phenomena 


to those of damaged crystals have been reported 
by several authors'?"'®. But the radiation 
damage of ferroelectric materials has not been 
studied theoretically as yet. We developed 
a phenomenological theory of X-ray damaged 
rochelle salt and made related observations. 
Since by the preceding study” it was suggested 
that there are similar phenomena near the 
upper and lower Curie points, only the upper 
Curie point is considered in connection with 
the ferro-para transition in this report. 


§2. Specimen and Experimental Apparatus 


Specimens were A-cut plates of about 0.1 
1.2x1.5cm’ cut out from a single crystal of 
rochelle salt. Electrodes were gold leaves 
which were attached on the polished surfaces 
moitsend by breathing without any adhesive. 
During the X-ray irradiation, the specimen 
was held in a copper vessel, the temperature 
of which was kept at about 5°C, unless men- 
tioned otherwise. 

The X-ray tube had a tungsten target and 
a beryllium window, and was running at 40kV 
and 15mA. The electroded specimen was 
irradiated through two sheets of aluminium 
foil 0.02mm thick each (the window of the 
copper vessel and the electrode of the sample 
holder) and a bakelite plate 1mm thick. Hys- 
teresis loops were obtained by means of the 
well-known Sawyer-Tower circuit at 60 cps on 
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(A) 


Fig. 1. Anomalous hysteresis loops of X-ray damaged rochelle salt crystals. (A) normal loop of 


(B) 


the virgin. (B) symmetrical double loop. 


of a damaged single domain crystal. 


a cathode-ray oscilloscope. For the measure- 
ment of the dielectric constant an ac bridge 
of frequency 1000cps and amplitude 5 V/cm 
was used. 


§3. Hysteresis Loops of Damaged Crystal 
and Stressed Crystal 


The hysteresis loop of a virgin crystal in 
in Fig. 1(A) was changed to a double loop in 
Fig. 1(B) after 3 hours irradiation. Some- 
times an asymmetrical double loop shown in 
Fig. 1(C) was also obtained. By application 
of a dc field of about 80 V/cm or of a shear 
stress during irradiation, the loop always be- 
came a biased single loop shown in Fig. 1 (D). 
When the dc field is positive the bias of the 
loop is negative and vice versa. These anoma- 
lous hysteresis loops resemble closely those of 
electrically or mechanically stressed virgin 
crystals, shown in Fig. 2. 

Anomalous hysteresis loops have been found 
on GASH by Holden et al.!®. The shape of 
the loop has been correlated with the location 
of the specimen in the mother crystal. This 
anomaly of the loop may be due to an internal 
stress in the crystal grown in the ferroelectric 
state. Therefore, at a first glance, the a- 


y Force 


& 


Zf 
(A) Single Stress 


Fig. 2. Hysteresis loops of stressed crystals. 


(B) Double Stress 


(C) asymmetrical double loop. 


(C) (D) 


(D) biased single loop 


nomalous hysteresis loops of these damaged 
crystals also may be considered as due to an 
internal stress produced by lattice imperfec- 
tions. It will be, however, shown below that 
they can not be entirely attributed to the 
internal stresses, and a new mechanism will 
be proposed. 


§4. Qualitative Explanation of Anomalous 
Hysteresis Loop of Damaged Crystal 


It was shown experimentally that when two 
ferroelectric condensers showing single loops 
are biased in the opposite directions, as in 
Fig. 3(A) and (B), and are connected in 
parallel, the resultant hysteresis loop becomes 
double as illustrated in Fig. 3(C). This result 
leads us to a qualitative explanation of a- 
nomalous loops of damaged crystals, making 
use of the method developed by Sawaguchi 
et al.’ in the study of aging and double loops 
of PbaCai-aTi0Os. 

By the effects of radiation damage, some 


(C) 


Fig. 3. Superposition of two biased loops. (C) is 
a resultant loop of two ferroelectric condensers 
of (A) and (B) connected in parallel. 
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dipoles may be stabilized in the direction of 
the spontaneous polarization and the crystal 
may be ‘given a property to be called “polar 
anisotropy”. When a single domain crystal 
which has positive spontaneous polarization 
under a mechanical or an electrical bias is 
brought into a state of positive polar aniso- 
tropy, the polarization will become difficult to 
reverse, and the hysteresis loop will be shifted 
to the negative E-direction, and vice versa. 
When a multi-domain crystal is damaged, each 
180° domain is brought into a state of anti- 
parallel polar anisotropy. Its hysteresis loop 
will change into a double loop which is obtained 
as a superposition of two loops biased in the 
opposite directions. Therefore, relative height 
of each partial loop in the double loop will be 
equal to the volume fraction of each domain. 


Dielectric dene. 


-20 


-10 O 
Lompic eG 


Fig. 4. Temperature dependences of dielectric 
3 hours irradiation and that of the virgin. 


tures from —27° to 35°C. Heights of the 
peaks are reduced and the transitions are blur- 
red in the damaged crystal. Peaks are shifted 
slightly to get closer to each other. Outside 
the two peaks, the Curie-Weiss law is no 
longer satisfied. By applying an external dc 
biasing field of proper sign and magnitude, 
the peaks can be sharpened, clear transitions 
revealed, and the upper peak shifted further 
to low temperature and the lower peak to 
high temperature”. 

In order to consider theoretically, tempera- 
ture dependences of susceptibilities of bised 


* “External dc biasing fiield” means a dc field 
superposed to the ac field in dielectric constant 
measurement, distingushing from “internal bias” 
which means a shift of the hysteresis loop. 
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No change of the domain structure occurs 
by the damage, but the damage causes the 
impression of the domain structure in the 
crystal, that is, the domain walls are stabilized 
and becomes unable to move until a strong 
electric field is applied, which is a function | 
of the degree of the polar anisotropy’”. Re- 
cently Abe! also proposed a theory to explain | 
the double loop in which the domain wall 
energy was taken to be a function of the © 
position. 


§5. Dielectric Susceptibilities vs. External 
DC Biasing Fields* of Damaged Crystal 
and Stressed Crystal 

Fig. 4 is a plot of the dielectric constants 
of a damaged crystal having a double loop of 

Fig. 1(B) and of a virgin crystal at tempera- 


10 20 30 


constant of a double loop crystal damaged by 


single loop crystals and effects of the external 
dc biasing field on them near the upper Curie 
point were measured in detail. For comparison 
those of a stressed crystal were also measured. 
(1) Biased Single Loop Crystal 

On application of a negative external dc 
biasing field to a crystal having a negatively 
biased single loop, the clear transition re- 
appears, and re-application of a positive field 
causes further blurring of the transition. Fig. 
5(A) illustrates this on a specimen having 
a loop of Fig. 1(D). Under the external dc 
biasing field of —220 V/cm, its peak was the 
sharpest and the position was shifted to the 
lowest temperature. Negative fields stronger 
than this blurred the peak and shifted its 
position to high temperature again as shown 
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by dotted lines in Fig. 5(A). By positive 
fields, only decreases in the peak height and 
shifts of the position to the high temperature 
occurred. Fig. 5(B) is the plot of the recipro- 
cal susceptibility. Under the external biasing 
field of —220 V/cm, it satisfies the Curie-Weiss 
law, the constant of which is the same as 
that of the virgin crystal above the Curie 
point. The difference of the Curie tempera- 
ture between the damaged and the virgin is 
about —1.3°C. 
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Fig. 5. Effects of external dc biasing fields on 
dielectric constant and reciprocal susceptibility 
of a biased single loop crystal damaged by 3 
hours irradiation. 
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Fig. 6. Effects of external dc biasing fields on 
reciprocal susceptibility of a stressed crystal 
of Fig. 2 (A). 
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(2) Comparison of Damaged Crystal and 
Stressed Crystal 

Fig. 6 gives effects of external dc biasing 
fields on reciprocal susceptibility of a stressed 
crystal of Fig. 2(A). The same phenomenon 
is found as in the damaged crystal, but one 
of the difference is the absence of shift of 
the Curie point in the case of the stressed 
crystal. Therefore, it turns out that the effect 
of radiation is not to introduce some internal 
stresses into the crystal. Reciprocal suscepti- 
bilities of some specimens damaged to different 
degrees are given as functions of the external 
dc biasing fields at temperatures near each 
Curie points in Fig. 7. 


22,5, Shr, 
0.015 i 

= 23.0°C, 3hr. 

5 23.2°C, 2hr 

@ 0.010 

$s 23.6°C 45min. 

[op) 

8 0005 

[o} 

a 

8 

& 


-600 -400 


-200 O 
Ext. DC Biasing Fietd 


200 

V/em 

Fig. 7. External dc biasing field vs. reciprocal 
susceptibilities of various damaged crystals of 
biased single loops at temperatures near each 
minimum positions in the plot of 1/7 vs. T as 
Fig. 5 (B). Irradiation time of each specimen 
and the temperature at dielectric constant meas- 
urement are written in the figure. Irradiation 
temperature is 5°C. 


§6. Temperature Dependence of Internal Bias 

Relation between the temperature and the 
internal bias as defined by Fig. 8 for the 
oscilloscope data is given in Fig. 9. The in- 
ternal bias has a weak temperature dependence. 
Fig. 10 shows hysteresis loops at various tem- 


peratures. 


Ec FEb Psa 


Fig. 8. Definitions of spontaneous polarization Ps, 
coercive field H, and internal bias FH. 
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Fig. 9. Temperature dependence of internal bias 


obtained from oscilloscope data. 


—14.4°C 


iC 


—2°C 


Zee 
Fig. 10. Variation of the shape of double loop 
with temperature. 
§7. Spontaneous Polarization, Coercive Field 
and Internal Bias vs. X-ray Irradiation 
Time 
Variation of Ps, Ee and £, with irradiation 
time are given in Fig. 11(A). No electric 
field was applied except an ac field of about 
1 minute duration necessary for taking oscil- 
lograms. Fig. 12 shows changes of the shape 
of the hysteresis loop. Ps decreases slightly 
but steadily, E. increases and E, increases 
almost linearly with irradiation time. These 
features are somewhat different from those of 
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triglycine sulfate®. The sweep amplitude for 
the loop observation was made sufficiently large 
in anticipation of increases in Ee and Ep». 
Irradiation under influences of an ac field 
larger than coercive field didn’t give any bias 
effect in the hysteresis loop. As shown in 
Fig. 11(B), in comparison to the case of no 
field in Fig. 11(A), Ps decreased in the same 
manner but the increase in Ke was more rapid. 
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“200 
min. 
Fig. 11. Spontaneous polarization, coercive field 

and internal bias vs. irradiation time. (A) referes 

to irradiation without and (B) to with ac field of 

2000 V/cm at about 5°C. 


150 min. 


60 min. 240 min. 


Fig. 12. Variation of the hysteresis loop with 
irradiation time. 


This specimen damaged under the influences 
of the ac field had time-dependent phenomena. 
At the removal of the ac field there appeared 
a meta-stable internal bias in the loop which 
was annealed out gradually either by re- 
application of the ac field or by heating. 
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Crystals damaged above the Curie point had 
the same feature. On the other hand, the 
internal bias produced by irradiation without 
an ac field at the ferroelectric temperature 
region which is treated in this report is stable 
against electrical and thermal agitations. It 
seems that the spontaneous polarization which 
stays constant while the crystal is irradiated 
is necessary to obtain the permanent internal 
bias. These phenomena which are important 
for study of the radiation damage mechanism 
will be investigated in the near future. 


§8. Basis for Theoretical Treatment 


In order to explain the various phenomena 
mentioned above theoretically, we assumed, 
following Sawaguchi et al.’°, a simple model 
as below. 

(1) When a crystal is damaged at the fer- 
roelectric temperature region without an ac 
field, some dipoles are stabilized in the direction 
of the spontaneous polarization, that is, polar 
anisotropy centers are introduced. 

(2) The polar anisotropy centers show a 
paraelectric behavior in response to their ex- 
ternal field. 

(3) The polar anisotropy centers interact 

with the other ferroelectric region. 

Symbols to be used are; 

4: volume fraction of the ferroelectric part 

in the crystal, 

#22 volume fraction occupied by polar aniso- 
tropy centers, where 24+ y=1, 

: polarization of the 4 region, 

: polarization of the » region, 

P,: polarization of the ~ region without field, 

P: resultant polarization of the crystal ob- 
servable on the oscilloscope, 

7: electric field of the 2 region, 

: electric field of the region, 

external field of the crystal, 

interaction constant between the 4 and 4 

regions, 

dielectric susceptibility of the “ region. 


Q 


It is assumed that, 


ee free energy of unit volume 
of the 4 region, 

ds eeeippeed one free energy of unit volume 

CARO: 


of the w region, and 
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ee 


9 interaction energy between 


the 24 and yv regions. 


Then, the free energy of a unit volume of a 
damaged single domain crystal U is 

1 1 lu 
U=i| — xP? +— EP; | += (P,—P? 

(qxPe+ per) +5 EPP) 

+ TE) Pia 
From 0U/0P;=AE; and 0U/0Pa=pE«, we ob- 
tain 

Ey 1P7e EPP ERPs Pa); @l) 
and 


Ex== (P,— P) uk P,— Py | (2) 


§9. Fundamental Formula 
Since the distributions and the shapes of 
the two regions 2 and yw in the crystal are 


unknown, two special cases shown in Fig. 13 
are considered. 


mn q Ke 
E 
te 
Po { Bass! 
Fo 
(A) Paraller Type (B) Series Type 


Fig. 13. Two types of distribution of polar an- 
isotropy centers. 


(1) Parallel Type, Fig. 13(A) 
Polarization observed on the oscilloscope is 


P=AP;+ uP, . (C3) 
External field is EK=EH,;=E.. Hence, from 
Eq. (1) and (2) 


~P;+EP +k(P;—Px) LP, Poo (2) 


Reciprocal! susceptibility 1/y as a function of 

P; is obtained from Eqs. (1), (3) and (4), that 

is, 

1 dE __ A +Aok)\(x4+3EP;*)+ uk 

y  dAPs+HPu) —— po(y+3EP,*)+A+ok 
(5) 

From Eqs. (1) and (4) EF as a function of P; is 


: [—wkPot(yt+hoky+ uk)Py 


Sileioh 
+(1+Ack)EP;?) . 


(2) Series Type, Fig. 13 (B) 
From Eqs. (1) and (2) 


E 
(6) 
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Eee pE.=A4P;+&Ps)+ (Pu Po) Lie 


Assuming that the boundary of the two regions 
has no charge accumulation, electric displace- 
ment Dis D=E;+42P;=Ea+4xPua. Therefore, 


D=4P;+EPs+ BR Ps —Pa)+4nPz , (8) 
(9) 


D2 : (Ppp Pee 


From Eqs. (8) and (9) 


(xP, +EP;*) + (4n+k)(P;—Pa) + (Ps P,)a0n 


(10) 
Using Eqs. (7), (8) and (10), 
Macs 1 se dE 
€ 1+4zx7 dD 


is calculated, where e is the dielectric constant. 
As a result, 1/7 and E are the same functions 
of Py as those of the parallel type respectively, 


but (4z+k) substituted for k: 
1 _ [L+do(4n+k)\(x+3EP7*)+u4ntk) 


a7 po(x¥+3EP,?)+A+a(4r+h) : 
and 


4 1 
1+0(42+k) 
+ w(42+k)|P7+[1+20(4a+kRJEP;*} . 


{—pl4ar+hk)Pot [y+Ao(4r+hk)x 


§10. Calculation 


From the preceding section it is suggested 
that both the parallel and the series type 
distribution contribute to changes of ferroelec- 
tric properties in a similar way. So we will 
henceforth calculate on the parallel type only. 


eg.(li; P 


Fig. 14. Theoretical hysteresis loop of damaged 
single domain crystal. (schematical) HH), is the 
internal bias. The bias P, is not observed by 
the Sawyer-Tower circuit. The coercive field 
may be reduced largely by the domain wall 
motion in the experimental result. 
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(1) Hysteresis Loop of Single Domain Crystal 

Eq. (6) gives the functional relation between 
E and P;. But it is necessary to represent 
as a function of P, since observable hysteresis 
loops are E-P relations. From Eggs. (3) and (4) 


Poon) Prob) ell) 


U 

PP, ee 
Eqs. (6) and (11) give together the functional 
relation between FE and P, which is illustrated 
in Fig. 14 schematically. The loop is biased 
along the E and P axes by &» and P» re- 
spectively, and its shape is slightly changed, 
where 


LR 
=— or 12) 
Ev=— 7p Po (12 
and 
LU 
= : 13 
P, l+ok 0 ( ) 


But the bias P, is not observed by the Sawyer- 
Tower circuit?”. E, is the internal bias. 
(2) Spontaneous Polarization 
Spontaneous polarization P; under the ex- 
ternal dc field equal to the internal bias of 
the loop is obtained as below. In Eq. (6) 
putting F=f, 
— x0 +Aok)+ uk 
1+Ack 
Substituting this into Eq. (11), 
l+ok xX UR 1/2 
Po=P=—P= 7 aa 
; : Toeal e Las ; 
(14) 
Neglecting the higher order terms of yp, we 


obtain 
AS MY Be pee Sets C79) 
Prce{ -) E l+ok n). 


Change of the spontaneous polarization 4P; is 


EP/P= 


(15) 


AP — Pyg te 
l+ok 
where Prs=(—x/E)'/? is the spontaneous polari- 
zation of the virgin crystal. 
(3) Reciprocal Susceptibility and Effect of 
External De Biasing Field 
At the Curie point 7. of the virgin crystal 
where X=0, from Eq. (5) 
1 _ 30. +Aok)EP/? + vk 
N 3ucEP;?+A+ok 
Therefore, susceptibility stays finite even at 
. 
In order to have infinite dielectric constant 


IB (16) 


Oe 
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it is necessary 
a@-hidP*=). 
dition is 

(1+ 2ok)(y¥+3EP,?)+ uR=0 . (17) 
Differentiating Eq. (5) with respect to P= AP; 
+Pa by the aid of Eq. (11), the latter con- 
dition becomes P;=0. Substituting this into 
Eq. (6), 


that dE/dP=1/7=0 and 
From Eq. (5) the former con- 


UR 
1l+ok 
Therefore, the infinite dielectric constant occurs 
under the external dc biasing field equal to 
the internal bias at the temperature satisfying 
the next equation. Putting P;=0 in Eq. (17) 

uk 
Pienene? 
Curie point of the damaged crystal T=7-+4T 
sharpened by the external field is given by 
means of Eq. (18) and the relation y=(T—T-)/C, 
which is assumed to be satisfied just below 
the virgin Curie point. 7. and C are the 
Curie temperature and the Curie-Weiss constant 
of the virgin crystal respectively. That is, 

DR 
1+isk ~ 
It turns out that the Curie point is lowered 
by the damage. At this temperature 7-+47T 
the spontaneous polarization vanishes from 
Eqs. (14) and (18). Eliminating 4 from Eq. (12) 
and (19) 


Da 


Pas . 


(2 (18) 


AL=Cy=— (19) 


AT  1+o0k C 
Ey 1+ack Po ° 
(4) Curie-Weiss Law 
From the preceding argument x%>—k(1+ ok) 
above the Curie point of the damaged crystal. 
Then, under the external field E=E&., from 
Ea. (6)%7=0. Eq. (5) becomes 
1 (ltdaok)%+uk 
n poxtatok 
If o and k& are assumed to be temperature 
independent, temperature dependency of 1/y 
is 


(20) 


(21) 


eee eal 1+ok ) 
ae C \ pox tA+ok 
When 2~1, it becomes d/dT(1/7)=1/C natural- 
ly. 
(5) Hysteresis Loops of Multi-domain Crystals 
As depicted in Fig. 15, volume fractions of 
anti-parallel 180° domians are put @ (for 
positive P;) and 8 (for negative 2, eee Opn 
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Eq. (12), each a and 8 domains have single 
loops biased by 


respectively. Double loop is considered as 
a superposition of these biased single loops. 
Since spontaneous polarizations of both do- 
mains per unit area at E=E, are P; given 
by Eq. (14), ratio of the loop heights is equal 
to a/B. 


Domain Boundary 


|. 


(B) Series Type 


(A) Paraller Type 


Fig. 15. Distributions of polar anisotropy centers 
in multi-domain crystals. 


§11. Comparison Between Experimental and 
Theoretical Results 


(1) Hysteresis Loop and Internal Bias 
The theoretical hysteresis loop Fig. 14 ex- 
plains qualitatively the experimental result. 
But the bias P, can not be observed by the 
Sawyer-Tower circuit, and owing to the domain 
wall motion the theoretical hysteresis loop may 
give a value of the coercive field larger than 
the experimental value. From Fig. 1, the 
ratio of heights of the two partiai loops of 
the double loop can be considered to be equal 
to the ratio of the volumes of the anti-paralle} 
domains. From Eq. (12), if u is proportional 
to the X-ray irradiation time, the internal bias 
Ey, must increase linearly with the time. Fig. 
11(A) illustrates this fact. From Eq. (12), 
assuming that o and k are temperature in- 
dependent constants, Po may have the same 
temperature dependency as E> given in Fig. 9. 
(2) Shift of Curie Point and Estimation of Po 
Ratio of the shift of Curie point and the 
internal bias is given by Eq. (20). It depends 
upon the X-ray dosage through 4. In a slightly 
damaged crystal 4~1, then 
Aisin Ge 
Ey BOP. 
at A~1. Fig. 16 shows a relation between 
the shift of Curie point and the external dc 
biasing field which gives the sharpest peak in 
the plot of the dielectric constant vs. tem- 
perature. Four specimens have been damaged 
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by X-ray dosages of 45 min., 2hrs., 3hrs. and 
5hrs. irradiations. &, in the above equation 
is the internal bias (shift of the hysteresis 
loop). This internal bias at the Curie point 
could be obtained by the exterpolation of the 
plot of £.-T, for example Fig. 9. But it is 
difficult to verify experimentally that the in- 
ternal bias at the vicinity of the Curie point 
has the same value as the external dc biasing 
field which gives the sharpest peak, owing to 
the fact that the loop becomes slender near 
the Curie point and Fy is somewhat annealed 
by the strong ac field. From Fig. 9 the in- 
ternal bias at about 23°C is suggested to be 
almost a half of that at 5°C. By the com- 
parison of the external dc biasing field giving 
the minimum reciprocal susceptibility (shown 
in Fig. 7) to the internal bias at 5°C plotted 
in Fig. 11, taking account of the decrease in 
the internal bias witn temperature elevation, 
these two values may be assumed to be equal. 


ae 


oO 
° 
E 
x) 
o 
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Sg 
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S) 
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ep) 
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Fig. 16. Relation between the shifts of the Curie 


point and the external dc biasing fields which 
give the sharpest transitions in four biased single 
loop crystals damaged by various X-ray dosages. 


4T/E,=C/Po is the gradient at the origin of 

the plot of Ey vs. 4T, and may be approxi- 

mately 1.8°C/esu from Fig. 16. Putting C=178, 
P,~100-esu . 

Dipoles of this magnitude are stabilized by 

the irradiation, but the value may vary with 


temperature as mentioned at the end of the 
preceding subsection. 


(3) Spontaneous Polarization and Coercive Field 


From Egs. (14), (15) or (16) the spontaneous 
polarization decreases by increase of # with 
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irradiation time. Fig. 11(A) illustrates this 
fact too. The coercive field increases with 
the irradiation time. It may be suggested 
that some lattice imperfections introduced by 
irradiation prevent the domain wall motion, 
so that the coercive field is increased. 


(4) On the Quantities pw, o and k 

In Eg. (21) A=1—yo1 is necessary for 
d/dT(1/y)=1/C above the Curie point. Curve 
of 1/7 against temperature under a suitable 
external dc biasing field is parallel with that 
of the virgin as shown in Fig. 5. Then, it is 
suggested that A~1 or w<I1 in a crystal da- 
maged by such a dosage of irradiation. 

From Eqs. (12), (16) and (19) o and k may 
be represented by the known quantities and 
their numerical values may be estimated. 
Eliminating 2 and y» from Eqs. (12) and (19), 


L gate i oO 
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From the experiment the linear plot of 1/4T 
vs. 1/E, intersects with 1/4T axis near the 
origin, and o may be considered to be small 
in comparison with C=178. For these estima- 
tions a more abundant experimental data are 
necessary, which are left for the future study. 


§12. Summary and Discussion 


X-ray damage effects in rochelle salt were 
studied, and a phenomenological theory was 
developed. Main results are as follows: 

(1) X-ray irradiation at the ferroelectric 
temperature region gives rise to internal bias 
in the single domain crystal. The hysteresis 
loop is biased in the E-direction. The ferro- 
para transition is blurred. These properties 
resemble those of the externally biased virgin 
crystal. 

(2) This internal bias can be compensated 
by a suitable external dc biasing field. The 
dielectric constant is thereby increased and 
the transition is sharpened again. 

(3) There are some effects which are not 
compensated by the external dc biasing field. 
The Curie point of the damaged crystal shar- 
pened by the suitable external dc field is lower 
than that of the virgin crystal. The shift of 
of the Curie point increases with the irradia- 
tion time. The spontaneous polarization is 
reduced, and the coercive field is increased by 
the irradiation. Therefore, in comparison with 
the externally stressed virgin crystal, the ra- 
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diation damage does not only introduce the 
internal bias, but also gives rise to a new 
type of imperfection in the crystal which is 
treated in the theoretical investigation. 

(4) The internal bias increases linearly with 
irradiation time, and has a weak temperature 
dependence. 

(5) By the irradiation the domain structure 
is impressed in the initial structure which the 
crystal possessed before the irradiation. The 
multi-domain crystal shows double hysteresis 
loop, which is explained as a superposition of 
two single loops biased in the opposite direc- 
tions. 

(6) Irradiation under the influences of a 
strong ac field dose not give rise to any 
permanent internal bias, but increases in the 
coercive field occur. Crystals damaged above 
the Curie point have the same feature. 

(7) A phenomenological theory can explain 
successfully most of the above phenomena. 
The theory assumes a simple model, that is, 
some dipoles are stabilized in the direction of 
the spontaneous polarization by the irradiation, 
which act as polar anisotropy centers. The 
region occupied by the centers shows a para- 
electric behavior in responce to its external 
field, and interacts with the other ferroelectric 
region. The value of this stabilized polariza- 
tion is estimated to be about 100 esu near the 
shifted Curie point, and is suggested to have 
the same weak temperature dependence as 
that of the internal bias. 

The present author wishes to express his 
sincere thanks to Professor T. Nakamura for 
the kind guidances and encouragements, to 
Dr. E. Sawaguchi and Dr. R. Abe for their 
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valuable discussions, and to Mr. K. Toyoda 
for the helpful informations. 
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An Effect of Heat Treatment on WO, Single Crystal 


I. Various Patterns 
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After having been heated in vacuum with or without metallic vapor 
at a reduced pressure, WO; single crystals show various patterns, that 
is, a pattern composed of green stripes, a bluish splashed pattern, 


a pattern of dark lines, and so on. 


Each of them has its own habits of 
orientation with respect to the crystal axes as well as of color. 


Which 


type of these patterns does come out entirely depends on the condition 


of heat treatment. 


Introduction 


§1. 

Much attention has recently been payed by 
many authors to pretty but tiny pieces of 
WOs single crystals, especially because of an 
expectation for its being a ferroelectric or 
antiferroelectric substance.!-» A good many 
elaborate works have so far been devoted to 
measurements of a variety of physical proper- 
ties, including the X-ray analysis of the crys- 
tal structure’-!", the dielectric constant,}?) 
the electrical resistivity,”.!”.! the optical 
absorption threshold,» the indices of re- 
fraction,'® the heat capacity,?) the thermal 
expansion coefficient,” !” the domain struc- 
tures,!”.19-20 the Hall constant,!®) the thermo- 
electromotivity,?) and so on. 

However, its high electrical conductivity 
above room temperature and its volatility at 
still higher temperatures seem to have pre- 
vented its various important characteristics 
from being disclosed. For instance, its semi- 
conductive behavior blinds the intrinsic die- 
lectric property of the crystal. The tempera- 
ture dependence of the optical property is 
also obscured by its sublimation character. 

In addition to these circumstances, another 
strange and complicated phenomenon will be 
presented here in brief. Roughly speaking, the 
WOs single crystal has a perovskite structure 
modified from the BaTiOs one, the W ion 
being put in place of the Ti, and the site of 
the Ba ion being left unoccupied. The Oc- 
octahedra, therefore, are sharing corners with 
one another throughout the crystal. The 
crystal has several transition points near —40°, 
17°, 330°, 740° and 910°C. After having been 
heated in vacuum or in metallic vapor at least 
above its monoclinic-orthorhombic transition 


temperature (330°C), it shows various patterns 
in dependence on the condition of heat treat- 
ment. 


After the crystal has been heated in Zn 
vapor, it exhibits a pattern composed of a lot 
of obliquely crossed green stripes. When Na 
vapor is used instead of Zn, a bluish splashed 
pattern appears. When the crystal is heated 
high enough in vacuum without metallic 
vapor, another type of pattern comes out in 
the crystal. All of them are obviously differ- 
ent from the well known domain structure 
patterns of WO;. Which one of these types 
of pattern does occur entirely depends on the 
condition of heat treatment. However, the 
methods of crystallization have no influence 
upon this phenomenon, so long as the speci- 
mens are grown from the vapor phase. 


§2. Preparation of Specimens 


The specimens used were mostly thin plate- 
like c-crystals, about 50050050 in size. 
They were grown in crystalline form by con- 
densation of the vapor on a comparatively 
cold surface. The principle of this method 
has already been described in detail.” 

The powder materials of tungsten trioxide 
were obtained from both American and 
Japanese chemicals companies. In order to 
heat the powder above 1000°C, either kryptol 
furnaces or siliconite ones were utilized. 
Fused quartz and platinum crucibles were 
used with success. 

Various combinations of the crucibles, the 
furnaces, and the powders supplied by differ- 
ent makers were tested. The average size 
of the crystals produced is more or less de- 
pendent on the details of the crystallization 
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procedures. However, the phenomenon which 
will be described in the present paper is en- 
tirely independent of them, as far as the con- 
densation methods are concerned. 


§3. Green Stripes 


Either a fused quartz or a hard glass tube 
of lcm diameter and 20cm length is set 
horizontally. One end is fused and the other 
is connected to a pumping system via a stop- 
cock. The tube contains a number of WO; 
single crystals near the closed end, and a 
small boat made of hard glass with a piece 


Patterns of green stripes indu 


(fos, dle 
va ee (10-2 mm/div.) 


a-b domain boundaries. 
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of zinc metal on it, the latter being a few cm 
apart from the closed end. When the tube is 
evacuated, and then heated up to near 400°C 
by an electric heater wound around it, the 
vapor pressure of Zn is estimated at about 
10-' mmHg. 

The crystals prepared by the way mentioned 
in the last section are transparent and yellow- 
ish. After they have been heated up to 
about 400°C in the atmosphere of Zn vapor, 
and then cooled down to room temperature, 
microscopic observation reveals that many of 
them have green patterns as shown in Photo. 1. 


Het ea, 


ced by Zn vapor in thin crystals of WO;. Arrows indicate 
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The pattern is composed of a number of ob- 
liquely crossed green stripes against the 
yellowish background. These stripes appear 
sometimes thickly and sometimes thinly. The 
color of the stripes is sometimes dark green 
and sometimes light green. These variations 
seem to be due to the experimental conditions, 
that is to say, the pressure of the metallic 
vapor, the thickness of the crystal, the dura- 
tion and the maximum temperature of the 
heating procedure. 

However, several regularities may be 
pointed out as follows. The pattern is always 
composed of two groups of green stripes. 
Each of these groups takes a definite orien- 
tation with respect to the crystal axis, or the 
domain boundary of the monoclinic phase. 


Fig. 1. Schematic drawing of green stripes and 
a a-b domain boundary in the e-plane. 


lerealeneal 


Photo. 2. Green stripes and a-b domain bounda- 
ries indicated by arrows in a thin crystal of 
WO;. (10-2 mm/div.) 
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As depicted in Fig. 1, one encounters the do- 
main boundary at an angle of 8°, and makes 
an angle of 37.5° with the a-axis of the crys- 
tal. The other meets the domain boundary 
at an angle of 83°, and crosses the a-axis at 
an angle of 37.5°. These groups intersect 
each other at an angle of 75°. So far as 
these angles are concerned, such patterns in 
any adjacent domains form mirror images of 
each other with respect to the boundary wall 
between them, as shown in Photo. 2. 

Both edges of a stripe are sharply defined, 
while both ends of the stripe fade out gradu- 
ally. The stripe seems to be quite a thin 
band in the interior of the crystal. One of 
the band edges is located near the top surface 
of the crystal, while the other near the bottom 
surface. The inclination of the plane of the 
band is estimated at about 50° to the crystal 
surface (c-plane). Furthermore, it has often 
been recognized that some band has a fine 


Fine structure of green stripes in a thin 
(10-2 mm/div.) 


Photo. 3. 
crystal. 


Photo. 4. 
mm/div.) 


Green: stripes in a thick crystal. (10-2 
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structure composed of several lines parallel 
to the band edge, as shown in Photo. 3. 

In the previous paper,') it has been re- 
ported that the same pattern was observed 
only by heating the crystal in vacuum. At 
that time, the experiment was done with the 
aid of a vacuum vessel fitted with a platinum 
heating coil within it. There was a brass 
joint connecting the platinum wire with 
a copper rod in vacuum. Metal vapor which 
must have had emerged from the joint as 
a result of current flow was entirely over- 
looked. According to a series of the later 
experiments, Zn vapor is essentially necessary 
for inducing such a pattern of obliquely 
crossed green stripes in the crystal. 

It is, however, too soon to make a plausible 
decision about the reason why the pattern 
comes out. Needless to say, any definite 
conclusion should be preceded by much more 
detailed studies from all angles on the charac- 
teristic property of the pattern. Some infor- 
mations about its peculiar behavior are being 
prepared to be published in Part II. 

By the way, another type of stripes could 
occasionally be observed especially when thick 
crystals were tested. They are quite similar 
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Photo. 5. Splashed patterns induced by Na vapor 
in WO; single crystals. Arrows indicate a-b 
domain boundaries. (10-2 mm/div.) 
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Photo. 6. Dark lines induced in WO; single crys- 
tals by heating in vacuum at higher tempera- 
tures. Arrows indicate a-b domain boundaries. 


(10-2 mm/div.) 
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Photo. 7. Dark lines and a-b dom 
in a specimen placed between Nicols. 


boundaries 
(10-2 
mm/div.) 


in shape and color to the ordinary ones, as 
shown in Photo. 4. However, the angle be- 
tween the stripe of this type and the crystal 
axis is somewhat different from those men- 
tioned above. Even when there had been no 
indication directly after the end of heat treat- 
ment, some stripes could be detected one or 
two days later. 


§4. Splashed Pattern 

If the crystal is treated just in the same 
way as above in the atmosphere of Na vapor 
instead of Zn, it shows a complete change in 
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color from yellow to grass green, and besides 
a quite different kind of pattern is observed 
in it, as shown in Photo. 5. It resembles 
a splashed pattern composed of a lot of more 
or less blurred touches made with a brush in 
parallel with either the a- or b-axis of the 
crystal. These touches are all more or less 
different in color and in shade both from each 
other and from the background. Some ones 
are light greenish blue, and some ones dark 
blue gray. In addition, the pattern seems to 
be limited to the crystal surfaces in contrast 
to the green stripes mentioned in the last 
section. 

Magnéli and others have already performed 
the X-ray analyses of the structures of the 
alkali tungsten bronzes NazWOs, where x is 
larger than 0, and less than 1.2” The crystal 
structure is monoclinic for x less than 0.1, 
tetragonal for 0.1<x<0.3, and so on. Ac- 
cording to many other investigators, WOs has 
also a monoclinic structure at temperatures 
ranging from 17 to 330°C. On the other 
hand, according to Straumanis, the color of 
NazWO; changes from grass greenish to 
brighter blue gray, dark blue gray, blue to 
blue black, violet, red, orange, and yellow, 
with increasing value of x.?* 

These evidences may lead to an expectation 
that the splashed pattern might be due to 
diffusion of a minute amount of Na vapor 
into the interior of the crystal just near the 
surfaces. Such an expectation may also be 
supported by the experiment done by Brown 
and Banks*’. They have shown that the 
alkali tungsten bronzes can be prepared by 
the powder phase reaction, as a result of 
heating an evacuated Y-shaped hard glass 
tube with WO: powder in one of the closed 
ends and with Na metal in the other. 

When the crystal with such a pattern in it 
is heated in the air atmosphere, the crystal 
turns yellowish, that is, it recovers its original 


tint, only some traces of the pattern being 
left visible faintly. 


Other metals such as Hg, Cu, and Pb failed 
to induce any pattern, partly because the 
equipment used was not suitable for main- 


taining the vapor of these metals at a desired 
pressure. 


§5. Dark Lines 


When the crystal is heated as high as about 
610°C in a vacuum vessel without any me- 
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tallic vapor, it turns blue uniformly, and at 
the same time a number of dark lines crossing 
obliquely appears in it as shown in Photo. 6. 
When the crystal is picked out of the vacuum 
vessel into the air atmosphere, and heated 
again with a coal gas burner, or a nichrome 
furnace, it recovers its original tint, while 
the dark lines remain unchanged against the 
yellowish background. 

These dark lines are rather short compared 
to the green stripes described above. In ad- 
dition, these lines seem to be limited to the 
crystal surface in contrast to the green stripes. 
As far as a single domain is concerned, they 
run in the two definite orientations with 
respect to the crystal axes. They make an 
angle of either 19° or 71° with the a-axis, and 
intersect each other at an angle of about 52°. 
Qualitatively speaking, this habit is analogous 
to that of the green stripes, but they are 
clearly different from each other as regards 
the numerical values of their characteristic 
angles. 

In any case, taking a look at Photo. 7, it is 
readily seen that such a pattern of dark lines 
in any domain and a similar one in its ad- 
jacent domain are symmetric in orientation 
to each other with respect to the boundary 
line between the two domains. 

When the crystal was heated in vacuum at 
still higher temperatures than 720°C, dark 
lines appeared so densely that the crystal 
turned completely black and no patterns were 
distinguished. 

In conclusion, the authors wish to express 
their sincere thanks to Professor S. Sawada 
of Tokyo Institute of Technology for his kind 
arrangements for the preparation of specimens. 
The authors are also indebted to the Scien- 
tific Research Fund of the Ministry of Edu- 
cation for financial aid. 


References 


1) B. T. Matthias and E. A. Wood: 
84 (1951) 1255. 

2) S. Sawada: J. Phys. Soc. Japan 11 (1956) 1237. 

3) S. Sawada: J. Phys. Soc. Japan 11 (1956) 1246. 

4) R. Ueda and T. Ichinokawa: Phys. Rev. 82 
(1951) 563. 

5) R. Ueda and J. Kobayashi: 
(1953) 1565. 

6) W.L. Kehl,:R. G. Hay, and D. Wahl: 
Phys. 23 (1952) 212. 


Phys. Rev. 


Phys. Rev. 91 


J. Appl. 


7) G. Anderson: Acta Chem. Scand. 7 (1953) 154. 


8) J. A. Perri, E. Banks and B. Post: J. Appl. 
Phys. 28 (1957) 1272. 
9) C. Rosen, E. Banks, and B. Post: Acta Cryst. 


9 (1956) 475. 
10) S. Tanisaki: J. Phys. Soc. Japan 15 (1960) 566. 
11) S. Tanisaki: J. Phys. Soc. Japan 15 (1960) 573. 


12) S. Sawada, R. Ando, and S. Nomura: Phys. 
Rev. 82 (1951) 952. 

13) S. Sawada and G. C. Danielson: Phys. Rev. 
113 (1959) 803. 

14) T. Horie, K. Kawabe and T. Iwai: Ann. Rept. 


Sci. Works Fac. Sci. Osaka Univ. 4 (1956) 45. 
15) T. Iwai: J. Phys. Soc. Japan 15 (1960) 1596. 
16) S. Sawada and G. C. Danielson: Phys. Rev. 
113 (1959) 1008. 


Heat Treatment of WOs 


429 

17) M. Foéx: Compt. rend. 220 (1945) 917. 

18) K. Hirakawa: J. Phys. Soc. Japan 7 (1952) 
Sole 

19) S. Tanisaki: J. Phys. Soc. Japan 13 (1958) 
363. 

20) S. Sawada and G. C. Danielson: Phys. Rev. 
113 (1959) 1005. 

21) R. Ueda and T. Ichinokawa: Phys. Rev. 80 
(1950) 1106. 

22) A. Magnéli and B. Blomberg: Acta Chem. 
Scand. &S (1951) 372; A. Magnéli: Acta Chem. 


Scand. 5 (1951) 670. 
23) M. E. Straumanis: 
(1949) 679. 
24) B.W. Brown and E. Banks: 
Soc. 76 (1954) 96. 


J. Amer. Chem. Soc. 71 


J. Amer. Chem. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 16, No. 3, MARCH, 1961 


Magnetic Properties of Intermetallic Compounds in Iron- 
Germanium System: Fe,,,;Ge and FeGe, 


By Ko YASUKOCHI, Kazuo KANEMATSU 


Department of Physics, College of Science and Engineering, 
Nihon University, Tokyo 


and Tetuo OHOYAMA 


Department of Physics, Faculty of Science, 
Tokyo Metropolitan University 
(Received November 5, 1960) 


The magnetic properties of the two intermetallic compound # phase 
(Fe; ¢7Ge) and 6 phase (FeGe;), in Fe-Ge system, were investigated. The 
B phase has B8, type of crystal structure and is ferromagnetic with the 
Curie point 485°K, saturation magnetization at 0°K 1.59,,, and para- 
magnetic moment 3.14, per iron atom. The d phase has C16 type of 
crystal structure and exhibits a parasitic ferromagnetic behavior in which 
the Néel point, asymptotic Curie point, saturation magnetization at 0°K, 
and paramagnetic moment are 190°K, +90°K, 0.ll yz, and 2.432, per 


iron atom respectively. 
were given. 


§1. Introduction 


Recently, we have studied the magnetic 
properties of intermetallic compounds in the 
binary systems consisting of iron group tran- 
sition metals and IVb group elements in the 
periodic table; Mn-Ge”, Mn-Sn”, and Fe-Sn”. 
In the present study, we took up the system 
of iron-germanium and have carried out some 
magnetic measurements on the intermetallic 
compounds of this system. According to the 
phase diagram adopted by Hansen‘ on the 


Brief discussions on the magnetic structures 


basis of Ruttewit and Masing’s work, there 
are two intermediate phases in the iron- 
germanium system, 1.e. 8 phase about a com- 
position of 40 at. % Ge and 6 phase about a 
composition of 70 at. % Ge. The crystal 
structures of these phases have been deter- 
mined by Laves, Wallbaum® and Castelliz® 
to be B82 (NizIn) type for the ® phase and 
C16 (CuAl) type for the 0 phase. No inves- 
tigations, however, have been made on the 
magnetic properties of the alloys of this 
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system. According to our investigations”, 
the compounds Mn:Sn and Fe:Sn, which have 
the same (B8) type of structure as the 8 
phase are ferromagnetic, while the compounds 
MnSnz, FeSnz, and CoSnz, which have the 
same (C16) type of structure as the 0 phase, 
are not ferromagnetic but antiferromagnetic 
for the former two and paramagnetic for the 
last one. Thus, the magnetic properties of 
the both phases in this system are interesting 
in relation to those compounds with the same 
crystal structure. In this paper, will be re- 
ported the existence of a ferromagnetism in 
the 8 phase and a parasitic ferromagnetism 
in the 6 phase as well as brief discussions 
on their magnetic structures. 


§2. Preparation of Specimens and Experi- 
mental Method 


As seen from the phase diagram, both 
phases have considerable ranges of homoge- 
neity. To avoid the precipitation of other 
phases at room temperature, we choose with- 
in the homogeneity ranges the compositions 
Fe;Ges (Fei 67Ge) and FeGez as representatives 
of 6 and 6 phases respectively. The prepa- 
ration of the specimens was as_ follows: 
Powders of electrolytic iron (99.9%) and pure 
germanium (seven-nine purity) were mixed at 
the desired proportions, and the mixtures 
were charged in alumina crucibles, sealed in 
evacuated silica tubes, and melted at 1300°C. 
Finally, after homogenized for several hours 
at 800°C, they were quenched into water. 
The specimens thus obtained were examined 
by an X-ray diffractometer to ascertain their 
crystal structures. The temperature depen- 
dences of the magnetizations of these speci- 
mens were measured from the liquid oxygen 
temperature up to 900°K, under a field of 
7.9 kilo-oersteds, by means of a pendulum 
magnetometer in their ferromagnetic region, 
and also by means of a magnetic torsion 
balance in their paramagnetic region. In both 
apparatus the magnetization was determined 
by measuring the forces exerted on the speci- 
mens placed in an inhomogeneous field. 


§3. 6 phase 


For FeGez of the 0d phase, the temperature 
dependences of the magnetization o, and the 
reciprocal of the magnetic susceptibility x, at 
higher temperatures are shown in Fig. 1. 
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As seen in the figure, the phase is feebly 
ferromagnetic at low temperatures. This 
feeble ferromagnetism appears to be associat- 
ed with the antiferromagnetism exhibited by 
the isotypic compounds FeSnz and MnSnz, and 
is to be classified under parasitic ferromagne- 
tism. The small value of the saturation 
magnetization as well as the concavity of the 
1/%y—T curve of this specimen is in line with 
this proposal. Further support will be seen 
below. 

The saturation magnetization at absolute 
zero of temperature is estimated to be 3.15 
cgs emu/g, corresponding to ws=0.11 Bohr 
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Fig. 1. Magnetic property of FeGe,. Dependences 


of saturation magnetization and inverse suscep- 
tibility on temperature. 


magnetons per iron atom. The Néel point 
was determined to be 190°K by plotting a,? 
against. J and extrapolating the part with 
steepest slope to the temperature axis. The 
asympotic Curie point and the effective Bohr 
magneton number per ion atom m, determin- 
ed from the straight part of 1/%,—T curve 
is 90°K and 2.43, respectively. The X-ray 
diagram for our specimen could be interpret- 
ed by assuming a tetragonal, C16 (CuAl:) 
type of structure, with the lattice parameters 
a=5.91,A, c=4.962:A and c/a=0.839, which is 
in fair agreement with Wallbaum’s results”. 
The density 7.36 g/cm? measured by a picno- 
meter gave 3.82 formula weights of FeGe 
per unit cell. 

Now, we shall give some considerations on 
the magnetic structure of this compound. 
As in the case of MnSn2”), the whole lattice 
of the magnetic atom is classified into two 
crystallographically equivalent sublattices 
specified by antiparallel spin orientations. As- 
suming that the spin moments of every iron 
atom S=1, and Landé factor g=2, mp is cal- 
culated to be 2.82, which may be compared 
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with the experimental value 2.43. Further 
assumption that the 0.18 vacant sites of iron 
are distributed only in one of the two sub- 
lattices leads to a value my=0.095, as the un- 
compensated magnetic moment per iron atom, 
which is very closed to the experimental 
value 0.11. Thus the parasitic ferromagne- 
tism of the compound may be considered to 
come from the destruction of the perfect 
compensation of spin moments in an other- 
wise antiferromagnetic substance by vacant 
sites in the crystal lattice. 


Fig. 2. Crystal structure of § phase in Fe-Ge 
system (C16 type) and proposed spin arrange- 
ment. Spotted circle: Ge; open circle: Fe. d; 
=2.48A, d2=4.18A, and d3;=4.86A in FeGey. 


Fig. 2 shows the structure of the compound 
together with the antiferromagnetic spin ar- 
rangement which underlies its parasitic ferro- 
magnetism. The nearest neighbor Fe-Fe 
' distances and the angles of Fe-Ge-Fe are 
2.48A and 59° for the pairs of iron atoms 
along the c axis (first neighbor), 4.18A and 
112° along the face diagonals (second neigh- 
bor), and 4.864 and 148° along the body 
diagonals (third neighbor). 

Now we introduce a positive superexchange 
interaction between iron atoms through a 
germanium atom, similar to those proposed by 
us in manganese-tin alloys”. The interaction 
in the present compound is considered to be 
stronger than in manganese-tin, because the 
nature of bonding of germanium is more 
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covalent than that of tin. Then, the magne- 
tic structure may be considered to be as fol- 
lows: Between the first neighbor iron atoms, 
the direct interaction may be assumed to be 
negative and superior to the superexchange 
interaction through germanium atom, to which 
the angle of Fe-Ge-Fe may be unfavorable. 
On the other hand, between the second and 
the third neighbors, the positive superexchange 
interaction may be dominant. If the interac- 
tions between the first and the third neighbors 
overshadow that between the second neighbors, 
the spin arrangement shown in Fig. 2 will be 
realized in the compound, and, as has been 
mentioned, the partial failure of this spin ar- 
rangement may be localized at the vacant 
sites in one of the two sublattices, giving rise 
to the parasitic ferromagnetism of the 6 
phase. 


§4. £6 phase 


In the composition of Fe;Ges (Fe:.«:Ge) of 
the 8 phase, a new ferromagnetic material 
was found. The saturation magnetization 
and the reciprocal of the values of the magne- 
tic susceptibility above the Curie point are 


plotted against temperature in Fig. 3. The 
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Fig. 3. Magnetic property of Fe; 6;Ge. Depen- 
dences of saturation magnetization and inverse 
susceptibility on temperature. 


og—T curve is similar to that of a typical 
ferromagnetic substance. It is shown that, 
near the Curie point, the 1/%,—T curve is 
convex against temperature axis, and that the 
Curie-Weiss law holds very well at higher 
temperatures. The saturation magnetization 
oo at absolute zero of temperature, extrapolat- 
ed from the o,—T curve is 89cgs emu/g, 
which corresponds to 1.59 Bohr magnetons 
per iron atom. The Curie point Tv deter- 
mined from og2—T curve by extrapolation is 
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485°K. The paramagnetic Curie point @» and 
the effective number of Bohr magnetons per 
iron atom, which are determined from the 
linear part of 1/%,—T curve, are 540°K and 
3.14, respectively. 

As examined by an X-ray diffractometer, 
the specimen of Fe:.«7Ge used in this study 
had B82 type of structure with lattice para- 
meters a=4.02:A, c=5.02;A and c/a=1.250, in 
accordance with Castelliz, Laves and Wal- 
Ibaum. And the measured density 7.93 g/cm’ 
gives 2.01~2 formula weights of Fe:.67Ge per 
unit cell. Then the atomic arrangement in 
the lattice points is determined by the in- 
tensity analysis of the X-ray diagram to have 
the same feature as that of Mn177Sn”, 
namely, 


2 Teeiial 2a) ea, 0; 0; 0, 0, te? 

2Geasin, i2(6). UiBn2/Seb/4; 2eiel/s, 3/43 

1,33: Fe:in 2(d)1/3512/8; 3/43" 2/deay/3y 4/4: 
It is seen in Table 1 that the intensities of 
diffraction lines calculated on the basis of 


this arrangement are consistent with those 
measured for our specimen. ‘Thus, as shown 


Table I. X-ray diagram of Fe, ¢,Ge 
observed calculated 
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in Fig. 4, the whole lattice of the compound 
can be divided into two sublattices; sublat- 
tice A consisting of 2(a) (spotted circle), and 
B consisting of 2(c) and 2(d) (open circle), 
which are not crystallographically equivalent 
to each other. 

Now we assume the magnetic moments of 
individual iron atom to be those correspond- 
ing to the following spin quantum numbers: 
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Sails aioe 7, Fe in A sublattice 
S=1/2 for 1.22 Fe in B sublattice. 


Then ny and my? may be calculated from 
these values as the weighted means of gS 
and S(S+Dg?, giving 1.60 and (2.45)? respec- 
tively, which agree with the experimental 
values mentioned above. 

From a point of view of molecular field 
theory, the interactions among the magnetic 
atoms can be described by three coefficients, 
a, B and y, which denote the interactions 
within A sublattice, within B sublattice, and 


Fig. 4. Crystal structure of @ phase in Fe-Ge 
system (B8, type). Spotted circle: A sublattice 
(2(a) site). Open circle: B sublattice (¢ and d 
mean 2(c) and 2(d) sites respectively). d; 
=2.51A, d2=4.02A, and d3=4.77A in Fe; ¢:Ge. 


between the two sublattices, respectively. In 
view of the feature of the o,—T curve and 
the convexity of the 1/%,—T curve of the 8 
phase, all the interactions a, 8 and 7 may be 
considered to be positive (ferromagnetic). 
Assuming the existence of the same kind of 
indirect interaction as in the case of the 6 
phase besides the direct one, the three posi- 
tive coefficients of interaction may be under- 
stood as follows: The interaction within A 
sublatice, a, consists of direct interations 
between the nearest neighbor iron atoms, 
which are 2.51A apart, and of the indirect 
interactions between second and third neigh- 
bors, which are 4.02A and 4.77A apart and 


1961) 


make angles Fe-Ge-Fe of 99° and 128° re- 
spectively. Though the Fe-Fe distance which 
is nearly equal to di in the 6 phase (Fig. 2) 
may lead to a negative direct interaction, it 
may be probable that, in favor of Fe-Ge-Fe 
angles, the positive indirect interactions are 
strong enough to overcome it. Next the in- 
teraction within B sublattice, 8, is purely due 
to the superexchange interaction between iron 
atoms through intervening germanium atom, 
which is 2.32A apart from both iron atoms 
and makes angle of Fe-Ge-Fe 120°. Finally, 
as to the interaction between the two sub- 
lattices, 7, the corresponding Fe-Fe distance 
is 2.64A, and it can be considered that the 
positive superexchange interaction, here again, 
plays an important role, making the resultant 
interaction fairly strong positive one. 

The authors wish to express their hearty 
thanks to Prof. S. Iida of Tokyo University 
and Prof. R. Kimura of Tokyo Metropolitan 
University who gave them an oppotunity to 
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Magnetic and crystallographic properties have been studied of the system 
(La,_ySry)MnO, with varying values of y and a. It is found that the 
compounds with y=1 crystallize in the perovskite-like structures provides 
that ~ is lower than a certain limit. Perovskite-like SrMnO,, containing 
both Mn+ and Mn‘+ does not show any spontaneous magnetization 
above the liquid nitrogen temperature, and their paramagnetic Curie 
temperature is negative, in contrast with the well-known ferromagnetic 
behavior observed in La-rich manganites. Hence in these compounds no 
evidence of strong positive Mn3+—Mn‘+ interaction is obtained. The 
susceptibility measurements show that Mn3+—Mn?+ interaction in Sr-rich 
cubic perovskite is negative. This fact is consistent with Jonker’s results 
that in cubic perovskite manganites such as (La, Ca)MnO3Mn3+ —Mn3+ 
interaction is positive for large cell dimensions while it is negative for 


small cell dimensions. 


§1. Introduction 

In the preceding paper) we reported magnetic 
and crystallographic properties of two systems 
of perovskite-like compounds, (La, Sr)FeOz and 


(La, Sr)CoOz. It was found that their crys- 
tallographic as well as magnetic properties are 
greatly influenced by the value of x, or the 
concentration ratio of tetravalent to trivalent 
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ions. It may be interesting, therefore, to 
study in a similar way other systems for 
which properties for “non-correct ” samples 
have not been fully investigated. In this 
paper we shall report some of the results 
obtained with respect to the system (La, Sr)- 
MnO.z. 

The properties of La-Sr manganites’-*’, as 
well as analogous manganities®—”? have been 
the subject of considerable amount of. investi- 
gation. Strong ferromagnetism has been found 
in La-rich manganites, and it was ascribed to 
positive Mn*+—Mn*+ and Mn*+—Mn‘** interac- 
tions. Jonker‘ points out that these interac- 
tions may be of the semicovalent type suggested 
by Goodenough, and the former interaction is 
dependent on interatomic distances, being 
positive for large separations while negative 
for small separations. But since his conclusion 
is based on the experimental results on La- 
rich “correct” perovskites, the range of y is 
limited, and, moreover, the coexistence of 
negative Mn‘+—Mn*‘* interaction makes the 
statement uncertain. We shall show in this 
paper that evidence for negative Mn?+—Mn?+ 
interaction is fully produced by the experiments 
on “non-correct ” samples. 


§2. Experimental Procedure 


The procedures of preparation of the samples 
were similar to those in reference 1. Starting 
materials were pure LazO:, SrCOzs and MnCOs. 
Since higher annealing temperatures, however, 
were needed for obtaining specimens of low 
Mn‘* ion content, a high-frequency vacuum 
induction furnace was used; _ prefired samples, 
pressed into bricket form, were put in high- 
alumina crucibles, which were put in graphite 
crucibles, heated to the scheduled temperatures, 
maintained about 30 minutes there, and then 
furnace-cooled. 

Each specimen was chemically analyzed for 
total Mn and Mn‘+, following the standard 
method in the chemical analysis department 
of our Institute. 


X-ray powder patterns were taken of many 
of the samples in the X-ray research laboratory 
of our Institute, with 11.46 cm diameter camera 
and Fe anticathode tube. 

Care was taken not to unduly oxidize the 
pulverized samples before measurement. 

Magnetic measurements were made just in 
the same way as in reference 1. 
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§3. Crystallographic Study 
Fig. 1 shows the result of chemical analysis 


and crystallographic study on a diagram, | 


taking as the abscissa y, Sr concentraction, 
and as the ordinate Mn‘+ concentration 
total Mn. 
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in. 
Samples labeled as A are those | 


heat-treated in the air and have oxygen in> 
excess of correct amount (x=3), except for. 
y=1, corresponding closely to SrMnOs, which 


is not perovskite-like. Samples labeled as V; 


are those heat-treated in various temperatures. ~ 


Roughly estimated phase boundaries are alsc 
drawn in the figure.* 
One of the striking features of the diagram 


in Fig. 1 is the appearance of perovskite-like — 


structure at y=1; SrMnO,z is cubic when Mn** 
concentration is about 25% (x=2.64). At 
higher concentrations of Mn‘t, there appears 
a tetragonal distortion with c/a>1, while at 
lower concentrations (in the presence of Mn?*) 
there appears a monoclinic distortion with 
b/a(=c/a)<1. The cubic SrMnO;z has _ the 
smallest cell volume in the whole system. 
Fig. 2 shows the difference in lattice para- 


meter variations with y between A samples 
the | 


and V samples. In the A-preparation, 
perovskite-like phase breaks off at y=0.45. 
In the V-preparations, the existence range of 
the perovskite-like phases is widened, and the 
cell volume decreases as y increases. 

Table I gives the analytical and crystallo- 
graphical data for several specimens. 

The above crystallographical results are 
consistent with the consideration based on the 
tolerance factor. Jonker and Van Santen? 
discussed the stability of the perovskite (ABOs) 


compounds in terms of the Goldschmidt 
tolerance factor 
j= Peale TAs 2! 
V 2 (rvotra) 4 


where 74, 72 and 7“ are the radii of the A 
(large), B (small) and 0 ions, respectively. 
Using Goldschmidt’s values as the radii, they 
found the maximum possible value of ¢ for 
the existence of perovskite-type compounds: 


ba 00968. 
If we apply this rule to the system SrMnO,z, 


* The constitution diagram presented here may 
probably be a very incomplete one, in that the 
samples are not prepared at the same temperature, 
nor are they quenched from the preparing temper- 
atures. 
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Table I. Crystal symmetry and lattice parameters of some of the (La, Sr)MnO, samples. 


Specimen ei % rye : 
Lattice parameters 
Mn?+ %* symmetryf 
LaMnO,A Stel Rbh a=3.88 A, B=90°38’ 
LaMnO,V, 10.4 Mon a=3.95A, b=3.84A, c=a, B=91°55! 
LaMnO,V; Mon a=3.97 A, b=3.85A, c=a, B=92°10' 
Lao 9Sro.s.MnO,A 36.0 Rbh a=3.88A, 8=90°32’ 
Lao.9Sro.1MnO,V; Als il Rbh 
Lao sSrp 2MnO,A Alt Rbh Sacto IN 
Lao. sSto.2MnOzVs 9.9 Cub a=3.88A 
Lao.7Sro.sMnOzA 53.0 Rbh a=3.87 A, 8=90213 
Lao.7Sro.3MnO.,V; 36.4 Cub a=3.88A 
Lao .6Sto.4MnO,A 60.7 Rbh 
Lao.¢Sto..4MnO,V; | 39.9 Rbh a=3.87A 
Lao ¢Sro.4MnO,V¢ 18.8 Cub a=3.86A 
Lao sSto,5MnO,A Aki Rbh+SrMnO3 
Lao sSro.sMnO,V;, | 49.7 Rbh a=3.86A 
Lap sSro.sMnO.V6 oe eect Cub a=3.87A 
Lao 4Sro.6MnO,A 82.1 Rbh+SrMnO; 
Lao 4Sro.6MnO,V¢ eG Cub a=3.86A 
Lao. 3Sro.7MnO,V¢ 6.3 Cub a=3.85A 
Lao. 2Srp. sMnO,V3 47.3 Cub G@=sr02h 
Lap. 1Srp.9MnO,Vo 61.0 Cub+SrMn0Oz Cub a=3.84A 
Lap. 1Sto.9>MnO,V. 40.0 Cub | a=3.80A 
SrMnO,A 99 SrMnO3; 
SrMnO,V2 65 Tet+SrMnO3 Tet a/’=3.79 A, c!=3.84A 
SrMnO,V; 23.6 Cub a=3.80A 
Cub a=3.80A 
SrMnO..V; 5 =5 7 Cub+Mon Mongas— 3284/6! — 3/9 Ace o; 
B’=91°36! 


+ Cub=cubic, Rbh=rhombohedral, Mon=monoclinic, Tet=tetragonal. 
* Negative sign represents Mn2+ concentration instead of Mn‘r. 


we find that the maximum possible value of 
p, Mn‘+ concentration, for the existence of 
perovskite-type structure is 


Pmax=0.67 (Point Q in Fig. 1). 
In a similar way we find the corresponding 
' value for the system LaMnO:: 


Pmax=0.88 (Point P in Fig. 1). 


The values for the system of (La, Sr)MnOz 
should lie on a line connecting P and Q, as 
indicated by the chain line in Fig. 1. 
Although the number of specimens in our 
study is not sufficiently large for the test 
of such a criterion, qualitative validity of this 
expectation is borne out, with somewhat lower 
critical Mn‘*+ concentrations than expected. 
Jonker discusses further distortion from 
cubic to monoclinic symmetry using Megaw’s 


criterion. If we assume that that the struc- 
tural change takes place at the value of ¢ 


t=0.9 , 


we find that in the system LaMnOz, the critical 
value of ¢ corresponds to p=0.13 (Point R in 
Fig. 1). Values found experimentally are: 
p=0.125 after Jonker*’, and /=0.20 after Wold 
and Arnott®). Our result is also consistent 
with these values. In the system (Lai-ySry)- 
MnO3-y/2, corresponding to p=0, viz., with no 
Mn‘+ and Mn?* ions, monoclinic distortion 
would be possible for y<0.6 whereas the ex- 
perimental data (e.g.y=0.2, Ve or y=0.5, Ve) 
indicate that the cubic phase is more extended 
than expectation. In the system y=1, viz. 
SrMnOz, the criterion predicts the monoclinic 
distortion when /<—0.06, namely when the 
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ions. 
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compound contains 6% Mn?* ions in total Mn 
The sample V;; roughly substantiates 
this prediction. 


carried out for all specimens. For samples 


with compositions y<0.4, our results are in | 
qualitative agreement with Jonker’s‘?. The | 


significant result in Jonker’s measurement that 
the Curie-Weiss law is obeyed in samples with 
0.2<y<0.4 is also confirmed in our experiment. 
In the region y>0.4 we observed curved 1/%—T 
relation. The curvature becomes more and 
more accentuated as y increases or x decreases 
(Fig. 3). 

SrMnO, samples with any value of x have 
no spontaneous magnetization above the liquid 
nitrogen temperature (Fig. 4), and they have 
definitely negative Curie temperatures, indicat- 
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Fig. 1. Mn++ concentration of specimens against 
y (Sr concentration), as determined by chemical 
analysis. A: Samples heat-treated in the air 
at 1300°C. V;: Samples heat-treated in vacuo 
at (1000+7%x100)°C. The dotted line represents 
the correct compositions. The upper chain line 
gives the boundary which separates the perovs- 
kite-like phases from others, and the lower 
chain line gives the boundary between cubic and 
monoclinic perovskites, as anticipated from the 
tolerance factor. 
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§4. Magnetic Study 


Measurements of the paramagnetic suscepti- 
bility above the Curie temperature have been 


* These lattice constants refer to single perovs- 
kite cells, although some of the samples showed 
fairly apparent doubling of the cell edges. 
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Fig. 5. Paramagnetic Curie temperature (Op)vs 
composition (y) of the Vs-samples (V5.5 for GV); 


ing predominantly antiferromagnetic interac- 
tions between magnetic ions. 

SrMnOs, whose crystal structure is different 
from perovskite”, is also non-magnetic, and 
has negative paramagnetic Curie temperature. 
We may say that in this compond Mn!t—Mn‘t 
interaction is negative. ; 

In Fig. 5 we have plotted the paramagnetic 
Curie temperature 0» of Sr-rich specimens with 
small concentrations of Mn‘+ ions. 9» changes 
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its sign near y~0.6. 

Saturation magnetization has been measured 
of the samples above the liquid nitrogen 
temperature. Except for details it is similar 
to Jonker’s result (Fig. 6). It is to be noted 
that the value for y=0.7, Ve is fairly smaller 
than that for V: or Vis. 

Temperature dependence of the saturation 
magnetization of some specimens is given in 
Fig. 7. It has been found that the reduced 
saturation magnetization vs reduced tempera- 
ture curves do not agree in general with the 
usuall Brillouin-type curves.* 
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Fig. 6. Saturation magnetization at liquid nitrogen 
temperature of some (La, Sr)MnO, samples. 
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Fig. 7. Reduced magnetization vs reduced temper- 
ature curves of some of the (La, Sr) MnO, 
samples. o denotes the extrapolated values of 
magnetization at absolute zero, @ denotes the 
ferromagnetic Curie temperature obtained by 
extrapolating the reciprocal susceptibility values 
to zero. 


§5. Discussion 
Jonker” pointed out that Mn?+—Mn‘** interac- 


3 Unusual temperature dependence as was report- 
ed in reference 2 for y=0.6 has not been found 
in our experiment. 
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tion is positive if the interionic distance is 
large, while it is negative if this distance is 
small. This conclusion was drawn from the 
moment arrangement in LaMnOs, and also from 
the saturation magnetization in the system 
(La, Ca)MnO;. Our experiment reveals further 
evidence of this statement in the system 
La:_ySr,MnO;, since cubic samples with y>0.6 
have negative Mn*+—Mn** interaction in 
increasing amount with decreasing lattice 
dimension (Fig. 5). Such a dependence on 
interionic distance may be a result of the 
combined effect of various types of interaction. 

Goodenough’? assumed that Mn*+—Mn'+ 
interaction is antiferromagnetic if cation dy 
orbitals directed towards the intervening 
oxygen ion are both occupied or both empty, 
while it is ferromagnetic if one is occupied 
and the other is empty. This assumption 
explains the spin arrangement in LaMnOs. 
In cubic perovskites the bond ordering as has 
been suggested by Goodenough is destroyed, 
both of the degenerate dy orbitals being 
occupied with equal probability. In such a 
case the sign of interaction may be determined 
by the relative magnitude of the various types 
of interaction. The experimental data suggest 
that the antiferromagnetic interaction over- 
comes the ferromagnetic interaction if the 
interionic distance is small. 

In order to estimate the energy of Mn?+— 
Mn** interaction as a function of Mn*+—Mn?+ 
interionic distance, the molecular field treat- 
ment was applied to the layer-antiferromagnet- 
ic spin system as well as to the cubic spin 
system. In the former system (monoclinic, 
b/a<\), the following equations hold: 

633(@) + $033(b) = 30 p 
and 

A33(a) —4033(b) =3 Te, 
where 63; denotes the energy of Mn?+—Mn3+ 
interaction expressed in degrees Kelvin, Oy 
and TJ. are the paramagnetic and the Néel 
temperatures, respectively. As for LaMnOs, 
Vs (in the monoclinic range), @,=65°K and 
Tc=140°K (See the inset in Fig. 3(@))*, whence 
we obtain 


A33(a) = [ASKS A33(6)= —56°K. 


* Here it is assumed that incomplete compensa- 
tion of the magnetizations of the two antiferro- 
magnetically coupled sublattices produces non-zero 
net magnitization below T¢. 
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On the other hand, the values of 033 for cubic 
samples with small Mn‘+ concentrations have 
been derived by simply equating it to On, 
neglecting the presence of Mn*+—Mn‘+ and 
Mn‘+—Mn*‘+ interactions. The result is plotted 
in Fig. 8. @s3(b) for SrMnOz, Vs.s has been 
obtained by assuming the value of @s3(@) for 
the same specimen to be —200°K. 
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Fig. 8. Mn3+—Mn+ interaction vs Mn3+—Mn3+ 
interionic distance,d. @LaMnO,;, V;, low tempe- 
rature. eLaMnO,, V;, hightemperature. XLap.g 
Sro.2MnO,, Vs. +Lao.sSro.sMnOz, Ve. ALao-s 


Sro.6MnOz, Ve. YLao.sSro.7MnOz, Ve. [-|SrMnO,, 
V5.5. 


ASrMnO,, V3. 


Fig. 9. Effect of oxygen ion vacancies on the 
half-filled dz. orbitals of Mn3+ in the SrMnO, 
compounds. Xrepresents oxygen vacancies. 


Mn‘+—Mn‘+ interaction may be considered 
to be negative, as is seen from the difference 
in the paramagnetic Curie temperature of 
Lao sSro.s2MnO;, Vo and Vs. As pointed out by 
Kanamori", this interaction should be anti- 
ferromagnetic according to any mechanism 
which is considered to play an important role 
in magnetic interaction. 
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As for Mn*+—Mn‘* interaction, we are not 
certain of its sign for y=1, but the fact that 
the paramagnetic Curie temperature of V; 
(~23% Mn*‘+) is strongly negative suggests 
that it is not strongly positive. 

Although SrMnj+ Mné*, O, ,., (Vs is close to 
this composition) has a negative paramagnetic 
Curie temperature, antiferromagnetic spin 
ordering does not seem to develop in it (See 
the low temperature susceptibility in Fig. 4). 
Goodenough* interprets this as follows. The 
half-filled d.2 orbitals of a Mn+ ion adjacent 
to an oxygen vacancy should be directed 
towards the vacancy (Fig. 8). Since the oxygen 
vacancies are distributed at random and there 
is no magnetic interaction across a vacancy, 
there may be no magnetic ordering. 
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A single crystal of n-type germanium was heated with a small piece 
of indium on it, and subsequently cooled rapidly to cause regrowth of 
the p-type germanium on the substract germanium from the indium melt. 
After removal of the indium, the growth pattern on the surface of the 


regrown germanium was observed. 


In some cases relatively large growth 


pyramids were observed, while in others flat patterns with threefold or 
sixfold symmetry were observed. After the detailed examination, it was 
concluded that the former represents the growth due to the screw dis- 
locations and its center is dislocation array resulting from thermal strain. 
The shape and size of the growth pyramid vary with the number of 


screw dislocations which exist at center. 


by surface nucleation. 


§1. Introduction 
Many studies have been made on the growth 
of single crystal from germanium melt!—°?. 


* Private communication. 


The latter seems to be caused 


However, because of the difficulty in observ- 
ing the solid and liquid phases of germanium 
separately, reports dealing with the growing 
process of single crystal are relatively few’. 
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Many observation have been made on the re- 
grown germanium produced on the substrate 
crystal as follows: Contact is made between 
the substrate germanium and the melt of 
indium, then germanium is dissolved in the 
melt. After that the system is slowly cooled 
so as to cause the regrowth of germanium on 
the substrate”’.-!, The author made obser- 
vations on the p-type germanium layer which 
was regrown on the base single crystal with 
various cooling speeds of the above-mentioned 
indium melt, and studied the regrowth of the 
germanium single crystal from the indium 
melt. As for the regrowth of single crystal, 
it is necessary to know which of the screw 
dislocation or the surface nucleation is re- 
sponsible for it. In the former, peculiar spiral 
or concentric curved patterns should be found. 
While, in the latter, those patterns should 
not be found. Various growth patterns were 
observed of germanium single crystal which 
was regrown on the substrate single crystal 
from the indium melt. 


§2. Method of Experiment 


A small piece of indium was put on the 
surface of an n-type germanium pellet parallel 
to (111) plane, and this was heated with 
a high-frequency furnace in hydrogen atmos- 
phere at about 550°C for 10 minutes. Part 
of germanium in contact with indium melt is 
then dissolved into the melt until an approxi- 
mate saturation is reached. At this time, 
the high-frequency heating is put off and 
simultaneously the specimen is cooled rapidly 
by pouring oil. Fig. 1 shows a resulting p- 
type layer regrown from the indium melt. 

This method is convenient because the 
separate observation of p-type and n-type 
germanium layers is possible by the chemical 
etching and other methods. If this specimen 
is treated with mercury for amalgamation of 
indium present over p-type regrown layer and 
this amalgam is dissolved away with nitric 
acid, then the surface of the p-type germanium 
is exposed”. A smooth surface parallel to 
(111) plane on the bottom of this exposed 
pan-shaped regrown layer was observed for 
the crystal growth pattern by the opical or 
electron microscope. The observations by the 
electron microscope were made by replica 
method using the platinum-palladium shadow- 
ing from left to right on the photographs. 
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Then, the p-type regrown layer was etched 
with the dilute CP-4 etchant from the surface 
and etch patterns were observed successively. 


§3. Results of the Experiment 


3.1 Abnormal growth pattern 

On the flat and smooth bottom surface of 
pan-shaped p-type regrown germanium layer 
shown in Fig. 1, the growth pattern of the 
abnormally large truncated hexagonal pyramid 
is frequently observed as shown in Fig. 2. 
Such an abnormal growth pyramid is seen, in 
most cases, to have nearly flat and smooth 
top surface as shown in Fig. 3 when magni- 
fied observation was made. Each side of the 
hexagon surrounding the top surface is, of 
course, parallel to [110] axis. Formation of 
the apparently large steps on the pyramidal 
surface by bunching together!”.'”) of a great 
number of fine growth steps is clearly seen. 

The photograph shows in the lower left 
part how several steps are integrated into 
one step. 

Fig. 4 gives an electron microphotograph of 
another abnormal growth pyramid with the 
top surface not flat but slightly inclined. The 
specimen is applied with shadowing from the 
left, and the step height can be known from 
the width of white shadow in the left-hand 
part of the photograph. It is seen that all 
the steps except those at the periphery of the 
top surface hexagon are approximately equal 
in height. Again each side of the hexagon 
is parallel to [110] axis, of course. For the 
slope angle obtained in this way, tan 0=0.12. 
The slope of the pyramidal surface obtained 
by this method on the growth pyramid of 
Fig. 4 is indicated schematically in Fig. 5. 

The slope is small at the skirt of the growth 
pyramid and gradually increases but at the 
periphery of the top surface indicated by A, 
the slope decreases suddenly and discontinu- 
ously. Thereafter, the slope decreases at the 
point B near the center of top surface and in 
the part between B and C, it is nearly zero. 

The point C represents the center of the 
top surface. An -shaped rectilinear groove 
found near the center of top surface in Fig. 4 
is a slip line caused in the course of the 
crystal growth and the detail will be given in 
the next report’). Fig. 6 shows a photograph 
of another abnormal growth pyramid having 
no flat and smooth part on the top surface. 
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It is seen that in the neighborhood of the top terns as if they were developed from the same 
surface the slope of the pyramidal surface center. 

becomes somewhat small but is still consider- 
ably large. 

Fig. 7 shows the specimen with two abnor- 
mal growth pyramids developed one on the 
top of another. Fig. 8 and Fig. 9 are the 
growth patterns originating from three vicinal 
centers: in the neighborhood of these centers 
each of the three independent groups parallel 
to the special [110] equivalent direction grows 
in the corresponding [211] equivalent direction, 
but with increase of distance from the centers 
they interact and result in such growth pat- 


3.2 Center of the abnormal growth and grain 
boundary 

This paragraph is devoted to the examina- 

tion of the center of the abnormal growth 


Indium 


n-type Germanium Regrown Germanium 


a 
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Fig. 1. Cross™section of specimen. 


——— 


VOU 


Fig. 4. Abnormal growth pyramid with slightly 
inclined top surface (by electron microscope). 


BC 
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0.5mm Fig. 5. Schematic indication of the slope of pyra- 


i h id of Fig. 4. 
Fig. 2. Growth pattern of the abnormally large GEN SUBIC OFLSAINIIT ILENE OS NE 


truncated hexagonal pyramid observed on the 
bottom of the p-type regrown layer (by optical 
microscope). 


Oe 


ZO 


Fig. 6. Abnormal growth pyramid with nearly 
Fig. 3. Abnormal growth pyramid with flat and the same slope of top surface as that of the side 
Pi, Ok x ; 
smooth top surface (by optical microscope). (by optical microscope). 
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described above. In a photograph of Fig. 10, 
growth pattern is obviously found also on 
the flat and smooth top face of the growth 
pyramid. And in the central part, there ex- 
ists a pattern which seems to be the center 
of the growth. In some cases, however, the 
top surface of the abnormal growth pyramid 
is truly flat and smooth and free from any 
recognizable growth pattern, as shown in 
Fig. 3. Fig. 11 gives an enlarged photograph 
of such a case. 

Fig. 12 shows the results which were ob- 
tained by etching the area of the abnormal 
growth pyramid with dilute CP-4 etchant. In 
(a) the abnormal growth pyramid after 20- 
second etching. 

Near the center of the flat and smooth top 
surface, etch pit arrays are present in parallel 


20 LE 


Fig. 7. Abnormal growth pyramids developed one 
on the top of another (by optical microscope). 


———=4 


2O LL 


Fig. 8. Composite growth pattern developed from 
three centers (1) (by electron microscope). 
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Fig. 9. Composite growth pattern developed from 
three centers (2) (by optical microscope). 


20g 


Fig. 10. Growth pattern on the flat and smooth 
top face of the abnormal growth pyramid (by 
optical microscope). 


3 


Fig. 11. Enlarged view of the abnormal growth 
pyramid with no growth pattern on the flat and 
smooth top surface (by electron microscope). 
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to the alternate three sides of hexagon (to 
three [110] axes). Grain boundary surrounding 
the growth pyramid is distinctive in (a). (b) 
is the case with 15-minute etching. An equi- 
lateral triangle of etch pit arrays in the 
central part of the top face forms a large 
hole, and the etch pit arrays appears on the 
grain boundary and indicate that they are 
caused by misfitting. Fig. 13 shows the re- 
sults of the etching of the bottom of the re- 


ESO 
(a) After 20-second etching 


Rat 
20U 
(b) After 15-minute etching 


Fig. 12. Etched pattern of abnormal growth pyra- 
mids (by optical microscope). 


grown p-type layer, and explains the process 
of the abnormal growth pyramid being at- 
tacked. (a) shows the state after 21-minute 
etching with dilute CP-4 etchant; the portion 
of the abnormal growth pyramid has been 
selectively etched away, and the n-type ger- 
manium substrate is exposed. (b) shows the 
state after complete dissolution of the p-type 
regrown layer by the etching for about 60 


minutes. Etch pits corresponding to edge dis- 
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locations of n-type germanium have appeared, 
and it is shown that there is no correlation 
between the distribution of dislocations in the 
substrate single crystal and the growth pat- 
tern on the regrown layer. 

As a help to ascertain this fact, photographs 
are shown in Fig. 14 for an u-type germanium 
which, while covering the indium alloyed side 
with wax, has been etched gradually on the 
reverse side with dilute CP-4 etchant. (a) 


O.t mm 
(a) After 21-minute etching 


O.| mm 
(b) After 60-minute etching 


Fig. 13. Etch pattern on the p-type regrown ger- 
manium layer (by optical microscope). 


shows the state of etch pits which appeared 
after the etching of the reverse side of the 
n-type germanium. (b) shows the state after 
further about 1-hour etching; the pointed 
centers of etch pits appeared on the n-type 
germanium reached the p-type regrown layer 
present on the opposite side of the pellet, and 
the p-u boundary began to appear. Since the 
etching rate of p-type germanium is smaller 
than that of n-type, flat and smooth p-type 
germanium appeared and the etch pits took 
the truncated cone shape. In the bottom part 
of each pit, many fine etch pits are recog- 
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nized. Among them, the etch pit located near 
the center or the top of the truncated cone is 
relatively larger than the others. Obviously, 
it corresponds to the etch pit in the m-type 
germanium bulk. In other words, it is seen 
that the dislocations in m-type germanium ex- 
tend continuously to the p-type regrown 
layer, and in addition to them, an extraordi- 
narily number of dislocations are present in 
the p-m junction boundary. 


Masami TOMONO 


(Vol. 16, 


layer was removed away by etching. It is 
seen that the central part of the above men- 
tioned abnormal growth pyramid was easily 
etched also from the reverse side. In the 
upper right-hand part of this, V-shaped etch 
pits are seen in a large number, and they 
indicate that the part corresponding to the 
center of the abnormal growth pyramid which 
was visible on the front surface of the re- 
grown layer was easily etched also from the 


0.5mm 


(a) Etch pits on bulk germanium 


0.5 mm 


Regrown layer revealed after etching 


(b) 
Fig. 14. Specimen etched on the reverse side of 
n-type germanium (by optical microscope). 


By applying the etching similarly on the 
reverse side of the m-type germanium neigh- 
bouring to the bottom of the pan-shaped p-type 
regrown layer shown in Fig. 1 was entirely 
removed away, and the resulting states are 
shown by the photographs in Fig. 15. The 
photograph (a) shows the observation of the 
reverse side of the bottom of such a pan- 
shaped p-type regrown layer as shown in 
Fig. 1 by reflected light. This p-type regrown 
layer was exposed after the n-type germanium 


0.2 mm 
(a) Observation by reflected light 


0.2 mm 
Observation by transmitted light 


(b) 
Fig. 15. Pits which appeared when p-type re- 


grown layer was etched on its reverse side (by 
optical microscope). 


reverse side of the same layer. The star or 
polygonal shaped pits seen in the other part 
of the photograph were formed as follows: 
At first the reverse side of the p-type layer 
was etched and there appeared V7-shaped etch 
pits. With this process wide, curved and dark 
coloured part seen in the figure was severely 
attacked by the etchant and _ penetrated 
through. Because this part corresponds to 
the periphery of the regrown layer and here 
its thickness is remarkably thin as compared 
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to central part. From that part the etchant permitted because the abnormally grown layer 


leaked to the opposite side of the p-type is thicker than the other part. Another area 
layer, thus etch pits appeared also on. this 


side. The triangle of the pits thus formed is 
rotated by 180° about the first triangle, and 
these two equilateral triangles overlapped each 
other to form the star-shaped etch pit. (b) 
shows the same specimen as (a) but observed 
by the transmitted light. In this photograph, 
the part at which the etch pich penetrated 
through the p-type regrown layer looks white. 
This white etch pit is surrounded by a black 
area where the transmission of light is not 
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(a) Growth pattern developed by decoration 


lOu 


Fig. 16. Small growth pyramid (by electron 
microscope). 


(b) Etch pattern developed by chemical etching 


Fig. 18. Small growth pattern developed by deco- 
ration (by optical microscope). 


——__—_————qcqo« 
IO 


Fig. 17. Pyramidal surface of small growth pyra- Fig. 19. Three sets of growth patterns developed 


id (by electron microscope) around the hole (by electron microscope) 
mi “ 
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free from the abnormal growth looks gray 
because the light is partially transmitted due 
to the thin p-type layer of poor growth. This 
again shows that the triangle of star-shaped 
etch pit appears in the central part of the 
abnormal growth. From the results of the 
experiments so far described, it is clear that 
the center of the abnormal growth occurs on 
the p-v junction boundary irrespective of the 
lattice defect in the m-type germanium sub- 
strate. 


3.3 Small growth pyramid 
The growth pattern observed on the bottom 
surface of the pan-shaped regrown layer shown 


SM 


(b) 
Fig. 20. Planar growth pattern composed of a set 


of polygons having sides parallel to [110] axis 
(by electron microscope), 
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in Fig. 1 reveals not only the abnormal growth 
pyramid as described in 3.1 but also very 
small pyramid as shown in Fig. 16 frequently. 
The pyramid in this case is characterized in 
that it has uniform slope all over the pyra- 
midal surface and hence free from any flat 
and smooth top surface seen in the above- 
mentioned abnormal growth pyramid. 

In the photograph, white or black broken 
line shows the boundary caused in the course 
of the growth. An enlarged view of such 
growth pyramid is shown in Fig. 17. In the 
lower left-hand part of the step shadow is 


(b) 
Fig. 21. Concentric step pattern compounded with 
uneven pattern (by electron microscope). 
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white, while in the upper right-hand part of 
the step it is black, showing clearly that the 
pyramidal surface has uniform slope. For 
the slope angle @ of the pyramidal surface 
obtained from the width of this shadow, 
tan 06=0.03. 

In some cases the growth pattern of such 
a small growth pyramid is not so clearly ob- 
served. To obtain the better contrast in such 
case the author applied the method of deco- 
ration. In the first place, a specimen was 
electrolytically polished anodically in the elec- 
trolyte of the composition as shown below. 
After that, with the polarity inversed, the 
specimen was applied on its surface with 
a very thin copper plating, and then it was 
heat treated in nitrogen atmosphere mixed 
‘with a small amount of oxygen at 400°C for 
30 minutes. It was known that the growth 
pattern not so clear at first reveals itself very 
distinctly by this method. 

Composition of the electrolyte: 


20% CuSO, solution 5% (volume) 
H:02 (30%) 5% (volume) 
HF (48%) 5% (volume) 
Deionized water 85% (volume) 


The reason for this is probably that copper 
atoms precipitated at first uniformly on the 
surface of the specimen moved on the crystal 
surface by heating and were collected at the 
growth steps where they were oxidized and 
fixed. The growth pattern is shown in Fig. 
18 (a) which appeared in superior contrast by 
such decoration on the flat and smooth surface 
of an abnormal! growth pyramid. Before the 
application of decoration, such pattern was 
hardly noticeable. It is obvious that this is the 
growth pattern developed from the central 
part. 

(b) shows the etch pattern developed by 20 
minutes etching of this specimen with dilute 
CP-4 etchant. A large number of etch pit 
arrays several microns in length parallel to 
the [110] axis appears, and there is one pit 
array respectively for each of A and B at 
the position of major axis of the ellipse which 
is concentric with the center of the growth 
pattern as shown in (a). It is remarkable that 
these pit arrays do not take the complicated 
triangular shape unlike the case of Fig. 12. 
Fig. 19 shows the specimen which has three 
sets of growth centers arround an extremely 
small hole. At a distance away from the 
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center of the hole, they are integrated into 
one growth pattern. The depth of the hole is 
about 0.35 4 as calculated from the shadow. 


3.4 Planar growth pattern 

In the cases described in 3.1 and 3.3, pres- 
ence of the growth pyramid was recognized, 
but in some cases, planar pattern is formed 
by the integration of a number of polygons 
which have three sides parallel to [110] axis 
as shown in Fig. 20 (a) and (b). 

In Fig. 21(a) and (b) is shown very slightly 
sloped concentric step pattern compounded with 
uneven pattern. 


§ 4. Discussion 


4.1 Regrowth of germanium from indium melt 

Consider a system in which (111) plane of 
a germanium single crystal is, in equilibrium 
state, in contact with an indium melt. If this 
system is cooled, germanium precipitates and 
regrows on the germanium single crystal from 
the indium melt. As to this regrowth, we may 
consider it in two cases: in the first case the 
screw dislocation present on the surface of 
the substrate single crystal in contact with 
the melt is responsible for the regrowth, 
while in the other the surface nucleation is 
responsible for it. As the supersaturation of 
germanium in the indium melt becomes re- 
markable, many critical nuclei are produced 
on the substrate germanium surface and the 
regrowth of germanium is caused by them 
clearly. But in case where the supersatu- 
ration is so small, the regrowth is caused, as 
well known, by the screw dislocation. Now 
consider the regrowth by the surface nucle- 
ation!*)—!®, 

Denoting by oc the radius of critical nucleus, 
we have: 
___ a6 
— 2kT Ina 
where a is the distance between adjacent 
atoms arround the critical nucleus, ¢ is the 
bonding energy per bond of the adjacent atoms 
and a is the saturation ratio of germanium 
which is related to the supersaturation o by 
(o=a—1). Fig. 22 shows the results of cal- 
culation of the relationship between o and fc. 
The abscissa shows the supercooling temper- 
ature 4T as well as o.1” 

Now consider that the step is in the [110] 
direction on the (111) plane, and one broken 


Oc (1) 
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bond per atom is present. In this case, the 
activation energy for nucleation is given by: 
ge? 
== ee (2) 
kT \na@ 
Further, as to the rate of formation of critical 
nuclei, 7, we have: 

I=noj exp (—4F-/kT) (3) 
where m is the number of single atoms which 
are adsorbed per unit area of the crystal sur- 
face, 7 is the number of atoms which arrive 
at the surrounding of the critical nucleus per 
unit time. 


AFe 


oO 
(e} 


° 


Radius of critical nucleus (A) 
Ol 
fe) 


a 
oO 
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Fig. 22. Relationship between supersaturation and 
the radius of the critical nucleus (47 denotes 
the supercooling assuming that 7)=773°K). 


The discussion of each constant appearing 
in Eqs. (2) and (3) is as follows: The heat 
of melting of germanium into the molten in- 
dium, 4H, is 11.9 kcal/mol’, and therefore, 
¢=4.13x10-" erg is obtained as calculated 
from ¢=4H/2N (N is Avogadro’s constant). 
As to 7, we have: 

j~2roeDNo (4) 
where D is the diffusion coefficient of ger- 
manium in the melt, and No is the the con- 
centration of germanium atoms in the indium 
melt. Oc must be calculated with Eq. (1). In 
Eq. (1), a=3.97 A. According to Y. Sugita 
D=5.7X10-° cm?/sec,'® and by Takabayashi 
D is estimated to be of the order of 10-5 
cm2/sec.'*) With reference to the phase dia- 
gram of In—Ge system at 770K1”.2%, No=3.5 
x107%+cm~*. Thinking from this value of Mo, 
we may assume m~10!4cm-? in (3) without 
serious error. Substituting these values into 
Eq. (4), we have j~10!!sec-!. With this and 
the above-shown other values used in Eq. (3), 
the results as shown in Fig. 23 are derived. 
As seen from the figure, the error in evalu- 
ating m and j does not seriously affect the 
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results, and the order estimation as descrived 
above is sufficient for the purpose. The ab- 
scissa shows the supercooling temperature 4T 
as well as the supersaturation. 

On the assumption that the growth step 
with sufficiently large radius of curvature 
exists on the crystal surface and the rate of 
advance of that step U. is controlled mainly 
by the diffusion of germanium atom to the 
step in the melt, the following equation is 
derived?®, 


o= a? DrNo(a—1){In (6/a)}- (5) 
"5 
< 
8 10° 
3 
[S) 
2 
38 
q Ox 
fe} 
5 
o 
E 
2 
anon 
52 
£ 
Supercooling 4T (° ) 
ie) 60 80 100 
5 10 20 


Supersaturation (c) 


Fig. 23. Rate of formation of critical nuclei. 


where 06 is the thickness of a molten layer in 
which the diffusion of solute atom participating 
in the growth of crystal is carried out, and 
this layer exists in uniform thickness adjacent 
to the crystal surface. Now denote the time 
by ¢t, then 6 may be regarded as 6=/ P?. 
If a value 6~10-* cm (¢©0.018 sec) is assumed, 
Eq. (5) is reduced to: 


U.-97.40 cm/sec (59) 
Denoting by A the area of the crystal in 
contact with the indium melt, we have A~1 
mm? for the present case. Thus, the time 
required for one critical nucleus to grow and 
cover the entire crystal surface is given 
roughly by: 

VA 240-8 


co 


Sec 


(6) 


Incubation period for the formation of the 
critical nucleus is expressed as: 


uy, Ue 
Al 


ra 


im) 
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From the value J~10'cm~-? sec-! for o=0.4 in 
Fig. 23, t=10-* sec follows in this case. Thus, 
for o6<0.4 we find t>y 4/U., and in this 
case, the growth rate takes the form of: 

R= ; (8) 
where d is the spacing of {111} planes, i.e., 
3.26 A which is slightly smaller than the value 
of earlier-mentioned a. For o>0.4, r< 4/U. 
and the surface nucleation becomes remarka- 
ble: many steps exist on the crystal surface, 
and consequently, the growth rate is limited 
by the diffusion of germanium atom from the 
indium melt onto the crystal surface. The 
growth rate R of the crystal in this case is 
given by!® 


R=DN2o/V Dt (9) 


where 2 is the atomic volume of germanium, 
ieee OD Once Cmeaa OLN 1/ 710; em, the 
growth rate R was calculated by Eqs. (8) and 
(9), as a function of the supersaturation o, 
and the resnlts are shown by full line in 
Fig. 24. Aso exceeds 0.4, R increases rapidly 
according to Eq. (8), but with a little larger 
value of o, the growth rate is controlled by 
the diffusion of germanium atom in the melt, 
as a result of which F increases linearly with 
o according to Eq. (9). 


growth by surface nucleation 


——-dgrowth by screw dislocation 


Growth rate («u/sec) 
w 


pe) 
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Super cooling oT (° ) 
1 3@) 80 100 


a 
5 


5 1.0 
Supersaturation (7) 
Fig. 24. Relationship between supersaturation and 
growth rate of the crystal. 


For o<0.4, the rate of crystal growth due 
to the surface nucleation is very small, and 
it can be considered that in this region the 
screw dislocation is mainly responsible for 
the crystal growth. After the spiral growth 
step caused by the screw dislocation is fully 
developed to cover the entire surface of the 
crystal and the growth reaches the steady 
state, the growth rate FR is given by Eq. (9). 
In such case, it varies linearly with the su- 
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persaturation o as shown by the dotted line 
in Fig. 24. The time required for the growth 
due to screw dislocation to reach the steady 
state is roughly of the order of 107? sec as 
calculated by Eq. (6). Since this is quite 
a short time, it may be justified to consider 
that the rate of growth due to the screw 
dislocation is represented substantially by the 
dotted line in Fig. 24. As is commonly 
known, distance of the growth steps due to 
a single screw dislocation is 47 @c, but if there 
exist m screw dislocations of the same sign 
within the distance of 27c, the mean distance 
of the growth steps is 4zp-/n. In considering 
that the height d of one step is 3.26A, the 
angle @ between the pyramidal surface of the 
growth pyramid thus formed and the (111) 
plane of the crystal surface is expressed by 
the relation such as: 


nd 

47 0c 
With the use of Eq. (1), the relationship of 
the supersaturation o and tan @ was calculated 
from Eq. (10) for various values of mu as 
a parameter. Fig. 25 gives the results of this 
calculation. 


tan 6= (10) 


4.2 Lattice defects in the regrown layer 

As shown in Fig. 14, the regrown germani- 
um layer has a great number of dislocations 
independent of the imperfections in the sub- 
strate germanium. The mechanism of for- 
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Supersaturation (c) 
Fig. 25. Relationship between the supersaturation 
and the slope of the pyramidal surface of the 
growth pyramid. 
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mation of these dislocations will be discussed 
in this paragraph. Consider that an m-type 
germanium pellet is heated in contact with 
an indium melt and subsequently cooled 
rapidly by pouring oil. We consider the state 
in which indium is in molten state and from 
this melt, germanium is segregating to form 
p-type regrown layer. In such condition, the 
temperature of the upper surface of the re- 
grown layer is raised by the latent heat of 
solidification of germanium, while the v-type 
germanium substrate is cooled by pouring of 
oil. As a consequence, there exists in the 
p-type regrown layer of Fig. 1 a temperature 
gradient down from the solid-melt interface 
towards the substrate germanium. Moreover, 
the radial temperature gradient exists because 
of decrease in temperature towards the edge 
of the regrown layer. Further, in addition to 
these, local irregularity of temperature is 
naturally caused when the oil is poured for 
rapid cooling. Temperature of the thin p-type 
regrown layer formed in this process is very 
near to its melting point and so is subject to 
plastic deformation, but the -type substrate 
germanium is difficult to be subject to it at 
temperatures below 500°C.2” Thus, at the 
beginning of the regrowth, many localized 
slips are caused in the regrown layer, and 
there is a possibility of generating a great 
number of dislocations independent of the 
imperfections in the m-type substrate. For 
the generation of such many lattice defects, 
there are other reasons conceivable. That 
relatively large amount of indium (of the order 
of 10'°cm-*)”) is contained in the p-type layer 
is, of course, one reason”). In some cases, 
vacancy which is caused in the regrown layer 
in the solid-melt interface at the beginning 
of the regrown condenses into a disc form 
which may collapse and generate dislocation 
ring. 


4.3 Discussion of the abnormal growth pyra- 
mid 

The abnormal growth pyramid mentioned 
in 3.1 is characterized in that, as seen from 
Fig. 2, its size is abnormally large compared 
with the other growth patterns. They can 
be classified into two cases: first, as shown 
in Figs. 3, 7 and 11, the top surface of the 
growth pyramid is flat and smooth, and second, 
as shown in Figs. 4,5, 6 and 10, the top 
surface is inclined a little but its slope is 
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considerably smaller than that of the pyrami- 
dal surface. The mechanism of the formation 
of such abnormal growth pyramid will be 
discussed in this paragraph. In the centeral 
part of the top surface of the abnormal growth 
pyramid of Fig. 12(a), there exist etch pit 
arrays parallel to three [110] axes on the (111) 
surface. Obviously, this is an indication of 
the existence of the localized slip lines. The 
reason why such a complicated slip has been 
created is probably that the area has large 
localized temperature gradient at the begin- 
ning of the regrowth for the reason discussed 
in 4.2. As to germanium, it has been known 
that slip is easy to occur in the [110] directions 
on the {111} planes?!’.**).2, When the p-type 
layer is looked down from above in Fig. l, 
there are two cases in regard to the orien- 
tation of a regular tetrahedron composed of 
a set of {111} planes. First, the tetrahedron 
is normal with respect to the (111) plane of 
the upper surface and the second, it is in- 
verted. For a germanium column with a ra- 
dial temperature gradient, the slip is possible 
on either set of {111} planes, but if the 
column is cooled at its bottom so as to give 
the axial temperature gradient, the slip is 
easier to occur on the {111} planes of the 
inverted regular tetrahedron?”. If the stress 
in this case is analyzed into components of 
the easy-to-slip direction, then both slips, one 
parallel to [110] axis on the bottom surface 
(the surface of regrown layer) and the other 
to [110] axis making an angle of 54°44’ with 
the bottom surface, should simultaneously 
occur. The etch pit arrays parallel to [110] 
axis on the top surface of abnormal growth 
pyramid in Fig. 12(a) seem to be the arrays 
of the edge dislocations caused by the slip of 
the former direction. The same slip causes 
also screw dislocations which in the present 
example do not participate in the growth of 
crystal. Another screw dislocations from the 
slip of the latter direction make an angle of 
04°44’ with the surface, and coexist with the 
above-mentioned edge dislocation arrays, and 
should participate in the subsequent growth 
of the crystal. The same slip causes also 
edge dislocation which in the present example 
is probably invisible because it intersects the 
surface of the regrown layer at small incli- 
nation. It follows from the above that three 
sets of edge dislocation arrays and screw 
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dislocation arrays, each parallel to [110] axis 
on the surface of regrown layer but making 
an angle of 120° with each other, sholud be 
simultaneously created. In this case, a step 
whose height inside the three sets of slip 
lines is larger than that of the outsider is 
created. In the area with such locally con- 
centrated screw dislocations, regrowth is pro- 
minent and hence much heat of solidification 
is generated, so further formation of screw 
dislocation is caused enough to form the center 
of the abnormal regrowth. As to the edge 
dislocation arrays in the center of the top 
surface in Fig. 12 (a), the equilateral triangle 
formed by the arrays is of the same orien- 
tation as that of the etch pits present in 
quantity in the other part of the specimen, 
and this obviously corresponds to the bottom 
of the inverted tetrahedron as previously 
mentioned. Fig. 26 shows a model of the 
screw dislocation arrays which coexists with 
the above-mentioned edge dislocation array. 
Now, considerations are made on the slip line 
AA’ in the figure. Assume that at A m4 
screw dislocations of the same sign exist ad- 
jacently with one another (or it may be as- 
sumed that a single dislocation with a large 
Burgers vector exists). At A’, the existence 
of the same number m4 of screw dislocations 
which have the opposite sign is assmed. 


A A’ 
Ce 3 


c B’ 
Fig. 26. Model of the dislocation arrays in the 
central part of the abnormal growth pyramid. 


As to B, B’ and C, C’, existence of con- 
centrated screw dislocations in the respective 
numbers of mz; and mc is assumed. With 
these screw dislocation as centers, growth of 
crystal takes place. The slip line in Fig. 12 
(a) has the length of the order of several 


microns, so the slip lines AA’, BB’ and Ce 


Regrowth of Germanium Single Crystal 


451 


in Fig. 26 may be considered to have nearly the 
same length. Now assume that AC’ which in- 


dicates the distance between one end of AA’ 
and the end of the adjacent slip line is con- 


siderably small compared with AA’, i.e., 0.1 zu 
or less. Then, for the relatively small super- 
saturation o in Fig. 22, the radius of critical 
nucleus, fc, is relatively large and satisfies 


the ration 2¢.> AC’, and because of the mutu- 
ally reverse signs, the screw dislocations at 
A and C’ interfere with each other, effecting 
the growth at the same rate as if there 
were |7%4—Mc| screw dislocations. While, if o 
gradually increases thus resulting in the de- 


crease in pc until the condition 20.< AC’ is 
satisfied, the growth will be controlled by 
the number of screw dislocations, m4 or vc, 
namely by larger one of them. For other 
positions, similar discussion may be applicable. 
Assume AC’=A’BxB’C, for instance. In 
the case of m41="s2=Nc, if o is small at the 
beginning of the regrowth, then 2¢¢-> AC’, and 
the growth due to these screw dislocations 
does not take place at all. While, if o gradu- 


ally increases until 20e< AC’ is satisfied, then 
the concentric growth patterns will develop 


around AC’, A’B and B’C, from each of the 
na centers and they are integrated in the 
distance eventually into the concentric growth 
step around AA’, BB’ and CC’, and the slop 
increases in proportion to mw according to 
Eq. (10). In consideration of tan @=0.12 in 
Fig. 4 as described in 3.1, it follows from 
Fig. 25 that m4~10 for o~0.4. But, towards 
the end of the regrowth process, the super- 
saturation o decreases again resulting in 


20e> AC’, thereby growth by these growth 
centers is completely stopped. Figs. 3, 7 and 
11 seem to represent such case. In general, 
however, all m4, mz and mc are not necessarily 
equal. Now, for instance, take up the case 
of m4>mnez>Nno. For asmall o at the beginning 
of regrowth, concentric growth patterns are 
developed from (#4—mc) growth centers around 
AA’, BB’ and CC’, and the pyramid has 
a small slope. With the gradual increase in 
o, concentric growth patterns are developed 
from v4 centers and the slope of the pyrami- 
dal surface is increased in accordance with 
Eq. (10). Towards the end of the regrowth 
process concentric growth patterns are de- 
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veloped again from (#4—mc) growth centers 
and the slope is made small. This is repre- 
sented by Figs. 4, 6 and 10 the behavior of the 
change in the slope is shown by Fig. 5. The 
possibility of the growth by the screw dislo- 
cation arrays as shown in Fig. 26 is clear 
from Figs. 8 and 9. Either of the figures 
shows the concentric growth pattern produced 
around those growth patterns which developed 
at first from threefold center and subsequently 
were integrated in the distance away from 
the center. In Fig. 8, there exist many slip 
lines of equilateral triangle which are, as 
previously mentioned, of the same orientation 
as the etch pits caused by edge dislocation, 
and in the present example, three centers of 
growth patterns are also of the same arrange- 
ment as above. It is clear that the center 
of the abnormal growth pyramid has such 
a complicated structure as mentioned above 
and a relatively large number of screw dis- 
locations are collected to it. 


4.4 Discussion of small growth pyramid 

In the case of relatively small growth pyra- 
mids as shown in Figs. 16 and 17, the slope 
of the pyramidal surface is nearly unifrom 
from the skirt to the top. In the central 
part of the small growth pyramid as seen in 
Fig. 18(b), there exists a slip line with a 
simple structure. This slip line forms one 
straight line as shown by A and B in the 
same figure. As mentioned above, it seems 
that following this edge dislocation array the 
screw dislocation array exists. Since the 
straight lines A and B are of the order of 
several microns in length. The distance be- 
tween the screw dislocations of the different 
signs may be justifiably considered from 
Fig. 22 not to become substantially smaller 
than 2¢ provided that they exist at a sepa- 
ration of the same order as cited above. It 
seems from this that the slope of the pyrami- 
dal surface of the growth pyramid is constant 
from the beginning to the end of the regrowth 
process. Since tan #=0.03 from Fig. 17 as 
discussed in 3.3, the number of the screw 
dislocations in the present case is about 3 for 
o~().4 in Fig. 25. It seems that the center 
of such small growth pyramid has a simple 
structure compared with that of the abnormal 
growth pyramid of 4.3, and the number of 
the screw dislocations existing in that part is 
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relatively small. Fig. 19 shows a specimen 
which has the growth center of threefold 
symmetry around a small hole. 


4.5 Discussion of planar growth pattern 

If the rate of growth of the crystal is suf- 
ficiently large and exceeds 20 u/sec in Fig. 24, 
the growth of the crystal should take place 
mainly through the surface nucleation. In 
such case, planar growth pattern should be 
developed as shown in Fig. 20. Obviously, 
each of the patterns (a) and (b) has threefold 
symmetry. Fig. 21(a) and (b) may be such 
that the small growth pattern as described 
in 4.3 appears in good contrast by the oxide 
decoration. 
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An Electron Diffraction Study on Cu-Sn Alloys 


By Tomokuni MITSUISHI 
Hitachi Central Res. Lab. Kokubunji, Tokyo 
(Received November 30, 1960) 


Intermetallic compounds produced by the interdiffusion of Cu and Sn 


were examined by electron diffraction. 


In addition to the known phases, 


a new phase of structure A4 type is found. 


Introduction 


§1. 

Cu-Sn alloys were studied by X ray diffrac- 
tion, and various intermetallic compounds were 
reported”. (Table I). Related to the investiga- 
tion on the soldering of copper, the boundary 
layer of CueSn; at low temperature and the ad- 


Table I. Cu-Sn intermetallic compounds* 
Lattice constant 
Phase Ses anaes a 
ue a | b c 
B-Cu-Sn 
(at 25 wt % Sn) As POMS) 
(Cu-rich boundary) | 3.014 (at 672°C) 
7-Cu-Sn bpcacubicr 
0-Cu,Sn similar to {17.92 
D8,-3 
¢-CuzoSng trigonal G36 7.854 
e-Cuz3Sn Ag ZaoS | 1.569 
(Sn rich boundary)| orthorhom. 
superlattice | 5.510/38.18| 4.319 
4-Cu-Sn superlattice 20.95 25.43 
of B8, type 


* From “A Handbook of Lattice Spacings and 
structures of Metals and Alloys') Pp is 


ditional layer CusSn between CucSns and Cu at 
high temperatures were found by the micro- 
scopic observation of Cu-Sn joint”. By the 
electron diffraction method, Tazaki and Kohra® 
confirmed the formation of CucSns in heat 
treated double films of Cu and Sn. Recently 
Y. Fujiki® observed electron diffraction pat- 
terns of a Cu-Sn compound of NiAs type 
structure. However, these data on the inter- 


diffusion of Cu-Sn and on the formation of 
various compounds are not satisfactory. The 
author examined Cu-Sn compound layers of 
various stage of interdiffusion, and identified 
various intermetallic compounds of Cu-Sn re- 
ported literatures in various transient states 
of interdiffusion. In addition, he found a new 
compound of structure A-4 type. 


Fig. 1. Diffraction rings of é’ phase 
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Table II. Spacings (d’s in A) of 6’ (observed) 


Tomokuni MITSUISHI 


and those of reference (calculated) 


0! Reference* 

d re d | h ok 
10.02 s 10.00 11. 1 
Saige Wi Pf 6.13 022 
= 22 5.10 Pares 

| 

5.01 f 5.01 222 
4.29 ff 4.34 0) On 
3.91 ff 3.98 ihe aes 
ee | Th 3.54 FSA 
ue 
3.34 0 3.34 13 Le 
3t06 we ee 3.06 04 4 
er f 2.93 fees 
2.89 244 
2.73 f 2.74 i Oe 
ge Bs 2.64 a 
es A 2.61 D> 6 
2.50 f 2.50 44 4 
11 17 
2.48 | f 2.43 {7 duel 
rae ann re 2.32 2 £6 
130-7 
= Ss 2.26 {3 a 
es es 2.17 OMLOmS 
= — 2.12 ey 
as ee 2.11 eG 
DD ® 
2.05 | s 2.05 CT 
be i = 2.00 . e fi 
245 1.99 Dee 
1.94 ff 1.94 04 8 
a = Toe sO 
1.90 13 Bee 
s = 1.89 24 8 
1.84 f 1.85 TOR 
~ aa 1.82 1 3 59 
ea at a 1.77 4 4 8 


* Calculated assuming A4 type a=17. 


** Intensities of diffraction rings 
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§2. Experimental Procedures 
(a) Foil specimens 

Foil specimens were prepared by vacuum 
evaporation. Cu and Sn were deposited one 
after another on resin films which were spread 
over glass plates. The resin films were then 
dissolved away with acetone and the specimens 
were scooped up by a fine mesh. The thickness 
of foils was measured by a microscopic in- 
terferometer using a sodium lamp as the light 
source. Thickness of Cu was about 700A and 
that of Sn 400A. The specimens were heated 
in vacum for 1 or 6min. at each temperature 
of 200°C and 470°C. 
(b) Block specimens 

The specimens for electron reflection meas- 
urements were prepared by evaporating Sn on 
Cu blocks, 30™™x4mmx3mm, They were 
heated in vacum for one or five minuites at 
each temperature of 200°C and 400°C. 


§3. Results and Discussions 
(a) Foil specimens 

Some of the foil specimens, showed diffrac- 
tion patterns indicating that CucsSns (7) had 
been formed before any heat treatment, and 
others those of Cu only. Upon heating both 
of these specimes changed to a new phase 
and then to another. Let us call these phases 
0’ and X respectively. Phase 0’ has the lattice 
constant close to that of 6 phase. However 0’ 
phase shows the diffraction pattern correspond- 
ing to A-4 type (Fig. 1, Table II), while 06 
phase has the D-8:-3; structure. The 0’ phase 
is a newly found compound. As for the X 
phase, we were not able to determine its 
crystal structure. However, it is doubtless 
that it is different from 7, ¢ or 0 phases. It 
has some variations both in lattice spacing 
and in intensities of diffraction lines from one 
specimen to another. Consequently we con- 
cluded that this phase was an intermediate 
one. 


Table III. Summary of observed results 
Thickness of Cu (my) 70 70 TA WSS ABI || BAL. levi |) WB, Ba, |, BIL, |) 188L. 
Thickness of Sn (mp) | 40 40 40 70 | 40 70 70 40 40 25 35 
Temperature of tempering (°C) | — | 470 | 470 = — | 200 | 200 | 200 | 200 | 470 | 470 
Time of Tempering (min.) — 6 iL — — 5 10 il 6 1 5 
Diffraction* av ly ak R R R R R R R R 
Observed phase | 7 0! ye Sn v7) v7) 0’? |y+e |\n+e?| 7 € 
* T: Transmision R: Reflection Bl.: Block 
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(b) Block specimens 

While specimens deposited with thick layer 
of Sn (70 mz) showed the diffraction pattern 
of Sn before the heat treatment, those de- 
posited with thin layer (40 my) indicated the 
diffraction pattern likely to be y phase. With 
the application of the heat treatment to the 
latter, 7 phase became distinct and the con- 
tinuation of heat treatment resulted in the 
appearence of the pattern like that of 6’ phase 
or e phase. 

é phase is not observed in foil specimens. 
This fact indicates that ¢ phase layer is too 
thin for transmission experiments, owing to 
the condition of material supply restricted by 
foil thickness. Appearance of X phase in foil 
specimens is also interpreted as a_ similar 
phenomenon. It was rare for any specimen 
to show the typical diffraction pattern of each 
phase, and even specimens of the same trea- 
ment showed more or less different diffraction 
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patterns. This is quite conceivable if the 
Specimens did not attain the thermal equili- 
brium and were in transient states. 

In accordance with Fujiki’s results, y phase 
can be easily formed at relatively low tem- 
peratures. 
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Diffusion of Cobalt into Silver 


By Tokutaro HIRONE and Hisao YAMAMOTO 


The Research Institute for Iron, Steel and Other Metals, 
Tohoku University, Sendai, Japan 


(Received December 3, 1960) 


The diffusion coefficient of cobalt into silver has been measured as a 
function of temperature over the range from 745°C to 943°C by the 


tracer and lathe-sectioning technique. 


It has been found that the diffu- 


sion coefficient can be expressed as follows; 


D=(104)exp a cm2/sec. 


The value of activation energy, 59.9K cal/mol, obtained by the present 
experiment is in good agreement with the result of the screening theory 
of impurity diffusion, but considerable discrepancy is found between the 


observed and theoretical frequency factor. 


The amount of diffused 


cobalt showes an abnormal decrease near the diffusing surface, which 
may be caused by the low solubility limit of cobalt in silver. 


§1. Introduction 

Since Lazarus put forward a screening 
theory of impurity diffusion in metals, vari- 
ous results of calculations based on the 
Thomas-Fermi method for the diffusibility of 
impurity atoms in metallic lattices have been 
reported-®, In order to check these theore- 


tical results experimentally, the diffusion 
coefficients of various impurity atoms into 
silver as well as copper have been measured. 
Although results for both these series are 
qualitatively consistent with the result of the 
screening theory, quantitative-agreement is 
less favorable in the case of copper than ‘in, 
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the case of silver: The activation energy of 
solute diffusion into silver increases regularly 
from Sb to Ru», which belongs to the 
second transition series, but the activation 
energies for the diffusion of the first trans- 
ition elements into copper increase in the 
order Fe, Co, Ni and decrease from Ni to Zn 
and increase again at Ga®-!. However it is 
uncertain whether the activation energy for 
the diffusion of the first transition metals into 
silver is similar to the case of the diffusion 
into copper or not. For the purpose of finding 
the difference between the both cases, the 
diffusion coefficient of cobalt into silver was 
studied. As silver and cobalt had been re- 
ported to be insoluble in each other, special 
precautions were taken in analyzing the 
results of the experiment. 


$2. Experimental Method and Results 


The specimens were single crystals of 
silver 99.99%, 1.5cm in diameter and 15cm 
in length, made by means of the Bridman 
method. A single crytal rod thus prepared 
was etched, put into a resin mould and, by 
means of a cut-off wheel, cut into the shape 
of a short cylinder, 15mm in length. To 
avoid the influence of strains due to the cutt- 
ing process, the surface layer, about 2mm in 
thickness, was removed by electropolishing 
the cut surface. Then the surfaces were 
smoothed by polishing with emery paper and 
electropolished again. Each end surface of 
the specimen was then plated with cobalt 
containing Co®® isotope. 

The amount of plated cobalt was calculated 
from the product of the time and current- 
density of electroplating. Then its total 
radioactivity was measured and the ratio of 
cobalt quantities to the activity was deter- 
mined. The estimated thickness of the plat- 
ed layer ranged from 100 to 500A. The 
electroplated specimen was sealed in a quartz 
tube filled with argon gas and was put ina 
diffusion annealing furnace. The temperature 
of the specimen was maintained constant 
within +1°C. After the annealing was finish- 
ed, the specimen was quenched, then mount- 
ed in a precision lathe and sectioned. 

The total depth of sectioning was measur- 
ed by a dial-gauge. Each slice thickness was 
determined from the slice mass as well as 
from the ratio of total masses to total depth. 
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The sum of each slice mass ranged from 
99.6% to 99.9% of the total diminution of the 
specimen weight due to sectioning. 

Fig. 1 shows the logarithms of specific ac- 
tivity of each sliced piece plotted against the 
square of the penetration depth. As is seen 
from the figure, each curve shows a steep 
descent of activity near the surfaces, and 
then decreases linearly with the square of 
the penetration depth. 


Logarithm of Specific Activity (Arbitrary Units) 


4 xIo* 


| 2 3 
(Depth)* 
Fig. 1. Penetration curves for the diffusion of 
Co in Ag. 
x 
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Fig. 2. Co concentrations at the breaking point 
of the penetration curve versus the annealing 
temperature. 


The analysis of the data was complicated 
by the existence of the steep descent of the 
cobalt concentration near the surface. A 
similar effect has previously been found by 
Pierce and Lazarus in the case of ruthenium 
diffusion into silver. These effects are 
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presumably considered to be caused by the 
formation of the impermeable intermetallic 
phase or to the extremely low solubility limit 
of cobalt or ruthenium in silver. At the pre- 
sent stage it is difficult to give the correct 
interpretation. However, Tamman proposed 
previously on the basis of his magnetic 
measurements that the solubility of cobalt in 
silver is 0.0007 (at 1000°C) and 0.0004 (at 
1200°C) wt. percent respectively. 

Fig. 2 shows a temperature dependence of 
cobalt concentration, which corresponds to 
the breaking point on the curve of the loga- 
rithms of specific activity versus the square 
of depth where activity ascends sharply. As 
seen from the curve, these points are rough- 
ly in the same order of magnetude as Tam- 
man’s result of solubility limit of cobalt in 
Silver. 

As in the case of Pierce and Lazarus, the 
linear part of the x?-plot of the activity is 
here assumed to be due to the Fick mecha- 
nism of diffusion. Here « means the penet- 
‘ration depth of cobalt into silver. Then the 
cobalt concentration is expressed by the fol- 
lowing equation; 


ws, VEO x 

Seabed G Ibe) 

In this equation, D represents the diffusion 

coefficient, ¢ annealing time, c the concentra- 
tion of diffused atoms and co the concentration 
of initial solute atom. By comparing the 

~ results of the measurements with the above 

equation, the diffusion coefficient can be ob- 
tained as given in the following Table. 
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Based on the above results the value of the 
frequency factor Do and the activation energy 
@ were calculated together with their prob- 


able error. The results of the calculations 
are as follows. 

Q=(59.9+-1.2)K cal/mol (3) 

Do= (104-476) cm?/sec. (4) 


The present result is shown as one of the 
points in Fig. 4 together with activation 
energies obtaineded by other workers versus 


log.D 


“ol 


Table I. Diffusion of Co in Ag. 
Annealing Tem- D (cm2/sec) Annealing time 
perature (deg C) (sec) 

943 DWE se We Seale 0: 
917 Botello 6257 < 104 
855 Zo el Om 1? 26.0104 
822 HAS Oe B28 >< 104 
806 TMS ADA. Se IO: 
745 5 OS aims 59.6 x 104 


The temperature variation of the diffusion 


coefficient is shown in Fig. 3. 


As can be seen from the curve, the diffusion 
coefficient can be perfectly expressed by the 
Arrhenius equation, 
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eal 
We 
Fig. 3. Diffusion data plotted as log D versus 
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Fig. 4. Calculated and experimental activation 


energies for the solute diffusion in silver. 
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the atomic number of diffusing metals. The 
theoretical results due to Alfred and March, 
Blatt and Lazarus are also shown in the same 
figure. As is seen from the figure the pre- 
sent result agrees comparatively well with 
the result of Blatt”. However, the present 
authors found an unexpected result as for the 
value of Do: According to Zener’s theory’, 
the relation between Do and Q is given as 
follows. 
Do=a’v exp (ABQ/RTm) . 
a: the lattice constant 
vy: the Debye frequency 
2: a numerical constant, which should be 
taken to be 0.55 for diffusion of elec- 
tronegative impurities in silver® 
Tm: the melting point. 
B=d(u/“0)/d(T/Tm)=0.45*. 
yw: the shear modulus. 
jo: the shear modulus at absolute zero of 
temperature. 


(5) 


In very dilute solution all of these quanti- 
ties except vy and Q are those of the solvent 
metal. Putting the observed values in Eq. (5), 
the following result is obtained: 


Do=3.5 cm?/sec. 


Thus the calculated value of Do is consider- 
ably less than the measured value shown in 
Eq. (4). The same kind of anomaly in Do 
value was also found by Pierce and Lazarus 
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in the case of ruthenium diffusion into silver. 
The origin of these large values of Do is not 
known at the present time. 
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Orientation Dependent Mechanical Breakdown 
of a Model High Polymer Solid* 


C. C. Hsiao, J. E. Osporn, and D. B. RozENDAL 


University of Minnesota, Minneapolis, Minnesota 
(Received August 16, 1960) 


A theory of mechanical breakdown of a model high polymer solid is 
given. On the basis of considering a static, a quasistatic, or a dynamic 
system, the orientation dependent mechanical strength of a linear model 
polymer solid is analyzed. The maximum breaking strength obtainable 
is six times that of the unoriented strength and is found to occur in the 
direction of orientation for a fully oriented static system. 


Introduction 


§1. 
Recently a number of analyses”-*) have been 
made of the orientation and strength problem 
of a model solid. On the basis of considering 
Pa quasi-static system of oriented. microscopic 
linear elements the stress tensor in the vicinity 
of a point in an orthogonal coordinate system 
has been found to be”: 


~ 0 
0ij= [Bl Aptf temnsntsetsctsstda™ (1) 


where 
E=the spring modulus, 
J=the length of any spring, 
A=the number of springs per unit 
volume, 
o*=the probability density function 
of the orientation of the springs, 
f*=the fraction of unbroken springs, 
EmnSm*Sn*= The strain along the instantane- 
ous direction of a spring, 
s;*=instantaneous direction of a 
spring, 

and dw*=the solid angle. 

Depending upon the variations of f* three 
different cases may be analyzed. If f* is 
constant, i.e. f*=fo, the system is static®. 

_ The system becomes quasi-static when 


ae *Sn* le *) k Cissy i =U 
= Rey GmmSm Sn ) ip of 7 


and f*=(1—KiemnSm*Sn*) where k, and k, are 
exponential functions of strain and kK, is a 


constant”. The system is dynamic when 
ay * il *) h,f* +0; (3) 
aa e f ey 


* Supported in part by the U. S. Atomic Energy 
commission. 


then 


soap exp | —((h,+ hat] 


| exp| (byt hi)dt at+C| (4) 


where C is an integration constant. To a first 
approximation for small strains, the foregoing 
expression reduces to 
SF *=foll — Ka(EmnSim™Sn*)?] 

if a linear relation between strain and time 
is considered where f,>=1/8z and K, is a con- 
stant. For both the static® and the quasistatic” 
case the analyses have already been reported. 
In order to obtain a better understanding of 
the subject, the following section gives the 
analysis for the dynamic case. 


§2. Behavior of Dynamic Model Solid 


With (*=/f,[1—Ko(emnSn*sn*)?], the stress 
tensor becomes 
oj = EPS | Spake Fits 
0 
== KK manSme Sn”) \Si*Sj" 0 dO" . (5) 


‘i +— 


STATIC MODEL SOLID _ 


QUASI-STATIC MODEL SOLID 


| 
DYNAMIC MODEL SOLID 


— STRENGTH RATIO 
is 


033(0) 


Oa3(€) 


O33(0) RANDOM = STRENGTH 
| 


° 8 16 24 32 40 
E-ORIENTATION STRAIN 


Bigadts 
solids. 
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In the case of simple tension in the 33 direc- direction, as shown previously”, if the orienta- 
tion, mo has only the principal strain com- tion strain is e then the density of the prob- 


ponents. Because of symmetry, ¢1=¢.= ability distribution function of orientation is. 
—ye3,; where v is the strain ratio. Thus the (le) 
° KS 7 
scalar strain ! p [cos?6* + (1 +e)? sin?0*]*/? ? (7) 
mn ak eso Ae € ia € gph 6 - . 
pital ST aes: @) where op is the density function for the random 
and ’ case. Let 1—(1+e)-*=k?, then the stress 033 
si*=(sin 6* cos g*, sin @* sin g*, cos 6*) . may be obtained after integration. The 
For the uniaxial orientation along the 33 result is 
oes El? i pe33 i sin 1k ) ( —] 3 r. 3 Se | 
oo. enon leruesdicr pp ) TOMO cea) Bede Oks 
2 1 Sin? —1 3 3 sink 
— Keb ee a BB FE) Cregeen + ORO —RDe ORE ) 
—] 5 il 15 sin-'k (8) 
—3r(1 g — a 
males bicetian 8k4(1—R?)/? ss 8R°(1 —R?)1/? 8k? ) 
—1 7 30 105 105 sin-!k 
il 8 =~ i SS ae = 
ee ater: 24k4(1—k?)/2 48 R8(1 —k?)1/2 “s 48k°(1 —k?)1/? 48° )} ; 


To obtain equilibrium fracture strength, we let 0033/0e;,=0; then 


aay ame ll __sin7k =I 3 3 sink 
cbs={ >| k(1—R?)1/2 Be fara] 2h2(1 — k?)1/2 a 2h4(1 —R)1/2 Lo Papp lit 


it sin-!k —1 3 3 sink 
3Ky4 —y? a + 3p? - 
a Leaaeae ve ke | i a+») DRL — Rh * DRA REO | 
Bad | =] wi by) vs 15 _ 1ldsin“k (9) 
4k?(1—k2)1/2 R41 —h2)1/2 ' BRL — RI? 8k? 
oA) 7 35 105 105 sink 7) 
+(1+y) an ~ E 
oe ae 24k —k) 2 48K — By? * ABR — Re 48h? |} 


Thus the fracture stress as a function of ¢ is given by 


e Exol? 1 sink ol 3 
ae erro ee Ta Ateegese nt ke |s--8L pigments 


ee a 0 | (ee ae 1 Sis ee pees, =i 3 
ORS i A { 3 ei pe [+3 0+9)| saan tee eae (10) 


3 sink —1 5 15 15 sink 
ee 2 a s 
2k° | ase 2 Grae © 8k*(1—R?)1/2 a 8k°(1 —R?)!/2 8k? | 
+a+oy —1 it 5 35 _ 195 10S sin- kay pve 
6R71—k*)/2 24k 1—R*)/2 48 R81 —R)1/2 © 48 R81 —R?)1/2 48k 


§3. Generalized Fracture Theory and Stress-Strain Law 


An interesting inter-relation common to all the three analyses"-®) has been observed. For 


clarity the following table is given to bring out the common nature for the three different 
cases of equilibrium fracture: 


In the foregoing table all C’s are proportional to E/?Afy; 


aleak elu e —34+3hF ~ 3 oe | 
g(e) | aaa ( ee sin ve | | : +2o2 sinh | 


which varies from 1/3 for e=0 to 2 for e=oo, with 
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Table II. Comparison of Different Models. 
Model Static Quasi-Static Dynamic 
. 1 
i to = ie Fol = Ki(EmnSmSn)| Soll = Ke(€mnSmSn)?| 
o33(€) Cov(e)ess(e) Cie(e)s3(€) Cre(e)ess(€) 
o33(0) 4Co233(e) $C1€33(€) 4C2233(€) 
o33(€) €33(€ 
o33(0) 300) 
k?=—1(1+e)°3 
and 
Pe raeie) ines i 30k, 
of aig, ait [2 ~—z sin "| ale k? ; sinh | 
E93 ; Geek. i 30 —R?)/2 
ee | =| 3—R 4 
k sin |+ oF [3 k b sin | 
which varies from 1/4 for ¢=0 to 1 for e=oo, o(e)= E(e)e,(e) (13) 


The difference between the three analyses is 
seen to lie wholly in the ratio ¢33(e)/e33(0). 
For fracture the numerator is the fracture 
strain when orientation is present and the 
denominator is the fracture strain when 
orientation does not exist. It is reasonable 
to believe that the fracture process is essen- 
tially a brittle one and a linear relation be- 
tween the stress and the small fracture 
strain holds while the orientation strain is 
nearly the total strain and is only associated 
with the directions of the basic components 
of the model solid. For any state before 
fracture the foregoing relations seem to hold. 
Thus, we have a stress-strain relation which 


for simple tension is capable of specifying: 
the strength for any particular state of, 


orientation. Mathematically the general linear 
stress-strain relation is 


o(€) 


Fig. 2. Schematic stress-strain surface of oriented 
model solid. 


where e, is the elastic strain, and E(e)=Cg(e) 
is a modulus as a function of orientation 
strain g(e) and C is the material constant 
depending upon the microscopic model chosen. 
If we plot this out we obtain an area in the 
o(e)—e plane describing the linear and non- 
linear behavior of the solid as shown in Fig. 
2. For oriented solids when the fracture 
strain is constant it is seen that the modulus 
increases as the degree of orientation increases. 
This is quite true in reality. When e=0 the 
modulus reduces to the elastic modulus E(O) 
of the solid. 

In spite of the difference in models used if 
the elastic fracture strain is considered inde- 
pendent of orientation then the strength ratio 
reduces to the same expression for all the 
models 


o(e) __Efe)ee)_ Ele) 
60) EO)e(0) E(0) 


which approaches to 6 as e goes to o. By 
varying the fracture strain ratio we can easily 
widen the applicability of the general orient- 
ation-strength relation. 

Furthermore, it seems possible to generalize 
the stress-strain relations for a model solid 
with uniaxial orientation strain e along one 
of the principal directions in the following 
form: 


=3¢(e) (14) 


6:;(e)= Ey j(e)erj(e) . 


For biaxial orientation,” if e, and ¢, are the 


(15) 
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orientation strains along two mutually per- 
pendicular principal directions then 

Ois(Eny Cy) = Lig(xy Ey)Etj(Exs Ey) - (16) 
It is hoped that these relations will be in- 
vestigated in the future. 
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The precise methods of obtaining X-ray line profile and broadening in 
crystalline high polymer using X-ray diffractometer are discussed in 
detail, and the causes of X-ray line broadening in highly oriented linear 
polyethylene ‘Marlex 50’ are investigated. It is found that the main 
causes are crystallite size effect and lattice-distortion, and the strain 
distribution function is approximated by Cauchy-form 1/(1+k2x2). There- 
fore, the separation of two effects can be made by means of Hall’s 
equation. Using 110 and 220 reflections on the equator, recrystallization 
of crystallite by annealing, break-up of crystallite with elongation and 


change in lattice-distortion are observed. 

The obtained values of strain (1~2%) are larger by one order of 
magnitude than those of cold-worked metals, and not changed so greatly 
by annealing and deformation, whereas crystallite size varies widely 


(100A~larger than 700A). 


Introduction 


§1. 

It is well known that the X-ray diffraction 
lines from crystalline high polymers are some- 
what broadened as compared with those given 
by large perfect crystals of inorganic substances. 

The X-ray line broadening may be due to 
several cause; (i) small size effect of crystal- 
lite; Gi) distortions in crystal-lattice or other 
imperfections, and (iii) thermal vibration of 
high polymer chains. In high polymers, meas- 
urements of line profiles of diffracted X-rays 
contain many difficulties, and the causes of 
line broadening have not been studied. With 
recent advances in measuring technique by 
X-ray diffractometer, it is possible to over- 
come experimental difficulties and distinguish 


between probable causes of broadening in some 
way. 

Highly oriented filament of linear poly- 
ethylene ‘Marlex 50’ was chosen as specimen 
for the following reasons: 


(i) Lattice imperfections due to irregulari- 
ties in chain structure have little effect on 
broadening, since molecular chains of this 
type of polyethylene are regular and have few 
branches. 

(ii) The crystal structure was fully analys- 
ed by Bunn”. 

(iii) Two orders of reflection, 110 and 220, 
from the same planes can be observed with 
intensities enough to measure diffraction profile 
correctly. 
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In the present paper, discussions on the 
causes of broadening and strain distribution 
function will be given. The thermal and 
load-induced changes of crystallite size and 
distortion will also be investigated. 


§2. Theory of Line Profile and Broadening 


The methods of separating lattice-distortion 
and size effects on broadening in X-ray pattern 
have been discussed by means of Fourier 
analysis of powder diffraction line profiles?» , 
and were successfully applied to cold-worked 
metals by many authors. Some remarkes 
on using the important results of broadening 
theory are summarized here. 

The profile of the diffraction peak of J-th 
order from certain set of planes can be re- 
presented by a Fourier series: 


Ph, D=K y An(D) cos 2xnh , (1) 


where h=(2asin 8/4)—I, a is interplanar spac- 
ing, #@ the Bragg angle, 4 the X-ray wave 
length, and K a proportionality factor involving 
some slowly varying functions of #. If two 
types of broadening are present, Az(/) is re- 
presented by the product of small particle size 
coefficient An? which is independent of 7, and 
distortion coefficient An?(J) which is dependent 
on J. That is, observed profile is obtained by 
convolution process on two profiles which 
would be obtained if two causes were present 
separately. 

If we have a number of orders of reflection 
from the same planes, it is possible to sepa- 
rate the two effects with complete accuracy. 
When only one or two orders of reflection are 
available the following approximation methods” 
can be used. 


(1) m small 
When 7 is small, 


qualogiArs 5 wy Oz) 
n N 


+27/en , 
where Wa is the thickness of the crystal normal 
to the reflecting planes, and ¢ is the local strain. 
N value determined from this formula is largely 
influenced by the tail of the line profile, so the 
measurements of the tail must be made with 
great accuracy. 

(2) m large 

If the displacements of widely separated 
planes are independent, the line profile due to 
lattice-distortion will be of the Cauchy-type 
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1/(1+k?x?) for small hk, and 

__ log An? 

Sc hmian (3) 


The functional de of f(Z) depends on the 
strain distribution function. For example, f(J) 
is equal to al for the Cauchy distribution and 
al’ for the Gaussian distribution, where a@ is 
a constant relating to the magnitude of strain. 
Therefore, we can find the strain distribution 
function if we know the form of f(i). 
Instead of the methods based on the Fourier 
analysis of line profile, Hall has suggested a 
simple method®*’, which is rather recommended 
when the intensity measurement of the tail 
is ambiguous. According to his suggestion, 
integral line breadth @ is expressed by 


Boosd _ 
a sar 


sin ra 


asia (4) 
where ¢ is ‘apparent size’ which is equal to 
aN?/N®, and & the integral breadth of the 
strain distribution function. Eq. (4) is valid if 
both line profiles are always of the exact 
Cauchy-form and the breadth due to distortion 
effect is proportional to the order of reflection, 
because the convolution of two Cauchy-forms 
is also of the same form and integral breadths 
are additive. The line profile due to small 
size effect is closely approximated by Cauchy- 
form provided that specimen contains a fairly 
wide distribution of crystallite size. In fact, 
exponential distribution of size gives the exact 
Cauchy-form. Therefore, the applicability of 
Eq. (4) depends on the nature of the line 
broadening generated by pure distortion effect. 


Experimental Procedure and Correction 


§ 3: 

Difficulties of the measurement of line broad- 
ening in high polymer are as follows: 

(i) Since scattered X-rays from high polymer 
contain amorphous scattering besides tempera- 
ture and incoherent scatterings, the base line 
of crystalline peak cannot be drawn with 
certainty. 

(ii) For measurement of pure line profile, 
we must know the instrumental profile”, but 
in the present case we cannot consider the 
line profile of well-annealed sample as instru- 
mental, because the strain in high polymer 
crystallite does never disappear entirely by 
annealing. 

(iii) Since the intensities of reflections of 
higher order are weak, we seldom have two 
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or more reflections from the same planes with 
intensities enough to measure the profiles ac- 
curately. 

In the present experiment, a highly stabilized 
X-ray source® with Cu target was used, and 
the monochromatization was achieved by means 
of balanced filters® (Ni and Co foils) which 
were balanced within 1% at Kg wave length. 
Highly oriented monofilaments with 0.16 mm 
diameter were arranged side by side on a flat 
sample-holder parallel to the line focus of 
X-ray tube, and the profiles of diffraction peak 
were obtained by usual spectrometric powder 
technique. 

The general methods of obtaining the true 
profile and line breadth from observed data 
have been discussed in detail!”, so only the 
special aspects in the present experiment are 
described below. 


(1) Correction of observed intensities 

By transmission technique, the sum of amor- 
phous and incoherent scatterings was measured 
previously along the meridian of fiber diagram. 

On the assumption that this diffuse scattering 
on the meridian is equal to that on the equator, 
the background of crystalline peak 110 can be 
corrected. The error due to this assumption 
may be small because the peak intensity of 
amorphous halo is about 0.5% of that of 110 
reflection. 

Proportionality factor in the formula (1) in- 
volves the influence of absorption of X-ray by 
the sample, geometrical factors (polarization 
and Lorentz factors*), and the modulation by 
structure factor which can be calculated from 
crystal structure data. These corrections are 
necessary when the lines are fairly broadened. 


(2) Correction of Fourier coefficients 

The Fourier coefficients of true profile are 
given by Stokes’ method” using observed 
profile when instrumental profile is known. 
Though the profile of well-annealed sample is 
considered as the instrumental profile in the 
case of cold-worked metals, we cannot use 
this simple procedure in the case of high poly- 
mers. Therefore the line profile from perfect 
crystal powder with high absorption coefficient 
for Cu Ka (for example, KI) is measured near 


* Though the theory in § 2 was first obtained for 
the powder diffraction line profile, it can be applied 
to highly oriented filaments if we use the Lorenz 
factor for rotating-crystal method instead of that 
for powder method. 
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the Bragg angle of high polymer reflection, 
and the convolution of this profile and the cal- | 
culated weight function due to finite thickness. | 
of high polymer sample is used as the instru- 
mental profile. The measured instrumental 
profiles were appreciably asymmetrical. Though 
observed profiles of polyethylene samples were 
also asymmetrical, this asymmetry could be 
explained by that of the instrumental profiles. 


(3) Correction of integral breadth | 

Simplified correction of observed integral | 
breadth based on Stokes’ method has been 
given by Rudman’, but it is still troublesome 
without suitable computer. If we can assume 
adequate functional forms for the true and 
instrumental profiles, simpler method!” 
may be used. As a matter of fact, the ob- 
served profile, which is widely broadened than. 
the instrumental profile, is closely approxi- 
mated by Cauchy-form, so we can assume that 
true profile has Cauchy-form. The measured 
instrumental profiles are asymmetrical, but 
they can be approximated by Gaussian form 
so far as they are used for the correction of 
the integral breadth. Thus, it is written as: 


true profile: ehoraats home , 
ifs ae Ae 
instrumental profile: a exp ( caput) ; 


and by convolution operation, one finds that 
the observed integral breadth is 


(5) 


From Fig. 1, we can find 8, when B and b 
are known. The curve in Fig. 1 is somewhat 
different from Alexander’s!? which was ob- 
tained by numerical integration. 


§4. Strain Distribution 


Among many reflections from polyethylene 
filament, 110 and 220 are only one pair of 
reflections from the same planes that have 
appreciable intensities. For this reason, atten- 
tion was confined to the profiles of 110 and 
220 peaks. This would have the generality, 
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for the changes of broadening of reflections 
on the equator have the same tendency. To 
obtain a sample which has as large crystallite 
size as possible, sample filament was annealed 
for 30 minutes allowing free shrinkage at 110°C 
and further for an hour at 130°C maintaining 
constant length. Then, the line profiles of 
110 and 220 were measured at 20°C and —196°C. 
Low temperature was attained by cooling the 


sample-holder by liquid nitrogen. Observed 
1.0 
—+. —- | 
0.8 eae 
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06 ees 
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©) Sens eee fe =i = N 
ie) 0.2 04 0.6 08 1.0 
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Fig. 1. Curves for correcting X-ray integral line 


broadening for instrumental broadening. Full- 
line was obtained from Eq. (5), and dotted-line 
by Alexander. 
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values of An and —log An/n are plotted against 
m in Fig. 2 and Fig. 3 respectively. 

In Fig. 3, the curves are straight lines passing 
through the origin for small ~, and therefore, 
the crystallite size must be very large as seen 
from Eq. (2), even though measured crystallite 
size is affected by tail error. Consequently, 
the line broadening of this sample may be 
ascribed to pure lattice-distortion. As for the 
temperature scatterings at 20°C and —196°C, 
it is found that two shapes of tails of line 
profiles differ little from one another though 
the background level decreases a little by 
cooling. Thus it is concluded that the tem- 
perature scattering is so diffuse that it has 
little effect upon the shape of tail. On the 
other hand, the central part of line profile 
becomes broader by cooling contrary to the 
thermal effect in which the line profile becomes 
usually sharper by cooling. Moreover, this 
change is reversible, so the increase in line 
broadening at low temperature can be ascribed 
to that in elastic strain. 

For large n, —log An/n tends to become a 
constant value. This fact indicates that the 
displacements of planes far apart become in- 
dependent. The ratio of saturated value for 
the second order to that for the first order is. 
about 2, so the strain distribution function 
for large m is expected to take Cauchy- 
form®, but this result is not conclusive unless. 
we have more reflections from the same planes. 
At any rate, the line profile due to pure distor- 
tion effect is nearly described by Cauchy-form,,. 
and its integral breadth is proportional to the 
order of reflection so far as 110 and 220 re- 
flections are concerned. Therefore, Hall’s 
equation (4) may be used hereafter with con- 
fidence. 
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Fig. 4. Change of relative intensity under amor- 
phous peak with temperature. 


466 


§5. Thermal Changes 


The thermal changes of filaments at con- 
stant length were followed above room tem- 
perature. In highly oriented polyethylene, the 
crystallinity is not obtained so precisely as in 
powder specimen by X-ray method'®. For 
simplicity, the integrated intensity of amor- 
phous scattering along the meridian obtained 
by transmission technique was conveniently 
considered as the measure of the crystallinity*. 
The ratio of the integrated intensity to that 
of completely molten sample is plotted against 
temperature in Fig. 4. 

Bragg distance corresponding to amorphous 
peak is also plotted against temperature 
in Fig. 5. Beyond 100°C, the coefficient of 
linear expansion of amorphous region increases 
and returns to the initial value after melting, 
but in crystalline region this phenomenon!” 
cannot be seen as far as highly oriented 
filaments are maintained at constant length. 
From these facts, the thermal motion of chains 
in amorphous region seems to become more 
active above 100°C. 
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Fig. 5. Change of Bragg distance for amorphous 


peak with temperature. 


To investigate changes in crystallites with 
annealing temperature, the integral breadths 
of 110 and 220 reflections were measured by 
the use of Fig. 1, and B versus temperature 
curve was plotted in Fig. 6. The values of 
“apparent size’ ¢ and integral breadth of strain 
distribution function, &, were calculated using 
Hall’s equation (4) and are shown in Fig. 7. 
From the two curves obtained from measure- 
ments at annealing temperature, it is seen that 


* 


These values do not express exactly true crys- 
tallinity, because the intensity of amorphous halo 
is not uniform but rather influenced by preferred 
orientation of chains in amorphous region. 
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the strain decreases rapidly and the crystallite 
size increases appreciably above 100°C. This 
implies that the small imperfect crystallites 
melt and large ones recrystallize, because the 
crystallinity does not decrease so rapidly with 
rising temperature as seen from Fig. 4. In 
cooling process after annealing, as seen from 
other two curves in Fig. 7, the crystallite size 
increases further and strain also increases to 
the value before annealing. 


o.0l2- © at annealing temp. 
e at 20°C after annealing 
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Fig. 6. Change of integral breadth with annealing 
temperature. 
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Fig. 7. Change of apparent size, t, and integral 
breadth of strain distribution function, ¢, with 
annealing temperature. 


These data indicate, therefore, that the 
distortion or imperfection in crystalline region 
generates in the course of crystallization by 
cooling. 


§6. Load-induced Changes 
For the understanding of the mechanical 
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behavior of crystalline high polymer, it is 
very important to know how microscopic struc- 
ture changes with microscopic deformation. 
Therefore, the load-induced changes in crystal- 
lites were examined by following changes in 
line broadening by focusing our attention on 
crystallite size and distortion. Before loading, 
the specimens were annealed at 110°C fer 30 
minutes allowing free shrinkage, and then de- 
formed in tension in a Instron Tensile Testing 
Instrument at constant rate of deformation of 
0.2% per second. The load-elongation curve 
is shown in Fig. 8 with full-line, the dotted- 
lines representing ‘load-elongation cycles’, 
in which a specimen is elongated to a certain 
value and contracted till the load drops off to 
zero. The maximum elongation used in this 
experiment was almost the elongation at rup- 
ture, 40%. 


Load 


20° 30 40 
Elongation (%) 


Fig. 8. Load-elongation curve and cycles. 


The specimens were clamped on specimen- 
holders immediately after deformation, and 
the measurements of line broadening were 
made after 12 hours. Repeated measurements 
on the same specimen gave the same results, 
so the specimen did not change during meas- 
urement. 

In Fig. 9, ¢ and & obtained from integral 
breadths of 110 and 220 are plotted against 
elongation*. The changes in ¢ and € become 
large beyond 25% elongation which corresponds 
to the inflection point on the load-elongation 
curve in Fig. 8. This results agree with that 
of Nylon filaments’. 

The difference in apparent size for elongated 
specimen and contracted one after the same 


* In the case of load-elongation cycle, the 
maximum elongation in the cycle is used as the 
parameter. 
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elongation is very little, so break-up of crys- 
tallite by elongation is not recovered by con- 
traction after elongation and seems to give 
rise to the permanent change in microscopic 
structure. On the other hand the strain de- 
creases a little with contraction, and this is 
due to the elastic part of strain induced by 
elongation. Thus, it is worth noticing that 
the load-induced microscopic structural changes 
are mainly the break-up of crystallites and the 
increase in lattice-distortion is unexpectedly 
small. 

The reflections on the first layer line which 
are expected to be sensitively broadened by 
the slip occurred among chains were recorded 
on a photographic film, because the precise 
method using diffractometer are only applicable 
for the reflections on the equator. By visual 
inspection, it is found that the change in 
broadening of the reflections on the first layer 
line with elongation has the same tendency 
as that on the equator. 


300- 


i 
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if 
é 


} contracted after elongation 
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Fig. 9. Changes of apparent size, t, and integral 
breadth of strain distribution function, &, with 
elongation. 


The angular broadening in fiber pattern, 
which is defined as the width of diffraction 
arc at half-maximum intensity taken along 
the arc, is about 7° for 110 reflection and 
slightly decreases with elongation. So the 
disorientation of crystallites at large elongation 
which was found in Nylon filaments’ are not 
observed in polyethylene. 

New crystalline phase” has been reported 
in polyethylene film extremely deformed by 
rolling or drawing. In the present work, 
however, reflections which could not be in- 
dexed on the orthorhombic cell were not ob- 
served. 
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$7. Conclusion 


There are many difficulties in measuring 
X-ray line broadening in crystalline high poly- 
mers, but careful intensity measurements and 
appropriate correction methods make it possible 
to obtain true values of Fourier coefficients 
or integral breadth of diffraction line with 
sufficient accuracy. 

By analysing line broadening of 110 and 220 
reflections from highly oriented linear poly- 
ethylene ‘Marlex 50’, it was found that im- 
portant causes of broadening are crystallite size 
effect and lattice-distortion. Fourier analysis 
of line profiles shows that the strain distribution 
function is well approximated by Cauchy-form”*. 
Therefore, the simple method suggested by Hall 
can be used. The crystallite changes widely 
in its size with annealing (l00A~larger than 
700A) and breaks up with elongation, whereas 
the strain does not change so greatly. However, 
the amount of strain is larger by one order 
of magnitude even in the case of minimum 
strain (about 1% in integral breadth) than 
that in cold-worked metals. Large amount of 
strain contained in crystallite may be one of 
the reasons why rather large temperature 
factors should be used in the crystal structure 
analysis of polyethylene? and other high po- 
lymers!”, 

The origin of the distortion is not clear at 
present, but the Cauchy-type strain distribution 
suggests that large distortions are localized 
somewhere in crystallite. 
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In the present paper, some discussion is given of the nature of the 
lattice modulation which is believed to cause the satellites to flank main 
reflections in electron diffraction patterns of the ordered Au;Mn alloy 
and also in the case of CuAu (II) as well as of CusPd. Two types of 
modulation, i.e. a periodic change of lattice spacing and of scattering 


factor, are considered. 


It is pointed out that the valence electron may 
play an important réle for the lattice modulation. 


In order to clarify 


this problem, a detailed X-ray study will be necessary. 


$1. Introduction 

In Part I of the present study”, the structure 
of the ordered Au;Mn alloy was investigated 
by electron diffraction, using thin single- 
crystalline films prepared by evaporation, and 
it was shown that this alloy possesses a two- 
dimensional anti-phase domain structure of a 
new kind, whose fundamental lattice consists 
of a face-centred orthorhombic cell with the 
atomic arrangement similar to CusAu. In that 
case, satellites flanking intense main reflec- 
tions were observed, as seen in Photo. 1 of 
Part I, but their intensities could not be 
derived from the proposed structure model. 
Such satellites as above have also been observed 
in other ordered alloys with anti-phase domain 
structure such as CuAu (II)?), CusPd®), and 
Cu-Au-Zn ternary ordered alloys‘), and it has 
been believed that some kind of periodic 
modulation with the same periods as anti- 
phase domain size does exist in the ordered 
lattice. In the case of AusMn, five kinds of 
satellites were seen in photographic plates, 
their separations from the relevant main 
reflections being mi=ai*/Mi, 2m, m2=a2*/M2, 
2m2 and 3m: in reciprocal space respectively. 
Among these satellites only those with the 
separations of m1, mz and 3m2 were repre- 
sented in Figs. 2 and 3 of Part I by small 
open circles.t 

For the origin of the satellites, on the other 
hand, Glossop and Pashley suggested that they 


+t All the notations, m1, ms, ai*, a2*, M; and Mb, 
have the same significance as in Part I. 


are entirely caused by double diffraction of 
split superlattice-reflections®. This explana- 
tion is based on the fact that the distances of 
the satellites from the relevant main reflec- 
tions are integer times the separations of the 
splits of the superlattice reflections. Carry- 
ing out the same experimental procedure as 
in cases of CuAu (II)® and a Cu-Au-Zn ternary 
ordered alloy*’, however, the present author 
confirmed also in the AusMn alloy that the 
periodic modulation of the lattice plays an 
important role. Photo. 1 shows a pattern 
obtained from an ordered Au;Mn film tilted by 
45° around the principal axis lying in the film 
plane. The superlattice reflections seen at 
normal incidence disappear here, since there 
is no superlattice reflection in the {110} plane 
of reciprocal lattice as described in Part I. 


e « - << s 
qi) 


* 
axis of 
rotation 
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Photo. 1. Electron diffraction pattern of the order- 
ed Au;Mn film: [110] incidence. 


Nevertheless, the satellites remain fairly 
strong. This fact shows that a greater part 
of intensity of the satellites is not caused by 
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double diffraction but due to a periodic lattice 
modulatoin. Recently, we observed, in addi- 
tion, the satellites flanking the superlattice 
reflections, {001}, in electron diffraction 
patterns of the ordered CusPd (a@’’) alloy mixed 
with one-dimensional anti-phase domains”. 
These satellites are also considered to be 
caused by the periodic lattice modulation. 

In general, either or both of two kinds of 
modulation in a crystal lattice are conceivable 
as the cause of the satellites, i.e. a periodic 
change of lattice spacing, and of scattering 
factor®. For CuAu (II), Ogawa and the present 
author?) proposed some explanation about the 
origin of the satellites, by considering a 
definite amount of expansion of lattice spacing 
at each anti-phase domain boundary, but it 
seems that this explanation is difficult to apply 
to all cases so far examined, because there 
are some cases in which contraction takes 
place along the alignment direction of anti- 
phase domains. 

In the present paper, contribution of a 
periodic lattice modulation accompanying anti- 
phase domains to the diffraction pattern will 
be reconsidered, and some discussion will be 
given of the origin of the satellites, on the 
basis of observed intensities. 
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§2. Models of Lattice Modulation and Compa- — 
rison with the Experimental Facts 


First, we shall consider for simplicity the | 
case of one-dimensional anti-phase domains, the | 
fundamental lattice of which is of ordered AsB | 
type with the first kind of out-of-step having | 
the period of Ma along the x direction, and 
calculate the structure amplitudes of the | 
satellites for some possible models of lattice | 
modulation. 


(1) Periodic change of lattice spacing 

Let us assume a periodic modulation of the 
spacing as shown by arrows in Fig. 1 (a), 
with the period of modulation Ma and with 
the shifts of lattice planes expressed by a 
sinusoidal function as shown in Fig. 1 (b). 
Positions, xp! and x,?, of the two kinds of 
lattice plane, which are parallel to the boundary 
plane and belong to the p-th fundamental cell, 
will be given by the following equations, by 
assuming that the lattice position on the 
boundary plane as indicated by arrow (?¢) is 
taken as the origin of the crystal lattice: 


p+(/4) 
M 


Xp'=pa+da-sin 2x (1-1) 


ane ( pts )ataa ir 2nP HtKt) (1-2) 


The structure amplitude for this crystal is 
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where WN is half the number of anti-phase domain along the x direction, and 


Y1=Eg+ Es exp xi(A2+ As) +{E4+Ez exp zi(Az+As)} exp 22iMA1 , 
2=Fa{exp zi(Ait+ Az)+exp zi(As+ Ai)}-(1+exp 2z7iMA1) , 


(3-1) 
(3-2) 


in which E4 and Ex are the atomic scattering factor for electron of A-and B-atom respecti- 


vely, and Ai, As and As are continuous variables in reciprocal space. 


By expanding 


: : +(1/4 2 
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for Ai>0. The structure amplitudes of the satellites flanking the main reflections and those 
flanking the superlattice reflections are given respectively as follows: 
(i) Satellites flanking the main reflections (A:=/i-k(n/M), Az=he, As=hs, where M1, hz and 


hs are unmixed and n=integer.) 


|Sin| =2N-M- Jn(2x-Iik(n/M)-6)-|Ez+3Ea| ’ 
=5.656 N: Ji(22-Aik(1/2)-6)- YE? +5 2+2Ep Es , 


for M>2 
for M=2 


(5-1) 


(ii) Satellites flanking the superlattice reflections undergoing no splitting (A:i=dixtk(n/M), 
Az=hz, As=hs, where /2+h;=even and n=integer). 


[Ss|=2N-M- Jr(2z-hik(n/M)-0):|Ez—Ea| 


It is readily known from the above result 
that the intensities of the satellites increase 
with the order of reflection and the satellites 
flanking the main reflections with 4:=0 must 
have the smallest intensity. The circumstances 
remain the same even when a definite spacing 
change, i.e. an expansion or a contraction of 


Be e A-atom o B-atom 


0c PARSE. 


(-dE* 

inrgex, Al, 

tion. 

(a) and (b); Periodic change of lattice spacing. 

Small arrows in (a) represent the displace- 
ments of lattice planes. 

(c) and (d); Periodic change of scattering factor. 


Some models of periodic lattice modula- 


Oe AYE SY 


fOr V2, Oe 


the lattice, exists periodically only at each 
domain boundary, as already proposed by 
Ogawa and the present author for CuAu (II)”. 

Experimentally, however, the _ satellites 
flanking the direct spot is most pronounced 
in all cases so far examined, and the higher 
the order of main reflection, the smaller the 
intensity of the satellites becomes. Therefore, 
it becomes clear that the observed satellites 
are hard to be explained by the periodic 
change of lattice spacing alone, unless an 
anomalous value of atomic scattering factor 
for electron at the lowest scattering angle such 
as previously proposed” is assumed. 


2) Periodic change of scattering factor 

If the scattering factor at each domain 
boundary is different on the average from 
that inside each domain, satellites should also 
arise. Here we shall consider the following 
two simplified models. 
(a) First, let us examine the model as shown in 
Fig. 1(c), in which the change of scattering fac- 
tor is gE, that is to say, the scattering factors 
of atoms on domain boundary and inside domain 
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; g(M—-1)\ ,. £ 1 

are given by (1+ Tie E and (1— Ai E respectively, where E is the scattering factor 
| 


for the structure without modulation. The structure amplitude for such a crystal is given by | 


N-1 -1 
S=(1- £). S exp 2riq(2M)A:- > exp 2zip A1:(O1+@2 exp 2xiMA1) 
q=0 p=0 


+g Sexp Qnig(2M)Ar-{¥itY2-exp 2ni(M—NAv , (6) 

where 
0,=E.s{exp mi(Ai1+ Az)+exp mi(A2+ As) +exp mi(As+A1)}+Exz (7-1) 

and 
Oz =EFEs{1 +exp m(A1 ris Ao) a5 OQGD) mi(As+ Ai) }+Exz “exp 71( Ae a As) ) (7-2) 


and ¥, and ¥%» have the same significance as in Eq. (3). The structure amplitudes of the 
satellites flanking main reflections and those flanking superlattice reflections become respectively — 
as follows: 


\Sml=2g-N- | Eat Fat+2Eu exp( =r) (8-1) 
and 
|Ss| =2¢-N-|E,+Es—2E4 exp( aaale (8-2) 


(b) Next, we shall consider a structure in which the scattering factor varies sinusoidally as 
shown in Fig. 1 (d), where the scattering factors of atoms on the two kinds of lattice plane 
in the p-th fundamental cell are given by 


=i (a +2’ cos 2z ares (9-1) 
and 
Ep=E(1+8" eos be eee (9-2) 


and g’ represents a parameter of the sinusoidal variation. The structure amplitude for such 
a crystal is given by 


as [wis aint, S & cat 1 
See? exp Sala te ia Dy, exp 27ipA1 +5 XD 5 OX, 2rip( Av a 
=i) =U p=0 


_& —% me 
ore exp ( aut) 5 pi exp met. 1) 


M-1 Z 
+82} » exp 2zip Aye oe OREN, Ss exp Drip As Ss ) 
p= p=0 M 


0 D 2M 
+ ole exp 2rip( A: ma (10) 
Z 2M / >= M 
|Sm|=9’NM-|E3+3E4| for n=l; M>2. 
==() for’ 22. M2 . (11-1) 
=2Y 2 g'N-|Est+Es2ik,| for V2) 
and 
ISsi=g’NM- |Ep—Ea| for’ 4=1," M2, 
=() for / M2325 Wi (11-2) 


=2Y 2 g’N:|Es+Esat2iEa| for °iM=2! 
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From these calculations it is seen that the 
ratio of intensity of satellites to that of the 
relevant main or superlattice reflection is 
independent of the reflection order, and there- 
fore satellites flanking the direct spot are 
expected to be most strong if the dependence 
of scattering factor upon scattering angle is 
taken into account. Since, however, the result 
of the model (d) contradicts the experimental 
fact that the second and the third order 
satellites (7=2, 3) are clearly observed in 
many cases including Au;Mn, the observed 
amplitudes of satellites from the Au:;Mn alloy 
is now compared with the calculated values 
based on the more favourable model (c). The 
calculation for the two-dimensional anti-phase 
domain structure of Au;Mn is similar as in 
the above one-dimensional case, and the 
structure amplitude of the first order satellites 
due to the modulation with M:=2 along the 
y-direction is shown to be 


Table I. The observed and calculated 
structure amplitudes for the satellites. 
H, #p Hz | ops. | | Feat. | 
pare pet Ih6 17 | 6 
6 0 0 11 6 
10 0 0 it 5 
2 8 0 14 4 
6 8 0 8 5 
10 8 0 5 | 5 
Pe Gee 0 7 | 2 
6 16 0 5 3 
10 16 0 4 4 
2 24 0 5 1 
0 2, 0 17 6 
0 6 0 12 7 
0 10 0 10 9 
0 14 0 7 8 
0 18 0 3 8 
4 2 0 10 3 
_ al 6 0 8 5 
4 10 0 7 G 
4 14 (0) 5 7 
4 18 (0) 3 7 
8 2 0 6 2 
8 6 0 5 3 
8 10 0 5 4 
8 14 0 3 5 
12 7 0 4 1 
12 6 0 3 2 
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|Sm| =2Y 2 g-N:|Ewn+3Eaul=N-F. (12) 


In the second column of Table I* the values 
of the structure amplitude obtained from the 
square root of the observed intensities of 
satellites, which have been already given in 
Table II of Part I, are tabulated again, and 
these values and the values of |F|/g calculat- 
ed from Eq. (12) are shown against the change 
of scattering angle in Fig. 2, where the 
observed value of (12, 2, 0) reflection is nor- 
malized with the calculated one. It is to be 
noted that the observed values decrease more 
slowly than the calculated one. If intensities 


Table II. Some examples of the structure ampli- 
tudes of satellites calculated for the model contain- 
ing both kinds of lattice modulations. 


Index |Sm|/N 
0, 2—(1/M:2), 0 1552 
0, 2+(1/M:2), 0 OFS 
0, 4—(1/M2), 0 9.8 
0, 4+(1/M2), 0 DZ, 
2, 2—(1/M2), 0 9.8 
2, 2+(1/Me), 0 0.2 
(A) 


25 


Dv) 
(2) 


Observed Structure Amplitude of Satellites 
o a a 


o 


0.8 1.0 


0.2 


O4 


06 
sin@/ (A 


Fig. 2. Comparison of the observed structure 
amplitude of satellites and |F'|/g calculated from 
Eq. (12). 


* Jn this table, the index, (H,H2H3), refers to 
the large orthorhombic cell 2x4x1 times as large 
as the fundamental cell. The relation between the 
indices, (hih2hs) and (H,H2Hs), is given as follows: 
hi=(H,/2), ho=(H/4), h3= Hs. 
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of the satellites be somewhat strengthened by 
double diffraction, this tendency should be 
more pronounced, because such an effect is 
expected to be conspicuous at small scattering 
angle. If a fraction of the modulation, g, is 
assumed to be about 1/8.5, the intensity of 
the satellites flanking the main reflections of 
lower order may be explained by the present 
model (c), but the satellites with large scattering 
angle seem not to be fully elucidated. These 
circumstances seem to suggest that the scatter- 
ing factor variation mainly contributes to the 
lower angle satellites, while part of the inten- 
sity of the higher angle satellites is ascribed 
to the lattice spacing variation. 

Here, the order of magnitude of the spacing 
variation, if any, can be estimated in the follow- 
ing way: The values of structure amplitudes of 
satellites are calculated, by assuming various 
values for the displacements of atoms at the 
domain boundaries along the x and y directions. 
In this case, we assumed that along both direc- 
tions the lattice constant is slightly expanded at 

a 


wes 


Fig. 3. (a); Two-dimensional Fourier map obtain- 
ed from reflections except satellites. 
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domain boundaries. Comparing the observed | 
structure amplitudes with the calculated ones, 
the most appropriate values of the displace- 
ments were so selected that the coincidence 
between both values might be best for the 
higher angle satellites. In this way, the 
displacements of atoms at domain boundaries 
were estimated to be about 0.01A along the 
x and 0.02A along the y direction. It is 
readily shown that such an order of displace- 
ments has little effect on the structure 
amplitudes of main and superlattice reflections 
but exerts a large influence upon the structure 
amplitudes of satellites. In the third column 
of Table I the structure amplitudes of satel- 
lites calculated by taking only the above 
displacements into account are also tabulated. 
In this table we see that for the satellites with 
small Mi or H2 value, i.e. (2H20) and (6H20), 


Fig. 3. (b); Two-dimensional Fourier map obtain- 
ed from all the reflections including satellites. 
In (a) and (b), the full lines represent the places 
where out-of-steps occur, i.e. the domain bound- 
aries. 
The contours are drawn at arbitrary unit. 
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(4120) and (H:60), the calculated structure 
amplitudes are smaller than the observed ones, 
while for the satellites with relatively large 
Hi; or Hz value the agreement is good. 

In order to investigate the nature origin of the 
of the satellites with small Hi or H»2 value, 
Fourier synthesis for the potential distribution 
was tentatively undertaken, using the meas- 
ured structure amplitudes given in Table II of 
Part I. The potential distribution estimated 
from reflections not including the satellites is 
shown in Fig. 3 (a). In this figure, which is 
a projection on (001) plane of a quarter of a 
large orthorhombic unit cell (@’:=2a1, a’2=4az, 
@’3=ds), the positions of gold and manganese 
atoms, showing the potential distribution of 
nearly spherical symmetry, are clearly distin- 
guished. Fig. 3 (b) is the result obtained by 
taking account of all the observed reflections 
including the satellites, with the following 
assumption regarding the determination of the 
phase of the structure amplitudes for the 
satellites: 

(i) Along the x direction the lattice constant 
at every boundary between the domains is 
assumed to be elongated slightly. The peri- 
odic change of the scattering factor is forbid- 
den due to the symmetry operation of the 
present space group, Prnm-Din. 
(ii) Along the y direction the modulation of 
the scattering factor may be present, but in 
the present case we only assume also for 
this direction that the lattice constant at every 
- boundary is slightly elongated. 
It is remarkable that in Fig. 3 (b) the 


Ce OAV [ (i= f-)-3 3 one ani A.(p+2- Se 
q=0 


eel sin 27 


st exp 271A» 


p=0 


vel ih) 


+g-exp| 271 Az (w-1 +6-sin 2z 


where 
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potential distribution around gold and man- 
ganess atoms is fairly distorted in comparison 
with Fig. 3 (a). The displacements of poten- 
tial peaks at domain boundaries, however, can 
not be detected in this figure, because their 
magnitudes are very small, as mentioned 
above. Moreover, from the detailed analysis 
of Fig. 3 (b) we see that the height of poten- 
tial peaks at the boundaries of domains along 
the y direction decreases slightly in compari- 
son with Fig. 3 (a).* This fact means that 
the modulation of the scattering factor also 
occurs along the y direction, though this has 
not been assumed beforehand. It was known 
in the course of Fourier synthesis that the 
distortion of the potential distribution around 
each atom is attributable to the satellites with 
small Hi: or Hz value. That is to say, this 
distortion causes the abnormally intense sate- 
llites in question, especially those flanking the 
direct spot. 


(3) Combination of both types of lattice 
modulation 

In view of the above result that neither the 
lattice spacing variation alone nor the scatter- 
ing factor variation alone explains the intensi- 
ties of the satellites satisfactorily, we shall 
tentatively consider a two-dimensional anti- 
phase domain structure of Au;sMn type in 
which both the variations given by Figs. 1 (a) 
and (c) occur simultaneously along the y 


direction. In this case we assume that no 
variation occurs along the x direction. The 
structure amplitude is given by 
re) 
M, 
Ta 
4M, 
Das a 
(o+3- sin 2x M. 
SL (13) 
M, 


G1 =Evn+ au exp mi(As+ A1) +{EautEmn exp m(As+ A:)}exp 27i1M2 Az 
+ Eay{1+exp 7i(As + A;)}-{1+exp 271M: As} exp 271A1 


and 


* Such a change of peak height, however, can not be detected in Fig. 3. 
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G2= Eaufexp zi(Ai+ Az)+exp mi(Az2+As)}-{1+exp 272i M2 Az} 
+{Eau-exp mi(Ai+ Az)+Enmn exp zi(A2+ As)}-exp 277A 
+{Emn-exp zi(Ai+Az)+ Eau exp zi(A2+As)}-exp 27i(Ait+ M2Az) , 


and the domain size along the x direction, Mia:, is considered to be a: (Mi=1). 


M2=2, we have 


ISI=N-| G 


af Jo(2nA28)- ( pe 
( = 
( 


4 (2 As8)- | 
)-4 = 


+e] Jo2nA28) 


4+ Js(2nA2d)- \(1- 


Assuming 


(1+exp 2ni A:)+8! 


(1+exp 277 A2)+ g-exp ani As| 


(14) 


)a-exp Oni As) +8! | v2i 


(1—exp 277 Az:)—g-exp dni Art. v2i] : 


The structure amplitude of satellites located at Ai=/, Az=/2=41/M2), As=hs, is given by 


[Sml=2Y 2 N-|(Emn+3£ au): (gJoF2.828)1)| . 


It is clear from this equation that for the 
positive value of g the calculated intensity of 
the inner satellites (4A:=/2—(1/M:2)) becomes 
exceedingly larger than that of the outer ones 
(Az=h2+1/M2), provided that g and 6 are 
of the same order of magnitudes as those 
already estimated. Table II shows some exam- 
ples of the intensity asymmetry.* If g-value 
is negative, the asymmetry is reversed. 

Furthermore, Eq. (14) predicts that the 
intensity asymmetry should appear also in a 
pair of split superlattice reflections, but such 
an order of magnitude of g and 6 as above is 
so small that the evince does not appear 
in the superlattice reflections in the present 
case. The derivation of such an asymmetry 
of intensity in a pair of satellites is charac- 
teristic for the model in which both types of 
lattice modulation are combined®. The 
circumstances are of course much the same 
for the one-dimensional domain structure. 

Since such an intensity asymmetry in satel- 
lites could not actually be observed in all cases 
so far examined by electron diffraction, the 
model taking account of both modulations as 
considered here seems to be not satisfactory 
in explaining the origin of the satellites. In 
this connection, it is worth mentioning that 
in the AusZn alloy which exhibits the two- 
dimensional anti-phase domain structure of 


* Such an asymmetry appears also in the model 
(a—b), in which lattice spacing variation only is 
considered, as readily known from equation (5). 


(15) 


CusPd type, the intensity asymmetries in both 
satellites and split superlattice reflections have 
been observed by X-rays®’.** In this case, it 
is reasonable to assume that the scattering 
factor variation due to a composition change 
inside each anti-phase domain coexists with 
the lattice spacing variation. 

(4) On the satellites flanking the superlattice 
reflections 

As was described in §1, the satellites flank- 


__ (220) 


(do) | 

Photo: 2. Electron difracionin men es 
ordered CusPd (a/’) film mixed with the one- 
dimensional anti-phase domain structure; normal 


the 


incidence. 
lattice, 


Indices refer to the disordered cubic 


** However, the satellites flanking the direct spot 
were hardly detected by X-rays, while they were 
observed by electron diffraction. This ordered alloy 
was named Au3iZn instead of AuyZn by Iwasaki 
et al). following Wilkens and Schubert), 
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ing the {001} superlattice reflections were 
observed besides those flanking the main 
reflections in the ordered Cu;Pd alloy, in 
which the one-dimensional anti-phase domain 
structure lined-up along the z-direction are 
mixed with a little amount of the _ two- 
‘dimensional structure”. In Photo. 2 is repro- 
‘duced an electron diffraction pattern taken 
from this alloy. The intensity distribution in 
reciprocal space derived from Photo. 2 is shown 
in Fig. 4, where superlattice reflections and 
‘satellites are represented by the small closed 
and open circles respectively.* As already 
shown in the preceding calculations and pointed 
“out by Okuzumi, Perio and Tournarie’, the 
satellites flanking the superlattice reflections 
are also expected to appear by the periodic 
lattice modulation. 


(020) 


(O00) 


Fig. 4. Fundamental intensity distribution in 
reciprocal space induced from Photo. 2. 


Table III]. Structure amplitudes of the satellites 
flanking (001) and (002) reflections calculated for 
the Cu;3Pd alloy. 


Index |S|/N 
0, 0, 2—-(/M), 30g 
0, 0, 2+(1/M), 24g 


In the present CusPd alloy, the intensity of 
‘the satellites in question seems to be explained 
by the periodic change of scattering factor 
(model (c)). In Table III, for example, are 
shown the structure amplitudes of the satel- 
lites flanking (001) superlattice reflection and 
.of those flanking (002) main reflection calcula- 


* In this figure, the superlattice reflections due 
-to the two-dimensional structure were neglected. 
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ted from Eq. (8-2) and (8-1), respectively, for 
the Cu;Pd alloy, where M was estimated to 
be about 4. As the observed intensity distri- 
bution well coincides with that given in this 
table, it is supposed that the satellites flank- 
ing the superlattice reflections are caused by 
the same origin as those flanking the main 
reflections. In the AusMn alloy, however, we 
could not detect any satellite around superlat- 
tice reflection. 


Further Considerations 


§ 3k, 

Although we can not draw after all a 
decisive conclusion about the nature of the 
lattice modulation from the above considera- 
tions, it is suggested that the lattice spacing 
variation is required to be assumed for the 
satellites with large scattering angle and some 
kind of the scattering factor variation for 
those with small Hi or H2 values, though the 
magnitude of these modulations may some- 
what be diminished if the effect of double 
diffraction exists. 

If the periodic change of scattering factor, 
say in the model depicted in Fig. 1 (c), is 
caused by the difference in degree of ioniza- 
tion between the boundary atoms and inside 
ones, the appearance of the satellites flanking 
the direct spot may be explained, and the 
intensity asymmetry in a pair of satellites 
may not be expected to occur at sin 6/4 larger 
than 0.2 even when the lattice spacing varia- 
tion co-exists, because the effect of ionization 
on the atomic scattering factor for electron is 
negligible except at small values of sin 0/2 
less than 0.2. But, appreciable intensity of 
the satellites may not be expected for small 
Hi; and Hz values, although those for large 
Hi, and Hz values may be attributable to the 
lattice spacing variation. The present difficul- 
ty can not be overcome even if we take account 
of secondary diffraction of the satellites flank- 
ing the direct spot”, because the actual inten- 
sity distribution in a pair of the satellites 
flanking other main reflections, especially of 
those flanking {220}cup. reflection, remains 
unexplained. That is to say, the inner satel- 
lite flanking {220}cup. reflection has obviously 
larger intensity than that of the outer, whereas 
these satellites should have at least the same 
order of intensity in order to be explained by 
secondary diffraction. Thus, it seems that 
the actual nature of the scattering factor 
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variation is more complicated than the above 
model of ionized atom. 

Here, it must be noted that up to the 
present the satellites flanking the direct spot 
are hardly observed by X-rays except the 
only one case. Wilkens and Schubert!” observ- 
ed a very weak diffraction line at the satellite 
position around the direct spot using a poly- 
crystalline specimen of Cu;sAuzZns. In the case 
of electron diffraction, the distortion of the 
potential distribution around each atom has a 
large influence on the satellites with small Mi 
or H2 value including those flanking the direct 
spot, as already mentioned. From this fact, 
it is suggested that such a distortion in the 
distribution of valence electron as ellipsoidal 
distribution considered in zinc oxide by 
Johnson?’ exists at each domain boundary and 
causes the satellites in question to arise. If 
these satellites are caused by such an effect, 
they will hardly be observable in an X-ray 
diffraction pattern, for the abnormality of 
valence electron distribution seems not so to 
affect X-ray diffraction as to affect electron 
diffraction. In this connection, Schubert et al. 
proposed that the valence electron plays an 
important réle in the formation of anti-phase 
domain structure. They found a definite 
relation between the valence electron density 
and the domain size in many ordered alloys 
with stable anti-phase domain _ structure, 
and assumed that excess or deficiency of 
valence electrons to unity is located with the 
definite period and gives rise to out-of-step of 
ordering. According to this idea, the distor- 
tion of valence electron distribution at domain 
boundary and also the lattice spacing variation 
may occur, if the spatial change of valence 
electron number causes a periodic variation in 
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the cohesive force of the lattice. Accordingly, 
the idea given by Schubert ef al. seems to be | 
closely connected with the origin of the satel- — 
lites. However, a more concrete theoretical 
foundation might be desired for this idea, and © 
at the same time a more detailed X-ray study © 
about the satellites should be carried out. / 
The present author wishes to express his | 
sincere thanks to Professor S. Ogawa for the , 
kind guidance and encouragement. | 
The present investigation has partly been . 
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Education in Aid of Scientific Researches. 
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The Ferroelectric Phase Transition in (Glycine), - H,SO, 
and Critical X-Ray Scattering 
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On the assumption that the ferroelectric phase transition in (Glycine)3- 
H,SO, is of the order-disorder type, expressions for Bragg reflections and 
critical scattering of X-rays are given in terms of a long-range order 
parameter and pair correlation functions. Temperature dependence of 
the critical scattering is discussed on the basis of the Bragg-Williams 
approximation and of a modified Fréhlich theory. Experimental obser- 
vations agree with theoretical predictions, and prove that the phase tran- 
sition is of the order-disorder type. The observed critical scattering 
exhibits a pronounced peak at the Curie point, suggesting that the local 
field theory is not a good approximation. The shape of the peak appears 
to be quite different from that in the ferromagnetic case. It has been 
found that the sulfur atoms do not shift appreciably when the glycine 


groups rotate. 
proposed. 


Introduction 


$1. 

Critical scattering is one of the effects as- 
sociated with a condensed material in the 
vicinity of a phase transition. It may be ex- 
pected to occur in crystals where there are, 
under appropriate conditions, atoms of more 
than one type or atoms existing in more than 
one state in the lattice. An example of the 
former case is an order-disorder transition in 
alloys”, and the latter a ferromagnetic tran- 
Sition?). As has been shown in these cases!-®’, 
investigation of critical scattering provides 
very valuable information about the mecha- 
nism of a phase transition. The purpose of 
the present paper is to show how critical 
scattering of X-rays takes place in the ferro- 
electric transition of (Glycine)s-H:SO., and to 
give a foundation for more detailed studies 
of this phenomenon. (For simplicity, (Glycine)s 
-H2SO,, triglycine sulfate, will be abbreviated 
as TGS below). The reasons why we chose 
TGS as the first sample in our studies of 
critical scattering by ferroelectrics are as fol- 
lows: (1) the transition is of second order’, 
(2) the transition seems to be of the order- 
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** Now at Laboratory for Insulation Research, 
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A method for evaluating the pair correlation function is 


disorder type (see Sec. 2), (3) the crystal 
structure at room temperature has been an- 
alyzed®), and (4) the unit cell has only two 
molecular units and the crystal structure is 
relatively simple. 

One can find a general theory on diffuse 
X-ray scattering by partially ordered crystal 
in Zachariasen’s book® and, in more detail, 
in Matsubara’s articles”. Our present theory 
described in Sec. 2 will be based on their 
formulations. The long-range order para- 
meter and pair correlation function will be 
defined in an analogous way to the alloy case, 
and intensities of Bragg reflections and critical 
scattering will be expressed in terms of them. 
A method to evaluate the pair correlation 
function will be proposed in Sec. 2. With 
the help of statistical mechanics, the pair cor- 
relation function will jprovide information on 
the interaction between atoms or molecules 
in the crystal, and thus on the origin of ferro- 
electricity. Estimation of pair correlation will 
be made in a later paper. Experimental ob- 
servations of Bragg spots and critical scatter- 
ings will be reported in Sec. 3. Discussions 
on obtained results will be given in Sec. 4. 


S25 
A. Fundamental assumptions 


Ferroelectricity in TGS was fonnd by Mat- 
thias, Remeika, and Miller in 19569. The 
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crystal is ferroelectric along the b-axis below 
47°C”, and the transition is of second order®*. 
Usually ferroelectric phase transitions are 
classified into two types”; one is the BaTiOs 
type sometimes called a displacive type, and 
the other is the KDP type usually called an 
order-disorder type. The type of a transition 
can be decided by examining the order of 
magnitude of the Curie-Weiss constant or of 
the transition entropy as has been demon- 
strated clearly by Anderson!?. The Curie- 
Weiss constant of TGS is 3,280°K*) compared 
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to 3,260°K for KDP” and to 170,000°K for 
BaTiO;'”.. The transition entropy of TGS is 
0.48 cal./mol. deg.*’ compared to 0.471” or 0.72!” 
for KDP:.and. to 0.12 4or -BaTiOs *,, These 
values suggest that the transition of TGS is. 
of the order-disorder type. 

The crystal structure of TGS has been 
analyzed recently by Hoshino, Okaya and 
Pepinsky®. The space group is P2:/m above 
the Curie point and P2: in the ferroelectric 
phase. The c-projection of the structure at 
room temperature is shown in Fig. 1. The 


Fig. 1. Projection of the structure of TGS along the c-axis (after Hoshino, Okaya and Pepinsky5)), 
This structure corresponds to negative polarity. Arrows show displacements of atoms during 


a reversal of polarity. 


figure corresponds to a structure of negative 
polarity’. The structure of positive polarity 
is a mirror image of Fig. 1, putting the mir- 
ror perpendicular to the b-axis. A molecular 
unit is enclosed by the dashed lines. The 
unit cell has two molecular units, which are 
related with each other by the twofold screw 
axis 2:. Coupling between atoms seems to 
be strong within this molecular unit and it 
may be considered a statistical unit. How- 
ever, for simplicity, the crystallographic unit 
cell will be assumed to be a statistical unit 
below. There is some evidence suggesting 
that this is not a very bad assumption. We 


The molecular unit is enclosed by dashed lines. 


get a transition entropy of R1ln2=1.38 cal. 
/mol.deg., where R is the gas constant, if 
we assume that the molecular unit is a sta- 
tistical unit with two positions of equilibrium, 
and if we use the Bragg-Williams approxima- 
tion’? (for this terminology, see Sec. 4). On 
the other hand, if we assume that the cry- 
stallographic unit cell is a statistical unit, we 
get a transition entropy of 3R1ln2=0.69 cal. 
/mol.deg., which is close to the observed 
value of 0.48. Further, existence of the two- 
fold screw axis results in zero Bragg reflec- 
tion and zero diffuse coherent scattering at 
(0k0), where k is odd, due to the extinction 
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law‘? and to the reasons described below. 
However, if coupling between the two mole- 
cular units in the unit cell is weak, the two 
molecules could have opposite polarity and 
destroy 2: symmetry frequently due to the 
thermal agitation at elevated temperatures, 
and a diffuse peak should be observed also 
around (0k0), where k is odd. No well de- 
fined peaks, however, have been observed, 
suggesting that coupling along the b-axis is 
strong. 

The phase transition at 47°C will be as- 
sumed to be of the order-disorder type, and 
the actual crystal structure to be a statistical 
mixture of two basic structures, one of which 
has positive polarity and the other negative 
polarity, and which are mirror images of each 
other. Above the Curie point, the basic 
structures exist in the same proportion, and 
the unit cell has a center of symmetry on 
the time average. Below the Curie point, 
the ratio of the two structures deviates from 
3, and spontaneous polarization appears. The 
basic structure with negative polarity is as- 
sumed to be the same as that determined by 
Hoshino, Okaya and Pepinsky®. The struc- 
ture factor which they calculated by placing 
the sulfur atom at y=} will be written as 

F’=A’+iB’ . (ay) 

For the space group P2:, the origin of the 
unit cell cannot be determined uniquely along 
the b-axis. If the origin is defined by refer- 
ring to a special atom which shifts during a 
reversal of polarity, the origin has to be 
shifted according to the reversal. This pro- 
cedure is not convenient for handling the 
problem, since we cannot superpose origins 
of two unit cells by the lattice translation 
when they have different polarities. Suppose 
that a part of the crystal (or of the domain 
below the Curie point) has positive polarity, 
and another part negative polarity simultane- 
ously, and that the two parts were superposed 
by the lattice translations. The resultant 
structure should have a center of symmetry. 
In the present treatment, the origin of the 
unit cell is put at one of these centers of 
symmetry which is closest to the origin 
chosen by Hoshino et a/. For this new choice 
of the unit cell, the origin of Hoshino ef al. 
is at (060); and 6 should be added to all y 
coordinates in order to adjust to the new 
origin. We can now treat the two basic 


Critical X-Ray Scattering by TGS 


481 


structures in a symmetrical way by this 
choice of the unit cell. Structure factors Fy 
and F_, which correspond to positive and 
negative polarity, can be written for the new 
origin as 


=A ts (2a) 


and 
F.=A+iB. (2b) 


By the definition of structure factors'?”, A 
and B are related to A’ and B’ by equations 


A=A’ cos 2xké—B’ sin 2zko , (3a) 
B=A’‘ sin 2zk6+B’ cos 2zko . (3b) 


In Sec. 3 it will be found that 6 is nearly 
equal to zero. 

Hoshino et al. took the effect of the thermal 
vibration of the atoms into account by iso- 
tropic temperature factors when they calcu- 
lated the structure factor Ff’. Therefore, in 
reciprocal space, the weight / for the dif- 
fracted coherent X-rays may be written as 


J ape DF Feet rss) + Jo, (4) 


Here Fs; and Fy are the scattering amplitude 
of the sth and the s’th unit cells, < > is the 
time average, H a position vector in reci- 
procal space, rss’ the vector from the s’th to 
the sth unit cell, and Jr is the thermal dif- 
fuse scattering due to the lattice vibration. 
The summation should be carried out for all 
unit cells in the crystal bathed in the incident 


X-rays. The above expression can be re- 
written as 
J=Jst-JoAy rs (5) 
where 
Ja=\Fdl SS etter (6a) 
and 
= SACP Eee . (6b) 


> DSert&rss gives the Laue interference 
Si 


function, and /z represents Bragg spots when 
the unit cell is defined independent of atomic 
shift as in our case. /Jc¢ gives the critical scat- 
tering which is caused by disorder configura- 
tion of molecules in the crystal. 


B. Effect of long range order on Jy 

Suppose that the unit volume of TGS has 
N unit cells, of which N. have positive pola- 
rity and N- negative. Then x,=N,/N and 
x-=N-_/N are the probabilities that a unit 
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cell has positive and negative polarity, re- 
spectively. Naturally *,+x-=1. 

A long-range order parameter S is defined 
by 

S=*4—x_ . Ce) 

x.=x-=%4 and thus S=0 in the paraelectric 
phase, and *+=1, «-=0, and thus "S=liat 
very low temperatures if a domain of posi- 
tive polarization is considered. S is related 
to the spontaneous polarization Ps; by the 
equation 
Ne Ne (NN aes 
oN Wor Nu Ne’ 
where P; is the spontaneous polarization and 
u is the dipole moment of the unit cell. x+ 
and x- are given in terms of S by the equa- 
tions 


S (8) 


#P=4ISS) andyes-SslS)a (9) 


Thus we have 


(Fs) =x4F,.+x-F_=A-—iSB , (10) 
where Eqs. 2 and 9 were used. Therefore, 
by Eq. 6a, we have 

JENS PSA eS’ Bb (11) 


Here it should be mentioned that B is not the 
imaginary part of the structure factor of the 
actual crystal, but that of the basic structure. 
B has a finite value also above the Curie 
point, while an imaginary part of the struc- 
ture factor of the actual crystal disappears 
above the Curie point as S becomes zero. 
Measurements of Ps were made from —100°C 
to the Curie point and values of S have been 
calculated by Eq. 8 assuming that S=1 at 
—100°C. The result is shown in Fig. 2. S= 
0.77 at about 22°C, and therefore, the room 
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Fig. 2. Long-range order parameter S as a func- 
tion of temperature. Perfectly ordered struc- 
ture was assumed and S was put equal to one 
at —100°C, where Ps=3.6 microcoulombs/cm?. 
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temperature structure is a superposition of 
11.5% of one of the basic structure and 88.5% 
of the other according to Eq. 9. 

One can easily show that Eq. 11 can be 
derived also on the assumption that the mole- 
cular unit is a statistical unit. In this sense, 
this equation is free from the assumption 
made for the derivation described above. 

C. Expression for Jc in terms of patr cor- 
relation functions 

A pair correlation function, gss’(++), is 
defined as the probability that the sth and 
the s’th unit cells have positive polarity at the 
same moment. 2ss"(+—), 2ss’(— +) and gss"(— —) 
are defined in analogous ways. Then we 
have 


£33" +) 2ss"(+ )=*4=34(14+S) ; 
2s0(++)4¥s5"(— +)=*,=$0+5S) ; 
&ss'(— —) +8 ss(— +) =x-=4(1—S) , 


ca 


and 
L35'"(— a) + £5ss°( +—)=*x_= 4(1—S). 
For simplicity gss'(++) will be written as 


ss’, below. From the above equations we 
have 

Zss"(+ +)=8ss’ , 

&ss(+—)=41+S)—Sse’ , 

Ges'(— +)=4(14+S)— gee" , (12) 
and 


ss(——)=Ze0r—S . 
<FSFs> and |<Fs>|? are given by 
(FS Fs) =8ss(+ +)Fi*F 4 4-00(+—)F AF 
Fee PS ee a Spa Eber) 
and 
KP P= Ole Px) Aedes) en) 
Therefore, using Eqs. 2, 9 and 12, we have 


(Fy Fs>— |(Fs>|?=4Ass B? , (15) 
where dss’ is defined by 
Ass"=ss'—4(1+S)? . (16) 
Therefore, Jc given by Eq. 6b becomes 
Jo=4B? > = Aaseret res (17) 
&ss’ has the following tendency: 
lim 2ss°=%4%+=4(14+S)? . (18) 


r 
$s oo 


Therefore, by Eq. 16, lim 4ss’=0, and Jo can 


be written as 


Jo=4NoB? S, deers) , (19) 


1961) 


where v is the volume of the crystal bathed 
in the incident X-ray beam, and 4; and rs are 
Ass’ and rss, respectively, when the origin of 
the coordinate system is put at the origin of 
the s’th unit cell. Putting 


G=Jc/(4NvB?) , 
we can rewrite Eq. 19 as 


Gy Ae? 4H rs), (21) 
$s 
Hf and rs can be written as 
H=ha*+kb*+Ic* (22) 
and 
rs=matneb+nse . (23) 


Here a*, b* and c* are the reciprocal lattice 
vectors, a, 6 and c the unit cell vectors, and 
Mm, M2, and ms are integers. G is a periodic 
function in the reciprocal space with periods 
of h=1, k=land/=1. By Fourier’s theorem, 
4; is given by 


"pees | ica i ") dhdkdl . (24) 


Here the integration should be carried out in 
a unit cell of reciprocal space, say, in the 
region determined by mi—4<h<mi+3, me 
—$<k<me+s and ms—3<]/<ms+3, where 
m1, M2. and ms are integers. It should be 
noticed that for rs=0, 


Bsr = 999K. — 9 +.) ; (25) 
and 
Ap=4F eS) =FI-4S)?= 71 —S?)". (26) 
Therefore, Eq. 24 becomes 
14-8) =\| Gdhdkdl . 27) 


This relation may be used for the normaliza- 
tion of experimental data, when 4; is evaluated 
experimentally using Eq. 24. The above dis- 
cussion holds for both the ferroelectric and 
the paraelectric phases. S should be put 
equal to zero for the paraelectric phase. 


D. Temperature dependency of Je 

It is very difficult to predict the tempera- 
ture dependence of the critical scattering, 
especially since one does not have any quan- 
titative knowledge about interaction forces be- 
tween dipoles. If we use the Bragg-Williams 
approximation (see Sec. 4), however, we have 
Qs =%4H+ except for go and we may put 
As (s#0) equal to zero by Eqs. 9 and 16, and 
thus Eq. 19 becomes 


Jo=NvBX1—S?) . (28) 
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Here use was made of Eq. 26. The Curve 1 
in Fig. 3 shows values of Jc/(NvB?) calculated 
with Eq. 28. The calculation was made using 
data shown in Fig. 2. A somewhat similar 
argument has been made for the ferromag- 
netic case by van Hove’®. 
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Fig. 3. Jo/(NvB?) as functions of temperature. 
The Curve 1 was calculated by Eq. 28, and the 
Curve 2 by Eq. 33. Experimental observations 
are expected to be an intermediate of the two 
curves. 


Another approach to this problem may be 
made by relating the critical scattering to the 
dielectric constant. Frohlich!” developed a 
general theory of isotropic dielectrics and 
gave an expression for the dielectric constant 
in terms of thermal fluctuation of polariza- 
tion. He considered a macroscopic spherical 
region of volume V in an infinite homegene- 
ous specimen of which the dielectric constant 
is €. The expression he derived is 


Ar SO aku 
Ve ke 


Here 2 is Boltzmann constant, 7 temperature 
in degrees Kelvin, and <M) the time average 
of the square of the dipole moment M of the 
spherical region in the absence of an applied 
field. The origin of M is in the thermal 
fluctuation of dipoles. To derive the above 
equation, however, the specimen was assumed 
not to have spontaneous polarization, and use 
was made of the cavity field of isotropic di- 
electrics. Therefore, the above expression is 
not directly applicable to TGS. However, the 
basic idea of Frohlich’s theory can be applied 
to any dielectric, and below his theory will 


é 


(29) 
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be applied to our case of TGS with the ficti- 
tious assumption that both the ferroelectric 
and the paraelectric phases are dielectrically 
isotropic. 

To derive an expression for the ferroelec- 
tric phase, we consider a single domain cry- 
stal of positive polarity, and put the probabi- 
lity that M is in a negative direction equal to 
zero. Following Froéhlich’s procedure and 
having in mind that <M) is not zero in the 
ferroelectric phase, we obtain the expression, 

4x 3€ <(M—<(M))» 
— Vo s2é4+1 kT 
This equation holds for both ferroelectric and 
paraelectric phases. For the paraelectric phase 
<M>=0, and Eq. 30 is identical with Eq. 29 
except for the coefficient 3. This difference 
comes from the fact that the dipoles can have 
any direction in Frohlich’s theory while they 
should be parallel or antiparallel to the b-axis 
in our model of TGS. If the dipole moment 
vector of the sth unit cell is denoted as ps 
and its absolute value as ws, naturally zs is 
equal to w and <gs> is a vector parallel to 
the b-axis with magnitude Sz. Thus, using 
Eqs. 12 and 16, we have 

<(M—<M >)? 

mee = (tes’— < pts">)(tts— Cets>)> 


= 2 Dy (Ys' — Sp) (Us — Sp) Ss8"( + +) 


é=1 


(30) 


+(— 4e'— Sp) (Us— St) 85s" + —) 

+(us'— Sp)(— ps— Sp) gss'(— +) 

+(— 49 —Sp)(— 4s— Sp) Bs0(— —) 
=42NV = Ae 


Therefore, for a large value of &, Eq. 30 be- 
comes 


a 24zNu2 ae 


kT 5 
If we write G at a lattice point in the reci- 
procal space as G and put h, k and 7 equal 
to integers in Eq. 22, Eq. 21 becomes 


Go=> 4s . 


(31) 


Therefore, using Eq. 31, we have 
kT 
om 24rNz2, 
Using Eq. 20, Je at a lattice point in the re- 
ciprocal space is given by 
RNvB? 
a 62 Nye 


(32) 


orn (33) 
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point in reciprocal space is proportional to 
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€T, and thus should have a distinct peak at 


the Curie point. 


The Curve 2 in Fig. 3 shows | 


Je/(NvB?) calculated with Eq. 33. The calcu- 
lation was made by putting € equal to the 
dielectric constant measured along the b-axis’. . 
N and # were determined using the known — 


cell dimensions®, and the spontaneous polari- 
zation measured at —100°C (3.6 uQ/cm?); 


N=1/(unit cell volume) and “=3.6/N “Q cm. 


Je at non-integer values of (Rk) also seem to 


exhibt a peak at the Curie point, which is an 
intermediate of the two curves shown in Fig. 
=e 


§3. Experiments 


The intensity of diffracted X-rays was mea- 
sured with a General Electric X-ray unit. 
CoKa@ radiation was used with the help of 
iron filter and a discriminator put in the elec- 
tronic circuit. An iron filter serves to cut 
the Kf radiation and a part of the white 
radiation with short wavelength. The discri- 
minator sends signals to the scaler only when 
photons having energy close to that of CoKa@ 
radiation come into the counter tube. The 
applied voltage to excite the CoKa radiation 
was 45kv and the current used was 6 ma. 
A receiving slit with a small pin hole was 
used for studies of diffuse scattering. Slits 
wide enough to get proper integrated inten- 
sity were used for studies of Bragg reflection. 
Small cylindrical specimens were used for all 
experiments. 

TGS is a monoclinic crystal and its cell 
dimensions and monoclinic angle vary with 
varying temperature due to thermal expansion 
and to the spontaneous strains. Great care 
was taken to eliminate the effect of these 
variations when intensities were measured as 
function of temperature. The azimuthal and 
the longitudinal angles of crystal setting were 
readjusted at each temperature by making 
the intensity of a Bragg reflection a maxi- 
mum. The proper angles for the diffuse scat- 
tering measurements were determined at each 
temperature by referring to near-by Bragg 
points. For example, the diffraction angle 
for the (0 8.10) measurements was deter- 
mined by referring to the (0 8 0) and (0 10 0) 
peak positions at each temperature. 


In order to check the validity of Eq. 11, 
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several Bragg reflections were measured as 
functions of temperature. B is zero for (h01) 
reflections due to the twofold screw axis ex- 
isting along the b-axis!”. Fig. 4 shows tem- 
perature dependence of (100), (001) and (004) 
reflections. These are relatively weak reflec- 
tions and seem to be free from the extinction 
effect. Measured intensities were reduced to 
electron units using calculated F values of 
Hoshino et al.*) According to Eq. 11, since 
B=0 for these reflections, the curves show 
the temperature dependence of A? of the 
basic structure. The figure shows that a 
slight change takes place in A’, and thus, in 
the basic structure near the Curie point. 
However, since (100), (001) and (004) are weak 
reflections, the curves suggest that the change 
of the basic structure during the phase transi- 
tion is very small. 

Fig. 5 shows the temperature dependence 


(0 0 4) 


F2 IN (ELECTRON UNIT)? 


20 30 40 50 60 
TEMPERATURE IN DEGREES CENTIGRADE 
Fig. 4. F? of Bragg reflections (h0l) as functions 
of temperature. Measured integrated intensities 
were reduced to #2 by putting their room tem- 
perature values equal to F? calculated by Ho- 
shino et al. . 
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Fig. 5. F? of Bragg reflections (080) and (061) as 
functions of temperature. See the text for the 
calculated values. Scales of the ordinate were 
determined so that the room temperature values 
agree with the square of the structure factor 
|F'| calculated by Hoshino et al>). 
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of Bragg reflections (0 8 0) and (0 6 1). Ac- 
cording to Hoshino et al., A=40.26 and B= 
—19.11 for © 8 0), and A=2.42 and B=15.06 
for (06 1) in electron units. The dashed 
curves in the figure show the values calcu- 
lated using Eq. 11. That calculation was 
made with the assumption that 6=0 in Eq. 3b, 
and that A and B are independent of tem- 
perature. The first assumption that d=0 is 
supported also by the measurement of critical 
scattering as will be described below. Fig. 4 
seems to suggest that the second assumption 
on the temperature dependence of A and B 
is not very far from reality. 

The calculated curves agree reasonably well 
with the observations. The small discrepancy 
seems to be attributed partly, as has been 
observed by Lowde in the ferromagnetic case”, 
to the fact that the measured intensity of the 
Bragg reflection includes a contribution from 
the critical scattering which has a peak at 
the same place as the Bragg reflection. If 
the peak height of a proper Bragg reflection 
is divided by integrated intensity, the quoti- 
ent is determined only by the divergent angle 
of the incident X-ray beam and by the mosaic 
spread of the crystal, and is, therefore, in- 
dependent of temperature insofar as the mo- 
saic structure remains unchanged*. The peak 
of diffuse scattering seems to have a flatter 
shape than that of a Bragg reflection, as seen 
in other cases.!)-?).2° Therefore, if the mea- 
sured Bragg intensity includes a contribution 
from the diffuse scattering, the above quoti- 
ent of the measured quantities decreases with 
increasing contribution from the diffuse scat- 


terings. Fig. 6 shows the peak height of the 
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Fig. 6. Temperature dependency of a peak height 
of (080) Bragg reflection divided by its integrated 
intensity. 


* The authors owe this argument to Dr. B. C. 
Frazer. 
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(0 8 0) Bragg reflection divided by its inte- 
grated intensity as a function of temperature. 
The curve deviates from a straight line with 
increasing temperature and reaches its mini- 
mum value at the Curie point, suggesting 
that there is a very definite contribution from 
the critical scattering to the measured Bragg 
reflection. 

A part of the discrepancy in Fig. 5 could 
be due to an error in B’ of Hoshino e¢ al.®. 
They analyzed the crystal structure by put- 
ting S=1 in Eq. 11, while the actually ob- 
served S is 0.77 at room temperature. There- 
fore, the B’ of Hoshino et al. could be sub- 
ject to some errors. 

As seen in the curve for (0 6 1) in Fig. 5, 
the discrepancy between observed and calculat- 
ed values becomes large at about 30°C. Similar 
bumps were observed also in some of the 
other Bragg reflections. At this time no ex- 
planation can be presented for these bumps. 

The observed total background consists of 
a critical scattering, thermal diffuse scatter- 
ing, an incoherent scattering due to the 
Compton effect, and the natural background 
counts of the counter tube. We have to sub- 
tract the latter three from the observed back- 
ground, in order to compare the experimental 
observations with the discussion on the criti- 
cal scattering given in Sec. 2. 

For simple cubic crystals in which lattice 
points are occupied by identical atoms of 
scattering factor fo, the thermal diffuse scat- 
tering Jr is given by?» 


Jr=|fol?e**o , 
where M is the Debye-Waller factor and o is 
a function of the temperature, of the position 
vector H in reciprocal space, and of the elas- 
tic stiffness ci;. In analogy to this equation, 
thermal diffuse scattering by TGS is assumed 
to be expressed by 


Jr=|F\’o , (34) 


where o is a function of temperature, H and 
cij as above, but its functional form must be 
somewhat different from that in the simple 
case. The temperature factor e-” is im- 
plicitly included in Eq. 34, since Hoshino et 
al.» calculated F by assigning the Debye- 
Waller factor to each atom. 

There are two kinds of elastic stiffnesses, 
usually written as cf, and of calinet amas Whe 
elastic stiffness of the electrically shorted 
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crystal and c? is that of the crystal with no 


| 
| 


| 


electrodes on its surfaces. Some of the c7j’s | 


could have an anomaly at the Curie point, 
while there is no reason to expect sharp 


anomalies in the cZ at the Curie POMmMt- al 
The crystals used in our measurements had no- 


electrodes on their surfaces. 


reasonably assume that o and thus Jr have | 


no anomaly at the Curie point. This assump- 


Therefore, the | 
elastic stiffness in our case is cj, and we can | 


| 
| 
| 
| 


tion is supported by the experimental obser- . 


vations shown in Figs. 7 and 10, as described 
below. 
A=B=F=0 for (0Rk0) where k is odd, due 


to the existence of the twofold screw axis!”. 


Therefore, /z=jJc=jJr=0 at these points, ac- 
cording to Eqs. 11, 19 and 34, and thus the 


diffuse background at these points is a sum > 


of an incoherent scattering and the natural 
background counts. This fact was used to 
determine the intensity of the incoherent 
scattering and natural background counts at 
any (hkl) by assuming that these contribu- 
tions be the same as for an (00) point for 
which & is odd and which is closest in angle 
to the relevant (WRI). For instance, Jo+Jr at 
(0 80.1 0) is determined as a total back- 
ground at (0 80.1 0) minus a background at 
(0 7 0). Here a background at (0 8+0.1 0) 
means an average value of background at 
(0 8.1 0) and that at (0 7.90). The same 
notation will be used also for other (hkl)’s 
below. 

Fig. 7 shows diffuse background at (h0J), 
where B is zero!” and thus no critical scat- 
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Fig. 7. Temperature dependency of the diffuse 
background around (h0l). Incoherent scattering 
and natural background counts have been sub- 
tracted and the polarization correction has been 
made. The plotted values represent the thermal 
diffuse scattering Jp (see the text). 
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tering is expected according to Bgs19..Kor 
the data shown in Fig. 7, the incoherent scat- 
tering and natural background counts have 
been already subtracted in the above manner 
and the polarization correction has been made. 
Therefore, Fig. 7 shows Jr around (004), (100) 
and (001). The curves show no anomaly at 
the Curie point and support our assumption 
discussed above. Fig. 7 shows also that the 
Jr around (004), (001) and (100) are almost 
exactly proportional to F? of those Bragg re- 
flections shown in Fig. 4, a fact suggesting 
that Eq. 34 is not a bad assumption. The 
agreement of relative intensities at room tem- 
perature seems, however, to be too good and 
probably somewhat accidental, if we consider 
experimental errors and the H dependence of 
o in Eq. 34. 

Fig. 8 shows Je+Jr at (0 840.1 0). Ac- 
cording to Hoshino e al., A=40.28 and B= 
—19.11 for (© 8 0) and the figure shows a 
peak at the Curie point as discussed in Sec. 
2D. In the figure, Jc is separated from Jr 
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Fig. 8. Temperature dependency of diffuse back- 
ground at (0 8+0.1 0). Incoherent scattering 
and natural counts have been subtracted, and 
the polarization correction has been made. See 
the text for the separation of the critical scat- 
tering from the thermal diffuse scattering. 
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Fig. 9. Critical scatterings at (0 8+0.1 0) and at 
(0 840.2 0) as functions of temperature. 
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by the dashed line, which was drawn using 
Eqs. 11 and 34 on the assumptions that Jo is 
negligible at room temperature and that A, 
B and o are independent of temperature as 
suggested by the curves in Figs. 4 and 7. 

Fig. 9 shows Jo separated in the above 
manner for (0 80.1 0)and (0 840.2 0). The 
closer to the Bragg reflection (0 8 0), the 
more pronouced the anomaly. 


L : J 
fo) 100 200 300 400 
B* IN (ELECTRON UNIT)? 


Jo AT THE CURIE POINT IN ARBITRARY UNIT 


Fig. 10. Relation between the critical scattering 
Jo at the Curie point and B? calculated by 
Hoshino et al5). (hkl) on the figure shows that 
the measurements were made at (h k+0.1 1) 
except for the cases of B=0. The data were 
obtained with the same specimen and measured 
intensities were corrected by the polarization 
factor, except for the cases of B=0. 


Eq. 19 shows that Jc should be proportional. 
to B* times a periodic function G in recipro- 
cal space. To examine this relation, J¢ was 
measured at several points corresponding to 
(h k-0.1 1), where h, k and / are integers, 
and plotted as a function of B® at the (h R /) 
calculated by Hoshino ef al.*) The periodic 
function G has a period of h=1, R=1 and /=1 
and thus should have the same value at the 
above points. Therefore, the measured values 
of Jc, for which polarization corrections were 
made, should be proportional to B?. Fig. 10: 
shows that this relation holds at least ap- 
proximately. Data shown in Fig. 7 for which 
no anomaly was observed are also added in 
Fig. 10, though these measurements were not 
made at (hk k+0.1 J). The small disagree- 
ments in Fig. 10 seem to be caused by ex- 
perimental errors which seem to be about 
10%, by errors in the background drawn to: 
separate Jc from Jr, by errors in the struc- 
ture factors of Hoshino ef al.*), and by the 
fact that B* at (kh k+0.1 J) is slightly dif- 
ferent from B at (hkl). The proportionality 
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between Jo and B? of Hoshino e¢ al.* shown 
in Fig. 10 proves that 6 is nearly equal to 
zero in Eqs. 3. 


§4. Conclusions and Discussions 


Our fundamental assumptions for the theo- 
retical treatments given in Sec. 2 were that 
the phase transition in TGS is of the order- 
disorder type and that the actual crystal is a 
statistical mixture of two basic structures. 
These assumptions led us to the following 
conclusions: the structure factor F of the 
actual crystal is given by <F>=A-—iSB (Eq. 
10), the intensity of the critical scattering is 
expressed by B? times a periodic function in 
reciprocal space (Eq. 19), and that periodic 
function should have an anomaly at the Curie 
point as suggested by Eq. 33. Experimental 
observations described in Sec. 3 agree with 
these theoretical predictions and prove that 
the ferroelectric phase transition in TGS is 
essentially of the order-disorder type. 

60 is nearly equal to zero as suggested espe- 
cially by the relation shown in Fg. 10. From 
this fact we can decide how much each atom 
is displaced during a reversal of polarity, 
referring to the atomic coordinates deter- 
mined by Hoshino ef al.*) For instance, the 
sulfur atoms do not shift appreciably when 
the nitrogens of Glycine I (see Fig. 1) move | 
by 0.99 A along the b-axis. Since the sulfur 
atoms do not move, one can say that the 
various atoms displace within a framework 
of sulfur atoms. Existence of such a frame- 
work could be a condition for easy domain 
wall motion, i.e., a condition that a crystal 
is not simply pyroelectric but also ferroelec- 
thie? 

Fig. 9 shows that the intensity of critical 
scattering at (0 80.1 0) drops rather ab- 
ruptly just above the Curie point. This fea- 
ture appears to be quite different from the 
ferromagnetic case”), and to be suggestive of 
the difference between the interaction forces 
of ferromagnetic dipoles and those of ferro- 
electric dipoles. More detailed studies, how- 
ever, seem to be necessary for definite con- 
clusions. 

The curves shown in Fig. 9 are different 
from Curve 1 of Fig. 3. This fact proves 
that putting 4; (s#0) equal to zero is not a 
good approximation. This follows, of course, 
from the Onsager”? , Kirkwood?*), and Frohlich 
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theories”. The approximate theory in which 
A; (s#0) is put equal to zero is called the 
Bragg-Williams approximation in the alloy 
case, the Weiss theory for ferromagnetism, 
and an internal field theory or a local field 
theory for ferroelectrics. An internal or local 
field theory is however, sometimes discussed 
in connection with the Lorentz-Debye mole- 
cular field. The authors used “ Bragg-Williams 
approximation” instead of a “local field 
theory ” in the preceding sections, in order 
to make it clear that they have no intention 
to correlate this approximation with the elec- 
trostatic molecular field. The electrostatic 
interaction could make some contribution to 
the occurrence of ferroelectricity as has been 
discussed by Pirenne®*) and Devonshire’. 
Probably one can gain more insight into this 
problem by generalizing Frohlich’s theory’™ 
to anisotropic dielectrics. 

It is interesting to observe that the spon- 
taneous polarization is related to the Bragg 
reflections by Eqs. 8 and 11, while the dielec- 
tric constant is related to the critical scatter- 
tering at the lattice points of reciprocal space 
as seen in Eq. 33. These facts imply that 
studies of weight distribution of critical scat- 
tering in reciprocal space can give more de- 
tailed information on transition mechanism 
than the usual dielectric studies. Quantita- 
tive information on the anisotropy and nature 
of the interaction between ferroelectric di- 
poles are expected to be obtained by evalua- 
tion of pair correlation functions, with the 
help of statistical mechanics. Measurements 
of diffracted X-rays have to be carried out 
in wider temperature range than in the pres- 
ent studies for reliable estimation of pair 
correlation function. 

The theory presented in this paper can be 
applied also to NaNO. X-ray studies of the 
phase transition in NaNO: have been carried 
out by one of the present authors (L.S.).2” 
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Studies of the temperature dependence of Bragg reflections and criti- 
cal scatterings of X-rays have been carried out for the ferroelectric 
NaNO, in a manner analogous to those made by Shibuya and Mitsui for 
(glycine);-H,SO,. Experimental observations agree with theoretical pre- 
dictions which are based on an assumption that the phase transition in 
NaNO, is of the order-disorder type. A long-range order parameter and 
the spontaneous polarization are estimated as functions of temperature 
by using the temperature variation of Bragg reflections. The observed 
intensity of the critical scattering drops rather abruptly just above the 


Curie point in a manner similar to the case of (glycine)3-H,SOx. 


§1. Introduction 


Studies of the temperature dependence of 
Bragg reflections and critical scatterings of 
X-rays have been carried out recently by 
Shibuya and Mitsui" for (glycine)sH2SO:, TGS, 
both theoretically and experimentally. The 
present work on NaNO: is an extension of 
their work. As will be described in Sec. 2, 
the mechanism of the ferroelectric phase 
transition in NaNOz seems to have a strong 
resemblance to that in TGS; therefore, the 
theory which has been developed for TGS is 
expected to be applicable also to NaNOzx. A 
brief summary of theoretical assumptions and 
conclusions will be presented in Sec. 3; ex- 
perimental results and discussions will be 
given in Sec. 4. 


§2. Properties of NaNO: 


In 1943, Strijk and MacGillavry® found a 
phase transition in NaNO: at about 158°C by 
piezoelectric as well as X-ray studies. The 
crystal belongs to a pyroelectric class at room 
temperature®’, while centers of symmetry ap- 
pear above the transition point?). In 1958, 
Sawada ef al.’ found that the pyroelectric 
phase was also ferroelectric along the b axis. 
(The crystallographic a, b, and c axes adopted 
by Strijk and MacGillavry® will be used 
throughout the present paper). 

Structure analyses have been carried out by 
several workers for the high”). and room- 
temperature phases®,”).®).9 The unit cell has 
two molecular units, both above and below 
the Curie point. The space group is Im2m 
at room temperature, and above the Curie 
point, the crystal gains a mirror plane per- 


pendicular to the b axis, centers of symmetry © 
are therefore obtained as in the case of TGS, 
and the space group becomes Immm. Strijk 
and MacGillavry proposed two models” to 
explain the appearance of mirror symmetry; 
one is an disordered structure due to large 
oscillational motions of atoms and the other 
is a positionally disordered structure. Later, 
they found that their X-ray data could be 
explained by the two models almost equally — 
well). The following physical properties of 
NaNO:, however, suggest that the transition 
mechanism of this crystal is quite similar to 
those of TGS and KH:PQ:, (KDP). The Curie- 
Weiss constant of NaNO: is 5000°K® compared 


Bisel. 


The unit cell of NaNOg. 
by thin lines lie on the #=0 plane, and these 
by thick lines are at x»=1/2. The solid lines 
correspond to the positive polarity and the 
dashed lines to negative polarity, respectively. 


Atoms depicted 
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to 3280 of TGS! and 3260 of KDP™: the 
transition entropy of NaNO: is 0.7 cal./mol. 
deg.” compared to 0.48 of TGS! and 0.4712) 
or 0.72!” of KDP; therefore, the transition in 
NaNO: seems to be of the order-disorder type 
as in the cases of TGS and KDP. (For a 
detailed discussion, see reference 13). 

Fig. 1 shows the unit cell of NaNO: pro- 
posed for the disordered structure by Strijk 
and MacGillavry”’. 


§3. Theoretical Assumptions and Conclusions 


It is assumed that the Na* and NO;- ions 
have two equilibrium positions as shown in 
Fig. 1. The positions depicted by solid lines 
will be called a positive position and those by 
dashed lines a negative position. It will be 
assumed that at sufficiently low temperature 
all atoms are in the positive positions in a 
domain of positive polarity; the corresponding 
assumption can be made for the case of 
negative polarity. The probability of finding 
an atom in the positive position is assumed 
to be equal to that in the negative position 
above the Curie point. 

This is essentially the same model as is 
used for TGS, and the conclusions expected 
from this model are as follows. (See Sec. 2 
of reference 1 for the exact definition of 
quantities and derivation of theoretical con- 
clusions). 

If the origin of the unit cell is put at a 
position where a center of symmetry exists 
above the Curie point, the structure factor of 
the unit cell in which all atoms are in the 
positive positions is given by A+7B and that 
of the unit cell in which all atoms are in 
negative positions by A-—7zB. So that the 
structure factor F of the actual crystal is 
given, in terms of a long-range order para- 
meter S, by 


F=AiSB,, 
or 
|F)?=A2+S2B? . (4) 
The relation holds both above and below the 
transition temperature. 

Another conclusion we can derive from our 
assumptions (See Sec. 2 D of reference 1.) is 
that the critical scattering of X-rays should 
exhibit an anomaly at the Curie point as the 
dielectric constant does. It can be expected 
that in NaNO. the anomaly of critical scatter- 
ing is observable since the peak height of the 
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dielectric constant of NaNO: is about 1000, 
and is comparable to that of about 3000 of 
TGS. 


§ 4. Experimental Results and Discussions 


In the case of TGS, we evaluated S as a 
function of temperature by measuring the 
spontaneous polarization, and examined the 
validity of Eq. 1. This procedure can not be 
used for NaNO: since the coercive field in- 
creases rather rapidly with decreasing tem- 
perature. However, it seems certain that S 
is quite close to unity at room temperature 
as suggested by the excellent results of the 
neutron structure analysis of Kay and 
Frazer®); therefore, it is possible to put F?= 
A?+ B* at room temperature according to Eq. 
1. By Eq. 1, F?=A? above the Curie point 
where S=0. To examine this conclusion, 
intensities of several Bragg reflections were 
measured at room temperature and at about 
200°C using the usual multiple-film method 
with CuKa@ radiation. The crystals used for 
this experiment were grown from aqueous. 
solution. The intensities were estimated 
visually by comparison with a standard scale 
and were corrected for the usual Lorentz and 
polarization factors. Due to the small liner 
absorption coefficient and the small radii of 
the cylindrical specimens (about 0.1mm), no 
absorption correction was made. Some reflec- 
tions with strong intensities, e.g. (020) and 
(101), were affected by extinction, and they 
were corrected for the secondary extinction 
using the usual formula 


Hreorectet i (EXD (Ore) Lane) p 


(All symbols have usual meanings.), with g= 
1.32x10-*. The results are shown in Table I 
in comparison with the values of Ac, Be, and 
F. calculated on the basis of Carpenter’s 
results”. The values of Fe are those given 
in Carpenter’s paper”; Ac and Be were cal- 
culated with his fF. and a. for the new origin 
of the unit cell. As has been mentioned in 
Sec. 3, A and B in Eq. 1 had to be calculated 
putting the origin of the unit cell at the point 
where a center of symmetry appears above 
the Curie point. Carpenter put the origin 
referring to the position of oxygen atoms”. 
If we use his origin and our unit cell vectors*, 


* Carpenter’s 6b and c axes must be exchanged 
to adjust to the notation of the present paper. 
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Table I. 
Room temperature 200°C 
iy Tee 
Ae Be |Fe| [Fol | |Fol 
0 2 O*/ +38.0] 42.8] 38.2 Bate Peas 
OQeF a —4.6| —7.3 8.6 8.9 6.0 
Oma 0 +8.5 | +2.1 8.8 9.7 8.4 
Ono! —3.9|} -—6.7 Teel 8.4 6.0 
1 0 1*| +34.5 O25 |/ees4a5 Se |) AAT 
1 10 | +14.5|) —7.6| 16.2 tes) | 383 
Vga di 2-22. 15) 9827 823..0 1953 “20.7, 
i Sy 0) +1.2 | —14.0| 14.0 ab 0.5 
iF Pah a —3.6) +1.4 3.9 Sar 4.0 
lee 0 = 350) ee sOue las 11.4 4.9 
ie eet —2.9| —2.3 3.6 4.4 3.4 
2 2 0 | +24.3 |) +2.6.| 24.5 ZA dee EZ0E2 
2a3y 1 —3.7| —5.4 6.6 heh Ae 
* Corrections for secondary extinction effect 


were made for these reflections. 


center of symmetry exists at (00.0470) at 
200°C according to Strijk and MacGillavry”- 
Therefore, the values of A and B shown in 
Table I were calculated by putting the origin 
at the above point. In Table I, Ac, Be, and 
F, are expressed in the electron unit and the 
scale factors for Fo were so determined that 
the following relations hold; >3|/c|=>i|Fo| for 
the room temperature structure, and 53|Ac]= 
»|Fo| for the high temperature structure. 
Table I proves that the relation | F|?= A? holds 
for the high temperature phase at least ap- 
proximately. The small discrepancy seems to 
be due partly to the temperature dependence 
of A. In the Table, one can also see that the 
large temperature variations of (130) and 
(150) are explained by their large B values. 

Further investigations on the temperature 
dependence of Bragg reflections were made 
with another film method. The intensities 
of the (130), (150), and (200) reflections were 
recorded at several temperatures on a single 
film. As seen in Table I, the (130) and 
(150) reflections have large B values while 
(200) has zero B value due to the symmetry 
of the crystal. The obtained photograph 
again proved the prediction of Eq.1; drastic 
intensity changes were observed in the vicinity 
of the Curie point for (130) and (150), but 
practically no change for (200). 

In order to estimate the long-range order 
parameter and the temperature dependence 


Iwao SHIBUYA 


(Vol. 16, 


of the spontaneous polarization, more accurate 
measurements of the (130) and (200) reflections 
were made with a General Electric X-ray 
unit, XRD-IV. CuKa@ radiation was used 
with the help of a nickel filter and a pulse- 
height discriminator put in the electronic 
circuit. The applied voltage was 45KV and 
the current 15 mA, and a slit wide enough to 
get proper integrated intensities was used. 
The crystal was shaped into a small cylinder 
and rotated around the c axis. A care was 
taken to eliminate errors in intensity measure- 
ments due to the temperature variations of 
the cell dimensions. Azimuthal and longitu- 
dinal angles of the crystal settings were 
readjusted at each temperature by making the 
intensity of Bragg reflections maximum. The 
results obtained are shown in Fig. 2; they 
prove that the intensity of (130) decreases 
sharply below the Curie point, while that of 
(200) is not affected by the phase transition 
and decreases only slightly and linearly with 
increasing temperature. 


IF|?=a2-+s?B2 
A30)= 1.2 ’ Bugzo)=-14.0 


OBSERVED |F|2 IN ELECTRON UNIT 


2p2 
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TEMPERATURE °C 


NaNOz: FIGURE 2 


Fig. 2. The temperature dependences of |F|? of 
(200) and (130) reflections. 


Equation 1 tells us that the long-range order 
parameter S can be estimated as a function 
of temperature if the temperature dependence 
of Aand Bare known. The |F)|? vs tempera- 
ture curve of (130) has a finite tangent at 
room temperature; this situation could be 
attributed either to the change of S or changes 
in A and B; however, an almost strictly linear 
change of |F'|? from room temperature to about 
100°C seems to suggest that the main part of 
the change is caused by temperature variations 
of A and B, since S usually has some curva- 
ture as a function of temperature when it 
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changes. Therefore, it was assumed that the 
linear part of the |F|? vs temperature curve 
and its extrapolation to higher temperature 
give a temperature dependence of A?+ B?. |F|? 
of (130) is almost constant above 170°C, and 
it was also assumed that the |F|*vs tempera- 
ture curve in this temperature region and its 
extrapolation to lower temperature give the 
temperature dependence of A’?. The extrapo- 
lated curves are shown by dashed lines in 
Fig. 2. The temperature dependence of |F|? 
of (200) in Fig. 2 suggests that the above 
assumptions are not unreasonable. Fig. 3 
shows values of S calculated using Eq. 1 and 
the above assumptions. The transition in 
NaNO: is most likely to be of first order®; 


SPONTANEOUS POLARIZATION, Pe 
p- COUL/CM2 


LONG-RANGE ORDER PARAMETER, S 


1 
20 40 60 80 100 120 140 160 
TEMPERATURE °C 


NoNOz: EVALUATION OF THE LONG-RANGE ORDER PARAMETER 
Fig. 3. The long-range order parameter S as a 
function of temperature (left-hand side of the 
vertical axis), and the temperature dependence 
of the spontaneous polarization Ps; (right-hand 
side). 


for a first order transition, by its definition, 
S should change discontinuously as demon- 
strated by a dashed curve in Fig. 3. (Note 
that this dashed curve has no quantitative 
significance.) The discrepancy seems to be 
attributed to the facts that the measured 
integrated intensity contained some contribu- 
tions from the critical scattering as in the 
case of TGS”, and also that the temperature 
was not quite uniform within the crystal dur- 
ing each measurement. The spontaneous 
polarization P; is proportional to S as shown 
by Eq. 8 of reference 1; a scale for Ps is 
given on the right-hand side of the vertical 
axis in Fig. 3. This scale was determined 
using the value of P; reported by Sawada 
et al® (6.4uC/cm? at 143°C). According to Fig. 
3, Ps is about 7uC/cm? at room temperature 
and is consistent with the value obtained by 
a pyroelectric measurement reported by 
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Nomura, 

Measurements of the diffuse background 
were made at (1—0.02|'+0.05|0) and (1+ 
0.02|3—0.05|0) in the same manner as in the 
case of TGS. Fig. 4 shows the averaged 
intensities of these two sets of observations. 


INTENSITY, Jy+Jc, ARBITRARY SCALE 


TEMPERATURE , °C 
NoNO2: TEMPERATURE DEPENDENCE OF DIFFUSE SCATTERING. 


Fig. 4. Temperature dependence of the diffuse 
background. See the text for the separation of 
Jo and Jr. 


As discussed in Sec. 3, an anomaly was 
observed at the Curie point. The measured 
background is a superposition of the critical 
scattering Jc, the thermal diffuse scattering 
Jr, incoherent scattering due to the Compton 
effect, and natural counts of the countertube. 
To separate Jc from the total diffuse back- 
ground, the following assumptions were made. 
(1) The incoherent and natural background is 
negligible compared to /¢+ Jr; the assumption 
seems reasonable, since the total intensity 
becomes very weak above the Curie point. 
(2) The critical scattering Jc is negligible 
between the room temperature and 100°C. 
This is consistent with the assumption made 
in the treatment of Bragg reflections that S= 
1 in the above mentioned temperature range. 
(3) The expression of Jr, /r=|F|’o, assumed 
for TGS (Eq. 34 of reference 1) can be rewrit- 
ten as 
Jr=|F al .0) 

Here |F|? is given by Eq. 1 and is assumed 
to depend on the temperature only through S 
which is shown in Fig. 3. (In other words, 
for the calculation, the effect of the tempera- 
ture dependence of A and B were included in 
(aT +b) and the values of A and B given in 
Table 1 were put in Eq. 1.) J stands for the 
temperature, a@ and b are constants. The 
values of a and b were estimated by using 
the curve between 20°C and 100°C, where the 
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backgrounds are equal to /r according to the 
assumptions (1) and (2). The separation of 
Jc and Jr on these assumptions is illustrated 
in Fig. 4, and thus the separated Jc is shown 
in Fig. 5 asa function of temperature. These 
measurements of jc are only preliminary 
ones; however, Figs. 4 and 5 show at least 
that the critical scattering is observable for 
NaNO:, and it seems also worthwhile to note 
that Jc dropped abruptly just above the Curie 
point in Fig. 5 in a manner quite analogous 
to that of TGS. 


INTENSITY, Jc, ARBITRARY SCALE 
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140 
TEMPERATURE, C 
NoNO,. TEMPERATURE DEPENDENCE OF CRITICAL SCATTERING. 


80. 100. 120 


Fig. 5. The critical scattering at (1+0.02/S+ 
0.05|0) as a function of temperature. 


In conclusion, it may be stated that the 
experimental observations agree with the the- 
oretical predictions based on the assumption 
that the phase transition in NaNO: is of the 
order-disorder type. In the case of TGS, it 
could be said that during a polarization rever- 
sal, various atoms displace within a frame- 
work of sulfur atoms’, however, as seen in 
Fig. 1, there is no such framework in NaNOsz, 
This could be a reason why the coercive field 
of NaNO: increases rapidly with decreasing 
temperature; this feature is quite different 
from that of TGS. 

Fortunately, the structure of NaNO: is quite 
simple and there seems to be a good hope of 
understanding its transition mechanism better 


Iwao SHIBUYA 


(Vol. 16, 


than any other ferroelectrics with the order- 
disorder type phase transition. More detailed 


studies on the critical scattering is being | 


planned. Estimations of the pair correlation 
function will be reported in a later paper. 


Acknowledgments 


A part of the present study was carried out | 


in the Crystal Research Laboratory, Depart- 
ment of Physics, 
University. The author wishes to thank Pro- 
fessor R. Pepinsky for his generous helps 
throughout the course of this study. He is 
particularly indebted to Professor T. Mitsui 
for his continued guidance in many valuable 


suggestions and for calling his attention to | 


this problem. He also wishes to express his 
gratitude to Professor Y. Okaya for his critical 
reading of the manuscript. 


References 


1) I. Shibuya and T. Mitsui: 
16, 3 479 (1961). 

2) B. Strijk and C. H. MacGillavry: 
chim. 62 705 (1943). 

3) G. E. Ziegler: Phys. Rev. 38 1040 (1931). 

4) S. Sawada, S. Nomura, S. Fujii, and I. Yo- 
shida: Phys. Rev. L. 1 320 (1958). 

5) B. Strijk and C. H. MacGillavry: 
chim. 65 127 (1946). 

6) B.C. Frazer, R. Ueda, and M.I. Kay: Paper 
15-24 5th International Congress of Crystal- 
lography, at Cambridge, England, Aug. 1960. 

7) G. B. Carpenter: Acta. Cryst. 5 132, (1952). 

8)OMeR. Truter: ActaieG@ryst.1ve7s' 954): 

9) M. I. Kay and B. C. Frazer: Acta. Cryst. 

(1960). (in press) 

S. Hoshino, T. Mitsui, F. Jona, and R. Pep- 

insky: Phys. Rev. 107 1255 (1957). 

W. Bantle: Helv. Phys. Acta. 15, 373 (1942). 

C. C. Stephenson and J. G. Hooley: J. Amer. 

Chem. Soc. 66, 1397 (1944). 

P. W. Anderson: Ceramic Age, Newark, N. 

jy April oor 

S. Nomura: Butsuri 14 No. 2 (1959). 


J. Phys. Soc. Japan 


Rec. trav. 


Rec. trav. 


The Pennsylvania State © 


JOURNAL OF THE PHYSICAL SOCIETY OF 


Ps; Function in Ele 


By Yoshiro 
College of General Education, 


JAPAN, Vol. 16, No. 3, MARcH, 1961 


ctron Diffraction* 


KAINUMA 
Nagoya University, Nagoya 


and William N. Lipscoms** 


School of Chemistry, Institute of Technology, University of 
Minnesota, Minneapolis, Minn. 


(Received October 31, 1960) 


The property of Ps function in electron diffraction was studied on the 


basis of the dynamical theory of diffra 


ction. It was proved that P,; func- 


tion in electron diffraction has the property similar to the P, function in 
X-ray diffraction, as expected from pseudo-kinematical theory, i.e. kine- 
matical theory using the complex atomic scattering factor. 


$1. Introduction 


The aim of the present article is to derive 
the properties of Ps function in electron dif- 
fraction on the firm basis of the dynamical 
theory of diffraction. 

Friedel’s law fails to hold in X-ray diffraction 
by a crystal if the wavelength of the incident 
X-rays lies in the short wavelength side of 
the absorption edge of heavy atoms contained 
in the crystal. Since several years ago many 
authors applied the failure of the law to the 
determination of the absolute configuration of 
atoms in optically active substances. The most 
direct use of the anomalous dispersion in struc- 
ture analysis was given by the method of Ps 
function”. The P; function is a function de- 
fined by the substitution of sin (2zh-r) for exp 
(2xih-r) in the ordinary Patterson function. 
The Ps; function gives an antisymmetric con- 
figuration of light atoms around heavy atoms. 
A few years before we tried to study the 
properties of Ps; functions in electron diffrac- 
tion. In the initial stage of the study it seemed 
to be promising. The phase shift of the e- 
lectron wave scattered by heavy atoms was 
predicted and the complex atomic scattering 
factor electrons was introduced by Glauber 
and Schomaker® and calculated by Hoerni and 
Ibers®. The phase shift of the scattered e- 
lectron wave is not an anomalous effect, but 
occurs generally in the scattering of the wave 


* The main part of this article was read by 
one of the authors in the seminar on theoretical 
problems in X-ray and electron diffraction by crystals 
held at Institute of Solid State Physics, Tokyo Uni- 
versity on September 7 to 9, 1959. 

*& Now at Department of Chemistry, Harvard 
University, Cambridge, Mass. 
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with any wavelength***. In the application of 
P; function in electron diffraction there is no 
trouble such as selection of an X-ray tube 
with the target which gives characteristic X- 
rays with an adequate wavelength. However, 
we encountered unexpected difficulty that 
several authors‘.*.© cast their doubts about 
the applicabilities of the kinematical theory 
of diffraction using the complex atomic scat- 
tering factors—Hoerni’s pseudo-kinematical 
theory”)—to crystals. According to them such 
a theory can be applied only to the diffraction 
of electrons by gas molecules. Thus only if 
we construct Ps function using the intensities 
of reflection calculated on the basis of the 
dynamical theory of diffraction, the properties 
of Ps function in electron diffraction can be 
elucidated. 

However, there was another difficulty. Ac- 
cording to Miyake, Kohra and Uyeda®) Friedel’s 
law in electron diffraction fails to hold when 
the simultaneous reflections by two or more 
net planes occur in non-centrosymmetric cry- 
stals. They had to calculate numerically 
the solution of the reduced fundamental equa- 
tions of the dynamical theory taking only three 
waves into account. At that time there was 
no well-known method to treat the reflected 
intensities in many-wave problems in the 
dynamical theory of electron diffraction. 


xe The phase shift of the scattered electron waves 
comes from the multiple elastic scattering within 
a heavy atom. It should be noted that the true 
counterpart of the anomalous scattering of X-ray in 
electrons is not the multiple elastic scattering, but 
the elastic scattering accompanying the virtual trans- 
ition of electronic state. See (2) of § 4 of the present 
article. 
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Because the use of Ps; function is a positive 
application of the failure of Friedel’s law, we 
had to face the problem how to obtain the 
solution of the many-wave problem not nu- 
merically, but in an explicit analytical form. 

Recently Fujimoto® and Niehrs® developed 
Niehrs and Wagner’s theory” and formulated 
the dynamical theory by the use of scattering 
matrix and gave a general method to treat 
the many-wave problems. At the same time, 
Fujiwara! extended the Artmann’s calcula- 
tion” of the wave field within the crystal in 
the first order Born approximation to higher 
orders of approximation and derived the results 
of Cowley-Moodie’s formulation!” of the dyna- 
mical theory. The results of the Fujimoto’s 
and Fujiwara’s theories are proved to be es- 
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sentially the same as each other. 

These developements of the dynamical theory 
have enabled us to study the properties of Ps 
functions of electron diffraction on a firm basis. 


§2. The Results of Fujimoto’s Theory 


For the convenience, we refer to the results. 
of Fujimoto’s theory. He assumes a thin 
single crystal, of which surfaces are prepen- 
dicular to its c-axis. He gave the intensity 
of reflection, h=(hko), in the power series of 
the product of thickness of the crystal D and 
the wavelength of electrons 4 as follows: 


Th)=h(h)+L(h)+L(hA)+-:-- , (1) 

where 
hny=(4) rere (2) 
(3) 


ee 
V+ p18 LEZ’ | vovng 4 | on [*-Re(on")—8 lon! DD low 
: g 


(4) 


g=0 and g=h are excluded from the summation 5)>)’ in (3) and (4). vz denotes the Fourier 
g 


coefficient of the Fourier series: 


8x?me 
imp. 


where V(r) is the electric potential within the crystal. 


: Vn)= 23> Un eXp (2zih-r) , 


(5) 


The parameter fy, in the right hand 


side of (4) has a value depending upon the direction and wavelength of the incident electrons. 


and defined as follows: 


Pr=P nko = —{((h—E)a* +(k—7)b*}? 


(6) 


where €a*+7b* is the component of the wave vector (with the magnitude 1/4) of the incident 
electrons parallel to the surface of the crystal. 

Fujimoto pointed out that the possibility of the failure of Friedel’s law appears first in the 
term J3(h) of the series (1). We have J:(h)#l(—h) for non-centrosymmetric crystals, while 
we have always :(h)=/(—hA) for any kind of crystals. 

Integrated intensity of the reflection h can be writtern as 


SJh)= Jah) +Ja(h)+ fa(h)+--- . (9 }. 


corresponding to (1). Since there are included no parameters p,’s in the expression of i(h) and 
I(h), we can put 


J(h)/h(h)=J(h)/b(h)=K , (10) 


where K is a constant. 
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Ps; function in two dimensions can be written as follows: 
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PAr)= > J(h) sin 2zh-r (11) 
Corresponding to the power series of J(A) given in (9), Ps can be expanded as follows: 
Ps(r)=Pso(r)+Psslr)+Poa(r)+ +++ . (12) 
From (7) we have always 
Px(r)=0 . (13) 
For the calculation of Pss it is convenient to write I3(h) as 


AD 


hh)=(4) © ) [v-» py VgVa-g—VaA => ae | ’ (14) 


where the summation 5)>) is over all of g’s including g=o,h, because we have 
g 


Le VgVa—-g=V-2 DD,’ VgVn—g+2vo | Vn |? , 
g g 
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It is to be noted that even if we use any value of uv» in (15) which is different from v,. defined 


in (5), we have still (14). In the following it is convenient to select the value of vo which 
makes the values of the function 


Ur)= 22 Vn EXP (2zth-r) (16) 
vanish at the place far from the projected areas of atoms. 


From (16) we have 


U(r) => (LD voda-a) exp (2xih-r) (17) 
g 
The convolution integral of U and U? is given by 


\\, Ulr)-U%r+wdr=Su- SE v-n(DE vsdn-v) exp Onih-u) 


a 


=Sa- 22) Vr* (ds) V-gVg-n) EXP (—2zih-u) (18) 


where S, is the area of the parallelogram with the sides of the unit cell, ai and a. Similarly 
the convolution integral of U? and U is given by 


\\ Ur(r)-Urtuldr=So- SE DE v-avo-1)-exp Crih-u) 
Sy h 
=Sa- 2 V-n( >>. VoVn—g) EXP (—2zth-u) (19) 
g 
By the use of (14), (18) and (19) we have 


Pa(u)=E (BE W(h) exp Qrih-u)— EE. h(h) exp (—2xih-w)} 


=x-(22Y A-{{] ue)-rertwar— [JU Uer+war} (20) 


If we have a unit cell containing heavy atoms and light atoms, the heavy atoms will appear 
more emphasized than the light atoms in the function U*(r). Thus the convolution integral} 
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\\ U(r)-U*(r+u)dr shows peaks with the 
Sy 


positions and weights given in Table I by the 
help of the same reasoning as given about the 
weights of the ordinary Patterson peaks"). 
In Table I, wi denotes the weight of the 
peak of he U(r) at the 7th heavy atom in the 


unit cell Hs, 1.e. wet={\ U.#(r)dr, where 
Sy, 


U:#(r) is the contribution of the 7th- heavy 
atom to the function U(r) and the integral is 
over S.. (w?): denotes the weight of the peak 
of the function U(r) at Hi. we denotes the 
weight of the function U(r) at the &th light 
atom in the unit cell Zx*. Similarly the con- 


volution integral \\., U*(r)-U(r+u)dr shows 


the peaks given in Table II. 


Table I. 
Positions Weights 
——— : 
Hi 4H; | wit - (w?) 7 
ie | 
H; Hi | wy - (w?)t 
Lx Hj Wi + (w?) 5% 
Table II. 
Positions Weights 
H; 4; (w) 2 + w3E 
ed 
Hy (w?);* - wi 
Hj Lx (w?) = + wet 
Table III. 
Positions Weights 
— 
Lk Hj + wrt 5 (w?)2 
a 
H; Lx —wx? + (w?)z 


Let us assume that there is only one species 
of heavy atoms in the unit cell. Then, in the 
difference of the convolution integrals 


* Tt should be noted that the value of U(r) is 
made equal to zero at the places far from the pro- 
jected areas of atoms by a choice of the adequate 
value of %. 
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{{\, ie : uirtwdr—|| 0% : Ur+wdr} 


the heavy-heavy peaks are cancelled by each 
other and we have the positive and negative 
light-heavy peaks given in Table III. 

From Table III and (20), it is seen that the 
function Pss(r) gives the relative position of 
the light atoms to the heavy atoms. Thus 
the function Pss(r) has essentially the same 
property as Ps function in X-ray diffraction. 

Moreover, under the following conditions we 
have 

PAP SO. (21) 
If the incident electrons form a convergent 
beam with a symmetric distribution of intensity 
around the normal of the crystal surface, we 
may aproximate the incident beam by a number 
of plane waves propagating in various direc- 
tions. Then we can prove that 
Js(h)= Ji(—h) (22) 
by the use (4) and atove mentioned symme- 
trical intensity distribution. Thus we have 
124 T= 0) 

The same holds also in the case in which 
the incident beam is a plane wave propagating 
in a definite direction and the crystal is warped 
slightly and the average direction of the sur- 
face normals is parallel to direction of the 
incident beam. 

Thus we have in these cases 


PAT) = Paslr) + Pass «= (23) 


and we can expect that P; function has es- 
sentially the same property as Ps function in 
X-ray diffraction if the crystal is thin. 


$4. Discussions 


(1) Pseudo-kinematical theory and dynamical 
theory. 

Miyake* concluded that the intensity of re- 
flection in the limit 2D-0 does not tend to 
the pseudo-kinematical theory but to the kine- 
matical theory on the basis of the dynamical 
theories of Fujimoto and Fujiwara. In the 
present article we pointed out that P; function 
in electron diffraction shows essentially the 
Same property as expected from the pseudo- 
kinematical theory on the same basis as used 
by Miyake. 

According to Miyake the application of the 
complex atom .scattering amplitude to thin 
crystal may give nothing but a misleading 
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conclusion. However, our present result shows 
that the use of such a complex atomic scat- 
tering factor affords the right clues to the 
structure of non-centrosymmetric crystals. In 
our view, Miyake pointed out the negative 
side of the pseudo-kinematical theory, and we 
pointed out the opposite positive side of the 
same theory. 

In our view it can be expected that the pseudo- 
kinematical theory may give a good approxima- 
tion in the thinnest crystal with a thickness 
of a unit cell. Our expectation was proved 
recently by Kainuma and Yoshioka’, and 
Hayashi!®. 

It should be noted that we tried to find an 
application of the dynamical theory of Fujimoto 
and Fujiwara in the initial stage of structure 
determination and Miyake gave a firm theore- 
tical basis for attaining to higher accuracy in 
structure determination using the same theory. 


(2) Scattering of electrons accompanying virtu- 
al transitions. 

In the present artical we have derived the 
property of Ps; function in electron diffraction 
by thin crystals taking into account only the 
existence of many weak reflected-waves on 
the basis of the dynamical theory of electron 
diffraction. The result of the calculation in 
thin crystals has been found essentially the 
same as expected from the kinematical theory 
of diffraction using the complex atomic scat- 
tering factor due to the multiple elastic scat- 
tering within an atom. 

However, it should be noted that the true 
counterpart of the anomalous scattering of X- 
rays in electrons is not the elastic multiple 
scattering, but the elastic scattering accom- 
panying the virtual transition of electronic 
states of the atom, because the anomalous 
scattering of X-rays accompanies the virtual 
electronic transitions also. 

When atoms compose a crystal, the elastic 
scattering accompanying the virtual transitions 
of the electronic states of the crystal and the 
phonon states of the lattice vibrations can 
occur. The dynamical theory of diffraction 
taking into account these virtual transitions 
have been studied by Yoshioka‘®) and Yoshioka 
and Kainuma‘”. It seems very desirable to 
study the property of Ps functions taking 
into account not only the effect of many weak 
waves but also these virtual transitions. How- 
ever, it is left still unstudied yet. 
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(3) Overlapping of the projections of atoms. 

In §3 we assumed that the heavy atoms will 
appear more emphasized than the light atoms 
in the function U*(r). This assumption was 
used as the basis of the derivation the pro- 
perty of Ps; function. 

If the projections of atoms in a unit cell 
overlap each other, the above assumption can- 
not be appropriate, because the overlapping 
light atoms may appear emphasized as well 
as the heavy atoms in the function U(r). 
Then there will appear the additional positive 
and negative peaks at the positions from the 
overlapping light atoms to light atoms and 
from light atoms to the overlapping light atoms 
in the two-dimensional P; function. Thus the 
overlapping of the projections of atoms will 
make the two-dimensional P; function very 
complicated and diminish the practical merit 
of the P; function. 

It should be noted that these additional peaks 
in the P; function in not expected from the 
pseudo-kinematical theory. In (1) of this section 
it was mentioned that in thin crystals pseudo- 
kinematical theory and dynamical theory of 
many waves gives essentially the same in- 
tensities of reflections. However, the over- 
lapping of the atoms on the projection parallel 
to the incident beam deteoriates the equivalence 
of the pseudo-kinematical theory to the dy- 
namical theory even in the thinnest crystal 
with one molecular thickness. This will be 
proved also in the forthcoming articles by 
Kainuma and Yoshioka!) and Hayashi’® 


(4) Practical applications of Ps function in 
electron diffraction. 

We will find several difficulties in the prac- 
tical use of Ps function in electron diffraction. 

The extremely accurate measurement of the 
reflected intensities is required as it was re- 
quired for the application of Ps; function in 
X-ray diffraction, because Ps function is esti- 
mated from the difference of the reflected in- 
tensities, /(h)—J(—h), as shown in (11)*. 


* The application of Ps; function in electron 
diffraction will be found only in the analysis of 
the crystal containing many light atoms for each 
heavy atom. Cowley?!) concluded that the failure 
of Friedel’s law can be observed in the transmission 
photograph only by using the specimen of such a 
crystal. He could not observe the failure of Friedel’s 
law in the transmission through the crystal of basic 
lead carbonate. 
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In the present article we have treated Ps 
function in a two-dimensional projection and 
the crystal has been assumed to be thin. In 
many crystals the lattice constant co of the 
unit is larger than a and bo, if the crystal 
has a remarkable crystal habit and it is thin 
in the direction of c-axis. Then we will have 
many overlapping peaks in the projection 
parallel to c-axis. 

There is a reason to believe that the property 
of Ps function does not change essentially even 
if the crystal is not a thin parallel-sided plate 
but a small polyhedron. The reason may be 
found in the implication of Kato’s extension’” 
of Bethe’s dynamical theory?” to polyhedral 
crystals. Broadly speaking, the finite areas 
of the facets of the small crystal cause the 
diffraction of waves through the apertures 
with the same shapes and areas as the facets 
of the crystal. Thus the integrated intensity 
of reflections by the small crystal connot be 
very different from that by the thin parallel- 
sided plate of the same crystal. Although 
there is still no investigation on the extention 
of the dynamical theory of many waves to 
the small polyhedral crystal, the above rea- 
soning will not be far from truth. Thus the 
property of Ps function will be independent 
of the external shape of the crystal if the 
averaged thickness of thin crystal in the 
direction parallel to the incident beam is the 
same. 

Thus the practical application of Ps; function 
in electron diffraction will be found by the 
help of the accurate measurement of the re- 
flected intensities by the small polyhedral crys- 
tal. 
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The atomic scattering factor and the electron distribution were studied 
by X-ray diffractometry in order to know the electronic state of oxygen 
in crystailine Cu,0. The intensity measurements were performed within 
an experimental error of about 1 to 3%. The atomic scattering factor 
of oxygen was determined referring to the scattering factor of copper, 
and was compared with theoretical values of O2-, O and O2+. The 
observed value corresponds best to the scattering factor of O2-. How- 
ever, a small deviation from the ideally ionic O2- state, for example 
the state of O1°85-, is possible, which may be expected from the positive 
hole model for Cu,O crystal. The electron distribution in some special 
planes of the unit cell of the crystal was determined by three dimen- 
sional Fourier synthesis. The electron distributions were found to be 
almost spherical around each atom except the overlapping of the elec- 


tron cloud in the region between neighbouring Cu and O atoms. 


Introduction 


§1. 

The previous x-ray study of the binding 
properties of CuzO and Ag:O crystals by the 
present author! has shown that the root- 
mean-square amplitude of the thermal lattice 
vibration is 0.26A for CuO and is 0.40A 
for Ag:O, the mean lattice strain is 0.15% 
for CuzO and is 1.4% for Ag2O, and the 
thermal expansion coefficient of the lattice is 
1.9x10-*/C° for CuzO. These results suggest 
that the binding force between the metallic 
atom and the oxygen atom is much weaker 
in AgeO than in CuO, a result which can not 
be expected from the purely ionic model for 
both crystals. Especially, the thermal expan- 
sion coefficient of CuzO deviates remarkably 
from Megaw’s empirical rule?) for purely 
ionic crystals. Furthermore, the nearest Cu- 
O distance in Cu.O, 1.85A, is too short to be 
expected from the ionic radii of O?- and Cu’, 
which are known to be 1.36A and 0.96A, 
respectively.® 

The purpose of the present work is to 
study the electron distribution in CuzO by x- 
ray diffractometry in order to know the bond- 
ing type of the crystal. 


§2. Experimental Conditions 

The powder samples used for the intensity 
measurement were the same as those used in 
the previous work. The particle size was 
about one micron as determined microscopi- 


cally. The purity of the samples was deter- 
mined to be 98.9% by chemical analysis, and 
no trace of impurity could be observed in the 
diffraction patterns. It was shown in the 
previous work that the lattice constant of the 
crystal is 4.268+-0.001A. 

Measurements were performed with a 
Norelco diffractometer. The x-ray source 
was a copper target tube operated at 35kV 
and 15mA. The scattered intensities were 
tneasured by a proportional counter with a 
nickel filter of 0.013 mm in thickness. 

In order to monitor the intensity variation 
of the incident x-ray beam, an aluminum foil 
was set up at the another window of the 
same target tube and the (200) reflection 
from the foil was observed by a Geiger 
counter. 


§3. Measurements 
(1) Preliminary, Survey 

Preliminarily, integrated intensities were 
measured on chart with a planimeter. The 
measurements were repeated twelve times by 
remounting the samples in each case. The 
standard deviation of the observed intensities 
from the mean value of the total measure- 
ments was about 2% for the strong reflections 
and about 9% for the weak ones. It was 
concluded from this survey that both samples 
and experimental conditions are satisfactory 
for precise intensity measurement. 
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The stepwise- and the continuous-counting 
methods were compared by measuring the in- 
tegrated intensities of the two weak reflec- 
tions, (110) and (331). The fixed count was 
taken as 10,000 counts and the intensity was 
measured by scanning stepwise over the dif- 
fraction profile with the finest step of 1/100 
degree. The continuous counting was per- 
formed with the slowest scanning speed, 1/8 
degree per minute. The intensities of (110) 
and (331) obtained by the two methods agree 
well, as shown in Table I. Therefore, the 
continuous counting method was adopted for 
the main measurements in order to survey 
many specimens. 


Table I. A comparison between the fixed count- 
ing and the continuous counting. The integ- 
rated intensities in counts of (110) and 
(331) are tabulated. 


hkl fixed counting continuous counting 


(110) | 1.657105 counts | 
(331) | 1.979105 counts | 


1.648 x 10° counts 
1.965105 counts 


The apparent density of manually packed 
powder samples, used in the preliminary 
measurements, was about 2.0 gr/cm’, while 
the density of the solid CuO is 6.2 gr/cm’. 
Measurements were performed on specimens 
having different apparent densities, 3.0~3.4 
gr/cm’, which were packed by a hand press 
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machine into a cylindrical specimen holder. 
The mean value of the observed intensities | 
of these specimens is tabulated in the last» 
column of Table II. No large difference was | 
found among the samples having different — 
densities so far as the relative intensities are — 
concerned. 

The effect of extinction was examined by 
the procedure suggested by Vand.” The 
ratio of the observed intensity, Jo, to the 
calculated one, Jc, was plotted against the ~ 
square of the calculated crystal structure | 
factor Fe? corrected for the effect of thermal 
lattice vibration. The structure factor Fc was 
obtained from the same relation described in 
§6 of the previous work. The attenuating 
factor due to thermal lattice vibration can be 
expressed by the Debye temperature factor 


logy. 


7500 Fe 

Fig. 1. The logarithmic plot of the ratio Ih to i, 
against to F,2. The plots are on a nearly con- 
stant line and show that the extinction effects 
are negligible. 


The main observed intensity with the probable error for the measurements of six times. The 
third column, j, indicates the multiplicity of the reflection by the powder specimen. 


In the last 


column, the observed intensity of the pressed specimen is tabulated. The observed intensities 
were normalized each other to its total sum of all the observed reflections. 


hkl structure factor ee | Hes hg va | probable error | ieee ei sy 
110 ~— || 2fo ee 290 2.3% 287 
im, | Aton 8 | 4820 0.9 | 4824 
200 A fou—2fo 6 | 1664 1.8 1650 
a1 | 2fo 24 || 70 | 3.0 | 70 
ra | 4 ee 2fo i | 1383 | 1.1 | 1385, 
| 4 aes f 3 | bee F | 158 
ae aes i | 3.3 236 
est a: 0 [ang | a 1.1 | 128 
| i | 24 1.8 | 350 
420 Aon 2in | 24 259 | 22 ] 252 
422 4fout2fo 24 ! 343 2.4 ! 338 
333 | 
ee A fou Lingenies 406 2.0 | 396 
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M, as exp(—2M), where M is equal to B 
‘sin’? 6/2”, and @ and 4 are the Bragg angle 
and the wave length of the radiation, respec- 
tively. B relates to the mean-square ampli- 


tude of thermal vibration, uw, as B=87°12/3. 
An approximate value for B, 1.75A2, was us- 
ed, which had been determined in the pre- 
vious work as an avaraged quantity for 
copper and oxygen atoms. As is shown in 
Fig. 1, log (/o/Je) against F.? is nearly constant 
within the standard deviation of about 9%, 
and the extinction effect can be neglected in 
the present samples. 


(2) Main procedure 

The samples were manually packed into a 
cylindrical sample holder, which was 20mm 
in diameter and 1.5mm in depth. The sam- 
ple holder was rotated around its axis one re- 
volution per second in order to avoid the effect 
of preferred orientation and of surface rough- 
ness. The integrated intensity was obtained 
by subtracting the background counts from 
the total counts. The half breadths were 
0.18 degree for the (110) reflection and 0.5 
degree for (333). The background intensity 
was determined by counting at both tails dis- 
tant enough from the maximum of the peak, 
for example 1.5 degrees for (110) and 2.0 
degrees for (833). The observed intensities 
were corrected by monitoring when the vari- 
ation in intensity of the x-ray out-put exceed- 
ed about 1.5% from its mean value. The 
measurements were repeated six times on re- 
mounted samples for each reflection. The 
standard deviation of the observed values 
from the mean value was 0.9% for the 


F. (arbitrary scale) 
30) 
Afo 


20 Afw+2fo 


Nev=2fo 


sin (A) 

Fig. 2. The crystal structure amplitude fF’ in 
arbitrary scale, determined from the observed 
intensity Jy. The open circles are obtained 
directly from J), and the solid circles are de- 
duced from F) of the type of 4fout2/fo. 
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stronger reflections and about 3% for the 
weak ones. The obtained integrated intensi- 
ties were tabulated in Table II with their 
standard deviations. 


§4. Computation Based Upon the Observed 
Data 


(1) Scattering factors 

The observed structure factor Fy was de- 
termined from J and is shown in Fig. 2. 
The atomic positions of copper and oxygen in 
Cu20 are as follows: 

coppers(O0208)(Omd/ Dent) Zoe Cyaan li 2a) 

(Ti2. 002.) 

oxygen: (1/4, 1/4, 1/4,) (3/4, 3/4, 3/4,) 
and the crystal has cubic symmetry. There- 
fore, the structure factor for the present 
crystal consists of the following four combi- 
nations of the atomic scattering factors of 
copper and oxygen: 4f(Cu), 2f(O) and 4f(Cu) 
:2f(O), as is tabulated in the second column 
of Table II. 

The measurements were obtained on a re- 
lative scale, and the atomic scattering factor, 
f, determined from the observed /-values. 
must be normalized to the absolute scale. 
Here, the theoretical value of the atomic 
scattering factor of oxygen can not be assum- 
ed as a standard, since the electron configu- 
ration of oxygen atoms in CuO is the pre- 
sent interest and is considered to be quite 
different according to the models, for exam- 
ple O?- and O*+ for the ionic- and the co- 
valent model, respectively. The atomic 
scattering factor of copper, on the other 
hand, would be affected not so seriously by 
its valence electron except in the region of 
sin@/2 smaller than 0.1A-!, because the 
total electron number of the copper atom is. 
far larger than that of the oxygen atom. 
The fop(Cut) was compared with the theore- 
tical value of the scattering factor fca\(Cut). 
The fop(Cu*) was obtained from Fo-values of 
(111), (311) and (333)+(511) reflections which 
were reflected by the atomic plane consisting 
of copper atoms only. 

If the electron distributions around each 
atom deviate seriously from spherical sym- 
metry, the reflected intensities of (333) and 
(511) may be different to some extent. The 
integrated intensities of (333) and (511) were 
observed to be equal within the experimental 
error by measurements on single crystals, as 
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will be described in the Appendix. There- 
fore, the f-values of (333) and (511) were as- 
sumed to be equal in the following analysis. 

The fcai(Cu+) was taken from the computa- 
tions of Berghuis et al,®) and the dispersion 
effect was corrected by the values of Dauben 
and Templeton.® 

The values of fop(Cut) and fcai(Cut) are in 
the relation 

Fovo(Cu*) =kfeaCut je ’ 

where k is a constant relating to the experi- 
mental condition and M is the Debye tem- 
perature factor as in §4 (1). Plotting the 
logarithmic ratio of fon of fcai against sin? 0/2? 
as is shown in Fig. 3, B and k can be deter- 
mined independently. The scaling constant k 
was 3.53 and B was 1.40A?. The rms ampli- 
tude Vz? of copper was determined from the 
value of B to be 0.23A by the relation 
described in the last section. 

The observed relative f-value of oxygen 
could now be reduced to the absolute value 
using the above constant k. The fop(O) can 


Ol Care: 
sin 0% (A’) 
Fig. 3. The plot of log (fo/fe) against to sin? 6/22. 
The scaling constant k can be obtained from 
the section of the sin?¢/22=0. From the slop 
of the line, w2 can be determined. (a) and (b) 
refer to the theoretical and experimental fou, 
respectively. 


(oxygen) 


Fig. 4. The calculated scattering factor of oxy- 
gen in the O2-, O and O2+ state. The observ- 
ed values are also shown. 
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be obtained directly from the (110) and (211) 
reflections and indirectly from structure fac- 
tors of the type, 4f(Cu):2f(0). The fov(O)- 
values are shown in Fig. 4 in absolute scale 
with the theoretical f-values of O, O? and 
O2+ computed by Freeman” and by the pre- 
sent author. The f-values of the above 
three electronic states of oxygen differ from 
one another in the region of sin 6/24 smaller 
than about 0.25A-!, since outer electrons con- 
tribute mainly to the scattering factor at 
lower angles. The fop(O)-value corresponds 
best to the fcai(O?-) curve with the appropriate 
temperature factor for a rms amplitude of 
0.29A for oxygen atoms. The fop(O) can not 
be adjusted to the fcai-values of O and O?*, 
because the normalized fon is larger than the 
fea of O and O*+ as seen in Fig. (4). 


log f(Copper) 


OOF 


d 
ig os 


= 
La) 


ial 
1 2 RR 
10 oe 
observed ‘Values 


Le heat Me He a at 


oa 
O 02 04 O06 08 
sings (A) 
Fig. 5 (a). 
log f (oxygen) - 
ike) SN extrapolated values 


O a2 04 06 08 
sin (A) 


Fig. 5(b). 
Fig. 5. The extrapolation with the exponential 
approximation of the observed scattering factor 


to the higher order spectra. (a) for fou and 
(b) for fo. 
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(2) Electron distributions 

The electron distributions for the special 
planes of (x0), (xy}) and (xyy) were deter- 
mined by three dimensional Fourier syntheses. 
The three dimensional difference Fourier 
synthesis for the (xyy) plane was also cal- 
culated. In order to exclude the termination 
effect in the synthesis caused by terminating 
the fop-values of higher order reflections due 
to the wave length of the employed radiation, 
fov-value was extrapolated after Hartree,” to 
the higher region of sin @/A by an exponential 


(O11) (111) 


(ayy) plane 


Fig. 6 (a). 


(lOO) 


(2y0) plane 
Fig. 6 (b). 
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approximation. The logarithmic plot of 
fov(Cu) against sin 6/2 lies fairly well on a 
straight line, as shown in Fig. 5(a). The line 
was extrapolated to about sin 6/A=0.8, and 
the f-value of copper was obtained for the re- 
flections from (440) to (444). The f-value of 
oxygen was also extrapolated by the same 
method, as is shown in Fig. 5(b). Table III 
shows the structure factor Fo of CuO, de- 
termined by the observed intensities and the 


(114) 


(yak) plane 
Fig. 6(c). 


a 


(lOO) 


(ayy) plane 
Fig. 6 (d). 

Fig. 6. The electron distributions obtained by 
the three dimensional Fourier synthesis. (a): 
(cyy) plane, (b): (wy0) plane, (c): (wy}) plane. 
(d): difference Fourier of (xyy) plane. 
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Table III. The crystal structure amplitude used 
for the three-dimensional Fourier synthesis. 
V means the unit cell volum in A® unit. 


hkl | 8Fy/ V (A-3) hkl | 8Fo/ V (A-3) 
110 al BAe wll 9 A22 2.85 
111 8.35 || 510 Gio 
200 bse ie 43 0.18 
211 0.87 511 2.25 
220 6.56 || 333 2.25 
310 0.50 || 521 0.14 
311 4.75 | 440 2.06 
229 4.19 531 1.76 
321 —0.39 || 600 1.72 
400 3.92 | 442 1.71 
411 —0.28 | 620 1.50 
330 a0), 28. 05 Wy e583 1.35 
331 3.30 622 1132 
420 2.80 || 444 1.19 
332 0.21 | 


above extrapolations. The values were nor- 
malized to the absolute value by comparing 
the total sum 2Fop with 2'Fya. The electron 
distributions obtained are shown in Fig. 6. 
The calculation was done by the PC-1 com- 
putor of the University of Tokyo. 


§5. Discussion and Conclusion 


(1) The ambiguity of the scattering factor of 
copper 

The feai(Cu+) of Berghuis et al, which was 
taken as a standard for the absolute scale, is 


based upon the wave function computed with 
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the self-consistent method including the ex- | 
change interaction of electrons’”, and is con- | 
sidered to be quite reliable. However, the 
estimation of the dispersion correction is, in 
general, not so reliable. 

Brindley” and Rusterholz'?) determined the | 
absolute /(Cu*+) experimentally with Cu Ka 
radiation comparing it with the atomic scat- | 
tering factor of aluminium. The consequence 
of taking the above experimental f(Cut), in-— 
stead of the theoretical /(Cu*), as an absolute 
standard must, therefore, be examined. Both © 
f(Cu*)-values are shown in Fig. 7. The ex- 
perimental f(Cut)-values of Brindley and 
Rusterholz are smaller than the theoretical 
value about 1.5 over the whole observed | 
range. However, the scaling constant, k, re- 
ferred to the different f-values varies not so 
much, as is shown in Table IV and Fig. 3, 


fal (without dispersion conection) 


feat (with dispersion correction for Cuka ) 


foo (by Cuka) 


10 sinax (A) 


Fig. 7. The scattering factor of copper in ab- 
solute scale: without and with the dispersion 
correction, and the experimental of 
Brindley and Rusterholz. 


value 


Table IV. (a) The variation of k and Vaz, and (b) fov-values for oxygen according 
to the referred f-value of copper. 


Referred to 


theoretical vulue 


experimental value 


ke | 3.53 | 3.39 
Ve | 0.23 | 0.21A 
| Absolute fov (0) referred to 
sin 6/A hkl 

theoretical value of f(Cu*) experimental value of f(Cu) 

0.16 (A-1) (110) | 6.56 6.40 

0.28 (211) | 4.23 4.07 

0.35 interpolated 2.82 270 

0.45 interpolated | 1.59 1.53 

0.55 interpolated 1.06 1.02 
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| since. there are two adjustable constants k 


and uw. Both the two fo. (oxygen)-values in 
absolute scale, referred to the different (Cu), 
are tabulated in Table IV (b). The difference 
is appreciable only in the region of smaller 
sin 6/2, and is within the experimental error. 


(2) Consideration of the different symmetry 
for the electron distribution of oxygen 
The f-value of O?-, O and O*', shown in 
Fig. 4, were computed with a spherical model 
for the electron distribution. The electron 
configuration of O?- is considered to be a 
neon-like closed shell, and the electron distri- 
bution can be safely assumed to be spherical- 
ly symmetric. However, the electron confi- 
guration of O*+, assumed in the co-valent 
model of CuO, is similar to that of carbon 
atom in diamond, and the effect of non- 
sphericity of the electron distribution must be 
taken into account. McWeeny'®) has comput- 
ed the scattering factor of a carbon atom in 
diamond for some particular directions re- 
ferring to the bonding direction. As can be 
seen in Fig. 4, the difference between the /- 
values of the different electron configurations 
can be recognized only at the (110) reflection 
in the present case. The scattering direction 
of the (110) reflection in CuzO corresponds to 


& of McWeeny’s notation. McWeeny’s result 
showed that the f-value of carbon atom in 
valence- and free-state differs only a little.” 
The difference between the models of spheri- 
cal and non-spherical electron distribution for 
O?+ may also be assumed to contribute negli- 
gibly to the scattering factor. The pure O** 
model is, therefore, not adequate for the pre- 
sent case, independently of the difference in 
symmetry of the electron distribution. 


(3) Electron distribution 
The electron distributions around the cop- 
per and oxygen atoms are almost spherically 
symmetric, as can be seen in the electron 
density maps of the (xy0) and (xyz) planes 
shown in Fig: 6. In the regions between the 
nearest neighbouring atoms, however, the 
electron distributions are not zero, but are 
about 0.5 electrons/A’, suggesting that. the 
overlapping of the electron distributions of 
different atoms exists there to some extent. 


*) cf. Fig. 4 of McWeeny’s paper.'®) 


Electron Distribution in CuzO 


507 


(4) Possibility of the deviation from the pure- 
ly tonic model 

As is discussed in §5 (2), §6 (1) and (2), 
the purely co-valent model for the electron 
configuration of the oxygen atom in Cu.O is 
not adequate. Moreover, any model which 
gives a smaller f-value than f,(O), can not 
be adopted. The /o»(O)-value of the (110) re- 
flection lies at about the midpoint between 
the theoretical f-value of O and O®-. If the 
electronic state of oxygen atom deviates a 
little from the purely ionic model, the scat- 
tering factor of such an electron configuration 
might be a little smaller than the f-value of 
the O?- model and yet larger than fop(O). 

Considering the (100) reflection, the theore- 
tical f(O) value can be brought to fit to the 


fov(O)-value with an adequate u?. The mean- 
square amplitude of the thermal lattice vib- 
ration of the oxygen atoms was not smaller 
than that of the copper atoms in the present 
case, as is described in §4 (1). So the pos- 
sible minimum fceai(110)-value can be assumed 
to be 6.65, if the rms amplitude of oxygen 
atoms is tentatively taken as 0.23A, equal to 
that of copper atoms. The value of 6.65 for 
Feai(110) corresponds to O1'®-, which is in- 
terpolated from the theoretical values of O?- 
and O. 


(5) Conclusion 

From the above considerations about the 
atomic scattering factor and the electron dis- 
tribution, it can be concluded that the oxygen 
atom in CuzO is nearly ionic, but slight devi- 
ation from the purely ionic. model can not be 
excluded. The state of O'' is of course an 
extreme case and the true electronic state of 
the oxygen atoms in CuzO would be between 
O2- ‘and O'"®- in its mean value: 

The semiconductivity of CuzO was inves- 
tigated by many workers. Dinwald and 
Wagner") studied the electronic conductivity 
of CuzO and concluded that the semiconduc- 
tivity of CuzO should be ascribed to positive 
holes in the crystal due to excess oxygen 
atoms. Feldman’ also supported this result. 
The comparatively large oxygen ion, how- 
ever, could not enter interstitially into the 
crystal. Positive holes of Cut might, there- 
fore, be considered. As a result, one of the 
O*- ions surrounding the positive hole should 
be O'- in order to neutralize the electronic 
charge as a whole. The mean lattice strain 
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of 0.15% in the present sample might be as- 
cribed to the defects of Cut, and the possi- 
bility of the deviation of oxygen atom from 
the purely ionic state might correspond to 
the above consideration. 

on Single 


Appendix: Measurement 


Crystals 

Measurements on single crystals were per- 
formed in order to examine the extinction 
effect and to obtain the intensity of the (333) 
and (511) reflection separately, which have 
the same diffraction angle and can not be 
separated in the Debye diagram. 

Natural single crystals of about 1mm cube 
were cracked into small pieces of about 10~ 
40 microns in diameter. Nearly spherical 
specimens having about 14, 24 and 48 mic- 
rons in diameter were selected for the mea- 
surement. A small crystal was held by a 
thin collodion membrane sustained on a small 
nickel wire ring, and attached on the gonio- 
meter head of a Weissenberg camera. A 
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The window of the counter was 5mm x 10mm. 
The counter can be rotated around the sam- 
ple, having the center of rotation at the 
sample, so the counter could be always per- 
pendicular to the reflected radiation. The 
monitoring method was the same as describ- 
ed in §2 (b). The Ka radiations of Mo, Cu, 
Fe, Co and Cr were used, each with a suit- 
able filter. 

An example of the observed integrated in- 
tensities was tabulated in Table V(a). Any 
values which were disturbed by the nickel 
wire ring were omitted. The variation of 
the values among the equivalent spectra 
seems to be due to the absorption effect, 
since the shape of the samples was not ideal- 
ly spherical. The observed intensity of the 
single crystals -for various radiations was 


Table V(a). An example of the observed intensi- 
ties of the equivalent reflections from a single 
crystal. The crystal size was 48 microns in 
diameter and the radiation of Cu Ka 


was used. 
suitable rotation axis, for example, [110] was 
selected for each specimen, and the sample hkl hkl | hkl | hkl hkl 
was oscillated 3 to 4 degrees about the axis 111 485 473 
through a predetermined scattering angle. 
i 200 328 276 
The scattered radiation was observed by a 311 117 121 
scintillation counter instead of photographic Spo o7 100 109 ‘Gz 
films. The collimator for the incident beam ay nee a ree os 
was 0.5mm in diameter and 50mm in length. 
Table V(b). The observed integrated intensities of single crystals for various radiations. The 
radius and the diameter of the samples are denoted r and R, respectively. 
sample No. | I I I 
y in microns 14 24 48 
wR (absorption factor) 0.25 0.50 0.60 0.81 1.24 1.53: 2.30 
radiation (Ka) Cu Cu Mo Cu Co Fe Cr 
hkl 
110 37 39 32 
111 1138 835 573 604 479 109 93 
200 540 370 382 302 54 53 
FAL 8 8 
220 357 264 226 168 144 57 
Salil 148 164 133 119 104 91 
222 100 100 100 100 100 100 100 
400 | 81 96 
331 | 46 69 147 
422 58 Pail 82 
511 | 14 80 
333 60 18 84 
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tabulated in Table V(b). 

The intensity of (333) is about 5% smaller 
than that of (511), but the difference is with- 
in the range of experimental error, and the 
intensities of both spectra were assumed to 
_ be equal. 
log lA, 


Powder (about Iz) by Cuke 
Single crystal fi Fa by Cuka. 


BT Be 


Pperxo 


O3 
sing (A*) 


Fig. 8. The plot of log Ih/I; against to sin? 6/22. 
The deviation from the straight line shows the 
extinction effect. 


The logarithms of the ratio of the ob- 
served intensity J) to the theoretical value J 
were plotted against sin? 6/A?, as shown in 
Fig. 8. The observed values were corrected 
with the absorption factor for a _ spherical 
crystal according to each #R tabulated in 
Table V(b). The temperature factor was not 
included in the theoretical value %. The 
deviation of the plot from a straight line, 
therefore, implies an extinction effect. It can 
be concluded that a size of about 15 microns 
in diameter is not small enough in order to 
avoid extinction. 
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A method by which we can get mass spectral pattern of a polyatomic 
molecule from the data of appearance potentials of various ions and those 
of optical measurement has been obtained. It is theoretically expected 
that the total molecular ionization cross section and relative yields of 
ions do not so much depend on the incident energy, except the low in- 
cident energy region, and that the total cross section does not always 
rise linearly with the increase of incident energy at a threshold. 

Applications to CH, and CD, have been carried out and the results are 
in plausible agreement with mass-spectroscopic data. In the course of 
the application, we have taken two ionized states (2A;, 2T2) into account 
and have assumed that the potential energy surfaces of ionized states are 
not so different from that of the ground state of the parent molecule 
with respect to almost all normal modes except one or two. It is also 
theoretically expected that we have a larger abundance of parent ion in 


the CD, case than in the CH, case by isotope effect. 


The experimental 


data shows the tendency predicted by the theory. 


Introduction 


§1. 

Recently, the experimental researches of 
electron impact on molecules have drawn 
much attention not only from the viewpoint 
of the mass-spectroscopic analysis, but from 
that of the study of irradiation effects on 
molecular compounds. It is difficult for us 
to know immediately the primary processes 
in which various ions and radicals are pro- 
duced during irradiation with high energy 
radiations. It is, however, possible to inves- 
tigate these processes by means of the elec- 
tron impact data. These data offer informa- 
tion on what kinds of metastable products 
are formed under irradiation and how radia- 
tion-chemical processes occur. From _ these 
data we may gain various informations about, 
for example, the possibilities of charge trans- 
fer, excitation transfer, ion recombination and 
radical formation. Especially, the relation 
between appearance potentials of various ion 
fragments and their relative yields are im- 
portant for the kinetics of unimolecular de- 
composition of parent ion into its daughters. 

A few theoretical studies on the problem 
under consideration have been made. Steven- 
son! derived the ratios of Ht+/H2+ and D*/D2+ 
theoretically, neglecting the non-orthogonality 
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between the wave functions of Hz: and H+ 
and applying the Frank-Condon principle. Fur- 
ther, Ne and COs were treated in the work by 
Schaeffer?) who calculated the ratios of Nt+/N2t 
and Ct+/CO:+, and their isotope effects. In 
each of these papers, two mechanisms of 
bond-rupture were considered, that is, (1) the: 
transition to a repulsive electronic level, for 
instance '3ig+(H2)—?>{u+(Het), (2) the transi- 
tion to an attractive electronic level with 
nuclear vibrational energy higher than the 
dissociation energy, for instance 1!5%,+(H2)—> 
2Sot(H2+). The transition probability of (1) 
was considered to be smaller than that of (2) 
because of the approximate similarity of the 
ground state wave function H2* to one elec- 
tron MO function of the ground state of He. 
The method of treatment adopted by Steven- 
son as well as by Schaeffer is not ambiguous. 
in principle for the present problem, but un- 
fortunately it is hardly applicable to the 
problems involving polyatomic molecules. 
The difficulties in the case of polyatomic 
molecules are from (1) the lack of sufficient 
information on their electronic levels as well 
as on their wave functions, (2) the occurrence 
of multi-fold integrals in the calculation of 
relative yields of various ions, and from (3) 
the ignorance of the potential energy surfaces. 
in ionized states. 
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However, there are other approaches to the 
polyatomic cases. Lennard-Jones and Hall® 
estimated the probability of ionization of each 
bond in m-octane by applying the equivalent 
orbital method. In a strict sence the assump- 
tion adopted in their calculation does not 
generally correspond to the probability of 
bond rupture by ionization. To obtain it, one 
must take into account the potential energy 
surface in ionized state. Rosenstock et al” 
studied the spectrum of various ions produced 
from C:Hs. They assumed that an electron 
in each of the levels is ionized with equal 
probability and the excess electronic energy 
is imparted to the ion at the time of electron 
impact and converted into vibration energy 
through radiationless transitions. These vibra- 
tionally excited parent ions decompose adi- 
abatically by competing and successive uni- 
molecular processes. The statistical assump- 
tion is essential in the work by Rosenstock 
et al, and is useful for large molecules. 
There seems, however, to be an ambiguity 
in the choice of the parameters appearing in 
the treatment through the work. In almost 
all the previous works, it was assumed @ 
priori that either only one electronic level 
needed to be taken into account, or, the cross 
- sections of transition to various ionized elec- 
tronic levels were equal to one another. 

In this paper, firstly, the information on 
the electronic levels and on their wave func- 
tions of molecules is obtained by the equi- 
valent orbital method. Secondly, the general 
formulation of the calculation for each ion 
abundance is deduced and the dependence of 
mass spectrum on incident energy is dis- 
cussed. Finally, applications to CH: and CD. 
are carried out as examples. 

The following assumptions and treatments 
have been made in the course of this work:- 

(1) The ionization cross section of mole- 
cules is assumed to be expressible in terms 
of its atomic contributions. 

(2) The ionization is always considered to 
occur vertically upward so as to satisfy 
the Franck-Condon principle. 

(3) The various electronic levels of the 
parent ion are taken into account. 

(4) The dissociation of the parent ion oc- 
curs along the path on the potential energy 
surface in the direction in which the entropy 
due to the motion of nuclear system increases 
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most rapidly. 


§2. Theoretical Formulation and General 


Properties of Molecular Ionization Cross 
Section 


When a polyatomic molecule is impacted 
and is ionized by electron beams with a wave 
number ky), the parent ion dissociates into 
several daughter ions or ion fragments by 
unimolecular reaction processes. The parent 
ion is produced in a considerably higher ex- 
cited state of nuclear vibration by vertical 
transition. If electronic levels of the mole- 
cule under consideration are well separated, 
the amount of kinetic energy transferred to 
nuclear vibration is determined both by 
nuclear configuration of the ground state and 
by the potential energy surface of the ionized 
state. The parent ion will remain stable 
when the amount of the gained kinetic energy 
is smaller than the dissociation energy of 
molecular ion in this state. The ion frag- 
ment which appears next to the stable parent 
ion is produced in the case when ionization 
energy falls into the value between the ap- 
pearance potential of this ion fragment and 
the next higher one, as well as in the case 
when ionization energy is over the next 
higher appearance potential and the parent 
ion decomposes into various ions by compet- 
ing processes which occur in proportion to 
the change of internal degree of freedom 
multiplied by the symmetry number of the 
path of decomposition from the parent ion to 
its fragments. Other ion fragments are also 
produced by the same way. As mass spectra 
are measured about 10-*sec after the time of 
electron impact, the nuclear motion with 
period ~10-'* sec is well considered to be in 
a thermal equilibrium. 

We assume that a cross section of an elec- 
tron in a molecular orbital (MO) Q is ex- 
pressed in terms of atomic cross section of 
rth atomic orbital (AO) Q, as 

Q=A Sa’ -Q, (Ql) 
where A is a proportional constant of mole- 
cular cross section to atomic one, and @; is 
the coefficient of rth AO in MO under con- 
sideration®. The ionization cross section of an 
AO which has Z, electrons with ionization 
potential E is expressed by Bethe® as 
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Table I¢). Values of ¢m for various electronic states. 
Shell _—s 2s ye 3p 3d 4s Ap 4d 
Cm 0.28 Ort 0.13 Ona 0.14 0.07 ORS 0.13 0.09 
Q= anme*CrZr 1. Gas ) Vases (Ai/2)(qi— quo)” (Zea 
h?k,°E amE i=1 
and (2.1) where is the number of degrees of internal 
zp freedom. 
Cr=— ot \\oeadadea ; The cross sections for the ionizations into | 
N°Ao 


Here c, is calculated by Bethe® as shown in 
Table I where @ is a parameter of the order 
of unity, and meaning of the other quantities 
are as usual. In the incident energy re- 
gion Ey)<(h?/2m)ko?<200eV where £) is the 
appearance potential of the parent ion (i.e. 
between the value of incident energy cor- 
responding to Q,;=0 and that neighbourhood 
of the maximum of Q,), Q, shows fairly good 
agreement with experiment with the choice 
of a=4. Therefore we take 4 as the value 
of a. 

Let us consider a molecule of which qi is 
the zth normal coordinate of nuclear motion 
(an equilibrium point in the ground state is 
at the origin of every coordinate, z.e. at every 
gi=0), gio is the coordinate of an equilibrium 
point in an ionized state, and 4; is the force 
constant of nuclear vibration in the ionized 
state. The ionization potential of the mole- 
cule changes as a function of the nuclear 
configuration with the energy interval be- 
tween the ground state and the potential sur- 
face of ionized state as 


% rs 


excess energy | Elan ionized state 


interval 


the ground state 


Fig. 1. Schematic figure of the Franck-Condon 
transion, 


the parent ions which have excess energies . 


between E;-1 and EF; are determined by the 
ionization cross section of the molecule not 
involving the effect of nuclear motion Q(E) 
and by the ground state probability density 
IP w(qi, Gz, °° 
figuration gi or Xi, yi, 2 which makes pos- 
sible the transition into the energy interval 
Fut hiax<xE<bEvo+E: by vertical transition 
where xi, yi, z are the Cartesian coordinates 
and WN is the number of nuclei in the molecule. 


-, gsw)|? of nuclei at any con- — 


Thus the cross section for the parent ion — 


with excess energy interval between 74: and 
E, P(E:, Ei:-1) may be given in the form 


N 
JED, J8 =) = | [Cw PQ(E) Wl dxidyidzs 
=1 (2.3) 


PEs, Fi) =P Eo Om Reee,.Ok 


The integration should be made over the 
whole region of xi, y%; and z: of which the 
nuclear configuration makes possible the tran- 
sition into the energy interval Ai-1+k)o<E 
<FEi+&), because an ionization energy is a 
function of *:,"yve and z¢@=V, 2, “*,3N se we 
have also the cross section for the total ioni- 
zation involving the effect of nuclear motion 


N 
ree. =| sFQe) Ududyde 2.3’) 


where the integration should be made over 
the whole region of xi, ys and zw. The 
parent ion with excess internal energy 
E-E) (i<E—E)<Ei+1) is considered to de- 
compose into various sets of daughter ions 
and radical fragments so as to satisfy the 
condition of energy conservation through the 
decomposition process. The yield of each set 
of ion and radical fragments may be in pro- 
portion to the number of reaction coordinates 
along the paths of decomposition from the 
parent ion into its fragments. The number 
of reaction coordinates is assumed to be given 
by Sole tia Nw). Where ny is the degree of 
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internal freedom of an ion fragment vy, mu is 
that of radical fragment yw, and oy is the sym- 
metry number of decomposition. Thus, the 
sets may be produced in porportion to the 
ratio of aia mu). to its sum over all 


sets of yv for /th energy internal. Then the 
relative aboundance of various ion fragment 
Fy’s is expressed in the form 

o(n—Ny— 

tag May Stel Di BEi ie 


P(co, 0) 


jhe 
SCS ar 
y Bb 
(2.4) 
where the sum over the excess energy inter- 
val / should be taken for all the cases when 
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the decomposition into the ion fragment v is 
considered energetically possible. 

To carry out the integration in (2.3) we 
introduce new coordinates, namely Xi= 
xel(mi)!?, Yi=yil(ma)'/2,  Zif=z:/(mi)'/?_ where 
mi is the mass of ith atom. 

We can transform the above coordinates to 
the normal coordinates by a unitary trans- 
formation and can separate the coordinates 
of translation and rotation of the molecules 
as a whole from the remaining internal co- 
ordinates. The Jacobian of transformation 
Xi, Yi, Zi to gi is 1 because of its unitarity. 
Then we have 


Vv 3N 
P(Ei, 0) =H vine vig cost os gon) |? Il dq; 
t= =n+1 


H=8 n 
xf TO galas, aes ++ ao) RQCE) Hl da (2.5) 
where »=3N—6 for nonlinear molecules, and m=3N—5 for linear molecules. We see by (2.5) 
that the absolute P(/:, 0) can depend on the states of molecular translation and rotation and 
therefore on experimental conditions. However the ratio of P(£:, 0)/P(, 0) does not depend 
on these conditions. At room temperature we may consider that all the vibrational modes 
are in the ground states, so that yw is expressed as follows: 


dx(q@)=H = exp (S2552") for 1l<i<n 
a=vilh N= ve 


(2.6) 
and 


w(q;)=(rotational wave function) x (translational wave function) 
for n+1<j<3N 


where »; is the frequency of each normal vibrations of nuclei which is obtained from the 


* To illustrate the matter more clearly, we take the case of CH,+ as example. According to the 
experimental data we separate the excess energies into the following intervals H)>=13.12eV, H,=1.27 eV 
and E,=2.28eV for 2T, state, and Ey=19.42eV, Hi=0.68 eV, F2.=3.68eV and H3=7.38eV for 2A; 
state (see Fig. 5a and 5b). Consider the case when /=2 for 2T, state, 7.e. when the parent ion gains 
its excess internal energy between 1.27 and 2.28eV, and two ways of decomposition CH,>CH3;+H and 
->CH,-++H, are considered to be energetically possible. In the former reaction n=9, ny=6, nmu=0 and 
oy=4C; because oy is the number of ways of choosing one H atom from CH,+. In the latter reaction 
ny=3, Nw=1 and cy=4C2,. te. the number of ways of choosing two H atoms from CH,+. In this case 
Y oln—my—>d My)2=42 and o(n—ny—D M)2=12 for CH,++H, and =30 for CH2+H2. In order to 


bes 7 
Bian the relative yield of CH,+ from CH,+ parent ion with every excess internal energy, one should 
take account of the two reactions of decomposition CH,+-CH,++Hz and CH;+-2H*. In the former 
reaction 1=3 for 2T, state and /=1, 2, 3,4 for 2A; state should be taken into account (see Fig. 5b). 
For each energy interval between 1 and /—1 the quantity 


eln—m— Sm) pap, By») 
> ol(n—Ny— > Ny) P(, 0) 
y ie 


is estimated, one take the sum of it over J and then one can obtain the relative yield of CH,+ fragment. 
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data of Raman and infra-red spectra. 
The information about potential surfaces of ionized states has not been obtained experi- 


mentally, in most cases, so we do not know the values of 4: and qi. But it may properly 
be said that for the molecule of which the data of Raman and infra-red spectra are well ex- 
plained by the calculation based on the valence force field picture, the vibrations of nuclei 
are mainly determined by the valence forces and are almost independent of the contributions 
of the repulsive interactions between cores which are not directly bonded by chemical val- 
ences with each other. The potential energy surface of an ionized state may be obtained by 
the same procedure as in the case of the ground state, and the change by ionization in the 
valence force between every couple of atoms is considered to resemble to the case of diato- 
mic molecules. 

In some diatomic molecules there are not so large change in the vibrational frequencies 
and in the internuclear distances by ionization of an electron in a nonbonding orbital, as il- 
lustrated in Table II”. We assume that the frequencies and the internuclear distances are 


Table II. Vibration frequencies and internuclear distances of diatomic 
molecules and molecular ions. 


Molecule Distance Frequency Ton Distance Frequency 
(in A) (in cm-}) (in A) (in cm-!) 

AlH 1.6459 1682.57 AIHt+ 1.601 1610 
AS» 429.44 AS_* 318.8 
BeH 1.3431 2058.6 BeH+ awa 2221.7 
BeD 1.3425 BeDt+ 1.3113 
BH 12325 2366 BH+ 1.2146 2435 
CaH 2.0020 1299 - CaHt+ 1.733 
CdH 1.761 1430 CdH+ 1.667 1775 
CdD 1.748 CdD+ 1.664 
CH 1.1198 2861 GH 1.1308 2739 
C1,35 1.988 564.9 (C1235) + 1.891 645.3 
CO 1.1281 2170 COe 1.1150 2214 
CuH 1.463 1940 CuH+ B27 1870 
H. 0.7416 4395 H,* 1.06 2297 
HBr 1.413 2649 HBrt 1.459 
HC1ss 1.2764 2989.7 (HC185)+ 1.3153 2675 
DCI85 1.2749 2090 (DCI85) + Teolos 1863 


approximately the same with those of the ground state for almost all the vibrational modes 
if measured data of vibrational frequencies can be well explained by the calculation based on 
the valence force field picture. We take the changes of vibrational frequencies and equi- 
librium points into account only of the modes which may be very different from those of the 
ground state from the viewpoint of the symmetry of total electronic wave function in the 
ionized state. The effect of these changes may be important in the case of a molecule in 
which the stable atomic configuration in the ionized state is quite different from that of the 
ground state (for example, NHs and H:0). 
We now rewrite (2.5) with the aid of (2.6) as 


A=Bo+By 


Ai 
2 


P(Er, 0=B\ exh (+ SF age ) Q (zs +5 °) ida 
H=2o i=1 i=1 t=1 
n N aT a 
B=(iIl Vmi)( Ti |. + (iro. wave function|? (2.7) 
i=1 i=l Ww y1a 


3N 
x |trans. wave function|?x Hl dq. 


J=n+1 


Here we have neglected the change in the equilibrium configuration by ionization, 7.e. we 
have assumed gio=0 for all i. Let the variable &: be taken in the place of gi, namely 
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vi 2E “ 
B= (se ae » Bi=Bo nah , B=-(2 arta ) » A=4n*v? . (2.8) 


The function exp (a Bi€:) is expanded in power series & and the integration in (2.7) is to be 
carried out over any value of & under the condition of > Cre 
i=1 


The integration in (2.7) can be reduced to a single integral by means of the Dirichlet’s 
integral®. In order to make the expression of the result of integration not depend on £), 
we may rewrite the result in terms of y instead of € where y=@,.£. Making use of SS B:=0; 


t=1 


we have 


_ ph EY? LOH, of E wril | 
P(E, O)= BIL) S| “exn(—y)0( 2 (yyy dy 2.9) 


and 


POM DEB) 7 aaeaiara eB)” 


” eee scare i : 1&( ath | : 12( 5) t [+ oe (2.10) 


One finds the integrand in (2.9) does not depend on £; because y and the argument in Q do 
not include £:, but that the integration depends on EF; through the upper limit of the inte- 
gration &. Then, we can obtain any P(£i,0) from the same integrand exp (—v)Q(E1¥/Bo) 


xXF(yy")— by taking Bo=(2Ei/n(= ai/4:) for the upper limit in integration over y. Thus 
tot n n 

‘we may obtain P(£i, Ei-1) by taking (2E1-:/n)(>) ai/4i) for the lower limit and (2Ex/n\> ai/2i) 
4=1 =1 

for the upper limit of the integration in (2.9). If 3{(8/Go)?<1 (in ordinary molecules <(Gi/8o)?> 

~1/10) the magnitude of higher power terms in (2.10) is negligible as compared with lower 

power term (see Appendix A). 
Next we consider the case where the equilibrium points in normal coordinates change only 


in one mode or two. In the case of gio#0 in (2.2), we transform variable gi to & by the 
following relations: 


and 


exp(—aig:?) = exp(— Qi 2 Bc 2AiGio et EL QiGio* ) (ala 
a t 


in (2.7) where + is taken as qi—qi=0. If a@igi?<1, exp(—2aiqio(2F1&:/A:)'/?) can be expanded 
in power series and treated by the same method as before. It is very complicated when 
aigi?>1 and is necessary to adopt another approximation. We can express the factor 
exp(—aig) in terms of y by the method as shown in Appendix B. Thus we can transform 
exp(—augi2) into exp(—y)F(y), but in this case F(y) is mot always a slowly varying function 


of y. 
As Q(é) is a slowly varying function of &, for h’k?/2m>2Eo, the dependence of Fy-P(co) 


of an ion fragment on ko? are given by 

| oN —My— > Nu)t 
x a(n —My— Ds Nw)t 
cc Q(Ki2)oe A “log (CKo?)/Ko? (2.12) 


P(E, £i-1) 


Ey: plo, => 


where C=(h?/2mE). The relation between P(co,0) or Fy-P(co, 0) and incident energy is 
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similar to that between the cross section of an atom and the incident energy. The general 
view of ko? dependence of experimental F,-P(co, 0) in the case of C2Hp is illustrated in Fig. 
2”, showing plausible agreement with tendency predicted by the theory. 

The relative ratio of each ion fragment to the total ionization is expressed as 


Const. 
RAC ( ammenities ae evr (n/2)—1 ( eee 
mes o(n—n— & mie (yy! —1dy{ 1 + hat 2m Ei 


= Const. 
> ol n—Ny— > Mn)t\ e7¥F ( y)yp/2)-1g (a re 
a ~ of » NE Te omE Ih 


for high incident energy, namely Fy is regarded as little dependent on the incident energy | 


h®k,?/2m. In the case of CH, experimental data of relative abundances to the parent ion as | 


functions of the incident energy are shown 
in Fig. 3! which give plausible agreement 
with theory. 

In the low incident energy region, the ap- 


Fr-P(e°) 
relative 

yiete not be valid. However, Q(E, ko?) may well 

be given by Const. x (2m/h®k.?E )log(h?k,?/2mE ) 

because the general behaviour of the total 

00 200 300 400 500 ionization of molecules is shown experimental- 

Incident energy (eV) ly to be resemble the cross section for ioni- 

Fig. 2. Dependency of each ion fragment yield zation of atoms. When the incident energy 

on incident energy®). h?k,?/2m lies between £)+Fi-1 and E,)+:, 


the parent ion can gain its internal energies — 


+ 


lon abundance with respect to CHa 
(ep) 
Eee 
o 


only below {(#?%o?/2m)— Ey} according to energy 
(Cal.) conservation. 


In the region of £y)+Fi-1< h?ko?/2m< Eo + Ex 
one must take {(hke?/2m)—Ey(S: ai/nd:) for 
i=l 


the upper limit of integral of (2.9). Therefore, 
in the low energy region the dependencies 
of ion currents on incident energy near the 
threshold of appearance potential are obtained 
ct as 
— CH? (Cal.) 
40 80 120 
Incident Energy (eV) FyaL: BoD) (2.14) 
P(r, 0) 


ONLODO 


Fig. 3.10 Energy dependency of each ion abun- 
dance with respect to CH,*. where 


= 4 -y Ew n/2)—1 
Por, BaD)=\" ev FE VF (yyyinre-tdy 


~—_AE & (a _ Wk? 
; n =( ai ) : de 2m fo. 


Considering that Q for ionization of molecules 
resembles that for ionization of atoms, 
Q(E:-y/Bo(D) is given in the form Const. 
x (log y—log y). When (h?k.2/2m—E)) is small, 
the total ion currents «P(7, 0)<4E/2)+2, and 
when #°k,*/2m is a little over Ex, E(P(y, Bo(z)) 
oc(dE—E:) where the suffix »v in F, refers to 
Fig. 4. vo. vibration mode and angle a and @. the ion fragment which newly appears at E:. 


(2.13) | 


proximation for obtaining the cross section | 
Q(E, ko?) in (2.1) can not be adoptable, and | 
also its additivity of atomic components may © 
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Wannier' has shown that the ionization yield (cross section) rises at the 1-1.27th power of 
the energy in excess of the threshold energy for atoms (Qe4E~4E!-!27), On the contrary, 
for molecules, it is expected that the ionization yields do not always rise linearly but can rise 
at higher power on account of the internal vibration of nucleus. Experimental data are ex- 
pected to show a tendency that the total ionization rises at the higher power in the more 


complex molecules, but we have not yet con- 


firmed that the experimental data have a aN cchiey 

tendency accounted for this effect. 

§3. Application to CH, and CD, pace lhere, SHER 

3.1. Electronic States of CH; Il 20.1 : 
The electronic levels of CH,+ have been found “A\_state a a aa 

by Frost and Mcdowell!”) as shown in Fig. UW 

5a and Table III. We ignore the ionization of II] 

electrons in the level of 1st orbital of C atom. i 15.4 cit eine 

?A, is the electronic state where an electron Il 

in nondegenerate (except spin degeneracy) a: i Sere: ey 

orbital is ionized. This state is totally sym- 2 Wee 13.12 cut 


metric with respect to all symmetry operations 
which belong to the point group Tz. ?T: is the 
state where an electron in triply degenerate 
te orbital is ionized. This state has symmetry 
with respect to three planes of symmetry oa 
and is symmetric with respect to the two 
planes of symmetry oa and antisymmetric with 
respect to the other plane oz. We construct : 
LCAOMO’s for a: and te from AO’s, 7.e., the USP ae Ce 

wave function of C2s orbital ¢2;, those of Table III!2). Electronic states of ionized CH,+. 


the ground state 


Fig. 5b. Energy diagram of CH, and of various 


Appearance Total symmetry Ionized 
Potential of state orbit 
13.16eV 
13 16220.02 V 2T te 
19.42+0.02 7 2Ay ay 
19.42ev 
a, C2De C2py, C2pz orbitals Pepz, Pepy, Pope, 


and those of 7th Hls orbital dis) where the 
orientation x, y, z and the labelled number of 
H are shown in Fig. 4. The MO wave function 
ey of electron in each electronic level are ex- 
prem c oricleve ot CBs, pressed as in the following formula’® 


ds =a +5 (Gran +$uan+ Goan + Ps) for a: state 
bax ip | Mie +4 iaan Puan —Pouetrdau0)| 
Gal) 
a= gp Aen +4(Gaun— Puan + Pour —Lou)} for t state 
b= ig | Mom +4 aan + $asn—$oun—Psue)} 


and 2 is obtained from the dipole moment » of C-H bond by the equation” 


_ (t= eR_ 
bor go 59S 
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where R is internuclear distance, the value of 2 is 1.15, N=1+4?+24S, and S=3. The ap- 
pearance potentials of various ions from CH, are shown in Table IV‘. A schematic diagram 


of energy states of ion is illustrated in Fig. Table IV). Various ion fragments from CH, 
5b, and possible dissociation processes are in- and their appearance potentials. 
dicated with arrows. - 
Ton Appearance potential Procees 

3.2. Potential Energy Surfaces of Ionized States : Sigal ae! = 

In *A; state the symmetry PEODAEY of sa 2 wins i crass 
total wave function is the same with that 0 CH.+ ta 2 CH:t-Hy-be 
the neutral ground state (totally symmetric). 20.1 CH,+ 12H +e 
Moreover, for the CH; molecule the vibration CH+ 23.0 . CH++3H+e 
spectra of a CH: molecule are well explained C+ 26.8 " C+44H te 


by the valence force field picture and the con- 


tribution of H-H interaction to the potentical surface is considered to be small. Taking into 
account these features, one may properly consider that the potential energy curve only along 
the coordinate of »: vibration mode changes by a transition from the ground state to *A1 
state. Further we have assumed that the equilibrium point for *A: state is the same with 
that for the neutral ground state, and also that the force constant for *Ai state 4:(?A:) be- 
comes the value which is obtained by the force constant for the ground state 4:(ground) 
multiplied by a ratio of the total binding energy for *A: state Vo(?A:) to that of the ground 
state Vo(ground), 7.e. 4:(??A2))={Vo(?A1)/ Vo)(ground)} X 4:(ground). 

In *T: state, however, the symmetry property of total wave function is not the same with 
that of the neutral ground state. One may expect that the atomic configuration in equi- 
librium is different from that of the ground state to some extent. Now let us consider the 
case when the electron in one of ts orbital that has a same symmetry of ¢epz is ionized. It 
can easily be expected that the bond angles of H:-C-Hs and H:-C-Hs become larger (Fig. 4), 
and of all vibrations the v2, frequency is considered to render the most remarkable change. 
To estimate this increased value of the bond angles 7.e. gio of the coordinate of vz. mode in 
(2.2), we calculate emprically the contribution of ionization of electron in tz orbital to the 
bond angle by the following procedure: (1) The binding energy and vibrational potentials 
along some normal coordinate of the ground state are expressed in terms of molecular inte- 
grals. (2) The binding energies in 7A: and *T2 state are also expressed in terms of mole- 
cular integrals. (3) The expressions for force constant and for the change of equilibrium 
point along »2. vibrational mode in *T: are obtained in terms of the same molecular integrals. 
If V be the potential energy of molecular vibration, it may be expanded along a normal co- 
ordinate in a state near gi=0 as 


1965 oes 
V=Votai'q ee 


Through above procedure we obtain the expressions for Vo, 2:’, 2: in terms of molecular 
integrals relating to some normal modes in each state. 

To carry out above estimation, the wave functions depz, depy, Pape are transformed by the 
vector model into their components of the bonds C-H2, C-H., C-Hs and C-Hs i.e., dic, diz, 
Piz; Pso, Ysa, Piz; Pso, Pse, Psz and dre, dre, Vz, respectively where we mean by ¢i, one 
of xz component of a C2 orbital with respect to C-H: bond and by ¢y¢ the other z com- 
ponent of a C2 orbital with respect to C-Hs bond, and so on. Then we have 


pages POSSI ae 2sina , 
2pz2 —> 


Ves ee = ae 
V 1+sin? @ V1+sin? @ 


—_—— sin @ h 4. il ry all ee, al we 
oe a/ iene +77 es nae *Qiet—V 1+4sin'? a bs 
py V1+sin? os c V1-+sin? See 2 V1 V2 V 1+sin ai dz ) 
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Prpe= — Sn gy, 3 in) ( ! cos a: SLE eta 
Vi+t+sina V1+sin 2a\V/ 2 : 7p V 1 +sin a diz 


tighiyecOsia 2sin a 
SMeinoiny/Ue sina oayLeanes 


(3.2) 


Pep a ee — 1 i ee 
; Vit+sin? a’ ke dab vi = COS @: Paa— J eV LFsint a baz) 


ib sin @ nae 
RW eet se rere =f Es COS @- duet eV TTSint a +sin? ai dr: ) 


and similar expression for ¢2»s in terms of dsc, Ysz, P57 and dre, biz, $7 Where a@ is the 
angle as shown in Fig. 4. The bond eigen-functions of C atom are 


1 
Per= o (Peet Pepe + Pepy te pz 


1 
Des =o (Pas Pope— Papy te pz 


(3.3) 


il 
Yes = (Pas Pave a 2 py— Pe pz 


it ) 
Per => Pas + Popa — Lopy— Pope 


Then the Coulomb integral Q and the exchange integral J of bond eigen-function between 
C: and Hz atomic orbitals are given by the following formula: 


Sx he Wire 1 
Ode 2)= ri [ QutQeet QatQz 7 cane = (2 cos a+4 sin 2) Qu 


(3.4) 
1 mete il ; 
pele, 2)= | Jct Soot J + Jse+ WARIS ke a+2 sin a) Jor+ Je) | 


In the above expression each integral Qss, Qeo, Jss etc., is defined as 
Qs: =| ud) on @) Hee Dy dn(2ideides 
Owe [pod gnt2) Hb.(1)¢n(2)dtidt2 


Jss = | dA)pn 2) Ha) on(2) dead 


mMekites «tue sa le ihe 


where Hftotai is the total Hamiltonian of molecule CH,, Hc is the Hamiltonian of atom C, and 
Hy; is that of ith H. The same treatment is carried out in calculating Q(1, 4), Qd, 6), 
Q(1, 8), Q(2, 4), --- and also J(1, 4), ---, that is, Q@, j) and J(i, j) with all possible combination 


of i and j. 
And we take summations of Q and / according to the following rule 


Y= Q+> J-> BIE Var (3.5) 


where the summation a is taken over the bonding orbitals only, and the summation 0 is 
taken over the non-bonding orbitals only. Var is the interaction potential of H-H, 2.e. 
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Vin= + Dalexp{—28(R—R,)} —2 exp(-B(R-R)}] + Aue ** R49 (3.6) 


with D)=4.747 eV, B=2.0522a0-!, Re=1.4016 a0, Ao=15.159 eV and a=0.357a.! which are 
derived from the spectroscopic data” and from Hirschfelder and Linnett’s'® calculation. We 
consider the variation for V with the normal coordinate along v2a vibration mode and put 
a=(z/4)+6 in Fig. 4 where 0<1. V is expanded in power series of 8, and then one finds 
that the term of first power vanishes. From the zeroth power term, we obtain Vo, z.e. the 
total binding energy, and from the second power term we obtain also the potential curvature 
along the normal coordinate of vibration vza, Vor. Then we have the potential curve along 
Yea Vibrationed mode in the form 


Vie +5 Vox 


ue (40x Ja) " (4Qz0 z 7 - ) +42 (40x = = Hee ) re 3V3 Ire Jen) uGVAE 


for the ground state (3.7) 


and along »: vibrational mode we also have 


smhbite ‘aah BY2 (Vm) g ae Of Vinx \R 2 
= Ze 22 2S Se so 3) ne ae 
Vor = 1677? ¥22c ?myRo a 3 + Jos) 37 3 OR Damir 2 ONE t 


(v2 is measured in cm-') for the ground state 


where mn is the mass of H atom and Rj is the internuclear distance of C-H in equilibrium. 
For vi mode we can easily obtain the following formula by making use of the totally sym- 
metric property, as 


2724),2 veces sO Vs 2 
16z°c?v1?munko =( 2 OR? )R 4 (3.8) 
Since the normal coordinate along vs and ys modes depend both on the mass ratio of C to H, 
and on its geometrical scheme, each normal coordinate component of bond angle and C-H 
distance changes can not be obtained easily. However, assuming the valence force field 
picture, we can acquire relations between the force constants for v1, ve and those for vs, v4, 
and find them to be in good agreement with the experimental data of Raman and infra-red 
spectra!”, So we may expect that the values of molecular integrals which are obtained from 
the data of vi and v2 will be nearly equal to those estimated from vs and 1, according to a 
valence force field picture. 
By the same procedure as described above, along vz mode in 2T2 state is obtained as 


Vever Vor-0-+= Vb? 


1 5 1 10 i 
=s 46s3 — — s. roel TS — fee =a tt ———) 22 
4 ( Ju) + (40 = J \+ (49 oJ ) 


ni eee a / 4 \ Joo+ Jes) +2 Vn 
Var=5-(4Qc0 — 5 Joo \—-£( 4Qee = Jew )+ y/ 2 Fort Jes) (3.9) 


ies = (4Qce - = ifs ) + 77 (40 # = Va \- eae 2 x \ Jeo Jer) 


‘1 [3(OVmn Bifol MOU ns 
i rv #4 aR )R +35 OR? \Re 
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In calculation for the above expression, we made an assumption that when an electron is 
ionized from a given orbital Q, J and Va, become the value of (N—1)/N times the initial 
values, where N is the total number of electrons in the orbital. 

For 2A: state we can calculate V, by the same way into the form 


Vo = (40. —yIu) 4 (40x. = Jee ) + 2( 40x. = > ed ) 6 = y/ 3 Suet 12s +4 Var 


(3.10) 
The experimental values of various Vo’s are given by?® 


Vo=—15.50 eV for the ground state 
Vo=—13.64 eV for *T2 state 
Vo=—11.04 eV for *Ai state 


where we adopt 11.26 eV as the value of ionization potential of C2p and 3.69eV as the value 
of 2s-2p energy gap. From these values we obtain 


2 Ure+Jos)= —3.13 eV 
il 
(400+ Ju)= —4,43 eV (Sail) 


(40.0 2 = Jeo ) + 2(4Qxx = = lee ) ——5.94eV 


Using the experimental data 4.096eV for V2 in (3.7) we obtain 


Ad Poe OVan v6 fel 0? Vann - 
; a ae )Re L ae _ \Re Es Sev (3.12) 


To value also obtained from the formula (3.6), being 16.31eV. The values of the first and the 
second derivatives of H-H interaction potentials in CH: will be smaller than the values theo- 
retically expected (~1/5). The result obtained in (3.12) may provide support for the good 
agreement by the explanation for vibration spectra in hydrocarbon molecules from the picture 
of valence force field. 

We separate (4Q>cc0—(1/2) Joc) from (4Q2z2—(1/2)Jxx) in (3.11) by the method described in ap- 
pendix C, and obtain (4Qce—(1/2)Joc)= —8.05 eV and (4Q22—(1/2)Jxx)=+1.05eV. Consequently 
we estimate Vo. and Ve: and obtain 


VaSo7sev , Vez=6.08 eV . (3.13) 


From these results, we can see that the equilibrium point is changed to some extent in °Ts 
state from that in the neutral ground state, but that the frequency is not so changed from 
that of the neutral ground state. The equilibrium angle in *T» state (7.e. 0 for the minimum 
V in (3.9) is evaluated to be about 27° from the Va in (3.13). However we Can not conclu- 
sively determine the shape of nuclear configuration of °T: state by the value of @ for the 
minimum V obtained above, because the expression (3.9) is only valid when @ is small, that 
is, when an ion in °T: state is suffered small deformation from tetrahedral configuration 
along vz mode. The result of (3.13) comes mainly from the following features. (1) For the 
ground state the frequency of 2 (1526 cm-') is smaller than that of v1 (2914cm~'), that is 
the curvature of potential energy surface along » vibration is smaller than that for C-H 
stretching. If the curveture along v2 vibrational mode in the ground state takes nearly the 
same value with that of ?T2 state, the equilibrium point easily changes by a small amount 
of change for each valence force. It is the reason why Ve is not so small. (2) The H-H 
jnteraction is small and every »% is well explained by the valence force field picture in the 
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ground state, and these pictures will be valid in the potential energy surface of *T. state 
because of the smallness of the H-H interaction in ionized state of ?T2 as in the ground 


state. (3) The little increase in frequency term Ve. for *T2 compared with that for the | 


ground state is due to the effect of H-H interaction. In the above calculation, Q and J may 
vary to some extent with the adopted values of dissociation energies, but the situations of 
(1), (2) and (3) do not differ by a small variation of the dissociation energies in every case. 
As related later, the results of the integration of P(co, 0), and of FyP(oo, 0) are not influ- 
enced so much by the change of Ve, i.e. by the curveture change of surface, but influenced 
by that of Vi, z.e. by the change of internuclear distance in equilibrium. 


3.3. Results of Calculation 


To perform the integration (2.10) the parameters ai, di, 22, Ei, are obtained from experi- | 


mental data as illustrated in Table V. In Table V we can see 242’+0 for ?T2 state, that is, 
Gzo= 42’/A2+0 in (2.2), and we take 


Table V. Adopted values of parameters a, 2;, 22’, Ei. 


Parnineter Adopted value for Adopted value for Adopted value for 
the ground state 2A, state 2T. state 

ay 3.815 ap-2m 7! 

Qo, Os 2.016 ” 

Q4, As, AG 3.992 y 

Q7, As, Ag e726 Y 

Ay 0.8759 eV ay-2mq7! 0.6876 eV ap-2mq7! 

ae 0.2401 V, 0.2945 y \ 

Ao! 1.269 eV ao-imy71/2 

a3 0.2401 eV ao-2mg-! 0.2401 eV ap-2my_-! 

Aig Ace As 0.9339 ” 0.9339 ” 

ax, as, Ag 0.1758 Y 0.1758 Y 

Ey 1.27 eV 0.68 eV 

E 2eioue # 3.58. 

Es oom  @ 


my denotes the hydrogen mass, the symbols with suffix 1 relate to the normal coordinate for y, vibration, 
those with suffix 2 relate to the normal coordinate for vp vibration, 2,’ is the coefficient of the first power 
term of ge in ?T, state (A:’=Azqe2o im (2.11)) and is calculated from V; in (3.13), the symbols with suffix 
3 relate to the other normal coordinate for vs, vibration, those with suffix 4, 5 and 6 relate to the 
normal coordinates for vg vibration, and those with suffix 7, 8 and 9 relate to the normal coordinate 
foa v4 vibration. 


as a new variable in (2.8) because of 22’q2>22 and we take also 


exp(—a2qa”)=exp (— Ba’ (E2—Ea0)”) 


By =)/ ee ae ye (3.14) 


for & normal coordinae part of the vibrational wave function of nuclei. Further, the function 


in (3.14) is calculated by the approximation method which shown in Appendix B. 


When we put the relative aboundances of CH.*+, CHs+, CH.+, CH*+ and C+ with respect to: 
the total ionization as Fi, F2, Fs, Fs and Fs, respectively, these ion abundances are obtained: 


from Fig. 5 and Table IV according to (2.4) as 
F,P(c, 0) =/240 ai 0) 


FiP(c, 0) =-2 Po, 0) + S PUES 0)—P\(E1, 0+ ad. P,(oo, 0) 
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hee SP Ea: Oa ——~ cstaleay Ha ae 0) 


= ae 
FsP(e2, 0) =2-Pi(oo, 0) — 2 PEs, 0) +25 oy Paleo, 0) (3.15) 
sais T5p9 P Be, 0)+ = 99 AE 0) 
162 288 
FP (co, 0 
1P (oo, 0) = - P2(0o » 0) + Gogg PelEs, 0)+ 5 Fe Pal Es, 0) 
9 
F's P(co =—— P; (00 
sP (oo, 0) a PADS a5 PalEs, 0) 


where P:(Fi, 0) means the symbol for 2T: state, and P2(E:, 0) means that for 2A: state. 


The results of calculation are shown in 


Table VI and Fig. 2. Table VI. Relative abundances to the parent ion. 
3.4. Isotope Effect Ton Observed?9) Calculated 
We can find the value of Bo for CD, in (2.8) CH,+ 100 100 ~ 
is Y 2 times that for CH, and this increases CH,+ 86 93 
of Bo will cause a change of relative yield. CH2* 16 38 
We can expect that the parent ion becomes CH* 8.1 - 0.6 
to have larger abundance than that for CH,, Cr 2.8 0 
because CD,+ 100 100 
Evy CD3+ 83 64 
\: "1 F()0 (= ) ytd CD,+ 12.5 24 
f= Ee (3.16) CD+ 7.23 0 
Sega 2 eres es 
0 0 


and Q(¥/o) is such a slowly varying function of (F.¥/@.) that it can be regarded as nearly 
constant. The tendency obtained by the experiments in Table VI shows that the considera- 
tion is acceptable. It is considered to be equivalent in view of physical interpretation to the 
following meaning that the zero point energy of nuclear motion for CD, is lower than that 
for CH: and the wave function of nuclear motion concentrates nearer the equilibrium point 
for CD. than for CHg. 

Thus if the equilibrium point in the ionized state is not much different from that in the 
neutral ground stage, 7.e. the parent ion can remain stable at considerable rate to the total 
ionization the nuclear system gains less kinetic energy with the Franck-Condon transition for 
CD: by the isotope effect and then the dissociation take place less easily. 

The results of calculation are also shown in Table VI. They tell us that the tendency 
measured by the experiments from CH, to CD, is not so striking as is theoretically expected. 
The reason is not clear, but a part of the discrepancy comes from y depedency of the inte- 
grand in (2.14), and the integrand may be supposed to be more slowly varying function of 


VB 


§4. Discussion and Conclusion 

The similarity of the shape of the cross section-incident energy curve of molecules to that 
of atoms has been deduced in our case by our taking LCAO wave function for MO wave 
function. However, this similarity does not essentially depend on the structure of the wave 
function of an orbital to be ionized. Further, there is a possibility that the curve for mole- 
cules resembles those for composed atoms even when the additivity rule is not applicable. 

The non-linearity behaviour of the curve of the relation between cross section and incident 
energy near a threshold is due to the effect of strong convergence of the integrand in (2.14) 
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at the origin, that is, the probability of finding nuclei at the equilibrium configuration is 
rather small and is larger at a distance from it. The effect must appear in the cases of 
optical transition of an electron in molecules, of an electron capture by molecules or mole- 
cular ions, of all the electronic phenomena that are affected by the wave function of nuclear 
motion. It is, therefore, possible to consider that in optical transition of electronic excitation 
or ionization the maximum value of observed transition does not always correspond to that 
from the equilibrium point of nuclear motion in the ground state, even if the atomic con- 
figuration in equilibrium in an excited state is the same as that in the ground state. One 
must not apply the analogous consideration of diatomic molecules to that of polyatomic ones. 
The curve for the relation between the yield of product and the energy of the incident 
particle (electron, photon, etc.) has not always the maximum that corresponds to the vertical 
transition from the nuclear configuration of the maximum probability in the ground state 
(Fig. 6). 


On account of several approximations a- 
dopted in the estimation of Ve: and Ve, each 
term of molecular integrals may not be so 
accurate that we can not discuss other pro- 
perties of the molecule with these / and Q 
from the quantitative views. However, one | F(y) Q(y) evy™2-) 
may at least conclude the following remarks. 
(1) The relative abundance of each ion is et, Nay 
much influenced by the change of equilibrium oi 
configuration, but not much by the change of 
force constant. (2) The value of parent ion | 
abundance is considerably large when the 
equilibrium configuration of ionized state re- 
sembles that of the neutral ground state (more 
than 80% of the total ionization). (3) If the 
interaction between non-bonding two atoms is 
not small compared with the valence energy 
of bonding atoms (for example CCl), the 
feature may be different from that described Vwi? 
above and one may consider that the a- as Pa 
bundance of parent ion is negligibly small in 
this case. 

The poor agreement of the results of calcu- 
lation with experiments for the abundances of 


IYnl?Q 


fF (y)Qty) ey y™/e- 


Fig. 6. Schematic figure of transition probabilities 
when n>2. 


CH* and Ct is due to the assumption that the equilibrium configuration in the potential 
energy surface is the same with that of the ground state in *A: state. We suppose that the 
integrand in (2.10) should be more slowly varing function and should not decay so rapidly 
with y in this case. It is also supposed that this correction may have good influence on the 
descrepancies of isotope effect. There is a possibility of the change of equilibrium configura- 
tion in 7A; state. The discrepancy seems to be due to the fact that the potential surface is 


not a true basin at the point where every qi=0 in 2A: and the potential curve of the co- 
ordinate along the process such as 


CH,+(A1) —> CH;++H 


has not a minimum. The slope along these path may be considered to be large and the 
probability of ionization to *Ai state may extend over a wide range of the ionization potential 
E, that is, the integrand in (2.14) may be a more soothing function of y. 

The absence of the appearance potential of new CHs+ at 19.42eV, 7.e. the energy level of 
*A1 state, seems to be attributable to the fact that CHs+ in the state refered to the surface 
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“of CH,+ in 7A: may be unstable, or to the fact that the surface in 2A; state may be com- 
bined with the surface in Tz state. Otherwise the amount of this CH;+ ion may be too 
little to be detected by experiment. Generally speaking one must take every ion fragment 
‘for each electronic level into account. 

In the above consideration, the production of negative ions H2-, H-, etc. and positive 
ions H2*, Ht, have been ignored on account of small-yields, especially, from the complexity 
of negative ion production processes. The small amounts of H2+ and H+ ions may be due 
sto the large negativities than those of CH:+, CH2+, CH+ and Ct. 
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Appendix A 


In (2.10) we obtain the formula 


P(E:, 0)=BII( Ey Ne {T'(1/2)}” {ht2S Bfit 1 | 3808 +5 Eee lf 


=1\ 2A: I’ {(1/2)n} n(n+2) | is 
ae ee 250. On) BER S82: Fact uns Al 
Saar Pee 15 2 P Cartas 28 Jat ab 


~where 


fom | exr(-REIQHE eer id& 


(A2) 
27 Ame ¢rar?Zr ho? 
Q@)= 3 hk PE i[(Eo/ Ex) +] bere REARS f 
sand >) means >) >. 
ij>k ie) j>k 
Using the fact that >) :=0, (Al) becomes the following formula 
4 
_py(£ry” Gey > Bi SMe) ts 
es fi sd P{(1/2)n} iz nn+2) fi Fe ee 
; : Pye = is | 4 
nin 2n+4n+6) | 9 (a Bat)? +-5 (2B yi 
4 47 
ee ee 2 8) + — ‘i ; 
ai Same 3 (SBE) BN + 79 (2 Bi |p 
l 1 49 . 
@7)8 (2B?) Bi 
ce Ona We poy (24 Be) Bs) 
+28 (Eee) lat Ae 


“Since Q(£) is a decreasing function of & 
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= [exp (— BoB VOHEW dE 


it 
are be V)Q( y) yr 44—-1d y 


Aditicalhipy 


” = ( 
fi EEE. |, RAIA INE Ady 


where ®E=y. As we have fi< then 


Then we obtain 


fe eee 


We substitute (A4) into pe then we have 


aie a pa ‘yf 
458) 7 -1s les Vf 
ann tint vit 
the term of fi< le ee cha e di 
di eee we Gace 320 = yh 
the term of fi<tae7(5 C. )) +a 2(@) (Gg) )+ Tp =(F ) ps: Ose 


B:/Bo is the ratio of the difference of inverse frequency to the mean and is given in the form 


B:_ (1/0) —(1/v2) dee ee . 
Be 1/v ie n 2 1 Yi 6) 


(AS) 


In practice the value of §;:/8)<1/2 and we may expect for most molecules the mean values 
of <(Bi/Bo)?>~1/10. We shall consider molecules XY. and XYs as examples, i.e. n=9 and n=6 


respectively. In those cases 
2) 3) 
ane Sl ? S ae <i ’ 
= Bo 


=(4 "<1 for n>4. 
Bo 
Thus, we can conclude and that the equation (A3) converges when 139. 
Appendix B 
Tf in (2.11) ged2<do’ (A2’=A2q20), the potential (2.2) will be well expressed as 
ay A f 
E=E,+ Fae tas Qe (B1) 


where the primed 3 means the summation over 7 except 2. Then the equation which cor- 
responds to (2.7) becomes 


P(EnD)=B\ exp(— Be © Evexp(D/ BENS Edexp(— fe’ (Ex—Ean)* + Bob) 


“ga elhae 2) 
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from the transformation of &2=(A2’/Evge and &:=(24i/Edg? for i#2 and 


2Ey 1 i 


Zs Ya Moe Psey 


The function exp(—2’(E2—&20)?+A.&2) is expanded in power series of ( (E2—E20) at &2=Ea0 in 
the form 


n! n=0 


expl— Br (Br’— Eu)? + Babs]=] 5, ENTE Eal |S Beebe) Next) B9) 


because the function of £2 must have maximum 
at &2. Then we can obtain exp(—2’(&2—&2)? 
+ 2&2) in power series of &2. 


Appendix C 


We consider a virtual vibration in the ground 
state as shown in Fig. 7 which resembles to 
vs vibration of XY. in the case of mx<my. 
8, 8’ be the angles which are illustrated in 
Fig. 7, dene, Peavy, Pepe are expressed in terms 
of dic, Piz, diz, etc. by the same method in 
3.2), that.is 


Fig. 7. Virtual vibration mode in Appendix C 
and angles f, §’ and 7. 


oc ava cos Piety —F-cos* B (- v2 cos BYie+ / —Fcosé diz ) 


2 py = =z 00s Bdie+ /1—4eost —-cos* B (- a C08 Be — / — cos 28 nz) (C1) 


wale yi pe ae 
ay Bd 1.6 j2 9 C08 B Pin 


and similar expressions d2y’s in terms of Pc, Ysz, P37, Yso, Psa, Psz and Pro, Pra, Yrz. 


By the similar procedure adopted in §3 we make use of the relations 


Q( Rs) + Q(R:) +Q(Rs) +Q(Rs)= 1 ORo)+ oe ane 
(C2) 


0? 
Q(R2) + JR.) + J(Rs) + (Rs) = 4 IRs) a os ary} 
ORs) Bak, 
etc., where Rp is C-H distance in equilibrium, Ri=R.+4R: is C-Hi distance. When (4Ri)’=7°Ro’ 
is taken as the change of C-H: distance from equilibrium (8=tan-(V/1/2+7), we obtain the 
formula V=Vo+(1/2)Vne-7? where Vo is the same with that in the case of »z, vibration and 


L/(l @V.\ ps r(4 ne wo )+(4 Pai | 
Vi a ter Qee— 5 Jeo ) 


857 3 | | a0 ae) 2 
—3V 3 (iets) € ike (C3) 
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On the other hand, from the point of valence force field picture Vyz in (C3) is to be ex- 
pressed in the form 


1/627 
nase aR? )Rer+ Vee . 


oe Loy: Syl alain yeas a. 25 | 
Va=—4 (4000 ae (40x. : Jee) BV 3 (factor) +(—> ao | | 
Using the adjusted value by (3.12) for {(1/2)(0? Vnn/OR?)} Ro? (0.187 times theoretical value). We | 
obtain (4Qce¢—(1/2) Joc) and the (4Q22—(1/2)Jz«) from (C7) and third equation of (3.11). | 


Van J. Greeh and H. Neuert: Z. Naturforsh.. 
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Validity of the additivity rule in the ionization cross section of mole- 
cules is investigated. So far as the present calculation is concerned, we 
have concluded that the rule is considered to be approximately valid 
within the allowance of 20% under the condition where electrons are 
impacted with incident energies more than 80eV and the internuclear 
distance between every couple of atoms in a molecule is more than 
2.5a9. If the internuclear distance is less than 2.5a), one must take 
account of the diffraction effects due to the interference of waves scat- 
tered by the neighbour atoms. Numerical computation was carried out 
to the cases of C,Hen+e and CrFon+2. The results for C,Hoy,+. were 
found in plausible agreement with mass spectroscopic data but those for 


CrFen+2 were found in small disagreement with data. 


Deduction 


§1. 

In an inelastic collision of an electron with 
a molecule, it has often been regarded that 
the inelastic cross section is given as the sum 
of the cross sections of atoms. This additivity 
rule is not necessarily self-evident from the 
theoretical viewpoint. In order to investigate 
the validity of the rule in the case of ioni- 
zation by electron impact, we start with 
Schrédinger equation of many electron system 
with may centered field, namely 


2 n e? 
|— Zo Spe—-E- 3 Valor) + 3 o=0 
2m i=) i,@ i>) Vij 
Gleb) 


where Va(vi) denotes the potential of a@’s core 
to the 7th electron and m and % have their 
usual meanings. The total wave function @ 
is assumed to be written in the form 


SAAR eS 
+ [Paha Ce 


HS [onan Pee ee ee 
ES | 
(1.2) 


Vi oy; (—1)' bi) Po (K2, 73, furans 7 t-1, 7 i+1, 2 evry Tn) ’ 
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where F, denotes the wave function in the 
field of a neutral molecule, Ff. the wave func- 
tion of an inelastically scattered electron, G;,’ 
that of an exchanged inelastically scattered 
one, %>) the total wave function of the neutral 
molecule, and “%, the product of the wave 
function of a molecular ion produced by ioni- 
zation and that of an ejected electron. In 
the above description, the symbolic letters 
with suffix 1 relate to the incident electron, 
the letters with suffix z except 1 relate to an 
electron in the molecule, the sufhx « means. 
the magnitude of momentum vector of the 
ejected electron, z in G,’ means the labeled 
number of which an electron is to be ex- 
changed and scattered for the incident electron. 

The wave function &) may be written in 
the form of Slater’s determinants which are 
constructed by one electron wave functions 
of molecular orbitals, and orthogonality re- 
lationship between every two molecular orbital 
wave functions of different kinds is assumed. 
When our wave function % in the form of 
Slater’s determinants is expanded in terms of 
which is to be ionized in the form 


(1.3) 


the wave function %, is assumed to be expressed by the wave function of the ejected elec- 


tron De and Yo(72, Riso. °° Gitta, FAL 


P= Si (—1)' hl YW 0 (F2, 73, +++, Ft-1, Fist, +++, Fn). 
i 


-,7n) in the form 


(1.4) 


In short, the above description means that we neglect the change of Yo’ by ionization. We} 


529 


530 Tsutomu WATANABE (Vol. 16, 
have adopted the analogical method of calculation to that for electronic collisions with atoms 
for use in the calculations of differential cross section for ionization of molecules”, and then 
we have taken account of the influence of exchange effect of an incident electron for an 
electron in the molecule as well as the influence of distortion effect of an incident electron 
by a neutral molecular field on differential cross sections. Owing to the fact that the inter- 
action potential between an incident electron and a molecule is not spherically symmetrical 
the calculation of a cross section for ionization needs proper approximation. Our incident 
electron may be scattered by the electron in the individual atomic orbitals in LCAOMO as 
independent scattering centers so that the amplitudes for scattering by the electron in the 
individual AO with proper allowance for phase difference may be determined by the same 
method as in elastic collision of electron with molecules. 

The differential cross section for ionization of a molecule J.(9, yg) in terms of the anti- 
symmetrical scattered amplitude by an electron in rth AO ¢,-(0, ¢) is given by 


R« aie: 

IA6, O=F{e ar*|br-(8, g) |? + = Arar'|br-(8, g) bre, )| EXP (—ilki he) Re)! (1.5) 
our Ter 

where (kx/ko)|¢-(@, ¢)|2=differential cross section of an atom for ionization of rth AO, a, is 

the coefficient of rth AO in LCAOMO, &, kx, and « are the magnitudes of wave vectors of 

incident, scattered and ejected electrons respectively, 9 and ¢ are the angles of scattering and 

of ejection with respect to the direction of the incident electron, and R,, is the internuclear 


distance between 7 and 7th atom. 


Usual experiments are carried out on molecules in the gas phase so that the orientation of 
molecule with respect to the direction of the incident electron should be considered at random, 
and one must average J.(0, ¢) over the molecular orientation, namely 


il 
Ar 


ra I(0, 9) do = re albe P+ D art bee | 


sin (K- R,,*) | 


K Rey 
(1.6) 
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where the integration is to be carried out 
over the solid angle do of direction of mole- 
cule, over the solid angle d2 of scattered 
electron, and over that of ejected electron dw. 
Eqs. (1.5) or (1.6) shows that the total cross 
section can be expressible only in terms of 
atomic cross sections and the interactions be- 
tween all possible couples of antisymmetrical 
scattered amplitudes caused by different AO’s 
in the molecule which depend on R,,-. If 
cross terms in (1.6) are regarded to be negli- 
gible compared with square terms, we can take 
the total ionization cross section as the sum 
of its atomic components. To verify this 
we consider the homonuclear diatomic case. 
¢,-(8, ¢) does not depend on the coordinate of 
atom yr and |¢,--¢--|=|¢-|? in the homo- 
nuclear case. Then we assume that the @-, 
| g- and «-dependences of each |¢,-|? and also 
|d,--@,|. resemble to the differential cross 
section of hydrogen atom in its @-, g- and «- 
dependences. Massey and Mohr? obtained 
analytically the 6-, g- and «-dependences of 
the cross section for hydrogen atom by means 
of Born’s approximation and by taking the 


0 


Coulomb function for the wave function of 
an ejected electron and plane wave for that 
of scattered one. The @- and g-dependences 
for hydrogen atom obtained through Born’s ap- 
proximation are found in plausible agreement 
with experimental data in the incident energy 
region above 80eV*). According to the nu- 
merical results of 6- and g-dependences which 
were obtained by Massey and Mohr?), we take 


a following approximate formula for \loritde 


AL 2 
|¢,-|2?}dw = —— k ex (- Sh : 
\ ie F 2nE Se 
where A is a constant, K is the magnitude 
of the momentum change between incident 
and scattered electrons, i.e. 
K*=ky?+k?—2kok cos@. 
By numerically integrating |¢,-|? and 
|b? sin (K: Rrrt)/(K + Rrr’) 
over K and « with the aid of IBM-650 com- 
putor under the condition of momentum and 
energy conservation throughout the process 
of ionization, we have obtained the results as 
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shown in Fig. 1. From this figure we can 
see that the validity of the additivity depends 
rather on the magnitude of internuclear dis- 
tance R,, than on the magnitude of wave 
vector of the incident wave kh). It is found 
that in the range of the incident energy above 
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Fig. 1. The R,,;- and ko dependences of the 


ratio of cross term to square terms 
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in the H-H case 


80 eV and in the range R,, larger than 2.5a 
the total ionization cross section is expressible 
in terms of atomic components rather well 
within the allowance of 20%. 


§2. Applications to Hydro- and Fluorocarbons 


According to the previous results, we com- 
pare the total ionization measurement of satu- 
rated hydro- and fluorocarbons with our calcu- 
lations. Considering the results in Fig. 1 and 
adopting 2.916a,) and 2.083a) as the internuclear 
distances of C-C and C-H bonds in hydro- 
carbons, and 2.953a, and 2.499a. as those of 
C-C and C-F bonds in fluorocarbons*.*’, we 
may safely say that it is enough to take ac- 
count of the cross terms between the nearest 
neighbour atoms in (1.6) and neglect those 
between the atoms which are more distant 
each other. From this we obtain the ex- 
pression of the total ionization cross sections 
for hydro- and fluorocarbons in the form 


Q=> a7Q, + 2 arr! ret 
aie [\ ise ieae d2 do 


oe [[Jiteden 


sin (K+ Rev) dr d2 dw 
K- Ror’ 
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where the sums ™ are taken only over the 
rr’ 


couples of nearest neighbour atoms. Assum- 
ing that the g- and «-dependencies of each 
¢r- are not different from each other, we 
have 
a a ya SIN (Ae eee) 

ordain 2 Ee 
where J; is a differential cross section for 
ionization of an atom and A) is the ratio of 
the atomic component of a cross section of a 
molecule to the cross section of an atom. 
Each Q, and J, were expressed by Bethe in 
the forms 


Arm?e'crZr 2hko? 
r=A 
OA apa] O8 ( aa) 
Toe 4R.me*crZp 
 Htky EK? 


where é is electronic charge, Z; is the number 
of electron in an atomic orbital, E is the 
ionization energy of a molecular level under 
consideration, and 


(2:2) 


(2.3) 


or= (Zieh as?)\ lela dk 


which was calculated and taburated in Bethe’s 
paper®. The expressions (2.3) were obtained 
by the method of Born’s approximation as well 
as by the treatment in which the plane waves 
were adopted as the wave functions of scat- 
tered and ejected electrons, and only dipole 
matrix elements were taken into account under 
calculation. However, we may well take 
(2.3)’s for the proper calculation, because J, 
is not so much different from the experimental 
data in the point of K dependency over the 
incident energy above 80eV”. 

We ignore the contribution from the ioni- 
zation of (1s) orbital electrons of C or F atom 
in the total cross sections for ionization. The 
bonding orbitals of C atoms are considered to 
be the tetrahedrally hybridized orbitals of 
(2s)(2p)? and the bonding orbitals of F atoms 
are considered to be (2fc) orbitals. We have 
the total cross section for ionization in the 
forms 


Qnc.=1[2ay?Qu+2d0?Qo+2ac”Qc 
+4acayQcu + 2dy°QyH +2ac°Qcoc] 
—2a0’Qcoco+4a0’aHQcu +4an?Q un 
+2ay?Qu +2(acg?—ac")Qc 

for saturated hydrocarbons 


(2.4) 
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Qrc.=n[2ap’Qp+2ac?Qot2acQo+4acdrQcrt2apQprt2a0’Qcc] 
—2a?Qcot4acarQort 4ar’ Orr +2ap? Opt 2(ac>— ac” )Qc 


Here 


for saturated fluorocarbons, where 7 is the number of carbon atoms. 
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where Qy denotes the total cross section of 
F atom for ionization muliplied by Ao, Qrs 
that of F2s electron, J¢2» the differential cross 
section of C2p electron and soon. The atomic 
coefficients @y, dc, @co’, and ap are calculated 
from the estimated dipole moments of C-H 
and C-F bonds” (ag is the coefficient of C in 
C-C bond eigenfunction, d@’ is that in C-H 
or C-F bond eigenfunction). Here the elec- 
tronic orbitals are constructed by the bond 
eigenfunctions of each C-C and C-H in the 
hydrocarbon case and by those of each C-C, 
C-F and the wave function of lone pair F2p 
electron in the fluorocarbon case. 

Comparing the calculated values of C:H1o 
and C3Fs with those obtained by experiment, 
we determine the values of Av for hydro- and 
fluorocarbons respectively. The both results 
of calculation are shown in Fig. 2 in plausible 


CnFen+2 
oy 


Total ionization 


Total ionization 
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Fig. 2. The relation between total ionization and 
number of carbon atoms. 


agreement with experiments®. Moreover, 
from the intercept and the slope of experi- 
mental curves (dotted lines), granting that — 
ac? =a”? we can expect 


—2ac?Qcco+4a0'auQcu 
+4ay’Quutay’Qu> 0 
for hydrocarbons and 
—2a0’Wco+4ac'arQcr 
+4ay’Qprt ap’ Or <0 


for fluorocarbons. 

The condition in (2.5) is acceptable for 
hydrocarbons but that for fluorocarbons does 
not seem to be acceptable. When we con- 
sidered that Qcc, Vor, or Opp are of the order 
less than one forth of Qpe» or of Qys from 
the condition in (2.5) for fluorocarbons, we 
may infer that the cross section of F atom 
is negative. Consequently, the validity of 
approximation (2.1) is questionable to the data 
for CrFeniz in the strict sence. 


(2.5) 
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The reflection spectra of CdTe were measured in the spectral region 
from 20, up to about 400, at the two different temperatures, 90°K and 
300°K. The Reststrahlen band was found at 65, with peak reflectivity 
of 92% at 90°K and 67, with the peak reflectivity of 77% at 300°K. 
The reflection spectra were analysed by Kramers-Kronig dispersion re- 
lation to obtain the optical constants n and k. Combining these values, 
the fundamental lattice dispersion frequencies of the bulk material were 
determined to be 140cm~! (71.2,) at 300°K and 144cm~! (69.5 ,) at 
90°K. The damping constant was also obtained. 


$1. 

Cadmium Telluride is one of the IIp-VIp 
semiconductors, and it is also isoelectronic to 
InSb. The optical properties of this material 
have not been measured extensively”. Garlick 
et al?) measured the refractive index in the 
near infrared region and suggested that the 
binding of the CdTe is almost homopolar, as 
the difference of the static and optical dielectric 
constant is small. The measurement of the 
Reststrahlen band is useful for the estimation 
of the polar character, and recently such 
measurements have been made for many 
diatomic semiconducting materials. 

The fundamental lattice dispersion frequency 
of the powdered IIp-VIg compounds suspended 
in polyethylene have been reported in the recent 
note®), but it was found that the value obtained 
with the powdered material was different from 
that of the bulk material. Asa large crystal 
of CdTe, which is enough to make reflection 
measurement by the far infrared spectrometer, 
was obtained, the investigation was made in 


Introduction 


the spectral region from 20 4 up to ahout 400 4 
at the two temperatures, 90°K and 300°K. The 
reflection spectra were analysed by Kramers- 
Kronig dispersion relation to obtain the optical 
constants ~ and k in the wavelength region 
around the reflection peak. Combining these 
values with Drude dispersion formula, the 
fundamental lattice dispersion frequency and 
the damping constant were obtained. 

It is noted that the frequency of CdTe is 
smaller than that of InSb, but is larger than 
that of AgI which is also isoelectronic to CdTe. 

In the meantime, Moss‘) reported that the 
effective charge e*/e of CdTe was 0.83, when 
the Reststrahlen wavelength of 69 ~ calculated 
from the compressibility data was used. 


Experimental 


§ 2. 

The far infrared vacuum grating spectro- 
meter used in this investigation was already 
reported by Yoshinaga et al*). For the reflec- 
tion measurement, the optical attachment shown 
in Fig. 1 is introduced in the optical path in 
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front of the entrance slit. MM: and Ms are the 
plane mirrors and M2 is a spherical mirror. 
These mirrors are mounted on a thick brass 
base-plate together with the positioning knock 
located at A to keep the cryostat in the cor- 
rect position. The optical beam, which is 
focused on the entrance slit when this attach- 
ment is removed, is deflected by M: to form 
the image of source on the specimen mounted 
in the cryostat and the reflected beam from 
the specimen is focused on the entrance slit 
dy M2: and M3. The incident angle of the 
deam to the reflecting surface is 12°. 


Fig. 1. The optical attachment for use in the re- 
flection measurement at incident angle of 12°. 
M,, M3: plane mirror, Mz: spherical mirror, 
A: positioning knock, S: entrance slit. 


The reference mirror and the sample to 
be measured were attached to the holder of 
the cryostat for reflection measurement. The 
cryostat is made of metal and it is so designed 
that either the reference mirror or the sample 
can be brought manually into the optical path 
by the rack and pinion mechanism without 
disturbing the vacuum of the spectrometer. 
The cryostat has the polyethylene window of 
1mm thick inclined to the optical axis of the 
spectrometer to avoid disturbance by reflection 
from the window surface and is evacuated 
separately from the vacuum tank of the spec- 
trometer. 

The sample used in this measurement is the 
zone refined polycrystalline crystal, the surface 
of which is ground and polished. 

The reflectivity was measured by comparing 
the reflected intensity from the sample with 
that from the reference mirror. The final 
measurement was made by the point-by-point 
procedure to get the higher accuracy. The 
uncertainty in the percent reflectivity is +1% 
in the spectral region shorter than 100 and 
about +2% in the longer wavelength region. 


$3. Experimental Result 


Fig. 2 shows the reflection curve of CdTe 
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at 300°K from 20 1 up to about 400 yu. General 
figure of the curve is similar to the other 
crystals of the zincblende structure and no 
side band was present. Impurity content of 
this specimen was not known. And, no free 
carrier effect was observed in this spectral 
region. 

The change of the Reststrahlen band by 
lowering the temperature is shown in Fig. 3. 


20 30 40 5060 80 100 
Wavelength (#2) 


50 200 300 400 


Fig. 2. The reflection spectrum of CdTe in the 
wavelength region from 20 to 400, at the 
temperature of 300°K. 
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Fig. 3. The Reststrahlen reflection spectra of Cd- 
Te at the two temperature 90°K and 300°K 


The band became steeper and shifted slightly 
to the shorter wavelength side with marked 
increase in the peak reflectivity. The peak 
reflectivity was 92% at 90°K compared with 
77% at 300°K. 

The minimum reflectivity was found at 57.5 u 
at 90°K and 58.0 4 at 300°K. The Reststrahlen 
wavelength was 65 uw at 90°K and 67 # at 300°K 
(The band center was assumed to correspond 
to this wavelength). 


§4. Calculation of the Optical Constants 
Kramers-Kronig relation was used to obtain 


| 
| 
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the optical constants from the single reflection 
spectrum. This method of analysis has re- 
cently come into frequent use for various 
kinds of reflection spectra®. 

For the normal incident light the complex 
amplitude of reflection is given by 
pe haa —_ 2-1 (1) 

N+1  n—ik+1 wag 
where WN is the complex refractive index and 
equal to (n—zk), m is the real refractive index, 
k is the extinction coefficient, 7 is the square 
root of the reflectivity R, and @ is the phase 
shift upon reflection. 
given by 


0 Ome 


The reflectivity R is 


_| N—1 |? _ (w—1)?+h? 
aa e18, a ca ey 
Kramers-Kronig dispersion relation inter- 
relates In vy and @. In the infrared region the 
reflectivity is easily measured and @ can be 
calculated from the following relation®.” 


Ot IO ade. 
7 0 A?—2? 

The integral covers the whole spectral region 
but, as the contribution from the wavelength 
remote from 2 is small, it is enough if the 
detailed knowledge of the reflectivity in the 
spectral region around 42 is learned. 

With the calculated @ and the observed 
value of R, m and k can be calculated by the 
following relations derived from Eq. (1), 


R (2) 


(3) 


n= Lethe. (4) 
1+R-—2V Roosé ’ 
* —2// Rsin 6 ay 


PIR =217Ricos 0“ 

The computation of 6 was performed by the 
electronic computer. In this calculation the 
reflectivity was considered to be constant 
in the wavelength regions shorter than 20 4 
and longer than 400 4. The phase angle ob- 
tained is shown in Fig. 4. 

The optical constants which were calculated 
from these phase angle were given in Fig. 5. 


§5. Discussion of the Result 


The properties of the Restsrahlen band are 
described by Drude dispersion formula 


et. 
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Fig. 4. The phase angle calculated by Eq. (3) for 


the Reststrahlen spectra of CdTe at 90°K and. 
300°K 
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Fig. 5. Optical constant of CdTe around the Re- 
ststrahlen peak for the temperatures of 90°K 
and 300°K. 


536 Akiyoshi 
where ¢) and e~» are the static and optical 
dielectric constants, respectively, wo is the 
fundamental lattice dispersion frequency, and 
y+ is the damping constant. It is clear from 
Eq. (7) that 2xkm shows its maximum value 
at w=wo. Thus the fundamental lattice dis- 
persion frequency can be obtained from the 
plot of mkw against frequency. Such a plot 
with wavelength is shown in Fig. 6 using ” 
and k values given in Fig. 5. From the peak 
of these curve, wo is determined to be 144cm~ 
(69.5 w) at 90°K and 140 cm“! (71.2 4) at 300°K. 
From the compressibility data, Moss* calculated 
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Fig. 6. The plot of ee against 2 at the tem- 
peratures of 90°K and 300°K. 


this wavelength to be 145cm-! (69 4), which 
accords to the data mentioned above. In the 
previous note®’, the frequency of 150 cm-! was 
reported aS #) with the powdered materials. 
It is observed for many other compounds® 
that the absorption maximum frequency ob- 
tained with the powder suspended in poly- 
ethylene is always larger than the infrared 
dispersion frequency of the bulk or evapolated 
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materials. 

If the damping constant is neglected in 
Drude dispersion formula, perfect reflection 
is obtained in the frequency range from @o 


to w= / _£0 w). When 7 increases from zero, 
Eco 


the peak reflectivity decreases. Thus, the 
steep rise of the Reststrahlen band with the 
marked increase in the peak reflectivity at 
the low temperature may be understood by 
the interpretation that the damping constant 
becomes very small at the low temperature. 
The damping constant is given by the follow- 
ing relation which can be derived from Eq. (7), 


(8) 
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The damping constant is also available from 
the following relation 


sre Decne) (gene) 
Mo Ao 


A1/2 
: : nk 
where 2i;2 is the wavelength by which a 


(9) 


becomes the half of its maximum value. 

The value of ¢) is reported to be 11%. The 
value of ¢.(=7.7) is somewhat uncertain. 
Moss” obtained 2.68 for 2. by fitting the two 
measured values?) of the refractive index to 
the simple dispersion formula. If the damping 
constant is neglected, rough estimate of n. 
can be made by the relation 

Eo—1 


x =i 
No? —1 3 


Amin 
where Amin is the wavelength of the minimum 
reflectivity. The values obtained are 2.7 for 
90°K and 2.8 for 300°K. The reflectivity at 
20 u gives 2.7. Taking 2.68 for ~. in Eq. (8), 


(10) 


the following values are obtained for — 
Wo 
90°K 300°K 
From Eq. (8) 0.02 0.06 
From Eq. (9) 0.02 0.05 


At the low temperature the damping constant 
decreases appreciably. 

Recently Merten” has derived the following 
expression from the lattice dynamical theory 
for the transverse optical lattice frequency »; 
of the zincblende lattice, 


nat (eu~1.30 


where M@ is the reduced mass, a is the lattice 


ex2 


Va 
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constant, ci is the elastic constant, e* is the 
effective charge and v. is the volume of the 
unit cell. As ci of CdTe, to the author’s 
knowledge, is not known, it is not possible to 
compare the experimental value with this 
theory. It may be interesting to note that 
the fundamental lattice dispersion frequencies 
of InSb, CdTe, and AglI, which form the 
isoelectronic series, and the reduced masses 
and the lattice constants of them are almost 
the same, differ markedly. The Reststrahlen 
band of InSb was measured by Yoshinaga 
and Oetjen'’, and Spitzer and Fan!”. The 
former give the Reststrahlen frequency of 
183 cm“! (54.6 uw). Analysing this Reststrahlen 
band, Moss ef al'® derived the fundamental 
lattice dispersion frequency of 177.6cm-. The 
frequency of CdTe is 144cm™ (71.24). The 
Reststrahlen band of AgI has not been measur- 
ed. However, the absorption band at 110 cm“! 
(91 4) was observed with the powder suspend- 
éd in polyethylene. As the higher value is 
usually obtained with the powdered material 
the frequency for the bulk material will be 
smaller than this value. 

The effective charge e*/e is calculated from 
the dielectric constant and the fundamental 
lattice dispersion frequency. For CdTe, Moss® 
obtained 0.83 with the wavelength of 69 wu. 
Present value of 71.2 4 does not change this 
value after all. The value for InSb is 0.36'”. 
That for AglI is not known yet. Thus the 
lattice frequency increases as the ionicity de- 
creases in this isoelectronic series. This pro- 
perty of the isoelectronic series was pointed 
out in the other isoelectronic compound™. 
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Interaction of Exciton with Electron Trapping Centers 
in Alkali Halide Crystals. 
3. Exciton Induced Photoconductivity of U center* 


By Masayasu UETA, Masamitsu Hirai and Mikihiko IKEZAWA 
Department of Physics, The Faculty of Science, Tohoku University, Sendai. 
(Received November 10, 1960) 


Photoconductivity of KCl and KBr crystals containing U centers has 
been investigated as a function of illuminating photon energy, in both the 
regions of U absorption and the fundamental absorption bands of host 
crystals. The maximum conductivity occurs where the fundamental 
absorption starts. The photoconductivity curve is similar to the spectral 
distribution of the quantum efficiency of U—-F conversion as reported 
previously. The wavelength of light which enhances the maximum 
conductivity shifts to the longer wavelength side if the U center concent- 
ration is below 5x10!8/cc. This fact is in agreement with that of the 
quantum yield dependence on the concentration. The behaviour of Br-ion 
band in KCl crystal upon the photoconductivity was also investigated and 
it was concluded that localized excitons which may be considered to be 
produced by photons absorbed in Br band, have the same property as the 
free excitons in the host crystal so far as the effect on U centers is 


concerned. 


Introduction 


§1. 


It is believed that excitons are generated 
in alkali halide crystals when the crystals 
are irradiated with ultra violet light in the 
region of their fundamental absorption bands. 
On the problem of exciton effect upon F center, 
the investigations of photoelectric emission 
from the center has been performed by Apker 
and his co-workers”. They showed that exci- 
tons can ionize F centers. 

Since a few years ago, we have been invest- 
gating the similar effect of ultra violet lighit 
on the color centers from the photochemical 
point of view and it was found that F, M, R 
and U centers can be easily destructed by 
the exciton?.*, A U center is considered to be 
an A ion subsititutionaly occupying the site 
of a halogen ion. 

Recently we have reported on the measure- 
ments of the quantum efficiency of exciton- 
induced photochemical conversion of a U center 
to an F center‘. It was shown that the ultra 
violet light absorbed in the host crystal can 
convert a U center with a quantum yield of 
nearly unity in both KCl and KBr crystals 
when the concentration of U center is larger 
than 1.0x10!7/cc, but the yield decreases when 


* A preliminary note has been appeared in this 
journal vol. 15 (1960), 1356. 


the concentration is below 5x10'%/cc. From 
this fact, the diffusion of an exciton has been 
proposed. | 
The present report deals with the photo- 
conductivity measurements of U center in. 
both spectral regions of U band and the 
fundamental absorption bands in KCl and KBr 
crystals. From the similar investigations in. 
KCI crystals containing Br ion as an impurity,,. 
the nature of a localized exciton was discussed. 


§2. Experimental Procedures 


KCl and KBr crystals containing only U 
centers were prepared by the conventional. 
method as described before. The concentra- 
tions were 4.0 x10'°~6.0 x 10!7/cc and 2.3 x 10!* 
~3.1x10!8/cc in KCl and KBr crystals, res- 
pectively. Some of them were kept at room. 
temperature for as long as five years after 
the preparation. -The other crystals have 
various histories as tabulated in Table I. 

Fig. 1 shows the crystal holder.* Crystals. 
were held between two electrodes made of 
silver plated copper. One of them has holes. 
of 1mm in diameter which make light incident. 
on the crystal. The other 


* This type of crystal holder was designed by 
Prof. H. Kanzaki. We are indebted to him for the: 
construction. 


is the sensitive. 
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Table I. Crystal history and U center concentration. 


Concentration of U cent i i 
en centers Sebi s of Time after 
(per. cc.) (mole fraction) coloration 
KCl il 4.01016 7x10-5 10 days Harshaw 
Yi a 1.1101" ” 5 years Ui 
” 3 2.7x10!7 6x 10-4 6 months Home made 
” 4 3.5x1017 7x10-5 5 years Harshaw 
Yi 5 5.9 1017 ” a Ta 
Va 6 6.0 10!7 y y y 
A 7 6.0 1017 9x10-6 6 months Home made 
KBr 8 3.5 x 1016 Va Harshaw 
” 9 6.4x 1017 5 years y 
” 10 8.51017 6 months Y 
i 11 3.1 1018 5 years Y 
SAMPLE HOLDER the band pass of each monochromatic light is 
less than 1 my. The intensity of light inci- 
dent on the crystal was ~1X10" and 5x10! 
Ce eA, photons per cm? per sec. in the regions of 
7 22170 myx—200 mz and 200myuz—240 my, res- 
iZ Lp meee Ss ee pectively, as described previously. 
Cine Es ij Spectral distributions of photoconductivity 
Faeroe a TOLEieorHO: of U center were measured as follows. In 
U.V. LIGHT METER the case of KCl crystal, the polarization effect 


TEFLON 


SENSITIVE 


SPRING ELECTRODE CRYSTAL 
(WITH HOLES) ELECTRODE 
Fig. 1. Crystal holder for the photocurrent mea- 


surements. 


electrode painted with varnish (Toshiba #36) 
to prevent the photoelectric emission from the 
electrode metal. The sensitive electrode was 
connected to a Cary model 31 vibrating reed 
electrometer through an input resistance of 
10'20ohms. An electric field was applied on 
the crystal along the direction of illuminating 
light. Such a field direction is denoted here 
as “-+direction”. D. C. electric field of about 
1000 volt/em. was supplied with dry cells. 
Photocurrents were recorded with using a 
Yokokawa Type ER-22 electronic recorder of 
which time constant is three seconds. The 
noise current was 5x 10-!* Amp. or less through 
all measurements. 

A vacuum. grating monochromator construct- 
ed in our laboratory was used in the spectral 
region between 4A 240 my and 170 mz. Shit 
widths of the monochromator were set so that 


is very small if the intensity of monochromatic 
light is adjusted to produce the photocurrent 
of less than 10-3 Amp. Therefore, the satu- 
ration photocurrents are almost nearly the 
same but decrease a bit after repeated illumi- 
nations. However, it was confirmed that the 
polarization effect can be avoided by the 
illumination of the same light for the same 
period with applying an opposite electric field. 

We have measured the saturation values of 
photocurrents with each monochromatic light. 
From the saturation values of these photo- 
currents, the photoconductivity curve of KCl 
crystal containing U center has been obtained 
with the correction of both absorption spectrum 
of the crystal and the relative spectral inten- 
sity distribution of illuminating light which 
was measured as described before®). Correc- 
tions of the reflection loss of incident lights by 
the crystal surface were not made. 

In KBr crystals, however, the photocurrents 
were much smaller, and moreover, the polari- 
zation effect was large, so, the measurement 
of the saturation value could not be carried 
out. Therefore, we have measured, at first, 
the response height on the recorder with a 
standard monochromatic light of 2200 my for 
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the period of three seconds’ illumination. 
Next, the response with any light, for example, 
24205my was measured for the same illumi- 
nation period. After that, the measurement 
with the standard light of 4200 mz was made 
again. From these values, the relative photo- 
current due to any monochromatic light was 
obtained with comparison to that of the 
standard light by the interpolation. The 
accuracy of measurements in KBr crystals is, 
therefore, a bit lower than that in KCl crystals. 

All measurements in the present report have 
been done at room temperature, but the 
extension to the lower temperature has been- 
ing undertaken. 


§ 3. 
ole 


Experimental Results and Discussions 


The spectral variation of the potocondu- 
ctivity in KCl and KBr crystals containing 
U centers. 

Curve A in Fig. 2 shows an_ observed 
spectral variation of photocurrent in KCl 
crystal containing U center with a concentra- 
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Fig. 2. Photoconductivity curve of KCl crystal 

containing U centers. 

A: Observed photocurrents as a function of 
illuminating photon energy. 

B: Absorption curve of KC1+U crystal. 

C: Spectral intensity distribution of illuminat- 
ing light. 

D: Spectral variation of photoconductivity 
obtained from curve A with corrections of 
curves B and C. 
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tion of 5.9x10!"/cc. The crystal is #5 in 
Table I. The absorption curve of the crystal 
and the spectral intensity distribution of ultra 


violet light shown in curves B and C, respec- — 


tively, were taken into consideration as correc- 


tions to obtain a real spectral variation of the | 


photoconductivity. Curve D shows such a 
conductivity distribution obtained from curve 
A. The photocurrent is very small at the 
absorpsion peak of U band (A4216my), but it 


increases rapidly as the photon energy of . 


illuminating light does, and reaches to the 
maximum value at the spectral region where 
the exciton absorption band starts. 

Fig. 3 shows the similar photoconductivity 
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Fig. 3. Photoconductivity curves in KCI+U cry- 
stals of different histories. 


curves in KCl crystals of different histories, 
where the maximum values are normalized to 
unity. The absolute values of photocurrent 
depend much on their history of preparation 
and heat treatment; however, all crystals have 
the maximum conductivity at 2183 my. 

On the other hand, U centers can be converted 
to F centers with ultra violet light. The 
spectral variation of the quantum yield of 
this conversion was investigated as reported 
previously, and it was shown again in Fig. 
4 for the comparison. The maximum yield 
occurs at 4183 my too, and the correspondence 
between curves of the photoconductivity and 
quantum yield of U->F is clearly seen. 

The similar relation between both curves 
was also obtained in KBr crystal as shown 
in Fig. 5. The maxima of the conductivity 
and the yield 7 occur at the same photon 
energy of A4203my. The photoconductivity 
curve has a shallow minimum at near the 
U-absorption peak and it increases toward the 
longer wavelength side. The shape of condu- 
ctivity curve measured by Glaser®) is some- 
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‘what different from ours. He has observed a 
deep and a shallow minima at U-peak and at 
A210 my, respectively. The origin of such a 
defference is not clear. However, as seen 
from the Fig. 5 in his paper, U absorption 
band is much asymmetric and has a large 
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Fig. 4. Spectral variation of quantum yield of 
U-F in KCI crystal. 
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absorption coefficient at the shorter wave- 
length side. This was considered, by Glaser, 
to be attributed to the overlapping of a broad 
band called X center. In our case, such a high 
concentration of X center was not detected and 
the U center has the symmetric bell shape. 
The OH band was not detected in KBr 
crystals but existed in KCI crystals. In Har- 
shaw crystals the concentration was 8 10 icc, 
and 2x 10'*/cc in other crystals. These concent- 
rations are negligibly small compared to that 
of U center. However, it was confirmed that 
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OH band does not show photoconduction. 

All measurements of photocurrents were 
carried out with an electric field of “ +direc- 
tion”. When the field was reversed, the 
photoconductivity curve in KCl was the same 
as that in “+direction” within an error of 20 
per cent as shown in Fig. 6. 
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Fig. 6. Photoconductivity curve in KCl crystal 
with applying electric field of “ +direction”: 
curve A and “ —direction”: curve B. 


From the detailed comparison between both 
curves of photoconductivity in Fig. 2 and 
quantum efficiency in Fig. 4, which were 
measured in KCl crystals #5 of the same 
history, it is seen that the relative value of 
photoconductivity in the region of U absorp- 
tion band against the maximum value is very 
small compared to that in the case of quantum 
efficiency. For example, at 2210my, the 
photoconductivity is a few handredths of the 
maximum value at 2183 my, but the quantum 
efficiency is about one fifth. This fact suggests 
us that the conversion of U-F occures with 
different mechanisms in both regions of U 
absorption band-peak and the shorter wave- 
length side. 

The absorption band of U center in KCl 
crystal shows a shoulder in the shorter wave- 
length side. This is clearly seen in the 
absorption band of Fig. 7 measured at low 
temperatue. Therefore, it is probable to 
consider that U center has its higher excited 
or ionized states and absorption bands due to 
the transitions to these states are overlapping 
with each other. The similar results showing 
asymmetry of U band has been observed by 
Pohl® at room temperature. 

We have tentatively concluded that in the 
region of U absorption peak, U center is excited 
with illumination of light and, in this excited 
state, the hydrogen atom diffuses to the 
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interstitial position leaving an electron as 
suggested by Mott and Gurney”, but in the 
region of the shorter wavelength side, an 
electron of U center is ionized directly or 
after obtaining a small activation energy. 
The hydrogen atom diffuses away leaving a 
negative ion vacancy. The ionized electron 
will come back to the vacancy forming an F 
center, because of the electrostatic attraction 
field. 
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Fig. 7. Absorption curves of KC1+U crystal. 
A: Measured at room temperature. 
B: Measured at liquid air temperature. 


When a crystal is irradiated with light in 
the tail of the characteristic absorption band, 
excitons are generated. The large photo- 
conductivity in its absorption region indicates 
that excitons do ionize U centers. The sharp 
decrease of photoconductivity toward inside 
the exciton absorption band, will be attributed 
to the destruction of an exciton through its 
diffusion to the crystal surface or being trapped 
by imperfections probably existing more densely 
near the surface, because the penetration depth 
of light becomes small due to the high absorp- 
tion coefficient. 

3-2. Dependence of Photoconductivity upon U 
center concentration. 

If the energy of excitons is transferred to 
U centers by the diffusion of excitons, it is 
expected that in crystals containing small 
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concentration of U center, the photoconductiviy 
in the exciton absorption band will decrease? 
As already shown in Fig. 5, in all crystals 
containing U centers more than 6.4x10'"/cc 
the maximum photoconductivity was observec 
to occur at 4203 my where the exciton absorp: 
tion band starts. The maximum value was 
seven times larger than that at A228mys 
corresponding to U-absorption peak. However: 
in a crystal having a small concentration 0) 
3.5x10'*/cc, the wavelength of light whick 
enhance the maximum photoconductivity shiftec 
to 4210 mz as shown in Fig. 8, and the con 
ductivity at 4203 mz is only one half of thai 
at A228 my. 
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Fig. 8. Photoconductivity curve of KBr crystal] 
containing the smaller concentration of U center.. 


The similar change of conductivity curve 
with the smaller U center concentration was 
investigated in KCl crystal as shown in Fig. 9 
Curves A and B correspond to two crystals o3 
#1 and 2, of which U center concentrations 
are 4.0 10'*/cc and 1.1x10'*/cc, respectively 
The maximum point of conductivity shiftec 
to A185 my from 2183 my when the concentra 
tion is low, and especially the photoconductivity 
in the region of the fundamental absorptior 
band decreases remarkably as in the case o) 
KBr crystal. These facts showing the abrup: 
decrease in efficiency of the energy transfer 
from an exciton to U center, when the concen 
tration is below 5X10'/cc, will indicate the 
exciton diffusion through the crystal. 

The same conclusion has been also deducec 
previously from the experiments carried out 
on the quantum efficiency of U->F conversion! 
with varying the concentration. However, the 
present results of photoconductivity is more 
precise. 
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Fig. 9. Photoconductivity curves of KCl crystals containing different amount of U centers. 
U center concentrations are 4.6X1016/cc, and 1.1x10!7/cc in A and B, respectively. 


3-3. Irradiation effect of ultra violet light 
upon the photocurrent. 

When a KCI crystal was irradiated by ultra 
violet light from a hydrogen discharge tube, 
F centers were created from U centers and 
the photocurrent decreases in the whole spectral 
region. Fig. 10 shows such an effect. Curve 
A shows the initial state of photoconductivity 
curve in a crystal of #6 before the irradiation. 
Curves B and C show photocurrents after 2 
and 8 seconds’ irradiation, respectively. The 
irradiation was performed at a distance of 
5cm in air through the fused quartz window 
of 2mm thickness. After the 14 seconds’ 
illumination, photocurrent drops to quite a 
small value as shown in curve D. At this 
stage, the concentration of F centers generated 
from U centers was only 1x10'%/cc. That is, 
inspite of that almost all U centers remain in 
the crystal, the decrease of photocurrent is 
juite large. 

Next, with illuminating the crystal by white 
ight, all F centers returned to U centers, but 


photocurrent recovered only a little as shown 
in curve E. However, it recovered gradually 
when the crystal was kept in dark at room 
temperature for 17 and 65 hours as indicated 
in curves F and G, respectively. Finally the 
initial height of photoconductivity was re- 
covered after the crystal was annealed at 
200°C for 30 hours. 

From these results, it is considered that 
vacancies or imperfections were generated by 
ultra violet light and they acted as traps for 
electrons to make their Schubweg_ short. 
These traps seem to easily disappear by the 
annealing. 

The similar decrease of photocurrents was 
observed if the crystals were heated at 520°C 
for 5 minutes and quenched rapidly to room 
temperature. Though the concentration of U 
center decreases to half of the initial value 
in this heating and quenching treatment, the 
photocurrent decreased to a very small value 
as in the case of irradiation of ultra violet 
light. 
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Fig. 10. Effect of ultra violet light upon the 

photoconductivity. 

A: Initial state of photoconductivity curve 
before irradiation. 

Band C: After 2 and 8 seconds’ irradiations, 
respectively. 

D: After 14 seconds’ irradiation. 

E: After white light illumination to bleach F 
center. 

F and G: After keeping in dark at 
temperature for 17 and 65 hours, 
pectively. 


room 
res- 


3-4. The effect of Br ion impurity in KCl 
crystal. 

All KCI crystals investigated so far in the 
present work were confirmed to contain Br 
ion aS an impurity of which concentration 
was given in Table I. The Br ion has its 
own absorption band and its peak locates at 
4172 my. Due to this band the characteristic 
absorption tail of KCl crystal shifts to the 
longer wavelength side. Therefore, the ques- 
tion might exist that the observed phenomena 
in the region of exciton absorption band, will 
be attributed to Br ion, and not to the pure 
exciton in KCl crystal. Kobayashi and Tomiki® 
prepared the purer KCl crystals very carefully 
from KHCOs and HCl acid. The crystal is 
designated by #7. The Br ion concentration 
is as low as 9X10-® mole fraction. 

We have investigated the spectral variation 
of photoconductivity and efficiency of U-F 
conversion in the crystals of different amount 
of Br ion, in order to see the effect of Br 
absorption band. 

Fig. 11 shows two extreme cases of the 
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purest crystal #7 and that of high concentration. | 
of Br ion $3. Photoconductivity and absorption 
curves of crystals are shown by subscripts 1 

and 2, respectively. Curves A and B indicate: 
the purest and the other crystals, respectively. 

As seen from the figure, the characteristic. 
absorption tail shifts to the shorter wavelength 
side in the purest crystal and the maximum. 
point of photoconductivity also shifts to 4180 mse: 
from 4185my. On the other hand, in crystals. 
obtained from Harshaw Chemical Co. in whiclu: 
the concentration of Br ion is 7Xx10-> mole: 
fraction, the fundamental absorption tail shifts. 
to the longer wavelength side compared. 
to the crystal of #7 and the maximum photo- 
conductivity occurs at 4183 mz. 

The maximum quantum efficiency of UF 
conversion occurs at the shorter wavelength, 
side in the purer crystal as the Br ion con- 
centration decreases as shown in Fig. 12 which 
was measured and will be reported in detail 
by Ishii. However, in every crystals, the: 
maximum photoconductivity and quantum. 
efficiency occur always near the edge of the: 
host absorption band. 

Even in the purest crystal of #7, absorption. 
tail is somewhat modified by the Br ion, 
because it contains Br ion of 9x10-* mole 
fraction. From the analysis of the band shape: 
of Br ion, it was concluded that at 4175 my, 
88 per cent of the total absorption coefficient . 
of the crystal is due to the KCl and the remain- 
ing 12 per cent is due to Br ions*®), and at 
A177 mu, 50 per cent of absorption is due to: 
the Br. At<Al173 my, almost all absorption is. 
attributed to the pure KCl crystal. Therefore, 
from the photoconductivity and quantum yield. 
measurements in Fig. 11 and 12, it is concluded 
that the observed phenomena in the region of 
absorption band of host crystal is attributed 
to the pure exciton in KCl crystal. 

Inspite of the fact that in the crystal #3, as 
seen from the Fig. 11, all photon in the region 
of 44182 myu-177 my are absorbed in Br band | 
and not in the host crystal, the photoconductivity | 
and quantum yield of U-F have large values. | 
This fact indicates that the photon energy 
absorbed in Br ion can be transferred to U 
center with high efficiency as that absorbed | 
in the host crystal. This is very suggestive 
to the investigations of the nature of Br ion | 
in KCl crystal. Photons absorbed in these 
ions may be considered to from the localized 
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Photoconductivity curves in KCl crystals containing different amount of Br ion. 


A: In case of the purest crystal; Br concentration is 9x10-® mole fraction. 
B: Br concentration is 6x10-4 mole fraction. 
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Fig. 12. Spectral variation of quantum yield of 
U-—F conversion in KCl crystals containing 
different amount of Br ion. 

A: The purest crystal, Br concentration is 
9x10-6 mole fraction. 

B: The concentration is 610-4 mole fraction. 
Subscripts 1 and 2 indicate quantum yields 
and absorption curves of the crystals, 


respectively. 


excitons, but so far as the interaction with U 
center are concerned, there is no difference 
between these excitons and the free excitons. 
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Theoretical Prediction of the Pressure Distribution 
on a Non-lifting, Thin Symmetrical Aerofoil 
at Various Transonic Speeds 
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Theoretical pressure distributions on a non-lifting, circular-arc aerofoil 
at various transonic speeds are obtained by application of a new method 
recently published by the author. The method consists essentially of a 
refinement of the linearized transonic flow theory in which the nonlinear 
characteristics of the fundamental equation are taken into account. The 
results reveal most of principal phenomena observed in experimental 
studies throughout the whole Mach number range. 


aerofoil in accordance with the change of the 
transonic similarity parameter are examined 
in detail, as a necessary process of the pre- 
sent method, and next, various velocity and 
pressure distributions on the aerofoil are 
obtained. Also the pressure drag is plotted 
against the transonic similarity parameter, 
and compared with data published by other 
authors. All the quantities are arranged in 
the reduced form consistent with the transonic 
similarity law for the sake of simplicity and 
convenience of utilization. In the next section, 
a summarized description of our method is 
given. 


§1. Introductory Remarks 

Recently, a useful method of analysis on 
the transonic flows around a thin obstacle was 
proposed by the author.” Its basic idea con- 
sists in the correction of the linearized tran- 
sonic flow theory?» in which the nonlineari- 
ty of the flow field is taken into account. In 
one of the previous papers,” the logical 
structure of the theory and the main features 
deduced from it are described together with 
two examples of calculation for the sonic 
flow case (M..=1). 

The other paper* treats the transonic flow 
past a wavy wall as a simple but interesting 
example of applications of the theory. The 
result for the lower critical flow is nearly in 
agreement with Kaplan’s more exact one. 
Furthermore, it illustrates various flows in- 
cluding shock waves plausible for the higher 
free-stream Mach numbers. 

However, there remains another family of 


§2. Summary of the Method 
The differential equation for the steady, 
two-dimensional transonic flow is as follows: 
(1—M..")D22+Ow=(7+1)M"O2D22 (2.1) 
where U..@ is the perturbation velocity poten- 
tial; 7 is the ratio of specific heats; M.. and 


the more important cases of the transonic 
flow, that is, the flow around an isolated 
aerofoil. In this paper, a symmetrical 
circular-arc aerofoil is dealt with as a typical 
example of such problems; first the behavi- 
ours of the sonic and shock points on the 


U.. are the Mach number and the velocity of 
the free stream respectively; and the x-axis 
is taken in the direction of the free stream. 
In order to obtain the approximate solution, 
Oswatitsch” and Maeder® suggest to deal 
with the following equation (the linearized 
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transonic flow theory); 


—M.) zz + QGyy=Kex (2.2) 


in which K is a constant having the meaning 
of the acceleration at a certain point of the 
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Now it has been derived in the previous 
paper” that a more exact solution of (2.1) 
based upon reasonable assumptions could be 
obtained provided the solution of the lineariz- 
ed equation (2.2), g(x; K), were found. The 


flow field, as is known from comparison of 
(2.1) and (2.2). 


procedure of refinement can be written as 
follows: 


02=(1—M.”)/[(7 +1) M2AV V(x) (2.3) 
where 
1—M..2 )? ‘ 1—M..2 
i emer OO a carer eda) +2 (0(8)—o(0%)} (2.4) 
and the double sign corresponds to 
gz 2(1—M.”)/[(7 +) Me] (2.5) 


respectively. In the above equation, the unknown constants c* and K should be determined 
according to the following prescriptions; 


1— M2 (Ft dt) MPteec™: KK) 
K=(7+1))M.*¢z2(c*; K) 


(2.6) 
(2.7) 


The both constitute the simultaneous algebraic equations for c* and K in case of usual 
transonic flow. The former represents that x=c* is the sonic point on the surface of the 
aerofoil. If (2.6) has more than one root for c*, x=c* must be the sonic point in the acce- 
lerated region of the flow. The latter equation, on the other hand, serves in determining 
K(>0) as equal to the acceleration of the flow at the sonic point on the aerofoil. In case of 
purely sub- or supersonic flow, (2.6) has no root; but also in this case c* should take the 
fixed value of the (lower or upper) critical point in order to ensure the continuity of the 
solution from transonic to sub- or supersonic, and then K is determined by (2.7) for this 
value of c*. 

Finally, we shall now enumerate some characteristic features of our approach:” 

1) The constant K is uniquely determined and there is no such ambiguity as is seen in 
the linearized transonic flow theory. 

2) The occurrence of shock is predicted as the discontinuities in the pressure and velocity 
on the surface.* 

3) The procedure of approximation is very simple, because it does not require any assum- 
ption or knowledge about the entire flow field and the whole shape of the sonic and shock 
lines; nevertheless the results obtained by the method are reliable, in so far as our estima- 
tion is valid on the order of magnitude of various quantities in the neighbourhood of the 


obstacle. 


§3. The Linearized Transonic Flow 
According to Maeder’s theory, the formal solutions of (2.2) representing the linearized 
transonic flow past a thin, symmetrical aerofoil are written as follows: 


ole, )= —p | FPO Kee VG-EP+By3p, MnS1 3.1) 


7 Jo 


* Though it is not affirmed from the standpoint of the exact treatment of the problem (Lin and 
Rubinov®’) that a normal shock wave stays on the curved surface, it may be admitted for an ap- 


proximate treatment. 
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195" a2—-m 
ole, = ae F(ee 


where a, 8 and m are related to each other as 


@=1-M.2=—m*, a=K/2*; (3.3) 


F(x) is the cross-sectional area of the aerofoil, whose chord length can be assumed unity | 
without loss of generality, the origin of the co-ordinate being at the leading edge; and Ko | 


and J, are the modified Bessel functions of the zeroth order. 


1) Subsonic case (M1) 
On the aerofoil, we can have the limit: 


lim ox, 9)=— 5 PA _Eldé (3.4) 


since the integral is uniformly covergent when y tends to zero. Thus, its derivative is 


th : / 10 a (a—§£) —_ 
lim = 5 ae gg (er Kulala—ED}AE (3.5) 
soe pie (6) et) Ky(ala— eit eG ©K(alx— —Ende} . (3.6) 


If F(E) is expressed by a polynomial (which means a sharp-edged aerofoil), we can ex- 
press F’’(E) with a power series: 


F'(E)= 3 ang” (3.7) 
and the integral in (3.6) can be reduced to the following forms: 
jn=| Free? Koll Ede , n=0, Le. (3.8) 


The integration can conveniently be carried out by taking account of Schlafli’s integrals. 
of Poisson’s type for the modified Bessel functions!*) and their derivatives: 


ot Ne od © ont apie man anol 
2K) =e Klar ply? (2-1) (3.9) 
eer ws I'(1/2) zt(42__])v-1/2 
ee Oe enh te-#(f2 1)“ (3.10) 
First, we shall deal with Jo: 
Jo= ere Kole — EN de=\"(e— 1a [eme-b-ore-tuag (3.11) 
0 


eee) (1 Fb) 


a AF lila bleeae =a 


= 1 peep j — Ware lc —1)-3/2 Gh, SE 5 
a { ) 0 


te-%1z-€| (p— yveat} 


1 


= ene {ale —EiKladlx — s)= ale ElKilal —E)} (3.12) 


d(a| Fa) 


in which the double sign corresponds to x2&, respectively. Thus we get 


Jo= —e%?-®) {|x —E| Ka(alx—E|) +(x—-€)K(allx—E|)} (3.13) 


* Wal @—E— mye, Mn! (3.2) | 
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by use of the relation d/dz(zKi(z))=—zK(z). Ina general case of Jn, a similar procedure 
leads to the result which includes the modified Bessel functions of the higher order with the 
aid of (3.9) and (3.10). 


For a circular-arc aerofoil which is certainly the simplest case, we can obtain the follow- 
ing integrated expression of (3. 1), taking account of F(£)=4t(E— &*) (F’(€)=—8t) and (3.13); 


oe= nheas 8 | (4— #)Kolale—E1) lx -ELK(ale-£) ie (3.14) 
or 
4x 


: ss as »{(S- 2) Ke )Eola(1—a)]——2) Kila — »} 


= Csi ©) Kau) a eKi(ax) | (3.15) 
In the limit, a+co and B30 (M@..=1—0), am becomes 


(4-1/2 — 41/2) (3.16) 


Cis ayes 


as was already proved by another way in the previous work.” 
Differentiation of (3.15) gives 


pai u [ene (-42-1) Kila —#)|-+aKi{a(—2)) 


Z 
1 1 
Steet (oe —1)Kilax)— aK(ax) : (alley 
In Maeder’s theory K should be determined as follows: 
Ka +) Moton (x=5 5 gy (3.18) 
After rearranging this equation, we get 
PIS 65 2 \ Miah aia: =) tea) ae ea 3.19 
9 (—€e) Ge (sinn $ 3 Cosh Kol 5 +5 sinh-| 5 (3.19) 


We know from this equation that a/2 has a is useful, which provides Prandtl-Glauert’s 
non-vanishing solution only when (z/2)(—€..)*/2 approximation in itself. Maeder’s theory is 
<1, that is, —(2/z)/*<&.<0. In addition to interesting in that it leads to an existence of 
that, the equation has a trivial solution a=0 a symmetric solution (a=0) which results in 
for all negative values of £.. Thus the point mo pressure drag even at the supercritical 
£..——(2/z)*/? makes a branch point on the state (€.>—(4/m)*°, which is derived from 
diagram of £. versus a, or £m versus c*, as (3.15). 

is seen in Fig. 1. Within the range between 2) Supersonic case (M..=1) 

— (2/7)? <E..<0, we must of course adopt the After the treatment similar to the previous 
finite solution since the significant character- case, we have 

istics of the transonic flow are given only by _.. il 

the non-vanishing solution of a/2 or K; in ae oo e At ~ © 


~ Bllee\(e— £)|dé 


the other range, however, the solution a=0 (3.20) 
dl To 
ep d —| FE)e ie 8 hllala—E) dé (S21) 

lim p= — 5 FG) +5 >|" F’ Ope 


a [FOe ote (lax) + FY (Bene fyflael(x— paz} (3.22) 
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In this case J) appears in place of Ko and we are now in a position to calculate 


— eee =) Jof|aul(x—E) dE. ke 20) 
The integral expressions for the J-functions' are as follows: 
i) be ; 
= 7 (2)=2-" 1 2) = —2t(] — ¢2)m—1/2qt 3.24 
Pan a (3.24) 
ft tel al : ‘ te-**(1 —¢2)™—-*/2dt (3.29) 
dz 2”T'(m+1/2)P' (1/2) J-1 


where m is an integer. (This notation (m) is used only here, so that any confusion with 
the parameter m implying 7//M..2—1 does not occur.) 
First, 


j=l ¥ hllae— Ede=— I (1—#) vedt\e |@\(x—-&)—|a@| (x Hlde (3.26) 


=+( (—#)-1/2 
Tw Jai 


en 1% (z-£) +t) 


la|(1+?) 


es aa eee {\iete-eqa—eypsdi | terior rr —e)-eatl 
= 1 —|a@| (x—€) I. d 
= —el#*l@-8{(4¥—&) i [lal(x—&)]+(—é)hllal(«—é)]} (3.28) 


by use of the relation, d/dz[zli(z)]=zJ.(z). Also integration of Jn’s will be performed in a 
similar manner to the previous case. 


For a circular-arc aerofoil we get from (3.22) and (3.28) 


eat enleiel (x — ils) +r lala) (3.29) 


In the limit, |a|-co and m0 (M.=1+0), the above equation coincides with (3.16) 
Differentiation of (3.29) gives 


Sb =) a lifial la| 
pea A e-iore| (14 1) (lela — 5 lela) | (3.30) 
The corresponding equation to (3.19) for the supersonic case in Maeder’s theory is 


pelle wn (s)i()-'(2) aa 


\ 


From this we know that |a|/2 has only a non-vanishing solution in this case. 


$4. Sonic and Shock Points on the Aerofoil 


The simultaneous equations (2.6) and (2.7) are rewritten in a much simplified form™by in- 
troducing a new function, 


f(x; a=A(V|MP=l|/De(x; K) (4.1) 


in which the double sign corresponds to M.<1, as follows: 


[Eco] 4 f(C*S ax) (4.2) 
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Fig. 1. Behavious of the sonic and shock points 
on a circular-arc aerofoil. 


2at|Fo|/?=fal(c*; a). (4.3) 


Here c* and a@ are unknown, &. being a pa- 
rameter. In the present example, (3.15), 
(3.17), (3.29) and (3.30) give immediately f(x; a) 
and: f(x; @). 

On the other hand, the position of the shock 
wave on the aerofoil should be determined 
by the other root c** of the same equation 
(4.2) for a definite a and &., according to 
the prescription given in the previous work”. 

Actual calculation of the above equations, 
however, is not easy because they include 
transcendental functions. In our case of a 
circular-arc aerofoil, several steps of the 
successive calculation were necessary with 
the use of Newton’s method.* 

In solving (4.2) and (4.3) in the present case,. 
it is useful to know beforehand by investigat- 
ing analytically the asymptotic behaviours of 
the equations that for a=0, c*=1/2 and &... 
=—(4/n)7*~ for Fo=0,.@= oo and ¢ =1/4e 
and for c*=0, a=—2 and &.=27". JAY the 
same time we have a knowledge by dealing 
with the equation of c** that for a=0 and 


Dheory, 4-1 Spreiter®) Fo —(4)n 4? gee**=1/2: and for E.=0 and 
— -— Maeder a=oco,c**=]. The calculated results are indi- 

- Present cated in Table I as well as in Fig. 1. 
Be aware ax hea In Fig. 1, the present result is compared 

b 2 ap O Awe with the theoretical ones by Maeder (linearized 

© Feed et ale) transonic flow theory) and by Spreiter (integral 

a #=0.06 A +—0.10 equation method)®, and many experimental 

A t=0.08 AS, -4=0.12 data.”-®) The sonic and shock points appear 

Bryson?) at first both on the midchord of a circular- 
S t=0.088 arc aerofoil at the critical speed of the free 
Table I. Solutions of (4.2) and (4.3). 

c* a (—£c0)8/2 cre c* la| &003/2 
0.500 0.000 1.2732(=4/r) 0.500 0.250 oo 0.0000 
0.475 0.203 1.2468 0.575 0.225 11.300 0.1089 
0.450 0.418 1.1838 0.645 0.200 6.480 0.3076 
0.425 0.660 1.0908 OR /ail 0.175 4.807 0.5256 

~ 0.400 0.950 0.9697 0.772 0.150 3.900 0.7461 
0.375 Il cost? 0.8227 0.825 0.125 VAS) 0.9630 
0.350 1.835 0.6500 0.872 0.100 2EOUZ, Wie 
0.325 2EOoe 0.4594 0.910 0.075 2.605 1.3874 
0.300 4.260 0.2648 0.941 0.050 2.360 1.5947 
0.275 9.150 0.0970 0.967 0.025 ZolGo 1.7986 
0.2625 19.100 0.0349 0.980 
0.250 oo 0.0000 1.000 0.000 2.000 2.0000 


* The author had recourse to an electric computer of relay type at Yulin Denki Seiki Co. Ltd.. 
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stream, the former going ahead and the latter 
receding back monotonously with increasing 
Mach number. In this respect, Maeder’s 
theory indicates a peculiar behaviour of the 
sonic point in the neighbourhood of the branch 
point, &.——(2/z)*/%. The present result con- 
cerning the behaviour of the sonic point is in 
good accord with experiments throughout the 
whole transonic range of &.., though Spreiter’s 
one is better for the smaller range of &. near 
the critical speed. Furthermore the present 
‘method predicts the upper critical value of &. 
very close to the exact one (=1.74, which can 
be found from the oblique-shock relation), 
whereas Spreiter’s result by the local lineari- 
zation method gives the value 2.08.1!” 

Now with respect to the position of the 
‘shock wave on the aerofoil, it may be pointed 
out that the present theory predicts it much 
closer to the experimental data than Spreiter’s 
although the experimental data show certain 


Mice: 
circular-arc aerofoil in terms of Cy», for various 


boo. 


Theoretical pressure distribution on a 
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indefiniteness such that the shock wave changes 
its position considerably depending on the 
thickness ratio of the aerofoil and the Reynolds 
number of the flow*; the shock wave predicted 


u+€ 


Fig. 3. Theoretical velocity distribution on a 
circular-are aerofoil in terms of u+é»., for vari- 
OUS whan 


* In quoting the experiment of Ref. 7, the un- 
published details. of experimental data could be 
utilized thanks to kindness of the authors of Ref. 7. 
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by Spreiter seem to recede too rapidly with 
increasing &... 

It is interesting to note that the nature of 
Our curve which is nearly horizontal and flat 
at x=0.5—0.75 suggests unstableness of the 
position of the shock wave just after the 
lower critical value of &.. is surpassed. Namely 
if the main flow suffers non-uniformity ex- 
pressed by 4M., the shock wave will be 
unstable and fluctuate from its original po- 
sition by the amount 


Cp ; 
U 
2 yi 
i 
/ 
ee 
Ue 
Wi 
ye 
vA 
ve 
7 
-4 WE 
re 
Ye NG 
4 
Vo Yo-% | 
LS a® 
- V4 
bie & > 


any: 
i / fh 


te 
AY 

if 
iS 
oO 
oO 


2 (EROS) 


Fig. 4. Pressure distribution on a circular-arc 
aerofoil in the supercritical flow (= —0.526). 
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Pejate Oats 2M2+4 


The thinner the aerofoil is, the more unstable 
is the position for the same grade of the as- 
sumed non-uniformity of the free stream. 


AM... (4.4) 


§5. Pressure and Velocity Distributions 


By use of the reduced velocity # and f(x, a), 
(2.3), (2.4) and (2.5) are simplified, as follows: 


(Mtr +} 


Peer Os (5.1) 


= —E.tV y(n) 


(5.2) 


Fig. 5. Pressure distribution on a circular-arc 
aerofoil in the lower critical flow. 
Theory Present (g..=—1.1745) 
Experiment, Michel et al®) 
@, Me—05770,¢—0. 12, (E2—— 13226) 
Xe Vicon O30 6— On 08e(Eco— — 11567) 
vy M.—0.870, ¢=0.06 (¢.=—1.0653) 
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p(x) =EPt(IlEolf2(c%; a)—2V |Eal fx; a) + da Teel | flx; addx (5.3) 
the double sign corresponding to 
E.2—V |Ex| f(x; &)S0, for M.<1 | 
and (5.4) | 
E2—-V |Ex| f(x; @)=0, for M.>1 


As a is uniquely related to &., (5.2) is the expression consistent with the transonic similari. | 
ty law. 

By use of this expression, we obtain the two formulae for reduced physical quantities as 
follows; | 
for pressure coefficient Cy; 


Co={MaX(y +1) HEC y= — 2H oe 


SORE O/ a(x; En) (5.6 
for local Mach number M; 


i+ Fo={(r +1)IMoP (7 +1) M.202—(1— M")} 
= (MP) + EMP} =AM-YKr + Dt 6.1) 


and we have only to remark that 
u+&.=0 corresponds tt M21. (5.8) 


The both results calculated for various values of &. are shown in Figs. 2 and 3. The 
variations of them with & seem to be reasonable as a whole. In the sub- and supersonic | 
extremities, they are in accord with the results obtained by the conventional linear theories. 
At the lower critical value of &., the curve of the velocity distribution makes an angular > 
shift at the sonic point and it is interesting to compare with the well-known critical state of — 
the one-dimensional flow. For &. above the lower critical value, a normal shock wave ap- 
pears on the aerofoil, and arrives at the trailing edge at &.=0. 

Fig. 4 is presented for comparison with other theories.!!»!2) They are compared with 
Liepmann’s experiment!” which was performed for a circular-arc aerofoil of #=0.12 in the 
supercritical flow of M..=0.895 (&.=—0.526). First it is seen that Maeder’s result!” is. 
better in this régime of transonic flow (cf. Fig. 9), probably due to the viscous effect which. 
destroys the formation of a shock wave near the aerofoil. Next, Spreiter’s result!?) over- 
estimates the negative pressure on the aerofoil, particularly in the rear portion. This is in 
close relation to his prediction of rapid receding of the position of shock wave (described in 
the previous section). Thus, our prediction could be considered rather successful as a 
conclusion from the inviscid, nonlinear theory. 

Figs. 5,6 and 7 are provided in addition in order to compare our results with Michel’s 
experiments (ONERA).® They offer three typical examples of flows; that is, the lower 
critical, supercritical, and supersonic flows. 


§6. Shock Wave at the Trailing Edge 


We have learned that the normal shock arrives at the trailing edge when &.=0. Then, 
what happens on the velocity discontinuity when &. becomes positive ? Certainly the velocity 
discontinuity will then lose the meaning of a normal shock and take the feature of an 
oblique shock, which we shall prove mathematically within the present theory as follows. 

After the trailing edge, we should have 


a SF Gage ee Pla Bae (6.1) 


= 2m 
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1 aes 
= — SAF Welle (laulx) Fen» ffla(x—1)] 


+ [F@ertt-Phflallx— ede} (6.2) 


= = [e-!#!{(2x—1) Io(la|x) +2xIi(|a|x)} 


—e@—DL(2¢—1) Jol ice|(x—1)] +20¢—D h[lal(@—1)]}] (6.3) 
with the aid of (3.28). In the limit when x approaches the trailing edge upstream, this 
becomes 


2t 
gel +0) =~ [e“!"l{ Io(Ja|) +2N(la])}-1]<0. (6.4) 
| From (3.29), on the other hand, the limit when x approaches there downstream is obtained as 


Fig. 7. Pressure distribution on a circular-arc 


Fig. 6. Pressure distribution on a circular-arc 
aerofoil in the supersonic, but below upper 


aerofoil in the supercritical flow. 


Theory Present (%.——0.2110) critical flow. 
Experiment, Michel et al) Theory — Present (g.=0.8226) 
A M.=0.955, t=0.10 (Eco= —0.2422) Experiment, Michel et al® 


J Mu=0.970, t=0.06 (f= —0.2240) ime ies tas, 203007\See = 0-025") 
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gel1—0) = 24 fe-l41{Ty(larl) +21i(lar|)}>0 « 6.5) 


m 
Now from (6.4) and (6.5), the following relation can be derived; 


YU=0)2YU"0) 


(6.6)) 


Here it is noted that the last term of the right-hand side of (2.4) has the same value in 1 
a | 
oad.) | 


both limits, since 1t0)—o(c*)=| 

The equality holds only when M..=1 and at the extremity, M.—co. These results may be 
considered to elucidate qualitatively the above-mentioned fact, the resonable behaviour 02 
the supersonic flow at the trailing edge. 

Moreover, it can be shown that when &. is equal to 0.833 (which is smaller than the upper 
critical value), the oblique shock changes suddenly to that belonging to the weak family. 
The proof is as follows. 

According to the rule (2.5), the sign to be attached to V Y(+0) should change from 


minus to plus when 
ge1+0)=(1—M..)/[(7 +1) M”] . (6.73 
This condition is expressed by use of (6.4) as 
Qle-l*{ To(|ae]) +2L4(lal)} 1] = —E./? (6.8) 


Since |a| is already uniquely related to &. as described in §4., we can solve (6.8) and obtain 
|a|+3.85 and &.°/?=0.76 (€.~=0.833). Then we have 
Y(1+0)=2K/[(7 +1)M..2]-{¢(1+0)—e(c*)}>0. (6.9) 


For example, velocity distributions for two cases are shown in Fig. 8; each corresponds to 
&.., a little smaller (a), and larger (b) than this value, respectively. 


U+€co 


Mates 


—2:96 


(0,963)? 
0.975 


(0.746)? (ple. 


0.B23 


Fig. 8. Illustration of conversion of the shock-wave family at the trailing edge of a circular-arc 
aerofoil. (»=0.833 is the point of conversion.) 


(a)iréa= 


This result is qualitatively correct. Because, of M..=1 in the present theory and, on the 


first, when the supersonic flow is deflected by 
a very small angle at the trailing edge, it can 
either drop to subsonic through a strong shock 
wave, Or remain supersonic through a weak 
shock wave, as is known from the considera- 
tion by the shock polar; next there is a 
normal shock at the trailing edge in the case 


other hand, naturally we have a weak shock 
for higher Mach numbers where the flow 
about there is purely supersonic; and there- 
fore it is quite unavoidable that a sudden, 
discontinuous change of the family of shock 
occurs at some value of M.. larger than one 
with increasing Mach number. As is proved 


1961) 


already ((6.6)), the weak shock tends to the 
Mach wave in the supersonic linear theory. 


$7. Pressure Drag 


The reduced drag coefficient Cz is evaluat- 
ed as follows: 


a (r+DM?} 3 
Ca= of aiiven avi? 


Ey = 1)M..2}1/8 | 


p5/3 f(a a(a)dx CD) 


o 


- Relaxer Eada ey (72) 


“In case of a circular-arc aerofoil, 
: 2s 1 = 
C.=| AC BC: Eade (73) 
0 


For the case of M..<1, the range of integra- 


\ Ca 


fect (BAr)** 
-(4/7)*/3 
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tion is conveniently reduced to (0.05—0.95), 
because the flow has singularities of the same 
type at the leading and trailing edges, and 
the maximum error of Ca due to this approxi- 
mation will be within about 0.1. 

The calculated results are shown in Fig. 9 
with other data. It is noted, however, that 
in our result a slightly negative drag which 
amounts to —0.2 at most is obtained within 
a very small range of &. just above the lower 
critical value. It is probably due to the con- 
centrated effect of the theoretical error in the 
neighbourhood of the leading and trailing 
edges; but it may be considered practically 
insignificant. 

Comparing with the experimental data in 
the figure, Maeder’s theory seems to give a 


Fig. 9. Reduced pressure drag coefficient Cz of a circular-arc aerofoil versus é.. 


Theory 


Spreiter (Integral Eq.)!”) 


_______ Spreiter (Local Linearization)® .i%) 


Maeder#!) 
Present 
Linear Theory 


_-___ Diamond Aerofoil 


Experiment, Michel et al® 
@rer— 0206 ©} 
CL] t=0.08 Bi 
A t=0.10 A | 
WwW “t=0.12 Vv 


Extrapolated Drag 


(These data have been cited from Spreiter’s work!).) 


Maeder!?!) 
©... t=0.1 (slotted wall) 
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good result at least for &. near zero, in the 
subsonic side but it fails for other ranges of 
&..12 One of his results that there exists a 
supercritical, symmetric, shock-free solution 
for £. smaller than —(2/z)*/? contradicts the 
experimental fact. On the other hand, 
Spreiter’s integral equation method®!” results 
in the unnatural, too rapid increase of drag 
for &. just above the lower critical value, 
though it predicts that critical value itself 
rather well. This is considered a reflection 
of the rapid receding of the shock wave and 
the overestimation of the velocity distribution 
in his result as were stated before. The local 
linearization method gives good results locally 
for the proper ranges of &...®!8) But it seems 
that the phenomenon of sonic freezing is not 
so remarkable in the subsonic side as ex- 
pected, in this theory from the experimental 
point of view. Thus among all these results, 
the present theory seems to be the most 
satisfactory as a whole, considering the general 
trend of experiments. 

For reference, the famous drag-curve for a 
diamond aerofoil is added, which was given 
theoretically by Trilling, Guderley and Yoshi- 
hara, and Vincenty and Wagoner. The both 
bear a much qualitative resemblance but that 
the lower critical value of &. for a diamond 
aerofoil vanishes whereas that for the pre- 
sent aerofoil is equal to —(4/z)?/8, 


§8. Concluding Remarks 


As an example of application of the author’s 
method developed in the previous paper, 
various transonic flows around a circular-arc 
aerofoil were calculated with success. This 
method can be directly applied to any thin 
aerofoil as far as its profile is expressed by a 
polynomial. If a high speed computer is 
available, applicability will further be enlarged. 

These results are significant in verifying 
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the following facts: First, transonic flows 
around a thin aerofoil can be treated by 


systematical analysis throughout the whole — 


range of Mach number so that a plausible 


transition of the flows with M.. be given in | 


the first-order approximation, and secondly 


the quadratic nature of the nonlinear equation 
gives rise to the shock wave in the flow field 
inevitably in some case. This is also con- 
sistent with the general view that it is 


probably impossible to have a smooth super- | 


sonic zone enclosed within a subsonic field. 

Finally the author wishes to express his 
hearty thanks to members of the National 
Aeronautical. Laboratory for their valuable 
discussions. 
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The stability of free boundary-layer flows of a viscous, incompressible, 
electrically conducting fluid is investigated. It is found generally that 
a uniform magnetic field parallel to the steady flows has an effect of 
stabilizing the flows. When the magnetic field is weak, i.e. when the 
Alfvén number A is less than unity, the flows are unstable with zero 
critical Reynolds number (R-=0). But when the magnetic field is so 
strong that A>1, the flows are absolutely stable (Re=~) provided 
Rm/R>1 where Rm is the magnetic Reynolds number. For small values 
of Rm/R, the flows are unstable even for A>1, so long as (Rm/R)A2<1. 

It is also shown that an oblique magnetic field cannot stabilize the 


flow, however strong it may be. 


Introduction 


$1. 

It is generally believed that the magnetic 
field imposed upon laminar flows of electrically 
conducting fluid makes the flows less unstable 
and there are many evidences supporting this 
conclusion. In the case of two-dimensional 
parallel flow between parallel planes, Stuart” 
found that if the magnetic Reynolds number 
- Rm is sufficiently small, a uniform magnetic 
field parallel to the flow causes a steady rise 
of the critical Reynolds number with increas- 
ing magnetic field. For the plane flows of 
perfect conductor (Rm=co) between parallel 
planes, Velikhov?) showed that the effect of 
magnetic field is also stabilizing, and if the 
Alfvén number A exceeds the critical value 
0.2 the flow is entirely stabilized by the mag- 
netic field. 

In this paper we attempt to discuss the ef- 
fect of a uniform magnetic field upon the 
stability of free boundary-layer flows between 
two parallel streams. The fluid is assumed 
to be incompressible with the constant density 
o, the kinematic viscosity v, the electrical 
conductivity ¢, and the magnetic permeability 
Lh. 

It was already established in ordinary hydro- 
dynamical case that the free boundary-layer 
flows are unstable at all Reynolds numbers 
irrespective of the detailed structure of their 
velocity profiles (Tatsumi and Gotoh?’), It 
may therefore be interesting to investigate 
whether the magnetic field stabilizes the free 


flows or not, and, in particular, to study how 
the critical Reynolds number changes, or does 
not change, with the intensity of the magnetic 
field. 

It will be found that as in the case of the 
channel flows the magnetic field has a stabiliz- 
ing effect in this case too, but the critical 
Reynolds number FR. rises in somewhat 
different manner with increasing magnetic field. 
In contrast with the continuous rise of Re 
with increasing A for the bounded flows, Re 
in the present case remains to be zero for 
A<l1. For values of A greater than unity, 
Re changes abruptly to infinity provided 
Rm/R>1. If, on the other hand, Rmn/R<1, 
the flow is unstable even for A>1 so long as 
(Rm/R)A? is small. 


§2. Mathematical Formulation 


Taking the x-axis of two-dimensional Car- 
tesian coordinates along the direction of a steady 
plane parallel flow, let U(y) and H be the 
velocity profile of this flow and the intensity 
of a uniform magnetic field respectively. 

When the undisturbed magnetic field is 
parallel to the undisturbed velocity, Squire’s 
theorem” in the non-magnetic stability theory 
of plane parallel flows is also valid in mag- 
netic case, and it is sufficient to consider two- 
dimensional disturbances only (Michael!). By 
making use of the equations of continuity: 


div u=0, div H=0 , (AL) 
two-dimensional disturbances may be express- 
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ed in terms of the stream function ~ and the 
magnetic stream function % as follows: 


Ow a” 
LSE a a Gi ararre? 
dy Ox 
(2) 
en. Neds 
° a Opes f ax’ 


If we consider infinitesimal disturbances 
only, the equations of motion and magnetic 
induction may be linearized with respect to 
the intensity of the disturbances, so that by 
virtue of the principle of superposition it suf- 
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fices to deal with only one of their harmonic: | 


components: 
b=$( y) exp {ia(x—ct)} , ! 
1~=9( y) exp Jia(x—ct)} , 


where a(>0) represents the wave number in | 
the x-direction, G(c)=cr the phase velocity, | 


and Sr aej=aei the amplification factor of 
the disturbance. According as ci takes posi- 


(3) i 


tive, zero or negative values, we have ampli- — 


fied, neutral or 


spectively. 


Substituting (2) and (3), together with steady fields, into the equations of motion and mag- 
netic induction, and neglecting quadratic terms of ¢ and 0, we obtain the following equations. 


for the amplitude of disturbances ¢ and @: 


Cay 


(U—c)¢’’ —a26)— U6 — S10" — a0) = — sa ($'°—2a°g’”” +at¢) , 


z 
(U—c)d—¢=— aR 


(0’’—a’) , (5% 


™m 
where primes denote differentiation with respect to y, and all quantities have been made 
non-dimensional with respect to the representative velocity U), magnetic field Hy and length 


scale / of the field. Non-dimensional parameters R, Rm and S are defined as 


the Reynolds number: 


the pressure number: 


R=1U)/y , 
the magnetic Reynolds number: 
S=pvH?/(42pU 0?) . 


Rm=4rowlU , 


In the following, both Uy and H are chosen such that 


Uso )= —U(— co) = 1"; 


H=1. 


Eliminating ¢@ from Eqs. (4) and (5), we have a sixth-order equation for @: 


(U~c+A)(U—c—A)(D*—a*)642U (U—c)0’ =— —5—{(U-0(D*—a*)— U’’}(D?—a?)6 


—(Dt—a!)(U-00+ 


where D=d/dy and A (=S‘/*?) denotes the Alfvén number. 


1 
e~RRm 


(D?—a?)36 : (6) 


Since all disturbances must 


vanish at infinity, Eqs. (5) and (6) must be solved subject to the boundary conditions: 


b(co) = $(—co)=0 , 
ohne (7) 
A(co) =6(— 0) =0 . 
§3. Solutions for Large R and Rn 
When both R and Rm are extremely large, Eq. (6) reduces to 
vr 20“ U=c) / 
6 (bis ato’ —a*g=0'. (8) 


In order to solve this equation it is convenient to divide the y-space into three separate 
regions (I), (II) and (II) by two appropriate points y: (>ye), and ys (<+s) as: 


CI) yon, AID om> ym ot) CID y< res 


damped disturbances re- . 
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and to deal with these three regions Separately, where yo and ys are defined by 
U(ye)=c+A , U(ys)=c—A . 


(i) Solutions in the outer regions (1) and CID) 


Since, in the regions (I) and (III), U’ tends to zero as |yl|>0oo, the first approximate 
solution of Eq. (8) may be obtained by neglecting the second term in (8), and the better 
approximation will be given by iteration process. If we denote the solutions in the regions 
(I) and (III) by @; and Oy respectively, the above procedure is equivalent to expanding @; 
(j=I, III) into the following series of functions: 


8,8C.F=6) > Fj™(y; a,c, A), (9) 


where C;,’s are arbitrary constants and F )’s are solutions of the following equations: 


Fj —a2 FO =0, 
2U"U-0) pnt ‘ (10) 


(US ae 


Fj” —02F j= — Ces Die 


Equations (10) are easily solved and, taking the boundary conditions (7) into consideration, we 
have 

RY =e-% ; Fy =e% ‘ 
(11) 


ee UA Na, 
Fy Oa Pies eicsas ih EEE) ae 


where =tco in the integrals must be taken as +o and —oco for j=I and III respectively. 
If, in particular, we take 


U(y)=tanh y 
as the basic velocity profile, the integrals in (11) can be evaluated immediately, obtaining 


es 2a(1—c) aoe 
PADIS | 1+ (ic LAM oA fae 
(1—c)*(2+a+ce+ca)+(2—c)\1+a@)A? _,, O(e-s 
(1—c+A)(1—e—A)*(1+a@)(2+a) ‘a coon |, 


+2a- 
(IFC) ‘* 

ue 2a FC 2y 
Fin(y)=e E (1+¢+A)(1+c—A)(1+a@) 


(L+c)*(2+a—c—ca)t+2+ol+a)A? ney. ovesr 
Gte+ A te—AK+a\a+a) © 1% )|. 


+2a 


(ii) Solutions in the inner region (II) 
Let fi and f2 denote two particular solutions of Eq. (8) in the region (II). 
If we assume fx (k=1, 2) in the form of power series of a? as: 


fea Sal f(y CoA (13) 


fx™’s must satisfy the following equations: 

2U’(U—c) fio” =0 

SY AYE fF ov—, 

(U—c)?— A? has 


a oe fue naa) 


ob basal is 
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Formal solutions of (14) are readily obtained as 


y dé l 
f= : f= : sae | 
\. {U@)—cr—A (15) 


(n : dé : —cv—A2] fie) = é 
fre OA eer es CHAN FiO dl, — (=1,2; n>1). | 


Thus we get the general solution in the region (II) as: 


On=CifitCefe . (16) | 


The singularities in the integrands of (15) show that fi: and fz are in general many-valued © 
functions, so that we have to choose their correct branches by comparing them with the 
asymptotic behaviour of the solutions of the full equation (6). In the neighbourhood of y=ye 
fi and fe are expressed as a linear combination of two power series solutions: 


Fily)=1+ S Ba(y—yo)* , 
n=l 


- (17) 
FAY) = Ary) log (y—ye)+ 21 Ba Y— Yo" ; 
where Bn™, Bn® (n=1,2,---) are numerical constants. 
If we put Rm=oo, but retaining PR to be finite, Eq. (6) reduces to 
(U-e+ A\U—c— AD? a) +2U (U—0)8'= — = (D*—a)(U— 00 ; (18) 
Changing the independent variable from y to 7, where 
Ey=y—Yo,  E={2ARU"(ye)}-¥? , 
the above equation (18) becomes 
04 (, a0, dy _ 
dy i(a dy’ dy )=0@) ee 
Four independent solutions of this equation are expressed as: 
#:=1+06€) , 
Oe Kae dy—hel hi dn) dn+0(6), 
(20) 


= \h: dy+O(é) , 
a= \h dy+O(é&) ; 
where 
ay| 27 3/2 2a 
i=? Y3 a iil) ; he=7?H ere | 


and H\j3, H{j} denote the Hankel functions of order 1/3. The asymptotic form of (20) for 


Roo and for fixed y—ye is obtained by makin 
g y->oo, and for lar 
solutions (20) become ge values of 7 the 


1961) Stability of Free Boundary Layers 563 


Gimli, 


62~ const. log y , 


63 ~ const. 7-8/4 exp Es ete | 4 (21) 


@,~const. 4-3/4 exp fe 7/ re | : 


under the condition: 
—tnsargy<<n. (22) 


It is easily seen that the first two solutions in (21) are identical with the solutions (17) if 
terms of O(é log €) are ignored. The condition (22) shows that the solutions (17) represent 
the correct solutions of the full equation (6) provided that y lies, if U’(ye)>0, in the region 
below y=ye. Thus, the path of integration in 
(15) must be taken through this region (see 
Fig. 1). The same rule is also valid at y=ys. 

Although the solutions (13) in power series 
of a? converge for all values of a, they are 
not conveniently calculated for non-small values 
of a. For a~1 another method of pertur- Fig. 1. Path of integration in complex y-plane. 
bation may be useful. 

If we take the velocity profile U(y)=tanhy and take the case in which 


oly A=c=0,; (23) 
then Eq. (8) permits two independent solutions: 
fi=cosech y, fz=y cosech y+cosh y. (24) 
For small but non-zero values of A and c, we can take 
Nom eS LG (25) 
and expand the coefficient of 0’ in (8) as follows: 


2040 oy 2ua 
(U—ct—-A® U 


Cc c?+ A? 
BRE et mab (26 
he ait eee ale ) ) 


Then the solutions of (8) may be expressed in the following series: 
fl N= Fi)» (R=1,2), (27) 
where fx ’s are solutions of equations: 


ie" +2 Fa fa = 


fu 42 fil” — fill = Sa Ete =) fe’ —(1—@) fie , (28) 


Saewee Belutse 61-656. “el 8 


§4, Eigenvalue Problem for Large Values of R and Rn 
The complete solution of Eqs. (8) which satisfies the boundary conditions (7) is obtained by 
connecting analytically 6; and On at y1, and Oy and Oy at ye respectively, that is, 
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Oy(y1)=On(1) ; Oy (y1) =O (91) , (29) 
On(y2)=Om(y2), = Orr (2) =Om’(y2) « 


In order that Eqs. (29)Jare satisfied by non-zero Cy, Cm1, Ci and Cz, the following determinant 
must vanish: 


Fiyo et a1) Fel 91) 0 
|r Fe 2) F2/(91) 0 BG (30) 
0 Fi(y2) Foye) Fin(y2) 
0 Fi'(y2) fe (y2) Pn’ y2) 


E 


equation (30) gives a relationship between eigenvalues of a and c for R=Rm=o and for given A. 
For small values of a, substitution of (12) and (15) together with U(y)=tanh y into Eq. (30) 
gives the eigenvalue equation: 


(1+c?— A?)—a[1+(4A)(1+c+ A)(1—c—A){log (l—c+ A)—log (—1—c+ A)} 
—(4A)-*(1+c—A)(1—c+ A){log (l—c— A)—log (—1—c— A)}] 
+O(a*)=0. (31) 


It may readily be seen that this expression is free from the choice of the matching point. 
For a=0 we have 
Ie —A2=0 5 (32) 
so that 
e—08 
(ay ee a 


where the positive root has been taken for ci, since it must conform with c:=1 for A=0O. 
For small values of a an approximate solution of (31) is obtained, by taking the second term 
into consideration, as: 


ope) . 


a= SAY | (34) 


1+e(x—6)+(4A)-*(1+c?— A?) log a 
= Ci 


where 


tan d=2c:/(l—c?— A?®) , (0<d<z7/2). 


For a~1, we'substitute (27) and (12) together with U(y)=tanh y into (30), and obtain the 
equation: 


4 ; 
Gg AP eni— 21 —a) + Ofc’, At, (1—a@)*}=0. (35) 
Thus, we have, for small values of c, A, l—a, 
Cr—\) ’ 
a1 At =e : (36) 


The a—c; curves for constant A are calculated from this result and (34), and are illustrated 
iat ager Ze 


1961) Stability of Free Boundary Layers 565 


It is seen in Fig. 2 that for fixed A the neutral disturbance (cc=0) gives the maximum 
wave-number, @m, say, and am decreases as A increases. For A=1, both @ and c: vanish, 
and the flow becomes entirely stable under this condition. 


§5. Eigenvalue Problem for Small Rand Rn 


Next we proceed to solve the stability problem 
for small values of R and Rn. The method 
of approximation which will be employed here 
is similar to that already used by the author 
for ordinary hydrodynamical case (Tatsumi 
and Gotoh®), 

If we divide the whole y-space into two 
regions (I) y>y and (II) y<yo, where yo is 
an arbitrary finite point, Eq. (6) may be 
modified, for these two regions (I) and (ID, 
as: 

(D?—a?)(D?—8?)(D?—r?)0=LfA] , (7=1, ID) 
(37) 


Fig. 2. a—c;, curves for R=Rn=o. 


where 


Uy y)=U(y)—U(o)=U(y)—1 , (38) 


Cn mCi) LU ao )—UCy) 1, 


27 =2a? +ia(R+Rm)(1—c)—i{a(R—Rm)*(1—c)? +4a?RRnS }'/? , 
2B? =2a?—ia(R+Rm)(1+c)+t{ar(R—Rm)*(1+c)?+4a?RRmS }/? , 
271? =2a*—ia(R+Rm)(1+c)—i{a(R—Rm)*(1 +c)? +40? RRnS J? , 
FAB;, 7) >0, 


281 =2a2+ia(R+Rm)(1—c)+i{a*(R—Rm)(1—c)+4a*RRmS}/? , | 


(39) 


and 
Ly=iaR{U{(D?—a?)— Uy’ }(D?—a@) +1aRn( D?— a) Uj} 
+a?RRmn[{Ui(D?—a@*)— Uy }Ui+ (1-0) {Ui D?—a*) +(D?—a?)Ui—Uy’}] , (40) 
Ly=iaR{Uy(D?—a?)— Un’’}(D?—a?) +iaRmn(D?—a’)?Un 
+a°RRml[{Uy(D?—a?)— Up ’}Un—(1+¢){Un(D?— a) +(D?—a@’)Un—Un"}]. (41) 
It may easily be seen that the right-hand sides of Eq. (37) for 7=I and II tend to zero as 
yoo and y>—oo respectively, so that the first approximate solution is obtained by neglect- 
ing the right-hand sides. The second approximate solution will be obtained by Substituting 
the first approximate solution into the right-hand sides of (37), and the approximation may 


be made arbitrarily better by repeating the iteration. This procedure is equivalent to ex- 
panding 0; into the following series: 


04 y)= S993 a2, AR, ARm, A, 6) , (42) 
n=0 


where g;™’s are the solutions of the following equations: 


(D?—a?)(D*—Be)\(D?—r7)9s=9 5 


(43) 
(D?—a2)(D ?— BPD? —r7)9i =Lilgs") - 


The series of Eqs. (43) are solved successively, giving the results: 
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gPae, gPaetr, gPaen, 
fae", gan, gmetn, 
i Ip n-1) 
ai (y)= sinh {a( y—&)} Lilo” (E)] d& 
TN ieee =e ee) te nv 
1 ae 
a sinh {8 y—E)}LAlgin”(E)] dé 
B(BP—a2)(BP—77) Ne : ‘ 
I (: : , 
sinh {7(y—€) }Lilgn” (E)] dé 
TAT P-L \ 77 — BF) Jie ; : 
The general solutions satisfying the boundary conditions (7) are given by 
63=Cygnt+Crgn+ Cys (y= Mo)» (45) 


6n=Cimngin + Cig + Cie 9 113 Ceeene 


In order to obtain the complete solution over the whole y-space, we have to connect the 
two solutions 6; and Oy analytically at y=y.. This is attained by equating the values at 
y=yo of 6; and O01 themselves and their first five derivatives respectively. Thus, 


(Ar)y=(Ar1)u9 » 


Goer ar ee (46) 


In order that these conditions are satisfied by non-zero C’s, the following determinant must 
vanish: 
Gul Yo) 9x Yo) 9is(Yo) 9m Yo) grre(Yo) Y1a( Vo) 
Ix( Yo) YrxYo) Fz Yo) Fis(Yo) Pare Yo) Piro) 
es Filo) Pr Yo) Pz Yo) Grr Yo)  PrteYo) Its 0) aig ap 
9 (Yo) G2 (Yo) Is (Yo) Pro) Pia Yo) ita Yo) | 
Gi Yo) Fix Yo) 913(Yo) JC Yo) PF(Yo) 9!Ty(Yo) 
TiVo) Fix Yo) Gis Yo) Pin Yo) Gro Yo) Joz3( 0) 


The enormous complexity of Eq. (47) compels us to restrict our consideration to the case of 
small values of R and Rn. 


First we look for the solution of (47) for those values of R and Rm which satisfy Rn<R, 
and expand (47) into powers of a®, aR, aRm and R»/R: 


E=—16(81—@)(Bu—@)(71—-@)(7n— @)(B1— 7) (Bn—-1w) 


x [Eo(a, 83, 73) FOla™, BF, 77) /=0 " (48) 
where 
Eo=Eo+(Rm/R)Eo ; 
Eoo= a4 (B10 + &)(Bi10 + &) (B10 + Br10)(82, + B245— Bieri tA Br+aBin +a’) , (49) 
Eu= TORR Ee [@Bro(Bi0+ &)*(Bio—a) + aBru(Bi10 +a)4(Buo— a) 
t+ 8a Bio + @&)*(Br10+@)*(B10+Bi110)(2810+ 28110 +@) 
+ BroBr10(B10-+a)*(Brro +a@)*(3B10+ 38 110— 4a’) 
— BroBi10( 810+ @)(Bi0+a@){(Bi0+@)* + (Biro t+a)?}] , (50) 
and 


= @—iaR(c—1), 63,=a?-iaR(c+1). (51) 
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The first approximate equation Ey.=0 gives the set of eigenvalues which have already 
been obtained in ordinary hydrodynamics (Tatsumi and Gotoh®), namely, 


MAGA S56) 
ie al 713 er) 


cr=0, (52) 


Using this result as the first approximation, the second approximate solution is obtained as 


Cr=0 ) 
so (53) 
“<j 4 / 3 —c) | 9c? —26// 3 c1+39 Rn | 2 2/D2 
— (1/3 ca T d= 3 ci)(8—7/ 3 cd R A a+O(a@ 4 Jee [R ) a 
Putting ci=0, we find the following relation- e 
ship between a, R and Rm for neutral distur- eo 
bances: 
R =4/ 3 (1413 Ae At a+ Ola", Rm2/R?) ; 
(54) 13 (Rn/R)A?= 0 
In Fig. 3 the neutral curves as calculated 
from (54) are plotted in the a-R plane for ore 
various values of (Rm/R)A?. All neutral curves 
pass through the origin, giving the zero critical 
Reynolds number, and their slope decreases 
with increasing A, that is, the unstable region 
becomes narrower for stronger magnetic field. —, 
Next we consider another special case in : pea 
which a<R<Rn. Then E, in (48) is ex- Fig. 3. Effects of magnetic field on neutral curves 
- pressed as: for A?Rn/R<1. 
~ =a Rn'{(R/Ru)" "cr ben (even) (1+ At —c2) 
x {e Peet Arey 2)? teen? + Atey*)!/?2} +O(a/?, R?/Rm)] ’ (55) 
where 
kp=—ie=1),9 oan’ =—ile+1), } (56) 
Fe, en, (er+Aey?)?, (en?+ Aten) }>0 . 
The first approximate equation for E=0 is given by 
epP(ee + Aer 2)? een t+ Aen *)'?=0 , (57) 
from which it follows that 
c=0, ca=VA—-A/3 for A<1, (58) 


where the positive root has been taken for ci, because it must conform with ci=1/;{/3 for 
Ai). ‘ 
Lastly, in case when a<R=Rn, Ey takes the form; 


ja Rint | ca* —1-— a, (Biv1t+Burm)(brt+71+butrm? + 4 + 2(bi71— urn) 


+4¢(Bi+rp(6ut+rn) +4A(6r8u—rirm + O(a! | ; (59) 
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For small values of A? a perturbation of the result c-=0, cc=1/1/ 3 for A=0 gives 


1 
o— On arora 


( 1-3.At)+0(49 


(60) 


and it may therefore be expected that cr remains zero for also finite A. Assuming this, B; 


and y; are expressed as: 


= (Er +ins)/V/ 2 ? 
fu=71* , 


vi=(Extine/VY 2 , 
j= Br", 


(61) 


where the asterisk denotes the complex conjugate, and 
&=[YeF+0+A)lye+e)? , 


= [{ce?+(1 + A)?}1/2—¢4]/? ; 


(62) 


E=[(c®+(1— AYA +e}”? , 
n=[ee-+(1— A)? ci}? 


In terms of these (real) variables, approximate equation for E=0 is written as: 


(A2—1+c%)[(E:E2—gine (Er: +2)? +44 2(Erne +€&2)] 


+2c{(E:+&2)? +(91 +72)7]+4A(mi&2—E1y2)=0 « 


The relationship between c: and A is derived 
by solving this equation numerically and the 
result is tabulated in Table I and shown 
graphically in Fig. 4, together with the result 


Table I. 
‘ te A Ci 
‘ 0.3 0.517 
0.5 0.405 
0.7 0.230 
0.8 0.132 
0.9 0.048 
0.95 0.017 
1.00 0.000 


0.5 


{e} 


0.§ 1.0 


Fig. 4. 


(58). It may be seen that cc>0 for 0<A<1, 
ci decreasing monotonously with increasing 
A, and cc=0 for A=1. Consequently it is 
concluded that the effect of the magnetic field 
is always stabilizing, however weak it may 


c;—A curves for small values of a. 


(63) 


be, and the flow is completely stabilized at 
A>1 provided Rn/R>1. This tendency of 
the magnetic effect is the same with that 
obtained in §4 for R=Rm=oco. There is, 
however, an exceptional case in which the 
flow is unstable even for A>1, so long as 
(Rm/R)A? <1 is satisfied. 


§6. Concluding Remarks 


The results obtained in the preceding 
sections all indicate the stabilizing effect of the 
magnetic field. Although the results of calcu- 
lation are partial and not sufficient for giving 
the whole picture of the stability character- 
istics of the free boundary-layer flow, yet we 
can draw its outline by interpolating these 
partial informations. The relationship be- 
tween eigenvalues a, R, Rm and ci seems to 
be as sketched in Figs. 5(a) and 5(b). Differ- 
ent constant values of A determine surfaces 
in the octant (a, R, ci)-space. The behaviour 
of the surfaces is somewhat different for 
Rn/R>1 and Rn/R<1. For Rm/R>1, the 
area of the surfaces decreases with increasing 
A, and for the limit of A-1 the surface 
shrinks into the R-axis. For Rn/R<1, how- 
ever, it is seen from Fig. 4 that the circum- 
stance around the ci-axis does not change 
appreciably with increasing A, and it is 
difficult to tell. what limiting form will the 
surface take in this region for A-1. 
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It was already verified by Velikhov2 for 
the limiting case of R=Rm=co that A>2 is 
the sufficient condition for the stability of 
parallel flows. But the critical value of the 
Alfvén number Ac, say, which gives the 
conditions for the marginal Stability, is ex- 
pected to vary with different velocity distri- 
butions of steady flows. According to the 
present result (Figs. 2 and 5a), we have Ac= 
1 for the free boundary-layers between two 
parallel streams provided Rm/R>1, in contrast 
with the value Ac-=0.2 for the plane Poiseuille 
flow (Velikhov”). The larger value of Ae in 
this case agrees with our expectation, because 


a 


Stable region 


srve 
\ ur 
xX 


@) Jeairesile 
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in ordinary hydrodynamical case the free 
boundary-layer flows were found to be more 
unstable than bounded flows. 

It is seen in Figs. 2 and 3 that the stabiliz- 
ing effect of the magnetic field appears first 
in disturbances of short wavelength and then 
extends gradually to those of longer wave- 
length as A increases up to unity. This 
tendency is just opposite to that in the broken- 
line jet in which the disturbance of the long- 
est wavelength (a=0) first become stable 
(Drazin®). 

When the ratio Rm/R (=4r0vy) is kept 
constant, ci decreases monotonously with in- 


x 


stable Tegion 


A) curve 


(b) Rn/R<1. 


Fig. 5. Relation between a, R and c¢; for different constant A and R»/R. 


creasing A, that is, the stronger magnetic field 
more stabilizes the disturbances. However, 
the magnetic field does not change the critical 
Reynolds number, and Re remains zero pro- 
vided A<1. 

It is found in Fig. 4 that for fixed values 
of R and A (<1) the flow of the perfect con- 
ductor (Rm=co) is more unstable than that 
with finite conductivity (Rm<oo) just as was 
the case for the plane Poiseuille flow 
(Velikhov”). 

The conclusions obtained for small values 
of a apply universally to all velocity profiles 
of the free boundary-layer type. On the other 
‘hand, the results for finite values of @ vary 
with the type of the velocity profile under 
consideration, and the detailed information 
obtained here for the profile U(y)=tanhy 


may hold only qualitatively for other profiles. 
Finally, it should be noted that if the mag- 

netic field is not parallel to the undisturbed 
velocity, the flow cannot be stabilized by the 
magnetic field, however strong it may be. 
This is due to the fact that in this case 
Squire’s theorem referred in §2 is no longer 
valid and therefore the general three-dimen- 
sional disturbances must be considered. Let 
the magnetic field be (Hz,0, Hz). One har- 
monic component of the disturbance may be 
expressed in vector form as: 

u=v(¥) exp {ia(x—ct)+irz} , 

h=f(y) exp {ta(x—ct)+i7z} , 
where y denotes the wave-number in the z- 
direction. The amplitude functions of the y- 
component of disturbances vy and fy are 
governed by equations: 


(U—c)(D?— B?)vy—Uvy—S( He + 7 H|@)(D?— B?) fn = rin (D?2—B?)2vy , 


a (D? 


(U—c) fy—(He +7 H./a@)vy= a aR 


B) fo ee) 


Be=altr?, 
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which correspond to Eqs. (4) and (5) in §2 
for the two-dimensional disturbances. If the 
wave-numbers a and 7 satisfy the relation: 


a@H,.+7H.=0 , (65) 


the simultaneous equations (64) become two 
separate equations for vy and fy, and the 
disturbance velocity has no means of interaction 
with the magnetic field. The general three- 
dimensional disturbances always involve the 
one with those wave-numbers which satisfy 
the relation (65) and to such disturbances the 
conclusion of entire instability in ordinary 
hydrodynamical case applies unchanged. Thus, 
it is concluded that the oblique magnetic field 
cannot stabilize the flow, however strong it 
may be. 
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On the New Magnetic Phase in Manganese- 
Aluminium-Copper System 


By Ichiro TSUBOYA and Makoto SUGIHARA 


Electrical Communication Laboratory Nippon 
Telegraph and Telephone Public Corporation, 
Musashino-shi, Tokyo, Japan 


(Received November 1, 1960) 


In Mn-Al-Cu alloys, there is the ferromagnetic 

phase corresponding to the composition of Cu;MnAl 
which is well known as the Heusler alloy!). The 
other ferromagnetic phase, however, in this system 
has not been discovered. In this note, the present 
authors would like to report the existence of a new 
ferromagnetic phase in this alloy system. 
’ The electrolytic Cu (99.9%), electrolytic Mn 
(99.9%) and pure Al (99.99%) were mixed in the 
desired proportion and melted in air and cast into 
rods of 10mm in diameter. These specimens were 
annealed for one hour at 900°C in vacuum to re- 
move the segregation, then cooled to room tem- 
perature at the rate of 150°C/hr. 

The composition range, in which the specimens 
seem to show ferromagnetism, was determined by 
the magnetic testing. 

According to X-ray powder analysis, the com- 
position range showing ferromagnetism is found to 
be a single cubic phase. The crystal structures of 
-non-ferromagnetic specimens are the mixture of 
fB-Mn phase and CuyAl, phase in Cu rich region, 
the 6-Mn in Cu poor and Mn rich region, and 
orthorhombic Y-phase2) in Al rich side. These 
results are shown in Fig. 1. 


One O) 30 40 BO SO) 70 80 90 
Mn at.% 


Fig 1. Results of X-ray diffraction 
«x phase (magnetic). 

Cu,Al,+ 8-Mn. 

Orthorhombic Y phase. 

B—Mn. 

The ferromagnetic cubic phase is the same struc- 
ture as the « phase of Mn-Al-Fe alloy system?), but 
it covers the larger composition range. The struc- 
ture of this « phase show the b.c.c. CsCl (B 2) 


OrO®@e 


type with the lattice constant 2.984+0.005A which 
is not appreciably dependent on the composition. 
In this structure, it seems that Al atoms occupy 
body centered sites and Cu and Mn atoms occupy 
the cube corner sites but the excess of Mn atoms 
occupy the body centered Al sites. 

The magnetic properties of this x phase such as 
Curie temperature, «—T curve, and 1/X—T curve 
were measured by magnetic balance. The Curie 
temperatures at 20 at.% Cu specimens increase 
with an increase of Mn content. Namely it was 
370°K at 30 at. % Mn, and 550°K at 40 at.% Mn. 
The saturation magnetizations at 0°K, however, 
decrease with an increase of Mn content. Namely 
it was 270 gauss (per c.c.) at 40 at.% Mn and 160 
gauss (per c.c.) at 30 at.% Mn. 

Tne temperature dependence of saturation magne- 
tization (J;-T curve) and inverse susceptibility 
above Curie temperature (1/X—7T cnrve) are shown 


in Fig. 2. 1/x—T curves of the alloy in this « 
xexIO* 
ps gause Mn 40at% Al40at.% CuZ0at% i . 
H= 13000 Ce 
200+ 
46 
44 
100F | 
42 
afl f 1 \ 1 L 


1 n 
(0) 100 200 300 400 500 600 700 800 900 1000 
Ternperature °K 


Fig. 2. I,-T and 1/x—T curve of 20 at.% Cu, 35 
at.% Mn 45 at.% Al specimen at the field 
strength of 13000 Oe. 

phase region show generally non-linear relations. 

This relations suggest that the magnetic interactions 

in the « phase are not ferromagnetic but ferrimag- 

netic. 

As seen in the above results of crystallographic 
and magnetic observations, the magnetism of this 
«-phase seems to be understood by assuming the 
antiferromagnetic interaction between body cen- 
tered (Al site) Mn atoms and cube-corner (Cu site) 
Mn atoms, and ferromagnetic interaction between 
cube corner Mn atoms. 

Further discussion with detailed measurements 
will be reported later on. 
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tivity of Reduced BaTiO; 
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It has been well known that some properties of 
BaTiO; single crystals are changed by reduction 
treatment. In order to investigate the effects of 
reduction, preliminary measurements of optical 
absorption and electrical conductivity were made 
on untreated and reduced single crystals. 

BaTiO; single crystals were grown from highly 
purified BaTiO; powder and KF by H. Sasaki of 
this department. Crystals were reduced by heating 
in hydrogen atmosphere, and reduction degree 
was varied by the temperature and time of heating. 

The optical transmissions were measured on a 
single crystal at room temperature in a range of 
wavelengths from 0.2 to 33. The transmission 
spectra of weakly reduced specimens are shown 
together with that for the untreated crystal in 


Fig. 1. In the case of treatment at 1000°C for 
2 0.6 O2 O11 (ev) 
_ 80 
260 
= 
Ba 
= 
on 
a2 
fe 
% 0512 510 20 
WAVELENGTH (+) 
Fig. 1. Transmission spectra of reduced BaTiO, 


single crystals at room temperature. (1) untre- 
ated; (2) and (3) reduced at 600°C and 700°C, 
respectively, for 1 hour in hydrogen atmosphere. 
Thickness of crystal is 0.012 cm. 


1 hour, no transmission was measurable by our 
instrument. As shown in Fig. 1, a broad absorp- 
tion band centered near 2.8, in the infrared region 
was observed. The absorption coefficient at 2.8 
for curve 2 is about 70cm~-!. This absorption is 
similar to that of the slightly reduced rutile!), 
Fig. 1 also shows that the transmission near the 
absorption edge is decreased by reduction. This 
change of spectra in the visible region is the cause 
for the coloration of a reduced crystal. 

The measurements of conductivity were made on 
one untreated crystal and four reduced crystals in 
a temperature range of —120°C to 400°C. Fig. 2 
shows the results of conductivity measurements. 
The conductivities are plotted against the reciprocal 
absolute temperatures. The values of thermal activa- 
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Fig 2. Electrical conductivity vs. reciprocal ab- 
solute temperature. (1) untreated; (2), (3), (4) 
and (5) reduced at 600°C, 800°C, 900°C and 
1000°C, respectively, for 1 hour in hydrogen 
atmosphere. 


tion energy # for each crystal and temperature range 
are shown in Fig. 2, assuming the conductivity 
is represented in the form o=o,exp(—LH/2kT). 
Generally H changes at the transition temperatures. 
As seen in Fig. 2, curve 2 for the slightly reduced 
crystal is still similar to that for the untreated one, 
therefore the effect of reduction does not appear 
on the conductivity. But in the cases of more 
heavily reduced crystals (curves 3, 4 and 5), the 
effects clearly appear on their conductivities, and 
the resistivity and KE decrease with increasing 
reduction. The crystal for curve 3 has the lowest 
conductivity among these three crystals, therefore 
the thermal activation energy at room temperature 
for curve 3 may be compared with the optical one. 
These two values are 0.44 and 0.39 ev for infrared 
absorption and conductivity, respectively, and they 
are in reasonable agreement. 

From the results mentioned above, it is probable 
that: (1) In the reduced BaTiO; single crystals, 
the conduction mechanism is similar to that in the 
reduced rutile involving electrons trapped at the 
oxygen vacancies. (2) The energy gap between the 
conduction band and the induced donor level decre- 
ases with increasing reduction because of the inter- 
action of individual donor centers. (3) The 
conduction mechanism of the untreated crystal at 
room temperature cannot be explained by oxygen 
vacancy model. (4) The conduction of the untreated 
crystal at high temperature is intrinsic as sug- 
gested by Branwood and Tredgold?). 

In addition, it is expected that the wavelength 
of maximum absorption increases with increasing 
reduction, although our instrument could not 
detect clearly. Further experiments are now in 
progress. 
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to Mr. S. Kisaka, manager of this department, for 
his support, and also to Drs. H. Sato and C. Oka- 
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zaki for their helpful advice. 
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Impedance Changes Induced by Light 
in ZnS Phosphors 


By Ichizo UCHIDA and Kimihiko SATAKE 


Research Laboratory, Nippon Electric 
Co. Ltd. Tokyo 


(Received April 18, 1960) 


The impedance changes are induced by light in 
ZnS phosphor powders which are arranged so as to 
form the dielectrics of capacitor. This phenomenon 
is interpreted in terms of the increase in free 
electron density and the polarization of the phosphor 
grains caused by electron trapping process!),2),3), 
The electrical equivalent circuit of the capacitor 


containning the phosphors as dielectrics is con- 
sidered to be such as shown in Fig. 12).8). Under 
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Fig. 1. Equivalent circuit and impedance changes 
vs incident light intensity (2500°K tungsten 
lamp). Cp: Capacitance of non sensitive part 
as resin. Cp, Rp: Capacitance and resistance 
of sensitive part as phosphors. 


illumination, the increase in free electron density 
causes the decrease of Rp (photoconductive effect) 
and the polarization of the phosphor grains causes 
the increase of Cp (photodielectric effect). From 
the frequency properties of the capacitance, the 
photodielectric effect is not apreciable in 
ZnS:Cu:Pb:Cl phosphors used in this experiment®). 
Therefore, the photoconductivity of the phosphors 
can be readily estimated from a.c measurement). 
ZnS:Cu:Pb Cl phosphors have green emission when 
excited by 3650A ultraviolet and show good electro- 
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The electroluminescent emission is 
green at lower frequency but becomes blue at 
higher frequency. The samples were prepared by 
spraying the phosphor powders mixed with epoxi- 
resin on a quartz plate coated with conductive tin 
oxide and by evaporating the aluminum film on the 
phosphor layer as the another electrode. 

The capacitance change increases monotonically 
with the intensity of incident light and dissipation 
factor has a peak at about 6102 lux as shown in 
Fig. 1. These properties coinside with the results 
calculated from the equivalent circuit2).3). Con- 
sequently it is adequate to measure the capacitance 
change in order to estimate the photoconductivity. 

In this paper, the spectral sensitivity of the 
capacitance change induced in ZnS:Cu:Pb:Cl was 
measured at room temperature. (Fig. 2.) The curve 


luminescence. 
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Fig. 2. Spectral sensitivity of the capacitance 


change. 


of the spectral sensitivity has high sensitivity in 
the region of the absorption edge and two peaks at 
3580A and 3860A. It is supposed that the peak at 
3580A is due to the increase of the free electron 
density excited from the blue emission centers and 
the peak at 3860A is caused by the green emission 
centers. 

The authers would like to express their thanks 
to Dr. Osamu Harashima for his guidance and 
encouragement. 
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Co59 resonances in several ferromagnetic cobalt 
NMR of Co®® in Forromagnetic Cobalt Alloys alloys in fcc phase were observed by using a | 
frequency-modulated autodyne spectrometer. The 
samples were well-annealed powder of the alloys | 


By Yoshitaka KOI, Akira TSUJIMURA 


Facutly of Engineering, Tokushima University which were prepared from high-purity metals in an | 
Tokushima, Japan induction furnace. The derivatives of the resonance — 

Tadamiki HIHARA, and Toshimoto KUSHIDA lines of the alloys as well as that for pure cobalt | 
Faculty of Science, Hiroshima University metal thus observed are shown in Fig. 1. | 
Hiroshima, Japan Total integrated intensity of the line is essentially | 

(Received January 7, 1961) unchanged by alloying, although the vertical scale — 


in the figure is not exactly the same for each | 
Internal magnetic field H; seen at nucleiinferro- specimen. 

magnets can be measured by observing nuclear The alloy lines generally have structures, which 
magnetic resonance (NMR) of these nuclei.1) Since are less pronounced in highly-doped specimens. In 
the intensity of NMR line in ferromagnets isanoma- the case of Co-Fe and Co-Ni, we see resolved 
lously strong,!) the detailed structures of the resonan- satellites at both wings of the main lines, whereas 
ce line, which are caused by alloying and reflect a in the other cases investigated here the lower 
distribution of H; in the alloys most directly, can frequency tail (some of them have fine structures) 
spreads more strongly than the higher-frequency 

*Pure Co 212°C tail by alloying. 
One can estimate the quadrupole broadening of 
the Co lines in the alloys to be of the order of 1Mc, 
using the value of nuclear quadrupole coupling in 


Pure Co 
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me ie BL Woe gaaaprons rel eer The present results may well be accounted for 


in terms of the spacial distribution of hyperfine 
oe eee field around the impurity caused by the spin- 
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Co-Ni alloy /Ff\Ko uu... Cot+ 5% Ni 21.0°C of the scattering of d-electron waves. The shift in 


the center-of-gravity of the line is compatible with 
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Kae ee ee Se wIem ey als meee e observation of average H; in Co-Fe and Co-Ni 


— Cot 1% Cu 24.0°C alloys by means of low-temperature-specific-heat 


Prerer % Lo 
Co-Cu alloy j eas pee measurement). 


The details will be published in near future, but 
it is noted that the similar structure is observed in 


155. 200 205 210 ; BI5 220 225 230 Fe5? resonance in Fe-Ni and Fe-Cr alloys as well. 
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Fig. 1. NMR lines of Co%® in cobalt alloys. 
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Hot Electron Nonequilibrium Carrier 
Distribution in a Many-Valley 
Semiconductor 


By Louis GoLD 


Radiation Laboratory and Department of Nuclear 
Engineering, University of Michigan, 
Ann Arbor, Michigan 


(Received December 12, 1960) 


Recent experiments!).2) on hot electron departure 
from Ohm’s law fail to show reasonable agreement 
with Shibuya’s theory’) for N-germanium. In 
particular, the deviation of collinear current and 
voltage directions was so large as to imply!) that 
a thermal equilibrium distribution of electrons 
over the several energy minima likely did not 
prevail as originally supposed®). During the course 
of preparation of this note the publication by Reik, 
Risken and Finger+) appeared in which an attempt 
was made to improve Shibuya’s theory; but with- 
out allowance for intervalley scattering, agree- 
ment with experiment was still lacking. 

Based on a hot electron formalism already de- 
scribed5), a study of the contribution of non-uniform 
charge density for the ellipsoidal energy surfaces 
in germanium was carried out. Presumably the 
imbalance or nonequilibrium distribution of the 
carriers arises from the anisotropy of the masses 
which produces differing scattering rates among 
the valleys. No effort is made to embody details 
of the various modes of scattering but rather the 
ad hoc assumption of of different electron densities 

for the several energy minima is introduced. This 

approach by-passes the difficult matter of dealing 
with optical and acoustical modes of scattering 
and evaluating the role of intra and intervalley 
effects. 

It thus develops that a reasonable departure for 
collinear current and voltage, (i.e. sensible tane 
values) comes about and, moreover, the first clue 
of temperature dependency is evidenced. 

In view of the findings, it appears that such 
measurements of the angular deviation of the cur- 
rent and voltage coincidence may prove comple- 
mentary to other techniques for delineating effec- 
tive masses and carrier density; combined with 
galvanomagnetic and cyclotron resonance obser- 
vations, the nonequilibrium redistribution of car- 
riers associated with the hot electron phenomenon 
may be measured. It may be anticipated that such 
data ought to shed light on the character of scatter- 
ing processes responsible for the non-thermal 

carrier distribution. 
The following underlying relation has been de- 


duced for N-germanium: 
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where, in terms of the electron densities n; for the 
4 sets of energy surfaces and the directions cosines 


tane ( ie. 
— M song” 


lj of the electric vector E referred to the cubic 
axis, 
M=>d M=M+N2+N3+ N4 
a 
N2=(m1+ 3) —(n2— 4) 
N3=(m1+N4)—(N2+ Ns) 
Ni=(m14+ Ne) —(n3+ 4) 
[ ] = Nolile+ Nolils + Nalels 
( )r=Nole+ Nols 
( )e= Nelit+ Nals 
( )s=Nalot+ Noli - 
If the scattering tensor is of similar symmetry as 
the mass tensor and the possible variance in the 
ratio K’=y,/y, for the separate ellipsoids be ig- 
nored, then replacement of K by KK’ enters}; 
here vy; and y; are respectively the longitudinal 
and transverse scattering frequencies, correspond- 
ing to the mass ratio mi/m=K. 
It is instructive to consider formula (1) for the 
circumstance 1,;~1, l,=l;—~0 (corresponds to H 
nearly aligned along a cubic axis) which leads to 


(1a) 


K-1 
tan ewe (So) 25 C2) 


where 

(2a) 
As 4 is inclined to be very small, e itself is seen 
to be inherently small. Clearly, the existence of 
an angle between current and voltage is not only 
a property of the anisotropic mass, but its very 
manifestation relates to an overall low carrier 
density. In the extreme case where 4-1/2, the 
ultimate maximum value of tane is simply 
(K—1)/(2K+1) which for N-germanium means 
Emax~20.. 

The central influence of the total carrier density 
N,; emerges and accounts for the experimentally 
observed fact that larger tane obtain at reduced 
temperatures; the exponential behavior tan eae®*? 
seems indicated, € being an appropriate activation 
energy. Furthermore, the maxima for tanevs 
electric field may be accounted for on the basis of 
carrier generation by impact ionization which will 
cause a fall-off of ¢ as N; rises. 

Since K and JN; can be separately determined, 
experimental means are now afforded for investi- 
gating the manner in which the carrier density 
redistributes itself in a many-valley semiconductor 
at increasingly higher electric fields. 


4=NM1—N2=N3—N4 - 
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Nature of the A-Centers in KCl 


By Noriko NISHIMAKI, Kazuko KOJIMA 


Osaka Women’s University 


and Tadanobu KOJIMA 
Osaka City University 
(Received January 6, 1961) 


In the previous paper), it was reported that the 
A-band in additively colored KCl crystals arises 
from a sort of impurities involved in the specimens, 
and that the A-center can trap another electron to 
become an A’-center at about —50°C. Further ex- 
periments reported here revealed that the A-center 
is probably an #-center having a Nat ion on one 
of its six neighboring cation sites. 

By quenching an additively colored KCl crystal 
containing 1 nominal mole % of NaCl, we get only 
F-centers as in the case of pure crystals. Illumi- 
nating this sample with F-light at —30°C, a much 
more pronounced A-band was found to develop than 
hitherto obtained (Fig. 1). This band duplicates 


Optical Density 
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Fig- 1. Absorption curves of an additively colored 
KCL crystal containing 1 nominal mole % of 
NaCl, measured at —70°C. (a) initial; (b) after 
50 min irradiation with F-light at —30°C. 


the characteristic properties of the A-band in ap- 
parently pure specimens, such as thermal stability, 


(Vol. 16, 
A->A’ conversion with F-light at —50°C, and 
dichroic properties as explained below. 

Since the A-band is enhanced with the addition 
of NaCl, the A’-band shows similar behavior to the 
F’-band, and the A-band has its peak near the F- 
band, we may propose a model for the A-center 
that it consists of an F-center adjacent to a sub- 
stitutional Na+ ion. A theoretical consideration 
shows that, as a result of perturbation due to the 
Nat ion, the triply degenerate excited states of the 
F-center split into two levels, the lower (Ai) 
nondegenerate and the higher (#) doubly degener- 
ate. It can also be shown that among the two the 
possible absorption bands, the one should lie to the 
longer wavelength side and the other to the slightly 
shorter wavelength side of the F-band. We call 
the former the A,-band and the latter the A»-band. 

Now consider a sample which has been irradiated 
with Ap,-light polarized along the [100] direction. 
Then our model predicts that the A;-band will 
remain unchanged whereas the A:-band decreases, 
when measured with light polarized along [100], 
provided the dichroism is caused only through pre 
ferential ionization. When measurement is made 
with light polarized along [010], we shall find both 
the bands decreased, and the decrease will be more 
conspicuous for the A;-band. Moreover, no dif- 
ference will be observed between two absorption 
curves measured with light polarized along [110] 


and that along [110]. 
Most of these predictions were confirmed by ex- 
periments (Fig. 2). However, the A;-band in the 
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Fig. 2. Dichroic absorption of KCl containing A- 
centers, irradiated with 520my light polarized 
along [100] at —30°C. (a) before irradiation; 
(b)-(d) after irradiation, measured with polarized 
light. All measurements were made at —70°C. 


[100] direction and the A;-band in the [010] direc- 
tion were considerably higher than predicted. This 
indicates that the dichroism was caused primarily 
by reorientation of the centers rather than through 


1961) 


ionization. It should be noted that Ohkura’s ex- 
periment?) on the optical conversion between the 
A- and B-bands can also be well accounted for on 
the basis of our model. The conversion is pre- 
sumably nothing but a result of reorientation of 
A-centers induced by optical excitation, and the 
assumptions seem unnecessary such as the existence 
of B-centers or the production of photoelectrons. 

A more detailed account of this work will be 
published elsewhere. 
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Impurity Effect upon Mobility in Heavily 
Doped Silicon 


By Yoshitaka FURUKAWA 


The Electrical Communication Laboratory, 
Musashino-shi, Tokyo 


(Received December 27, 1960) 


Conductivity mobilities of electrons and holes in 
heavily doped silicon have already been reported 
by Backenstoss.1) In his experiment, measurements 
were taken with several Group III and Group V 
impurities up to concentration of 610!9 cm~% and 
and 6x10!8cm~-3 for n- and p-type silicon, respec- 
tively. Resistivity was measured by using a four- 
point probe method and impurity concentration was 
obtained with radioactive tracers or from thermal 
neutron activiation. Resistivity versus impurity 
concentration relations thus obtained were repre- 
sented with a single curve each for n- and p-type 
silicon respectively except for In-doped case. 

Recently, however, impurity effect upon mgoility 
in heavily doped Germanium was observed?) and 
this effect was attributed to the difference in 
carrier—ionized impurity interaction. The same 
effect is expected in heavily doped silicon. 

In the present experiment, impurity effect upon 
Hall mobility in heavily doped silicon was measured 
with the bridge shape samples by using a conven- 
tional D.C method and carrier concentrations were 
obtained from the relation » (or p)=l1/eR where R 
is the Hall coefficient. 

The results are shown in Fig. 1. The impurity 
effect has been observed in heavily doped silicon 
and there exists some correlation between impurity 
scattering mobility and ionization energy of impuri- 
ties. As shown in Table I, the lower the ioniza- 
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curves for n- and p- type silicon at room tem- 
perature. 


Table I. Mobility at carrier concentration of 
2x 10!8 cm-3, 
wake : 
Impurity | Sb Cros | = eo or i 
ionization | 4 
energy (eV) | 0.039 0.049 0.045 6.057 00.65 
pee ey 235 220 + |110 100 


(cm? volt—! sec~1) | 


tion energy of the impurities is, the higher the 
mobility becomes. This tendency was also observed 
in heavily doped germanium. 

The author thanks Dr. Z. Kiyasu and Dr. T. 
Niimi heartily for the guidance in this work. 
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X-ray Small Angle Scattering from Pre- 
cipitated Platelets in Al-Ag Alloy 


By Yasuharu YONEDA and Kouzou NISHIOKA 


Department of Applied Physics, Kyushu 
University, Fukuoka 


(Received September 8, 1960) 


Geisler et al!) studied the precipitated platelets 
of ;7’ phase iu Al-Ag alloy with diffuse streaks in 
the Laue pattern. Further, with small angle scat- 
tering of X-rays Guinier?) studied it and measured 
the mean value of the thickness of the platelets 
from the length of the streaks. 

We have also measured small angle scattering 
from these platelets and calculated the distribution 
of their thickness by extending the Fankuchen 
method to one dimentional case. 

In the present experiment Cu K a radiation mono- 
chromatized with LiF crystal monochrometer was 
used. The widths of the lst and 2nd slit were 0.5 
mm and 0.1mm respectively, the slit distance 320 
mm, the distance between the 2nd slit and the 
sample 10mm. The path 340mm long between the 
sample and the detecter slit was evacuated. 0.07 
mm thick sample was prepared from Al-Ag alloy 
containing 20 weight percent of Ag by etching the 
surface with Nitric-Acid alcohl. 

Fig. 1(a) shows a scattering photograph of the 
sample. The two streaks were considered to be the 
scattering from individual grain. The streaks 
showed unsymmetrical change with the rotation 
of the sample. This phenomenon was well ex- 
plained later by the Eq. (1), which was deduced 
with the assumption of the platelet structure. In 
this experiment the double reflection was not 
observed?) 4). 

For the purpose of evaluating the distribution of 
thickness of the platelet, we measured the scatter- 
ing intensity with G.M. counters, diminishing the 
height of beam so as to measure only one streak 
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Fig. 1. Photograph (a) and intensity curve (b) 
of small angle scattering from Al-Ag, water- 


quenched from 520°C and annealed 240 hours 
at’ 140°C. 
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from a single grain. The curve is given in Fig. 
1 (b). 

It is shown by a simple calculation that the 
coherent scattering intensity except the neighbour- 
hood of zero angle, when the platelets distribute 
at random both in thickness and relative distance, 
is given by 

2 sin eae 
(2n/a)p 
2sin Ti(n/A){d—¢)—¢*} i 
L (r/A{(PG—H)?—G?} ; 
where J, is the scattering intensity of one electron, 
o the differential electron density of the platelets 


I($)=Lp-4H? ¥, ( 


Ch) 


and the matrix, 4H2 the mean square of platelet’s 
height, 2¢; the thickness of platelet, 27; the length 
of platelet, ¢ the scattering augle, ~ the angle 
between incident beam and platelet, and 4 the wave 
length. 

When 7; is a constant 7, Eq. (1) can be written 
as follows: 


(H=K0)| 5 


_ @/a{g—¢?—¢?} y 
sin T(n/a){(¢—¢)?—¢?} 


eos t;(2n/a)p i . 


(2n/a)b 
This corresponds to the transformation from the 
scattering intensity on the reflection sphere to that 
on the perpendicular reciprocal axis of platelets. 
In the case of practical measurement, é) is 
obtained directly from measurement by choosing so 
as to satisfy (6—¢)?—¢?=0 as can be seen from 
Eq. (1). But when YT; is constant as in this case, 
&(f) can be obtained from measurement on the re- 
flection sphere by Eq. (2). Eq. (2) agreed well with 
the result of our experiment by putting 27=1000A. 
By use of é(¢) we calculated the distribution curve 
of thickness of the platelet by Fankuchen meth- 
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Fig. 2. Distribution curve of thickness of platelet. 


about 30A. This is close to the results of Guinier 
et al.®) of 30~50A. 

We wish to express our sincere thanks to Pro- 
fessor T. Futagami for his continued encouragement 
during the course of this research. 
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Microdomain Structure in Paraelectric 
Phase of NaNO, 


By Sigetosi TANISAKI 


Faculty of Literature and Science, 
Yamaguchi University 


(Received December 26, 1960) 


Sodium Nitrite (NaNO,) was first reported to be 
a ferroelectric by Sawada et al.1), Curie point of 
which is about 160°C. The crystal structure of 
this material has been studied by several research- 
ers2),3),4),5),6), From these structure analysis, the 
ferroelectricity in the low temperature phase has 
been considered to be due to the ordered arrange- 
ment of NO, groups, which becomes disordered 
above the Curie point. In this note the micro- 
domain structure in the paraelectric phase found 
by X-ray study will be reported. 

Oscillation photographs and Laue photographs 
were taken with a and b} axes vertical just above 
the Curie point. From these photographs it was 
found that, besides the normal Bragg- and Laue- 
reflections and the ordinal thermal diffuse scatter- 
ings, two sharp satellites in each side of some of 
the normal reflections along a axis, and the weak 
plate like diffuse scatterings around those normal 
spots whose intensities are distributed vertically to 


b axis appear. Fig. 1 shows an example of oscil- 


Fig. 1. X-ray oscillation photograph with a axis 
vertical. 


lation photograph by 30° with a axis vertical. The 
satellites correspond to a certain periodical struc- 
ture along a axis, and the period calculated from 
the separation between satellite and normal spot is 
about 8.4a. These satellites can be interpreted by 
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the following model. Let us consider two kinds of 
atomic layers parallel to (100) in which the arrange- 
ment of NO: groups is perfectly ordered as shown 
in Fig. 2(a). It is assumed that the interchanges 
of the two kinds of layers occur along a axis once 
in every eight or nine layers of the same kind as 
shown in Fig. 2(b). This model corresponds to the 
extreme case in which the width of the (100) 
domain in ferroelectric phase becomes as short as 
4 a or 4.5 a, and so it may be called the “micro- 
domain structure”. Suppose that the structure 
factor F' of the basic structure shown in Fig. 2 (a) 
are given by F=A+7B, then |A|? and |B|? are to 
be proportional to the intensities of normal Bragg 
spots and satellites respectively. The result of 
calculation by the use of the atomic parameters 
obtained by small modifications of Strijk and 
MacGillavry’s data‘) and on the assumption of the 
appropriate temperature factors, shows a satisfac- 
tory agreement with the observed values. 


a‘ 8a —| 
(b) 
Fig. 2. (a) Two kinds of atomic layers with per- 


fectly ordered arrangement of NO: groups. The 
basic structure is shown in the rectangle of 
broken line. (b) Projection of the microdomain 
structure along ¢ axis. Circles of broken lines 
represent atoms whose positions are higher as 
much as 1/2 ¢ than those of the corresponding 
atoms represented by circles of full lines. 


The detailed investigations about the tempera- 
ture dependencies of satellites and diffuse scatter- 
ings are now in progress. 
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Measurement of Anomalous Absorption 
Coefficients of Electrons for MgO 
Crystals* 


By Kazutake KOHRA 


Institute of Physics, College of General Educa- 
tion, University of Tokyo, Komaba, 
Meguro, Tokyo 


and Hiroshi WATANABE 


Hitachi Central Research Laboratory, 
Kokubunji, Tokyo 
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It is well known that anomalous phenomena of 
absorption take place at the Laue-Bragg reflecting 
position in a single crystal for X-rays!). In electron 
diffraction, too, similar phenomena take place. 
Honjo et al?) found the difference in the absorption 
coefficients of two wave fields and the present 
authors’) observed the anomalous transmission cor- 
responding to the Borrmann effect‘). On the other 
hand, it was theoretically explained by Yoshioka) 
that the effect of inelastic scattering in electron dif- 
fraction can be represented by the imaginary potential 
in the same way as in the case of X-ray diffraction. 
But there has been no quantitative study of the 
anomalous absorption coefficient for electrons.** 
We have measured the mean and anomalous ab- 
sorption coefficients of electrons for MgO crystals 
by the use of electron micrographs. 

Fig. 1 is an example of bright field electron 


° 
LOOOA 


Fig. 1. A bright field electron micrograph of 
MgO crystal. 
micrographs of MgO crystals, where the equal 
thickness fringes due to the (200) reflection are 
* A part was read at the Ann. Meeting of Phys. 
Soc. Japan (Tokyo) in April, 1960. 
** Studies on the effect of absorption on the inter- 
ference fringe in thin films of metals have recently 
reported by Hashimoto et al.§ 
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seen. Fig. 2 gives the intensity curve along the 
line indicated by the arrow in Fig. 1. Taking into 
account the effect of absorption in the dynamical 
theory, the transmitted intensity is given by the 
following equation which is analogous to the one 
in the case of X-ray diffraction”: 


1 cos(¥ 1+ w) |valat/2n) ,— 
yey il e-Hot 
=S | See 


z 2( Se Fira) eee 
ie 1 6s Taeea Apt , (1) 
where 
Mest (1b) 


I) is the intensity of the incident wave, ¢ the thick- 
ness, w a parameter indicating the deviation from 
the Laue-Bragg condition, v, the h-th Fourier coef- 
ficient, and vo; and v,; the o-th and h-th coefficients 
of the imaginary potential, respectively. ¢t is 
known from the magnification of the electron 
micrograph and w is determined from the period 
of the fringe. For v, the caiculated value used by 
Honjo et al?) is here also used. The first term in 
(1) corresponds to the fringe pattern indicated by 
a in Fig. 2, and the sum of second and third terms 


Table I. 
eerie oat eed | l 
i = v= W= 
rating |°~ _,1, e ee ic 
voltage Mot (Ho 4p) (uot de) w |, 
(kV) A) (A) | ( i (ev) 
a l | 
40 | : 
(theory) = “P = | = [L.azoroes 
230 | 184 | 140 0.19 ; 
50 | 260 1460, -=|, 130 J0,14h223 Noes 
ey =f oa =| | 24 
670 2500 260 | ~0 
1 ens 1790 490 ~0-840.62 


to the background indicated by b. From the curve 
a the mean absorption coefficient is determined, and 
from the curve b the anomalous absorption coe- 
ficients of the two wave fields. 

It is to be noted that the observed intensity 
involves contributions from not only elastic but also 
inelastic scatterings, whereas the theory is con- 
cerned only with the former. In the present paper, 
however, neglecting the contribution from inelastic 
scattering, the values for the (200) reflection at 50 
and 75 kV were determined as shown in Table I, 
where theoretical values at 40 kV») are also given 
for comparison. Measurements are being extended 
to 100 kV, and similar procedures are applied to the 


1961) 


relative intensity 


observed intensity 


distance 
from edge 


Fig. 2. Intensity curve. 

(220) reflection. More accurate values will be 
obtained by the use of the dark field image. Details 
will be reported in the near future. 
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Errata 


On the Electron Emission From Oxide Coated Cathode Subject to 
Strong Electric Field 


By Chokichiro SHIBATA 
J. Phys. Soc. Japan 16 (1961) 51 


Page Column Line Wrong Corrected 
54 left 43 gain in zero gain is zero 
54 right 10 F a Ve i, ve Ve 
56 left 26 to Metson’s®) to Metson’s?) 
59 left 28 rey Teter, IS) in Fig. 19.10 
61 right 2, Bruinings: Bruining: 


Radiation Induced Optical Absorptions in Crystalline 
Quartz and Fused Silica 


By Kazuko KUBO 
J. Phys. Soc. Japan 16 (1961) 108 


Page Should be read 
pli Fig. 5 (a) Before irradiation 
b) After y-irradiation (3 x 108r) 
c) After 1.5hrs bleaching 
Gl) mwas y 
e) y 12 ” 
Cf) w 34.5 " 
g) ” 105.5 Y 
Tt, Fig. 8 (a) Before irradiation a) Before irradiation 
b) After 8x10!*nvt irradiation b) After irradiation (3 x108r) 
(Before optical bleacding) (Before bleaching) 
(c) After optical bleaching for c) After optical bleaching for 
6 days 105.5 hrs 
(d) After 2x10!¢nvt re-irradiation d) After 8.4106 re-irradiation 
(e) After 4x10!%nvt re-irradiation e) After 8.4x10%r irradiation 
GE) Avanste 10!nvt re-irradiation to same new specimen 


Addendum 
On the Ferrimagnetic Resonance of Europium Iron Garnet 


By W. P. WOLF 
J. Phys. Soc. Japan 15 (1960) 2104 


The following footnote was omitted at the end of the above communication: 


(7) Measurements on single crystals have recently been reported by T. Miydai, H. 
Takata, Y. Shichijo and N. Tsuya, J. Phys. Soc. Japan 15 (1960), 1354. The results are 
essentially similar to the polycrystalline values, but the agreement with our theory is even 
closer, especially at low temperatures. It may be noted that the theoretical curve shown 
by Miydai et al. is identical to our calculated line although it ‘is derived from a basically 
different assumption: see footnote (6). 
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Angular Distributions of Protons from the Alpha Particle 


Bombardment of B", N“, O' and Ne? 
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(Received December 26, 1960) 


Angular distributions of protons from the alpha particle bombardment 
have been obtained for the following transitions, corresponding to dis- 
crete states of the residual nuclei: B!(q, »)C!8 ground at bombarding 
energies 27.5 and 33.1MeV; N'4(a, p)O1” ground, first, second, third at 
bombarding energies 26.8, 28.1 and 33.3 MeV; O1%(a, »)F19 ground to second 
(unresolved), third to fifth (unresolved), sixth at bombarding energies 26.7 
and 33.1MeV; and Nea, p)Na? ground and first (unresolved), second 
to sixth (unresolved) at bombarding energy 26.9MeV. These angular 
distributions show the so-called diffraction patterns and some of them 
are interpreted with the aid of predictions of the direct interaction 
theory. However, some deviations from the predictions of the direct 
interaction theory exist and suggest the effect of other nuclear reaction 


processes. 


Introduction 


§1. 


In the past few years a few experimental 
studies of angular distributions of (a, p) re- 
action have been reported. Ejisberg, Igo and 
Wegner” studied the spectra of protons from 
heavy elements at 40MeV alpha particle 
energy and they suggested noncompound nu- 
cleus processes in the region of small excita- 
tion energy in the residual nucleus. 

On the lighter elements, several angular 
distributions of protons from B*, Cl, F?9, 
Na?’, Al?? and P*! have been measured at low 
and intermediate alpha particle energies?-»*. 
On the reaction mechanism of (a, p) reaction 
in intermediate energy region, a few theoreti- 
cal treatments exist so far.?-® Generally, 
the treatment analogous to the knock-on pro- 
cess (surface) for the (p,) or (pf, p’), and to 
the stripping process for the deuteron induced 
reaction are used. Neglecting the detailed 
discussion, the differential cross sections for 
such direct interaction theories are shown to 
be in proportion to the square of the spherical 
Bessel function of appropriate order. Some 
experimental results have been interpreted 
with the aid of predictions of such direct 
interaction theories. S. T. Butler®) compared 
his formula (surface) to the results for C'(a, 
p)N*® ground at 30.5 MeV alpha particle energy 


* In the reference 5), other references of the 
reaction C12(a, p)N! were listed. 


obtained by C. E. Hunting and N. S. Wall. 
Also C. E. Hunting and N. S. Wall?) compared 
their results for Ba, p)Ct® ground, Al?"(a, 
p)Si®® ground and P*(a, p)S** ground at 30.4 
MeV alpha particle energy to the Butler for- 
mula. In these comparisons the theoretical 
curves were fitted well to the experimental 
ones, but for the case of B*® the interaction 
radius was rather small and for the case of 
Al?’ the agreement was not so good. P. von 
Hermann and G. F. Pieper?) compared their 
results for B'%(a, p)C ground at 4.9, 7.0 and 
8.1 MeV alpha particle energies and P*‘(a@, p)S** 
ground at 7.0 and 8.1 MeV alpha particle 
energies to | 7:(QR)|? (surface) and got partial 
fits in these comparisons. G. F. Pieper and 
N. P. Heydenburg’) also compared their re- 
sults for F'°%(a, p)Ne2 ground at 6.25 and 6.40 
MeV alpha particle energies to | j:(Q)|? (sur- 
face) and showed good fits. In the experi- 
ment above mentioned” Pieper and Heyden- 
burg have measured angular correlations of 
gamma ray from the first excited state of 
Ne22 with the alpha particle and proton direc- 
tions at 6.10 and 6.40MeV alpha particle 
energies. The results at 6.40 MeV bombard- 
ing energy agree with predictions based on 
simple direct interaction mechanism, but the 
results at 6.10 MeV do not show the same 
agreements as that for the 6.40 MeV. 

In a previous paper® we have showed the 
angular distributions for the reaction C'(a, 
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p)N® ground for twelve bombarding energies 
in the region of 25 to39MeV. These angular 
distributions changed remarkably with the 
variation of the bombarding energies, par- 
ticularly in large angles. 

To study the mechanism of the (a, p) reac- 
tion, such energy dependence of angular distri- 
bution is very interesting. In this paper we 
wish to show the results of the measurements 
of the angular distributions for the (@, p) re- 
actions of B®, N'*, O'® and Ne®® at 27, 28 and 
33 MeV alpha particle energies. 


§2. Experimental Methods 


The external alpha particle beam from the 
I.N.S. (Tokyo) variable energy cyclotron!” was 
brought into a scattering chamber of 100cm 
in diameter. The beam focusing system and 
the scattering chamber used in this experi- 
ments are the same as our previous experi- 
ment*® except for the case of gas target bom- 
bardment such as nitrogen, oxygen, and neon. 
In the bombardment of gas target, we used 
a gas chamber which was made of a brass 
cylinder of 9cm in diameter and of 6cm in 
height and had two windows extending over 
the angular range of more than 90° corre- 
sponding to “forward counter” and “ back- 
ward counter,” each including the beam en- 
trance (backward) and the beam exit (forward). 
Each window was covered with a sheet of 
aluminum foil of 204 in thickness. The slit 
front of the scintillation counter which was 
used in the case of solid target was replaced 
by a set of slits by which the solid angle and 
the target thickness were defined. 

As the targets we used N:2 of 39cm Hg, O: 
of 40cm Hg, Ne of 43cm Hg at room temper- 
ature respectively, and the film of natural 


Table I. 
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boron suspended in polystyrene of about 6.0 
mg/cm? thickness. Nez and O2 were the com- 
mercial gases guranted 99% in purity by 
the dealer and Ne was a reagent graded gas 
guranted 98% in purity by the dealer. The 
boron target was prepared by the method 
described by N. S. Wall. 

The beam energy was determined by the 
measurement of its range in aluminium. For 
the calculation of alpha particle energy from 
the measured range in aluminum we used the 
range-energy curve of protons in aluminum 
of W. A. Aron et al.!?).. The absolute value 
of the beam energy is in accuracy of a few 
%. The incident beam energy spread was 
estimated to be within about 0.5%. 

For identification of the levels'®:** involved 
in these reactions, the energies of the de- 
tected proton groups were calculated from 
the kinetics and the incident alpha particle 
energy, and compared to the energy of the 
recoil protons produced by the scattering of 
the alpha particles from the hydrogen atoms 
contained in the target. 

In order to obtain an absolute differential 
cross section, we used following formula for 
the gas target 


j pat 

KO) = G sin 0 
where N is the number of protons entering 
the detector, 7 is the number of target nuclei 
in a unit volume, J is the number of alpha 
particles that traversed the target, and G= 
(bzr?)/(hRo) is the geometrical factor of the 
slit system which is shown in Table I. For 
the B'° case, we could not estimate the abso- 
lute differential cross section owing to un- 
known boron content of the target. 


(1) 


Slit dimensions (in millimeters). 


Foreward counter Backward counter 


In the case of Boron; 
Diameter of slit, 2r 
Distance from the target center to slit, Ry 


In the case of gas target; 

Width of front slit, b 

Diameter of rear slit, 2r 

Distance from the target center to rear slit, Ro 
Distance between slits, h 

Geometrical factor, G 


8.0 8.0 
| 250 218 
| 
5.0 5.0 
8.0 8.0 
260 223 
143 131 
6.76X10-3 8.60 x 10-3 
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The errors indicated in the figures of angu- 
lar distributions include those from two 
sources, one being the error in the estimation 
of background subtraction and the other be- 
ing the statistical errors. These errors were 
generally small, but in the larger angles in- 
creasing background and decreasing energy 


Angular Distribution of Some (a, p) Reactions 
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serious, particularly in the weak proton groups, 
such as N‘‘(a, p)O" first and second, estimated 
errors reached a few tens percent. 


§3. Results and Discussions 


The observed angular distributions for the 
(a,p) reactions are listed in Table II and 


of detected proton group made these errors shown in Fig. 1. In Fig. 2 the differential 
Table I. Observed (a, p) reactions. 

(1) | (2) (3) (4) (5) 
Proton Energy level13),14) | Spin and Ha(lab) in | Total cross section 
group in MeV parity13),14) MeV ot in mb 

Reaction B!(a, p)C18 
Py 0 1/2- | 27.5 1” (elative)* 
330m 0.57 (relative) 
Reaction N!4(a, p)O7 
Po 0 Sa 26.8 il BYE 
28.1 il soil 
| Bone 0.82 
P, 0.871 Wi2as 26.8 0.29 
28.1 0.21 
Bone 0.10 
Py» 3.058 (G2) 26.8 0.29 
28.1 0.27 
Soro Ba 
P3 3.846 CiB=) 26.8 = 
28.1 0.83 
3355 _— 
Reaction O18(a, p)F!9 
Pes 0 | 1/2+ 26.7 6.51 
(unresolved) 0.110 | i= 33.1 4,24 
0.198 Sige | 
Pit 1.35 (3/2) | 26.7 4.55 
(unresolved) 1.46 Wy, oy? | SSL Peal 
1.56 | Siz 
Ps 2.78 (7/2, 9/2) 26.7 7.0 
Soul 3.43 
Reaction Ne2%(a, p)Na8 
Pas 0 3/2+ 26.9 138 
(unresolved) 0.439 5/2+ te. 
P26 2.078 (7/2) 26.9 : 
(unresolved) Zoo (1/2) 
2.64 
Zein 
2.98 


«eh pes pete ERE SIS Bi Bs 2S APL ER en ee 
* In the case of B! the relative values of the total cross section to the 27.5 MeV’s are shown. 
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cross sections for the case of nitrogen and 
oxygen at fixed angles are shown as functions 
of bombarding energies. In Table II and 
Fig. 3 the total cross sections o; are also 
shown. For the B" case, the relative values 
of o; compared to the value at Ew=27.5 MeV 
are shown in Table II. Tabulated data for 
all the results are given in Ref. 15). 


(1) Angular distribution 
As mentioned in the Introduction, the angu- 
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lar distributions of the (@,p) reaction are 
compared to the predictions of the direct 
interaction theories. 

Under the assumption of a knockout pro- 
cess, the differential cross section has the 
following form 

(A) « |f(O) 7(QOR)I? (2) 
where /(0) is a form factor, j: is the spheri- 
cal Bessel function of order J, Q is the mo- 
mentum transfer vector defined by the form 


50), OO S90 le Geog 


A Né(aP)NG P,..g 
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(a) 


1961) 


Fig. 
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Fig. 
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1. Angular distribution of protons from the alpha particle bombardment of B, N14, O16 and 
Ne20 at Ha=27(@), 28(C) and 33(A) MeV. Representative errors are shown. 
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ctions for the reactions N!4(a, p)Ol” ground and first, second andthird; 
and O(a, »)F!9 ground to second, third to fifth, sixth as functions of alpha particle energies 


at laboratory angles 55°, 110°, and 130°. 


2. Differential cross se 
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Q= (Me )(Ko ae ke) 3) 


where M,, My, and My is the mass of the 
target, the residual nucleus and the proton 
respectively, and the K’s are the wave vector 
of the alpha particle, and proton. R is the 
interaction radius, and 7 is the change of 
angular momentum, which is limited by the 
selection rule 


Tre 


Ps 
0(a,p)F” Powe 
2 3 peur 
Ne{a,P Na PO.1 
P2~6 


RRO AQQQORRS 


xx 


= a} 


Cage (Coe 
AES SE ESE 2 a 
10 2 14 \6 18 20 22 24 26 
Ea CM +Q , MEV 


Fig. 3. Total cross sections o; as a function of 
(Hem.+Q) in MeV. The data of carbon are 
replotted from I. Nonaka et al.5). A solid curve 
is of the case of the reaction C!2(a, p)N!® ground. 
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|\Je+Jy+él min <1 < Jet Jot? (4) 


where J; is the spin of the target nucleus, 
Jy is the spin of the residual nucleus, and 
is the vector sum of the spins of the entering 
and emerging particles. / must be odd if the 
parity of the residual nucleus differs from 
that of the target nucleus, and must be even 
if the parities are the same. Under the as- 
sumption of a stripping process, the differen- 
tial cross section, also, has the form of Eq. 
(2). In this case, Q is defined by the form 

Q=Ko— 4K» (5) 
The differential cross sections of these two 
processes have similar expressions and we are 
not able to distinguish these two processes 
from the results of the angular distribution 
measurements. 

Other mechanisms for the (a,p) reaction 
are heavy particle stripping and triple or 
double stripping. In heavy particle stripping, 
the differential cross section is of the same 
form of Eq. (2) but Q as defined as Q=Ka+ 
(M./My,)Ky and this process interfers with 
ordinary stripping. This assumption was 
originally used by G. E. Owen and L. Madan- 
sky'® for the analysis of the B'(d, u)C!? reac- 
tion, and in the alpha induced reaction B. 


Table III. Interaction radii. 
(1) (2) (3) (4) (5) 
| oe : 5 
Reaction Cae ane Boing "| eaves | ee ee ie 
Bia, p)C'8 ground| 3 (uniquely) 27.5 3.7 ae a 
Som 6.3 
N'4(a, p)O1” ground 2 26.8 6.4 5.4 
28.1 1.9 
Sore 4.9 
first 0 (2) 26.8 Dai (Oa) 
28.1 eh Gail} 
3350 5.2 (4.9) 
second 1 (uniquely) 26.8 AST Oi ies 
28 6.9 
SBS 6.2 
third 3 26.8 Seo 
ey, Ded 
O'6(@, p)F8 sixth 3 AS 20m US, Go24 CO ee 
Sond Thee tke I A)1(0) 


* Interaction radius expected from the elastic alpha-particle scattering analysis in reference 19): 


(1.017A1/8+-2.94) in 10-13 cm. 
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Zeidman and J. L. Yntema'‘” applied it to the 
results for the (a, d) reactions on N* and Lié 
at bombarding energy 43 MeV. 

S. Hinds and R. Middleton» have compared 
their results for the (He?, p) reaction to the 
double stripping process derived by H. C. 
Newns. The differential cross section has the 
form 


a9) « 2 |AL)IAQR)I? 
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P=6.4 


N “a, bo a 
Eo 268MeV 
-~-| job? R=5:7 
=54 


o(@) CM. , ARB. UNITS 


N (a) : 2 
Ea2 268MeV 
~~ V/; bile R=(3 


Ea 


Angular Distribution of Some (a, p) Reactions 


30 60 90 120 150 
| || N*eP)0'R 


Nl P)O P, 
Eq 28.1 MeV 


—|phJF R=51 


lA Od? 


3060 9012050 30 6090120150 


589 


where jz is a spherical Bessel function and 
A(L) is a constant analogous to the capture 
probability occurring in the Born approximation 
deuteron stripping theory, and L=/,+/,. This 
assumption may be used in the case of the 
(a, p) reaction in which the nucleons in the 
incident alpha particle interact with the target 
nucleus, individually or in a pair. 

In order to compare our results to the direct 
interaction theory, the stripping process is 


30 60 90 ae ISO 


Ea 28.|MeV 


: —|h->)? 


R=79 


N“(a,P)O0 Pi 
Eq 333 MeV 
=54 


—ti2(x)\", R=4.9 


N'(a,P)O% Pe 


281 MeV 
Vey =f AP 


R=69 fie O.c 
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Fig. 4. Comparisons between the experimental angular distributions and | ji(a)|2 based on a stripp- 
ing process. Where 7=QR, Q is the momentum transfer, and R is the interaction radius in 


unit of 10-13cm. 


assumed, and owing to our capacities of calcu- 
lation we are limited in these comparison to 
fit |7(QR)?, where Q=Ka—(M2/M,)Kp, to 
each resolved proton group. The results of 
these fits are shown in Fig. 4 and Table III. 

(i) Ba, p)C* ground /=3 (uniquely); 
For the case of Ea=27.5 MeV, we have had 
to choose a small interaction radius R=3.7~x 
10-"% cm to explain the broad peaks. This 
circumstance was seen for the case of Ba, 
p)C* ground at Ea=30.4 MeV obtained by C. 
E. Hunting and N.S. Wall”, choosing the 
interaction radius R=3.3x10-!8cm in the 
comparison to the Butler formula. We had 
to choose, however, the larger interaction 
radius R=6.3x10-'%cm for the case of Ey= 
33.1 MeV to explain the sharp rise in the 
small angles. 


(ii) N*(@, p)O” ground J=2*; For the case 
of Ea=26.8 MeV, we have failed to explain 
the rise in the small angles by the choice 
R=6.4x10-'%cm in spite of the success of 
the reappearance of following maxima and 
minima. For the case of Ex=28.1MeV, we 
have failed to explain the first shallow valley 
by the choice R=7.9x10-'%cm in spite of the 
success of the reappearance of following 
maxima and minima too. For the case of 
Ha =33.3 MeV, we have had to choose a small- 
er radius, R=4.9x10-!8cm than the ones for 
the case of two lower bombarding energies. 

(iii) N'4(a, p)O" first, J=0 or 2; For the 


* In this case 1=2 or 4 from the selection rule 
Eq. 3. We have chosen [=2 according to the re- 
sults of preliminary fit. The situations are the 
same in the case of other reactions. 
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case of Ex=26.8 MeV we get the almost same 
result for | Jol? with R=5.7x10-"cm, or | js? 
with R=5.4x10-cm to be fitted the experi- 
mental results. For the higher two energies, 
Eu=28.1 and 33.3 MeV, where the sharp rises 
exist in the region smaller than 30 degrees, 
we have failed to explain these rises. In the 
larger angle region, |j:|? with 7=0 is prefer- 
ble to |7:|? with /=2. 

(iv) Nia, p)O%” second, J=1 (uniquely); 
For the case of Ea=26.8 MeV the first maxi- 
mum is fitted only, and the first and second 
maxima are fitted for Ea=—28.1 MeV. 

(v) N'*(@,p)O" third, /=3; For this pro- 
ton group, we failed to get the full angular 
distribution owing to the strong proton group 
leaving the O' in the fourth excited state. 
Nevertheless, we are able to see the situation 
of these proton groups, by comparison with 
other proton groups. 

(vi) O(a, p)F sixth, /=3 or 4 if the spin 
Bimt sixth is. 7/2:/=4 or 5 iid the «spin of 
F"® sixth is 9/2. The spin of the F!® sixth is 
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7/2 or 9/2.* In each case, the allowable /- 
values are 3 or 4 and 4 or 5 depending on 
whether the parity of F!® sixth is odd or even. 
In our results, the fits of |j:|2 to the experi- 
mental results in the small angles (first maxi- 
mum) are obtained equally well for /=3, 4 
and 5 for the case of Hxy=26.7 and 33.1 MeV. 
In the calculation of the energy level of F', 
by the intermediate j—j coupling shell model2” 
or by the collective model?!’, this state is as- 
signed to 9/2+. However, we could not affirm 
this prediction by |7.|? fit. 
(2) The cross section 

In Fig. 3, the total cross sections o; for all 
transitions measured are plotted against (Ea 
inc.m.+Q)*. The data for C%(@, p)N ground 
are plotted from I. Nonaka et al.». The o; 
decrease generally as (Ee in c.m.+Q) increase, 
and they are same order in this energy re- 
gion. On the other hand, in Fig. 2 we show 
the strong energy dependence of the differen- 
tial cross sections at fixed angles for the re- 
action N'4(a, p)O" and O' (a, p)F*. 


Table IV. Ni4(a, p)O17. 
ee ne (3) (4) (5) 
| es as ae i . 

Proton | Energy level l value by Spin and =! cee = i 
group | in MeV!2) shell model parity!» ie —ZOLS MeV 28.1 MeV 33.3 MeV 
Py 0 2 | 5/2+ 1.0 hatlse0 1.0 
Py 0.871 0 1/2+ 0.21 0.16 0.12 
P, 3.058 (1) Ciz=) 0.21 0.21 = 
P3 3.846 (3) Ge) — 0.63 = 


For the case of the N‘4(a@, p)O' reaction, 
we obtained the cross sections for four tran- 
sitions leaving O'” in ground, first, second, 
and third (only at Ew=28.1 MeV) state. In 
. Table IV the result for N'* are shown. The 
transitions to first and second state of O” 
have relatively small cross sections. It is 
interesting to compare these results to the 
ones for the O'%(d, p)O" reaction. T.S. Green 
and R. Middleton?” measured this (d, p) reac- 
tion at E,=9MeV. In their results, the 
ground and excited states at 0.87 and 3.85 
MeV had large capture probabilities and re- 
‘duced widths, and the level at 3.06 MeV which 
exhibited an isotropic angular distribution had 
small yield. Then, they concluded that the 
former two were the single particle states 


formed by the addition of 1d, 2s, and 1f 
neutrons to the O'* core respectively, and that 
the latter involved core excitation. Such a 
situation are not true for our results. 


(3) Reaction mechanism 

The simple calculation based on direct inter- 
action theory are not sufficient to explain the 
present experimental results. Modifications 
of the theory are expected to make these 
comparison better. As we show in Fig. 2, 
however, the angular distribution have a 
strong energy dependence. Accordingly we 
must expect an energy dependence of the re- 
action mechanism. Such an energy dependence 


* (Hy in c.m.+Q) means the kinetic energy of 
the system for the final state of the reaction. 


992 


is also seen in the reaction F!°( p, a)O"* ground?® 
in almost the same excitation energy as our 
reaction O(a, p)F*. As mentioned in the 
Introduction we showed* the backward peak- 
ing in the reaction C'(a, p)N** ground at ex- 
citation energies of compound nucleus 26.0- 
30.1 MeV.*.** In this excitation region, a 
resonance at 26.6MeV was found by J. P. 
Schiffer et al.2“ in the reaction C**(He’, p)N*® 
ground. 

In our experimental results for the elastic 
and inelastic scattering of alpha particles by 
carbon”, nitrogen”®, and oxygen” in the re- 
gion of Lz=25—40MeV, we have found a 
strong energy dependence of the angular 
distributions for the reactions. 

From these experimental results it may be 
reasonable to think that there are some ef- 
fects of the compound process for the (a, p) 
reaction of light nuclei in intermediate energy 
region. 

At any rate more experimental and theo- 
retical work is needed to study the reaction 
mechanism of the (a, p) reaction. 
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* Recently J. R. Priest et al.27) measured the 
angular distributions for C12(a, p)N!® at 16.1-19.0 
MeV and F%a, »)Ne22 at 18.9 MeV and also showed 
results similar to ours for the reaction C!2(a,p)N15. 
They found a resonance of C1%(a,»)N!5 ground at 
about Haw=17.5MeV in excitation curve at 31.8° 
(lab), and at this energy (corresponding to 20.3 
MeV excitation of O16) there is a peak28) of the 
total y-absorption in O18, 

** P.R. Klein et al.29) reported the angular distri- 
butions for Lis(a, p)Be® and Li*(a, p)Be!? at Hy=30 
MeV and also showed backward peaking there. 
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The reactions °8Si(p, 7)?°P, 2°Si(p, 7)9°P and 2°Si(p, 7)31P have been studied 


in the region of proton energy from 300kev to 1700 kev. 


We have 


found in the reaction 2°Si(p, 7)3°~P two new resonances at proton energies 
1307.5+3 kev and 1331.5+3 kev, and in the reaction 2°Si(p, 7)3!P nine new 


resonances at proton energies 1094, 


1324.5, 1394.5 and 1403 kev with 


1795 120925 290.5 el SOO 0225: 
the errors of +3kev. No definite 


resonant level has been observed in the reaction *8Si(p, 7)29P in the range 
of proton energy between 570 kev and 1400 kev. 


Introduction 


Si. 


The reactions **Si(p, 7)P, *°Si(p, 7)®°P and 
8°Si(p, 7)*P have been investigated by a 
number of authors'-!* using natural and en- 
riched silicon targets measuring gamma rays 
and positron activities produced in the target. 

For the reaction **Si(p,7)?®P, no resonant 
level was found by Tsytko et al.*) from 500 kev 
to 1000 kev of proton energy. Olness et al.!”) 
also reported that the capture cross section 
for *Si(p, 7)?2P had shown no evidence for a 
level reported on the basis of (d,) and (p, p) 
reactions at excitation energy of about 3.7 
Mev.!?.44,1% Considering the correspondence 
between excited states in mirror nuclei, *°P 
| and *°Si, based on the charge symmetry hy- 
pothesis of the nuclear force, several resonant 
levels should be expected for proton capture 
by *8Si in the region of proton energy below 
1650 kev. In Fig. 1 the known level schemes 
of P and *°Si are shown. 

Detailed studies on the resonant levels in 
' the reaction *°Si(p, 7)?!P have been reported 
| by many authors, especially by Broude et al.” 
| and Antuf’ev et al.!” in the range of proton 
/ energy from 500kev to 1000kev, while for 
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the proton energy between 1000 kev and 1400 
keV, no resonance has been reported. 

We have investigated the reactions **Si(p, 7)- 
2P, 2Si(p, 7)*°P and *Si(p, 7)*4P in the region 
of proton energy between 300 kev and 1700 
kev using isotopically enriched thin targets. 
This paper presents the results of the studies 
on the excitation functions of those reactions 
and on the resonant levels in each phosphor 
isotopes. 


Level schemes of 29P and 29Si. 


Bical 


§2. Experimental Procedures and Results 


The University of Tokyo electrostatic gener- 
ator provided a proton beam of up to 4 wa in 
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the range of proton energy from 300 kev to 
1410 kev. For higher energy protons, J.A.E. 
R.I. electrostatic generator was used. Above 
570 kev in proton energy the H* beam was 
used, while for below energies the H:* beam 
was also employed. The proton beam energy 
was analyzed with a magnetic analyzer. Its 
magnetic field was measured by nuclear 
magnetic resonance method and was calibrated 
by referring to the 990.8 keV resonance in the 
reaction “Al(p, 7)*8Si. The errors in proton 
energies are estimated to be less than 3key. 

Thin targets enriched in each stable silicon 
isotope “Si, Si and *°Si, deposited on Ta 
plates, were obtained by electromagnetic sepa- 
ration at the University of Kyoto. The target 
chamber is made of 1mm thick brass wall 
equipped with two windows of thin mica foils 
(0.7 mm and 0.14 mm of thickness) for positron 
detection. 

Gamma rays from the target were detected 
by sodium iodide crystal scintillation counters 
and analyzed with a twenty-channel pulse 
height analyzer. To measure positron activi- 
ties, a Geiger-Miiller counter with a mica 
window of 1.9mg/cm® thick was used. 

A. Reaction *Si(p, 7)°P 

The excitation function of the reaction 
*8Si(p, 7)*°P was obtained for the proton energy 
from 1300kevy to 1700kevy with a proton 
beam from J.A.E.R.I. electrostatic accelerator. 
As gamma ray detectors, use was made of 
2” dia.X2” and 13” dia.x1’ sodium iodide 
crystals, each coupled to 6292 photomultiplier 
tube. A broad resonance was observed at 
proton energy 1650kev, in agreement with 
the reports by Newton® and Olness et al. 

The excitation function in the range of 
proton energy from 570kev to 1400 kev was 
observed using a proton beam obtained from 
the University of Tokyo electrostatic acceler- 
ator, and no definite resonant level was found. 
In this case, a 5” dia.x4’ sodium iodide 
crystal attached to a 6099 (B) photomultiplier 
tube was also used to detect the high energy 
gamma rays as well as a 2” dia.x2” sodium 
iodide crystal. 

There are some evidences for existence of 
excited levels in **P in the region of excitation 
energy 3.4~3.7 Mev. Calvert et al.” and 
Macefield and Towle’ reported a level at 
3.5MeV of excitation energy in “P in the 
reaction *Si(d,)*°P. In the elastic scattering 


of protons by silicon, a resonance may have 
been observed at proton energy of 1 Mev’ 
(3.7 Mey in **P excitation energy). Correspond- 
ing to such excited levels, some resonances | 
might be anticipated in the reaction *Si(p, rT) 
2p for the proton energy from 700kev to) 
1200 kev. We tried more precise experiment 
on the excitation function using another type 
of target chamber. For the detection of gamma 
rays, we used 4’ x4” and 3 x3” cylindrical 
sodium iodide crystals attached to a 6099 (B). 
photomultiplier tube and a 6363 photomultiplier | 
tube respectively. The target chamber and 
scintillation counter arrangement is illustrated 
in Fig. 2. The result of this experiment) 
showed no distinct resonance. Assuming total | 
width I’, of the resonant level to be much 
smaller than the target thickness (about 3 kev. 
for protons of 1 Mev), an upper limit of 5) 
x10-%ev may be set to the value (2/+ DIr,Iy) 
/T: for the resonant levels in the range of. 
proton energy from 700 kev to 1200 kev. 


Fig. 2. Schematic view of the target chamber 
and the detectors. 
1. Beam defining slit. 2. Lead shield. 3. Pho- 
tomultiplier. 4. 4’ dia.x4! Nal(Tl) crystal. 5. 
3” dia.x3’’ Nal(Tl) crystal. 6. Target. 7. Pro- 
ton beam. 


B. Reaction *Si(p, 7)°P 

The excitation function of the reaction 
*°Si(f, 7)"°P was measured for the proton 
energy from 300kev to 1410kev, recording; 
low energy gamma rays with a 2” dia.x27' 
sodium iodide crystal and higher energy 
gamma rays,.with a 5” dia. x4’’ sodium iodide 
crystal. Resonances were observed at proton) 


| investigators.‘,5.8,10 
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' energies 326, 415, 698, 730, 917.5 and 958.5 kev 
_ with the errors of -+3 kev, and they agree 
) well with the results reported by previous 
In addition to these, new 
| resonances were found at proton energies 
| 1307.5+3kev and 1331.5+3kev. The exci- 
} tation function of the 2*Si(p, 7)®°P(8+)?°Si_ was 


f also observed by an activation method in the 


Id 
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region of proton energy from 900kev to 
970 kev with a Geiger-Miiller counter detect- 
ing 2.5min. positron activities produced in 
the target. Yield curves of gamma rays 
above 1.2Meyv detected in the 2” dia.x2” 
sodium iodide crystal scintillation counter and 
positrons from the reaction *Si(p, 7)°P are 
shown in Fig. 3 and Fig. 4. 


4 — —_1— 
300 400 500 600 


4 — 4 
foo =6800)0—- 900 


1 eet eee i ———— 
1000 1100 1200 1300 |400E¢(kev) 


Fig. 3. Excitation function for gamma rays above 1.2 MeV from 2Si(p, 7)2°P. Background has 


been subtracted. 
C: 7 rays from 19F contamination. 


9300 O50 Epikev) 


Fig. 4. Yield curve for positrons in the reaction 
29Si(p, 7)29°P. Background has been subtracted. 


At each resonant energy the gamma ray 
spectrum was measured with a 2” dia.x2” 
sodium iodide scintillation counter and the 
results, together with the relative yield of 
the gamma rays in the targets of different 
- isotopic abundances, were used to assign the 
resonance to proper isotope. We also observed 
the decays of positron and annihilation gamma 


activities with a Geiger-Muller counter at 
several resonant level for the identification of 
the reaction. 


C. Reaction *Si(p, 7)*P 

The reaction *°Si(p, 7)**P was investigated 
with the same detector arrangement as in the 
case of the reaction »°Si(p, r)*°P for the range 
of proton energy, 500 kev to 1410kev. Reso- 
nances were observed at 501, 620, 670, 759, 
776, 835.5, 945, 961.5, 982 and 986.5kev in 
proton energy with the errors of +3kev, 
showing good correspondences with previous 
reports.?:7.9.1 Above 1000 kev nine unreport- 
ed resonances were observed at proton ener- 
gies 1094, 1179.5, 1209.5, 1290.5, 1300, 1302.5, 
1324.5, 1394.5 and 1403 kev with the errors 
of --:3 kev, which are considered as resonances 
in the reaction *°Si(p, 7)**P from the observed 
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Fig. 5. Excitation function for gamma rays above 1.2MeV from ®Si(p,7)31P. Background has 


been subtracted. 
C: 7 ray from 1°F contamination. 


gamma ray spectra and by comparing the 
relative yield of gamma rays from the targets 
with different isotopic abundances. In Fig. 5 
is shown the excitation function obtained by 
measuring gamma rays above 1.2 Mev in a 
2” dia. x 2’” sodium iodide scintillation counter. 


§3. Discussions 


The broad resonance observed at the proton 
energy 1650kev in the reaction *Si(p, 7)?9P 
may be considered to be the analog state of 
4.93 Mey excited state in the mirror nucleus 
29Si. This 1650 kev resonant level was sug- 
gested to be a 23 single particle-like state 
from the result of elastic scattering experi- 
ments’®. Studies on the gamma rays emitted 
from this resonant level would be of interest 
as to the properties of this level and low 
lying excited levels in »°P. 

Any other resonances corresponding to the 
excited states in ®8Si were not observed in 
the present experiment on the reaction 
*8Si(p, r)P for the proton energy between 
570 kev and 1400 kev, while in this region of 
proton energy, some excited levels in 2P 
were observed in the reaction **Si(d, m)?9P.14,15) 
Supposing that the excited state at 3.49 Mev 


observed in the reaction *8Si(d, 7)?°P*» is the 
single particle-like 1f/% level corresponding 
to the 3.62 Mev excited level in ?°Si and that 
the low lying $+ excited state has the charac- 
ter of collective excitation, the gamma ray 
transition probability between these two levels 
would be highly reduced from that of the 
electric dipole transition between single particle 
excited states, and the value (2/+1)/l,l,/T: 
might be very small. 

For the levels in ?°Si between 3.62 Mev and 
4.93 Mev, the characters of the excited levels 
are not well known, therefore it seems to be 
difficult to deduce a conclusion on the existence 
of the corresponding excited levels in 2®P from 
the present (f, r) experiments. Studies on the 
reaction **S(p, a)°P are under progress as well 
as the experiments on gamma rays from 
1650 kev resonant level in order to investigate 
the structure of the excited states in »°P. 

As for the newly observed levels in the 
reaction **Si(p, 7)®°P, the gamma ray spectra 
show that from the 1307.5 kev resonant level 
a strong transition occurs to the first excited 
state (T=1) of *°P and the 1331.5 kev resonant 
level decays mainly to the ground state (T=0). 

In order to study the characters of the 


1961) 


resonant levels and low lying excited levels 
in *°P and *P, we are now undertaking the 
experiments on the gamma rays emitted from 
new resonant levels found in the reaction 
SSi@oajasheand oSi(p. aks 
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The Reaction Mg” (d, p) Mg”® in the Energy Range 
of Deuterons from 1.5 MeV to 3.0 MeV 


By Naoyuki TAKANO 
Department of Physics, Kyusyu University, Fukuoka, Japan 
(Received, January 6, 1961) 


Angular distributions and excitation functions of protons from the 
reaction Mg?5(d, p)Mgs leading to the 1.83- and 2.97-MeV state of 
Mg, have been investigated in the deuteron energy range from 1.55- 
to 3.00-MeV. The yield of the protons leading to the ground state 
were so small that this group was not measured. The results of angular 
distributions were compared with the deuteron stripping theory, and a 
qualitative agreement for the second excited state group at the deuteron 
energies above 2.5 MeV, was obtained in the forward directions, but not 
for the first excited state group and also in the backward directions for 
each groups. 

The angular distributions of the first excited state group at the deuteron 
energies above 2.44 MeV, could be fitted to Bhatia’s formula with two 
[p-values of 0 and 2. Both angular distributions include considerably 
isotropic part, and show a competition between the deuteron stripping 
process and the compound nucleus formation. Also, the results of exci- 
tation functions for total cross section were compared with the statistical 
theory and a fairly good agreement was obtained with the interaction 
radius of (1.21+1.3-A‘/3)x10-1%cm. Furthermore, a considerably small 
yield of this reaction seems to show that Coulomb effects play an im- 


portant role in this lower energy range. 


$1. Introduction 


An investigation of the reaction Mg?*(d, p)- 
Mg” leading to the low-lying state of Mg” 
had been made by a few authors!.2)»). Never- 
theless, angular distributions of these proton 
groups were measured only at the deuteron 
energy of 8.0 MeV in the forward directions”. 
These results were compared with Butler’s 
theory for the deuteron stripping reaction and 
a good agreement, in general, was obtained 
with Bhatia’s formula with the interaction 
radius of (1.7+1.22-A1/3) x 10-13 cm. 

For the first excited state group, a con- 
siderably better agreement was obtained with 
the superposition of two angular distributions 
corresponding to two ZJn-values of 0 and 2. 
This state also had been investigated using 
a magnetic analyser and nuclear emulsion”, 
and found to be not a doublet but a single 
state. 

Furthermore, theoretical analysis for this 
group had been made by a few authors?:®), 
They explained this angular distribution with 
a configuration mixing of siy. and dsjz level 
of Mg** in nuclear shell model, and also esti- 
mated the mixing ratio of si;2 to ds/2 level of 
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Meg**, and deformation parameter using the 
data at the deuteron energy of 8.0 MeV”. In 
the case where the bombarding energies are 
higher than the Coulomb potential, angular 
distributions of the protons from (d,p) re- 
action in the forward direction, can usually 
be fitted to the deuteron stripping theory® 
which is based on the Born approximation. 
But in such a low energy range as in this. 
experiment, the Born approximation may not 
be applicable. Although it may be difficult 
to obtain a good agreement between theo- 
retical results and experimental, we carried 
out the present experiment in order to in- 
vestigate how the anomalous angular distri- 
bution of the 1.83MeV state proton group 
would behave in the lower energy range of 
deuteron, and to obtain some information for | 
the reaction mechanism and the structure of | 
the nucleide Mg”, from angular distributions. 
and excitation functions. 


§2. Apparatus and Experimental Procedures 


The deuteron beam used in this experiment, 
was produced by the Van de Graff accelerator 
of Kyusyu University, whose accelerating 
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voltage was calibrated with resonances of the 
gamma-ray from the reaction F!°(p, ar)O'**. 
The deuteron beam deflected by 45° with a 
beam analyzing magnet, after passing through 
a tantalium slit of 1mm in width located at 
a distance of 47cm from the target and 
another silver slit of 4mm in diameter located 
at a distance of 20cm from the target, entered 
into the scattering chamber. The enriched 
Mg*O target was set in such a way that the 
target plane made 45° with respect to the 
deuteron beam at the center of the scattering 
chamber. And then the beam was collected 
in the Faraday cup located at a distance of 
12cm from the center of the scattering 
chamber. 

The target was prepared by depositing a 
suspension of MgO powder in alcohol on the 
silver backing foil of 2.0 mg/cm? and evapo- 
rating the alcohol in vacuum. A sample of 
MgO enriched in Mg®*> was supplied by the 
mass separator at the I.N.S. of University of 
Tokyo. Isotopic content of Mg** was estimated 
to be about 90%, by comparing the proton 
yield with that of natural MgO target. A con- 
siderably uniform target of about 1.2 mg/cm? 
in thickness was prepared by this method. 
This target thickness corresponds to the 
energy loss of about 150 kev at the deuteron 
energy of 2.5MeV”. 

Scattering chamber, scintillation counter 
and other electronic circuits used in this ex- 
periment, were quite similar to those used 
in the study of other (d,p) reactions in our 
laboratory®) and are described here briefly. 
Scattering chamber has an inner diameter of 
23cm and height of 10cm, having 20 ports 
in its side wall. The side ports of 6mm in 
aperture, bored at intervals of 15°, from 15° 
to 165° on one half of the side wall of the 
scattering chamber and from 22.5° to 157.5° 
on the other half. These ports also play a 
role as the defining slit to scintillation detector. 
The solid angle, subtended by these defining 
slits for the target was estimated to be 2.17 
x10-* steradian in the average. Angular 
resolution of these slits was estimated to be 
= I a 

The beam current, collected by a Faraday 
cup, was measured by a current integrator 
of Higinbotham type. But in the case of the 
measurement of excitation curve, this Farady 
cup was replaced by another one, which has 
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an inner diameter of 3cm and length of 5cm, 
and located at a distance of 5cm from the 
target surface, in order to avoid the effect 
of scattering of deuteron beam by the target 
and its backing foil. Furthermore, for the 
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Fig. 1. Pulse height spectra from the scintil- 


lation counter of the protons emitted by the 
Mg25(d, ») Mg? reaction, obtained at 67.5° (Lab. 
system) with Hy=2.71 MeV (a) and at 165° (Lab. 
system) with Hg=1.95 MeV (b). 
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measurement of the yield at 0° to the deuteron 
beam, this Faraday cup was taken away and 
the same defining slit as that used at another 
side ports of the scattering chamber was set 
at the direction of 0°. 

The protons emitted by this reaction were 
measured with a scintillation counter which 
consisted of CsI(T/) of 1mm in thickness and 
E.M.I. 6097 photomultiplier. Furthermore, 
another CsI(T/7) scintillation counter was fixed 
to the side port of the scattering chamber 
making an angle of 82.5° to the deuteron beam 
in the opposite side to the proton detector, 
and was used asa monitor counter. The bias 
of the monitor counter was set to count only 
the pulse due to the protons of higher energies 
than those leading to the second excited state 
of Mg**. The signal pulses, after passing 
through a cathode follower and an A-1 type 
linear amplifier, were fed to a 20 channel 
differential pulse height analyser. The typical 
pulse height spectra from the scintillation 
counter obtained in this experiment are shown 
in Fig. 1. 

Assignment of the peaks in these spectra 
was carried out by reaction kinematics. The 
first, third and fourth peaks correspond to 
the protons from the reaction Mg”*(d, p)Mg”® 
leading to the ground, the first excited and 
the second excited state of Mg’*, respectively. 
The second peak corresponds to the protons 
from the N‘'*(d,p)N® ground state reaction, 
produced by the nitrogen contamination in 
the MgO target. Aluminium absorber of 204 
in thickness was inserted in front of the 
scintillation counter in the forward directions, 
preventing the alpha particles emitted by the 
reaction N‘*(d, w)C'* from entering the proton 
detector. And also, in measuring the yields 
at 0° direction to the deuteron beam, another 
silver absorber of 40 mg/cm? in thickness was 
inserted in front of the defining slit at 0° 
direction, in order to stop the direct deuteron 
beam. 

Background runs were carried out at the 
several deuteron energies with a silver foil 
of 2.0 mg/cm’ in place of the target. Although 
the background from the other element was 
so small that the subtraction of the background 
was easy, the resolution of each proton groups 
was not complete, and then the area of each 
peaks in pulse height spectrum was obtained 
from the estimated peak, as is shown by 


Naoyuki TAKANO 


(Vol. 16, 


dotted curves in Fig. 1. 

An uncertainty arising from the group sepa- 
ration was estimated to be 5% at maximum. 
Excitation curves of the protons from this 
reaction leading to the 1.83-, and 2.97- MeV 
state of Mg? were also measured with the 
CsI(T/) scintillation counter, fixed at the 75° 
side port of the scattering chamber and with 
the aforementioned Faraday cup and are 
shown in Fig. 6. 


§3. Results and Discussions 


Angular distributions of the protons from 
the reaction Mg?*(d, p)Mg** leading to the 
first and second excited state of Mg’® at the 
deuteron energies of 1.65-, 1.95-, 2.20-, 2.44-, 
2.71-, and 2.99- MeV are shown in Figs. 2 to 
5. Indicated errors at each points include the 
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Fig. 2. Angular distribution of the proton from 
the Mg%(d, p)Mg* first excited state reaction 
at the deuteron energies of 2.44-, 2.20-, 1.95-, 
and 1.65- MeV. 
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over all uncertainty due to the experimental 
procedures described above. Statistical error 
amounts to 3% at maximum. Absolute cross 
section was estimated from the results ob- 
tained by measurement of excitation curves 
at 75° direction. The scale of the ordinate 
in these figures has an uncertainty of about 
40%, which is mainly due to the non-uni- 
formity of the thickness of target. 

Although the shape of angular distributions 
for the first excited state group varies gradual- 
ly with the deuteron energy, it shows nearly 
isotropic pattern for the deuteron energies be- 
low 2 MeV and shows a characteristic forward 
peak of the deuteron stripping reaction above 
this energy, and also two peaks corresponding 
to the orbital angular momentum /,=0 and 
In=2, above the deuteron energies of 2.44 MeV. 
The second peak at about 50°, in the center- 
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Fig. 3. Angular distribution of the proton from 
the Mg?5(d, p)Mg®* first excited state reaction 
at the deuteron energies of 2.71-, and 2.99- MeV. 
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of-mass system, becomes predominant with 
the increasing deuteron energy. 

The dotted curve indicated in Figs. 2 and 
3 are theoretical curves calculated from 
Bhatia’s formula® with interaction radius of 
5.0x10-% cm and /»=0 and 2. Each theo- 
retical curve is normalized to the peak value 
of experimental curve. The fat dotted curves 
in these figures indicate the superposition of 
these two theoretical curves. A qualitative 
agreement was obtained with Bhatia’s formula 
in the forward direction at the deuteron energy 
of 2.99MeV, but not in the backward di- 
rections. The shape of the angular distri- 
bution for the deuteron energy of 2.99 MeV 
is similar to that obtained by Holt et al. at 
8.0 MeV. Furthermore, it must be noted that 
the ratio of these two peaks is in agreement 
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Fig. 4. Angular distribution of the proton from 
the Mg*5(d, p)Mg?* second excited state reaction 
at the deuteron energies of 2.44-, 2.20-, 1.95-, 
and 1.65- MeV. 
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result within the experimental 


Bhatia’s formula in the forward directions, 
error. Although these evidences may not be but not in the backward directions and in the 
incompatible with those predicted by the energy range of deuteron below 2.2 MeV. 
nuclear shell model and spheroidal model‘: The characteristic forward peak of the deuteron. 
a remarkably small absolute cross section and stripping reaction, in general, becomes re- 
a feature at the backward directions will not markable with the increasing deuteron energy, 
be explained by a direct interaction theory. but angular distributions have rather large 
It seems probable that the compound nucleus isotropic part. 
formation contributes mainly to this group at 
these lower deuteron energies. 


The shape of the angular distribution for 
the second excited state group, in general, 
Angular distributions of the protons from 


shows the oscillatory pattern, as is expressed. 
the reaction leading to the second excited by 
state of Mg** are shown in Figs. 4 and 5. 
The dotted curve indicated in Figs. 4 and 5 
are theoretical curves calculated from Bhatia’s 


formula with interaction radius of 6.0x10-!8 
emi! and *2,=0: 


| Jo(Q +R)? 
where jo is the spherical Bessel function of 
order 0. AR is interaction radius and Q is the 
Dhecieticalecatyesticcdeeeal: magnitude of the momentum transfer, given. 
ized to the experimental curves at 0° direction. y 
A qualitative agreement is obtained with 


Q=|K,-+x,| 
ra 
Ky and Ka are the wave vectors for the out- 
Editon.) = 2.99 MeV 
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going proton and the incident deuteron, re- 


spectively. 
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The dotted curve at the deuteron energy 

of 2.71 MeV is theoretical curve calculated: 

t \ from the above described formula with inter- 

action radius of 7.0x10-%cm. The rise in 

| the backward direction also may be affected 
ler \ 


by other direct process, such as heavy particle 
stripping reaction. 
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Fig. 6. Excitation curve for the Mg?5(d, p)Mg26 
reaction at @(rap.)=75°. 
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Excitation curves of the protons from the 
reaction leading to the first and second excited 
state of Mg?® were measured at 75° to the 
deuteron beam in the energy range of deuteron 
from 1.55- to 3.00-MeV, and are shown in 
Fig. 6. 

Furthermore, the total cross sections for 
the first and second excited state groups, ob- 
tained from the angular distributions in Figs. 
2 to 5 and the excitation curves shown in 
Fig. 6, were plotted against deuteron energy 
in the center-of-mass system and are shown 
AMM TS ak 


+ 3; First Excited State group 


ee + ; Second Excited State group | 


—— Statistical theory 
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J — 
la 2O 22. 2a 25 BS Se 
Ed tem, (Mev) 
Fig. 7. Excitation function for the Mg*>(d, »)Mg?6 
reaction. The full curves show theoretical exci- 
tation curve calculated by statistical theory. 


From the shape of angular distribution de- 
scribed above, it seems probable that the cross 
section of the compound nucleus formation con- 
siderably contributes to the excitation curve in 
lower energy range. Therefore, the general 
this behavior of the total cross section will be 
shown by the formula of Blatt and Weisskopf 
for the statistical theory. The full curves 
are theoretical curves calculated by the formula 
of Blatt and Weisskopf”, and are normalized 
at the deuteron energy of 1.53 MeV (center- 
of-mass system) to the experimental point 
of each group. A qualitative agreement for 
the second excited state group was obtained 
with the interaction radius of (1.21+1.3-A‘/*) 
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10-*cm, but not for the first excited state 
group. These two excitation functions vary 
monotonously with the increasing deuteron 
energy and show no resonance like feature 
owing to the statistical assumption for the 
level of compound nucleus. 

Furthermore, the ratios of a total cross 
section for the second excited state group to 
that for the first excited state group were 
plotted against the incident energies in the 
center-of-mass system and are shown in Fig. 8. 
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Fig. 8. The ratios of a total cross section for 
the second excited state group to that for the 
first excited state group. The dotted curve 
shown in figure, is the result obtained at 75° 
direction. 


A peak which is unexpected from the sta- 
tistical theory appears at the deuteron energy 
of 1.8 MeV in the center-of-mass system. This 
phenomenon will not be explained by the 
competition of the branching to these two 
states of residual nucleus, because the spin 
and parity of these two states of Mg’ both 
have been found to be 2+!. Taking account 
of the evidence that the angular distributions 
of the second excited state group have rather 
simple form but those of the first excited 
state group have a complicated form, the first 
excited state of Mg’® seems to have a complex 
structure, probably of two or more particles 
excitation. In the case where the incident 
deuteron are considerably affected by Coulomb 
potential, direct process may not be a pre- 
dominant process, but plays only a part of 
the nuclear reaction. 
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The Structure of Extensive Air Showers Near the Axes 
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The lateral distribution of electrons and also of the mean energy of 
extensive air showers (EAS) were observed with a detector array com- 
posed of 14 scintillation detectors, 15 Cerenkov detectors, an arrival 
direction detector and a neon hodoscope. In particular the precise 
structure near the axes could be detected by the neon hodoscope. Each 
EAS was specified by various parameters, that is, the lateral distribu- 
tions of electrons and energy flow, »-mesons, and nuclear active component, 
and it was found that the structure of the EAS thus observed are dif- 
ferent from case to case. 

Near the axis the lateral distributions of electrons are rather flat and 
varied gradually from r—°-4 to r—!.9 according to the distance from the 
axis, up to a few meters. The slope of the distribution between 5 m- 
50m distance from the shower axis is well fitted by the predicted one 
from the Nishimura-Kamata theory, adjusting the value of the s-para- 
meter. The observed lateral distribution of mean energy of electrons is 
expressed by H=7.5x108xXr-9.740.1ey in the region from the axis to 
Thane 

The probable influences on the structure near the axis are discussed. 


Introduction 


§1. 

An extensive air shower, abbreviated as 
EAS, is a phenomenon which is caused by 
the interaction of a primary cosmic ray par- 
ticle of ultra-high energy at high altitude in 
the atmosphere and in which a larger number 
of particles are accumulated by many suc- 
cessive interactions of the particles in the 
atmosphere. Numerous experimental studies 


of EAS carried out up to the present have 
dealt with the average structure of EAS. 
The results thus far obtained have been 
summarlized in several review articles.” 

It has recently been noticed that the struc- 
ture of individual EAS fluctuating about the 
average structure exhibits very important in- 
formation about the development of EAS. As 
has been pointed out by several authors,” 
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the fluctuation of the depth in the atmosphere 
of the very early stages of the development 
may be significant. Besides this, the fluctua- 
tion of the development of the nuclear cas- 
cade which is caused by the inelasticity of 
the interaction and the nature of the secon- 
dary particles may also play an important 
role.» Therefore, EAS observed at any 
altitude, even assuming a constant primary 
energy, show a different structure from case 
to case owing to the effects of these fluctua- 
tions. It is necessary to measure all the 
characteristics, i.e. the various parameters, 
of EAS in as much detail and as comprehen- 
sively as possible for the purpose of studying 
ultra-high energy interactions. In this man- 
ner the Moscow group has been studying 
EAS vigorously. Also an air shower project 
has been founded at the Institute for Nuclear 
Study, University of Tokyo. 

In this report the structures of EAS near 
their axes are discussed. The lateral distri- 
butions of particles were measured by the 
array of 14 plastic scintillation detectors and 
the neon hodoscope.* The latter instrument 
is the same device as the one known as the 
Conversi counter.’ The neon  hodoscope 
covers an area of 7m? and can give precise 
information about the particle distributions 
and the position of the shower axis. The 
energies of the shower particles were mea- 
sured by Cerenkov detectors. The lateral 
distributions of electrons and also of mean 
energies of particles were well determined by 
means of these detectors and compared with 
the theoretical ones predicted by the Nishi- 
mura-Kamata function.» It is noticeable that 
the observed structure of EAS near the axis 
is different from case to case and that the 
variety is not caused by statistical fluctuation 
but is due to the essential character of EAS. 
It is emphasized that the individual character 
of EAS presents information about the deve- 
lopment of EAS and the nuclear interactions. 
The results on the nuclear active and y4- 
meson components and the interpretations of 
EAS concerning all of the components will be 
discussed elsewhere.° 


* Prof. J . Nishimura proposed at the symposium 
held in February of 1956 the utility of this device 
as a density detector which would display the 
character of EAS by permitting observation of the 
precise particle distribution near the shower axis. 
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§2. Experimental 


A. General 


Observations of EAS were performed with 
two arrangements. The general features of 
EAS were examined with Arrangement A 
and then the fine structure of EAS, especial- 
ly near the axes, was studied with Arrange- 
ment B. As the details of detectors used, 
with the exception of the neon hodoscope 
will be reported elsewhere,” they are only 
briefly described here. 


a. Arrangement A 


The experimental arrangement of detectors 
is schematically illustrated in Fig. la. The 
n-detector is used to measure the particle 
density and is a plastic scintillator whose ef- 
fective area and thickness are 1m? and 4.5 
cm, respectively. 14 detectors are used. 
The e-detector is used to measure the energy 
flow carried by particles in an unit area. 9 
e-detectors are lead-glass Cerenkov detectors 
53cm in diameter and 30cm thick (12 radia- 
tion length equivalent). t 6 e-detectors are 
Pb(NOs)2 solution (30%) Cerenkov detectors. 
The container of the solution is 56cm in 
diameter and 80cm in thickness (6r.1. equi- 
valent).® Each e-detector is surrounded by 
barytes concrete of 30cm width in order to 
compensate the number of particles which 
scatter out from the detector by those which 
scatter in from the concrete. Five 0.25 m? 
plastic scintillation detectors placed at the 
vertices of a pentahedron are used to deter- 
mine the arrival direction of the shower by 
means of fast timing circuit.” 4 plastic scin- 
tillation detectors each of area 2m? placed 
30 m.w.e. underground and a _ hodoscope 
chamber of im? under a concrete block of 
20r.1. are employed to detect -mesons of 
energies of >5 Bev and of >1Bev, respecti- 
vely..” 2 “transition chambers”, which are 
five layer sandwiches of iron sheets and plas- 
tic scintillators give information concerning 
the nucleon components." The neon hodo- 
scope whose details are presented in the fol- 
lowing section is used to observe the lateral 
distribution of electrons. 


The apparatus was triggered by 4-fold 
coincidences of the m-detectors with the add- 
ed requirement that more than 7 particles 
must traverse each detector. This was ac- 
complished by suitable bias to give the pro- 
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per triggering level. A coincidence between 
Ns, 21, Ns, and mw» was mainly employed, but 
other coincidences, that is, 71-/2-/s—ms and Ms— 
No-N10-N12 Were used for short periods. The 
size (the total number of particles) of observed 
showers were in the range of 10‘ to 10’. 


b. Arrangement B 

To obtain the precise structure of EAS 
near their axes Arrangement B was used and 
is shown in Fig. 1b. The locations of the n- 
detectors are the same as in Arrangement A, 
except that 4 detectors at the central part of 
the detector array were rearranged. 10 lead 
glass e-detectors without concrete compensa- 
tors are placed in a group under the neon 
hodoscope. 3 fast timing detectors which 
detect the arrival direction of the shower are 
placed at vertices of a triangle. The other 
detectors, excepting the neon hodoscope, were 
not operated. 4-fold coincidences between me, 
Ni, Ms, and m» triggered the apparatus. 


B. Neon Hodoscope 


a. Construction 

The neon hodoscope which covers an area 
of 7m? is the same device as the hodoscope 
chamber originally developed by Conversi.” 
These instruments work on the following 
principles. Glass tubes filled with a mixture 
of neon and argon are placed between paral- 
lel conducting plates, and an intense pulsed 
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is employed in Arrangement A and b) in Ar- 
rangement B. 
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The plastic scintillators whose effective area 
and thickness are 1m? and 4.5cm_ respec- 
tively. 


: The lead-glass or Pb(NOs)2 solution Ceren- 


kov detectors. The size of the lead-glass 
is 53cm in diameter and 30 cm in thickness. 
The container of the solution is 56cm in 
diameter and 80cm in thickness. In Ar- 
rangement A each detector is surrounded 
with barytes concrete of 30cm width. In 
Arrangement B, only the lead-glass detectors 
were used without the concrete compen- 
sators. 


: 0.25 m2 plastic scintillators which were set 


at the vertices of a pentahedron in Arrange- 
ment A and a triangle in Arrangement B. 
They are used to determine the arrival 
direction of the shower. 

The neon hodoscope which is placed on the 
floor 2.5m above the level of the other de- 


tectors. It covers an area of 7 m2 and con- 
tains 5000 tubes. The details are shown in 
Fig. 2. 


4 plastic scintillators each of area of 2 m2 
placed 30 m.w.e. underground. 


: The hodoscope chamber of 1m? placed 


under the concrete block. ju; and p2 are 
used to detect u-mesons of energies of >5 
Bev and >>1 Bev respectively. 


: 2 transition chambers consisting of five 


layer sandwiches of iron slabs and plastic 
scintillators. 
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electric field is applied across the tube imme- 
diately after the passage of ionizing particles. 
Then the tubes which are traversed by parti- 
cles become luminous, and the others do 
not. 

Our purpose is to determine the particle 
density, not the trajectory, so tubes are plac- 
ed on a horizontal plane. As shown in Fig. 
2, tubes are arranged in a lattice, the total 
number being five thousand. Each tube, 5cm 
long and 2cm in a diameter, is filled with a 
mixture of (Ne+0.1%A) at a pressure of 30 
cm Hg. The pre-treatment of tubes before 
filling with the gas followed the method de- 
scribed in a previous paper.!”) The operating 
circuit of the neon hodoscope is shown sche- 
matically in Fig. 3. The peak voltage 
gradient and the time constant of the voltage 
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Arrangement of the neon hodoscope 


ic, a2. 
| shown schematically. Each tube, 5cm long and 
2cm in diameter, is filled with a mixture of 
(Ne+0.1% A) at a pressure of 30cm Hg. Tubes 
are set in the lattices and cover an area of 
7m2. The instrument including its photographic 
system is placed in a dark room which serves 
as well for the electrical shielding. The hodo- 
scope is placed 2.5m above the level of the 
other detectors. 


e H.V. 


[4n- detectors | 
ele 


pulse generator 
triggering the 
thyratron 


5C22 


Fig. 3. High voltage pulse generator. The volt- 
age of H.V. is fixed at 13.5kV. The time 
constant of the voltage pulse is lysec. The 
time delay between the passage of the shower 
particles and the application of the voltage 
pulse is 1.5 psec. 
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pulse are fixed at 13.5kV/2.3cm and 1 sec, 
respectively. The time delay between the 
passage of the shower particles and the ap- 
plication of the voltage pulse is 1.5 sec. 
Under this operating condition the efficiency 
of detecting particles is estimated to be 
almost 100%. Light from tubes which are 
lit is reflected by a mirror and photographed 
on 35mm film. Pictures were taken on Fuji 
SSS film at £/1.8. 

This instrument can be easily constructed. 
It is very stable and also has a long operat- 
ing life. Actually it was confirmed that the 
detection efficiency does not vary during a 
few tens of thousands of times of operation. 


b. Estimation of electron density 

The density of electrons is estimated from 
the number of lighted tubes by the following 
method. The total area of the neon hodo- 
scope is divided into 28 sections, each of area 
of 50x50cm?. Assuming that all electrons 
pass through the tubes parallel to the shower 
axis and the particle density is uniform 
throughout the area of each section, the num- 
ber of lighted tubes, m, is given by 


m= T(1—exp (—4s)) 
+ T(1—exp (—4s’)) exp (—A(s—s’)), 


where T is the total number of tubes in the 
section, 4 the electron density per unit area 
in the section, s the effective area of each 
tube, and s’ the effective area for one parti- 
cle to cross two adjacent tubes. As each 
tube has a cylindrical shape and stands ver- 
tically, the effective area through which par- 
ticles can pass varies with the inclination of 
the direction of the particle’s path to the axis 
of the tube. From previous experiment!® it 
is confirmed that the detection efficiency of 
tubes in the present arrangement is not de- 
pendent upon the region where a particle 
crosses. So the effective area, s, is a func- 
tion only of the inclination of the shower 
axis and can be easily estimated. When the 
path of particle is inclined markedly, one 
particle can cross two adjacent tubes and 
then two tubes are lighted. The effective 
area, s’, varies with the zenith and the azi- 
muth angles of the shower axis. For the 
shower for which the axis is inclined at less 
than 25°, the values of s’ are zero or negli- 
gibly small. The second term of the above 
expression has a significant value only when 
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the particle“density and the inclination of the 
axis are large. 

From the present arrangement of tubes the 
details of the local concentration of particles 
can not be studied. That is, the special re- 
solution is not sufficiently good to analyze 
the concentration of particles within an area 
of 10cmx10cm. It is noted from the above 
expression that the number of lighted tubes 
is almost saturated when electrons with den- 
sity of more than 5,000 particles per m? 
strike the neon hodoscope. 


$3. Results 
A. Lateral distribution of electrons 


a. The region from a few m to 80m from 
the axis 

From the amplitude of the pulse from each 
scintillation detector (m-detector), which was 
recorded on film, the number of particles 
striking the detector was determined. Pulses 
from single pentrating cosmic ray particles 
were used for calibration. It should be noted 
that the pulse from a scintillation detector de- 
pends on the number of ionizing particles fall- 
ing on it, their energies, and any secondary 
events produced init. On the other hand, the 
neon hodoscope is expected to give a nearly 
true density of electrons, because the tubes 
are made of very thin glass and the process of 
discharges does not depend on the energy of 
the particles. In the first step of analyzing 
the data, we used the raw number determin- 
ed as indicated above, not correcting for the 
effects of secondary processes and variation 
in particle energies. The location of the 
shower axis was determined by using a 
special-purpose computer whose operation is 
based on the assumption that the lateral dis- 
tribution of densities given by the scintillation 
detectors can be smoothly fitted to some 
curve representing the function r~”, where r 
is the distance from the axis. After deter- 
mining the location of the axis, the distance 
of each detector from the axis was measured 
and then the distribution of particle densities 
was plotted against the distance. 

In the region beyond a few m to 80m from 
the axis, each lateral distribution of particle 
density thus obtained is in good agreement 
with that predicted by the N. K. theory®, as- 
signing a certain value of the s-parameter, 
which has an inaccuracy of +0.2 due to the 
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statistical fluctuation of the electron numbers 
fell in the detectors and due to the accuracy 
in determining the location of the shower 
axis. Each observed lateral distribution can 
be expressed by one value of s which denotes 
now only the slope of the distribution rather _ 
than its original meaning. Then the size of 
each EAS can be determined by comparing | 
the observed distribution with that of the 
N.K. theory, assuming that the lateral distri- 
bution of particle density at far distances be- 
yond the observed points can be also given 
by the N.K. theory with the same value of s 
and that the N.K. theory keeps its validity 
in that region. 

The two values of observed density given 
by the scintillation detector and by the neon 
hodoscope can be compared for various dis- 
tances from the axis. The ratio of these as 
a function of the distance from the axis is 
given in Fig. 4. It is found that the ratios 
do not depend on the shower sizes or the 
values of s within the present accuracy. The 
points in Fig. 4 represent the averaged values. 


05 10 


10 100 
Distance from the axis (meter) 


Fig. 4. Comparison between particle densities 
obtaided by scintillation detectors and by the 


neon hodoscope as a function of the distance 
from the shower axis. 


Assuming the neon hodoscope data to be cor- 
rect, Fig. 4 can be used to correct the n- | 
detector data, and thus arrive at corrected 
lateral distributions. If we use the N.K. | 
function assigning a certain value of the s- | 
parameter to express the lateral distribution | 
of particle density, the corrected value of s 
for each EAS is about 0.2 greater than the | 
value of s previously obtained. Hereafter in 
this report, the corrected values of s are us- 
ed to express the slope of the lateral distri- 
bution of particle density. 
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b. The region very close to the axis 

When the axis of EAS passed through or 
very close to the neon hodoscope, the location 
of the axis and the lateral distribution of 
electrons could be precisely determined by 
the spatial distribution of tubes discharged in 
the neon hodoscope. Two typical examples 
of photographs are illustrated in Fig. 5. 
Fig. 6 shows an example of analysis of an 
EAS derived with the aid of the neon hodo- 
scope. As seen in the figure, the lateral dis- 
tribution obtained by the neon hodoscope is 
smoothly connected with the corrected distri- 
bution given by the scintillation detectors and 
changes its slope gradually with the distance 
from its axis. When the axis of an EAS of 
size more than a few x10* strikes the neon 
hodoscope, the number of tubes discharged is 
almost saturated and it becomes impossible 
to determined the density of electrons. In 
most cases the lateral distributions were ex- 
amined as closed to the axis as 30cm. 

For convenience to discuss the lateral dis- 
tributions, most of the observed EAS are se- 


(b) 


Fig. 5 Two typical examples of photographs 
taken by the neon hydroscope. a) shower size 
—1%105 and s=0.8. b) shower size=0.8x10° 
andrs=le2. 
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parated in two groups in terms of the value 
of s, which is determined as described in the 
previous section; that is, s<1.2 and s>1.2. 
The composite distributions of these two 
groups, normalized to the shower size of 10°, 
are plotted in Fig. 7a and Fig. 7b. Itis re- 
markable that only four showers among eighty 
whose axes passed through the neon hodo- 
scope present very steep distributions, charac- 
terized by s=0.6, as shown in Fig. 7c, where 
the sizes are normalized to N=10°. The 
averaged distributions of these three groups 
are illustrated together in Fig. 8. 
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Fig. 6. A typical example of the lateral distri- 
bution of electrons, for the shower of Fig. 5.a. 


It is noted from the figure that i) the dis- 
tributions near the axis are rather flat except 
in the case of the four showers of Fig. 7c, 
ii) the character of the distribution for the 
showers with s<1.2 varies gradually from 
ry~°-6 to y-! with the distance from the axis 
and the distribution is represented by s=1.0 
+-0.2 in the region beyond a few m from the 
axis, iii) the character of the distribution for 
the showers with 1.2<s varies from 7~°-* to 
y-°-7 near the axis and is fitted to s=1.4+0.2 
in the region beyond a few m from the axis, 
and iv) the character of distribution of the 
four showers with steep distributions is near- 
ly equal to 7“? near the axis and is well re- 
preseted by s=0.6-0.1. 


610 


B. The lateral distribution of the mean 
energy of shower particles 


The pulses from e-detectors were recorded 
by photography of the oscilloscopes in the 
same way as in the case of the m-detectors. 
The almost of energy dissipated in the detec- 
tor was calibrated by comparison with pulses 
from single penetrating w-mesons. In order 
to obtain the mean energy of electrons near 
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Fig. 7. The accumulated lateral distributions of 


electrons, normalized to a shower sizes of 105. 
a) is the case of showers with s<1.2, b) 
showers with 1.2<s and c) the showers with s 
=( 0). 


the shower axis the following procedures 
were carried out. As the location and the 
arrival direction of the axis are already de- 
termined, the lateral distribution of particles 
of each EAS given by the neon hodoscope can 
be traced on the places where the e-detectors 
are set. The spatial distribution of particles 
probably does not change from the level of 
the neon hodoscope to that of the e-detectors, 
because the only material between the two 
levels is wood of a few cm thickness. Cor- 
recting the effective area of the e-detector by 
the direction cosine of the shower axis, the 
dissipated energy divided by the number of 
particles gives the mean energy of electrons 
incident on each detector. 

The values of the mean energies observed 
in individual EAS show large fluctuations. 
However, assuming that the density of parti- 
cles in each EAS and also the process of the 
energy loss of particles in the Cerenkov de- 
tector show Poissonian fluctuation, the observ- 
ed fluctuation of the mean energy shows no 
indication beyond what can be explained by 
the fluctuation of the Poissonian distributions. 
No dependence of the lateral distribution of 
the mean energy on the shower size or on 
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the value of the s-parameter was found with- 
in the present accuracy. The composite 
lateral distributions are shown in Fig. 9. 
The theoretical curve from the N.K. lateral 
distribution function for mean energy and the 
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Fig. 8. The averaged lateral distributions of 
electrons which are shown in Fig. 7. Curve a 
is the lateral distribution corresponding to Fig. 
7a. The r-dependency varies from r~-°& to 
y-1.0 at distances from the axis up to a few 
meters, and s has the value 1.0 in the region 
beyond 5m. Curve b corresponds to Fig. 7b. 
The v-dependency varies from r~—°-4 to r—°-? near 
the axis, and s=1.4 in the region beyond 5m. 
Curve c is the one corresponding to Fig. 7c. 
The v-dependency is nearly equal to r-!.° near 
the axis, and s=0.6 in the region beyond 5m. 
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Fig. 9. The lateral distribution of the mean 
energy of electrons. It is well expressed by # 
=7.5%108x7-9.740.1ey in the region from the 


axis to 7m. 
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experimental results of Dmitriev et al.‘ and 
Vernoy et al.') are shown in the same figure. 
From the observed distributions the lateral 
distribution of mean energy in the region 
from the axis to 7m is expressed bys Lats 
x 108 xr-°.7#9.1ey, where r is measured in 
meters. The present distribution is in good 
agreement with the results of Vernov et al. 


§ 4. Discussion 


A. Comparison between the density obtain- 
ed by the scintillation detector and by 
the neon hodoscope 


Concerning the particle density of EAS, 
the kind of detectors used must be consider- 
ed. If scintillation detectors are used and’ 
the particle density is estimated by the 
method previously mentioned, the estimated 
density may not represent the correct elec- 
tron density, especially near the axis, be-- 
cause of various phenomena caused by elec- 
trons of relatively high energy and other 
particles in scintillation detectors of finite: 
thickness.'® On the other hand, the neon 
hodoscope tube has a character similar to: 
that of the G-M counter, and the accuracy of 
the estimation of the particle density depends. 
only on its geometry and the trajectories of 
changed particles. At large distances from 
the axis, the paths of electrons are not strict- 
ly parallel to the axis owing to multiple scat- 
tering, and therefore the effective area of 
tubes may be larger than that assumed. In 
this case the estimated value of the particle 
density may be a little larger than the true 
value, but the correction is estimated to be 
not larger than 20% from the data on the: 
lateral distribution of the mean energy. 

The correction for the density observed 
with the scintillation detector can be made: 
by comparison with the density obtained by 
the neon hodoscope as a function of the dis- 
tance from the shower axis. 


B. The lateral distribution of electrons 


Many workers have observed EAS and dis- 
cussed the lateral distribution of electrons, 
comparing the observed distribution with the 
predicted one from the theory with respect 
to the averaged features. It is shown from 
the N.K. theory that the lateral distribution 
of electrons can be expressed by one value 
of the s-parameter even when the electron 
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components are initiated from many sources 
distributed in one dimention, namely the 
longitudinal direction. The lateral structure 
of electrons of EAS is the superposition of a 
large number of electron cascade showers 
which are produced by many sources in suc- 
cessive stages of the development of EAS. 
It is apt to be considered that the lateral 
distribution of electrons is expressed by some 
averaged structure. However, as has been 
pointed out by various authors”.*) the lateral 
distribution of electrons is influenced by the 
fluctuations in the development of EAS. 

The individual lateral distribution of elec- 
trons in the region from a few meter to‘80 m 
from the axis can be well fitted by the N.K. 
function, the value whose s-parameter is 
suitably adjusted for each EAS. Here, it 
must be noticed that the s-parameter is used 
only to express the slope of the lateral dis- 
tribution of electrons observed and that the 
value of s has an error of 0.2 due to the 
statistical fluctuations of the particle numbers 
in the detectors and due to the accuracy in 
determining the position of the shower axis. 
As presented in §3.A, about half of the 
eighty showers whose axes passed through 
the neon hodoscope have N.K. age parameter 
in the range s<1.2 and about fourty percent 
of them have values in the range 1.2<s. 
Four of the observed showers have a steep 
slope, that is, s=0.6. The observed frequen- 
cies of EAS of different values of s may be 
changed by changing the triggering condition 
and the arrangement of the detector array. 

It is remarkable that, for instance, an EAS 
of size 210° and its lateral distribution of 
electrons with s<1.2 can be well represented 
by the superposition of an EAS of size 1.5x 
10° and lateral distribution of electrons with 
1.2<s and an EAS of size 4x10! and the 
lateral distribution of electrons with s=0.6. 
This example shows the possibility that, if a 
young shower, though its size is small, is 
superimposed on an old shower, it can change 
the apparent lateral distribution of electrons 
of the composite shower considerably. Tak- 
ing into account this possibility, the lateral 
structure of EAS may be affected by the 
fluctuation of the survival of nuclear-active 
particles which have relatively high energy. 

Direct measurements on the particle distri- 
bution very near the axis have been made by 
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some workers. In the work of MHazen,'” 
performed experiments with a cloud chamber 
at 3000 m altitude, the density gradients with- 
in 0.5m from axes were found to be much 
smaller than those predicted by the Moliére 
theory. From observations with a large dif- 
fusion cloud chamber at sea-level, Relf'® 
concluded that the lateral structure up to 
0.6m from the axis was described by the 
Moliére theory within Gaussian fluctuations, 
and that each shower, within statistical errors, 
consists of a single core. He observed only 
one event which showed a very steep distribu- 
tion up to 1m from the axis. Vernov et al.‘” 
observed the core structure with a diffusion 
chamber of 0.6m? together with ionization 
chamber arrays. As one can see in Fig. 7a 
and Fig. 7b the observed lateral distribution 
of electrons within a few meter from the 
axis varies gradually from r-! tor~°:+. These 
features depend slightly on the value of s but 
do not depend on the shower size. The pre- 
dicted distribution from the theory can not 
be adopted in the region very close to the 
axis because the assumption made in the 
theory is not correct in that region. 

The altitude of first nuclear interaction has 
a dominant effect on the lateral structure of 
EAS, but the change of the interaction mean 
free path of particles with their energy and 
successive interactions also have some effect. 
Recently it has been observed that the energy 
spectrum of 7-rays observed at high altitude 
shows a steep slope in the region beyond 
10'’°evy compared to its slope in the lower 
energy region.”” If the y-rays are produced 
from the decay of z°-mesons, it is considered 
that the energy spectrum of secondaries at a 
high energy interaction may be affected by 
the initial energy and the interaction mean 
free path may also have some depedency on 
the particle energy. Indeed, the structure of 
EAS is the accumulated phenomenon, there- 
fore the lateral distribution of electrons should 
be discussed considering the nuclear compo- 
nent, “-meson component, and the electron 
mean energy which will be discussed in next 
section. 


C. Lateral distribution of the mean energy 
of particles 


Recently Danilova et al.2” and Miyake 
et al.” observed EAS at mountain altitude 


1961) 


| with a multiplate cloud chamber, and it was 
| observed that the lateral distribution of par- 
ticles and also the development of showers in 
) the chamber showed a large fluctuation from 
case to case. Vernov et al.!*»23) observed the 
energy flux of the electron-photon component 
|} with ion-chamber arrays and found sharp 
' fluctuations therein. Porter et al. observed 
| the lateral distribution of energy flow at dis- 
tances of 60-500m from the axis using a 
| water Cerenkov detector and concluded that 
| the results were consistent with the theoreti- 
} cal distribution predicted by the N.K. func- 
| tion for the mean energy with s=1.0. Dmi- 
| triev et al.’ and Vernoy et al.» obtained the 
) lateral distribution of the energy flux using 
' ion-chambers. As seen in Fig. 9, their results 
» are in an excellent agreement with the pre- 
} sent results. 

| In the present experiment the amount of 
| the energy flow estimated by the Cerenkov 
detector needs a correction which is found to 
| be not very large. The thickness of the de- 
} tector is not enough to absorb the entire 
process of the electron cascade shower carri- 
ed by the high energy electron-photon com- 
ponent. This correction is estimated to be 
at most 20 to 30% when an electron of energy 
of more than 1 Bev strikes the detector. The 
| correction for the contribution by the nuclear- 
active component is estimated using the 
result obtained with the transition chamber 
and it does not seem to exceed 20% near the 
‘axis. The fluctuation of the particle density 
and of the process of the energy dissipation 
in the detector has a large effect on the 
| estimated value of the energy flow. There- 
| fore, it can not be clearly determined whe- 
ther or not the lateral distribution of the 
' energy flow depends on the shower size and 
on the value of s-parameter. 

| The observed lateral distribution of the 
| mean energy of electrons is well expressed 
mpy £=7.5x10*7~°."**.‘ ev within 7m from the 
axis, where the distance 7 is measured in 
meters. As seen in Fig. 9, the theoretical 
curve predicted by the N.K. function for the 
mean energy with s=1.0 lies above the ex- 
perimental points. The initial energy of the 
electron shower is taken to be infinite in the 
theory, but that of the actual shower has a 
finite value. Moreover it should be noted 
that in the estimation of the mean energy, 
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the energy which is carried by the photons 
is ignored because the photons are not count- 
ed in the particle density. 

Even for a composite EAS consisting of 
the superposition of an old shower and a 
young one, as discussed in §4.B, the energy 
flow is not clearly distinguished from the 
average value because of satistical fluctua- 
tions. In order to examine the energy flow 
of EAS precisely, further experimental inves- 
tigations are needed. 


D. Very high electron density observed by 
scintillation detectors near the axis 


Some EAS show the feature that the 
electron densities estimated by scintillation 
detectors are three or five times of those ob- 
tained by the neon hodoscope in the region 
1m or 2m from the axis. The discrepancy 
is too great to be explained by statistical 
fluctuation and the lateral distribution of 
particles of these EAS is observed to be very 
steep in this region. The rate of occurrence 
of these EAS was observed to be about 40% 
of the total number of EAS analyzed and to 
be independent of the s-value. As the amount 
of material between the neon hodoscope and 
the scintillation detectors is very small, the 
materialization of particles in that space 
should be negligible. 

Therefore other possible contribution must 
be considered. If neutral particles produce 
secondary events in scintillators, they give a 
high amplitude of the pulse, but the tubes of 
the neon hodoscope are not discharged by 
neutral particles. At first let us assume 
these particles are photons. As the thickness 
of a scintillator is about 0.1r.l., ten photons 
present an amplitude equivalent to a single 
electron if the photons produce electron 
pairs. Therefore, the number of photons re- 
quired is more than 30 times the number of 
electrons to increase the pulse amplitude to 
the observed value. As a second case let us 
assume neutrons instead of photons. A star 
produced by a neutron of energy of several 
hundreds of Mev presents, on the average, a 
pulse amplitude about 50% of the amplitude 
produced by an electron of 100Mev. If the 
stars thus produced raise the pulse amplitude 
to the observed value, the number of neutrons 
needed is several times the number of elec- 
trons. Photons and neutrons exist in rela- 
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tively large number near the axis but from 
the data already obtained, the amount of in- 
crease of the amplitude of the pulse which 
could be attributed to these components is 
estimated to be at most several ten percent 
of electrons. It appears very hard to explain 
the above mentioned phenomenon in terms of 
either photons or neutrons. 

If local concentrations of charged particles 
are superposed on the main distribution, the 
pulse amplitude is raised but the number of 
lighted tubes in the neon hodoscope can not be 
changed if the area of the concentration is 
smaller than 10cmx10cm. These local con- 
centrations, e.g., narrow showers, may be 
composed of groups of electrons or “-mesons. 
If the nuclear interaction occurs at lower 
atmospheric depth, as discussed above, some 
of the y-rays may produce narrow electron 
showers and such y-rays will be in the region 
near the axis. The observed energy flow of 
EAS which present this phenomenon is not 
higher than that of other EAS within the 
present accuracy of estimation, though it 
shows slight higher value. Therefore, nar- 
row electron showers may be excluded in ex- 
plaining such phenomena, because the energy 
flow must be raised considerably by these 
electron showers. 

If this concentration is compose of yz- 
mesons, the energy flow detected by the 
Cerenkov detectors is not raised greatly by 
these 4-mesons. But the mechanism of pro- 
duction of such s-mesons comes into ques- 
tion. g-mesons in EAS are considered to be 
produced in the early stages of development 
of EAS. These narrow concentrations are 
not readily explained in terms of -mesons 
because of the high density required unless 
a narrow shower of s-mesons can be pro- 
duced by a process which is unknown. 

Recently, Vernov et al.?° observed the pos- 
sible presence of collimated particle beams 
in the cores by means of a diffusion cloud 
chamber. The beams were concentrated in 
a circle of diameter 4cm and the number of 
particles within that circle was 5 to 15. The 
phenomena observed by Vernov etal. may 
be the same as that observed by us. The 
lumpy distribution near the axis observed by 
Heineman®*® and Davis et al.2” was not obsery- 
ed in the present experiment because of the 
lack of spatial resolution of the neon hodo- 


Shaji FUKUI 


(Vol. 16, 


scope. However, that kind of distribution 
may be partly attributed to the phenomena 
described above. 
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Addendum 


After this observation the subsequent 
measurements of EAS have been performed 
with the modified detector array by the 
members* of INS. By the new arrangement 
the location of the shower axis can be deter- 
mined accurately even when the axis does 
not strike the neon hodoscope and the lateral 
distribution of particles can be measured at 
far 200m from the axis. The preliminary 
results of these subsequent measurements 
show that the lateral distribution of particles 
within 3m from the axis fluctuates from 
shower to shower and that if the slope of 
the latera] distribution is expressed by the s- 
parameter of N.K. function, s is to be assign- 
ed as 0.6~0.8 for 3m~30m and s=1.2~1.4 


* The members of INS are T. Matano, I. Mi- 
ura, M. Oda, K. Suga, G. Tanahashi 
Tanaka. 


and “YR}| 


1961) 


beyond 30m from the axis. 

It may be pointed that the individuality of 
the structure of EAS is shown by the lateral 
distribution close to the axis. The discre- 
pancy in the observed value of s for the 
region of a few m~several tens m may be 
understood by considering the accuracy of s 
dermined in the two different experimental 
arrangements. The essential parts of discus- 
sions in this report will not be changed by 
this discrepancy. The structure of EAS 
should be precisely discussed considering the 


inter-relations between the multi-parameters 
of EAS. 
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On the Transport Equation in Quantum Mechanics 


By Lesser BLUM 
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By means of a time-dependent perturbation procedure similar to that 
developed by Prigogine, the transport equation for a particle in a Bose- 
Einstein medium is obtained. This equation shows also a non local 


character. 


Introduction 


oR 


In the theory of quantum transpot processes 
two ways seem to be most the important in 
obtaining the evolution equation, namely the 
time coarsing, which gives the quantum 
mechanical version of Boltzmnn’s equation 
(classic approximation), and the perturbation 
theory, which seems more appropriated for the 
Born approximation. (Prigogine and Ono.”):”)) 

In the present paper we shall make a 
derivation of the transport equation using a 
procedure which is very appropriated for the 
case of the Brownian motion of a particle in 
an homegoneous medium, that is to say, we 
take random a priori phases for the states of 
the medium, but not for the particle. Further- 
more, we do not refer to any kind of energy 
spectrum, as we use the second quantization 
formalism. 

In §2 we describe the hamiltonian and the 


ast 
H = FO aka RIB aa*axtagad="(a+k—l—B) 


wack, 18) =via—B)=vE (k= | dreterre-Poly—r); 


basic representation of the system; the Wigner 
function is used here, and its application to 
our problem is treated in §3, the notation is 
that of Massignon®) in which a very good 
review on this subject is also found. In §4 
the evolution equations for the terms in the 
Wigner function is obtained. Finally in §5 we 
get the transport equation, and some of its 
features are discussed. 


§2. Hamiltonian and the Basic Representation 
We may write the hamiltonian of our 
system as 
A= Hot 7H’ (2.2) 
were we take AH’ as the interaction of the 
particle with the medium 2 being the coupling 
parameter; also we will suppose that only 
the binary interactions are important. 


In the formalism of the second quantization 
we may then write 


(2.2) 


(2.3) 


where we take the greek subindices for the states of the particles, the latin for those of the 
medium, 2 is the total volume of the system of and the a*, a are usual creation destruction 


operators. 


(x) is the tree dimensional kroneker delta 0-*", which is 1 if the argument 
is zero and otherwise 0, and a, 8 etc. are vector momenta. 


We shall take %#=1 for con- 


venience. We shall also assume that the medium obeys the B.E. statistics, i.e. 


[ax*+a1]=0*"(R—1) 


also we have for our system 


[@a*ax]=[ax*da]=0 


in the interaction representation we have 


H(t)=e!#0tH’e-*2ot 


so that from (2.2) and (2.5) we get 


PIS 
<n|H(b)|\n’> ane: Pa +a—l—B)v(RalB)ex+®a-®1-*p) x (n|axtaatarag|n’y 


[@x*a1+]=[axai]=0 (2.4) 
(2.4’) 


(2.5) 


(2.6) 
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| §3. The Wigner Formalism 


This formalism is very convenient to show the classical limit of quantum phenomena; let 
j us take the reduced Wigner function for one particle (see for example Massignon (3) p. 213) 


| folt p)=Trlo, [dod arlene srl (3.1) 
} with 
P(x—-nv)= = Gat pa*(x—my) 
OG 7) = x Ae¢e(x+zyv) 


If we take the g’s as plane waves we get 
| Golx)=L-*/e'z* (a=proportional to 2z/L) (3.3) 
| so that in the representation of the occupation numbers 


Fox, Piso 2, Mola <n’ laataglnret*? PdE"(2p—a—B) (3.4) 


Here as we take an homogeneous medium, the matrix are assumed to be diagonal for the 
| states of the medium, and the only non diagonal states allowed are those for the particle we 
} are studying. We have thus 


f(x, p)= 2 »y > 0*"(2p—a—Be*-®) <n 1alo|nz1¢> (3.5) 


where le and lg are referred to the momentum of the particle under consideration. In the 
above we should note that the terms in (3-5) have different volume dependence according 
as they are homogeneous (i.e. diagonal, a=8) or inhomogeneous (i.e. non-diagonal a+). 
However, only for simplicity, we shall consider only the second case since the first is only 
| a particular case of it. 

| In the interaction representation, the formule (3-5) can be written as 


fald P, D= OS B, O*(Ap—ax— Bette pre—tlonca+PKn1|olitl> (3.6) 
from which we get 


(2+ Be 6-9-1 SS OKM(2p—a— Bel(-PIL= #12 + P19, nal plilp) (3.7) 


Orfw 
iat 2m n wp 


/ in these formulas, m is mass of the particle, and the notation 0:=0/0t is used. 


~§4. The Von Neumann Formalism 


Our problem is then to calculate the value of 0:<nlalo|z1e> in (3-7); for doing this, let us 
start with the well known von Neumann equation in the interaction representation 


10.0(t)= Al H(t), o(0)]; o(t)=e'7o'pe- 0" (4.1) 


This equation can be solved by iteration: one can show that the dominant term when 
foo and 40 and 22t=finite (corresponding to the cycle inserted in a line, Prigogine and 
One (1) and Balescu (4), and in fact, the only terms different from zero under the conditions 


of our problem) is represented by 


B.o=— 2 [ Hc, deste «| (4.2) 


and in the representation of the occupation numbers 
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Term I 


0:<n1al p|1e2>= —al at 3 S| <mbal H(i! <n A ean’ oC 18> 


Term II 
—<nlalH(b\n’)><n’ | p(t) |n’ <n (Ai) n> 
Term III 
—(nlal H(t) |n’ <n’ ob) [nn | HZ) |n16> 
Term VI 


+<nlalo(t)|1n’> <n’ A hi)\n’ On’ |) |n1 8p 


so that because of (2.6) the terms of (4.3) which are non vanishing are 
T. 1 > <nlalaatantavar|lynr—1, mi +1, m><n, lv, me—-1, M141 lavtartayax| ly, n> 
x <n, lulola1ed*"(at+tk—I—v)d*"(v+l—k—p)o(ak, vl)v(l, ky) 


t 
xX €Xp [ieoter—€,—€))]| dti exp [its(€y+6:—Ex—Ex)] 
0 


T. Il S<nlalaatantavar|ly, nx—1, mi +1, m<nly, me—1, m2+1, |olmx—1, m+1, le, m> 
x <me—1, ni +1, ly, Nlautartarag|n1_g>d*"(a+k—v—1)6*"(u+l—k—B)v(ak, vl) 


t 
xv(ul, RB) exp [it(€a+&x -8—e))]\ dt, exp [2t(€u.+€:—Ex—Es)| 
0 


T. Ill-<n, lelaataxtavai|ly, mwe—-1, mi +1, m><1v, Mxe—-1, m+1, nlolnx—1, m+1, 2, 1p> 
x <n, Ne—1, mi +1, 2, lul|autartagax|n, 1g>0*"(at+k—v—1)6£"(u+1l1—k—B) 


x v(a@k, vl) v(ul, RB) exp [it(Eu +€:—Ex—Ep)] | at exp [7t1(€4+&%z—E:— Ey)] 
0 


T. IVa, laelol|nly><nllavtaxtaiay|l., Wx—1, m1 +1, n> 
xX <n, lp, Me—1, Mi+llautartanag|n, 1p>0*"(v+k—I1—p)6*"(u+l—k—B)v(vk, lp) 


t 
x y(ul, RB) exp (HE. +8:—Ex—-65)]| dt, exp [2t:(€v+€r—€1—Ex)] (4.4). 
0 


Asymptotic time integration of the time dependent terms in the last equation, i.e. considering: 
that significant contributions arise only when the collision time ¢-f: is short in comparison. 
with the time ¢ (this has meaning only if we integrate first over the momenta, but is. 
physically very reasonable) (see for example ref. (4) and (5)) leads to (4-6). 

So we make use of the formula 


t 
ore eMetdt=nds(a), if f 000 (4.5) 


where 0, and 6- are given by (6) 
70 +(a@)=70(a@)1P (1/e) 


P(*/a) being the principal part; then the time dependent factors in the terms I and IV 
become simply 0-(€%+é&a—E€&:—&y) and d+(€s+&—E:—&,), and the terms II and III give no. 
systematic contribution in the limit too, 2-0, 4t=finite (this can be shown by simple iteration _ 
of (4.6)): they must be retained, however, because in certain cases (homogeneous systems, - 


phonon type of spectra), they give: in these cases, there are, of course, not oscillating. - 
We get 
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22 
0:<n1a|p|z1e> = —A D> 2e(Mi+ 1)6*"(k+a—I—yv)d*"(a—B+p—v)|v(kalp)|? (4.6) 
{[0-(Ex+ Ea—Er— Ey) + 04(Ep + €x—Er— Ey.) (1a 0|21p> —[0_-(Eg—€x —E1— Eu) 

+ 0+(€at+&z—E,—E€1)] exp [2¢(Ea+E.—Ey—Eg)[(n, ly, mx—1, m+ 12, nx—1, m+1, 1.>} 


ito stress the analogy with Prigogine and Ono’s result, we may write the (4.6) as 


2 
O:<N, le+(x/2)| | la—cux/2), ee > lo KY) [Pnx(e-x- +1) 
42? nkK’ 


Xexp [2t(Ee+-.«/2) —Eu-ix)I| exp lex ee _< |-exp | ae =e 


if Olas 0, 
x {OE at x 2) + Ect /2)— ue /2) — E—UK? /2) — East (/2)+(K/2)) exp aes) 
2\0a Ok 


KS, One 0 
+ 48+(Eacuwr rey} Ea-acmsia py —Ervicy) Esc) exp balepenal| 
2\0a Ok 
x exp [—2t(Ea+uc/2) — Ea—(x/2)) (Met 2|0|210—ux /2)> 
‘where we have put a—B=y—y=K; a—v=8—y=K’ this last equation may be justified if 
‘we carry out the operations of the displacement operators on the functions of the right 


(this is permitted only in the sens of the Schwartz’s distributions, for the 6:, d- are singular 
functions) we re-obtain then (4-6), by making the suitable change of variables. 


§5. The Transport Equation 
Putting (4-6) in the Wigner function (3-2) we obtain 


Orfwt(a/m)02fw=— = SS nal +1)8©"(R—-1+ K) |v K)|2et® (atm) 


{| e{ o(a+4) | oe Gell Gta cs alnte-unn>—| 2] o a4) | 


+0, (a+) | len Nme—1, Nit ike lo+cc/2+K’|0|”, Nk—1, m+1, La—(x/2)+K"> 


coslit((o+)-r(o-))} a 


in which we have made the following abbreviations 


v) (ax>) =€¢—E1+ Cat (K/2)— Cat K+ (E/2) 
f(axs) = Ea4(K/2) — Cat K’ + (K’/2) 


finally this formula can be transformed to give (see Appendix) 


era 
2 


{[>-[(a-z ae) + [oer a oe) [|e a] 


0 
Vs 
+0 oa ell exp {idl F(a pice x) I fol 2, atK’)} 
(5.2) 


If the energy spectrum of both components is that of a perfect gas and if we suppose 
factorized distribution functions, and take continuous spectrum for k and K 


Oifut(a/m)Oefw=——A, 2 2+, mi mit 1)Ok"(R—-1+ K) |v) |? 
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arfels, a, + O.foles x, )=— 2 aK (anit i\ ae 
m 


s , am, Kc 
cos [rK’(a—k+K”)]X \fe (2, x > lo(ile—K See (a+K e ) 


o(k—K”)x [o(B) +ut 


which shows the non-local character observed by Prigogine and Ono. 


This effect is noticeable when 


K-'<a'=i, (de Broglie’s wave length) 
Another simple example is a system for which «=c|k| we obtain then 
OfwlX, a, DRS Oxfu(X, a, p=—| dkdK’ |v(K’)|? 
m 2c 
> 4 : a Kt : 
x {e(k)[o(R-K) + 1] fol(x, a, D—e(R-K Neh) + 1 fol a+—— a+Kt) 


where the uncertainty can be related to the collision process and becomes appreciable when 


4E(K’)-#<1 
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Appendix 


The term of (5-1) may generally be written, 
for this purpose 


By omy (aa at 5 \ola+K) (Al) 
K 


which by application of displacement operators 
becomes succesively 


=> x(a > )olat Kets ereer (a) (A2) 
K 
K 7? 9 (é/2) (8/0z) (8/O@) pizK Wy 
=>) % SF plant Ko jet A OLR ee es (a) 
x 


(A3) 


(5.3) 


ys u( a5 ole K (att a ee (A4) 


II 


tO 1-0 
— { Gi aes vy ee oe ink 
= atk )x( a 5 “Al (a+ 5 ae 
(A5) 


one can easily see how this works in the 
case of (5-1) 
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A quantum statistical mechanical proof of the equivalence of adiabatic 
and isolated susceptibilities in large systems is given by Broer’s method 


using a Gibbs relation. 
tibilities in non-equilibrium cases. 


§1. 

According to Broer” and Wright”, a doubt 
was raised by Polder and Van Vleck that the 
two susceptibilities 2%; and 2iso which are 
called adiabatic susceptibility and isolated 
susceptibility respectively (for the definition 
see Eqs. (4), (5) and (7)) do not always coin- 
cide. A partial solution of this problem was 
made by Broer. He showed that %s is equi- 
valent to %iso in a large classical system. 
This is an important contribution to the 
theories of Xs and %iso. However he found a 
difference between them in the quantum me- 
chanical case. Thus the ratio of these two 
susceptibilities was calculated quantum me- 
chanically by Wright”, Broer? and Caspers”. 
However it is inconceivable that the difference 
of %; and Ziso is due to a quantum effect. In 
effect Caspers’? has shown %s=%Ziso by making 
use of several assumptions about the structure 
of the energy levels. Recently Yamamoto” 
discussed more generally the equivalence of 
%s and 2%iso. To do this, however, he had to 
introduce the idea of the approximate Hamil- 
tonian with negligible perturbations which 
give rise to the ergodic property. His argu- 
ment is correct as far as this approximate 
Hamiltonian is concerned, but it leaves some 
doubt about the exact Hamiltonian and the 
introduction of the approximate Hamiltonian 
seems rather artificial. 

The purpose of this short note is to give a 
proof of the equivalence of %; and iso in a 
large system in the quantum mechanical case. 


§ 2. 
We consider a Hamiltonian H which is a 


* This work was supported in part by a re- 
search grant from the National Science Foundation. 
*& Now returned to the Department of Applied 
Physics, Waseda University, Tokyo. 
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Further a brief mention is made of the suscep- 


function of an external parameter F. In the 
magnetic case, F is a component of the mag- 
netic field. Define an operator A by 


A=—OH/OF . Cay 


The density matrix o at the temperature T 
is given by 


o=exp[(Q—H)/kT] , Ate w=" (2p) 


where # is the free energy of the total sys- 
tem. The average of any dynamical quantity 
B representing a physical quantity is given 
by 


(B>=Trt Bo= > Bn exp (Q—E, RT, — (3) 


where Fn’s are the eigenvalues of H and Bn’s 
are the diagonal elements of B in the energy 
representation which diagonalizes the total 
Hamiltonian H. Since B is hermitian, Bn’s 
are real quantities. 

According to thermodynamics, the _ iso- 
thermal and adiabatic susceptibilities per unit 
volume are defined by 


OB 
tr=( Fe ih ’ 


OB 
i= ( 
. ee » 
respectively where B is the macroscopic value 
of B per unit volume, and is given, by statis- 
tical mechanics, as 
Balm Tee een (5) 
V Va 
where lim (1/V) is the abbreviated notation 
for By means of thermodyna- 
N/V =const. 
mical relations and statistical mechanical ex- 
pressions for thermodynamical quantities, we 
have” 
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iy See Reine (BY H))((AH)— CEO G 


VRE ie ew 


On the other hand statistical mechanics gives another direct expression for the adiabatic 
susceptibility, 


Luo= lim x oe éxp (OBR , (7) 
since the population of the energy levels is to be held constant while taking the derivative 
of B with respect to F. As was mentioned in §1, this quantity, called isolated suscep- 
tibility, has been regarded to be distinguished from %s. 

Now define an operator B® as the operator which is diagonal in the energy representation 
and has the diagonal elements equal to Bn’s. Then we first notice the following property 


OBn OB 
OF =( OF ) saile 


where the right hand side means a diagonal element of the operator 0B“@/OF in the energy 
representation and is not always equal to a diagonal element of the operator OB/OF. As is 
defined above, Bn is not always an eigenvalue of B. If Bn happens to be an eigenvalue of 
B, then we have 


oy (9) 


OF OF 
A proof of the above mentioned property is immediately obtained from the similar discus- 


sion by Riddell and Uhlenbeck® and is given in the Appendix. As a particular case of Eq. 
(9), if we take H for B, we have 


OEn _ ( OH a 
OF ( OF \z at (10) 
From Eqs. (4), (8) and (10), we have 
OBn 2Q—En 2Q—E <B>< A> 
Ie = {i nm n g ea ees f 
eis brags ar <* ( RT + Tape ut exp(“ ie ae i a) 
where 
as - 2Q—En 02 0) H 
Ad=Tr Ap=>"An ( )= ( \= jal 
<A> 0 a) (re OF )p | 34 a ed OF In Tr exp oT (12) 


The first term of the right-hand side of Eq. (11) is just equal to 2iso and is rewritten, by 
virture of Eq. (8), as 


Sent i OBn 2Q— En easel OBO 2Q-—E 
Kiso =e Terai r noe : 
ims; oR exp ( kT ) Cerrar ), exp ( RT ) 


ly Oo ane Be 


=lim— Tr 0 


V ay eV. Ob we) 


It should be noted that this is not always equal to Tr ((OB/OF )0)=<OB/OF). 


In the 
way, the second term of Eq. (11) is equal to ey 


t Air Bo) A (a) — if a 
kT 0 pp Bea’ > ; 


where A is defined similarly to B®. Thus we finally have 
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pit tyes  plKB AM —(B<AD] (14) 


A confusion of Broer’s consideration lies here. He wrote Eq. (11) and (14) as (see p. 537 in 
Broer’s paper) 


tim’ Gee + ppBAD—<BXAD) |, 


X7—Xiso=lim = sakBA>— (B><A)] , 
which are not always true. 
In the notation of Gibbs and of Broer for microcanonical averages, Tr B®A™ is written 
as 


Tr (B® A™p)=> B,| Anlexp (Q—En)/RT . (15) 


Eq. (15) holds irrespective of whether the energy levels are degenerate or not, because 
An=—OE,n/OF and BnAn\s,=Brlon Anjo, Eq. (14) with Eq. (15) is identical to the result ob- 
tained by Yamamoto through the consideration of the approximate Hamiltonian. On the 
other hand Broer showed that the quantities in [---] in the right-hand sides of Eqs. (14) and 
(6) are equivalent in the limit of a large system, by making use of the Gibbs expansion 
which holds for any quantity G in a large system, 


a 2 2 0G) 
{G>=Giaet (KH >) Bae CH? (16) 
Therefore it will be redundant to repeat the calculation leading to %;=%iso here. Thus we 
get a proof of the equivalence of the two quantities of %s and %iso. 
The condition for %is=%s of Klein®’, and also that of Wright®, which is a special case of 
the former, are too severe. They are the condition for %iso to be exactly equal to Xs irrespec- 
tive of the size of the system. 


§3. 

In this section another discussion on the papers of Broer®) and Caspers® will be given. 
We have already pointed out the mistake of Broer’s general argument on quantum mechani- 
cal case. In a later section of his paper, Broer assumed the energy level of the form, 


and under the approximation of high temperature and high magnetic field (large F’) he ob- 
tained %iso/%s=4/5. In this calculation, however, there was no complication arising from the 
difference between, e.g., A® and A. Essentially the same calculation was carried out by 


Caspers”. One of their assumptions is that 
(Mu>=- SUS 0b, 


where p is the number of levels. However we first assume <MU >+0, then we have, revis- 


ing the calculations of Broer in case of A= B in the notation of § 2, 


= rCulCu=lim -(<U ae ‘ —2XMD) ) ih RTF? as) 


and 
iso=limn J-1—2¢MD)/RTP aie 
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where Cy and Cy are specific heats at constant magnetization and at constant magnetic field 
respectively. 
Eqs. (18) and (18’) yield as the condition for %s=Ziso, 


U2 KM =< MU =: (19) 


This is also derived from Eqs. (6) and (14) by using the energy level (17). The condition 
(19) is really the case in a large system, as is shown in the following. First if we look at 
the fact that Mn is a sum of N spins which take either +1/2 or —1/2, we see that its 
probability distribution is expressed for large N by a Gaussian function, 


KR ales ec et wh iehAS (Gn Neate (20) 
2Na 
Thus we have 
(M)=A\" Me exp(— as )aM=Ne (21) 
ae 2Na 


Un is regarded as a function of M, and Uz corresponding to M=0 is zero. Therefore we 
obtain 


<MU y= Al” MU(M) exp( uy ona iM 
=A\(u@Me+ <U"(0)M*+ = > exp & aS jam 
~AU (| Mt exp(— ona eM (22) 


where higher order terms of the expansion can be neglected for large N, since U’’’(0), for 
example, is of order N~*. This expression corresponds just to the Gibb’s relation (16). 
Similarly we have 


Us= uoa\m? exp(— ona ; (23) 


Eqs. (21), (22) and (23) give Eq. (19) to prove Xs=Xiso. 

Next we consider the case <MU>=0. This may be realized in the spin-spin dipolar inter- 
action, because U is regarded as an even function of M. In this case U can be expanded 
in the form 


U=—U"M+ os 
then we have 
CU =T1U"OKM~ONY) , 
since U’’(0) is of the order N~' and <M*>~O(WN?). On the other hand we have 
(<(MD>~D'(0)KM*)~OW) . 


Therefore <U*> term can be neglected compared with the term <MD» in Eq. (18). Thus 
we again obtain %s=Ziso. The result %és0/%s=4/5, obtained by Broer, Wright and Caspers, is 
valid only for small systems, as was pointed out by Caspers?).*). 


§ 4. 
In this section we take A for B. We have shown that %;=Xiso 


SO we may write, accord- 
ing to Eq. (14), : 
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Belek gl 
%7—%s= lim V pp ine? <A" ; (24) 
We consider a Hamiltonian given as 
H=H,— AF (25) 


aie limit ourselves to <A> linear in F. Then 7 is independent of F, and we have from 
q. (10) 


CAO = A pay Anaiun 
n m 


26 
(Ab= x Anon=> Ammpom \ ) 


where > is the equilibrium density matrix of the system with Hamiltonian Hy and suffix m 
means the eigenstate of Hy). A quantum statistical derivation of 2%, is given from Eqs. (4) 
and (12) by making use of the perturbation technique. For example, Nakajima” showed the 
following expansion 


Tr e-F 40-4”) = Ty e-BXo +FB Tr[exp(—8H)A] 
sae [a2 Trlexp(—8H)AM)A] +> -- , ee 
0 


where 
A(A)=exp(AM)A exp(—AA)) . 


Therefore we have 
B 
%r=lim vali Tr{0.A(A)A}— ae (be mA? | 


- 1 | Amm’| 2( Oom = Qom’) 1 
=lim—| = ips 
a V [ Eom — Eom kT \ 


> Amm oun) | 5 (28) 


On the other hand Kubo’ gave a general method for calculating the dynamic susceptibility 
of an isolated system under external fields. Because the system does not exchange heat 
with surroundings, the dynamic susceptibility thus calculated is supposed to be adiabatic. 
This is in fact the case. In the limit of zero frequency, or in static case, we have!, in a 
representation diagonalizing the operator Ho 


240 1 | Amm7|2(Qom— Oom’) P is OP+Omm’) 
x(0)=lim V mom h Ls Wisws=Gae 5 p 

pal | Amm’|2(0om— Pom’) i! Se Ae | (29 
= — mm| Pom ) 

ee VA Be Eome— Eom kT | ; 

where use is made of the relation 
P|" De OE ORE ner vtor 1020 
8 Dp 1) 
=() for w=0(0. 


Thus we obtain from Eqs. (28) and (29) 


: it ; 
%o—X%(0)= lim rae VA cD — ona Anatom at A (30) 
Referring to Eqs. (24) and (26), we see that Eq. (30) is identical to Eq. (24) in the linear ap- 


proximation. Thus (0) is equal to %s. ide 
Another method was developed by Kubo and Tomita” to obtain the dynamic susceptibility. 


However this method gives %7 in zero frequency. In this method, one assumes that at first 
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the system is in thermal equilibrium under an external field F and has a density matrix 
o=exp(Q—H.+AFykT. At the time t=f., the system is isolated from the heat reservoir 
and the field F is turned off. Thus the average of A, <A>, will relax and may be expressed 
by a function of the type F¢(t—t.) which can be obtained by the first order perturbation cal- 
culation. The derivative of ¢(f—t.) with respect to tf) gives the response due to a single 
pulse at t=to. By the superposition of these responses due to pulses at different times, we 
obtain <A> for an arbitrary form of F(¢). However as is seen in the above derivation, the 
system is in thermal equilibrium and in thermal contact with the heat reservoir while the 
pulse is applied. This is the reason we get %7 in zero frequency’. A more detailed dis- 
cussion of the interaction of the system with a heat reservoir will be given later. 
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i OBn — (OB 
Appendix. A Proof of OF =( aF i 


According to the definition of B®, the Hamiltonian of the system H commutes with B@. 
We denote the common normalized eigenfunctions of H and B® by dx. Bn is the eigen- 
value of B®. Then we have 


BO dn=Bradn . (A.1) 
By differentiating (A.1) with respect to F, we have 


OBO (@) Obn = OBn On 
Or dn+B OF OF dn+Bn or (A.2) 


Multiplying (A.2) by ¢x* and integrating it over the whole space we have 


OBW OBn x Obn ” * a@ Ibn A 
Ce Ne OF + |r a? amici \% “non 6 Nie 


Since B® is hermitian, and Bn is its eigenvalue, the last two terms of the right-hand side 
of Eq. (A.3) cancel. Hence we have 


) 
OBn _ ( OB aa, 


OF 9 0 


If Bn is an eigenvalue of B, B® in the above equations can be replaced by B, and we have 


Aaa (A.5) 
OF OF Jn 
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The convex-core model of molecules, which has been effective for 
discussing thermodynamic properties of polyatomic gases, is applied to 
the crystals of benzene and ethylene as a continuation of a previous 
article of the same title, in which crystals of methane, carbon dioxide, 
and nitrogen were treated. By use of model parameters determined from 
the second virial coefficients, cohesive energies and lattice constants are 
calculated. When we neglect zero-point energies, potential non-additiv- 
ities, and electric multipole interactions, then the calculated cohesive 
energies are close to the observed values for benzene and 16% higher 
for ethylene. The calculated lattice constants agree well with observed 
ones in both cases. Stability of the benzene crystal is discussed, but 


the conclusions are not as definite as in the case of carbon dioxide. 


The convex-core model of molecles is applied 
in this paper to the crystals of benzene and 
ethylene, as a continuation of a previous ar- 
ticle of the same title, which is referred to 
as Part I. 

In Part I, we have explained to some extent 
the crystal structure of carbon dioxide by 
taking into account the electric multipole mo- 
ment. In Part II, we apply similar method 
to benzene. 

In Part II, we neglect the zero point energy 
and non additivity of the intermolecular po- 
tential. The former is positive, and perhaps 
the latter is also positive (since it is positive 
for spherical molecules). The electric multi- 
pole interaction is negative for benzene and 
ethylene. Sum of these three effects is pre- 
sumably less than 20% of the total cohesive 
energy. 

For the purpose of treating polyatomic 
molecules, Kihara introduced a model which 
assumes an appropriate convex body called 
core inside each molecule”. The shortest 
distance between two cores is called intercore 
distance and denoted by op. The potential 
energy U between two molecules is assumed 
to be a function of this 9 only,and moreover 


vomuf(2)'-2(2)]. 


Here go and Uy are model constants determined 
from the second virial confficient and, if neces- 
sary, from transport coefficients”. 


Benzene CcHe 
Because of the z electrons, it would be more 


natural to adopt for a core of a benzene mol- 
elcule CsHe a regular hexagon obtained by 
connecting the centers of six carbon atoms. 
But calculations show that for this core the 
cohesive energy is too high and this means 
that the core is too small. Therefore, giving 
up consistency with the case of ethylene, we 
choose, as a core of a benzene molecule a 
regular hexagon formed by connecting the 
midpoints of successive CH-bonds. (A more 
accurate shape would be a hexagon plate with 
nonvanishing thickness.) Since the length of 
a CC-bond in a benzene molecule is 1.397A 
and that of a CH-bond is 1.085A, the length 
Z of one side of the hexagon core is calculated’ 
to be 1.940A. The values of oo and Uo deter-- 
mined from the second virial coefficient are 
0o=3.6A , U>o/kR=740°K , 

k being the Boltzmann constant. The parallel 
body of the core at the distance 0/2 indicates: 
the shape and size of the molecule as shown 
hay [Nae Be 

At the time of publication of the reference: 
2 (1953), the value of oo for benzene was taken 
from the lattice constant of graphite, since 
observed values of the second virial coefficient 
were not sufficient to determine both po and 
U>. Recently, however, Andon and Cox et 
al...» observed the second virial coefficients of 
benzene between 67.1°C and 164.6°C. By use 
of their results together with values of Francis. 
et al.®) both go and U» have been calculated 
from the second virial coefficient only. 

The crystal of benzene is orthorhombic, the 
corner and the face centers of a unit cell being 
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occupied by centers of molecules. The x-, y-, 
and z-dimensions of a unit cell are 

G=TAG, 0=9.Clanc= 0c ke at —3°C, 

B=7129 Se b=OAT BccS6. 4A Fate 195 Ce 
Space group is Pbca—Dz'*. The cohesive 
energy measured as sublimation heat at 0°C 
is —10.67 kcal/mol. 

According to Cox” details of the molecular 
orientation are the following. The molecule 
situated at the corner has, at —3°C, three 
successive carbon atoms C:, C2, and Cs, with 
coordinates 


x=—0.383, y=1.339, z<==0.040A for Cr, 
x= —0.971, y=0.465, z=0.873A for C, 
x=—0.591, y= —0,870,-2=0.921A tora: . 


The direction of the normal to the molecular 
plane is very close to (8, 1, 3). The orienta- 
tion of the molecule at the center of the c-face 
is derived from the orientation at the cell 
corner by reflection with respect to a plane at 
x=ta followed by a translation 3b in the y- 
direction; that of the a-face, by reflection with 
respect to a plane at y=4b with a translation 
3c; that of the b-face, by reflection with re- 
spect to a plane at z=ic with a translation 3a. 

In order to calculate the cohesive energy 
and the lattice constants let us somewhat ide- 
alize the crystal structure. We namely simplify 
the orientation of the molecule at the corner 
to 


X= 2=0 y=1.397A hors Ci. 
—X — —() 1550 ey = OLO0O forasG>, 
—x=z=0.855 y=—0.699A for Cs, 


Fig. 1. 


Benzene crystal. 
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the direction of the normal to the molecular 
plane being (1,0, 1). The structure is shown 
in Fig. 1. In Fig. 1, molecules and cores 
shown by the dotted lines lie at a distance 
b/2 below and above the plane of drawing. 

It should be noted that de Boer®) has evalu- 
ated the sublimation heat of benzene crystal 
by use of this idealization. He assumed the 
observed lattice constants and summed up the 
attractive potential between CH groups which 
is inversely proportional to the sixth power of 
the distance. The cohesive energy calculated 
by him is —11.3 kcal/mol. 

Let us denote by mi; the number of (7, j)th 
neighboring lattice points at the distance 7:;. 
The subscript 7 is such that >)j2:; becomes the 
number of ith neighbors when the present 


lattice is reduced to a face-centered cubic 
lattice. The lattice point distribution is given 
Table I 
a 4 Tij Nis 
1 
1 1 — (a2-++6?) 4 
4 
1 
il 2 — (62+ ¢?) 4 
4 
1 
1 3 — (c?+a?) 4 
4 
2 az Z, 
2, b2 iz 
Z 3 2 Zz 
1 
3 1 ae+ a (02+ ¢?) 8 
1 
3 2, b2+- “jf (c?+a2) 8 
il 
3 3 + (a2-+b2) 8 
4 1 a?+ 62 4 
4 Z, 62+ c2 4 
4 3 c2+a?2 4 
AL 
5 1 we (9a2+ 6?) 4 
i! 
5) 2; an (9a? +c?) 4 
Al 
5 3 7 (08 +42) 4 
il 
5 4 rape (9b? +c?) 4 
iL 
5 5 > Ge?-+a?) 4 
1 
5 6 ce (9c2+ 2) 4 
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in Table I. The intercore distances i; to 
the cores of (, j)th neighbors are expressed 
in the form 
0ij°= Aa®+ Bb?+Cc?+ Dbc+ Eca+Fab+Gal 
+ Hbl+Icl+ J? . 
Here a, b, and c are the lattice constants and 
1 is the side length of the hexagon core of 


our molecular model. The coefficients A, B, 
..under the coditions 


V 61St<axb., 
op eal bed eae 
EXC c)<b jp a<i<b ae 


are given in Table II. The core-model interac- 
tion energy per molecule 
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can be evaluated by use of this table. 
The expression (2) takes its minimum —10.2 
kcal/mol at 


W=TAsy, LUN, -GSOsVn, 


These values of the cohesive energy and the 
lattice constants are satisfactorily close to the 
corresponding observed values. 

The orthorhombic crystal which we have 
treated is not a structure of closest packing. 
For the core-model of benzene we consider a 
structure of closest packing in which the flat 
hexagonal molecules are piled. This piled 
structure corresponds to, say, cubic closest 
packing of spheres. 

On the other hand, we approximate electric 


1 US ( Po i 9 ( 0o ; (2) multipole interactions of benzene molecules by 
eg 0 j “a Say 4 . 
2, Te ij ij quadrupole interactions. The benzene molecule 
PRas 
Table I 4/-3-=,/ 
i j A Pie Cb D E F GC H I 7 nis 
Leman 1 4 6 12 
ee =. s iF — 4 
i : 10 20 5 ni 5 5 5 
3 5 1 3 {Ost 
a ee 3 4 
: 2 16 32 8 Mi 2 ey 
5 5 3 5 S 11853 
— oe 3 aes) alae a 4 
: 2 3 32 16 8 8 16 
2 1 1 —2)/ 3 72 
2 7 1 —4 4 2 
z 3 1 —2) 3 2 
1 1 ies “ts eB 
ee aie th | f a 2 PL : 
1 
se ae 3 5 1 =i3 gine s/s /pas vere ines i 
BZ 4 By 4 16 4 2 7 
5 3 5 1 Seidel 1 9 i 39 A 
° ° 32 16 8 4 8 8 8 8 4 16 
4 1 1 1 — —3 3 4 
4 2 1 il —4 4 4 
1 1 A 
ea ae 1 
4 3 9 5 
23 
2 A'S aa il = 4 
5 1 rh 4 8 
3 
9 a =a7 a 4 
gli ahs —6 4 4 
4 ° 4 4 
a _ —6 4 4 
5 < 4 4 
3 
1 a —3y = 4 
ay mi es esiitsay 4 4 
5 6 4 4 
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has an electric quadrupole” 
Q=6.24 1032s... 


the axis being perpendicular to the molecular 
plane. 

Contribution of the quadrupole interaction 
to the cohesive energy is evaluated up to the 
neighbors corresponding to 7=4 for both or- 
thorhombic and piled structure. This calcula- 
tion is elementary but laborious. 

If we consider the sums of the core-model 
interaction (2) and the quadrupole interaction 
for each of the two strucures, the orthorhombic 
structure is more stable than the piled one, the 
difference being of the order of 0.5 kcal/mol. 

But if we consider that several approxima- 
tions and simplifications are introduced in our 
method, and the difference 0.5 kcal/mol being 
small, the crystal stability is not explained as 
definitely as in the case of carbon dioxide. 

Moreover, cyclohexane-hexachloride molecule 
CeHeCle , which is considered to be oblate, has 
the crystal structure similar to that of carbon 
dioxide. Therefore for a more complete 
discussion of stability, it is desired to consider 
the structure in which benzene molecules are 
arranged as in the crystal of carbon dioxide. 

However, we do not go deep into the stability 
problem because of two reasons. Firstly, 
a view point which considers the arrangement 
of benzene molecules as a set of six-toothed 
bevel gear-wheels is also possible, so the ap- 
plication of the convex-core model itself has 
some problems. Secondly, as stated before 
the core used can be improved though calcula- 
tion will become rather complicated. 


Ethylene C2H, 


As the core of an ethylene molecule C:H, 
we choose a thin rod connecting two carbon 
atoms with the length /=1.33A. The choice 
of a rod core may be reasonable because of 
the z-electrons and because of the fact that 
each molecule in an ethylene crystal can rotate 
round the CC-bond. The values of oo and U> 
determined from the second virial coefficient 
are 


oo=4.2A 5 Uo/kR=256°K : 


The parallel body of the core at the distance 
00/2 indicates the shape and size of the molecule 
as shown in Fig. 3. 

The crystal of ethylene is orthorhombic, the 
corner and the body center of a unit cell being 
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occupied by centers of molecules. The x-, y-, 
and z-dimensions of a unit cell are, according 
to Bunn’, 


a=4.87A , b=6.46A , C=—4: 1445 
space group is Punm—Dz2n"2, the CC-bonds: 
being parallel to the ab-plane. Coordinates_of 


carbon atoms of the molecule at the corner 
are 


(x, y, 0) and (—*, —y, 0) 
where x=0.lla and y=0.060; and those of 


Fig. 2. Ethylene crystal. 


Table III 
J 0ij? Nii 
az ¢ 
1 1 Bis Sepa 9 
9 ae 4 2au+2u2 8 
D 1 a?—4au+8u2 4 
2 2, C2 2 
3 1 2a2—8au+8u2 2 
3 Zz 2a 2 
3 3 a?+c?—4qu+8u2 8 
5 C2 
4 1 9 + —baut+4u? 16 
4 
<9 
4 2 Lh mae © 
5) at mn c?—2au+2u2 8 
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the molecule at the body center are 


a b 
% =e 6 9 ais a and ame 
The crystal structure is shown in Fig. 2. The 
angle between the CC-bond and the a-axis is 
about 35°. 

It is impossible to explain the difference 
_ between a and bd by use of our molecular 
model. We approximately assume, therefore, 
that a be equal to 6 and that the angle between 
the CC-bond and the a-axis be 45°. 

Let us denote by oi; the intercore distance 
' to an (7, j)th neighboring molecule, and by mij 
the number of (2, 7)th neighboring molecules. 
The subscript 7 is such that 3'j7:; becomes the 
number of zth neighboring lattice points when 


; the present lattice is reduced to a body-centered 


cubic one: 

i= so - >1m2j=6 ,-°- 
The values of of oi; and mj; are given in 
Table III, which holds for 


Ga24=) 2 1h, 
1 being the length of the rod core. 


Ce He O 
SS ee 


Fig. 3. The used core-models of molecules. 
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The cohesive energy and the lattice constants 
are given by the minimum of the sum (2). 
The values, which have been calculated by 
use of the Parametron Computer PC-l, are 
—3.79 kcal/mol for the cohesive energy and 
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The cohesive energy thus obtained is 16% 
higher than —4.5 kcal/mol, which is the subli- 
mation heat calculated from the specific heat 
observed by Egan and Kemp’”). The agreement 
can be improved by choosing somewhat larger 
core, although such rectangular core as adopted 
in the reference 2 is too large. 

The ethylene molecule has an _ electric 
quadrupole” 


QO? 30022 essa 


the axis being the CC-bond. We mention 
here that, in rod-like molecules, the stability 
of closest packing structure with parallel ar- 
rangement of molecules is much hampered by 
the electric quadrupole interaction. The dis- 
cussion of crystal stability is postponed in 


- following papers. 


General Conclusion 


We have investigated, in Part 
I and II, methane CH., carbon 
dioxide CO:, nitrogen Nz, ben- 
zene CeHe, and ethylene C:H, 
crystals by use of our convex- 
core model of molecules. The 
cores of these molecules are 
shown in Fig. 3. 

When we neglect zero-point 
energies, potential non-additivi- 
ties, and electric multipole inter- 
actions, then the calculated cohe- 
sive energies are 24% lower for 
methane, 27%, higher for carbon 
dioxide, 17% lower for nitrogen, 
little higher for benzene, and 
16% higher for ethylene in com- 
parison with observed values. 
Main cause of the energy dis- 
crepancy for methane is the 
neglect of both the zero-point 
energy and the potential non- 
additivity. That for carbon di- 
oxide is the neglect of the quad- 
rupole interaction and the core 
thickness, because a more appro- 
priate core of the carbon dioxide 
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molecule would be such as shown in Fig. 4. 
In general, when the core is enlarged, the 
potential depth Uo increases and hence calcu- 
lated value of the cohesive energy becomes 
lower. The energy discrepancy for ethylene 
may also be partly due to the choice of the 
thin core, because a more adequate core 
would be such as shown in Fig. 4. 


COz 


Fig. 4. Cores of carbon dioxide and ethylene 
which will be closer to the reality, the non- 
vanishing thickness corresponding to z-electrons. 


CoHa 


Thus we reach the following conclusion. 
For simple non-polar convex molecules the 
core-model interaction explains the cohesive 
energies and lattice constants if appropriate 
cores are chosen, although the stability of 
their crystal structures depends greatly on the 
electric multipole interaction as shown recently 
by Kihara’. 
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The balance equations and the fluxes of thermodynamical variables 
are obtained on the basis of the modified Boltzmann equation for a 
multicomponent rigid-sphere gas. The kinetic expression of entropy 
balance is obtained in terms of the H-theorem, the correction to the entropy 
due to imperfectness of the gas being added. The correction is calculated 
from the equation of state, which is derived from the momentum trans- 
port equation. The entropy balance is also formulated thermodynamically 
with the aid of the Gibbs relation. By the use of these two expressions 
a variational problem concerning the entropy production rate can be set 
up. The solution of this problem leads to the first approximation equation 
for singlet distribution function, which is identical with Enskog’s one apart 


from the terms independent of the energy dissipation. 


| §1. Introduction 

The variation principles in the kinetic theory 
| of gases!).?),3. seem to have a close relation 
} to the extremum properties of the entropy 
| production in thermodynamics of irreversi- 
| ble processes. These principles are established 
| on the basis of the linearized Boltzmann in- 
| tegro-differential equation. Since the kinetic 
| theory of gases based on the linearized Boltz- 
mann equation is limited to the case of low 
| density, it is desirable to inquire to what ex- 
tent the variation principle is applicable to 
‘the transport processes in dense gases. 

A great deal of attention has been concen- 
trated to the transport properties of the dense 
fluid of rigid-sphere molecules.*-'* The modi- 
fied Boltzmann equation was derived by Enskog* 
at first on the basis of plausible physical 
arguments. From the statistical mechanical 
point of view, Rice and et al.”.® reinvestigated 

this equation and proposed a new equation of 
transport different from the Enskog equation, 
but recently O’Toole and Dahler® and Hol- 
linger and Curtiss'” have confirmed inde- 
pendently that the equation for the singlet 
distribution function has exactly the same 
form as that originally suggested by Enskog. 

In a previous paper! the variation principle 
in the kinetic theory of gases was extended 
to the case of a dense gas made of rigid- 
sphere molecules with finite diameter. It was 
also shown that the solution of Enskog’s first 


approximation equation for a dense gas can 
be derived from the variation principle with 
respect to the entropy production rate, pro- 
vided that the correction to the entropy due 
to imperfectness of a gas would be taken 
into account. 

It is the purpose of the present paper to 
establish a thermodynamical descriptions of 
linear transport processes in a multicomponent 
dense gas consisting of rigid-sphere molecules 
with different diameters and masses on the 
basis of the kinetic theory. 

At first we shall briefly mention of deri- 
vation of the modified Boltzmann equation 
following O’Toole and Dahler’s and Enskog’s 
method (§2.). The problem of our attention 
is confined to solving such a fundamental 
equation with use of suitable approximation 
methods. For this purpose equations of ba- 
lance such as equation of continuity, equation 
of motion and equation of energy balance, 
will be obtained by means of the general 
equation of change derived from our modified 
Boltz- mann equation (§3.). 

We shall confine ourselves to the study of 
the system in which the macroscopic state 
varies so slowly that the system may be well 
described with use of perturbed singlet distri- 
bution function corresponding to small devi- 
ation from the Maxwell distribution and of 
the equilibrium pair correlation function. The 
the fluxes appearing in the hydrodynamic 
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equations are expressible in terms of these 
functions (§ 4.). 

To determine the perturbation functions, 
the various approximation methods have been 
proposed. Enskog’s method of direct solution 
of the basic Boltzmann integro-differential 
equation is well known. This method will be 
followed in the present paper for the system of 
moderately dense gases, and the first approxi- 
mation equation identical with Thorne’s equa- 
tion!» for two component system will be derived 
in §5. Another purpose of this investigation 
is to establish the method for obtaining the 
solution of such a fundamental equation from 
entirely physical considerations. To complete 
the description of irreversible processes, we 
shall consider the equation of entropy balance. 
In usual kinetic theory of gases the entropy 
is given as —k time the H-function, which is 
considered as the average of logarithm of 
a singlet distribution function assigned to each 
molecule. Then the balance equation of en- 
tropy is derived with help of the general 
equation of change in terms of statistical ex- 
pression (§6.). In our case of a dense gas 
the correction to the entropy due to imperfect- 
ness of the gas should be taken into account. 
The first approximation to this correction is 
achieved by adding the equilibrium value oi 
additional entropy calculated from the virial 
expansion form of the usual equation of state, 
which is obtained from the momentum trans- 
port equation. The expression of entropy 
production rate thus obtained is not so simple 


[fe vi; t) dvui=ni(r, t) . 
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function of molecular properties, but may be 
written in quadratic integral form concerning 
the perturbation function as far as it is. 
confined to linear processes. 

On the other hand, the entropy production. 
rate can be expressed as a bilinear form of 
the fluxes of molecular properties and the: 
conjugate driving forces according to the: 
thermodynamic considerations of irreversible. 
processes based on the Gibbs relation (§7.). 
The equation to be satisfied by the perturba- 
tion function is obtained if these two expres- 
sions for the entropy productions are equated. 


Then the variational problem concerning this. ! 


entropy production rate is established and. 
from this variational problem the first approxi- 


mation equation for the perturbation function. | 


is obtained (§ 8.). 


§2. The Modified Boltzmann Equation for 


the Gas Mixtures of Rigid-Sphere Mole-- 
cules 


Let us consider a multicomponent gas con- 


sisting of » kinds of rigid-sphere molecules. — 


with different diameters and masses in non- 
equilibrium state; the mass and diameter of 


a molecule of the species z will be denoted © 


by m: and oi, respectively. As is well known,,. 
a state of the system under consideration is. 


well described by the singlet distribution func- 
tions fi(r,v:;f and the pair distribution — 


functions fi; (ri, vi; 13, Us; f) which are defined 
in usual manner. The function fi" is normal- 
ized to the number density m: of kind 7: 


(2.1) 


The pair distribution function fi; is assumed to be given in the form 


Fis (Ti, Vi; 15, 05; H=AATs, 7) fi (ra, viz 1) f(M(V;, v5; D) 


(2.2) 


where the correlation functions %i,(ri,1rj) depend only on the location of the two molecules. 


but not on the momenta, just as in the case of uniform equilibrium state. 


This is the basic 


assumption of our kinetic theory of moderately dense gases, besides the assumption of binary” 
collisions. In a uniform equilibrium state the functions %:; depend only upon the densities 
and are reduced to the radial distribution functions, while in a non-uniform state the value. 
of %:; may be expected to involve also the spatial derivatives of the densities. However, if 
the gradients of temperature, velocities, and concentrations are small, the local equilibrium 
value %:;° can be used for %i; in successive points to the second approximation. Then thel 
central problem in the present theory is to determine the singlet distribution function fi in 


non-equilibrium state, and to obtain the transport of the molecular properties in terms of 


this function, regarding %:;° as a parameter of the state. 
From statistical mechanics the rate of change in the singlet distribution function fi is: 
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determined by the equation 


0 F; i. / 
lor +P yo a 7 | Mr, Ui; p= = || Kee, vi’; r+oijk, vj ; t) 
— fis? (r, vi; P—o8jsk, v5; D}oi;?(gu-k) dk dv; , (233) 
with 
aorta), (2.4) 


where F; is the external force acting on a molecule of kind i, k the unit vector in the direc- 
tion of line of centers of the two molecules in contact, gj—=v;—vi the relative velocity, and 
vi’, vj the velocities of molecules after the collision characterized by v;, v;and k. The deri- 
vation of (2.3) is closely parallel to that given by O’Toole and Dahler® for the modified 
Boltzmann equation in the case of simple dense gases composed of rigid-sphere molecules. 

Inserting (2.2) into (2.3), we obtain Enskog’s modified Boltzmann equation for multi- 
; component dense gases of rigid-sphere molecules: 


0 Fi ) = a) 
te ja ea Mi Plh ( ot coll z 


Of é 
cae) = [\{x" (r+ ) f(r, vi’; t) FM + ask, vs; #) 
coll 


Jj 


—1s(r— SLR) AMG, vi; t) f(r —oyk, vy: Dhotau-k) dk dv; , (2.5) 


where the local equilibrium value of the function %,;° is evaluated at the center of colliding 
two molecules. 


If the conditions in gases are slowly varying in space, we may expand f;')(r- oijk, vj; ft) 
and ts rst 5 ous) in Taylor’s series about the point r, and retain the terms only up to 


the second. Then (2.5) is written in the form: 


he 


++ fit Jee Dy Ss Usted (2.6) 
ae oe — fifsoi*gnu-k) dk dos , (2.6-1) 
j= Up ic kA VSS + fr fdjos (gn: k) dk dey , (2.6-2) 

Fs) =F Vb pH HSL ef daMGie B) dle de (2.6-3) 
Jy == || ike (APL — fir fdlo(gs-k) dk dvs, (2.6-4) 
Tis =| (om pts \k- (fv fi —far flow) dk dos , (2.6-5) 
Jae [| a: prt fife —fifros(go-k) dk dvs, (2.6-6) 


1 where fii and fj denote fi(r, vi’; t) and filr, vi; 6), respectively. This equation (2.6) is our 
fundamental equation for the singlet distribution function. 
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§3. The General Equation of Change and the Flux Vector 

Before solving the equation (2.6), we consider the general hydrodynamic equation of change. 
The macroscopic conditions in a fluid in non-equilibrium may be well described by a set of 
thermodynamical quantities and their derivatives in space, together with the equations govern- 
ing these quantities. These thermodynamical quantities are given as the averages of the 
molecular properties which are functions of the molecular velocities. 

Let us denote one of such properties associated with molecules of kind 7 by ¢;. The 


average of this property ¢; at each point of space is given by 


nfo | uh dvi . (3.1) 
Thus the stream velocity (mass average velocity) vo is given by 
pvr, t)= 3 mel vif dvi, (3.2) 


in which o(r, i= 2 nimi is the mass density of the gas at a point r. 
Multiplying (2.6) by ¢; and integrating over the velocity space we find the equation of 
change 


O(n: (0 6 
Sendo i VP - niPiVi-— Ni lar Sip UR OY aig - J [ee DHMH) ? (3.3) 
where 
LCD)= > [osu adv; . (3.4) 


If we use (2.6-1) to (2.6-6) and consider the inverse encounters, the collisional changes given 
by (3.4) are expressed in the form 


WO=3, tafors \\\er— fifAgu-k) dk dv: dvs , (3.5-1) 
8= 3 tote? \\\@- bi (ke fu Foss) dk dv dos , (3.5-2) 
1 =3 +o} [\\e-ov \(ke-p%is) fifilgu-k) dk dv: dvs , (3.523) 
= |\\er —eotae: fry Flask) dk dex dvs (3.5-4) 
=Efay «fee = $(k- pt fr Flask) dk dv: dvs , (3.5-5) 
hi=3 = ou! I\\ee—s0 ff (kk: 77% gu-k) dk do: dos - (3.5-6) 


If ; is one of the summational invariants, we can obtain the contribution of over all kinds 
to the collisional change, summing over 7, and symmetrizing by the same arguments as that 
in Appendix I in the author’s previous paper’, in the following form 


EE LMP=—P [VIM P+ E RG) , 3.6) 


where 


IMP =F auttt\ \\ ov bo Fefsklau-B) dk dv; dv; , (3.7-1) 
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2 doles 47, 0 pa ras fi 
JQ) =TE oe \\\e ECs pin 2 Kank) BRab ede, (3.7-2) 
RG)=+- 3 cutt'\ ({ fof kk- Whe —u) Hank) dk vedo, , (3.8-1) 
awe fi 
ROD) =— DB 01: Lif Jil KV In Kk bi —di) gu: idv;. .O- 
(p) ii x6 x \\\ ar( yin a V(b —$i) }(gn-k) dk du; dv (3.8-2) 


| As was pointed out for one component gases!®), it is shown that Jc(d)’s are the contribution 
of the collisional transfer of ¢ to the flux vector, (see Appendix I). In addition to the above- 
mentioned collisional transfer, there exists a flux due to the flow of molecules across the 
surface moving with the mass average velocity, given by 


Fo \ Vifedvs , (3.9) 


associated with the 7th kind of molecules, where V;=vi—w is called the peculiar velocity. 
Then the whole flux in a gas mixture is given by the sum of such fluxes over all components: 


TG)=ZI(WO=E |GeVifi dvr. (3.10) 


It is now noticed that there remains the terms R(#)’s given by (3.8), which correspond to 
energy sources and are necessary for the correct expression of the energy balance. 

We shall now consider the summational invariants, m;, m:V; and m:Vi/2 as ¢; to get the 
hydrodynamical equations. 


(I) The equation of continuity: Let ¢; be m. Then using (2.1) and (3.3) we obtain 


Doi 
ee By Ve da, @r) 
Dt ‘<hon a 


where px=mim; and Ji=nimiV; are the mass density and the diffusion velocity flux of species 
i, respectively. D/Dt denotes the hydrodynamical operator (0/Ot—vuo-p) and (3.1i) is the 
equation of continuity for the 7th species. If the equations of continuity (3.11) are summed 


\ over 7, since s J;=0 according to the definition of Ji, the overall equation of continuity is 


obtained: 


LT and Nps) (3.12) 
Di OV -Uo. 


(Il) The equation of motion: If we put gi=miVi in (3.3), and sum over 2, then we obtain 


Dvo 


2 yells (3.13) 
@ Dt Vi 5 
where P is given by 
P=P.+Po, (3.14) 
Pad mi ViVi fed=> Pry , (3.14-k) 
4 
P= > Jol Vil, (3.14-c) 


@ 


since R(mV;)’s all vanish. We can immediately see that (3.13) is the equation of motion} 
and P is the pressure tensor. The momentum flux arising from the collisional transfer of 
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momentum J.[77:Vi]’s are respectively written in the following forms: 


Je [mi ViJ= iE + ait My | 2o9-+9U) ff du; dv; (3.15-1) 


2 
Jo [mi Val= Ec. pS a.st¢Msim\\ ie paorera Ch V In = 
48 7 g fi 


fi ( Si | . = 
] l du; du; , (3.15-2) 
+94(P n#)o+g V ar ) Ui QU; 
where 

Mi3=2milmitm; , (3.16) 


U is the unit tensor, and for simplicity the suffices 7, 7 in gj are droped hereafter. (see 
Appendix II). 

(Il) The equation of energy balance: If we put $:=miVi?/2 in (3.3) and sum over 7, we 
obtain 


A F, 
pee ibm 8 Reo Ses (3.17) 
Dt i mi 
where U is the kinetic contribution to the internal energy per unit mass given by 


»U=> > mi\ Viefi du; , (3.18) 


and q is the thermal energy flux given by 


Q=a+G@e , (3.19) 
c= a= > mi\ VPVi fi dvi=dX Qe; » (3.19-k) 
2 il 
==> 10] mi v.| ; (3.19-c) 
a@=l1 


We use the mark « to denote the quantity per unit mass. It should be noted that R(m: Vi2/2) 
does not vanish and is given by (see Appendix II) 


a@=1 


2 2 
Dy os mVe |= —Peo: X Io [miVil=—Po: Pv . (3.20) 


The energy fluxes arising from the collisional transfer of energy Jo[m;V;2/2] are respectively 
given by (see Appendix II) 


iVi? 
10) as FE > ait. Myom| \olg- @)+0°G Fifi dv; dv; , (3.21-1) 


and 


iL -g garni eornfaa(re 
+(9- rin - \e+@- G)p In - | eae (3.21-2) 


where G;; is the velocity of mass center of i and j molecules, defined by 


oe mi Vitm;V; 
‘j 3 
mitm; 


(3.22) 
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The local temperature T is defined by 


SmkT = 3 mi\ Vigedbe (3.23) 


which leads to 
at 3 
0U= nkT , (3.24) 
where 7 is the number density of the whole gasgiven by the relation 


n= > N . (3.25) 
$4. The First Approximations to Fluxes 


If the system is not so far from equilibrium, we may choose as the zeroth approximation 
to fi; the Maxwell distribution given by 


pee aye aril Bi Bee re 

RE ate a at) ln Oe PGe Ie \ 
where , vo and T are respectively given by (2.1), (3.2) and (3.23), and are generally func- 
tions of the spatial coordinates. Then we may express f; in terms of a perturbation func- 
tion ¢;: 


Fi=FA+ Gi) . (4.2) 
From (2.1), (8.2), (8.23) and (4.1) we can prove the following relations: 
| f0: dui=0 , (4.3-1) 
2S mi V; fiod: dvi=0 , (4.3-2) 
= 2S mi V2 fib; dui=0 . | (4.3-3) 


These auxiliary conditions imposed on f; imply the physical assumption that the system may 
be well described by a set of the thermodynamical variables in successive local equilibrium 
states. Then we can express the fluxes in terms of the perturbation function ¢; and the pair 


correlation function %;j°. liao - 3 
If we consider the mass flow vector, for which the flux is only kinetic one given by (3.9), 

then we obtain from (4.3-1) 
J=mi\ Vi fi dvv=mi\ Vi fib: dv; . (4.4) 


The pressure tensor given by (3.16) is reduced to the following form to the first approxi- 
mation. The kinetic contribution Px, is written as 


Pe,=mkT UT mi| ViVi fied: dvr , (4.5) 


or we can rewrite, using the hydrostatic pressure pia = 2 Dud = > nikT for an ideal gas, as 


1 
Pe—px U= 21 mv Vi fir: dvi= 2, mi (Vi Vie aVeuys dui. (4.6) 
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The collisional transfers of momentum given by (3.15) are respectively reduced after rather 
tedious but straightforward calculations to 


Jo [mi Vi, nynsdijlipkT U+= py nsbista Maui\ V; Vi fird: dui , (4.7-1) 
ij 
ee 6 S V-Vo pa 
6 Inu Vil=— S| ae (4.7-2) 
Jo0[mVi=—-Z ou oo + |, 


where § is the rate of shear tensor defined by (see Appendix III) 


“ea it Ovo; OvVo4 a2 1 (0: 4.8) 

Si D) | as a Ox; | 3 iV Vo) , ( 

Veber , (4.9) 
3 

tg nat 0 ja (EM yh T 9) ie (4.10) 


Consequently the pressure tensor as a whole, is given by 


Bays Gees 
P=Pr+Pe=| p— 3 dy oe ep 


+> ( ik += » Mbstins)mi| ViVi firdi dvi , (4.11) 
i j 
where 


P= ped Piet Si mansbistaShT (4.12) 


a 


is the equilibrium hydrostatic pressure at the local temperature T and densities m;’s. The 
difference from that of an ideal gas is >) mimjbij%i;°kT, and means that the gas is imperfect. 
a5 


On the other hand the equation of state of the equilibrium gases composed of the rigid- 
spheres can be obtained from the equilibrium statistical mechanics in the virial expansion 
form: 


p=RT| n+ nin;Bigt * minnnCijz +++: | : (4.13) 
k 
where the second virial coefficient Bi; is given by 


By=— 7014p =a; . (4.14) 


Thus 0;; is the second virial coefficient per molecule, and %:;° is expressible in the form 


if 
%f=14+— > Web ans NeMDijert-+ , (4.15) 
bij % bij kt 


ij 


which depends only on the concentrations of chemical species. 
With use of the perturbation functions the thermal energy fluxes, gz and Qc, given by 
(3.19) are reduced as follows: the kinetic contribution gx is written as 


Qk= > Qe, = py aa V2 Vi fds du; , (4.16) 


and the collisional contributions to the energy transfer a] mi ve ’s are reduced, with use 


of (3.21) and (4.2), to (see Appendix IID 
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[ mV] 2x ae 
mal ave F e ~. 019% MijMynjqe,+ > F266 MigM ye ny TR f (4.17-1) 
4,3 2, Mim; 


2 a 
iV; 3kT 1 
Jo] Te “|=3 ea s 
[ 9 2G Wij ask Va: (4.17-2) 


Consequently we can write the total energy flux in the form: 


q= nen Ke yy, (4.18) 
¢ Mi 
where 
3 - Se: il 
E= 1+— 3) Mij;Myibishipons = Ne VS = 
=/( =" 5 = /Maibistains ) Bey 2G Gee Le, . (4.18 1) 
. V2 
Ei, = |( aN E 2 AT Vif dv. ; (4.18-2) 
and 
shel ses Misbistifns )kT : (4.18-3) 


The first term in (4.18) is the thermal energy flux and the second is the energy transfer 
associated with the molecular flows. It is noticed that H; is a partial molar enthalpy in a 
sense and 31H; is exactly the enthalpy per unit volume of our rigid-sphere gas. 

a 


If we find the function /; which satisfy (2.6), then we have the complete description of 
the non-equilibrium system by means of the hydrodynamic equations (3.11), (3.13) and (3.17), 
with the fluxes (4.4), (4.11) and (4.18). 


§5. Enskog’s First Approximation Equation 

One of the solution of (2.6) is that analogous to well known Enskog’s solution in one com- 
ponent system. We shall derive the first approximation equation following Enskog. 

In the left-hand side of (2.6) the terms containing the perturbation function ¢; may be 
neglected to the first approximation, and then the streaming term is written in the form: 


7) F, Dinn: mV _ =, Din Ts 
Won er a, 7} fe ile: ore 2) Dt 


0 


mV? 3 oe ea 5] 
ae ViVi: Pvot Vi- frinns( ORT + )rinT+( Di Tee) : (5.1) 


The right hand side of (2.6) becomes, if the terms of second order is neglected, 


of ‘ — 5! 0 7.0) Sy 
& she ie ney 
oO JG =p [JI +/—b.—d 00-8) dk dv; (5.2-1) 
j j 


P= D fis = fo D bistasms | (MM 5 5 Mit Viv nT 
yj “ 
3 miVi? 
—2V;-7 In ni 5 — MiMi a Vi: yin I 


+ Muy( 1-2 FF) pw Mn geVMi res | : (5.2-2) 


J = > fe = fo le > midis Vi - ri | (5.2-3) 
7 
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JG =S fed fp =O: (5.2-4) 
J c, j 
Then we have the equation of change in the zero order: 


0 F; ; me i i (6.3) 
— a —[- 4 dv; = ij dvi 6 . 
(ate is ac \A 5 [v mre) 
If we put &=m, Yi=miVi and di=mV.?/2 in the above equation, then we obtain the con- 
tinuity equation, the equation of motion and the equation of energy balance to the zeroth 
approximation, respectively, 


ae +0i:Vuo=0, (5.4) 
pve =>] A <p nk (143 nadie? )t |, ©) 
Dt LL (Os 0 J 
Dinter ( bistis )t (5.6) 
n Teak 3 (7 -Vo) eae 1+ di m3 ijhij : 


Substituting (5.4), (5.5) and (5.6) into (5.1), we obtain the extension of Enskog’s first approxi- 
mation equation to multicomponent gas which determine the perturbation function ¢;: 


Ms Vi2 5 


Fi? I( 142 > MijsMybinjXi? eae a 


nN 
OT inte ved. 
ORT >) Ver In erie 


2 i 1 
= : ui es > Mbisnst? el Vi Vie vev) : Vo 


Njwo Mi 5 
+> (Mabutrn; —_-—>» bye nme)\( ee] [V-Vo 


Hi 
=P xsout\| Fee oi +6 —b.—8)(9-®) dk dv; , (5.7) 
J 
where 


O— 04 0 0% Oi Fu 
+ omkT TO onkT YP pi) 


0 


a= Oi Opi i | 
onkT ~ Mi Mi 


fe D>) Nkbix Xir® \7 In 24 aia + Mau—Midp In Pe ; (5.8) 
Nk n zy 
which agrees with Thorne’s equation for a two component system. 


$6. The Statistical Expressions of the Irreversible Production of Entropy 


Thus far in our description of the non-equilibrium system the entropy S, which plays a 
significant role in the theory of irreversible processes, has been left out of our considerations. 
We shall now consider the entropy and the balance equation for it, to complete the thermo- 
dynamic description of the system. 

Let us first consider the equilibrium values of some thermodynamic potentials of an im- 
perfect gas composed of rigid-spheres. The Helmholtz free energy and the entropy of an 
imperfect gas can be written in the form: 


F°=F,°+ lim is (p°— pa) dV , 6.1) 
Vor? JV 
and 
ary 20 (yz 
S9=S% q+ al tim | (Ppa) aV} . (6.2) 
oT Viger Vo 
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respectively, where the subscript id denote the functions for the corresponding perfect gas. 
with the same temperature and densities. The equation alows us to calculate the equilibrium 
value of the thermodynamical potentials, if we know the equation of state. 


Then we obtain from (6.1) and (4.12) the free energy per unit volume of the rigid-sphere: 
gas mixture: 


oF = pF +kT py Ninjbi; (<-\ a dn) R (6.3) 


where we have used instead of V as the independent variable. Since 2:3 is independent 


of the temperature as seen from (4.13) in a rigid-sphere system, the entropy per unit volume 
is expressed as 


$= Sia? + Son 5 (6.4) 
A ( il n 
PScom— RD nansb( | xi; dn) ; (6.5) 
4,5 nN 
where Scorr is the correction to the entropy per unit mass due to imperfectness of the gas. 


On the other hand, the entropy per unit volume of an ideal gas composed point molecules is. 
known to be 


RK oe Ne). 
pSia= >: kn; [ey In T—Ina;+I1n ( TLE: ) : 2 | k > n\n alts : (6.6): 
i Z, h? 2 5 nN 


According to the H-theorem, the entropy density of the gas of point molecules in non- 
equilibrium state is given by 


pSi=k > i‘ (In fi) fidur , 6.7) 


which becomes identical with (6.6) for the equilibrium distribution /;=/;° apart from an addi- 
tive constant. 

For the present case of a moderately dense gas the correction due to the gas imperfection 
appears through the pair correlation function %,;;, and furthermore we have assumed that %;j: 
can be replaced by its equilibrium value %;;° without appreciable error. Then we may write 
the entropy density of an imperfect gas sligntly deviated from equilibrium as the sum of 
(6.7) and (6.5): 


oS = oSt al oS ; 
Str = PSen,= —k >. mingbi ea Xij dn) : (6.8) 
iJ 


Multiplying (2.6) by Ak(l—Inf;), integrating over v; and summing over 7, we obtain the: 
equation of entropy balance 


0 a +7-k> [a—mmf) Vifidvi=—k 3S & LO(n fi) , (6.9) 


Phere I is given by (3.4). The manner of derivation of (6.9) is similar to that of (8.3). 
Substituting (4.1) and (4.2) into (6.9), and remembering that m:V.*/2 is one of the summational 
invariants, we can write the right-hand side of (6.9), with use of (3.6), (3.7) and (3.8) in 


the form 
Ve? o»( MiVi ee 
ke > Ldn fo=P| J) le Ri (ee ee > I. (bx) 


peel lagen Specie) . 
Baie pe ke ml (Pi) , (6.10) 
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where we have ignored the terms higher than the square of ¢:. Pe and ge in (6.10) are 


given by (4.7) and (4.17), respectively. To the same approximation 2 Lili)’ are reduced to 
k > LY (b)= RE [een dvi 
=e a \| FoF (bi +4 —bi— bj) bio H(G- k) dk du; dv; , (6.11-1) 
J 
bE LG )=kE | of. dov= = | Bs, TEE AMMabinstes 


+ Ji: ale = bumstis( Misr 2 =? In ns) 


mi Jj 
+ (Pe. pefU): cE  Mybistisns | 2 (6.11-2) 
0 
kx LO O)=k > \¢ °F, du= > Ji: ee Ds bungie ES | ; (6.11-3) 
D t 4 ms Jj df 
»Y TL g)=dX LOG) = 2 °F, (b.)=0, (6.11-4) 


where (Px,—px,°U) and Ex and J; are given by (4.6), (4.18-2) and (4.4), respectively. Here 
°7,% and °J;? indicate the first approximations to the integrals J; and /;”, respectively. 

If we use (4.2) and neglect ¢,? in the second term of the left hand side of (6.9), we im- 
mediately obtain from (4.16) and (4.4) 


id : 
be \a-mfVifidu= = die 6.12) 
é Ie + TT m 
with 
: 3 3 mi 0 A 
(j= i—— 1 —In( — ) |~>— 0 } 
%, aT| Inn Sin T+3 in( | a (oF! 6.13) 


which stands for the chemical potential of species 7 of an ideal gas mixture. 
From (6.9), (6.10), (6.11) and (6.12), we finally obtain the expression for the entropy balance 
equation given by 
'. DS 
Dt 


+P-or[s]=er[s] , (6.14) 


where go] and ty are given respectively by 


i q bit Si 

a%(s]=—- = eae (6.15) 
; re 3kT Le ee 
(i) = = 2 o7,) A Sa ae go: 

rls] & O)+ of Na aii Boy a 


? 


7, ZB. o_4,.0)( _V-Uo Vinn; , pin %,;° J, 
+B uf Th V+ pu) T JAP Bbynyap( aera 4 Pin wsty | Je 


(6.16) 
where we have substituted (4.7) and (4.17) for Pc and ge into (6.10). 


On the other hand, since the entropy due to the gas imperfection, Sa. depends on the 


spatial coordinates only through the number densities m;’s, as seen from (4.15) and (6.8), we 
can easily obtain 
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» “Sn =(p°— pia) 7 -vo 


2 3 4 J; 
+x ki 2 n;Bij aw NMNxCijx +3 nin Di jer + ++ V- = Ga) 


Further the additional chemical of ith species arising from the imperfectness of gas mixtures 
is given by 


ee Oy A Pos f 2 2 4 
Ko = On, (0F corr) = kT el x N;Di3 to NjNKC jx aw nin Di ja + ++ | : (6.18) 


Therefore, the balance equation of the entropy due to imperfectness can be written in the 
form 


oF pon Isl=ens) 6.19) 
where 
LDN Sie = . “ ; (6.20) 
en [s]=— PE p 2 + (p99 pyat) LM 6.21) 
Then the balance equation of total entropy is written as 
oD +7-0%s]=e(s], (6.22) 
where 
ta ,corr - 
o fs] =o1[s]+on[s] = a a ae : a ; (6.23) 


j ; , re SE Bik Ny ales i) 
(i) rn (D) (i) =— 0) yf) a+ i — 
c[s]=rz[s] +r [s]=—kR = I, (gi) ~ @ sees : 1G Tr 


aE FB au S ea ing] EO : (6.24) 


This equation indicates that the change of the entropy 0S of the gas within the local region 
moving with barycentric velocity vo is arising from the reversible flow of entropy o[s] and 
from the irreversible production of entropy r‘[s]. 

Let us define the bracket expression given by 


(, d}=— x\ \\ gos +6) —b:— $3) fo f01"(g-k) dk dv: do; , (6.25) 


where ¢ is an arbitrary function of v; and ¢; is the perturbation function defined by (4.2). 
This may be symmetrized in the form (see Appendix I of the author’s previous paper!”) 


U,O=23 2 \\\ bi +8 bid) + 6/ —b.-$9) 
x fi fSoir(g-k) dk du; dvj={4, $} . (6.26) 
The operator { } is linear, and {¢, ¢} is non negative: 


{p+¢, b}={P, BIH, o , (6.27) 


(6, O)= 2 Es [\lor+9/—a-o)nerro: k) dk du dv;>0. 6.28) 
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Since the integrand can never be negative, the expression {¢, ¢} vanishes if and only if 
is a linear combination of the summational invariants. With use of this bracket expression, 
(6.11-1) is reduced as 


—k >I bi)=R4, OF . (6.29) 


Then the entropy production rate (6.28) is written in the form: 


see ABER 1 ieee Be 
O[S]=H6, D4 R Gul 5 \( rae) +3 BB 5 tz a ro ste 


which can never be negative in accordance with the second law of thermodynamics. The 
first term is the contribution from the transport due to molecular flows, and the remainings 
are those from the collisional transfer which become significant in dense gases. 


§7. Thermodynamic Description of Linear Transport Processes 


As in the usual formulation of thermodynamics of irreversible processes, we shall calculate 
the local entropy production with use of the Gibbs relation: 


TaS=aU+p°d(—)— Se. Ae (7.1) 
4 
assuming that the transport processes of fluid are completely described by the ordinary thermo- 


dynamical variables defined in local equilibrium state. According to (7.1) the change in 
entropy is given by 


pees. 2a pb? Do pee (7.2) 


JD | i ID o Dt i Dt o Dt 


Using the equations of continuity, and the equation of energy balance respectively given by 
(3.11), (8.12) and (3.17), we obtain the following equation of entropy balance: 


A 


DS 


pe tro [s]=e™[s], 7.3) 
‘wpe Fd yM Si _E Demeeele 
a [s] ares AP = Ap mi — i + Gs mi ? (7.4) 
ef 1 VUvo J, F; 
cfs] = q-p—+(P—pU fe = ial a 
[s] TV tC =p U). pte Tr 
—E 1 0 Vvo 
=E-y>+(P—p'U): & \+ Ede, (7.5) 


where H; denotes the partial molar enthalpy and A; is the affinity for diffusion processes de- 


fined by 
TT (A, ee OT ee 
A=— a el é r 
nile rT me OE |: ee 


Since J;=0 the thermodynamic expression of the entropy production rate is invariant, if A; 
is replaced by 


A;=A,—C ; (7.7) 


C being an arbitrary constant. If the constant C is chosen such that 


1 
ea i Oily (mass average of A;) , (7.8) 
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(7.7) is reduced to 


lfmF; 1 if emis al 1 
Ayer an tie ty Lit é 0 
i mae ai x Pasar ae 5 - Vp’, (7.9) 


where we have used the relations 


njvj=1, (7.10) 
0 : 
En Z( > yn=0, (7.11) 
j kK \ On /7,p 


| dD; being a partial molar volume of the 7th component. It follows from the definition of A; 


| that 


»y oiAi=0. (7.12) 


The reason why such an affinity of diffusion A; is taken is that this choice makes the entropy 

production due to the diffusion processes to be independent of reference velocity of mass 

flows. If the diffusion velocity is referred to an arbitrary mean velocity v'= i ww) wi, 
a t- 


where w; is a weight function, i.e. Ji*=:i(u:—v*) is employed, we can write the production 
of entropy with use of the normalized affinities A;: 


T= > Ji Ai= 2 pid Ar= 2 Jit Ay. (7.13) 


According to the law of phenomenological linear relation, we can easily obtain the connections 
between the various diffusion coefficients (i.e. molecular diffusion (wi=m:), barycentric diffu- 
sion (wi=0:) and etc.), by the use of (7.13) and similar arguments as those in mechanical 
equilibrium case’ (see p. 109 in References 17)). 

If we substitute the kinetic expressions of the fluxes for those in the equation of entropy 
balance (7.3), we can obtain another microscopic expressions of the entropy flux and the 
entropy production rate in terms of the distribution functions. These expressions are exact so 
far as the thermodynamic description is valid. In the present approximation we may employ 
the kinetic expressions (4.4), (4.11) and (4.18), respectively, for J:, P and q in (7.4) and (7.5). 
Then we have the entropy flow 


Ji 


Oifsl=L—-ae. 7.14 
is lignan pile (7-14) 
and the production of entropy 
i Pye] pesli LAY? ea ei Veta 26926) all 
t! ‘[s]= > Pea T) + tu r ie 5 Say FR 
+5( 1425 MiyMubistjns )Br P= +3 Si Ai 
4 j 4 
V 
+> ( 1425 Miybistisn, )(Pey—Pxe0) : ( =f) ; (7.15) 
a j 


where Px,—px,U, Kx, and A; are respectively given by (4.6), (4.18-2) and (7.9). Here the 
chemical potential »; only is an unknown quantity. The second law of thermodynamics states 
that the entropy production rate ci)[s] never be negative. 

If the statistical entropy production c“[s] given by (6.30) is equated to the thermodynamic 
entropy production rate r[s] (7.15) obtained from the Gibbs relation, we have the following 


relation: 
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a ( 1425 MisMubistjns )Bey-P +3 Jj Aj 
J 


v 


eae ( 1425 Miubistssns\(Pry—PevW) ( —F) 


=k{$, o}>0. (7.16) 
The value of 4; involved in the affinity A; is determined by another condition that the 
entropy flow (7.14) must be equal to that given by (6.23). Thus the chemical potential is 
given by 
Ma ht + yoo™ 


5 rot ey mi 
=hT {in n In T+$In Ca 


ae Nj Bigt+ as ripe ates 3 ee > nynxni Dijei+ +++ : (7.17) 
il: 2% 3 jet 
and the affinity A; is also determined. 


§8. The Variation Principle and Enskog’s First Approximation Solution of the Boltzmann 
Equation Modified for Dense Gases 


From (7.16) is seen that the variation principle as shown in the author’s previous paper! 
still valid. We shall now reformulate the problem, and establish again the variation principle 
such that physically reasonable approximation solution f; of the modified Boltzmann equation 
for the linear transport processes is given as that to makes the entropy production rate a 
maximum under the condition compatible with the thermodynamical Gibbs relation. 

Let us try to obtain an approximate perturbation function ¢; of a singlet distribution func- 
tion f; in non-equilibrium state on the basis of the variation principle mentioned above. In 
the present case this principle is 


r{)[s]=Extremum (8.1) 
with the restriction 
tYs]=rM[s] , (8.2) 


where the variation may be taken with respect to the perturbation function ¢;. 
With use of the Lagrangian undetermined multiplier 2, we have 


O[(1+4)r%[s]—Ar[s]]=0 . (8.3) 


By the same argument as that in derivation of (6.26), the variation of bracket expression is 
reduced to 


HO, P}= TE ep |) \201 +9/—-4.-0,)0060 +88 —06.— 30) Fe F90- k) 


xX 0:3? dk du; dvu;= 72 ([2 oy 28018\\O0+8/—b-$) fOFNG-R) dk dvs | 30 av; . 
(8.4) 
Then substitution of (6.30) and (7.15) into (8.3) leads to 


Q+4) > | 5.0% dui— 2ko{¢, d}=0 (8.5) 


where 
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i 3 iV? 
a4 =fi| ( Ite MisMybijtasny \( PS Fatt) Vira +miVi- Ai 
2 f 
ae ( Slits Mixbustesins mi ViVi V2 vu) ( ae = )| ; (8.6) 
Then we find 
(1+4)Bi=—2ak > xcais\| f° F9(bi +64 —b:—O3)(g-k) dk du; . (8.7) 


| In order that this relation is compatible with the condition (8.2), 2 must be equal tol. Thus 
¥ we obtain from (8.1) 


aS 1D: x. | FE FPG + O37" —b*— $6) 0iP(g-k) dk do; , (8.8) 


} where the symbol ¢:* is used to be distinguished from an arbitrary perturbation function ¢;. 
i Thus the most probable approximation to the perturbation function ¢; is obtained by the 
) solution of (8.8). 

' Further we can rewrite the variational problem (8.1) and (8.2) as 


I'(¢)=2r"[s]—r [s]=Extremum . (8.9) 


| This form resembles that of Onsager’s variation principle’®. The extremum of (8.9) is shown 
| to be the maximum in the following way. The variational function I’(¢) is written explicitly 
| as a function of ¢;; 


ms 3kT 1 « VesDo\ Joy Ouray at & 
PH)=> Gis ry) +305 — >> Gj) SS 
Me 3 oul mJ 3 oul Ti y+ 5 Son] S ‘a 


dps [2 dui—k{$, } . (8.10) 


On the other hand, multiplying (8.8) by ¢;, integrating v; and summing over 7, we obtain 


y ee BNO RID 


é 


where it must be borne in mind that ¢;* is the solution of variational problem. Then from 
| (6.27) and (6.28) we can obtain the relation 


T'(o*)—T (@)=RL{O*, H*}— 2k, PI} +ELO, GS ={O*— 4, H*—- GF 20. (8.11) 


Hence the extremum of I'(¢) is the maximum when ¢;=¢;*. , 
If the expressions (7.17), (4.18-3) and (4.12) are used, we easily obtain the relation between 


_A; given by (7.9) and d; given by (5.8) 


eA, (8.12) 
di nk 


Thus we can rewrite (5.7) as 


j mV? V-vo 
eA ee (Madistatns re i ) a ( barr ) if 
=—k > x | Sep +6; —$¢i—b)air(g-k) dk du; , (8.13) 
j 


which differs by only the second term on the left-hand side from the solution (8.8) of the 
present variational problem. The extra term appears only in the case of multicomponent 
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dense gas, being small quantity in general. As is easily seen it vanishes both in the case 
of single-component dense gas and in the case of a dilute gas. As mentioned in previous. 
paragraph the contribution to the entropy production from the transport due to molecular 
flows is given by k{¢,¢}, then the extra term gives no effect in ¢,; other than that irrelevant 
to the dissipation of energy, owing to the relation 


[4 E (Maubististn: ae oe? bytx’nr ) eT ( 1 Mi = V -Vo 
; k 


3eT |) T } peau 


Consequently, it seems that the extension of Enskog’s first approximation equation to multi- 
component system make the entropy production rate a maximum under the constraints that 
the thermodynamical Gibbs relation is satisfied. 
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Appendix I 


Let us consider the collisional transfer of a molecular property ~ across an element of 
surface dS at the point r. Let the normal to dS, drawn from its negative side to its posi- 
tive, have a direction specified by unit vector n. If a collision is to produce a transfer of & 
across dS, the centers of the colliding molecules must lie on opposite sides of dS, that is,. 
the first molecule 7 lies on the positive side of dS and the second j on the negative, then 
the product (k-n) is positive. Therefore, the center of molecule z must lie within a cylinder 
on dS as base with generators parallel to k of length o;;. The volume of this cylinder is. 
o:3(k-n)dS. The mean position of the two molecules at the instant of the collisions are 


i! 1 a 
(r+ sk) and (r—~ uk) and the mean position of the center of two colliding mole- 


cules is r, at which the correlation function %;;° must be evaluated. 
Hence the probable number of collisions in unit time, in which the velocities lie in ranges. 
dv; and dv; about v; and v; and the collision parameters lie within range dk, is 


(1) fir fa aoe fir Lb k) 01;°(g-k) dk du; dv;oik-n) dS . (A-I.1) 
Since a quantity (¢:’—;) of a property ¢: is transferred across the surface on each collision 


of this sort, the total rate of transfer of the property by collisions per unit time and per 
unit area is 


{n-Je(Y)}=n + > O61P Xis(V) |\\er—eo 
x f(r ca = ask) Ae 5 ousk KG: k) dk dv: dv; . (A-I.2) 


We thus carried out the integration, obtaining the contribution of the collisional transfer: 
to the flux vector of property ¢; is 


Jp)=> Ys) \\\er or i ee) fir 7 ek) Kg: k) dk dv,dv;. (A-1.3) 


As in the derivation of (2.6), fi, f; and %.;° may be expanded in Taylor’s series, and deriva- 
tives of higher order than the first are neglected. Then we have 
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1 
Os >» auttt\\\ (ido ffi k(g-k) dk du; du; 


+2 Dou 258\\\ ev eo Pfs) fr—-(ke-V fs) fa (Qk) dk dv; dvs 
=Je (db) + Je (d) . (A-I.4) 


| We can see from the above equation that Jc’s given by (3.7) are identical with the flux J.’s 
arising from the collisional transfer of molecular property. 


Appendix II 
A. The derivation of (3.15): If we put mV; in (8.7-1), we have 


Je lm; Vi=> >» apts |\ (mi ve Vi) fifi k(g-k) dk dv; du; 
= = > aitatmM\ || hifi kk(g-k)? dk du; dv; 
=> Gif Xij “mMis\ \2o9-+9°0) Sif; dvi dv; , (A-IT.1) 


where we have used the relation (e.g. see p. 290 in references 13)) 
[eK(a- ky? aka (2g9+9°V) . (A-II.2) 
Putting m:V; in (3.7-2), we obtain 
Sof Vil= 3 015%)". M ffl fifi(te7 In + )kk(g- k)? dk dv; dv; 


Mews fay? M\\ : aaa Vln ea) 
Fe gen AN A oa rae Cae 


+9 \(7 In A \ota(? In Said dv; du; , (A-II.3) 


using a relation for arbitrary vector » 


[iekio- big: hy dk Le ee +ov9+o»)| (A-IL.4) 


12 


; 1 , 
B. The derivation of (3.20) and (3.21): Putting ao, mV? in (3.8-1), we can see 


x iV? 
Roit( PEE e ast | fofife piles Us — me )}o-n) dk dv; dv; 
ij 


= -4 s 5 ott || ffi Vi — Vi) : Poo\(g-k) dk dv: dv; 
=—Vwo: Je [mi Vi] : (A-II.5) 


In a similar way, we obtain from (3.8-2) 


Bea |= Puy: Jeli Vi) . (A-IL.6) 


If we put ¢:=miVi2/2 in (3.7-1), we have 
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Ju9| are | aus%as! [| fmt fif(G-kk(g-k)? dk dv; dv; 
ij 
== a.tt¢Musms\ | 2909-6) G) +9°G } Sif dv; dv; , (A-II.7) 
J 


where the following relation has been used 


\(@-O-k) dk= 5 20(g-G)+9°G) . (A-II.8) | 


From (3.7-2) we can deduce 
ee +5 aise Mism\| ff AG-k) («7 In Kg: ky? dk dv. dv; 
a j 


2 
=7a5 asteMisms\ \| 4 (er In i. :ag)+ g \(@-7 In tg 


A8 43 ion Si 
+(9: 7 in = Jaro: @F in a | Ar gedee (A-II.9) 
using the relation 
[(a-00-H(g-h) dk=F| 2 (ab:99) + {(a-dg+ 0-g)a+ (g-ad}9 | q (A-II.10) 


Appendix III 


A. The derivation of (4.7): If we use the singlet distribution function given by (4.2), 
retaining only the first order perturbation, (3.15-1) is reduced to 


Je? [mi bla = aui%¢Musms\ | 299 +90) Fi fP(A+6i+¢;) du; dv; 


ae ait Mism| Sate ] 4c 91/3 Mismin | ViVi fod: dv, 
=F Y astsnmkT UTES 01% Myer \ VeVi aoe (A-IILD 
where we have used the relations 
{) eo0-+9e0) fofy dvi doy= yg MAT U (A-III.2) 
and 
|| eoa-+-e0) Fi fb: dvi dvj=2n A ViVi fed: dvi . (A-III.3) 


Regarding as bij=(2/3)z0i3;3, we obtain (4.7-1). 


Putting f,=fi°(1+¢:) in (3.17-2), and retaining the same order with (A-III.1), we can write 
Ic? (mi V;) as 


Jo [mi Vises 01 tipnuMij{ A+B+C] : 


4=\{[@o+00) (Erin \+o{(7 In *\a+o(P in su) [fee aoc avs 
B= || Gotew ee (mi Vitm;V;5)- Pv.h +-9{ meV m;V;)-Vuog 


+g(miVi-—m;V5)- Poo} | ese du; dv; 


1961) Kinetic Theory of Rigid Sphere Gas Mixture 653 


1 
=F \|\| (orto) Lom Vi2—m3V3*)-V In T+9(miVi2F—msV9%) 
x{V In T)g+g(V In T)>} page dv; dv; (A-III.4) 


where the all terms involving ¢; are neglected, since (3.17-2) involve the derivatives of the 
macro-variables. Changing the variables from v;, v; to the Gx, Gi, we obtain 


il 
? g (g9+9° U)gg : Vut+9f(g-Vu)g+g(g-Vuo)} fi fe dG dg 


OZ iMy, \~"? 
I = ig ORTH m Jee ) nan) 2 S+U0-0) | ; 


and 
C0" 


| Consequently we have 


Jc? [mi ViJ= — Bau S Ge at (A-HII.5) 


where i; is given by (4.10). 
| B. The derivation of (4.17): In the same manner as in the case of (4.7), we can evaluate 
the collisional transfer of energy. 
Putting fi=fi°1+¢,) in (8.23-1), we have 


; a2 | 
20] me ses > ais? Moni | eam: G)+9°G} fio fP91+¢6:+ ¢)) du; dv; 
=>) >) aft Myani| Nes VitMyV;)-k}k(g-k)? dk du; dv; 
1) 
a 2 
== 5 bisa Z? MijsMinsge, = > bijhip Mie sree njRT SI; 5 (A-III.6) 
4g iM; 
and from (3.23-2) we have 
0 
eyed a wee Mam) || 2(Grin 29 
Jc | 9 48 < > Cig Xig MG g fy 
f° 94.(7 in .g)@+(9-G)7 in Z| | fos dg dG 
vie an g+ aes ‘9 g x of; dg 
cag (ae EF OLT ey in 7 
3kT il 
Le —— (A-II.7) 
~ oh mit+m; - i 
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Temperature Dependence of Magnetic Susceptibilities of 


KCIO,, KBrO; and KIO, 


By Shotaro TOBISAWA 


Department of Chemistry, Defense Academy, Yokosuka 
(Received May 6, 1960) 


Magnetic susceptibilities of crushed samples of KC10O3, KBrO3 and KIO; 
were measured with a recording magnetic balance which was operated 
by the Faraday method. The temperature was elevated at a constant 


rate, 250°C per hour. 


It was found that, being heated, KClO; showed 


irregular paramagnetic susceptibilities in the solid or liquid state, before 
the evolution of oxygen gas at 500°C. A possible explanation for the 
irregular paramagnetic behaviors is suggested. 

On the contrary, KBrO; and KIO; showed the diamagnetic susceptibi- 
lities, which were independent of temperature below the temperatures of 
the evolution of oxygen gas, 370° and 550°C, respectively. 


Introduction 


§1. 

Recently, the paramagnetic resonance spec- 
tra of Ba(ClOs)2-H:0, NaClO; and Ba(BrOs)::- 
H:O, irradiated by 1MeV electrons, have 
been observed by Cowen”. From the hyper- 
fine structure of the paramagnetic resonance 
absorption spectra of a singe crystal of NaClOs, 
it has been stated by Hastly et al.?) that the 
V center produced by X-irradiation is a radi- 
cal. 

It is of particular interest to investigate the 
changes in physical properties of chlorate, 
bromate and iodate with elevating tempera- 
ture. In the present paper, the temperature 
dependence of magnetic susceptibilities of 
KCIOs, KBrOs and KIOs is studied. 


§2. Experimental Procedures 


Potassium chlorate of commercial guaranteed 


reagent was recrystallized from water four 
times, potassium bromates of Merck (sample 
A) and of commercial guaranteed reagent 
(sample B) two and three times, respectively, 
and potassium iodate of Merck three times. 
A crushed sample was obtained by carefully 
squeezing each recrystallized sample in an 
agate mortar with a pestle. 

Measurements were carried out with the 
recording magnetic balance described in detail 
in a previous report. The crushed sample 
of about 15mg. was charged into a fused 
quartz bulb made with the same dimension 
as the previously reported one. This bulb 
was sealed carefully, after being evacuated 
for several hours under a vacuum of 10-3 
mmHg. The measurements were made by 
elevating the temperature at a constant rate, 
250°C per hour, and by applying a constant 
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field, 8650 Oersteds. In every measurement, 
one millimeter on a recording chart corre- 
sponded to 1.6x10-*°c.g.s.e.m.u. in magnetic 
susceptibility. In every experiment, by ex- 
amining the temperature dependence of mag- 
netic susceptibility of the residue obtained by 
removing oxygen gas evolved in the bulb as 
a result of the complete decomposition, it 
was ascertained that the sample used was 
not contaminated by paramagnetic or ferro- 
magnetic impurities. 

The decomposition temperatures of KCIOs, 
KBrO;s and KIOs were determined by mea- 
suring losses in weight with a thermal bal- 
ance without magnetic field. A sample 
packed in an open bulb, was thermally de- 
composed under the constant pressure of 50 
mmHg. The rate of heating was the same 
as in the case of the magnetic measurement. 
When the magnetic balance was used as the 
thermal balance, one millimeter on the re- 
cording chart corresponded to 0.020mg. In 
either case, the experiments were carried out 
under dark condition. 


§3. Experimental Results 
(1) Paramagnetic susceptibility of KCIOs in 
the solid or liquid state 
In Fig. 1, the curve (1) indicates that KC1Os 
decomposes at 500°C. Although the measure- 
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Fig. 1. Magnetic susceptibility and loss in weight 
versus temperature for KCIO;; (1): curve of 
loss in weight for the sample of 10.1 mg., (2), 
(3) and (4): curves of susceptibility for the 
samples of 15.1 mg. 
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ments were made for the samples in different 
weight at constant rate of heating and for 
the samples in the same weight at different 
rate of heating, these samples decomposed at 
500°C in all the measurements. The decom- 
position temperature of 500°C is higher than 
that obtained by Vitoria*). 

The magnetic susceptibility of KClOs, ob- 
tained at room temperature, was —0.33x10-° 
per g., and the value was in good agreement 
with that obtained by Meslin®. The curve 
(2) shows the first deflection toward para- 
magnetic side at 158°C, the second change at 
352°C, the third change at 446°C, and the 
fourth change at 500°C. Both the curves (3) 
and (4) show the first deflections toward para- 
magnetic sides at 308°C, the second changes 
at 352°C, then show the third changes at 480° 
and 474°C, respectively, and the fourth 
changes at 500°C. In the curves (2), (3) and 
(4), the deflections toward paramagnetic side 
above 500°C increase abruptly with increasing 
temperature. The breaking points at 500°C 
corresponded to the decomposition tempera- 
ture shown in the curve (1). The deflection 
toward paramagnetic side above 500°C can, 
therefore, be ascribed to paramagnetic contri- 
bution due to oxygen gas evolved by the 
thermal decomposition. It has been reported 
by Vitoria’ that the melting point of KClOs, 
determined by capillary-tube method, is 356°C. 
The changes in magnetic susceptibilities at 
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Fig. 2. Magnetic susceptibility versus tempera- 
ture for KC1O3; (1): curve for the sample of 
15.0mg., (2): curve for the sample of 7.0 mg. 
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352°C in the curves (2), (3) and (4) can, there- 
fore, be owing to the phase transition from 
solid to liquid. In Fig. 2, both the curves (1) 
and (2) show the first changes at 352°C, then 
deflect toward paramagnetic side with increas- 
ing temperature. The deflections toward 
paramagnetic side above 500°C increase ab- 
ruptly with increasing temperature. In this 
case, the deflections toward paramagnetic side 
in the solid state could not be found. Be- 
sides, the changes corresponding to the third 
changes as shown in the curves (2), (3) and 
(4) in Fig. 1, could not also be recognized. 


(2) Diamagnetic susceptibilities of KBrOs and 
KIO; before the evolutions of oxygen gas 
The magnetic susceptibility of both the 
samples A (Merck) and B (commercial G. R.) 
of KBrO: was —0.32x10-* per g. and that of 
KIO; was —0.31x10-* per g., at room tem- 
perature. In Fig. 3, the curve (1) shows the 
first loss in weight at 370°C and the breaking 
point at 396°C. Both the curves (2) and (8) 
deflect toward paramagnetic side above 370°C 
and show the breaking points at 395°C. The 
deflections toward paramagnetic side above 
370°C in the curves (2) and (3) can, therefore, 
be attributed to paramagnetic contribution 
due to oxygen gas evolved by the thermal 
decomposition. The breaking point at 395°C 
is considered to be owing to the phase tran- 
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Fig. 3. Magnetic susceptibility and loss in weight 
versus temperature for KBrO;; (1) curve of 
loss in weight for the sample of 15.1 mg., (2) 
and (3): curves of susceptibility for the sam- 
ples A and B of 15.0 mg. 
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sition from solid to liquid. This temperature, 
however, is lower than the melting point of 
434°C, reported by Carnelley et al®. 

In Fig. 4, the curve (2) deflects toward 
paramagnetic side above 550°C and shows 
the breaking points at 560°C and other tem- 
peratures. The temperature of deflection cor- 
responds to the decomposition temperature of 
550°C found in the curve (1). The changes 
in magnetic susceptibility above 550°C can, 
therefore, be ascribed to paramagnetic contri- 
bution due to oxygen gas evolved by the 
thermal decomposition. The curve (1) also 
shows the breaking point at 560°C. It has 
been reported by Day et al.” that the melting 
point of KIO; is 560°C. From the above re- 
sults, the breaking point at 560°C in both the 
curves (1) and (2) in Fig. 4 is owing to the 
phase transition from solid to liquid. As in- 
dicated in the curve (2), the magnetic be- 
havior of KIO; after the evolution of oxygen 
gas is remarkably different from those of 
KCl1O; and KBrOs. 
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Fig. 4. Magnetic susceptibility and loss in weight 
versus temperature for KIO3; (1): curve of loss 
in weight for the sample of 15.0 mg., (2): curve 
of susceptibility for the sample of 14.9 mg. 


In spite of the fact that the crystal struc- 
ture of KBrOs as well as KCIO; contains a 
discrete XOs~ ion, the magnetic behavior of 
KBrOs; before the evolution of oxygen gas is 
different from those of KCIO;. Although KIO; 
is of perovskite structure, KIO; showed dia- 
magnetic susceptibilities which were independ- 
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ent of temperature below the temperature of 


the evolution of oxygen gas similarly to the 
case of KBrOs. 


§4. Discussion on Paramagnetic Behavior of 
KCIO; 


It has been known that, being heated, KCIO; 
decomposes without evolution of oxygen gas 
according to the equation, 


2KC1O3 > KC1O2+KCI1Ox 1) 


or 
4KC1O3; > 3KC10.+ KCl . (2) 


Osada* has found that the reaction (1) takes 
place at comparatively low temperature, and 
that the two reaction products release oxygen 
gas in accordance with the equations, KC1O: > 
KCl1+O: and KClO;— KCl+2O:, respectively. 
Most of previous investigators” have reported 
that the reaction (2) takes place simultane- 
ously with the reaction 2KClO;— 2KC1+30z, 
while Glasner et al.‘ have stated that the 
reaction (2) is not a simultaneous reaction with 
the reaction 2KClO;— 2KCl1+30:, but a con- 
secutive reaction that KCIlO, in the equation (2) 
is formed according to the equation KC1+20.> 
KClO:, where KCl and O:2 result from the re- 
action 2KClOs— 2KC1+30:2. As it is apparent 
from these interpretations, the mechanism of 
decomposition of KClO; is complicated. Be- 
sides, these interpretations seem to suggest 
that both the reactions (1) and (2) take place 
indefinitely, and that each amount of the re- 
action products due to these reactions is not 
constant. Therefore, the paramagnetic be- 
haviors over the range of temperatures below 
500°C, shown in Figs. 1 and 2, lead to sug- 
gestion that KClOs may mainly convert into 
KCIO; and KClO, through a certain transition 
state with unpaired electrons during the 
course of the reaction (1), in the solid or 
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liquid state when KCIlO; is heated. Some- 
times KClOs may partly convert into KCIO, 
and KCl through an other transition state 
with unpaired electrons during the course of 
the reaction (2). This suggestion seems to 
be supported by appearance of the third 
changes in the curves of (2), (3) and (4) in Fig. 
1. Although the samples of the same weight 
were decomposed under the same _ experi- 
mental condition, the results obtained showed 
irregular paramagnetic behaviors, as indicated 
in Fig. 1. The irregular paramagnetic be- 
haviors may be attributed to the indefinite 
occurrences of the reactions (1) and (2). 
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Luminescence of Doped Silver Chloride Crystals 


By Sanemi SONOIKE and Kazuo AKIMOTO 
Faculty of Engineering, Chuo University, Bunkyo-ku, Tokyo 
(Received July 1, 1960) 


Luminescences of silver chloride crystals doped with CdCl, and FeCl; 


are measured spectroscopically at low temperatures. 


Effects of auxiliary 


infrared light on them and on photoconductivities are also measured. Cd 
ions change the normal luminescence of silver chloride of maximum at 
about 485 mp to longer wavelength one of 545my at low temperatures. 
When the latter luminescence is thermally quenched, the usual maximum 
of 485 my recovers and then it is also thermally quenched. The infrared 
light enhances the luminescence of 545 my and quenched that of 485 my. 
This quenching is drastic when Fe ions are added. The photoconductivity 
is enhanced by the infrared light in Cd doped crystals and almost not 


quenched in Fe doped crystals. 
the experimental results. 


Introduction 


§1. 

The nature of luminescence centers in solid 
has complicated character. In spite of a great 
number of investigations on it, generally ac- 
ceptable conclusions are few. Especially 
silver halides are open to question. On the 
other hand the luminescence of silver halides 
has a fundamental character of polar cry- 
stals’, then its investigation is important as 
the means of research of physical properties 
of silver halides. 

The luminescence of silver halides was ob- 
served initially by Randall and Meidinger”, 
with crystals and emulsions at low tempera- 
tures. Farnell and Burton? farther examined 
it in some detail by means of spectrographical 
method. They interpreted it as an edge 
luminescence because they used purest sam- 
ples and got no after-glow, and explain the 
thermal quenching of the luminescence by 
configuration co-ordinates. Makishima and 
Tomotsu* supported their idea though they 
noticed the connection with lattice defects, 
and criticized Seitz’s mechanism» which sug- 
gested forbidden transitions within silver ions. 
Moser and Urbach*) made some study of the 
luminescence in which they investigated the 
buildup of emission under excitation, the ef- 
fects of infrared radiation of the luminescence, 
and cation-activated fluorescence. They con- 
cluded independently by Dorfner’ that the 
silver halides are clearly in the class of 
photoconduction phosphors, and proposed a 
band model with trap levels of electrons and 
holes. Makishima, Tomotsu and Hayakawa® 


An energy band model is given to explain 


successively studied the luminescence of silver 
chloride with anion impurities, and from the 
buildup and decay types of the luminescence 
they found many levels of traps besides the 
centers intrinsic to the matrix. 

Aline®) measured coincidently the lumines- 
cence and photoconductivity in the wide range 
of excitation spectrum, and obtained good 
correspondence between them in some peaks, 
though his interpretation was ambiguous. 
Wiegand’, however, measured the decay 
times of luminescence and photocurrent, which 
behaved independently under several treat- 
ments. Then he advanced the idea based 
upon the effects of vacuum and chlorine an- 
nealing on the results, that the recombination 
centers are silver ion vacancies which initially 
capture free holes radiatively. 

Here we encounter a number of interests 
about the nature of luminescences such that 
whether the luminescence is only by photo- 
conductive ones, next in that case, which are 
electrons or holes that radiate the lumines- 
cence by being trapped, and farthermore the 
trappings are whether first trappings or second 
recombination trappings. Finally we question 
what are the luminescence centers at which 
the trappings take place. 

Since in silver halides the carrier of photo- 
current is known undoubtedly as electrons! , 
Wiegand’s measurements are rather affirma- 
tive to hole theory. However the experi- 
ments of infrared quenching of luminescence 
by Moser and Urbach suggest the second 
trapping theory which indirectly contradicts 
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the hole theory. But Moser and Urbach’s 
material was silver bromoiodide, moreover, 
from the complicated character of the lumi- 
nescence, unless the comparison of infrared 
quenching of luminescence and photocurrent 
be made, the conclusion cannot be drawn. 
Therefore we try to measure the lumines- 
cence of silver chloride and its thermal quen- 
chings, besides infrared quenchings of lumi- 
nescence and photoconductivity in relation to 
the cation impurities such as Cd++, Fet+++ ad- 
ditives. 


§2. Apparatus 


Silver chloride powder was _ precipitated 
from silver nitrate solution and hydrochloric 
acid using special pure chemical reagent. It 
was then melted in air in porcelain crucible 
and the crystal was drawn up from the melt 
at a point of platinum rod. The crystal then 
was cut by Ti-saw into discs of 2-3 mm thick 
and polished on a flat stone with sodium thio- 
sulphate solution and at last rinsed with hy- 
drochloric acid and distilled water. The im- 
purities were added at the molten state in a 
form of CdCle and FeCls. These processes 
were done under a safety light. 

Such a specimen was settled in a cryostat 
cooled with liquid oxygen or liquid nitrogen. 


_ The temperature of the crystal was measured 


with a Cu-constantan thermocouple, the junc- 
tion of which was touched to the crystal 
covered with a thin mica plate as a protector 
against chemical reactions. 

The stimulating light was thrown through 
a quartz window from a distance of 40cm, 
through a condenser lens and a slit. The 
light source was 100 W high pressure mercury 
lamp filtered by Matsuda UV-DI filter. The 


High pressure 


mercury lamp Filter (Mdtsuda,UV-D 1) 


Cryostat Specimen 


hea 


Hilger type 
spectroscope 
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Infra-red lamp — =P 
for foc 


Fig. 1. Arrangement of apparatus to measure the 
luminescence. 
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infrared light was thrown through another: 
window from a 250W infrared lamp with 
Matsuda IR-DI filter. 

The luminescence was observed from an 
opposite window and analized by Hilger 
spectroscope with Matsuda MS-9SY photo- 
multiplier, the output of which was amplified 
with a sensitive direct current amplifier and 
automatically recorded. The arrangement of 
the apparatus is shown in Fig. 1. 

The photocurrent was measured separately 
by a direct current amplifier and a recorder, 
in similar conditions. 


§3. Experimental Results 


The pure silver chloride powder and cry-. 
stals showed a proper green luminescence 
having similar spectroscopic and thermal 
quenching characters to previous investiga- 
tors®.®.+9 the maximum intensity of which is. 
at 485-+-5my, and the activation energy of 
the thermal quenching is not far from 0.05. 
ev. A typical example is shown in Fig. 2. 
Submaxima were occasionally found at longer 
wave length side and they often change the 
form of the main peak at any temperatures. 
to make the activation energy ambiguous. 

Origin of these submaxima is attributed to 
residual impurities or excess silver atoms. 
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Fig. 2. Luminescence and its thermal quenching 
of pure AgCl powder. 
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The silver chloride which was subjected to 
photolysis and shows violet appearance gives 
some luminescence at shorter wave length 
than the maximum, and that of brown ap- 
pearance shows yellow pink luminescence at 
longer wave length side. These luminescences 
were so weak that they can be merely detected 
as slight deviations from normal back grounds. 

Transparent samples also often showed sub- 
maximum at about 580my. It is not clear 
what imperfections are concerned. The room 
temperature illumination with non-filtered 
mercury lamp did not change the spectroscopic 
character essentially, but reduced the inten- 
sity over all, even when the darkening was 
not visible. Strong illumination at room tem- 
perature did not reduced the intensity beyond 
a certain limit —(so for as the shielding effect 
by photolytic silver dose not cause a remark- 
able effect)—, but enhanced the intensity 
slightly by solarization more than that of the 
specimen let alone after print out. 

Silver chloride crystals doped with Cdt+ 
ions showed an interesting character in lumi- 
nescence. At liquid oxygen temperature they 
gave a luminescence having a single maxi- 
mum at 545+5my. When the temperature 
was raised the maximum was weakened, and 
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instead the normal maximum of 485 my grew 
and took its place completely. Then the re- 
lief maximum also quenched thermally as 
usual. This process is shown in Figs. 3, 4 
and 5. The greater the amount of Cd ions 
was, the stronger the intensity of both peaks 
became. But a small amount of Cd ions was 
rather suppressive. The amounts of Cd ions 
added were 2.5x10-°, 510-5, 10-4 and 5x10 
in mol-ratio. 

Auxiliary infrared light enhanced con- 
siderably the luminescence of 545my by Cd 
ions at low temperatures, but it slightly 
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Fig. 4. Luminescence and its thermal quenching 
of Cd doped AgCl crystal. 
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Fig. 5. Transition between two peacks of lumi- 
nescence intensity with temperature in the Cd 
doped AgCl crystal. Broken lines avoid the 
overlapping of peaks one another. 
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quenched the luminescence of 485myz at were accompanied at low temperatures. These 
moderately low temperatures. maxima were thermally quenched altogether 
Photoconductivity of the sample was also 
enhanced by the auxiliary infrared light. 
Those are shown in Figs. 6 and 7. 
The buildup of the luminescence was de- 
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as shown in Fig. 8. 

In the Fe doped crystals, the infrared qu- 
enching was remarkable at 485 my, and less 
at 555 my. 

The photoconductivity of the sample showed 
almost no quenching by the infrared light. 
At first it enhanced a little and then slowly 
reduced till slightly under or near the initial 
current. These are shown in Figs. 9 and 10. 

As the solubility of ferric ions in silver 
chloride is little, the concentration depend- 
ence of the luminescence was not determined. 


§ 4, Discussion and Summary 


The luminescence of maximum intensity at 
485 my is well known in silver chloride which 
becomes very strong in purest samples. Then 
we may attribute it to what is proper to 
silver chloride. The possible mechanism of 
luminescence intrinsic to silver chloride is 
either edge luminescence, or the interstitial 
silver ions or the silver ion vacancies, both 
the constituents of Frenkel defects. The fact 
that this luminescence is replaced by that of 
at 545my at low temperatures in Cd doped 
crystals, and quenched by the infrared illu- 
mination, suggests that it is not the edge 
luminescence that is persistent in cooling as 
suggested by Makishima. 


> 600m 


Curved levels represent. the excited states 


Fig. 11. Energy band model of AgCl phosphor. 


Taking account of the influences of the 
infrared illumination on the luminescence of 
485 my and 545my, we may assume a band 
model based on modifying Klick’s theory!” 
that explained the transition of the blue lumi- 
nescence of ZnS to the green with tempera- 
ture. The circumstances are opposit, how- 
ever, in AgCi(Cd), as the shift of wavelength 
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with temperature is reverse in direction. This 
is shown in Fig. 11. 

In the figure, the notations of the centers 
are as follows. 

a center (485my); this center exists in a 
purest silver chloride, showing thermal quen- 
ching, and being quenched by infrarred illu- 
mination. In coexistence of d centers, the 
infrared quenching is drastic, while the photo- 
conductivity is not quenched. In coexistence 
of 6 centers, it is vanished at low tempra- 
tures and appears in warming instead of the 
thermal quenching of b centers, and then also 
shows thermal quenching as usual. As the 
concentration of b centers is increased from 
zero, it disappears at once and then increases 
again as a intensity of relief maximum. 
After wiegand, the decay constant of the 
luminescence is very shorter than that of 
photoconductivity. 

b center (545 my); this luminescence appears 
and increases with concentration of added Cd 
ions. It cancels a centers at low temperature 
completely, but the large amount of it again 
enhances the a@ center after thermal quench- 
ing of itself. Infrared illumination enhances 
the luminescence as well as photoconductivity. 

c ecnter (shallow traps); this increases as 
the Cd ions are added and delays the decay 
constant of luminescence of 0 centers. 

dd’ centers (555 mz, >600 my); this appears 
as the Fet+++ ions are added. It surpresses 
the efficiency of @ center, but is thermally 
quenched together with @ center. It makes 
the infrared quenching of a center remarkable 
while is quenched itself somewhat. 

This model gives good account of the ex- 
perimental results. 

Thermal quenchings are attributed to the 
thermal excitation of the electrons or holes 
in the excited or trapping states of the centers 
to the conduction or the valence band. We 
can make any form of the thermal transitions 
of maxima of luminescence provided the killer 
centers exist in suitable form. For example 
we have a equation for stationally state as 
follows. 


N2 
Ne 


(1—e-42/*7 \nyo2E,/ 


(1—e- 44"? )\ny0,&,’ =0 


Where, 
m: concentration of conduction electrons 
I: excitation rate 
N: number of centers 
Ne: number of states 
Ee 
V: velocity of electrons 
0: cross section 
E: recombination probability 
1,2,3,4: identification of centers 


and prime notation designates that of holes. 
Then we get 
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energy depth of the excited states or the trapping states of centers 


INe 


n 


Intensities of luminescence H become 


idk Nid —e- Bw"? yak + N2(1—e-22/*?\ya2Eo/ + Nsvo3E3" + Ni(l—e-24!*? p04 i 


Jali = = (l—e-#/*?)yyoi€ 1 
wes Nid er 4 )o,E VT 
Ni(1—e-1/*? 6&1’ + No —e-82/*?)a2&’ + Naos&s’ + Nal —e7 8 4l*" aE’ ; 
We N2(1—e782/*? oF" I 


If Ms=0, Ai+Hz would decrease monoto- 
nously. 

The transition from AH: to H2 with tempera- 
ture results in £i<F2 and MioiEi’SNeo2k:’. 
N:i>WN>2 has been satisfied here, and farther if 
thermal liberation of holes is important, we 
take next replacement, 


E’=(1—e7- 8 #0 0 
(l—e-4/*? \nuo=E , 
and we get the similar condition 


nv’ 
Nioi€ > N2 02’ Ee 
Vv 


nN 


or 


nv 
61 E1>N202& 2’ . 
nv 


M1 


In either case we may satisfy the conditions 
represented by the experimental results. 

The infrared quenching is also explained 
from the diagram. In silver chloride, the 
rate of excitation of holes by the infrared 
light is less effective than that of electrons, 
because the photoconductivity does not reduce 
in this case. Then, a@ centers are quenched 
liberating free electrons, which have no retir- 
ing places without original centers and cannot 
have remarkable effect in both of lumines- 


rs Ni —e-81/¥?)6 Ey +N2(1 —¢e-F2l*? G5 F 57 + N303&s" +N,(1 = OG oer : 


cence and photoconductivity. The retiring 
places may be offered by Fet++ ions which 
protect from holes to recombine because of 
their charges, and the luminescence is con- 
siderably quenched while the photoconductivity 
is not quenched. On the other hand, 0 cen- 
ters are electron traps and the infrared light 
liberates free electrons from other centers 
and enhances both the luminescence and the 
photoconductivity. 

Now, we shall make some comments about 
the luminescence centers. We will not enter 
into the detail constitutions of b centers and 
d centers and are only satisfied to say that 
they are originated from Cd ions and Fe ions. 

In regard to @ centers intrinsic to silver 
chloride, that small amount of Cd ions cancels 
the intrinsic luminescence may be inconsistent 
with that the luminescence centers are silver 
ion vacancies as mentioned by Wiegand. 
Moreover as the large amount of Cd ions 
enhances the luminescence though after 
quenching of Cd owns, the role of interstitial 
silver ions is excluded. Then we are forced 
to think of the existence of dislocations which 
are formed by heavy additions of Cd ions or 
any impurities accompanying stress fields, or 
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think of more complex reasons as suggested 
by Rabin!» in Ca doped sodium chloride. 

The detailed discussions of these centers 
will be given with farther experimental 
results. We are also studying the effects of 
anion impurities and the results will be 
published later. 
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Internal Friction of Synthetic Quartz 


By Yosio HIKI 
The Government Mechanical Laboratory, Suginami-ku, Tokyo, Japan 
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Internal friction of twenty six specimens of synthetic quartz was 
measured at room temperature using the composite oscillator method. 
Specimens were cylinders, axes of which lay in the crystallographic YZ- 
plane and made various angles extending from —35° to +40° with the 
Y-axis. Synthetic quartz had usually smaller values of the internal 
friction than natural quartz. The internal friction of specimens parallel 
or nearly parallel to the Y-axis was almost independent of the strain 
amplitude, while that of specimens inclined to the axis at high angles 
showed noticeable amplitude-dependence. The orientation-dependence of 
the values of the internal friction could be well explained by the theory 
of dislocation damping. The dislocation density in synthetic quartz was 
estimated to be 10?—10?cm~-2, being about one hundredth of the density 
in natural crystals. Effect of X-irradiation on the internal friction of 
quartz was also studied for both synthetic and natural ones. 


§1. Introduction 


about the crystal imperfections. There were 


It is expected that the state of imperfec- 
tions in crystals is generally different accord- 
ing as the crystals are grown in different 
ways. The internal friction measurement is 
one of the most powerful method to study 


few works which showed that the internal 
friction of synthetic quartz had somewhat 
different nature from that of natural one. 
King” measured the Q-! of the synthetic and 
natural quartz oscillators at low temperatures 
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and found that the synthetic quartz exhibited 
an extremely large mechanical absorption at 
90°K with frequency of 5Mc/sec. The ab- 
sorption peak was almost two or three de- 
| cades higher than that of the natural quartz. 
There appeared also a relaxation peak at 
| 20°K both in synthetic and natural crystals. 
|The author mainly studied the 50°K peak 
‘and considered that this might be originated 
‘from the vibration of the “nonbridging- 
‘oxygen defects”, and scarcely noticed the 
20°K peak which has assumed to arise from 
[the movement of crystal dislocations”. 

In the present investigation, the internal 
friction of single crystals of synthetic quartz 
with various crystallographic orientations was 
}measured as a function of the strain ampli- 
‘tude of the vibration at room temperature. 
The same kind of measurement about the 
/natural crystals has been carried out and the 
lresults were already reported in the earlier 
paper® (hereafter called reference I). It was 
lconcluded from the results that the internal 
|friction of quartz in the kilocycle range was 
}mainly due to the vibration of dislocations in 
\the crystals. The present study was intend- 
ed to inspect the above conclusion in the case 
of synthetic quartz, and also to find the dif- 
ference of the state of crystal imperfections 
in the synthetic and natural ones. The vari- 
ation of the internal friction of both natural 
and synthetic quartz was also measured when 
they were annealed isothermally or irradiated 
with X-rays, because it was expected that 
they might have different behaviors. 


§2. Experimental Procedures 


The Marx’s three-component piezo-electric 
oscillator was used to measure the internal 
friction of quartz specimens. The frequency 
of vibration used was about 64kc/sec and the 
strain amplitude ranged from 0.5 to 5.0x 10°. 
'The detailed description of the experimental 
‘method is in the earlier papers.®>* 

Specimens were prepared from the synthe- 
tic quartz, being Y-bar crystals grown hy- 
drothermally by the Sawyer Research Pro- 
ducts, Inc. All crystals were free from 
electrical and optical twinning. The mother 
crystals were analyzed spectroscopically and 
it was found that they were purer than na- 
tural crystals and that the main metallic im- 
purities were Al ard Na. Their contents 
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were considered to be smaller than 10 ppm 
although accurate determination was impos- 
sible. The specimens were of cylindrical 
form, 2mm in diameter and about 40-50 mm 
in length. The length of each specimen / 
can be determined by the relation /=(1/2/) 
-VE/Jo, where f is the frequency of the 
measuring oscillator, E the Young’s modulus 
for the lengthwise direction, and o the densi- 
ty of the quartz. Using the values of E 
calculated from the elastic constants of quartz 
found in usual literatures, it was possible to 
get the frequency matching between the 
specimens and the oscillator better than 
0.5%. The direction of the specimen axis 
was chosen to be in the crystallographic YZ- 
plane and made the angle 0 with the Y-axis 
[cf. Fig. 1 in I]. Twenty six specimens with 
various orientations were prepared from 
thrée™imothercrystals,. 9L7, #4 MevandeaNee 
the angle @ being chosen to range from —35° 
to +40° at an interval of 5°. Specimens in- 
clined to the Y-axis at larger angles could 
not be prepared owing to the limitation in 
size and shape of the mother crystals. The 
specimen will be designated such as “L-30-1”, 
which refers to that “ mother crystal is ‘L’, 
angle 0 equals to —30°, and specimen num- 
ber is) 17. 


§3. Results and Discussions 


3.1 Amplitude-dependence 
The internal friction, 6, of all specimens 
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666 


was measured as a function of the strain 
amplitude of vibration, €. Some of the typi- 
cal results are shown in Fig. 1. In the case 
of specimens parallel or nearly parallel to 
the Y-axis, the values of internal friction are 
small and almost independent of the strain 
amplitude. Although the internal friction of 
specimens inclined to the axis at high angles 
is usually not so large as the case of natural 
quartz [Fig. 2 in I], the amplitude-dependence 
is noticeable in these specimens. Some cry- 


stals such as L--35-1 and N-20-2 have larger 
values and more marked amplitude-dependence 
of internal friction than usual specimens. 
These anomalies are sometimes found in 
specimens with large values of the angle 0. 
There were four such specimens among 
seven ‘L’ specimens, one among seven ‘N’ 
specimens, and none among twelve ‘M’ 
specimens. 


Oo eee ae ee eee 
Oe A On. iO (2 14 


Fig. 2. Analysis of amplitude-dependence of in- 
ternal friction for various specimens. 


In ref. I, experimental results on the in- 
ternal friction of natural quartz were analyz- 
ed using the theory of dislocation damping 
proposed by Granato and Licke.®) The in- 
ternal friction of crystals due to dislocation 
damping can be given as?),® 


0=6:+0,=hiBo+co€/? exp (—ai/E), (1) 


where is the angular frequency of the vib- 
ration, B the damping constant for the dis- 
location movement, and k:, co and ci contain 
the known quantities such as elastic constants 
of the crystals and the unknown quantities 
such as dislocation density in the crystals. 
The adaptability of this formula will be ex- 
amined in the case of the synthetic quartz. 
From the experimental values of internal 
friction, 0, the amplitude-dependent part, dn, 
is obtained by subtracting the amplitude- 
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independent internal friction which can be got. 
by extrapolating the value of d to €=0. In 
Fig. 2, values of log €'/26, are plotted against. | 
&€"' for four specimens. It is found that linear 
relationship usually holds between these two. | 
variables, which shows an evidence for the | 
dislocation damping occuring in these crystals. | 
Same plotting for the specimen N-20-2 shows | 
anomalous behavior, which may be due to the | 
abundant impurities in this specimen, as sug- | 
gested in ref. I. 


3.2 Orientation-dependence 

The internal friction of twenty one speci- 
mens at strain amplitude equal to 3x10~° 
are plotted in Fig. 3, where the abscissa is.| 
the angle 6. The figure attached to each. 
point represents the specimen number. These: 
values are considerably dependent on the cry- 
stallographic orientation of the specimen. 


5 
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Fig. 3. Orientation-dependence of internal friction. | 


In the case of natural quartz, the depen-- 
dence of the amplitude-independent and the} 
amplitude-dependent internal friction on the! 
specimen orientation was found to agree welll} 
with the theory of dislocation damping [sec- J 
tion 3.4 in I]. In the present case, however, | 
the amplitude-independent internal friction 
cannot be determined accurately for all speci-4 
mens. Discussions must therefore be limited! 
to the orientation-dependence of the internal! 
friction at a constant amplitude. The experi-| 
mental value of the internal friction will be# 
rewritten as?) 


0=KisE+Kos*?E exp(—1/sE)+0., (2)) 
where s is the resolved shear stress factor, 
E the Young’s modulus along specimen axis,| 
6) the internal friction caused from other} 
origin than dislocation damping, Ki and Ke 
are constants independent of specimen orient- | 
ation. When the dislocations in. the crystal 
have the slip plane parallel to Y- or Z-axis; 
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as assumed in the case of natural quartz, the 
factor s is proportional to sin@cos@. Insert- 
‘ing this into Eq. (2) and assuming that 6) has 
a constant value for all specimens, internal 
fricticn at a constant strain amplitude can be 
obtained as a function of 0. The solid curve 
/in Fig. 3 represents the values calculated by 
such a method. Three constants 6), Ki and 
Kz were chosen so as the curve to pass three 
experimental points (points for M-40-2, L-30- 
1, and midpoint of M-0-1 and M-0-2). The 
| agreement of this curve with other experi- 
, Mental points is considered to be satisfactory. 
_ The scatter of some points may be mainly 
|-due to the inconstancy of 6). The origin of 
|.6) may, for example, be the loss in the ad- 
| hesive between the oscillator and the speci- 
men or incorrectness of the shape of the 
specimen. Five specimens which have anoma- 
lously large internal friction are omitted in 
this plotting. These may have dislocation 
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density larger than usual specimens, which is 
verified in the next section. 


3.3 Estimation of dislocation density 

As in the case of natural quartz, the dis- 
location density, A, the mean distance 
between pinning point, Le, the maximum 
binding force between pinning defect and 
dislocation, F, and the concentration of the 
pinning points on dislocation, C=b/Lc, were 
calculated with regarding the network length, 
In, aS a parameter. The most probable 
value of In was assumed to be 5x10-4—1x 
10-*cm [section 3.6 in I]. The results for 
three specimens, M-40-1, L-30-1 and L-35-1, 
are listed in Table I. The values for a natural 
crystal, A-45-1, are also shown in the table 
for the purpose of comparison. The last line 
represents those for A-45-1 annealed at 500°C 


for 150 hours, which are reproduced from 
Table II in ref. I. 


Table I. 
Specimen Im cm Iecm Acm-?2 F'dyne 6 
M-40-1 5x 10-4 2.0X10-4 1.1x 108 12S 10=4 2.5x10-4 
(Syn.) 1x 10-3 3.0x10-4 2.0x102 1.9 10-4 6x 10-4 
L-30-1 5x 10-4 1.8x 10-4 1.4x 108 2.3x10-4 2.8x10-4 
(Syn.) 1x 10-3 2.6x10-4 2.6102 3.4 10-4 9x 10-4 
L-35-1 5x 10-4 2 Bx 10-4 4.4x 108 5x 10-4 2721054 
(Syn.) ILS MOE 3.4x10-4 8.3x 10? 2.0 X1054 1.4x10-4 
A-45-1 5x 10-4 1.2x10-4 2.6105 0.8x10-4 4.1x10-4 
(Nat.) 1x 10-3 1.7x 10-4 5.0 104 1x 10-4 2.9 10-4 
A-45-1 510-4 2.4x 10-4 1.2104 5x 10-4 2.0x10-4 
(Ann.) 110-3 3.6 10-4 2.3103 2.3 10-4 1.4x10-4 


The dislocation density in usual synthetic 


| quartz specimens such as M-40-1 and L-30-1 
Gs of the order of 10?-10?cm~’, which is about 
one hundredth of that in natural quartz. The 
density in specimen L-35-1, which has large 
_yalues of internal friction as shown in Fig. 1, 
is several times as large as the density in 
- usual crystals. Synthetic quartz may contain 
the part with high dislocation density here 
and there in the crystal. The concentration 
of the pinning points on the dislocation lines 
in synthetic quartz seems to be lower than 


that in natural crystal. This agrees with the 
fact that synthetic quartz generally contain 
smaller amount of impurities than natural 
one. The maximum binding force between 
pinning defect and dislocation is of the same 
order of magnitude in synthetic and natural 
quartz. It may be possible that similar kind 
of defects, namely, some aggregates of impuri- 
ties [section 3.7 in I], are pinning the dis- 
locations. 

Recently, Nielsen e¢ al.” observed the etch 
pits in quartz crystals developed by concent- 
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rated hydrofluoric acid, and found that the 
pit density in synthetic quartz was about 
three decades lower than that in natural 
quartz. The authors suggested that the pits 
might be caused from the etching of impuri- 
ties precipitated along dislocation line. Ac- 
cordingly, the dislocation density and impuri- 
ty concentration in synthetic crystal are con- 
ceivable to be lower than those in natural 
crystal. The results obtained from .the in- 
ternal friction measurements agree with this 
expectation from etching experiments. 


3.4 Effect of annealing 


The internal friction of a specimen L-35-1 
annealed at 500°C for 5, 10, 20, 50 and 100 hours 
successively, was measured as a function of 
the strain amplitude for each state during an- 
nealing. The relative values of the concent- 
ration of pinning points on the dislocation 
line, C, were determined through analyzing 
the ampitude-dependence of the internal fric- 
tion. The variation of C/C,) with annealing 
time is shown in Fig. 4, where Cy is the 
initial value of C. The result for the natural 
quartz specimen, A-45-1, is also drawn in 
the figure which is reproduced from Fig. 9 
in I. In the case of natural quartz, C/Cy de- 
creases monotonously with annealing time. 
On the contrary, the value for synthetic 
quartz increases at first and then decreases. 


[ T T T 
\2 T=500°C 


L-35-I(Syn) 


A-45-\(Nat) 


a alk 1 i 
cae 50 {00 150 
Annealing Time t (hr) 


Fig. 4. Variation of C/Co for two specimens an- 
nealed at 500°C. 


The different behaviors of natural and 
synthetic quartz may be explained as follows. 
As discussed in section 3.7 in I, the defects 
pinning down the dislocations in quartz cry- 
stals are assumed to be aggregates of impuri- 
ties near dislocation lines. Natural quartz 
are considered to have grown very slowly at 
temperatures 200-350°C and maintained for 
long time under the ground. The concentra- 
tion and mean size of impurity aggregates 
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near dislocations may have reached to their 
equilibrium values at such temperatures- 
When the crystal is annealed at higher tem- 
peratures, some of the aggregates grow larger 
absorbing small ones on dislocation lines. | 
The number of breakable pinning points may | 
be diminished and C/Cy be decreased ap- | 
parently, because external applied stress can- 
not break dislocations away from the aggre- 
gate larger than the possible displacement of © 
the dislocation segment. In the case of | 
synthetic quartz, the concentration of aggre- 
gates near dislocations may not reach to the 
equilibrium value, because the crystals have 
been growth rapidly. When the specimen is. 
annealed, impurity atoms in crystal are fur- | 
ther gathered to the dislocation lines and 
form new aggregates, and some of the ag- 
gregates become large. Accordingly, the ap- 
parent number of pinning points may be 
increased firstly and then decreased. 
3.5 Effect of X-irradiation 

Quartz specimens with different crystallo- 
graphic orientations were irradiated with X- 
rays and their internal friction was measured. 
at room temperature. All specimens were 
annealed at 500°C for 100 hours and then 
exposed to the X-rays at a definite position 
separated by 30cm from the window of the 
tube with Cu target operated at 40kV and 
20mA. The results for three natural quartz 
specimens A-0-3, A-45-2, D-90-1, and a 


synthetic quartz specimen L-30-2 are shown 
in Fig. 5, where the ordinate is the internal 
friction measured at a constant strain ampli- 
tude and the abscissa is the irradiation time. 
The horizontal line drawn in the left part of 


| 2 4 6810 20 4o 
Irradiation Time t (hr) 


Fig. 5. Variation of internal friction with irradi- 
ation time for various specimens. 
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each curve represents the internal friction 
for the annealed specimen. The values of 
internal friction of the specimens A-0-3 and 
D-90-1 are almost unaffected by the X-irradi- 
ation, while that for A-45-2 is changed 
markedly although its variation with irradia- 
tion time is not simple. The internal friction 


of the synthetic specimen L-30-2 is increased 
only slightly by the irradiation. 

The above results can be interpreted as 
’ follows. When quartz are irradiated with 
ionizing radiation, the states of lattice de- 
fects are somewhat altered. The internal 
friction originated from the dislocation damp- 
ing may be varied if the defects are able to 
act as the pinning points. The internal fric- 
tion of specimen A-0-3 and D-90-1, which 
are parallel to Y- and Z-axis, respectively, is 
not affected by the irradiation because the 
dislocations in these specimens are inactive 
for the longitudinal vibration. The value for 
specimen A-45-2 is changed extremely by ir- 
radiation, because the contribution of disloca- 
tion damping to the internal friction is most 
remarkable for specimens with such orienta- 
tions. The complex feature of the irradiation 
curve may be originated from the gradual 
growth of the impurity aggregates which pin 
down the dislocations. It may be possible 
that metallic aggregates are grown near dis- 
location lines promoted by irradiation, as 
observed in the case of X-irradiated NaCl.® 
Further experiments are desired to under- 
stand these phenomena. The synthetic 
quartz crystals usually contain smaller amount 
of impurities than natural ones, which is 
verified by the emission analysis” and the 
experiment of irradiation coloring.®.'? An- 
nealed synthetic quartz may contain a few 
impurity atoms in crystal to grow into the 
pinning aggregates even when irradiated 
with X-rays. 


Reconsideration about Internal Friction 
of Quartz 


It is worthwhile to take into consideration 
again about the adaptability of the theory of 
dislocation damping to the internal friction of 
quartz. The remarkable dependence of the 
internal friction on the crystallographic orient- 
ation was considered to be the most power- 
ful evidence for the dislocation damping in 
quartz. Some other possible mechanisms 
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which may cause the orientation-dependence 
of the mechanical damping will be examined: 

1) Elastic waves of pure compressional 
mode can be propagated only in definite 
directions in an anisotropic medium. Com- 
pressional waves excited in other directions 
are partly converted into transverse waves.!” 
Such an effect produces losses dependent on 
the orientation of the propagation, which must 
be taken into account in the attenuation 
measurement using the ultrasonic pulse method. 
In the case of the resonance method with the 
composite oscillator, the loss originated from 
the above effect may be ignored. This may 
be presumed from the fact that the actual 
resonant frequencies of all quartz specimens 
were not so depart from those calculated for 
the longitudinal vibration. 

2) In the interior of the vibrating solid, 
local thermal flows are generated by the non- 
uniformity of temperature associated with 
the stress distribution. These flows originate 
the thermoelastic damping, the magnitude of 
which is usually dependent on the crystallo- 
graphic orientation of the specimen. The 
thermoelastic damping in quartz is, however, 
very small, being estimated to be of the 
order of 10-° in the kc frequency range.!”) 

3) Some investigators considered the me- 
chanical damping caused from the vibration 
of interstitial metallic ions in the “tunnels ” 
of the quartz lattice. The tunnels were 
considered to be parallel to the Z-axis since 
the conductivity and dielectric loss were 
found to be greatest in this direction. The 
orientation-dependence of the internal friction 
of natural quartz reported in ref. I cannot 
be explained by such a mechanism, because 
the internal friction of the specimens parallel 
to either the Y- or Z-axis are smaller than 
those inclined these axes at high angles. 

4) It may be possible that the trains of 
the low temperature peaks"”) contribute to 
the orientation-dependence of the internal 
friction at room temperature, although vari- 
ous crystals with different orientations have 
not been investigated thoroughly at low tem- 
peratures. Both peaks are those of relaxa- 
tion type, which cannot yield the amplitude- 
dependent internal friction such as observed 
in the present experiment. 

There remains some other questions about 
the internal friction of quartz crystal. Mason 
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considered the relaxation peak at 20°K (5 Mc) 
as the Bordoni peak and obtained the result 
that the Peierls’ stress for the dislocation in 
quartz was rather small.?) Then dislocations 
can vibrate easily at room temperature and 
the theory of Granato-Liicke may be applied 
to the internal friction of quartz. The same 
author, however, proposed a new theory 
about acoustic wave attenuation caused from 
the viscosity of phonons in crystals, and dis- 
cussed that the low temperature peak in 
quartz can be attributed to the phonon relax- 
ation effect.” It was also shown that the 
vibration of dislocations could contribute to 
the internal friction at higher temperatures, 
where the damping of the moving dislocations 
was mainly due to the viscosity of the dragg- 
ing phonons behind them. The measured 
value of the damping constant, B, for the dis- 
location movement was rather coincide with 
the value calculated by the phonon viscosity 
theory. The value of B calculated by the 
phonon scattering theory of Leibfried,'*) which 
has been used by the present author in the 
analysis of the experimental results, was about 
one tenth of the above value. 

In conclusion, the large part of the kc- 
range internal friction of both natural and 
synthetic quartz crystals may be attributed 
to the motion of dislocations, because the 
amplitude-dependence and the orientation- 
dependence of the internal friction can be 
well explained through the theory of the dis- 
location damping. The obtained values of 
the dislocation density and other quantities 
concerning these crystals may also be reliable 
in order of magnitude, although the true 
origin of the damping force against the mo- 
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tion of dislocations in quartz has not been 
well understood. 
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The crystal structures of the antiferromagnets KMnF;, KFeF3; KCoFs, 
KNiF; and KCuF; have been determined above and below their Néel 
temperatures (Ty) by X-ray diffraction using single crystals. At room 
temperature (above Ty) the structures of these compounds are of the 
ideal perovskite type (cubic) except for that of KCuF; which crystallizes 
as a tetragonal modification (a >c) of the perovskite type. At 78°K (below 
Tw) the lattice symmetries of KMnF;, KFeF; and KCoF, are monoclinic, 
rhombohedral (a<90°) and tetragonal (a>c), respectively, while KNiF; 


and KCuF; retain their own symmetries at room temperature. 


The lattice 


constants have been determined between these temperatures and their 


changes near the transition temperature were closely followed. 


This 


temperature region was extended up to 670°K for KCuFs. 


Introduction 


=. 

The crystal structures of the antiferro- 
magnets KMF;, where MM indicates the 3d 
transition group elements; Mn, Fe, Co and Ni, 
have been investigated at room temperature 
‘by many researchers. The works performed 
by these researchers were summarized by 
Martin, Nyholm and Stephenson”. All these 
works have been done with powders and it is 
perhaps for this reason that the results on the 
crystal structures of these compounds are rather 
ambiguous. That is, some have reported as 
the perovskite structure with cubic symmetry, 
and others as the pseudo-perovskite structure 
with lower symmetry for the same compound. 

Since the magnetic ions in the perovskite 
structure form a simple cubic lattice, the 
magnetic properties of ABOs compounds with 
this structure have been extensively investi- 
gated. Therefore it may be interesting to 
investigate in detail the crystal structures and 
the magnetic properties of KIMF; compounds 
including KCuF; for which the lattice distor- 
tion according to the Jahn-Teller effect may 
be expected even above the Néel temperature. 

The work described herein mainly deals 
with structural changes of KMF; compounds 
accompanied by their magnetic transitions. 
The structures at room temperature and at 
78°K have been reported shortly?. The de- 
tailed structure analysis of KCuF; at room 
temperature has also been reported”. Recently 
Beckman and Knox* have reported a full ac- 


count of the crystal structure of KMnFs in 
the temperature region between 15 and 293°K, 
and Scatturin et al.» have investigated the 
magnetic structures of KMFs compounds in- 
cluding KCrF; by neutron diffraction. 


§2. Experiments 

These compounds, prepared by Hirakawa, 
Hirakawa and Hashimoto® of our laboratory, 
crystallized in rectangular forms, their volume 
being mostly a few mm°. At every step of 
crystal preparation of each compound—after 
precipitation, crystallization and additional 
treatments—the crystal structure was examin- 
ed by X-ray powder photographs, and almost 
always the pattern corresponding to the cubic 
perovskite structure was observed except for 
KCuFs;. 

Single crystals were used throughout this 
work. The specimens on which the X-ray 
work was performed were formed into nearly 
cylindrical shape, 0.4~1.2mm in length and 
0.05~0.15 mm in diameter, by cutting with 
a razor blade and grinding with sand paper. 
Since it was easy to break along the the {100} 
planes, specimens elongated along the <110> 
were used without grinding. 

At room temperature oscillation and rotation 
photographs were obtained by using cylindrical 
cameras, the diameters being 9 cm (Straumanis- 
Ievins arrangement of film mounting) and 10 


cm (Bradley-Jay arrangement). 
Above and below room temperature, oscilla- 
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Table I. Constructional details of high- 


| Furnace or cooler 


Temperature measurement 


thick) described by Dent and Taylor®). 
Current was about 20A for 670°K. 


High-temperature 


camera Controlled manually. 


| Cylindrical Ni-foil furnace (0.018mm 
| 
| 
| 


Chromel-Alumel thermocouple was plac- 
ed 1mm above specimen. Calibration 
was made by measuring the melting 
point of In, Sn, Bi, Pb and InSb. Ac- 
curacy: within +2°C and stability 
during exposure: within +0.5°C. | 


Cooling gas froma liquid nitrogen Dewar 

was transferred by a double walled 
Temperature was con- 
trolled by changing the rate of gas 
flow, which is regulated by the current 
through a resistor dipped into liquid 
The lowest temperature 


glass tube. 
Low-temperature | 
camera 


nitrogen. 
attained was 86°K. 


Copper-constantan thermocouple was 
placed 2mm above specimen (Fig. 1). 
Homogeneous temperature destribu- 
tion was obtained by means of an 
attachment to the nozzle (Fig. 1). Ac- 
curacy within +0.5°C and stability 
during exposure within +1°C. 


tion and rotation photographs were obtained 
by using the high- and low-temperature cameras 
having a multiple-film carrier which can be 
moved axially to give a series of 7 to 10 ex- 


to liquid nitrogen 
ewar 


double wailed 


glass tube 
inner 
adel Mylar tube 
Wil, outer 
: <a Mylar tube 
tilm NZ 
carrier NA copper wool 
thermo. Y screen bik window 
cov 
couple N Don ered by Mylar 
specimen ———— <— X-rays 
support Ni 
NJ 
goniometer Y 
head y 
Yorn circular 


TA YIN ZL 


water- jacket 


° 5 cm 
A part of low-temperature camera 
using gas cooling method. 


posures for the equatorial reflexions. 
details are given in Table I. 
low-temperature camera (gas cooling type) is 
shown in Fig. 1. In order to attain 78°K 
liquid cooling method described by Lonsdale 
and Smith” was used. 


§3. Structure Determination 


a) at room temperature 


The oscillation photographs about the [100] : 


as rotation axis were obtained for KMnF;, 
KFeF;, KCoF: and KNiF; with Feka, CoKa, 
Coka and CuKa radiations, respectively. 
spite of the heavy exposure there was no 
evidence for superstructure reflexions similar 
to those observed for KCuF;”. Moreover, 
since these four compounds are cubic and the 
observed intensities are in good agreement 
with those calculated by assuming that the 
structures are of the perovskite type, it seems 


Table I. Lattice constants of KMF; at room temperature with experimental data. 
Lattice constants (A) : 3 Pap High i 
Gauinonia t ighest angle reflexion 

p at 298°K Rotation axis Radiation and its Bragg angle 
KMnF a=4.190+0.001 100 FeKa (330) ~79° 
sciatg, [100] | CuKa (510) ~70° 
KFeF; a=4.121+0.001 [100] CoKa (420) ~76° 
KCoF; a=4.069+0.001 [100] CoKa re (420) ~80° 
KNiF a=4.01440.001 100 CuKa (510) ~78° 
mot ee CoKa (330) ~69° 
da=4. 140-20. 0OLT et 001 CoKa (420) ~75° 
KCuF, 2 | pai CuKa (510) ~72° 
Co =3.92640.002 | CoKa 042) ~78° 
(tetragonal) | 00] CuKa teas) ~74° 


* qo and co designate the fundamental structure, because KCuF; has a superstructure?). 


In 


Their | 
A part of the 
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and low-temperature cameras. 


Atmosphere Film mounting 


Windows Specimen 


Vacuum. Both furnace Straumanis-Ievins type 


Al-foil for inner radia- Cylindrically shaped 


device to prevent 
frosting of specimen 
(Fig. 1). 


eae Pee apres film mounting. Di- tion shield. Mylar single crystal was 
iets cuum ameter: 9cm. sheet for window of mounted on a quartz 
hie outer vacuum cham- fibre by a small a- 
ber. mount of  potter’s 

. clay. 
Air. Equipped with a Same as above. A thin film of Mylar. eerily shaped 


single crystal was 
mounted on a thin 
quartz rod by adhe- 
sive paste. 


that these have the ideal perovskite structure. 

The lattice constants were determined from 
high angle equatorial reflexions recorded on 
rotation photographs. The graphical extra- 
polation against cos? @ was used for each case. 
In order to increase the accuracy of the ex- 
trapolation, reflexions by two different radia- 
tions were recorded on the same film, if 
necessary. In Table II rotation axis of 
specimen, radiation used, the highest angle 
reflexion by the radiation and the approximate 
value of the Bragg angle @ for each compound 
are summarized together with the obtained 
lattice constants, where the errors indicate 
the maximum deviations at the extrapolations 
for several runs. 
b) at low temperatures 

The Néel temperature of each compound 
determined by Hirakawa, Hirakawa and Ha- 
shimoto®? from the magnetic susceptibility 
measurements is shown in Table III. Below 
these temperatures KNiF; and KCuFs retain 
their lattice symmetries, but those of KMnFs, 


Table II]. Néel temperatures (°K) of KMF3*. 


KMnF, | KFeF; | KCoF; | KNiF,; | KCuF, 


| 
epOHr | F113 iay 114 hias275 243 


* A few of these values are somewhat different 
from those previously reported??. 


KFeF; and KCoF; become monoclinic, rhombo- 
hedral (a<90°) and tetragonal (a>c), respec- 
tively. 

Together with these deformations the single 
crystals are turned into the polycrystalline 
state which consists of the crystallites having 
their main crystallographic axis oriented along 


any of the three former cube axes (for mono- 
clinic and tetragonal cases) or any of the 
four former body diagonals (for rhombohedral 
case) with equal probability. Therefore these 
symmetries can be determined from the split- 
tings of the {00} and {hhh} reflextions. The 
splittings of the {400} with FekKa around the 
<100> and the {222} with CrKa@ around the 
<110> at 78°K are represented schematically 
ihe 1B, 2). 


{400} {222} 
KMnF3 A ii | | 
675 0 68.5 iiss £20 725 
KFe Fs papal x 
LOO TOS AKO) 74.0 74.5 75.0 
KCoF3 


725 730 735. 775 780 785 
@ (in degree) 
Fig. 2. {400} and {222} reflexions at 78°K. Ab- 
scissa is the Bragg angle. Kaz-component of 
each reflexion is omitted for clarity. 


The lattice constants were determined by 
the same extrapolation as at room temperature. 
The angles 8 of KMnF3; and a of KFeFs were 
determined from the splittings of the {222} 
with CrKa and the {420} and {330} with FeKa, 
respectively. The results at 78°K are given 
in Table IV. Fig. 3 shows the temperature 
dependence of these constants. 

Recently Beckman and Knox” have investi- 
gated KMnFs in detail down to 15°K. Their 
lattice constants are in good agreement with 
ours above 88°K (Tw). But they describe that. 
the monoclinic phase observed by us at 78°K 
only appears when the crystal warms up from 
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Table IV. Lattice constants of KMFs3 at 78°K. 


Symmetry Lattice constants (A) 

£ a 

ar? | (a,b, c) 
KMnFs3 | monoclinic (dh. 168,4.171,4.185)* 

p= 89°51! +1! 
KFeF3 rhombohedral ae a 02 

z ' a=4.057-£0.002 

KCoFs3 tetragonal c—4.049+0.002 
KNiF3 cubic a=4.001+0.002 
5, i ; a=4.121+0.002 
KCuF3 tetragonal ¢—3.911+0.002 


* It can not be determined at present which 
of the three values in the parentheses corresponds 
to the letters a, b and ce. 


411-5 t 
(erambghlo~- —S--— 90°00" 
4.10 — 89°50’ 


KCoFs 
a 
ba C 
tetr. ) 
lie KNiF3 
is 
=n |)" AE e's SaaS 6 


(°K) 500 


Fig. 3. Lattice constants of KMF3 as a function 
of temperature. Arrows indicate Ty of each 
compound. 


the antiferromagnetic state to 92°K, and that 
below Ty the crystal has orthorhombic sym- 
metry with tetragonal pseudo-cell. Therefore 
reexaminations at 90°K and 78°K by liquid 
cooling were carried out when a special care 
was taken for sufficient cooling, and the pre- 
vious results were confirmed as follows: 

i) {222} splits into two components at 78°K 
but not at 90°K, 

ii) {400} splits into three components at 78°K, 
but the pattern is rather unusual; three 
components have not the same intensity 
as shown in Fig. 2. 

Therefore it may be true that the crystal 
becomes at least monoclinic at 78°K. The 
discrepancy below Ty may be attributed to 
the experimental method, that is, the tem- 
perature was not controlled continuously near 
Ty in our experiments. 


¢) lattice constants of KCuF; 
Up to 470°K in vacuum the crystal of KCuFs 
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remains transparent and there is no change 
in appearance, but at 570°K it becomes opaque 
and dark. Nevertheless there is no significant 
change in the diffraction pattern up to 670°K. 

The lattice constants of KCuFs up to 670°K 
are shown in Fig. 4. co/a@) decreases linearly 
with increasing temperature and no anomaly 
can be found at Tw and in the temperature 
region between Tw and 370°K where an a- 
nomaly has been reported®) on the magnetic 
susceptibility. 


(A) . 


(tetr.) 
Co 


100 200 300 400 500 600 (°K) 


Fig. 4. Lattice constants of KCuF3 as a function 
of temperature. An arrow indicates Ty. 


An irreversible transition of the structure 
took place between 670 and 720°K, which 
would not be discussed farther. 

§4. Discussion 


Since the electronic orbital level (the dy 
level) of the Cu?+ ion is degenerate in the 
undistorted crystal structure, the tetragonal 
distortion of KCuF; which is observed even 
above Ty may be attributed to the Jahn-Teller 
effect arising from Cu?* ion as discussed pre- 
viously». The similar distortion of KCrFs; 
observed by Scatturin et al.» may be attribut- 
ed to the same origin. 

In Table V the crystal distortions below Tw 
are compared with those of MO system” with 
rock-salt structure, which have been investi- 


Table V. Crystal distortions of MO and 
KMF3 compounds below Ty. 


MnO FeO CoO NiO 
rhombo- rhombo- rhombo- 
hedral hedral | tetragonal | “ hearal 
a>90° a<90° Ody Wie 
KMnF; KFeF; KCoF; KNiF3 

rhombo- | : 
wOnUElinie<| hadeal tetragonal | no distor- 
a<90° a>ec tion 


The unit cells of MO compounds for rhombo- 
hedrally distorted cases are chosen differently from 
those in the original paper?) for comparison with 
KMF; compounds 
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gated theoretically by Kanamori. It has 
also been pointed out by the same another?” 
that the distortion in KFeF3; and KCoF; seems 
to correspond to that in FeO and CoO. 


Table VI. Tolerance factors of KMF3 compounds. 


KMnF; | KFeF; | KCoF; | KNiF; | KCuF; 


0.88 | 0.91 | 0.92 | 0.98 | 0.92 


The ionic radii of Ahrens!2) are used. 


In Table VI the Goldschmidt’s tolerance 
factor t of KMFs system is given conven- 
tionally, which is defined by the following 
relation: 


Re+Re=tV 2 (Rut+Rp) , 


where Rx, Ru and Rp are the ionic radii. It 
is known that while structures of the pero- 
vskite family occur for values of ¢ down to 
about 0.8, the ideal cubic structure is found 
only if ¢ is much closer to unity. The crystal 
distortion of KMnF; that occurs at 184°K (far 
above Ty) may be attributed to the low value 
Ole Vie 
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The intermetallic diffusion was studied by electron and X-ray diffrac- 
tion and electrical resistance measurement on vacuum deposited thin bi- 
metallic films of Bi and Sb. The formation of triple-layer, which con- 
sisted of two outer layers of Bi and Sb and the intermediate layer of 
solid solution of the definite composition, was observed in the course of 
heating in vacuum. Such an anomalous diffusion could not be expected 
from a usual diffusion couple of bulk specimens. It was found that the 
degree of such a triple-layer formation depended on the kind and de- 
position rates of secondary deposits, and the maximum thickness of the 
intermediate layer attaind by diffusion was confined to a certain limiting 
value. The defectiveness of films was deduced from electrical resistance 
measurements, the results of which were related to the triple-layer for- 
mation. Tentative explanation and discussions for this were proposed, 
assuming the existence of some strained intermediate layer of certain 


thickness where the diffusion rapidly took place. 


Introduction 


§1. 


At the interface between two metallic films, 
the interdiffusion and the formation of alloy 
such as an intermetallic compound or solid 
solution can be observed in some cases during 
the successive deposition of two metals".?). 
The concentration versus distance from the 
interface for such a bimetallic film im- 
mediately after deposition will be such as il- 
lustrated by the graph (f{=0) shown in Fig. 
1 (a). In the case where the two metals form 
a perfect miscible solution, the concentration 
versus distance graph at a time ¢’ (t/>0) will 
follow the form such as shown in Fig. 1 (b) 
or (b’). The diffraction pattern of the last 
case will indicate broad bands with sharp 
edges which correspond to solid solutions of 


Metal I 


Concentration 


Metal I 
0.0 


Distance 


Fig. 1. The concentration versus distance curve. 
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concentrations c: and cz. There seem to be 
no special compositions other than ci and C2. 
H. Cramer®), however, reported briefly that 
specimens prepared by the vacuum deposition 
of very thin layer of Cu on polished Au sub- 
strate showed the formation of a solid solu- 
tion with a definite composition during heat- 
ing, but no explanation and discussions were 
given. J. W. Menter*’ also described that in 
some circumstances triple layers might be 
formed consisting of two outer layers of com- 
positions approximating the pure metals and 
an intermediate layer with a well-defined alloy 
composition. C. Weaver and R. M. Hill® also 
proposed the formation of some solid solution 
for the explanation of his adhesion experiment 
with thin bimetallic films. 

The intermetallic reactions occurring at the 
interface as mentioned above will intimately 
be related to the structure and properties of 
the interface, and the present writers intended 
to investigate the process of diffusion in thin 
bimetallic films of Bi and Sb by electron and 
X-ray diffraction and electrical resistance 
measurement. 


§2. Experimental Procedure and Aspects of 
Diffusion Observed by Electron Diffrac- 
tion 

The specimens were prepared by the suc- 
cessive deposition of Bi and Sb on Formvar 
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Fig. 2. 
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\\ 
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(b) 


(C ) 


(d) 


(g) 
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Electron diffraction patterns from the bimetallic film of Sb deposited rapidly on the rapidly 


deposited Bi under-layer. Heat treatments are as follows: 


At room temperature (Normal incidence). 
After heating for 5 minutes at about 200°C. 
After heating for 10 minutes at about 200°C. 
After heating for 15 minutes at about 230°C. 
After heating for one hour at about 230°C. 
After heating for one hour at about 240°C: 
After heating for 6.5 hours at about 240°C. 
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film in vacuum (about 10-°>mmHg). The film 
thickness was measured by X-ray interference 
method®, using Cu Ka radiation, with a film 
prepared on a microscopic slide glass at the 
same time as the specimens for electron dif- 
fraction. The thickness of Bi layers was 
160~380 A and that of Sb 150~500 A. 
Filaments for evaporation were cylindrical 
coils of about 15mm in length and 3mm in 
diameter made of W wire of 0.21 mm in dia- 
meter. The distance between the substrate 


(a) 
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and the evaporator was about 6cm and a 
shutter of rotating disc-shape made of Al was 
used during preheating. The condition of 
vacuum and the geometry of deposition were 
maintained to be as constant as possible 
throughout the experiment. The rate of de- 
position, which had much influence on the 
results, was about 50~100 A/second (rapid 
deposition) or 0.5~1A/second (slow deposi- 
tion). 

The degree of the formation of intermediate 


(b) 


Fig. 3. Electron diffraction patterns from the specimen of the same type as shown in Fig. 2. 
(a) At room temperature (Oblique incidence). 
(b) After heating for 10 minutes at about 200°C. 


(a) 


(b) 


Fig. 4. Electron diffraction patterns. 
(a) The Sb film rapidly deposited on Formvar substrate at room temperature. 
(b) The bimetallic film of Bi rapidly deposited on the rapidly: deposited Sb under-layer 
After heating for 10 minutes at about 220°C. 
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layer with a definite composition by heat- 
treatment subsequent to the deposition was 
influenced by the condition of evaporation, 
which would be described in detail afterwards. 
Here, the aspects of diffusion, where the tri- 
plelayers were formed by heating, will be 
described in the first place. 

An electron diffraction pattern from a spe- 
cimen prepared by the rapid deposition of Sb 
on a rapidly deposited Bi under-layer showed 
a fibre structure of Bi and Sb, whose {111} 
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planes were parallel to the Formvar sub- 
strate, and in addition, very weak {202} and 


{422} rings of about 50 at. % Bi solid solu- 
tion appeared as shown by arrows in Fig. 2 
(a) (see also Fig. 3 (a)). This specimen did 
not show any change of its diffraction pattern 
even after the aging of about three weeks at 
room temperature. Then the specimen was 
heated in the diffraction camera and each 
stage of diffusion was photographed. The 
pattern did not show any appreciable change 


(c) 


Fig. 5. Electron 
on the thick Bi layer of about 100°A thick. 


(a) At room temperature. 


(d) 


diffraction patterns from the thin Sb film of about 100 A thick deposited rapidly 


The reflections due to the outer, thin Sb layer alone are observed. 


(b) At about 190°C during heating. Weak reflections due to the intermediate layer of solid 
solution with a definite composition are superposed as indicated by arrows. 


(c) After heating for 


5 minutes at about 210°C. The reflections due to the intermediate layer 


are more intense than (b) as indicated by arrows. 


(d) Aft 
completely, 


er heating for 20 minutes at about 210°C. The reflections due to the Sb layer disappear 
and those due to the intermediate layer alone are observed. 
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even after heating for more than 5 hours at 
about 160°C, but the reflections corresponding 
to the solid solution of about 50 at. % Bi 
were sharpened and somewhat strengthened 
after heating for about 30 minutes at about 
180°C. 

To maintain the thermal history of all spe- 
cimens as constant as possible, the heating 
process was controlled so that it took about 
17 minuters for the heating up to about 200°C 
for all specimens. 

After heating for about 5 minutes at about 
200~210°C, the reflections due to the inter- 
mediate layer became more and more intense 
without any broadening, while those due to Bi- 
and Sb-rich solid solutions gradually decreased 
their intensity but showed no appreciable 
change of their lattice spacings (Figs. 2 (b), 
(c) and Fig. 3 (b)). Contrary to the expecta- 
tion described briefly in §1, the specimen at 
this stage is in the state of the triple-layer 
which is composed of the two outer layers 
of almost pure Bi and Sb and the intermediate 
layer of a solid solution with the definite 
composition. 

After heating for about one hour at about 
230~235°C, the diffuse scattering was super- 
posed on the ring pattern, and at the same 
time, the appreciable changes of lattice spac- 
ings and intensity of the Bi- and Sb-rich solid 


(1) (2) (3) 
(a) 
Fig. 6. 
(a) (1) 
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solutions could be detected. While, those of 
the intermediate layer of about 50 at. % Bi 
solid solution did not show any appreciable 
change (Figs. 2 (d) and (e)). This indicates 
that the overall diffusion of usual type became 
pronounced at this temperature. The change 
of lattice spacing was greater for the Sb-rich 
solid solution than for the Bi-rich one, and 
therefore it was deduced that the diffusion 
of Bi into the Sb-rich solid solution was 
greater than that of Sb into Bi-rich one and 
consequently the net flow of atoms took place 
from Bi-rich solid solution side to Sb-rich one. 
Some considerations on this point will be 
given in §6. 

After the above-mentioned stage, the dif- 
fuse rings corresponding to the solid solution 
with varying lattice constants resulted from 
further heating (Fig. 2 (f)). Then, after 
heating for about 6.5 hours at about 235~ 
240°C, the diffusion was almost complete and 
the diffraction pattern gave the sharp rings 
corresponding to the definite solid solution 
(Fig. 2 (g)). 


§3. Effects of the Order of Successive De- 
position and the Rate of Deposition on 
the Diffusion Process 

The aspects of progress of diffusion during 
heat-treatment were greatly influenced by the 


(1) 


(b) 


Photographs obtained by X-ray interference. 
Bi film of about 297 A deposited rapidly. 


(2) Sb film of about 302 A deposited rapidly. 
(3) Sb film of about 264A deposited slowly. 


(b) (1) 


Double film of Sb (302 A) deposited rapidly on rapidly deposited Bi under-layer (297 A). 


(2) Double film of Bi (256 A) deposited rapidly on rapidly deposited Sb under-layer (240 A) 
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Table I. 
Type 1 Paty mea , | Secondary deposit a pete oe ce) Degree of 
specimen | gig pevoeticn - Kind Deposition becomes most arta 
‘ rate pronounced 
La age gis rapid Sb rapid ~200°C Vigoss 
aa Bi - elon ; Sb_ slow. ~ 240°C pronounced 
ui Sb rapid x Bi x : rapid | mere eae rts 
IV Sb slow Bi rapid oe, above two 
ves Sb é rapid } Bi slow 
; ssi : e, pres 5 Te ie | ~245°C not observed 


order of successive deposition and the rate 
of deposition, and specimens are classified in 


several types. These are summarized in 
Table I. 
(Type I) The results obtained for the spe- 


cimens of this type were described in the 
previous paragraph. 

(Type II) The specimens prepared by the 
slow deposition of Sb on the slowly deposited 
Bi under-layer also exhibited the formation of 
intermediate layer during heating, but its 
formation temperature was found to be about 
240°C, which was higher than for the case of 
Type I (200~210°C), and the considerable 
overall diffusion took place simultaneously. 

(Type III) The Sb layer evaporated rapidly 
on Formvar film showed a strong perferred 
orientation as shown in Fig. 4 (a), and this 
orientation could not be destroyed by the 
rapid deposition of Bi on it. Examining the 
spotty arc pattern from the double films and 
the almost one-to-one correspondence of in- 
dividual spots, it was supposed that the 
minute crystallites of Bi and Sb orientate 
parallel to each other not only in their cry- 
stallographic planes but also in their crystal- 
lographic directions (see Fig. 4 (b)). Further, 
many reflections due to double diffraction 
could be found in this case. The correspond- 
ence between individual spots in the reflec- 
tions due to the intermediate layer of the 
definite solid solution and those of Bi- and 
Sb-rich solid solutions is not so perfect as 
that seen in the case of Bi and Sb. This 
means that the crystallites of the intermediate 
layer are not oriented perfectly parallel to 
those of Bi- and Sb-rich solid solutions. Con- 
sidering, in addition, that the Debye rings 


due to the intermediate layer observed with 
the specimens of Type I are coarser than 
those due to Bi and Sb (Fig. 2), it will be 
recognized that the appreciable grain growth 
can arise in the process of the intermediate 
layer formation. 

The heating at about 220°C for about 10 
minutes of these specimens resulted in the 
formation of triple-layer as shown in Fig. 4 
(b). This temperature was slightly higher 
than that for the films of Type I, and the 
maximum intensity of reflections due to the 
intermediate layer attained by heating was 
somewhat weaker than that for the cases of 
Types I and IJ. Further heating for about 
20 minuites at about 240°C resulted in the 
superposition of diffuse lines, and subsequent 
change was almost the same as that for Type 
Me 

(Type IV) When Sb was deposited slowly 
on Formvar film, the ring pattern was caused 
in most cases. After the rapid deposition of 
Bi on it and subsequent heating at about 
220°C, however, the formation of triple layers 
could be observed just like in the case of 
Type III. 

(Types V, VI) Whenever the secondary Bi 
deposits were slowly formed, the intermediate 
layer of the definite composition could never 
be detected independently of the deposition 
rate of primary deposits, and the usual over- 
all diffusion as shown in Fig. 1 (b) took place 
at about 245°C. 

The results described above may be sum- 
marized as follows: 

(1) The specimens of Types I and II seem 
to indicate the initial alloy formation at the 
interface during the deposition of secondary 
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Sb metal, although, in the case of Type II, 
the reflections due to this initially formed al- 
loy can be detected only occasionally. While, 
the specimens of any type other than Type 
I or II never show the existence of such an 
alloy before heat-treatments. However, it 
will be likely that there exists a very thin 
layer of alloy at the interface which cannot 
be detected by electron diffraction in these 
cases. 

(2) The formation of triple-layer during 
heating is most pronounced for the specimens 
of Types I and II and less pronounced for 
those of Types III and IV, while Types V 
and VI do not show any triple-layer forma- 
tion. This is the same sequence as for the 
initial alloy formation during deposition. 

(3) From Table I, it may be deduced that 
the degree of triple-layer formation depends 
not on the kinds and deposition rates of 
primary deposits but on those of secondary 
deposits. 

(4) The temperatures at which the inter- 
diffusion becomes much pronounced can be 
classified into two groups with the deposition 
rate of Bi, namely, about 200~220°C for the 
specimens of Types I, III and IV where Bi 
is rapidly deposited, and about 240~250°C for 
those of Types II, V and VI where Bi is 
slowly deposited. 

(5) In addition, contaminations of the sur- 
faces of under-layers due to the adsorption 
of some impurities were found to hardly af- 
fect the aspects of diffusion, from the fact 
that the exposure to air before the second 
deposition had no effect. 

Discussions on these results and some ad- 
ditional informations will be given in §§6 and 
q: 


§4. Effects of the Film Thickness on the 
Diffusion Process 
4-1. Effects of the relative thickness of double 


film 

To investigate whether the relative thick- 
ness of double layers affects the thickness of 
the intermediate layer formed by heating or 
not, observations with electron diffraction by 
the reflection method was carried out, be- 
cause no appreciable effects could be found 
within the thickness range where the trans- 
mission method was applicable. The thick 
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Bi layer of about 1000A in thickness was 
rapidly deposited on a glass substrate and 
then the thin Sb layer of about 100A was 


also rapidly deposited on it. The specimen | 


exhibited only the reflections due to the outer, 


| 


1 


thin Sb layer at room temperature (Fig. 5 (a)),. 


but the weak reflections due to the inter- 


mediate layer of about 50 at. % Bi solid solu- | 


tion were superposed on them by subsequent 
heating in vacuum (Fig. 5 (b)). 


more intense, 
solution gradually diminished their intensity 
(Fig. 5 (c)) and finally disappeared after con- 
tinued heating at about 210°C (Fig. 5 (d)). 


Again, the formation of the layer of the de- | 


finite solid solution was seen in this case. 
This definite solid solution did not show any 
appreciable change in its lattice constant and 
intensity during the prolonged heating at 
about 230°C, and so it was deduced that in 
this stage the surface of thick Bi layer was 
covered by the thin layer of the solid solu- 
tion of the definite composition and further 
diffusion was almost interrupted. 


4-2. Effects of the total thickness of com- 
posite film 


To investigate whether the thickness of the 


definite solid solution increases or not with 
the change of total thickness of bimetallic 
film, some additional experiment by X-rays 
was performed with the very thick films. 
The layer of Bi of about 5000 A in thickness 
and that of Sb of about 6000 A were rapidly 
deposited on a microscopic slide glass succes- 
sively. The specimens sealed in Pyrex tube 
in vacuum were heated at various temper- 
atures for various time intervals, and then 
they were examined by X-rays. The reflec- 
tions due to Bi and Sb began to change posi- 
tions after heating for about 10 minutes at 
about 210°C, showing the change of their 
lattice spacings, while those due to the layer 
of the definite composition could never be 
detected even after prolonged heating. 

It is suggested consequently that the thick- 
ness of the intermediate layer of the definite. 
composition is not so thick as it can be de- 
tected by X-rays but confined to some limit- 
ing value where the transmission electron 
diffraction can be applicable. 

The results described in this paragraph 
will be discussed in § 7. 


The reflec- 
‘tions due to this layer became more and 
while those of Sb-rich solid © 
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§5. Some Considerations on the Geometrical 
Structure of the Interface 


In §3, it was described that the formation 
of triple-layer was appreciably affected by 
the kinds and deposition rates of secondary 
deposits. What might be affected by these 
factors would be, in the first place, the geo- 
metrical structure”:® such as grain size, 
boundaries or porosities etc., in the second 
place, the stress involved within thin films 
or defects such as various imperfections”. In 
the present problem, it seemed very difficult 
to obtain direct informations about the metal- 
metal interface, so that we had no other 
means than to deduce the structure and pro- 
perties of the interface from those of the 
individual layer. In this paragraph, some 
considerations on the first factor will be given. 

Some qualitative informations could be ob- 
tained from the X-ray interference with thin 
films which was performed for the determi- 
nation of film thickness. In the first place, 
the number of visible interference fringes 
may be considered to be a measure for the 
roughness of film surface if it is compared 
among the films of almost the same thick- 
ness. The number of interference fringes 
observed for the rapidly deposited Sb layer 
was much less than that for the rapidly de- 
posited Bi layer of almost the same thickness 
(Figs. 6 (a) (1) and (2)), though the absorp- 
tion of X-rays was less for the former than 
for the latter. Consequently, the roughness 
of the former surface should be greater than 
the latter. Comparing the slowly deposited 
Sb film with the rapidly deposited one, the 
roughness of the former surface seemed to 
be greater than that of the latter (Figs. 6 (a) 
(2) and (3)). This is consistent with the re- 
sults of electron microscopy obtained by E. 
Cremer and E. Ruedl®. While, the layer of 
Bi was found to be considerably smooth in- 
dependently of their deposition rates. It was 
also found that the surface of outer layer of 
composite film, irrespective of their kinds and 
deposition rates, was always smooth even if 
the surface of under-layer was considerably 
rough. This was deduced from the facts that 
many, clear interference fringes could be ob- 
served for composite films. 

In the second place, the smoothness of 
interface of composite films can be deduced 
from an anomalous intensity distribution of 
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interference fringes detected for these com- 
posite films, because X-rays reflected partially 
at the smooth interface will modify the in- 
tensity distribution of interference fringes due 
to the double film as a whole. Considering 
that such an anomaly could always be 
detected for the films of Sb deposited on Bi 
irrespective of their deposition rates, the 
interface of Sb and Bi under-layer was con- 
sidered to be smooth. While, the interface 
of the film of Bi deposited on the slowly de- 
posited Sb under-layer would be considerably 
rough because the anomaly could never be 
found.. The interface of the film of Bi de- 
posited on the rapidly deposited Sb under- 
layer would be intermediate in its roughness 
between the above two cases, because the 
anomaly could be detected sometimes and 
the surface of rapidly deposited Sb under- 
layer was smoother than that of slowly de- 
posited one as described above (Figs. 6 (b) (1) 
and (2)). 

The roughness of interface deduced from 
these facts depends on the kinds and deposi- 
tion rates of primary deposits, but not on 
those of secondary deposits on which the 
degree of triple-layer formation depends, as 
shown in §3. Consequently, no direct rela- 
tions can be found between the structure and 
the triple-layer formation. 


§6. Electrical Resistance Measurement 


The electrical resistance measurement was 
performed in relation to the second factor 
mentioned in the previous paragraph. The 
layer of about 400 A in thickness of Bi or Sb 
was rapidly or slowly deposited on a micro- 
scopic slide glass cut in the dimension of 
about 30mm in length and 3.5mm in width. 
The leads of Cu foils were soldered on each 
end where Pt electrodes were prepared by 
the baking of platinium chrolide solution. 
The electrical resistance was measured in 
vacuum by the Wheatstone bridge during 
aging at room temperature or at subsequent 
isochronal annealing. The rapid heating and 
cooling were necessary for the isochronal 
annealing by pulse heating. The heating, 
therefore, was performed in vacuum by 
heat radiation from W coil placed at a dis- 
tance of about 15mm from the specimen. 
The heating coil was wound so carefully that 
the temperature gradient along the long di- 
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mension of specimen became as small as pos- 
sible and consequently the temperature dif- 
ference between each end and the mid point 
of specimen was estimated to be within 1~ 
2°C. The temperature of specimen was mea- 
sured by Chromel-Alumel thermocouple. The 
heating to appropriate temperatures could be 
done within 30 seconds~one minute by 
manual controlling of heater current. The 
time interval of about 10 minutes was neces- 
sary for the complete cooling to room tem- 
perature, but that required for the cooling to 
about 50°C was within about 2 minutes. 


rapidly 
sony 
rapidly 
slowly 


Bi films deposited 
Bi films deposited 

Sb films deposited 
b’) Sb films deposited 


(a) 
(a’) 
a 


5 
Aging time (hours) 


Fig. 7. The percentage decrease in electrical resistance of thin 


films during the room temperature aging. 


The results obtained from the room tem- 
perature aging are shown in Fig. 7. The 
values of 100(R—R,)/R. are plotted against 
the aging time, where R is the measured 
resistance, and FR) the resistance after the 
aging of about 24 hours, being nearly con- 
stant during subsequent aging. After these 
measurements, the isochronal annealing was 
made by the pulse heating for 5 minutes at 
each temperature. The electrical resistance 
after each pulse annealing was measured at 
room temperature and calibrated to the values 
at 30°C. These results are shown in Fig. 8, 
taking 100(/R—R)/Ro as the ordinate and the 
annealing temperature as the abscissa, where 
Ro is the same as shown in Fig. 7 and R 
the calibrated resistance at 30°C. 

The percentage decrease in resistance dur- 
ing the room temperature aging shows a 
marked dependence on the deposition rate. 
The decay of electrical resistance of vacuum 
deposited thin films is usually considered to 
be due to the decay of imperfections”, and 
so the less percentage decrease in resistance 
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for the slow deposition rate than for the rapid 
deposition rate seems to indicate that the 
decay of mobile imperfections in the slowly 
deposited films has already begun during de- 
position”. More appreciable decay than 
the above is seen for the subsequent isochro- 
nal annealing as shown in Fig. 8. The decay 
for the Bi Jayer is greater for the rapidly 
deposited one than for the slowly deposited 
one, while the decay for the Sb layer shows 
almost the same tendency for both the 
rapidly and slowly deposited ones. Further, 
the decay for the Sb layer is much greater 
than for the Bi layer, which 
means that the lattice defects are 
much for the former than for the 
latter. This is consistent with 
the results obtained by H. D. 
Murbach and H. Wilman! by 
means of stress measurement 
with thin films. The cause of 
resistance increase observed for 
Bi layers as shown in Fig. 8 is 
not clear in the present stage 
of investigation. 

The results obtained from elec- 
trical resistance measurement 
may be summarized as follows: 

(1) The results suggest that 
the rapidly deposited or slowly deposited Sb 
layer is most defective, the rapidly deposited 
Bi layer next defective and finally the slowly 
deposited Bi layer least defective. This 
sequence of defectiveness, applying to the 
secondary deposits of double films, agrees 
well with the sequence of initial alloy for- 
mation during deposition or triple-layer for- 
mation during heating as described in § 3. 

+30 


Oo} 


-5,0 


x100 (%) 


+ Bi films deposited rapidly 
X Bi films deposited slowly 

G Sb films deposited rapidly 
© Sb films deposited slowly 


R-Ro 
Ro 


50 00 150 200 


| 250 
Amealing temperature (°C) 


Fig. 8. The percentage decrease in electrical re- 
sistance of thin films during the isochronal an- 
nealing. 
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(2) If it is assumed that the interdiffusion 
in the present bimetallic films is influenced 
to some extent by vacancies, the net flow of 
such vacancies will be considered to arise 
from Sb side to Bi corresponding to the net 
flow of atoms from Bi side to Sb (§ 2). It is 
deduced from Fig. 8 that vacancies are richer 
in Sb layer than in Bi layer, and therefore, 
| the concentration gradient responsible for 
- such a flow can be expected. 

(3) The temperature at which the mobility 
| of imperfections is much increased is about 
110~120°C for the rapidly or slowly deposited 
Sb layer, about 140°C for the rapidly deposited 
_ Bi layer and about 200°C for the slowly de- 
| posited Bi layer (Fig. 8). These temperatures 
| should be related to those at which the inter- 
| diffusion in double layers becomes much 
| pronounced. The flow of vacancies from one 
| layer to another is necessary for the inter- 
_ diffusion to take place and the temperature 
for such a flow to occur may be determined 
by the temperature at which the vacancies 
begin to decay in Bi films, because this tem- 
perature is higher for Bi films than for Sb 
ones. Consequently the pronounced interdif- 
fusion is expected to occur at about 140°C 
for the composite films of Sb and rapidly de- 
posited Bi or about 200°C for those of Sb and 
slowly deposited Bi, independently of the de- 
position rate of Sb and the order of succes- 
sive deposition. While, the temperatures 
determined by electron diffraction were about 
-200~220°C for the former films and about 
240~250°C for the latter ones, as summarized 
in §3. The general tendency observed by 
electron diffraction such that the appreciable 
diffusion takes place at lower temperature for 
the former (200~220°C) than for the latter 
(240~250°C), coincides with the tendency 
deduced from the decay of resistance (140°C 
for the former and 200°C for the latter), but 
there exists quantitative disagreement between 
the observed and the deduced temperature in 
each of the two cases. 
Discussions on these results will be given 


in the next paragraph. 


§7. Discussions and Summary 

(1) As mentioned in §1, Cramer® observed 
the same phenomenon for the specimen of 
thin Au layer deposited on polished Cu as for 
the composite films of Bi and Sb. Menter® 
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also reported the observation of triple-layer 
formation in his experiment concerning the 
Moiré pattern. Although none of them gave 
any explanation or discussion on thier obser- 
vations, this phenomenon seems to be a gen- 
eral tendency for thin bimetallic films pre- 
pared by vacuum deposition and not particular 
for the case of Bi and Sb. 

(2) Though the clear-cut explanation seems 
to be difficult in the present stage, the triple- 
layer formation may be interpreted tentatively 
by the assumption that the intermediate layer 
of a certain thickness is separated from two 
outer layers by some condition, which may 
be realized by assuming the hightly strained 
intermediate layer. The very thin layer of 
solid solution, which was sometimes difficult 
to be detected, was already formed at the 
interface of double films during the succes- 
sive deposition of constituent metals before 
heating as described in §§2 and 3. This ini- 
tial alloy formation may be due to the defects 
in the evaporated metallic films and the latent 
heat of vaporization of secondary deposit as 
discussed in the previous papers”. This ini- 
tially formed layer, whose lattice constant is 
different from those of upper- or under-layer, 
may exert the stress on its surroundings and 
develop the strained layer of a certain thick- 
ness. It may be allowed to consider that the 
relative thickness of the upper and under 
strained layers is always constant irrespective 
of the total and the relative thickness of the 
bimetallic film as a whole, and further the 
diffusion takes place very rapidly in the inter- 
mediate layer including both the initially 
formed alloy layer and these strained layers, 
and therefore the state of homogeneous solid 
solution with the definite composition will be 
attained very rapidly in this intermediate 
layer in the early stage of heating. Con- 
sequently the triple-layer may be formed. 

This assumption may be supported not only 
by the facts which will be described in (3) 
and (4), but also by the study of adhesion 
performed by C. Weaver®. He reported that 
the values of adhesion obtained for two-layer 
films of Ag-Pb, Al-Pb and Ag-Cr, which had 
no miscibility in the solid state at room tem- 
perature, were only slightly greater than for 
the under-layer (Pb or Cr) alone, while the 
abnormally high adhesion was obtained for 
the bimetallic films of Cu-Cr and Au-Cr, in 
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which the miscibility of two metals exists in 
Cu-, Au- or Cr-rich side. Explanation for 
this high adhesion was given by Weaver on 
the basis of the formation of a_ harder, 
strained intermediate layer at the metal-metal 
interface, which was due to the formation of 
a layer of solid solution of somewhat different 
lattice spacing, causing a resultant strain. 

(3) If such a strained intermediate layer 
exists in the present case, its extent will 
depend upon the thickness of the alloy formed 
during deposition, but not upon the thickness 
of upper-or under-layer itself. 

(a) Consequently, in the first place, the 
thickness of the intermediate layer formed by 
heating should be confined to such a strained 
layer of a definite thickness and not increased 
by the increase of total film thickness. This 
was actually confirmed by the X-ray diffrac- 
tion with thick films and by the reflection 
method of electron diffraction with the spe- 
cimen of thin Sb layer deposited on thick Bi 
film, as shown in § 4. 

(b) In the second place, the maximum 
intensity of diffraction rings due to the inter- 
mediate layer attained by triple-layer forma- 
tion should be related to the thickness of the 
initially formed alloy at the metal-metal inter- 
face during successive deposition. As de- 
scribed in §3, the degree of triple-layer for- 
mation is classified into three cases by the 
kinds and deposition rates of secondary de- 
posits, namely, the most pronounced degree 
for the films of rapidly or slowly deposited 
Sb with Bi under-layer (Types I and ID, the 
less pronounced degree for those of rapidly 
deposited Bi with Sb under-layer (Types III 
and IV) and the never detected formation for 
those of slowly deposited Bi with Sb under- 
layer (Types V and VI). This sequence was 
found to be just the same as that of the 
degree of the initial alloy formation (§3) and 
also that of the degree of the defectiveness 
involved in secondary deposits (see (1) in § 6). 
These facts will support the assumption con- 
sidered above. 

(4) Finally, some additional support for the 
assumption stated in (2) may be obtained from 
the consideration on the discrepancy between 
the temperature at which appreciable diffusion 
actually occurs and that deduced from elec- 
trical resistance measurement. The former 
temperature was found to be about 200~210°C 
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for the films of Types I, IIJ and IV or about. | 
240~250°C for those of Types II, V and VI | 
from the results obtained by electron diffrac- 
tion, while the latter one was estimated to. | 
be about 140°C or about 200°C in each case. 
The discrepancy of about 50°C can be found.. 
If the vacancy mechanism is responsible for 
the interdiffusion in the present case, the — 
facts that the interdiffusion doe not yet occur | 
at 140° or 200°C though the imperfections 
such as vacancy in each upper- or under-layer 
are mobile at these temperatures will probably 
suggest that vacancies in the intermediate 
layer may be trapped, for example, at the 
concentrated dislocations which will be re- 
sponsible for the structure of the highly 
strained layer connecting the initially formed 
layer of solid solution and the upper- or under- 
layer of pure metal!”. The activation energy 
for such trapped vacancies may be greater’ 
than for those in upper- or under-layer, and 
therefore they can hardly decay at 140°C or- 
200°C. When the temperature is raised to 
about 200~210°C or about 240~250°C, the 
vacancies concentrated in the strained region. 
become movable and appreciable diffusion oc- 
curs in this strained region, while most of 
the vacancies in the unstrained upper- and_ 
under-layers have already been decayed and. 
the diffusion rate in these layers are much. 
less than that in the intermediate layer. Con- 
sequently, the interdiffusion of metals will 
rapidly take place in the intermediate layer: 
at these temperatures, resulting in the forma-. 
tion of triple-layer. Further, the fact that | 
the appreciable grain growth can be observed 
in the formation process of the intermediate. 
layer with the definite composition as de- 
scribed in §3 seems to suggest that the: 
strained intermediate layer mentioned above 
will play an important role for the triple-. 
layer formation. 

For the specimens of Types V and VI,. 
such a triple-layer formation could not be 
detected. However, these specimens may be. | 
considered to be the simple double-layer: 
formed by the superposition of two metals. 
without any intermetallic reactions at the | 
metal-metal interface and to resemble rather 
the sintering of fine powders of Fe and Cr, | 
or the usual diffusion couple of bulk specimens. 


Accordingly, the strained intermediate layer | 
in these cases, even if it exists, would be. 
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Experimental studies were made on electrical resistivity, Hall coef- 
ficient and magnetoresistance of As- Sb- and (As+Sb)-doped germanium 
in the electron concentration range of (10!8~3x10!9cm~3). The mobility 
difference between As- and Sb-doped germanium has been observed at 
room temperature. This difference seems to be related with the dif- 
ference in the ionization energy of group V elements. From the pre- 
sent experiment, it has been concluded that in heavily doped germanium, 
interaction between electron and ionized impurity should be treated as 
short range force instead of Coulomb force owing to the fairly large 
screening effect, and as the result the nature of the core of impurity 
influences directly upon the impurity scattering. 


$1. Introduction impurities was observed clearly at low tem- 
peratures. However in temperature range 
where all donors are ionized completely and 
scattering is mainly due to lattice vibration, 
the electrical resistivity of germanium is in- 
dependent substantially on the specific ele- 
ment in group V. 

On the other hand, many investigations 


Electrical properties of non-degenerate 7- 
type germanium containing shallow impuri- 
ties such as P, As, Sb have been investigat- 
ed extensively by many authors. One of 
their result is that the ionization energy of 
the impurities depends on the impurity con- 


centration as well as the specific element. 
Therefore the impurity dependence of electri- have been made on heavily doped z-type 


cal properties of germanium containing these germanium. Lark-Horovitz'!) measured resis- 
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tivity o (ohm-cm) and carrier concentration 
n (cm) at low temperatures and found the 
approximate validity of the relation o=6270 
n-/3 which was deduced from Conwell-Weis- 
skopf formula taking into account Fermi 
statistics. Bowers” measured magnetic sus- 
ceptivility and Pollack*) measured piezoresis- 
tance. They concluded that four-ellipsoid 
model is accepted in heavily doped n-type 
germanium and there is no substantial change 
in curvature of the conduction band for 
energies up to 0.08eV above the band mini- 
mum. Goldberg‘) measured magnetoresistance 
and showed that the symmetry condition b 
+c=0 is satisfied with uncertainty of 30%. 
These experiments were made on As- and P- 
doped germanium. 

However, in recent years Esaki-diode was 
discovered and in its current-voltage charac- 
teristics at low temperatures, phonon assisted 
tunneling? was observed in Sb- doped junc- 
tions of germanium, but not in As- and P- 
doped junctions. In addition, the author® ob- 
served the mobility difference between As- 
and Sb- doped germanium at room tempera- 
perature. These results indicate that specifi- 
cation of the kind of impurity is necessary for 
discussing the electrical properties of heavily 
doped n-type germanium at room temperature 
even for the elements in group V. 

This paper describes the experimental stu- 
dies on the impurity dependence of the ele- 
ctrical properties (resistivity, Hall coefficient, 
and magnetoresistance) of heavily doped n- 
type germanium. 


§2. Sample Preparation and Experimental 
Method 

As-, Sb- and (As+Sbd)- doped single cry- 
stals were grown by pulling from the melt 
in [100] direction, using the pulling rate of 
about 7 /sec and rotation of about 50r.p.m. 
The crystals were sliced perpendicular to the 
long axis of the single crystals and the bridge 
shape samples were prepared by using a ul- 
trasonic tool. The samples suitable for mak- 
ing magnetoresistance measurements were 
prepared by cutting thin plates as shown in 
Fig. 1. In these samples, the current direc- 
tion deviates from [100] axis to [010] axis by 
22.5°. In cutting the samples, crystal axis was 
determined optically and confirmed by elect- 
ron diffraction analysis. 
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A conventional D.C. method was used for 
the measurements of resistivity, Hall coeffici- 1 
ent and magnetoresistance. The magnetore- 
sistance constant b, c and d are defined in 


Eq. (1). 
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In this equation p is the resistivity and J and 
H are the current density and magnetic field 
respectively. When the angle @ is measured © 
as shown in Fig. 2, Eq. (1) is expressed in 
the following form. 
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Fig. 1. Cutting direction of samples for measure- 
ment of magnetoresistance effect. The crystals 
were pulled in [001] direction in this figure. 
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Fig. 2. Position of the samples in magnetic field 
for the measurement of magnetoresistance. 
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Therefore the amplitude, the mean value and 
the angle @min for the minimum of 4o/oH? 
determine b, c and d. This method’ has the 
following advantages in the present experi- 
ment. (1) All magnetoresistance constants 
are determined by one rotation of samples in 
magnetic field. (2) Omin is related directly 
with the ratio c/d so that comparison of 
magnetoresistance constants of As- and Sd- 
doped germanium is made easily. 


§3. Experimental Results 


(a) Resistivity, Hall Measurements 

Resistivity and Hall measurements were 
made at 300°K. Magnetic field of 5000 oerst- 
eds was used for the Hall measurements. 
Electron concentration m (cm~*) was calculated 
by using the relation ~=1/Re. Where R is 
the Hall coefficient and the factor® arising 
from the band structure efc was neglected in 
this relation. 

Fig. 3 shows versus o curves for As- 
and Sb- doped germanium. Electron mobility 
in Sb- dopted germanium is higher than that 
in As- doped germanium. In this figure _the 
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Fig. 3. Resistivity versus electron concentration 
curves for As- and Sb- doped germanium at 
300°K 
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experimental points for samples with higher 
As concentration deviate from this straight 
line to high resistivity side. Such deviation 
has not been observed in As- doped crystals 
pulled in [111] direction® and in Sbd- doped 
crystals pulled in [111] or [100] direction. 
This may be due to anomalous precipitation 
of As or other lattice defects. 
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Fig. 4. Resistivity versus electron concentration 
relations for (As+Sb)- doped germanium at 
300°C. 


Fig. 4 shows m versus o relations for the 
samples containing As and Sd simultaneous- 
ly. The straight lines in this figure are the 
same shown in Fig. 3. Concentration of each 
impurity in the samples was estimated as fol- 
lows. In the first place, As- doped single 
crystals were grown and As concentration at 
several points along the pulling direction was 
determined by measuring the Hall coefficient. 
Then the crystals were re-melted with Sod. 
Again single crystals of nearly equal size as 
the original crystals were pulled in [100] di- 
rection. Distribution of As in the crystals 
thus obtained was assumed to be same as in 
original crystals. As concentration estimated 
at the top of the crystals (seed side) and at 
the tail where single crystal breaks is shown 
in Table I. 
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Table I. As concentration estimated from distribution of As in the original crystals. 
trati n As Concentration n 
Crystal Bale: ets at the top (cm~3) at the tail (cm~3) at the tail (cm~3) 
AsSb-1 ~2 x 1018 4.8x 1018 ~1019 1.6x 1019 
AsSb-2 ~5x 101" 3.01 x 1018 ~3 x 1018 8.7 x 1018 
AsSb-3 ~1017 1.7 x 1018 ~1018 5.2x 1018 
AsSb-4 ~2 x 1017 2.3x 1018 ~6 x 1017 4.71018 
Table II. Spectroscopic analysis of As and Sb concentration in (As+ b)-dopted germaninum. 
Resistivity Electron Concent- As Concentra- Sb Concentra- . _O=—Oso_ 
a eee (10-8 ohm-cm) ration (10!8cm~8) tion (10!8cm~%) tion (1018 cm~%) 04s — Oso 
AsSb-1 No 14 GY 9.4 ies) 2.9 0.82 
No 20 2.62 4.8 5.4 16 0.77 as) 
AsSb-2 No 11 Doaw Sa 6.8 4.2 0.62 12 
No 15 3.03 3.6 Ball 1.8 0.49 Aliso} 
No 17 3.34 one DS 220 0.55 ile: 
No 19 2.68 3.0 Bald) Daa 0.53 —0.1 
AsSb-3 No 3 233 4.6 1.8 AES 0.3 Os54 
No 5 Qo 4.0 2 306 0.25 0.24 
No 11 3.78 20 O25 16 0.24 0.35 
No 17 3.93 ale 0.4 Ox, 0.31 —0.1 
AsSb-4 No 6 3.47 Ze 0.36 2a ORS 0.31 
No 12 2.54 Bo 0.62 4.4 0.12 0.16 
No 14 2.50 4.1 0.69 4.4 0.14 0.54 
No 16 2.19 4.4 0.78 3.6 0.18 0.2 


Impurity concentration was also determin- 
ed by spectroscopic analysis. Procedure of 
this analysis is as follows. Standard samples 
with different electron concentration were 
selected from As- and Sb- doped crystals. 
Using the standard samples working curves 
for As and Sd were drawn by plotting black- 
ness of As and Sb spectrum lines on the 
photographic plate against electron concentra- 
tion determined from the Hall measurements. 
Concentration of each impurity in (As+Sb)- 
doped samples was determined by measuring 
the blackness of As and Sd spectrum lines 
and comparing it with the working curves. 
Result is shown in Table Il. However this 
result is not so accurate because the assump- 
tion that the impurity concentration is equal 
to [the electron concentration was used in 
drawing the working curves. The sum of As 
and Sd concentration shown in Table II is 


almost always higher than electron concent- 
ration obtained from the Hall measurement. 
This difference may be due to the precipita- 
tion of impurities in the samples. 

In Fig. 4 the experimental points for sam- 
ples with large 7, where 7 is defined by r= 
As concentration/sum of As and Sb concent- 
rations, lie-on As- doped line while those for 
samples with small 7 lie on Sd- doped line. 
The behavior of transition of experimental 
points from Sb- doped line to As- doped one 
with increasing 7 will be clearly observed if 
(0—0sv)/(04s—sv), where p4s, Os» and o (here- 
after) are the resistivity of As- Sd- and (As 
+Sb)- doped germanium, is plotted against r 
for a fixed electron concentration. However 
in the present experiment it is difficult to 
draw such curve because of lack of data for 
fixed value of mn. 


In Fig. 5 (o—9s»)/(04s—ps») is plotted against 
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y for specimens with various electron con- 
centration. Though the dotted curve in this 
figure will have no physical meaning unless 
(0—sv)/(04s— sn) is independent on x, it is 
shown clearly that the transition of experi- 
mental points occurs sharply at r~0.2~0.5 in 
the concentration range of n>10!8cm-3. 
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Fig. 5. (0—(s»)/(04s—Osv) versus r relations. 
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Fig. 6. Temperature dependence of the resistivi- 
ty for As- anp Sb- doped germanium. 


Fig. 6 shows a typical example of tempera- 
ture dependence of resistivity of As- and Sb- 
doped germanium. The resistivity of the 
samples with ~>3x10'%cm-* decreases mo- 
notomously with decreasing temperatures, 
while the resistivity of the samples with 2 
<3x10!%cm-? has a maximum in measured 
temperature range (4.2°K ~300°K). 

(b) Magnetoresistance Measurements 

Magnetoresistance effect of heavily doped 
germanium was so small that magnetic field 
of 8500 oersteds was used for this experi- 
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ment. This magnetic field strength satisfies 
still the weak field condition. Accuracy of 
this measurement is lower than that of resis- 
tivity and Hall measurements because of ap- 
pearance of fairly large noise in voltage drop 
across the resistivity probes. 

Fig. 7 shows a typical example of angular 
dependence of magnetoresistance for As- and 
Sb- doped germanium at 300°K Results for 
(As+Sb)- doped germanium are shown in 
Fig. 8. The minimum of magnetoresistance 
appears at about 60° for As- doped samples 
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Fig. 7. Angular dependence of magnetoresistance 
for As- and Sb- doped germaninum at 300°K. 
Magnetic field of 8500 oersted was used. 
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Fig. 8. Angular dependence of magnetoresistance 
for (As+Sb)- doped germanium. 6 min increases 
with increasing r from about 45° to about 60°. 
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Table IIJ. Magnetoresistance of n-type germanium at 300°K. 
; Magnetoresistance constant 
Resistivit Electron concentra- c 
Crystal Sample (d0e3 ohekent) tion (1018 cm~-3) b (10-41 oersted-2) d 
As-3 No 21 3.67 2A: Tel3 —0.51 2.41 
As-4 No 16 1.44 12 Ossi —0.18 0.85 
No 22 1.96 ot 0.48 —0.28 132 
Sb-4 No 6 1.95 4.5 eo —1.11 Dace 
No 13 2.92 2.8 2G —1.74 3.48 
No 17 3.48 Dall 1 —2.2 4.4 
AsSb-1 No 14 1.67 9.4 0.42 —0.26 eo 
No 20 2ROZ 4.8 0.96 —0.97 1.94 
AsSb-2 No 7 1.92 H20 0273 —0.38 1.8 
No 9 Pe  Ne 6.5 0.81 —0.71 eos 
No 13 2.48 od 1.0 —1.12 2.24 
No 19 2.68 3.0 IL PAE —1.15 253 


and at about 45° for Sb-doped samples. For 
(As+Sb)- doped samples @min is equal to 
about 45° for the samples with small 7, in- 
creases with increasing 7, reaches about 60°. 
However the transition of @ min does not oc- 
cur simultaneously with the transition of 
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Fig. 9. V-I characteristics for As-, Sb- and (As 
+§b)- doped junctions at 4.2°K. Phonon as- 
sisted tunneling associated with transverse 
acoustic phonon was quite ambiguous for all 
(As+Sb)- doped junctions. 


(0—sv)/(04s— Os») When r is varied. Magneto- 
resistance constants are listed in Table III. 


(c) Observation of Phonon assisted Tunneling | 
Fig. 9 shows current-voltage characteristics 
for As-, Sb- and (As+Sb)- doped junctions of 
germanium at 4.2°K. Phonon assisted tunne- 
ling assosisated with longitudal acoustic pho- 
non was observed at about 27 mv, but tunne- 
ling associated with transverse acoustic 
phonon which was observed clearly at about 
7mv for Sb- doped junctions was quite am- 
biguous for all (As+Sb)- doped junctions. 


§ 4. Discussion and Acknowledgement 


nm versus 0 curve for P-doped germanium 
has been measured only in the electron con- 
centration range of (1.8 x10!°~4.5 x 10!® cm-?) 
and coincided with As-doped line shown in 
Fig. 3 within the experimental error. The 
observed mobility difference between Sd- and 
As- or P-doped germanium cannot be expect- 
ed from Conwell-Weisskopf or Brooks- 
Herring formula, and seems to be related to 
the fact that Sb has the smallest ionization 
energy of the group V elements. In_havily 
doped germanium, short range force acts 
between electron and ionized impurity, and 
as the result the nature of the core of im- 
purity influences directly upon the impurity 
scattering. 
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Another explanation for the mobility dif- 
ference is as follows. The conduction band 
structure is modified by heavy doping of im- 
purity in P- and As-doped germanium, but 
this is not the case in Sb-doped germanium. 
This assumption® was first proposed for the 
explanation of the direct tunneling in P- and 
As-doped junctions of germanium. However, 
if the transition of experimental points shown 
in Fig. 5 is assumed to be due to the band 
modification, it is difficult to explain the ob- 
served phonon assisted tunneling in (As+Sb)- 
doped junctions which were made of the 
samples with 7>0.5 (See Fig.9). 

The sharp transition shown in Fig. 5 is an 
unexpected result. As a limiting case of 
short range force, if the ionized As and Sd 
atoms in germanium behave as fixed elastic 
spheres of radii Rus and Rs» respectively, re- 
laxation time rt obtained from classical treat- 
ment is as follows. 
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Where v is velocity of electrons and WN is the 
sum of As and Sb concentrations (N4s+ sp). 
Lattice scattering is neglected in above ex- 
pression. 

In this case, the relation r=(0—9sv)/(04s— 0s») 
holds for any value of z. This relation is 
approximately satisfied for the samples obtain- 
ed from AsSb-3 and AsSb-4 crystals. In 
these samples electron concentration estimat- 
ed by Hall measurement is nearly equal to 
the sum of As and Sd concentrations estimat- 
ed by spectroscopic analysis. For the sam- 
ples obtained from AsSb-1 and AsSb-2 cry- 
stals, 2 differs apprecibly from the sum of 
the impurity concentrations and the above 
relation does not hold entirely. 

The sharp transition of experimental points 
shown in Fig. 5 is related with the depature 
of m from (Nus+Nsv), therefore it may be 
due to precipitation of impurities. However, 
the reason why precipitation of impurity oc- 
curs easily in (As+Sb)-doped germanium at 
relatively low impurity concentration and the 
reason why precipitation occur at 7>0.2 is 


not known. 
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It may be probable that there exists some 
interaction between As and Sb atom and as 
the result a new scattering mechanism is in- 
troduced together with ordinary lattice and 
impurity scattering. Teltow” has suggested 
that a pairing between two donor ions like 
P* may form in silicon in analogy to hydro- 
gen molecule. Though no evidence of such 
pairing between donors of the same kind has 
been reported, pair formation between As 
and Sb atom may be expected from the con- 
sideration of tetrahedral covalent radii of 
these impurities. Radius of Sb atom is larger 
than that of germanium, while Radius of As 
atom is smaller than that of germanium. If 
this is the case in (As+Sbd)-doped germanium, 
pairing, hence additional scattering will ap- 
pear markedly at r~0.5. 

As for the magnetoresistance measurement 
the symmetry condition b+c=0 is satisfied 
fairly well for Sb-doped germanium and also 
for (As+Sb)-doped germanium with small r. 
The results for As-doped germanium show 
departure from this condition. However 
more acculate determination of @min is re- 
quired for discussing the symmetry condition 
since a slight change in @ min affects appreci- 
ably on the ratio c/d, therefore on the sym- 
metry condition. However considering the 
experimental error in the present experiment 
it may be said that the symmetry condition 
is sutisfied in As- and Sb-doped germanium. 

On the other hand, |c/d| for Sb-doped 
germanium is obviously larger than that for 
As-doped germanium. This difference in 
|c/d| may be due to the difference in relaxa- 
tion time because magnetoresistance constants 
b, c and d are the functions of relaxation 
time and the shape of the energy surface, 
and conduction band structure seems to be 
the same in both As- and Sd- doped germa- 
nium. Moreover, |c/d| depends only on the 
specific impurity, but not on the electron 
concentration (See Table III). So that, the 
difference in |c/d| may be due to anisotropic 
character of impurity scattering. In the case 
of spherical energy surface, \c/d| increases 
with decreasing anisotropy. If this tendency 
in |c/d| is true even for germanium, scatter- 
ing by Sb atom will be more isotropic as 
compaired with As atom. This conclusion 
seems to be related with the fact that electron 
spin resonance of As-doped germanium shows 


694 Yoshitaka FURUKAWA (Vol. 16, 


singlet and triplet, while Sb-doped germanium References 
shows only singlet. 1) K. Lark-Horovitz: Phys. Rev. 71 (1947) 374. 
2) R. Bowers: Phys. Rev. 108 (1957) 683. 
The author wishes to thank Dr. Z. Kiyasu, 3) M. Pollak: Phys. Rev. 111 (1958) 798. " 
Dr. T. Niimi and Prof. Dr. T. Okada for 4%) C. Goldberg, W. E. Howard: Phys. Rev. 1 
Fe dee mee : 58) 1035. 
their continual encouragements, Mr. T. Shimo- (1958) 


: e 5) N. Holonyak etal: Phys. Rev. Letter 3 (1959) 
zaki for spectroscopic analysis, Mr. K. Ono 


167. 
for electron diffraction analysis and Mr. T. 6) Y. Furukawa: J. Phys. Soc. of Japan 15 
Takahashi for preparation of heavily doped (1960) 730. 
crystals. He is also indebted to Dr. W. 7) T. Okada suggested this method to the author. 
Sasaki of the Electrotechnical Laboratory for g) C. Herring: B.S. T.J. 34 (1955) 237. 
his helpful discussions. 9) J. Teltow: “Halbleiter Probleme” Il. W. 


Schottoky, Vieweg, 1956. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 16, No. 4, APRIL, 1961 


Paramagnetic Resonance of Mn** Associated with 
Impurities in Alkali Chlorides 


By Yasaburo YOKOZAWA 
Research Institute of Applied Electricity, 
Hokkaido University, Sapporo 
and Yukio KAZUMATA 


Department of Physics, Faculty of Science, 
Hokkaido University, Sapporo 


(Received November 18, 1960) | 


The paramagnetic resonance absorption of Mn++ ions associated with 
the impurities of fluorine or divalent anions has been investigated in the 
single crystals of NaCl and LiCl. A resolved fine structure was observed 
in a “not quenched crystal” and it did not fade into a broad single line 
in contrast with the spectra of Mn++ ions which had been usually observed 
in alkali halides. The ground level splitting parameters have been deter- 
mined in the spin Hamiltonian DS,2+ E(S22— S32) as follows: D=(—420+ 
1)-10-4cm-!, |H#|=(6541)-10-4cm-! for Mn++—F-, D=(—511+5)- 
10-4cm~-!, |#|=(25+5)-10-4 cm-! for Mn++—X-~—, a manganese divalent 
anion pair, in NaCl, and D=(—672+5)-10-4cm-!, |#|=(12+3)-10-4cm-! 
for Mn++ —X-—~ in LiCl, the principal axes of the spin Hamiltonian being 
in nearly agreement with the cubic axes of the crystal. The large value 
of D suggests the existence of the strong attractive force between Mn++ 
and impurity ion. 


$1. Introduction of positive ion vacancy may be produced by 


As the electron spin resonance of paramag- 
netic ions is affected sensitively by their 
environment, the state around the paramag- 
netic ions may be investigated by the struc- 
ture of the resonace lines. When divalent 
cations, such as Mn*+, are introduced in 
a monovalent ionic crystal, an equal number 


the principle of charge compensation, or the 
extra negative charges of divalent anion 
impurities such as O-- or S~—, if exist, may 
be compensated by the extra positive charge 
of the cations. Then, a Mn*+ and vacancy 
may tend to pair with each other experienc- 
ing a Coulomb attraction. It may be also 
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possible that a Mnt+ ion attracts a diva- 
lent anion forming a manganese-anion pair, 
Mn++—X--, when the attractive force be- 
tween them is strong. These circumstances 
will be investigated by paramagnetic reson- 
ance. 

The fine structure of Mn*+ ions in the 
single crystal of NaCl was observed by 
Schneider and Caffyn’, for the first time, 
quenching the crystal from high temperature, 
although only a broad single line with a half- 
width of 400 gauss was observed before 
quenching”). Watkins®) observed the several 
types of resonance spectrum with increas- 
ing temperature. He classified the spectra 
according to their appearance and studied the 
transformations among them. Spectrum I is 
a broad single line appearing before quench- 
ing, arising from Mn** ions in an aggregated 
state. Spectrum II consists of 6 lines which 
become conspicuous above 250°C. This arises 
from isolated Mn++ ions which are free from 
any vacancy. Spectrum III is complex and 
observable in the temperature around 200°C, 
or at room temperature after quenching. 
This spectrum was successfully analyzed by 
Watkins and Walker”, and Morigaki, Fuji- 
moto and Itoh», assuming Mnt+* ions associ- 
ated with a vacancy bound in one of the near 
cation sites. This can be further divided 
into two types, one from the Mn*+ ions with 
a positive ions vacancy at one of their near- 
est neighbor cation site, and the other with 
a vacancy in the next nearest neighbor cation 
site, designated by spectrum III, and IIk, 
respectively. It was found that spectrum III 
faded into I in several days after quenching 
at room temperature. Spectrum III was also 
observed for Mn++ ions in KCl and LiCl single 
crystals by Watkins? and Fukuda, Uchida 
and Yoshimura.®:” Besides these spectra, 
Watkins observed spectrum IV, complex one 
which had lower intensity and larger splitting. 
He showed that this spectrum arised from 
Mn++ ions associated with a divalent nega- 
tive impurity ion such as O-~ for each Mn** 
ion. 

In the present work, different spectra from 
those described above were observed for 
Mn++ ions in NaCl and LiCl single crystals 
grown from a melt. All these spectra had 
fine structure before quenching and were 
stable at room temperature. The Mn** ions 
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responsible to these spectra are considered to 
be trapped on some special positions in the 
crystal, such as a nearest neighbor site with 
respect to impurities, forming Mn*+-impurity 
pairs. The spectrum from Mnt+-F- pairs is 
reported in the previous paper®). In this re- 
port the details of analysis of this spectrum 
together with others will be given. 


§2. Experimental Procedure 


Mesurements were carried out by a conven- 
tional spectrometer, using a rectangular reflec- 
tion cavity and a barretter for detection. A 
klystron 2K25 was frequency stabilized to the 
sample cavity at about 9kMc/sec working at 
room temperature. The modulation frequency 
of the magnetic field was 260c/s, and the 
detected signal from the barretter was ampli- 
fied with a 260c/s narrow band amplifier 
and then detected by a lock-in amplifier 
and recorded as the first derivative of the 
absorption curve. The magnetic field was 
produced by an electromagnet with a pole 
face of 12cm diameter, 4cm gap, and a excit- 
ing coil of about 10 ohms in D.C. resistance. 
The exciting current, about 5.5 amperes for 
5000 gauss, was supplied through a current- 
regulator after the rectification of A.C. 100 
volts by a semiconductor rectifier. The regu- 
lator consisted of power transistors and a chop- 
per amplifier designed similar to that of 
Garwin®, where the exciting current was regu- 
lated to within 10-*. The magnetic field could 
be swept from 300 gauss to 6500 gauss con- 
tinuously, and was measured by proton reso- 
nance; g vaule was determined by the com- 
parison of the spectra with the resonance of 
di-phenyl picryl hydrazil in which g=2.0036. 

The crystals studied were grown in air by 
the Kyropulos method from a melt into which. 
about 0.001 mole fraction of MnCl or MnF2 
had been added. The starting materials were: 
of reagent grade purity of Kanto Chemical 
Company. The crystal was attached to the: 
bottom of the cavity and an external magnet- 
ic field was rotated in the (001) plane of the 
crystal. Since LiCl was very hygroscopic, an. 
evacuated cavity was employed. 


§3. Analysis of the Spectrum 

The Mnt+ spectrum has been discussed im 
detail in many papers!®. The spin Hamil- 
tonian of Mn++ in a crystalline field can be: 
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written, including the hyperfine interaction, as described by #cry which can be written as 


H= BH S+ Heytl AS+d I -A’S : 
(1) 


Here g is the spectroscopic splitting factor, PB 
the Bohr magneton, H the external magnetic 
field and S the electronic spinof Mn++. The 
third and forth terms represent the hyper- 
fine interactions, where J is the nuclear spin 
of Mn++, J’ that of the j-th anion, A and A’ 
are h.f. coupling tensors, and the summation 
is taken over the anions surrounding Mn't. 
The effect of the crystalline field on Mn** is 


For A//axis 1 
Ma5 22 3-3/2 
WS es exh} Paik we) WA 


SE ay = DSi" ES OF) ; 


neglecting the terms quartic in S. 

The crystalline field splitting caused by Eq. 
(2) can be calculated by a perturbation method 
and the results up to the second order cal- 
culation are given in the literature!”. In this 
work, D was so large that a higher order ap- 
proximation was _ necessary. The field 
strengths for resonance up to the third order 
approximation are given by next expressions. 


H=HHv+4D+4E?/Mo+6DE?/H0? , 
H=Ay*+2D—-5E4/Ho+33DE7/He , 


M= +1/22—1/2 H=Fiy —8E?/Hp , 
For H//axis 2 (3) 
D should be replaced by 4(3E—D), 
fo by —2(D+E), 
For A//axis 3 
D by a(— D3). 
E by 3(D—E) . 


Here M is the component of the electronic 
spin in the direction of the applied magnetic 
field, and Ho is hy/gB, v being the klystron 
frequency. 

The third term of Eq. (1) adds to these 
expressions a hyperfine structure. The ani- 
sotropy in A is small and A can be treated as 
a scalar quantity. Then the hyper-fine struc- 
ture to be added to Eq. (3) is for the M2 M—1 
transition, 


A 2 a 
—Am— A+ )—m*+m(2M-V}, (4) 


m being the component of the nuclear spin 
of Mn++. 

The last term in Eq. (1) splits each line in 
a complex way. For example, 6 chlorine ions 
surrounding Mn++ which form a octahedron 
split a resonance line into 7?=343 components 
with /’=3/2 and these components may not 
be resolved, contributing only to the line 
width'». But for fluorine ions, as they have 
nuclear magnetic moments of 3 times larger 
than those of chlorine ions and J’=1/2 for 
their nuclear spins, the super-hyper-fine struc- 
ture is so widely splitted and simple as to be 
observable. Tinkham!” calculated the shifts 


and splittings of resonance lines due to this 
interaction, yielding the result, 


As > Ije+Ap & [5(3 cos? 6;—1) 6 (5) 
j j 


Here Jj, is the component of nuclear spin of 
F-, +3 and 6; the angle between the external 
magnetic field and the o-bonding axis of 
Mn*++-F-. As represents the contribution from 
the admixed fluorine 2s orbit and A, that 
from 2f orbit and also a direct dipole-dipole 
interaction between Mn++ and F-. 


§4. Experimental Results 


1) The spectrum of Mn*+-F- pair in NaCl. 
As reported in the previous paper®, the 
complex spectrum of Mn++ was observed in 
the single crystal of NaCl which was grown 
from a melt into which about 0.001 mole 
fraction of MnF2 had been added. Each line 
of the spectrum was a doublet, coming from 
the super-hyperfine structure of a fluorine ion. 
This indicates, from Eq. (5) that there exists 
only one fluorine ion near a Mn++ ion, form- 
ing a Mn*+-F- pair. The principal axes, 1, 2 
3, were found to coincide with the cubic axes 
of the crystal, one of which was considered to 


(2) 
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be the direction of Mn++-F- bond. Although 
finely resolved doublet structures appeared 
when an external magnetic field was directed 
to [100] or [110], no resolved structures could 
be observed in other directions. This fact is 
explained by assuming the existence of two 
types of doublets which correspond to the plus 
and minus signs of E. 2x3x30=180 doublets 
appear in the spectrum, 30 being the number 
of lines for each Mn++ ion. 


2500 3000 


The spectrum in [100] direction was already 
shown in Fig. 1 of the previous report®. Fig. 
1 of this paper shows the spectrum in [110] 
direction. In this direction, 

M”™=(—3/2)55(—5/2) 
transition lines of Mnt+ for which Mn++-F- 
bond is perpendicular to the external magnetic 
field appear separately from other lines as 
are designated in the figure. The designation 
of the quantum transitions of the spectrum 


3500 4000 4500 


Magnetic Fieid (Gauss) 


Fig. 1. The spectrum of Mn++—F- in NaCl, the direction of an external magnetic field being 
parallel to [110] of the crystal. The transition M’=—3/22—5/2 for which Mn++ —F- direction 
is perpendicular to the magnetic field is designated in the figure, where M’ is the magnetic 
quantum number of Mn++. For the spectrum with A//[100], see Fig 1 of the previous paper.®) 


lines in [100] direction shown in the previous 
paper was possible with the help of the 
spectrum in Fig. 1 of this paper. Spin 
Hamiltonian constants g, D, E and A were 
determined by the use of Eqs. (3) and (4). 
Super-hyper-fine coupling constants As and 
Ap were determined from both spectra of 
Fig. 1’s of two papers. 
2) The Spectrum of Mn++-X-- in NaCl. 
Most crystals of NaCl grown from a melt 
added with MnCl: had the same resonance 
spectra as the types I, II and III given in 
introduction. Among these crystals, there 
were some in which a different kind of 
spectrum appeared beside them. The inten- 


sity of this spectrum is different from crystal 
to crystal and in some crystals it is much 
stronger than those of the other types. Fig. 
2 (a) shows the spectrum of this conspicuous 
one. The condition of the appearance of this 
spectrum is not yet clear, but it may have 
some relation with the time of melting before 
pulling up, the longer the time the stronger 
the intensity of this spectrum. 

Spin Hamiltonian constants of this spectrum 
are determined as shown in Table I. As 


* MM’ designates the magnetic quantum number 
of Mn++ for which Mn++—F- bond is perpendi- 
cular to the external magnetic field, using the same 
notation as in Fig. 1 of the previous paper.®) 
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Fig. 2. The spectra of Mn++—X-~ in the single crystals of (a) NaCl and (b) LiCl. 


In (a), the 


magnetic field is slightly misoriented from the principal axis of the spin Hamiltonian, distorting 


the resonance lines in the group on the highest field side. 


In (b), the sensitivity is about 3 


times larger on the highest field side than on the other side of the spectrum. 


these are in good agreement with those of 
spectrum IV, Mnt+-X~- pairs will be responsi- 
ble to this spectrum. 


3) The spectrum of Mn*+-X-—- in LiCl 
Although the spectrum of Mn** ions in LiCl 
grown from a melt added with MnClhk was 
the same as that of type III, that from a melt 
added with MnF: had a different type, as 
shown in Fig. 2 (b). The principal axes of 
the spin Hamiltonian are nearly parallel to 
the cubic axes of the crystal respectively, and 
splitting parameters are given in Table I. 
The resonance lines in the group on the 
highest field side were always weaker than 
those on the lower field side and disappeared 
when the magnetic field was rotated from the 
direction corresponding to Fig. 2 (b) over 1 
degree. This is similar to the spectrum dis- 
cussed in (2), and is explained assuming that 
the principal axes make a small angle with 
the cubic axes of the crystal, the angular varia- 


tion of the positions of resonance lines in the 
highest field group being larger than that in 
the lower field. As D is large in this spect- 
rum, the third order perturbation terms of 
SE cry Make the same order contribution to: 
the second order terms and Eq. (8) is insuffi- 
cient for the determination of the splitting 
parameters. However fortunately, as E is. 
small, Eq. (3) is sufficiently accurate for the 
positions of the resonance lines of Mn*+ for 
which the direction of Mn*++t-F- bond coin- 
cides with the direction of the magnetic field, 
and Dcan be calculated. On the other hand, 
the positions of the lines of other Mn** for 
which Mn*+-F- is perpendicular to the mag- 
netic field are necessary for the determina- 
tion of &. However, for this purpose the- 
accurate positions of resonance lines them- 
selves are not necessary but only the differ- 
ence of positions of two kinds of lines are: 
sufficient, so E can be determined also using: 
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Table I. Spin Hamiltonian constants of Mn++ spectra studied in this work. 
itn A D |E| Axes s.h.f.s. 
Exctals g (10-4cem-1) (10-4cm-4) (10-4cm-1) 1, 2, 3 (10-4 cm-") 


Mn++—F- in NaCl 1.9988+0.0004 —83.2+1.0 


Mn*+—X-~-~ in NaCl 2.0023+0.0006 —81.0+2.0 


—420+41 
=O IlSes 
Mn++—X-~ in LiCl 2.0016+0.0004 —79.7+2.0 —672+45 


cubic axes of |A;|=14.2+0.5 
crystals [Apl=2. 7025 


252-5 {wich coincide — 


65+1 


with the cubic 
axes of crystals* — 


12+3 


* Watkins®) determined the angle between the principal axes of the spin Hamiltonian and the cubic 
axes of the crystal to be 1.3° for Mn++—X-~- in NaCl. 


mq. (3). 

As will be discussed in the next paragraph, 
the small value of E is the evidence of the 
absence of a vacancy near a Mn++ ion. There- 
fore, the Mn++ ion is considered to locate 
near a divalent anion, forming a Mnt+t-X-- 
pair. 

Watkins considered that the most probable 
divalent negative ion X-—- is oxygen negative 
ion. 

The results are summurized in Table I. 


§5. Discussions of the Results 
1) Mnt+-F- pair in NaCl 

As described in §4, Mnt+-F- bond is con- 
sidered to direct to one of the cubic axes of 
the crystal. Then a question arises why E 
is so large, in spite of the equivalence of 
axes 2 and 3. This can be answered assum- 
ing the existence of a vacancy locating in the 
next nearest neighbor cation site of a Mn** 
ion perpendicular to the Mn++-F- direction as 
shown in Fig. 3 (a). The assumption of this 
model will be supported as follows. The 
fluorine ion as well as the chlorine ion locat- 
ing between a Mn*+ ion and a vacancy may 
be attracted to the Mn** ion, yielding the 


2 
AS 
€ Svacancy 


(a) (b) 

Fig. 3. The arrangement of the anions surround- 
ing a Mn++ ion. The displacements of a fore- 
ign anion and chlorine ions around a vacancy 
are shown. 


quadratic terms in the electrostatic potential 
at the Mn++ ion site which reflect D and E 
of the spin Hamiltonian. Now, the quadratic 
part of the potential from a fluorine ion alone 
and that an from an attracted chroline ion 
plus a vacancy are represented by ¢: and ¢:, 
respectively as follows, 
a=D,X2—(1/3)D- 7? > 
¢2= D2X2?—(1/3)De2-7? ’ 
where X1 and X2 are the components of r 
with respect to 1 and 2 axes respectively 
[see Fig. 3 (a)], ~ being the distance from 
Mn++. Therefore, the total potential ¢g is re- 
presented as, 
G=G1te@=D X24 EE (X2?—X2”)—(D’/3)r? , 
(ee) 


(6) 


where 

IY=D,—4D: ; 

Fi Dishes 
D’ and E’ correlate to D and E of the spin 
Hamiltonian. 

If F- is absent, this model reduce to spect- 
rum) JIE. “In ithisscase,ias Di=O;)D2=2 
corresponding to 2+&2xX65x10-?cm!=+130 
x10-4cm-! and it is in good agreement with 
the value of spectrum II, in which D=131 
x10-*cm-!,® taking only the plus sign of E. 
In the case of the existence of a vacancy on 
axes 3, the sign is reversed. 

The large value of D suggests the strong 
interaction between Mnt+ and F-. This 
interaction was estimated by Watanabe’s 
theory, following the similar procedure 
employed by Watkins®. Watanabe calculated 
the splitting parameter D of Mn++, when an 
axial crystalline field Vaxi=cr? Y2° (@y) existed 
around a Mn‘ ion, as follows, 


D=-—9.904? x 10-1°+3.62M’410-> cm-! , (10) 
M’=(1/4)(5/2)20%{ 7?) = —eD’<r*>/3he, (11) 
Here <7*» is the average value of 7? for Mn*t+ 
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ions, that is <7?>=0.4 x 10-!* as determined from 
Hartree functions and M’ complex expression 
depending upon the overlap of the wave func- 
tions, for which we take the value 0.2cm™ 
as it does not affect the results largely. Now, 
D’ is calculated on the stand-view of a point 
charge model shown in Fig. 3 (a), € and 7 
being the fractional displacements of anions, 

Di=—9ey/2a?-a , (12) 

D2.=—(3+72&)e/16a?-B . (13) 
Here, @ and 8 are corrections to the point 
charge model and represent the magnitude of 
the effectiveness of the crystalline field due 
to the covalency of the ions or the overlap- 
ping of the wave functions. 

At first, we will consider the case when 
a F- ion is absent. In this case, the splitting 
parameter is expressed by D=2E=130-10~ 
cm-!, corresponding to 4~3500cm7! by Eq. 
(10). On the other hand, Eqs. (11) and (13) give 
A~2808, taking €=0.048, the same value as 
Watkins® employed in his explanation of 
spectrum IIIz, 8 becomes the order of 12, the 
same result as Watkins. Now, we will 
proceed to D. As As and Ap of this spectrum 
are nearly equal to that of the Mn*+ in NaF 
single crystal'®, the Mn*+-F- distance is con- 
sidered to be close to the Nat-F- distance in 
NaF, resulting 7=0.17*. Then, from Eqs. (8), 
(11) and (12), 4 is calculated as 400a@—3500/2, 
where the result mentioned above is used for 
D:;. Observed value of D, —460 x10-*cm- 
on the other hand, gives 4~11000 by Eq. (10). 
Thus a~30, showing the existence of the 
strong atractive force between Mn++ and F-. 


2) Mn*++-X—- pair in NaCl and LiCl 

The model of a Mn*++-X— pair is shown in 
Fig. 3 (b), y being the fractional displacement 
of a X~ ion. This model gives 


D’ = —3e/2a(1/A1—7)?+3y)-a@ , 

reat ale 
a having the same meaning as that in the 
case (1). If the Mnt+-X-- distance is 2.204, 
the sum of the radii of both ions where X-- 
is assumed to be oxgen negative ion, then 
7=0.22. for NaCl. and) 7=0,14 {for <LiGl, sa 
similar calculation as above gives for Mn*+- 
X-- in NaCl a~4, and in LiCl @a~7. On 
the contrary, if the ion is assumed not to 
displace at all, 7=0, as assumed by Watkins”), 


* This was suggested by R. G. Shulman. We 
are very grateful to him. 
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the calculation gives a~11 for NaCl and a~9 
for LiCl. As a Mnt+-X-- pair is probably 
considered to make a union which is independ- 
ent of circumstances, 7 may not differ largely 
for both crystals, so the fractional displace- 
ment may be small, giving 7~0. 


§6. Concluding Remark 


The results of the paramagnetic resonance 
of Mnt+t-Impurity in NaCl and LiCl have been 
described. The splittings of resonance spectra 
are large, indicating that there exists a strong 
attractive force between Mn*+ and impurity 
ions. Moreover, the resolved fine structure is 
observed in a “not quenched crystals” and is 
stable in the room temperature, in contrast to 
the spectra of Mn+ not associated with a 
impurity as obserbed by other investigators)—”. 
The present authors wish to express their 
sincere thanks to Drs. H. Watanabe and S. 
Ogawa for their valuable discussions and to 
Mr. Y. Nakano for the construction of the 
current regulator for the electromagnet. 
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Single-crystal thin films of nickel having the (100) and the (111) orienta 
tions were epitaxially grown by deposition in vaccum onto heated rock 
salt and zincblende. By electron diffraction, these films were examined 
to be 100 A to 500A in size of crystallites without appreciable strain. 

By the experiment of ferromagnetic resonance absorption at room tem- 
perature, three magnetic quantities were measured at the same time: 
the saturation magnetization, the crystalline anisotropy and the Landé 
splitting factor. The first quantity was found to be almost independent 
of the thickness of films (100 A to 1000 A) and its magnitude was 350 or 


400 in gauss, respectively for the (111) or the (100) orientation. 
difference may be ascribed to the stress in films. 


This 
The second one varied 


in the range between —2x104 and —5x104erg/cm? and the third was 2.2 


in average. 


The crystalline anisotropy causes the shift of resonance line as the film 


is rotated in its plane. Besides, 


it was found that the more perfect 


orientation a film has, the narrower is the resonance line. 


$1. Introduction 


There have been a number of experimental 
works on the magnetic properties of ferromag- 
netic polycrystalline films. Polycrystalline 
films, however, give the complicated magnetic 
properties, which have not yet been completely 
explained. These properties generally are 
closely related to both the crystalline anisotro- 
py and the magnetostriction due to the stress 
in films. Single crystal films, therefore, were 
used in the present work. 

The epitaxial growth of single crystalline 
films was reported for nickel and iron de- 
posited in vacuum onto the heated cleavage 
face of rock salt by Shirai”, and for nickel 
onto that of zincblende by Miyake and Kubo 
(Takagi)”. Recently Boyd® has _ prepared 
single-crystal films of Ni, Fe, Ni-Fe and Ni- 
Co alloys and measured their magnetic crystal- 
line anisotropy with a torque meter. The 
experiment of ferromagnetic resonance absorp- 
tion, however, has not so far been carried out 
for single crystalline films. 

In the present work, from the measurement 
of ferromagnetic resonance absorption three 
magnetic quantities, such as the saturation 
magnetization, the cubic crystalline anisotropy 
constant and the Landé splitting factor, could 
be obtained at the same time. Single crystal 
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films always give a reproducible and sharp 
resonance line in spite of the possible contami- 
nation and of the unavoidable inhomogeneity 
such as film granularities, defects and the 
non-uniformity of thickness. 


§2. Experimentals 


a. Preparation of specimens 

Nickel films were prepared by deposition in 
vacuum onto heated single crystal surface of 
NaCl and ZnS by the method similar to that 
of previous workers!.”),_ Rock salt and zinc- 
blende crystals were cleaved parallel to the 
(100) and the (110) planes respectively and 
placed in a chamber which was evacuated to 
a pressure of about 3x10-°mmHg. The sub- 
strate was heated to about 550°C for NaCl 
and to about 400°C for ZnS and held there 
for about an hour and then cooled slowly to 
a certain temperature between 430° and 530°C 
for NaCl and between 230° and 380°C for 
ZnS. Then nickel was evaporated from a 
tungsten filament on which nickel was coated 
by electroplating®. In this case, pure nickel 
(99.99%) supplied from the Sumitomo Mining 
Co. was used as an electrode. In order to ex- 
amine whether the impurities appearing in an 
electroplating process influence the resonance 
field, other portions of the pure nickel could 
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manage to be evaporated from a_ tungsten 
filament in the usual way applicable to metals 
which are not apt to be alloyed with tungsten. 
But this way of evaporation gave the same 
results in resonance absorption as the former 
way. The former method, therefore, was 
used throughout the whole experiment. 

Evaporation was made in a pressure of 
3x10-* mmHg with the speed of less than 
2 A/sec. A polished quartz plate was. placed 
in a chamber as a thickness monitor. The 
thickness of the evaporated film was measured 
by an optical multi-beam interference method 
of Tolansky. Films used for measurements 
were 20 A to 1300 A in thickness. 


b. Microwave apparatus 

The microwave apparatus of a standard type 
for X-band was used. With a phase sensitive 
detector, the differential curve of absorption 
was automatically recorded at room tempera- 
ture. 

Two types of cavities were used for the 
two different geometrical settings of a crystal 
as will be shown in Fig. 3: a. the static field 
is applied parallel to the surface of a speci- 
men and b. the static field perpendicular to 
the surface, while the microwave field is in 
the surface. 

The strength of the magnetic field was 
measured by a flux meter which was calibrated 
by NMR. The frequency of microwave was 
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determined in each measurement by a sample 
MnSO,:H20, as a standard which has the 
Landé splitting factor of 2.00°*. 


(b) 


ices 

a. Transmission patterns from (100) film strip- 
ped off from NaCl. 

b. Reflection pattern from (100) film on NaCl 
with [100] azimuth. 

c. Reflection pattern from (111) film on ZnS 


with [110] azimuth. 


Electron diffraction patterns. 


itrnenccinciiiiteeaee 
Beam Beam Beam 
Lal : Gas) 
pecimen Specimen Specimen 


Fig. 2. Electron diffraction patterns from the surface at different positions. 


Reflection patterns 


are shown above, and the shadows of specimen with a trace of incident beam are shown in 
the middle, and the schematic figures of the shadows are shown at the bottom. 


* .In the precise measurement of g value, DPPH should be used as a standard, which has the width 


of about 3 gauss. 
at most. 


As MnSO,-H:O has the width of about 300 gauss, 4g can be estimated to be +0.03 
In the present experiment, however, such a magnitude of error is too small to be discussed 


_ of 100-500 A and no appreciable strain. 
results, therefore, implies that a film consists 
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§3. Crystal Structure of Thin Films 


Films were all examined by electron dif- 
fraction: Portions of nickel film on NaCl 
were removed from a substrate by floating 
them onto a water surface and were studied 
by transmission method. Some of them were 
also studied by reflection method as they were 
on the substrate. Films on ZnS were all ex- 
amined by reflection method. 

As shown in Fig. 1, films on rock salt have 
the (100) plane parallel to a substrate surface 
and either the [100] axis or the [110] axis 
parallel to the cube edge of the substrate. On 
the other hand, films on zincblende show the 
(111) plane parallel to a substrate face with 


_ the [110] axis parallel to the [100] axis of the 


substrate, as also shown in Fig. 1. 

In the case of nickel on rock salt the dif- 
fraction patterns often show the twin spots 
due to the microtwins in the (111) planes of 
the crystal. Magnetic measurements were 


--done for the specimens which were considered 


to be slightly twinded at worst. 

If electron beams deflected by a few minutes 
impinge the crystal surface at different posi- 
tions, as shown in Fig. 2, the diffraction pat- 
terns show that, exactly speaking, films should 
consist of many crystallites having slightly 
different orientations. Applying the line 
breadth analysis method® to the transmission 
patterns such as Fig. 1, it is found that these 
crystallites have the crystal size (coherent size) 
These 


of “mosaic” blocks of a few hundred ang- 


- stroms having the mis-orientation of at most 


a few minutes of arc. 
A lattice constant agrees well with that of 


) bulk material. 


~§4. Results of Ferromagnetic Resonance 


In a ferromagnetic resonance experiment of 
a single crystal, resonance conditions are given 
as follows”:®: 

a. When the plane of specimen is (100), 
namely in the case of films on rock salt, 
oa? =7?[Hat+4rIs+ (K/21s)3 

+cos 40)|[H.+(2K/Is) cos 46] , (Gis) 
or=7[Ao—4rlst+2K/Is} , (G®) 


Here @ is the angle between the [001] axis 
and the applied dc field. 


Ferromagnetic Resonance of Single-Crystal Films 
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b. When the plane of specimen is (111), 
namely in the case of films on zincblende, 
Oa? =7?|Hat4rls—K/Is|Ha , (33) 
or =7?[Ay—4r1s—4K/3 Is]? . (4) 
In the above expressions the subscripts a@ 
and } correspond to the two different geomet- 
rical positions shown in Fig. 3a and b. o is 
the frequency of the microwave and 7 is 
related to the Landé splitting factor g as 
r=ge/2mc. Is is a saturation magnetization, 
K, the first order anisotropy constant and H, 
the resonance field for each case. The second 
order anisotropic effect and the magnetostric- 
tion effect are both neglected here. The latter 
effect will be discussed later in § 5. 


We46 
ped 


Fig. 3. Two different geometrical settings of a 
crystal. 
a. The static field is applied parallel to the 
surface of film. 
b. The static field is applied perpendicular to 
the surface of film. 


In order to obtain three quantities such as 
the saturation magnetization, the anisotropy 
constant and the Landé splitting factor at the 
same time, single crystal films are all meas- 
ured in two positions as shown in Fig. 3. 

Being rotated around the normal of a film 
in the static magnetic field, the (100) film 
deposited onto rock salt clearly gives the shift 
of resonance line, which has the four-fold 
symmetry as shown in Fig. 4a. Such a sym- 
metry is explained by a term of crystalline 
anisotropy in equation (1). This phenomenon 
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100 oe} 
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(b) 

g. 4. Shift of the resonance field. Ordinate 
represents the field direction referred to the 
crystallographic axis. Frequency of microwave 
is about 9000 Mc, and the resonance field are 
about 1000 and 1600 oe. in strength, respectively 
for (100) and (111) films. Various marks corre- 
spond to the specimens with different thick- 
ness. 

a. (100) Ni on NaCl. 

br (11 Nivon Zns.- 


Is in gauss 


500 
Thickness in A 


(a) 


1000 


Is In gauss 


O 500 


1000 


Thickness in A 
(b) 
ig. 5. Variation of the saturation magnetization 
with the thickness of films. 
a. (100) Ni on NaCl. 
b. (111) Ni on ZnS. 
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may be considered to provide the evidence: 
that, even if in some cases the twin crystals. 


exist as a minor part in film, not only the: 


anisotropy constant but also the other mag-- 
netic quantities can be regarded as those from 
a single crystal having, as a whole, the (100) 
orientation. From the amplitude of the peri- 
odic change of field shift, the anisotropy 
constant is estimated to be —2x10* to —5 x 10* 
erg/cm®, assuming the magnetization of 400) 


gauss, and agrees with the values obtained. — 


below. On the other hand, the (111) film made. © 


on zincblende gives no appreciable shift of 
the resonance line, as shown in Fig. 4b. 
According to either a pair of (1) and (2) or 
that of (3) and (4), respectively for the (100) 
and the (111) films, the magnitudes of the 
saturation magnetization, the cubic crystalline 
anisotropy constant and the Landé splitting 
factor can be obtained from the observed fields. 
in two positions and are plotted against the- 
thickness of films in Figs. 5, 6 and 7. The 


: (lOO)on NaCI 
is z 
() 
e 3 

2 
1S 
x 
Se On 
py 

5 
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2 

O 500 1000 
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Fig. 6. Variation of the anisotropy constant K7 
with thickness of films. 


o 
5 
: peo) 
ic 
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oS 
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Fig. 7. Variation of the Landé splitting factor g~ 


1\000 


with the thickness of films. Open circles stand. 
for (111) Ni on ZnS, and solid circles for (100) » 
Ni on NaCl. 
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magnitude of the first is almost constant for 
various thickness of films, but is found to be 
350 and 400 in gauss, respectively for the (111) 
and the (100) orientations. This difference 


/ May be attributed to the stress induced in 


films as will be discussed in §5. The ani- 
sotropy constant varies in the range between 
—2x10* and —5x10‘erg/cm?. The value of 
the Landé splitting factor is obtained to be 
2.2 in average. 


1000 


AHr in 0é 


O 500 
Thickness In A 


Fig. 8. Half value width of the resonance field 


1000 


against the thickness of films. Circles stand for 
(100) Nion NaCl, and triangles for (111) Ni on 
ZnS. 


The half value width of the resonance line 
is also plotted against the thickness of films 
in Fig. 8. Usually the polycrystalline film 


- gives broader line (above 700 oe.) than the 


present specimens do. From the viewpoint 
of the epitaxial growth, it can be said that 
crystals grow well if they are not so thick, 


_.and moreover, that they give better orienta- 


tion on zincblende than on rock salt. In 


fact, the line width of resonance is larger on 


rock salt than on zincblende and is smaller 


-in the range of thickness of 100A to 500A 


for films on both substrates. It is, therefore, 
concluded that the broadening of the resonance 
line depends on the perfectness of orientation 
in films and hence an observed line consists 
of many lines shifted by the anisotropy in 
crystallites with different orientations. 


§5. Discussions 

As described in § 4, the stress in a film may 
be responsible for the difference of the values 
of magnetization between films on rock salt 
and those on zincblende. Since the equations 
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in §4 contain neither the second order ani- 
sotropy effect nor the magnetostriction effect 
which is more important, the contribution 
should be discussed of the latter to the reso- 
nance field. 

If a stress exists in a film, the correction 
due to magnetostriction must be taken into 
consideration for the equations in §4. Since 
real films may be under stress in a rather 
complicated way, this correction cannot be 
estimated exactly. Here we will simply as- 
sume that the stress is radially symmetric 
in the plane of film, and will roughly calculate 
the order of magnitude of the correction 
terms, using the general formulae by 
Macdonald®). 

For the (100) film, the correction term with 
the order of magnitude of +A2fiooT/Js is 
inserted in the left side bracket in (1), and 
—AnoiT/Is is in (2). For the (111) film, 
+(Atioo) —Aii1)T/Zs is inserted in the left side 
bracket in (3) and —A4pinT/Js is in (4). Here 
Atimn] is the magnetostriction in the [Jmn] 
direction and 7, the stress. If T is positive, 
the stress is tensile. 

With these corrections of magnetostriction, 
the field of resonance becomes larger for the 
parallel field case and smaller for the per- 
pendicular field case than for those cases 
without magnetostriction. In other words, if 
the equations in § 4 without magnetostriction 
corrections are used for the films with mag- 
netostriction, the magnitude of the saturation 
magnetization becomes smaller than the true 
value. Of course, the value of the splitting 
factor also changes. 

If the difference between the value of mag- 
netization obtained from the bulk material and 
that from the present thin film can be at- 
tributed entirely to the magnetostriction effect 
and besides the magnetostriction constants are 
assumed to be the same as those for the bulk 
material, it is derived from the above men- 
tioned calculation that the stress with the 
order of magnitude of +10’ to +109 dyne/cm? 
should be present in films on both kinds of 
substrates. Such a stress in the film yields 
the elastic strain of 10-5 to 10-*, for Young’s 
modulus of nickel is the order of 10! dyne/cm?. 

Because the present stress is tensile, the 
spots in the electron diffraction patterns should 
be not only broadened but also shifted to one 
side. Even the elastic strain of 10-*, however, 


706 


cannot be detected by the electron diffraction 
camera available at present, because the shift 
falls within the experimental error. 

If the strain in the film could be found by 
a high resolution electron diffraction camera, 
the values of the saturation magnetization 
could have become larger than the values 
obtained in §4 and the difference caused by 
the kinds of substrates would have vanished. 
The origin of such stress was not investigated 
in the present work, because we did not try 
to measure the variation of the resonance field 
after stripping a film from a substrate and 
annealing. 

The authors wish to express their sincere 
thanks to Prof. H. Abe and Miss H. Shirai 
for the use of the microwave equipment. 
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A measurement of the specific heat of Ti,03;, prepared by the method 
of powder metallurgy, was carried out in the temperature range from 50° 
to 250°C, under the pressure of 10-+mm Hg. A modified method of 
measurement by the conduction-type calorimeter was adopted, and its 
reliability of measurement was described in connection with the method 


of calculation. 


A broad anomaly of specific heat was observed near 180°C 


and the amount of anomalous heat was 36cal/mol, which was smaller 


than Naylor’s result. 
heat were presented. 


Introduction 


Si, 


Several investigations have been reported 
about an anomalous behavior of TieO; in the 
temperature range from 160° to 200°C. The 
lattice parameters of this crystal, which has 
the corundum-type structure, change markedly 
in this temperature region,” .” but no symmetry 
change is observed®). An abrupt change in 
the magnetic susceptibility,” .“).») accompanied 
by a marked change in the electrical conduc- 
tivity, has been observed near the transition 
temperature®. 


Some discussions about the anomaly of specific 


It has been suggested from the result of 
measurement of magnetic susceptibility that 
an antiferromagnetic ordering would be present 
below the transition temperature. Shirane 
and coworkers, however, concluded from their 
neutron-diffraction data that the antiferroma- 
gnetic ordering seems to be excluded’. A 
new model, recently proposed by Goodenough, 
is favourable to this anomaly in Ti.O;®. 

An anomalous specific heat has been de- 
tected by Naylor using the drop method”. 
This method is not considered to be suitable 
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to give the temperature dependence of heat 
capacity and so Naylor did not show any 
explicit curve of the anomalous specific heat 
near the transition temperature. We have, 
therefore, examined the temperature depen- 
dence of the specific heat of TiO; by using 
a conduction-type calorimeter. In this paper, 
our measuring method and the results on the 
specific heat of Ti:Os will be described. 


§2. Experimentals 
a) Specimen 

The specimen was prepared by the method 
of powder metallurgy. A mixture of fine 
powder of highly purified Ti and 3TiO. was 
pressed into a pellet. This was placed ina 
graphite crucible, inside of which was covered 
with a molybdenum sheet, and fired at 1500°C 


Intensity 


207 30° 40° 


Fig. 1. 


b) Apparatus for the specific heat measure- 
ment** 

The adopted method was of the conduction 
type, in which the thermo-electromotive force 
of the differential thermocouple was recorded 
when the current of the furnace was varied 
in a definite manner. The main part of the 
calorimeter is shown in Fig. 2. The powder 
sample is put in a container S, which is made 
of a thin sheet of nickel. This container 1s 
surrounded by a thick outer case C made of 
a nickel block, and separated from the latter 


* An automatic recording of the measurement 
was carried out by Y. Murakami and its details will 
be reported ‘in future. 
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under the pressure of 10-‘mm Hg for six 
hours in a graphite-resistor vacuum furnace. 
After firing, the pellet was crushed into 
powder and this was sintered again by the 
same process. The final product was dark 
violet in colour. In order to examine the 
completion of the solid-state reaction, the 
X-ray powder diffraction photograph was taken 
by using CuK, at room temperature. Fig. 1 
shows the obtained pattern, where the indices 
are referred to the hexagonal structure. This 
pattern coincides with that of the corundum- 
type structure and the lattice parameters ob- 
tained from our data are in good agreement 
with the former results". In the case that 
the specimen was fired at 1200°C, the X-ray 
diffraction pattern showed a few extra-lines 
in addition to the broad TiO: diffraction lines. 


50% 


X-ray diffraction pattern of Ti,Os. 


by fine alumina rods R. T: is a Pt-Pt 13%Rh 
thermocouple of 0.2mm¢ for measuring the 
temperature of the sample and To, Ts for 
measuring the temperature difference between 
the container S and the outer case C. To get 
a good thermal contact between T: and S, T; 
is bound to S at a definite position on its sur- 
face witha fine Pt wire. Ts is inserted into a 
narrow hole bored in the outer case C. F is 
a nichrome-resistor furnace to supply heat to 
the sample and the case C. The heat capacity 
of the furnace is large owing to its thick 
alumina tube. In our conduction-type method, 
however, the temperature difference between 
S and C is not necessary to be kept constant, 
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and so the large heat capacity is rather favour- 
able for the stable measurement. Surrounding 
the furnace F, a set of cylindrical sheets of 
stainless steel Di, D2 are used for thermal 
shields. The pressure in the vessel V is kept 
under 10-*mm Hg during the measurement 
in order to prevent the sample from oxidation. 
The rate of heating of the sample is kept 
nearly constant, about 1°C/min, by a program 
control of the furnace input-voltage. 
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Fig. 2. The main part of the apparatus for 
the specific heat measurement. 


c) Measuring method 

The masses and the specific heats of the 
sample and the container S are denoted by 
m, ™; C(@), Co(@) respectively, where @ re- 
presents the absolute temperature. If @ is 
the temperature of the outer case C, the 
amount of heat which is transfered from C 
to S during the time interval 4t, can be repre- 
sented by a function of 0 and @.—06, as 
Q(6, @-—6@)4t. Then a following relation holds 
between them. 


(mC(0)-+msCx(6) +80) 2 =Q00, 6.—6), (1) 


where 4@ is the temperature increase during 
the time interval 4t; 6(7) is a correction term, 
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which is responsible for the heat capacity of 
the holding rods, the parts of the themocouples 
inside the outer case C, and the heat conduc- 
tion through them. The function Q may 
generally be written as K(0){(@-—9)—(Ace—)o}, 
where the suffix zero means the value obtained 
in thermal equilibrium and K(@) is a coefficient 
of thermal transfer between the container 
and the outer case. Supposing the thermal 
transfer is mainly due to the radiation, K(@) 
will be proportional to 621». Now Eq. (1) 
becomes to 


mC(@) +moCo(9)+ 08) 


= K(0) “ Fo) Seo). 


Here let us consider the measurement are 
carried out three times as follows; the first 
one is for the sample concerned, the second 
for a standard sample, of which the specific 
heat is well known in the present temperature 
range, and the third for the container alone. 
If the successive experiments are denoted as 
1, 2, 3 respectively, the following equations 
are obtained: 


msCx(0) + meCu(0) + 5(0) 
= K(6) hee {(0.=0)—-(6-~8).} | 
maCx(6) + moCu(6) + 8(6) 
=K(6) |e 92-0). On} 


(3) 


es 
maCu(0)-+8(6) = K(6) 5: (0.8) (0.—8)) | 


(5) 
Subtractions (5) from (3) and (4) give 
mCi(0)=KO@)Ai 5 


Ar=| (0-0) (Bes) | 


At 
~| F Oe-O) 0-0.) | » aihfoy 
m2C2(0)=K(0) Az ’ 
Ar=| £5 (0.0) (0-0) | 
At 
lar {(0c—8) 0-93]. (7) 


From these equations, we get C.(@) as follows; 
A 
Cie) M2A1 ; 
(8) ie C2(8) . (8) 


For the relations (3), (4) and (5) to hold simul- 
taneously, the conditions in each measurement 
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1, 2, 3 should be kept as same as possible; 
for example, the pressure in the vessel Vie 
the mounting situations of the container and 
the thermo-couples, the increasing rate of the 
temperature, etc.. 

To see how these situations are realized, 
the measurements for two alumina samples 
cifferent in mass were carried out, and the 
relations (6) and (7) were checked. In this 
case the substances denoted by the suffixes 
1 and 2 are both alumina and mi=12.75 g, 
m=14.02g. Fig. 3 shows the values of 
A;/Ci(@) and A2/C2(@) in an arbitrary scale and 


arbitrary scale 


50 100 150 200 
Temperature (°C) 


Fig. 3. The calibration characteristics for Al,O3; powder. 
full lines show the temperature dependences of 4,/Ci(@) and 
A2/C2(@), the dashed line their ratio, which is nearly constant 
and equal to m2/m;=1.102. The hyphenated line represents 6~% 
curve which is plotted so as to coincide with curve at 100°C. 
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Fig. 4. Specific heat of Ti,Os. 
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their ratio obtained from the measurements. 
Provided the conditions stated above are sa- 
tisfied, this ratio should be constant, m2/m, 
in the whole range of the temperature. Our 
result shown in Fig. 3 is just like that. 
Further, K(@) is seemed to vary as 0-? above 
90°C. The deviation from 6-3? below 90°C 
seems to be due to the predominance of the 
heat conduction through the rods and the 
thermocouples. 


§3. Results and Discussions 


The specific heat of TizOs: in the temperature 
range from 50° to 250°C is shown 
in Fig. 4. A small anomaly is 
observed near 180°C, the anoma- 
lous heat being calculated as ca 
36 cal/mol. The measurement 
was carried out under the pres- 
sure of 10-*mm Hg. When the 
pressure was of the order of 
10° mm Hg, a rather large 
amount of anomaly, over 100 
cal/mol, could be observed. The 
samples, which had extra lines 
in addition to those of TizOs 
itself in the X-ray analysis, also 
showed a large specific heat 
anomaly. These facts suggest 
that the heat of oxidation might 
additively be observed in the 
measurement of the specific heat, 
if one did not take care of the 
removal of oxygen in the vessel. 

Naylor” made the heat-content 
measurement of TizOs by the 
drop method at temperatures as 
high as 1750°K. The sample 
used was prepared by the carbon- 
reduction of titanium dioxide (the 
chemical analysis showed 99.4% 
TizO;). In his method, the sam- 
ple was enclosed in a platinum- 
rhodium alloy capsule during the 
measurements. The capsule, 
after being filled with the sam- 
ple, was evacuated free of air, 
filled with helium, and sealed-off 
with platinum. In his paper, he 
stated that he had found an 
anomalous heat of about 215 cal/ 
mol near 473°K, but the determi- 
nation of the transition tempera- 
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ture was difficult and considered to be accurate 
only to about 20°K. 

Comparing our result with Naylor’s, follow- 
ing points are noticed; 

(1) Naylor’s method is considered to be 
rather superior than ours for determining the 
mean absolute value of the specific heat, but 
our method is considered to superior for ob- 
serving temperature dependence of the specific 
heat near the anomalous point. 

(2) In our case the anomalous heat spreading 
over the temperature range from 160° to 200°C 
was observed. This fact corresponds to Naylor’s 
remark that the selection of the transition 
temperature was difficult in his heat-content 
measurement. The absolute values of the 
specific heat in two cases agree well at 200°C, 
but the amounts of the anomalous heat at the 
transition show a large discrepancy. This 
discrepancy may be due to the effect of oxida- 
tion of the sample. The small contents of 
the impurities, further, may play a large role 
for it, as in the case of the electrical conduc- 
tion phenomena. 

Hitherto, many investigations have been 
carried out for the properties of TizO3s, and 
it is supposed that the transition should be 
caused not by the magnetic ordering but by 
a change of the bonding character between 
the cations Ti*+ near the transition tempera- 
ture. In recent papers about oxides®), Good- 
enough has pointed out that the electron- 
pair-bond formation between cations Ti** plays 
an important role for the transition of Ti:Os 
and that only a non-cooperative transition can 
occur. Any quantitative estimation about the 
specific heat anomaly of TixO; can not be 
made from Goodenough’s model, because of 
its qualitative nature. But it may be supposed 
that a large anomoly would not be expected 
for this substance, because of the lack of the 
magnetic ordering, the non-cooperative char- 
acter of the transition and the small lattice 
deformation by the electron-pair-bond forma- 
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tion. It may be considered that the specific 
heat anomaly is composed of the electronic 
term, which is due to the thermal excitation 
of electrons between fairly splitted levels fag 
which would contribute to the semiconducting 
character below the transition, and the lattice- 
vibration term which is affected by the electron- 
pair-bond formation. As TizOs is still semi- 
conducting above the transition, a large elec- 
tronic specific heat anomaly would not be 
expected near the transition. Noticing that 
the specific heat anomaly is only about 47 
cal/mol even in barium titanate!”), in which. 
the change of the lattice parameters is the 
same order as that of TizO; and the cooper- 
ative transition takes place, our results on 
TizOs seems to be reasonable for the electron- 
pair-bond model. 

The authors wish to express their sincere 
thanks to Prof. S. Sawada for helpful discus- 
sions and continual encouragement. 
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A single crystal of n-type germanium was alloyed with indium on its 
(111) plane and the resulting regrown layer of p-type germanium was 
observed. When the specimen was cooled at an intermediate speed, 
dendritic crystal is produced on the flank of the pan-shaped regrown 
layer. In the case of cooling at very low speed, steps bounded by (111) 
plane are produced also on the flank. Any of these may be indicative 
of the growth due to screw dislocation. On the other hand, when the 
specimen was cooled rapidly, growth due to surface nucleation takes place 
on the bottom while dendritic growth due to screw dislocation is produced 
on the flank. As to a specimen made by alloying Pb—As alloy on a p-type 
germanium pellet and subsequently cooled at low speed, several layers 
of striations are observed on its cross-section. By this method, it is 
possible to make observations on the state in which misfit grain boundary 
is formed in the course of regrowth and also on the anomaly of regrowth 


produced around a blowhole and other foreign materials. 


Introduction 


§1. 


Many studies have been made on the shape 
of regrown germanium crystal produced when 
the germanium substrate is alloyed with indium, 
lead or other low-melting-point metal!.?).?).®, 
As to the cooling process of the temperature 
cycle during alloying, if the cooling speed 
is high, uniform regrown layer is produced 
whether the solid-liquid interface coincides to 
the (111) plane or not. In the case of inter- 
mediate speed, jagged regrowth surface results 
and inclusion of solvent metal is present in 
the regrown layer. For a lower speed, it is 
known that the regrown layer is again uniform”. 
The author made detailed observations on the 
regrown germanium layer obtained by alloying 
indium to an m-type germanium crystal. In an 
earlier report, the results of the observations 
were presented on the regrowth pattern on the 
flat and smooth bottom area of the pan-shaped 
regrown layer obtained by the rapid cooling 
of specimen during alloying. Subsequently 
cooling speed was varied and the correspond- 
ing changes in regrowing state of p-type ger- 
manium were observed on the sloping flank 
of the pan-shaped regrown layer. Further, 
cross section of the regrown layer was made 
at the bottom of the pan and the layer was 
made at the bottom of the pan and the layered 
structure was examined. Finally, Pb—As alloy 
was alloyed to a p-type germanium single 
crystal and the resulting distinct layered struc- 


ture was examined, then the state in which 
grain boundary is formed by misfitting in the 
regrown germanium or the growing state of 
crystal around a blowhole was observed. 


§2. Experiment 


2.1 Dendritic regrowth 

A single crystal of m-type germanium was 
heated at about 590°C with a small piece of 
indium on it, and subsequently cooled at a 
speed of about 20deg/sec. The resulting re- 
growth of the germanium is shown in Fig. 1. 
In the flat and smooth area on the bottom 
seen slightly below the center of the figure 
there exist many spot-shaped patterns, and 
these correspond to the abnormal regrowth 
pyramids described in the earlier report”. On 
the sloping surface of the pan-shaped concave, 
the dendritic lamellae grow, each of which is 
bounded by a straight line parallel to [110] 
axis. In the vicinity of the lamella edge, 
there exists an upward projection and with 
this as a center an upward growth takes place. 
Fig. 2 shows relatively large dendritic lamella 
appeared on the upper edge of the pan-shaped 
concave of the specimen which was made by 
alloying indium at 540°C and subsequently 
cooling at an intermediate speed—about 60 
deg/sec. On the large lamella parallel to the 
(111) surface of the germanium substrate, there 
exist in a large number the so-called abnormal 
regrowth pyramids described in the earlier 


TAGE 


712 


report”. From this, it is known that the 
regrowth in the direction perpendicular to the 
lamella has taken place. A specimen obtained 
under nearly the same condition in the case 
of Fig. 1 was cleaved with a pincette, and 
the cleaved surface is shown in Fig. 3. In- 
itially, the dendrites grow along the direction 
nearly perpendicular to the (111) plane of the 
substrate surface, but after some progress of 
the growth, a lateral growth parallel to the 
same (111) plane takes place dominantly. The 
hexagonal plates seen layered in Fig. 1 cor- 
respond to the latter. Further at the root of 
the dendrite, it is possible that indium is left 
pent up in the regrown layer when the adjacent 
growing dendrites unite together”. At the 
end of the regrown layer located slightly left 
to the center, upward projections are observed. 
They may be the same as those on the edges 
of lamellae of Fig. 1. Fig. 4 shows the cross- 
sectional view of a specimen which was cooled 
at a speed as low as 0.3deg/sec and cleaved 
again with a pincette. In this case, stepped 
regrown layers, each bounded by the {111} 
planes, exist on the sloping flank. At the 
boundary between the flat area on the bottom 
and the steps on the flank, there exists a moat 
which was formed by the delay of the growth 
as is already known®. We see in Fig. 1 that 
such a moat is also formed by the cooling at 
a higher speed. When a specimen is kept at 
520°C and subsequently cooled rapidly by 
pouring oil, an extremely thin p-type regrown 
layer is produced. This specimen was ground 
at an angle of 18° with its surface and the 
cross section was etched for about 1 minute 
with the etchant composed of 40% concentrat- 
ed nitric acid (48%) and 20% deionized water. 
The result is shown in Fig. 5. In parallel to 
the (111) plane of the substrate single crystal 
surface, regrown layer about 2.7 u thick is 
produced. In this case, a striation exists in 
the regrown layer in parallel to the p-m boun- 
dary on the bottom. The regrown lawer on 
the sloping surface seen in the right-hand part 
grows in parallel to the p-z boundary at first, 
but from the part corresponding to the stria- 
tion on the bottom fine dendritic growth takes 
place. At the part where the regrown layer 
on the bottom and that on the sloping surface 
meet each other, no regrown layer exists at 
all. The dendritic regrowth pattern on the 
sloping surface observed under an electron 
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microscope is shown in Fig. 6. The specimen 
was prepared by rapid cooling by pouring oil 
as in the case of Fig. 5. In the present ex- 
ample, it is assumed that the temperature was 
lowered down to below the melting point of 
the indium within about 0.1 sec. The obser- 
vations by the electron microscopy were made 
by replica method using the platinum-palladium 
shadowing. On the surface of each lamella 
fine regrowth patterns are seen and they are 
indicative of the progress of layered growth 
around some growth centers and in the dli- 
rection approximately perpendicular to the 
photograph. From the width of shadow, it 
was ascertained that the height of these fine 
growth steps is about 200A. At the part where 
the upper and lower adjacent lamellae unite 
with each other, the growth pattern of the 
upper lamella overflows and spreads over the 
lower lamella. Fig. 7 shows the dendritic 
growth pattern on the less sloped area of the 
specimen which was prepared by the similar 
rapid cooling. The photograph shows clearly 
that the upper and lower steps unite with each 
other to make the growth pattern continuous. 
The black irregular pattern is caused by the 
collapse of replica at the part where intricate 
structure exists. This area may be a valley 
caused by the delay of crystal growth due to 
some obstacles. Blowholes or impurities at- 
tached to the crystal surface may be such ob- 
stacles. In Fig. 8, the photograph of the part 
at which the flat and smooth surface on the 
bottom and the sloping surface of the regrown 
layer meet together is shown on a specimen 
prepared similarly by rapid cooling. From the 
area where the end of the growth step of the 
lamella in the upper right and the flat and 
smooth surface on the bottom come in contact 
with each other, fine concentric growth steps 
develope locally. In the other part on the 
bottom it is distinctive that the growth pattern 
due to the surface nucleation described in the 
earlier report) appears unlike the case of 
Fig. 1. At the part where the stepped crystal 
and the bottom surface meet together there 
is a gap and this gap corresponds to the part 
which lacks regrown layer on the edge of the 
flat and smooth surface of Fig. 5. 


2.2 Striation 


In Fig. 5, an example was given to show the 
striation appeared on the germanium layer 
regrown from the indium melt. The author 
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prepared a specimen by alloying 97% Pbh—-3% As 
alloy to a p-tpye germanium pellet at about 
800°C and subsequently cooling the system at 
a low speed of 0.2 deg/sec. The specimen was 
then cut and the cross-section was etched with 
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Fig. 1. Regrown germanium (intermediate 
cooling speed) 
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Fig. 2. Relatively large dendritic lamella appeared 
on the upper edge of the concave (intermediate 


cooling speed) 
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Fig. 3. Cleaved surface of the dendritic regrown 
layer (intermediate cooling speed) 


an etchant of 60% concentrated nitric acid and 
40% fluoric acid (48%) and observed under a 
microscope. By this method, it was possible 
to observe the striation in the regrown ger- 
manium layer. An example of this case is 


i 
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Fig. 4. Cleaved surface of the regrown layer 
(low cooling speed) 
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Fig. 5. Cross section of the regrown layer 
(rapid cooling) 
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Fig. 6. Dendritic growth pattern developed on 


the sloping surface of the regrown layer (rapid 
cooling, electron microscope) 
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Fig. 10. Growth pattern in the neighborhood of 
a blowhole in the p-type regrown layer (inter- 
mediate cooling speed) 
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Fig. 7. Growth pattern on the less sloped surface 
of the regrown layer (rapid cooling, electron 
microscope) 


Fig. 11. Composite growth patterns in the neigh- 
borhood of the p-type regrown layer (intermediate 
cooling speed) 


bh 
a 
Fig. 8. Growth pattern at the part where the 
sloping surface and the bottom surface meet 
together (rapid colling, electron microscope) 
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(b) Fig. 12. Special defect in the single crystal 


Fig. 9. Striations in the n-type regrown layer grown from germanium melt 
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given in Fig. 9(a) and (b). (b) is close-up of the 
central part of (a). A striation in the lower 
n-type regrown layer develops in parallel to 
p-n boundary and the formation of regrown 
layer is relatively complete. On the contrary, 
many imperfect structures are seen in the 
upper regrown layer. In the early stage of 
the alloying, the molten Pb—As alloy had 
arrived just at the point A in the figure. At 
the time when the surface tension decreased 
due to somewhat elevated temperature, drop 
of the melt spread to a position B. It is for 
this reason that the quantity of p-type ger- 
manium dissolved into the Pd—As melt is 
smaller in the part between A and B than A 
and J, and hence stepped structure is caused 
in the p-m boundary at A. The p-m boundary 
between A and J is parallel to the (111) plane. 
A p-n boundary on the flank crossing at J 
aslant with the above-mentioned boundary will 
be another {111} plane. On the other hand, 
the sloping parts of the step at A and B are 
deviated from such {111} plane macroscopically. 
At the beginning of the regrowing process, 
regrowth had taken place nearly in parallel to 
the p-m boundary also in the neighborhood of 
A, but due to the presence of such a slight 
non-uniformity as point C (which is probably 
a fine blowhole or foreign material), difference 
in growing state had been caused between the 
right- and left-hand sides and from this part 
a misfit plane CD had developed. On the right 
of CD, the slope of the growing surface in- 
creases gradually and approaches the {111} 
plane which makes an angle of 70°32’ with 
the (111) plane on the bottom. 

Further on the right, another misfit plane 
EF is present against the (111) plane parallel 
to the bottom. In the part where a fine 
blowhole G exists, the growth is markedly 
delayed at first compared with the surrounding 
part, but once passing over that blowhole the 
growth makes up the delay resulting in the 
flat and smooth striation. In the neighborhood 
of such a large blowhole as H, distinct non- 
uniformity in growth is seen. At the part 
neighboring to the bottom of the blowhole, 
growth of crystal is badly delayed as shown 
by the striations FHI similarly to the case of 
G. But, thereafter the growth is made so 
rapidly that at KL it is rather protruding than 
in the other part. One end of the n-type 
regrown layer B, in the left-hand part of the 
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figure has grown to have the same height as. 
other parts, but the other end J in the right- 


hand part is poor in growth and makes a. 
concave. 


2.3 Regrowth in the neighborhood of a blow- 
hole 

We found in Fig. 9 that in the neighborhood 
of a blowhole the growth is more distinct than. 
in the other areas. To examine this in more. 
detail, Fig. 10 is presented. The specimen. 
was prepared in nearly the same way as in. 
the case of Fig. 1. In the part around a re- 
latively large blowhole, frequently the growth. 
is more advanced than in the other. Some of 
the growth patterns are developed from a part. 
around the blowhole as a center. Fig. 11 
shows an example of the growth patterns. 
developed around a blowhole. The specimen 
in this case was prepared also in nearly the- 
same way as in the case of Fig. 1. 

A terrace seen on the right of the blowhole- 
represents the top surface surrounded by {110} 
axes of the abnormal growth pyramid described 
by the author in the earlier report”. With at 
least two centers around the blowhole, two» 
groups of growth patterns are seen. Similar 
growth patterns are present also in the left- 
half neighborhood of the blowhole where the: 
growth is delayed compared with the terrace. 
This suggests that the growth of the terrace 
and the concentric growth arround the blow- 
hole are independent of each other. 


2.4 Special defect in the single crystal grown. 
from germanium melt 

In Fig. 12, the special defect frequently 
found in the single crystal which was grown 
from the germanium melt is shown. 

As described in the earlier report, this defect 
badly affects the electric characteristics of the 
p-n junction”. The cause for the formation. 
of this defect will be discussed later. 


§ 3. Discussion 
3.1 Regrowth of germanium 

The author pointed out in the earlier report 
that the regrowth of p-tpye germanium from 
the indium melt is due to the screw dislocation 
in some cases and the surface nucleation in 
the others. From the results of that study it 
follows presumably that for the growth rate 
exceeding some 20 y/sec the crystal growth 
can be caused by the surface nucleation but 
in the case of lower rate screw dislocation is 
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responsible for the growth®. With reference 
to the experimental results discussed in §2, 
when the heated specimen of Fig. 5 was cooled 
rapidly by pouring oil, its temperature might 
be lowered down to below the melting point 
of the indium within 0.1lsec. Since the flat 
and smooth bottom area of the p-type regrown 
layer is 2.7 u thick, the growth rate is roughly 
30 /sec and therefore there is a possibility of 
growth due to the surface nucleation. In Fig. 
5, there is a great difference in the growth 
patterns between the flat and smooth surface 
of the bottom and the sloping surface of the 
flank. Referring to Fig. 8 for the similarly 
prepared specimen, a planar growth pattern 
not clear in symmetry exists in the lower left 
part of the photograph. This is probably 
indicative of the growth caused by the surface 
nucleation as described in the earlier report”. 
On the other hand, the growth in the sloping 
part of Fig. 5 is dendritic clearly. Referring 
to Fig. 6, each dendritic lamella has some 
growth centers clearly. In this case, it is as- 
sumed that the growth takes place with several 
very adjacently existing screw dislocations as 
a center. In the case of Fig. 5, which of the 
surface nucleation or screw dislocation is re- 
sponsible for the growth may be dependent 
on the condition of the substrate crystal sur- 
face. In the present case, the flank area is 
deviated from the (111) plane macroscopically, 
but it seems microscopically to be formed by 
bunching together of a great number of fine 
growth steps surrounded by two {111} planes 
crossing at an angle of 70°32’ with each other. 
At the begining, the growth progresses with 
the concave corner of the step as center and 
consequently, the regrown layer develops in 
parallel to the sloping surface of the sub- 
strate? as seen from Fig. 5, but after a while 
the new crystal planes thus grown from the 
adjacent concave corners meet with each other 
at the convex corner and cause the misfit 
boundary there. It is quite possible that by 
the repetition of such process many screw 
dislocations are produced. It is known that 
the dendrite is liable to be produced if the 
temperature gradient from inside the solid to- 
wards the solid-liquid interface is larger than 
that from the interface towards inside the 
the liquid, especially if the gradient inside the 
liquid is negative®).®.19,. This condition will 
be satisfied in case the specimen was cooled 
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rapidly by pouring oil. When the above- 
mentioned two conditions are satisfied simul- 
taneously, the dendritic growth may take place 
due to the screw dislocations. On the other 
hand, on the flat and smooth (111) plane of the 
bottom relatively uniform growth occurs and 
therefore, the screw dislocations are not pro- 
duced so much. It is probably for this reason 
that even when the cooling speed was made 
extremely high at the end of the cooling 
period the dendrite due to the screw dislocation 
is difficult to grow and rather the surface 
nucleation is responsible for the growth. In 
comparison with the above, the growing 
speeds in the cases of Figs. 1, 3, 4, 10 and 11 
are extremely small and for these cases it 
will be doubtless that the growth is effected 
by the screw dislocation. It has been known 
that under the special conditions lamellar den- 
drite is produced®, and the large lamellar 
crystal grown on the upper edge of the pan- 
shaped concave of Fig. 2 will be a dendritic 
lamella caused by the presence of twin 
planes!?.!», The growth of this lamella to its 
thickness direction is effected surely by the 
screw dislocation because the abnormal growth 
pyramids described by the author in the earlier 
report® are present in a large number on the 
surface of the lamella. The mechanism with 
which dislocation array is produced on sucha 
lamella has already been described", and the 
array conceivably plays the role as the center 
of the abnormal regrowth. Finally, the dis- 
cussion on the case of Fig. 9 will be given as 
follows: For such a markedly slow cooling, 
it is quite easy to consider that the crystal 
growth is effected by the screw dislocation». 
The heat of melting of germanium into the 
molten indium is 11.9 kcal/mol!*!», while that 
of germanium into lead is 19.2 kcal/mol with 
reference to the phase diagram G.—P» sys- 
tem’. Generally, the activation energy for 
nucleation, 4F., is given by”. 


AN 

4r.=(Sy7) kT Ina 
where 4H is the heat of melting, N is the 
Avogadro’s constant, k is the Boltzmann’s 
constant, Tis the absolute temperature and 
a is the saturation ratio of germanium in the 
melt. Denoting by J the rate of formation of 
critical nuclei, we have!”. 


I=, exp (—4F./kT ) 


(1) 


(2) 
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J, is a constant, and for the growth of ger- 
Manium from the indium melt, it is expressed 
as: 


Iyp~107> cm? sec7! 35) 
As the saturation ratio @ exceeds 1.4, the 
growth due to surface nucleation becomes 
prominent as described in the earlier report. 
The growing speed of the crystal in this case 
is about 20 /sec®. While, in the case of lead 
the heat of melting is extremely large com- 
pared with indium as described above, and 
consequently, for the crystal growth to be 
effected mainly by the surface nucleation, the 
saturation ratio must be larger than in the 
case of indium. From this, it follows probably 
that the possibility of the germanium crystal 
being grown by the surface nucleation from 
the melt having lead as its main component 
is badly poor, especially when the specimen 
was cooled at considerably low speed as in 
the case of Fig. 9. On this ground, it is con- 
ceived that the regrowth of -type germanium 
in the case of Fig. 9 had been effected by the 
screw dislocation. But, it seems difficult to 
find the reason why the screw dislocations 
cause the several layers of striation patterns 
as seen in Fig. 9 to be presented. In the 
earlier report®), the author assumed that the 
so-called abnormal growth pyramid might be 
caused, when the pair of the clusters of 
adjacent screw dislocations with equal sign 
were present and the clusters had different 
sign each other. In the course of growth of 
germanium crystal from the lead melt, because 
some of the regrown germanium lattice sites 
are substituted by the Jarger atom of lead, a 
great number of lattice defects may be caused 
at the beginning of growth of m-type germani- 
um on the substrate’. As a consequence, 
there will also be a possibility of producing 
many pairs of adjacently existing screw disloca- 
tion clusters as described above. Denote by 
gc the radius of critical nucleus and by A the 
spacing between the adjacent screw dislocation 
clusters of the same number of dislocations 
but with different signs each other respectively. 
Then, if the supersaturation of germanium in 
the melt is not so high, it is possible that oc 
is large enough to meet the relation 20c>A. 
In such case, the screw dislocation clusters 
with different signs interefere with each other 
and do not participate in the growth. Thus, 
the crystal growth is effected mainly by the 
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single screw dislocation existing at random on 
the substrate crystal surface. The growing 
speed in this case is relatively small, but as 
the specimen is cooled down gradually, the 
supercooling becomes large accordingly and 
hence pe becomes small. And when 29.<A is 
reached the screw dislocation clusters with 
different signs begin to act as the centers of 
of growth independently of one another. This 
causes the growing speed to be increased and 
as a result, the supercooling becomes again 
small. At the same time, heat of solidification 
is generated so much that the temperature of 
the solid-liquid interface is raised, thus the 
the supercooling becomes smaller. Since this 
is the case, oc becomes again large, thereby 
the growth due to the above-mentioned screw 
dislocation clusters being completely stopped 
and the growing speed considerably reduced. 
This process is possibly repeated several times 
before the regrowth of germanium is com- 
pleted if the specimen was cooled at extremely 
low speed as in the pressent example. In case 
the crystal growth is advancing at high speed, 
effective segregation coefficient of As will be 
larger and in the regrown layer at that part 
a larger amount of As is contained. Thus, 
the growth at high speed and that at low 
speed will be repeated alternately, probably 
thereby enabling the several layers of stria- 
tions tO be produced. As to the variation in 
the effective segregation coefficient with the 
growing speed of the germanium crystal, it 
has been well known that in general the donor 
impurity is liable to be changed’®. 


3.2 Striation 

From the striation patterns of Fig. 9 it is 
possible to know much about the regrowth. 
In the lower part of the figure, the m-type 
regrown layer extends in parallel to the p-n 
boundary. This is probably because both of 
bottom and flank areas of the p-z boundary 
were composed of the single (111) plane re- 
spectively, no blowhole was present in the 
melt during the regrowth, and the cooling 
was made at a very low speed. In this case 
the delay of the regrowth at the periphery of 
the bottom surface as seen in Figs. 4 and 5, 
at the part J of Fig. 9 and in many other 
cases cannot be observed. At the part J of 
Fig. 9, the first striation has grown to nearly 
the same degree as other parts, but the second, 
the third,..etc. have attained very poor growth. 
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This indicates that in the cooling process the 
regrowth at the periphery is effected on both 
the bottom and flank parts simultaneously, and 
the supply of germanium from the melt is apt 
to be insufficient. This trend becomes distinct 
as the regrowing process progresses. Our 
explanation for such difference between two 
parts is as follows: In the lower part, molten 
Pb—As maintained nearly the same shape 
throughout the whole process of alloying, while 
in the upper part, drops of the molten Pb— As 
collapsed and spread over the region A~D of 
the figure in the course of the heating process 
as described in 3.2. This made the difference 
in the shape of the drop between the heating 
and cooling processes, and especially at the 
periphery reduced the thickness of the molten 
layer. Next, as to the part A~B of the pho- 
tograph, to which the molten Pb—As spread 
at the later time as described above, the 
solid-liquid interface produced in the course of 
the heating process was substantially deviated 
from the single (111) plane though the growth 
at the beginning was made in parallel to the 
interface. As the growth progresses, the in- 
terface shows a trend to approach the most 
stable {111} planes, and once encountered with 
such a disturbance as blowhole C, the left 
part of C approaches the (111) plane parallel 
to the bottom and the right part approaches 
the other {111} plane which makes an angle 
of 70°32’ with the bottom, and at the same 
time grain boundary due to misfitting is pro- 
duced as shown by CD. Further, on the imme- 
diately right of CD, as the regrowth progresses 
the angle between the interface and the bottom 
plane become large gradually, and then another 
grain boundary EF is produced. On the other 
hand in the neighborhood of B, the slope of 
growth plane with respect to the (111) plane 
is relatively small and no misfit boundary is 
produced. At the part neighboring to a small 
blowhole G, supply of germanium from the 
melt is less than other parts at first and ap- 
parently the growth is delayed. But, once 
passing over the blowhole, the growth becomes 
more rapid compared with the other parts, 
thus resulting in the flat and smooth growth 
pattern after a while. It is apparent that in 
the case of such slight uneveness being pres- 
ent on the growth plane a trend to produce 
flat and smooth growth plane exists. On the 
other hand, in the case of such a large blow- 
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hole as H being present, the growth is badly 


delayed in that part at first as shown by FHI, | 


but as the specimen is cooled down, the blow- 


hole contracts gradually and fresh melt is — 
pushed and collected in the place from above, | 
thereby possibly starting the growth newly | 


around the blowhole. Then, if any two growth 
surface which progressed along the blowhole 
collide with each other anywhere around it, 
then screw dislocation arrays will be produced 
with a high possiblility. With this array as 


a center, rapid abnormal growth takes place © 


resulting in the swollen growth at the area 
around the blowhole as shown by the parts 
K and L compared with the other parts. 
Similarly, in the case of regrowth from the 
indium melt, swollen growth is produced as 
shown in Fig. 10 frequently at the area around 
the blowhole, and many growth centers exist 
around the blowhole as shown in Fig. 11. 
Further in Fig. 11, the growth pyramid swollen 
in a terrace on the right of the blowhole re- 
presents the abnormal growth pyramid de- 
scribed in the earlier report®, and the growth 
patterns developing from several growth cen- 


ters around the blowhole are seen to exist also © 


in the delayed growth area on the left of the 
above-mentioned terrace. This fact will be 
easily understood on seeing that the growth 
at K and L of Fig. 9 developed independently 
of the other areas at the end of the regrowth 
period. 


3.3 Defect accompanying the dendritic growth 

When the specimen was cooled rapidly, den- 
dritic crystal growth took place in the sloping 
area deviated from the (111) plane, and each 
dendritic lamella grows due to screw disloca- 
tion as seen in Figs. 6 and 7. In these figures: 
it will be seen how a crystal growth occurs. 
from the upper lamella towards the lower one 
at the part where the both lamellae unite with 
each other. As seen from Fig. 3, in this case 
indium is left at the root of the projection”. 
Such a defect will be possible to occur if the 
solid-liquid interface is inclined somewht with 
the (111) plane when the single crystal is grown 
from the germanium melt containing a trace 
of impurity. In such case, the impurity in 


the germanium melt is concentrated there. | 


gradually, so that its melting point is lowered 
down to such value that after the surrounding 
has been solidified completely and a rapid 
solidification occurs there. 


The special defect. 
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The low-temperature electrical breakdown effect in n-type germanium 
which was observed by Sclar and Burstein, and Koenig and Gunther- 
Mohr, is discussed from viewpoint of the hot electron theory. At first, 
we assume that the energy loss of conduction electrons comes only from 
the acoustic scattering, while the mobility is determined by ionized- 
and neutral impurity scatterings besides the acoustic scattering. We 
evaluated the electron temperature as a function of applied field and 
then estimated the rate of ionization of donors and the thermal recombi- 
nation coefficient. By using these values we estimated the break- 
down field of some specimens and compared it with the experiment. 
The result of the theory seems to be in good agreement with the ex- 
periment, when the concentration of donors and acceptors is fairly small. 
The theoretical result is, however, inconsistent with the experiment, 
when specimens contain donors above 10!5/em3. It seems to be other 
mechanisms of the energy loss which work more effectively than the 
acoustic scattering does, when the concentration of the donors is above 
1045/cm3. Further, we proposed a mechanism of the energy loss at com- 


pensated germanium which leads to the negative resistance. 


§1. Introduction 


Recently the low-temperature electrical 
breakdown effect in germanium has been ac- 
tively investigated.” Although some aspects 
of the phenomenon are qualitatively explain- 
ed, many experimental facts are still open 
to further investigations. On the other hand, 
appreciable progress has been made in both 
experimental and theoretical studies on warm 
or hot electron problems at higher tempera- 
tures. One of the characteristics of investi- 
gation of hot-electron phenomena lies in the 
fact that it gives a more detailed information 
about the energy-loss of conduction electrons 
than the usual ohmic current does.2)? There- 
fore, it is quite natural to expect that the 
low-temperature electrical breakdown effect 
may give a valuable information about a 
mechanism of the energy-loss of conduction 
electrons at very low temperature. The pur- 
pose of the present paper is to give a result 
of a preliminary analysis performed by such 
expectation as mentioned previously. As 
a result of the analysis we have found 
that the mechanism of the low-temperature 
breakdown is rather complicated, because 
many elementary processes are participated, 
each in its degree which depends upon a 
state of each specimen. At present, our 


knowledge of these elementary precesses is 
rather poor, so that we are inevitably com- 
peled to introduce somewhat ambiguous as- 
sumptions. However, since the low-tempera- 
ture breakdown effect is a very good source 
of information of the elementary processes at 
very low temperature, we hope that the fur- 
ther progress of study on the former will 
make a good contribution to understanding of 
the latter. 


§ 2. Models and Assumptions 


First, we shall give a brief account of 
models and assumptions with which we shall 
start the analysis. They are quite conven- 
tional ones, but not always free from objec- 
tions. (1) The shape of energy surfaces is 
spherical. (2) The conduction electrons are 
scattered by the acoustic mode of vibrations, 
ionized-impurity centers and neutral impuri- 
ty centers. (3) The scattering due to ionized 
impurities and neutral impurities is elastic. 
Thus, the energy loss of the conduction elec- 
trons comes only from the acoustic lattice 
scattering. (We shall see later that this as- 
sumption is not right, when the density of 
impurities is above a certain limit.) (4) The 
rate of the lattice scattering is given by the 
usual formula, and the acoustic mobility at 
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- given by Erginsoy’s formula.®? 


low temperature is estimated from observed 
} values in the temperature range from 100 to 
| 300°K.®) 


Then, it is 


Mi=2.4X10/T3 , (1) 


| In germanium mc’, where m is the average 
| effective mass and c is the sound velocity in 


the lattice, is much smaller than KT even 


| at liquid helium temperature, so that the so- 
| called high temperature approximation is ex- 


pected to be valid. (5) The rate of ionized- 
impurity scattering is given by” 
prs 8 2 eX(RT)3? 
Ne? Vm’ n*/? In (1+ (eRT/e2 Ne/?)?} ? 
(2) 


Lit 


where Ni is the density of charged scatterers. 
i Here m’ is regarded as an adjustable para- 
' meter to fit the observed datas. 


However, 
the accurate value of it is unknown, because 


the density of the charged centers is not ac- 


curately determined. Here we assume tenta- 
tively m’=0.12m,. (the averaged effective 
mass). As is well known, there is another 
formula of the ionized-impurity scattering, 
that is, the Brooks-Herring formula. Here 
we prefer to use the Conwell-Weisskopf 
formula rather than the B-H. The reason 
will be mentioned in section 7. (6) The 
rate of the neutral-impurity scattering is 
The mobility 
is 

Ln=8r?m’’e4/20ch3(No—WNa) , Cae 
where Np is the density of donors and Nu is 


Ai(No—Na—n) +n{ Ai(No—Na—n) —Bi(Nitn)}—vBiNatn)=0. 
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that of acceptors. Here it is better to in- 
terpret m’’ as an adjustable parameter which 
has been determined as 0.21m) by Sclar and 
Burstein.® (7) When the energy of the con- 
duction electrons is larger than the ionization 
energy of the impurity center, they ionize an 
electron from the impurity center. The rate 
of energy loss due to the ionization, however, 
is quite small as compared with that due to 
the lattice scattering. Thus, the ionization 
process has little influence on the energy 
distribution of the conduction electrons. 

As to mechanism of the low-temperature 
breakdown we follow the idea proposed by 
Koenig.”» When the intensity of the applied 
field becomes large, the mean kinetic energy 
of the conduction electrons becomes large 
and some of them obtain enough energy to 
ionize an electron bound to the impurity cen- 
ter. The process which works to reduce the 
electron density is a capture process of the 
conduction electrons by empty donors. Since 
the rate of the ionization increases rapidly 
with increasing field and the capture cross 
section decreases with increasing electron 
energy, there should be a field intensity in 
which the rate of the ionization becomes as 
fast as that of the capture process. If the 
field intensity is above this critical value, 
no equilibrium state is expected to the con- 
duction electrons. Therefore, this critical 
field is regarded as the breakdown field. The 
mathematical formula for this condition is 


(4) 


‘The quantities A, and A; represent the rates of carrier production by thermal generation 
‘and impact ionization, respectively, and B, and 5; the respective inverse process, that is, 


‘single-electron capture and Auger recombination. 


The coefficients A:, B: and B: depend both 


upon the lattice temperature and the electron distribution. In practice we have »<Nua, No 


—Na. 


If in addition the Auger recombination is neglected, the result simplifies to 


n= Ai(No—Na)/{BiNa— Ai(No —N4)} 4 


(5) 


‘Then, the condition of the breakdown is given by 


BNa= Ai(No—WNa4) ‘ 


(6) 


§3. Distribution Function and Electron Temperature 


We start from the Boltzmann equation. 


f(K)=flE)+KegE) , 


Let us denote the distribution function by 


(7) 


where K and E are the wave number vector and energy of conduction electrons, respective- 


ly, and x is the direction of the applied field. 


Then, the B.E. is 


| 
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er Geller Lark Ler: | 


The meaning of the sufixes is: F=electric field, ac=acoustic scattering, 1=ionized impurity’ 
scattering and m=neutral impurity scattering. The explicit expressions of these terms are: 


Of) 90 oF dg , Wt disse | 
pall ra Lape. dE ( a 
of 8ec* Lea th 2 a*fo | i 2B) dfo a K. | 10) | 
eee 38VakT peer asiec gE | Pe ee + ap ving eg (10) 
of 4e 6(RT 2 

a ~ Ke 11 

Ee i 8mVakT mEVE ee (11) 

and 

ea = ; (12) 
arbi 


At very low temperature we can neglect the effect of the optical mode of vibrations. Then, 
it is not hard to find an analytical solution of B.E. In appendix we give the explicit expres- 
sion of the solutions. If the distribution function is once obtained, the mobility or the rate 
of ionization of impurity centers will be determined by usual procedures. The distribution. 
functions which were obtained, however, are rather complicated, so that numerical calcula- 
tions are always required for further applications. An approximate procedure to obtain a 
more convenient, though less accurate, distribution function was developed by Stratton.® 
(A relation between this approach and the Boltzmann approach was discussed by us.”) In: 
that approximation the distribution function fi(E) is assumed to be 


Wee ae ere Vas exp (=E/RkT2) (13) 


a (bT.,\3/2 


The electron temperature T. is determined as a function of the applied field by the condi- 
tion of the energy conservation: 


eoF?= her sey EdE, (14). 


where o is the conductivity. Let us examine the condition for following three cases. 


(a) Acoustic and neutral impurity scattering. After a simple computation the following 
condition is derived: 


DUP )/ ua) =2( T/T )/2(Te/T—I) , (15), 
where p and wf) are defined by 
Tote xV x e-*dx 
Pi=n() |, | 
ME) = ts Vx toT/T)? ° (16) 
0=3V 7 paldpn (17), 
and 
p=Sr FOC". (18) ; 
When the”condition “n<y is fulfilled, “U*) is simply expressed as 
32 Ln jee 
fe ee (a 
oe {! Oz ra ¥f 1)} ; (19) 


(b) Acoustic and ionized impurity scattering. The electron temperature is determined by - 


1961) Low-Temperature Electrical Breakdown in Germanium 723 


(15) with the definition of »(F): 


Tin? ° ye-“du 
He by 1 z , 
wren 2) pel tee » 


Here q is determined by 
q=QAT/Te){G(Te)/G(T) (21) 
with the defimition of G(x) and qo: 
Qo? =6 Mal a and G(x) =In {1+ Bekx/e2Nit/3)?} (22) 


By inserting the electron temperature T. in G(x) we take into account the energy dependence 
of g through G(x). Performing a well known integral in (20) we have a final expression of 


the condition: 
phi—al (F arty @) sin g— Ci(q) cos a|| = oe 1) 2 (23) 


(c) When three mechanisms of the scattering are effective, the relation between the field 
and the electron temperature is again given by (15), but with the definition of »(F): 


Pe xe-*dx 
LEON ax ane 24 
ee i \ xe +q?+o(T/Te)'2xV x (24) 


$4. Rate of Impact Ionization and Rate of Thermal Recombination 


Here we consider the impact ionization process in a p-m junction. A conduction electron 
which has a larger energy than the threshold of the impact ionization can transfer an 
electron from the valence band to the conduction band. Since this process occurs with a 
large probability, the distribution function above the threshold is mainly determined by this 
process and the applied field. In the low-temperature breakdown the situation is completely 
different. Since the number of impurity ions is much smaller than that of the lattice atoms, 
the perturbing effect of the impact ionization of the donors on the distribution function is 
not appreciable. At Jow temperature the condition “a>/n, OF Ha>M, is always satisfied, Se) 
that the mean free path of the electron is mainly determined by scattering due to the ionized-, 
or neutral impurities. Then, since the cross section of the elastic scattering for very slow 
electrons is enormously larger than that of the ionization, the latter process has littie in- 
fluence on the mobility of the conduction electron. As for the energy loss of the conduction 
electron a more careful consideration is necessary. Let mS be the average number of 
electrons which enter into the conduction band per unit time by the impact ionization and 
E) be the average energy which is necessary for the ionization, then the energy loss due to 
the impact ionization is given by 


n\E| a | VE dE=nSE, . (25) 
Then, the previous expression of the energy conservation is now extended to: 
16ec? (Te\” ia ) 
a (==) 2(——1)4+SE,, (26) 
ae 37 La ( 7 it : 
. Tew? oT 3 
WF) ei Te ) TUE 27 
en )= 28) (G3) tect oa 


In the next section we shall make a numerical estimate of each term. The result is that 
aa at the breakdown field the second term in (27) is still smaller ‘than the first and can 
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be safely disregarded, unless the density of impurities is above 10'*/cem’. In the following 
we shall assume that the distribution functions which are derived in the previous section are 
still approximately valid, even when the applied field is as large as the breakdown field. 


Then, the time rate of the impact ionization is given by: 
S=(No—Na) | vQ(E) flE) V EdE , 
4E 


where Q(E) is the cross section of the impact ionization, v is the velocity of the colliding 
electron and 4E is the depth of the donor-level from the bottom of the conduction band. It 
is a difficult problem to evaluate Q(E) from the first principle. The experiment shows, how- 
ever, that the cross section of the ionization of a hydrogen atom by a slow electron is near- 
ly equal to its geometrical cross section za). Therefore, for the purpose of a rough estimate: 
of S(T.) it may be allowed to put* 


QE) =x(kao)’ . 


+ 1) ex p(-+ 


Next, we shall discuss the rate of the thermal recombination. The magnitude of the 
coefficient for thermal electrons in the temperature range 4-10°K has been determined 
experimentally by Koenig.® However, we have no experimental knowledge about the ther- 
mal recombination time of the hot electron, so that we must rely upon theory. In order to 
estimate temperature dependence of the recombination time we followed the method of Lax.” 
The result is: 


Then, S(T.) is evaluated as 


S(T) =2 ae Toten? ee = No Na). (30) 


kT. 


te( Te) =1/Bi:Na=aTe/Na=2 X 10-*T.(5 x 10#2/Na) . (31) 


The constant a is determined so as to fit Koenig’s data when both lattice and electron tem- 
perature are about 4°K. 


(28) 


(29) 


§5. Low Temperature Breakdown and Com- } 
parison with Experiments 


From Koenig’s experiment of the low-tem- 
perature breakdown we pick up four speci- 
mens in which detailed information of physi- 
cal properties is available (Table I). At 
first, by using Eqs. (15) and (24) we evaluate 
the electron temperature 7. as a function of 
the apllied field. The results are shown in 
Fig. 1 and Fig. 2. In Fig. 1 we show also 


a T--F curve of an ideal case in which no 
impurities exist. We find a tendency that 
the 7.-F curves come together at the high 
temperature region, 7.>107, and approach 
to the ideal curve at high temperature, if the 
density of donors and acceptors is sufficiently 
small; (No—Na)~10"® and Ni<10!%. There- 
fore, we except that the electron tempera- 
ture of these specimens is roughly determin- 
ed by the applied field irrespective of a 


Table I. 
No. T°K (Np— Na) Na (Npo— Na)/ Na F,, (volt/cm) 
1 Awd) 1.010 4.0102 0.25 14 
2 4.55 1.5 x 10183 5.0x 1012 3.0 4.8 
3} 5.056 PPD NOE 2.8x 1013 153 9.1 
4 4.79 1.9~x 1015 2.3 1013 83 14.3 


* This cross section is quite small as compared with that of the elastic scattering, where Q(E) 


=20(xao)/K. The ratio 20(ao)/K: 


mao)? is equal to 40: 1 when 4H=h2K2/2m=0.01leV. 


impurity content, and the breakdown field 
depends only upon the ratio (Npo—N4)/Na. 
In other specimens, No. 3 and No. 4, the 
situation is different. The Y.-F curve runs 
fairly apart from the ideal curve and it does 
not show a tendency of the convergence to 


volt/cm 


F 


| 10 20 30 40 50 
Te/ T 


Fig: 1. Electron temperature vs. applied field (1) 
of ideal case, and (II) of specimens No. 1 and 
No. 2. 


| I5} 10 15 
Te/T 
Fig. 2. Electron temperature vs. applied field (1) 
of specimen No. 2, (II) of specimen No. 3 and 
(III) of specimen No. 4. 
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the latter, unless the electron temperature is 
extremely high. In the following we shall 
designate the electron temperature which cor- 
responds to the observed breakdown field as 


S x 10°° /sec 


5 
Io BtNa x 10°8 /sec 


10 20 30 40 
Te/T 


Fig. 3(a). The rate of the impact ionization S 
and the rate of the thermal recombination coef- 
ficient B;N4 in specimen No. 1. 


S x 10° /sec 
BtNa x 1O°/sec 
30 


BrNa 


20 


10 15 
Te/T 


Fig. 3(b). in specimen No. 2. 


S x10°/Sec 
BtNax 10° / Sec. 
20 


Te/ T 


Fig. 3(c). in specimen No. 3. 
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the breakdown temperature 7;. We show 


T, by an arrow in Fig. 1 and Fig. 2. Next, 
let us estimate S(J.) from Eq. (80). The 
result is shown in Fig. 3. By using Eq. (31) 
we also estimate the value of B,(T.)Na for 
these specimens. The result is shown also in 
Fig. 3. As seen from the figure the condi- 
tion (5) is roughly satisfied at specimens No. 
1 and No. 2. Although the result of the pre- 
sent analysis must be judged very carefully, 
it seems to be consistent with the model of 
the low-temperature breakdown proposed 
first by Koenig. 

At specimen No. 3 the agreement between 
the theory and experiment is not so good as 
at specimens No. 1 and No. 2, but the ac- 
curacy of the present analysis is so poor that 
we can say nothing definite about this speci- 
men. However, the theoretical result is 
clearly inconsistent with the experiment at 
specimen No. 4. (Table II). According to the 
theory mentioned previously the breakdown 
temperature must decrease with increasing 
(No—WNa)/Na, but in fact the breakdown tem- 
perature has a minimum as a function of 


(Np—WNa)/Na. 
Table II. S(T.) and Bi(Te)Na of specimen No. 4. 
T/T S(Te) BUT.) Na 
3 8.1105 1.6107 
5 eo 104 9.6 x 108 
8 (esils<alye 6.0 108 
10 1.2x 108 4.8x 108 
12 1.6 108 4.0 106 
15 Za 108 S22x 108 
17 2.4108 2.8 x 108 


Sclar and Burstein” investigated behaviors 
of the low-temperature breakdown for speci- 
mens which contain the donors 10'*—2x10!6/ 
cm’. They find that the breakdown field is 
roughly proportional to (No—Na.a) when the 
density of the donors is above 10'/cm?. 
Although experimental evidence of the pro- 
portional relation is not very convincing ow- 
ing to the limited number of their specimens, 
it may be regarded as a very important ex- 
perimental fact. 


§6. On Specimens Containing High Concent- 
ration of Donors 


The relation between (Vn—N4) and F, ob. 
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served by Sclar and Burstein seems to be in- 
consistent with the theory mentioned previ- 
ouly. In fact, the breakdown field depends 
upon both the electron temperature and the 
ratio Nu/(No—WNa), but they did not mention 
about the latter. If we assume, however, 
that the ratio is nearly the same through 
their uncompensated specimens and it is of 
the order of several percent, then it is conclud- 
ed from the theory that, when the neutral 
impurity scattering is a main cause of the 


resistance, the breakdown field is roughly 
proportional to (N»—WN4)!/?, but not to (No— 
Na) itself. On the other hand, the observed 


result maintains that the energy loss of the 
conduction electrons is proportional to (UVo— 
Na), so that there must be other mechanisms 
of the energy loss which are proportional to 
(No—WNa) and their contribution to the energy 
loss will surpass that from the acoustic scat- 
tering when the density of impurities is above 
10/em.. 

At present, it is not clear what mechanism 
is really effective to cause such energy loss. 
In the following we shall examine some of 
possible mechanisms. 

(1) First, we examine the energy loss due 
to the impact ionization from Eq. (27). This 
effect, however, does not seems to be hope- 
ful... df we. .put...22/ 240 pand f= (-0meves 
then the ratio of the first and the second 
term of (27) is: 


E.S [? GuGS 1)~10- 5, 


ee the value of S becomes nearly equal to 
10° when the density of donors reaches 10'¢/ 
m’, the energy loss due to the impact ioni- 
zation alone does not seem to explain the ob- 
served facts. The energy loss due to the ex- 
citation of the bound electron from the gro- 
und state to the lowest excited state of the 
donor is expected to make nearly the same 
amount of contribution to the energy loss. 
(2) As is well known, the energy levels of 
an electron bound to a donor split to two 
sets of singlets and triplets. If the energy 
of the conduction electron is larger than 
energy difference of two levels, the conduc- 
tion electron is able to excite the bound 
electron from singlets to triplets. If we as- 
sume tentatively that the energy difference 
is 0.001 eV and the cross section of this pro- 
cess is 20z(«ao)*, then the energy loss due to 


ree 
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this process at the density of donors of 10*5/ 
cm® is nearly equal to that due to the acous- 
tic scattering at T-=10T. Therefore, if these 
assumptions are reasonable, then the energy 
loss of the conduction electrons is almost pro- 
portional to (N»—Nau) at specimens of high 
impurity density. (We suppose that this in- 
elastic scattering is caused by an exchange 
process: a conduction electron falls into an 
empty triplet level and a bound electron ata 
singlet level of the same donor jumps into 
the conduction band with conserving energy.) 
Since the cross section of the elastic scatter- 
ing due to a neutral donor is estimated from 
Erginsoy’s formula as about 130z(«a)? at E 
=0.001eV, the above assumed value 20z(«ao)? 
does not seem to be. very unreasonable. 
However, this idea is not quite hopeful be- 
cause of the following reason. We see easi- 
ly that this effect is inherent in n-type Ge, 
but not in p-type Ge, while Sclar and Burs- 
tein observed the proportional relation men- 
tioned previously at both m- and p-type Ge. 

(3) Another possible mechanism of the 
energy loss is the impurity scattering accom- 
panyed by emission or absorption of a phonon. 
We, however, have no reliable knowledge of 
this process. We must wait a new experi- 
mental result which suggests an _ inelastic 
scattering due to impurities. 

Even if we find a mechanism which can 
reasonably explain the observed relation 
between (No—WNa) and F,, there remains a 
question whether or not the thermal recom- 
bination coefficient B; is independent of (No 
—Na.). If B: is independent of it, we can 
determine Ff, and TJ, from the following re- 
lations: 


S(T) =A {o)(No—Na)=Bi(Tr) Na , 


tole sted 2p) Ce -}) 


+a(Tr\(No—N.) | (33) 


(32) 


By choosing a(7») and F, so as to fit the 
observed date at specimen No. 4 we find that 
T,/T~5 and a(Tr)/2(To/T)“*(To/ T—1)~5. 
This value of a is so large that the second 
term in (33) has an appreciable contribution 
even at specimen No. 3. If we take into ac- 
count it, the value of (7,/T) is newly deter- 
mined as 7 instead of 12. Then, we see 
from Fig. 3 that this value of 7» satisfys the 
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condition (32) approximately. In fact, the 
breakdown field depends upon both the electron 
temperature and the ratio (No—WNa)/Na 
through (32). The latter is, however, not 
important, because S(T.) increases very rapid- 
ly with increasing 7. in the temperature 
range T.<5, and consequently the breakdown 
field becomes roughly proportional to the 
density of the impurities irrespective of the 
ratio (Npo—Na)/Na.* 


§6. Negative Resistance 

By studying impact ionization in highly 
compensated germanium containing both III 
and V impurities from 5x10 to 10%%/cm3 
McWhorter and Rediker!” have found a very 
interesting behavior of the low-temperature 
breakdown which is not observed in uncom- 
pensated specimens. The characteristic fea- 
ture of the low-temperature breakdown in 
highly compensated germanium is that a 
region of negative resistance appears in a 
voltage-current relation. According to their 
observation the sustaining field, typically one- 
third to two-thirds the breakdown field, is ap- 
proximately proportional to N»n+N. and 
agrees with the breakdown field in uncom- 
pensated germanium for the same total im- 
purity concentration. 

Since this phenomenon is observed only in 
highly compensated specimens, it compels us 
to introduce a special mechanism of the ener- 
gy loss which is inherent in compensated 
specimens. Although this phenomenon has 
been observed only in p-type germanium, the 
essential point in the mechanism of the nega- 
tive resistance may be indifferent to the type 
of the specimen. In the beginning let us in- 
vestigate characteristics in these specimens. 
First, we notice that the prebreakdown con- 
duction is predominantly impurity conduction. 
The concentration of impurities, however, is 
still smaller than the critical concentration 
for possible formation of an impurity band, 
so that the current is presumably carried by 
a hopping motion of a bound electron from 
an impurity center to its adjacent empty 
center. Secondly, we notice that the speci- 


* However, if B; increases with increasing den- 
sity of the impurities, the situation is not so sim- 
ple as mentioned above. Then, we expect that 
the breakdown temperature is higher, and a(Z‘) is 
smaller than the respective value estimated before. 
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men contains so many impurities that the potential field in the lattice is by no means 
regular and consequently the energy levels of donors are not exactly the same, but may 
be distributed in a certain energy interval. When there is no external field, the bound 
electrons occupy these energy levels according to the statistical law. When ths external 
field is applied, the current is expressed as: 


J=eC(Neptet+mipm)F , (34) 


where eveeF’ represents the current carried by conduction electrons and empuik’ represents 
the impurity conduction. In the prebreakdown conduction the latter is much larger than the 
former. Here we consider the energy balance of the conduction electrons which would be 
given by: 


EN ftcl? = (32ec?/37¢ pa) ( Te] T )1/2( Te/T— 1)ne aP (No —Na)L(Te)ne tr Wee, 1)NcNi : (35) 


Here the first term in the right side gives the energy loss due to the acoustic scattering, 
the second term gives that due to other mechanisms which were considered in the previous 
section and the last term represents the contribution from mutural interaction between the 
conduction- and impurity electrons. On the other hand, the number of conduction electrons 
is assumed to be determined by the formula 


Ne= At(No—Na)/{Bi(Te)Na—S(Te)} , (36) 


as a function of the electron temperature. From Eq. (85) we see easily that, if Wi(c, 2) 
does not depend upon ve and m:, the last term in (35) works only to displace the breakdown 
field to a higher value. Therefore, we see that a special assumption is necessary for Wc, 7) 
in order to have a negative resistance in (34). 

Let us introduce an assumption that the mutual interaction between two electron systems 
is sufficiently strong to keep a thermal equilibrium between them. Then, the impurity 
electrons distribute among the energy levels according to the Maxwell law with the electron 
temperature T.. In this case some amount of energy is transfered from the impurity 
electron system to the lattice by emission of phonons, because the temperature of the im- 
purity electron eystem is higher than the lattice temperature. Under these circumstances 
the rate of the energy loss of the conduction electrons due to the mutual interaction of the 
electron systems is determined by the rate of the energy loss of the impurity electrons due 
to the interaction between these electrons and the lattice.* This rate is clearly proportional 
to m:, but is independent of vc, if the both electron systems are in equilibrium. Therefore 
we can write the energy balance condition in the following way: 


Cel? = (32ec?/32 ua) Te/ T) (T/T —1) + L(Te)(No—Na) +(ni/ne) Wi, L; Te) . (37) 


Here we note that WU, L)=0 at [-=T. From this condition we can easily derived the 
negative resistance. Since mw is much smaller than m, the energy loss of the conduction 
electrons is predominantly determined by the last term of (37). Thus, the electron tempera- 
ture does not rise to the breakdown temperature, even when the applied field is larger than 
the field which can lead the breakdown at uncompensated specimens. On the other hand 
if the breakdown is supposed to occur, the number of conduction electrons increases mache 
and then the last term in (37) would be disregarded as compared with other terms. 
Therefore, the sustaining field should be determined by: 


epoF *= (32e0*/3rHa)(Ts[T)/( Ts] T—1) + L(Ts)\(No—Na) , (38) 


* The distribution of the impurity electrons with 7, may be established through the thermal-and 
the impact ionization of donor electrons and the thermal recombination of conduction electrons. The 
equilibrium may be attained within a time interval of 10-8sec. On the other hand, in order to emit a 
phonon an impurity electron must transfer from a donor site to its adjacent empty site. The life time 
of this process is expected to be sufficiently long. 
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and 

Bi Ts)Na=(No—Na)Ai(Ts) , (39) 
where 7; is the electron temperature which 
corresponds to the sustaining field. Accord- 
ing to McWhorter and Reiker’s experiment 
the sustaining field agrees with that in un- 
compensated specimens containing the same 
total impurity concentration. They observe 
also that the sustaining field is roughly pro- 
portional to (N»o+WNu). If we assume that 
the rate of the energy loss due to the in- 
elastic scattering of impurities is nearly the 
same both for the ionized impurity centers 
and the neutral impurity centers, their ex- 
perimental results are easily understood by 
the discussion mentioned in the previous sec- 
tion. In order to show a theoretical predic- 
tion about the negative resistance it is con- 
venient to use the electron temperature as 
an auxiliary variable. Here we suppose that 
m, and 4; take given values irrespective of 
the electron temperature, and the functional 
form of L(T.) and W(T.) is also known. We 
disregard field-dependence of yw-(F) for sim- 
plicity. By eliminating m- from (84) and (36) 
we have a relation between j and 7., and 
from (34) and (87) a relation between F and 
Ths 


j=SI(Te) (40) 


and 

JR=IAGES).« (41) 
These equations represent a relation between 
j and F. When 7, is nearly equal to 7, the 
number of the conduction electrons is practi- 
cally the same as the number of them at 
thermal equilibrium, and the current is 
almost carried by the impurity electrons. 
With increasing 7., F increases according to 
(37) and the number of conduction electrons 
increases according to (36), but the increase 
is not appreciable, unless the electron tem- 
perature is close to the critical temperature. 
Therefore, the current is still approximately 
given by j=enitiF, which is expected to be 
ohmic. When 7: is close to the critical tem- 
perature, the number of conduction electrons 
increases and its contribution to the current 
is no more disregarded. Then, the current 
will be non-ohmic because of increase of Me 
with increasing field. Finally when 7. ap- 
proaches very closely to the critical tempera- 
ture, m¢ increases very rapidly with increas- 
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ing 7., and the contribution from the last 
term in (37) drops off suddenly. Therefore, 
the field begins to decrease with increas- 
ing electron temperature when T. arrives at 
a certain limiting value. This value of 7. 
corresponds to turning point in the 7-F curve 
and it is interpreted as the breakdown field 
of the compensated specimen. If 7. is equal 
to the critical temperature given by (39), then 
the number of conduction electrons becomes 
sufficiently large to make the last term in 
(37) negligibly small, and the sustaining field 
is now determined by (38). In this way we 
can interpret qualitatively the appearance of 
the negative resistance in the low-tempera- 
ture breakdown. According to McWhorter and 
Rediker the negative resistance disappears 
rather abruptly in a narrow lattice tempera- 
ture range, which depends upon the concent- 
ration of the impurity. This nature may be 
interpreted as_ follows. With increasing 
lattice temperature the ratio m:/n-(T) decrea- 
ses exponentially, so that the contribution 
from the last term in (37) becomes unimpor- 
tant when the lattice temperature rises above 
a certain limit. Since this limiting tempera- 
ture is connected with the ratio mi/n(T), the 
limiting temperature is expected to be higher, 
higher the concentration of the impurity. It 
is observed that the breakdown voltage is 
considerably reduced by illumination. This 
effect is also easily interpreted by the model 
proposed here. The illumination produces 
conduction electrons, so that it works to re- 
duce the value of 7:/nc. 


§7. Number of Conduction Electrons and 
Mobility 

The Hall constant of specimens No. 3 and 

No. 4 has been measured by Koenig and 

Gunther-Mohr.'2 A full curve Fig. 4 repre- 

sents the inverse of the Hall constant of No. 

3. The curve is normalized so as to be one 


0 02 04 06 O8 10 
F/Fb 


Fig. 4. R(F)—1/R()-! vs. applied field 


in specimen No. 3. 
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at weak electric field. In fact, when the 
ionized impurity scattering and the neutral 
impurity scattering exist, a correction is 
necessary to derive a number of conduction 
electrons from the Hall constant.'!® We de- 
note the correction factor as 0, and then we 
have a relation: me=dR-. In specimen No. 
3 the correction factor may amount to 0.7~ 
0.8 when the field is weak, and it becomes 
smaller when the electron temperature rises 
higher. From Eqs. (30) and (31) we see that 
S(T) is quite small as compared with B(T-) 
-Nu, unless the electron temperature is close 
to the breakdown temperature. Therefore, 
in the region of the field F<0.7F,, we expect 
that increase of the conduction electrons will 
come from decrease of the thermal recombi- 
nation coefficient, which was estimated to be 
inversely proportional to 7.. Then, if we 
put tentatively 0d as one, we can estimate the 
electron temperature from the observed R- 
-F curve. (The correction of 6 may increase 
the electron temperature by a factor 1.2 or 
1.3.) In the region of the filled F>0.8F, the 
contribution from S(7.) to the denominator of 
Eq. (5) is no more negligibly small, so that 
the R-'-F curve gives only the upper limit 
of the electron temperature. If we estimate 
the breakdown temperature from this curve, 
it may be 7T or 87, which is in good agree- 
ment with the temperature estimated in the 
previous section. On the other hand, we 
have calculated the relation between TJ. and 
F by using the assumption that the energy 
loss comes from only the acoustic scattering. 


O 02 04 O06 O8 10 
F/Fb 


Fig. 5. R(F)-1!/R(O)-! vs. applied field 
in specimen No. 4. 


The result is shown in a dotted curve. We 
find here another evidence for a certain 
mechanism of energy loss besides the accous- 
tic scattering. The same idea is applicable 
specimen No. 4. Here the correction factor 
6 is expected to be close to one, because the 
contribution from the neutral impurity scat- 
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tering is dominant in this specimen. In Fig. 
5 we show the experimental R-'!-F relation 
by a full curve and the theoretical T.-F re- 
lation by a dotted curve. From the curve the 
breakdown temperature is estimated as about 
5T-6T, which is again in resonable agree- 
ment with the estimation given in the pre- 
vious section. 
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Fig. 6. Observed Hall mobility in a full curve 
and calculated drift mobility in a dotted curve 
(specimen No. 3). 


The Hall mobility of specimen No. 3 and 
No. 4 has been observed by Koenig and 
Gunther-Mohr. In Fig. 6 we show the Hall 
mobility of No. 3 by a fullcurve. It may be 
larger than the drift mobility by a factor 1.2 
or 1.3. The drift mobility of No. 3 was cal- 
culated in section 4. Accuracy of the theoreti- 
cal value is not high owing to simplifying 
assumptions introduced there, but we show 
it in Fig. 6 by a dotted curve. In Fig. 7 we 
show the two curves which represent the 
observed Hall mobility and the calculated 
drift mobility. An apparent agreement 
between the theory and the experiment is 
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fairly good. 

In the computation of the mobility we have 
used the Conwell-Weisskopf formula. If we 
use the Brooks-Herring formula, the ohmic 
mobility becomes much smaller. For exam- 
ple, the ohmic mobility of No. 3 is 0.1105 
cm?/volt sec, and that of No. 4 is 9x10? cm?/ 


1.0 


cm volt -sec. 
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Fig. 7. Observed Hall mobility in a full curve 
and calculated drift mobility in a dotted curve. 
‘specimen No. 4). 
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(a) There exist the acoustic scattering and the neutral impurity scattering. 
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volt sec, respectively. These values seem to 
be too small to fit the experimental datas, 
even when we underestimate the accuracy of 
the experiment. As is well known, the two: 
formulas give closely the same results, when 
the conduction electron density is nearly 
equal to the ionized impurity density. They 
give quite different result, however, when the 
conduction electron density is appreciably less. 
than the ionized impurity density. The dif- 
ference comes from different treatments of 
the screening for the Coulomb scattering. 
At very low temperature, the number of 
conduction electrons is extremely small as. 
compared with the number of changed scat- 
tering centers, so that the screening due to: 
the conduction electrons is negligibly small. 
However, the Coulomb field due to a charged 
center is still screened by the field of other 
charged centers of the opposite sign. If the 
charged centers of both signs are distributed 
more or less uniformly, the range of the 
Coulomb field may be nearly equal to the 
half of the average distance between the 
nearest neighbour impurity ions. This as- 
sumption leads to the Conwell-Weisskopf 
formula. 


Solutions of the Boltzmann equation 


Since the 


neutral impurity scattering is nothing to do with energy loss, we derived easily a set of 


coupled equations: 


8ec? 


eF 
Qh / a RE ye) (ASI , 
Ban i Ht ems + Ohl =F Com (A-1) 
and 
—— dfo A-2). 
g=—[Fh/(aV x + dle ; (A-2) 
where x=E/kT, a=4/3V/ x vs and bD=1/un. Then, fo is determined as: 
eA, po eel A& Ve2 aa 
fo(x)=Ne-*(x + 0V x +p)” exp erase tan“ Bosses ’ (A-3) 
when p=o?/4, and 
frlx)=Ne-*(xt+ pV x +p)” 
poh 1 = SHEL) 1 r . 
x| Vx +b top /v a +B y/4 ep | , (Ana 
when p=o?/4. Here p, r and pe are defined by: 
p=srpa'F4/l6c* , (A-5)» 
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Woe 
r= poldy/— o'—p (A-6) 
and 
p=0/Gs 
(b) There exist the acoustic scattering and the ionized impurity scattering. Then the 
fundamental equations are Eq. (A-1) and 
g=—[FhxV x (ax? +8’)] Hn (A-8) 
where a=4/3// = wz and b’=24/3// x wi. Then, the equation for fo(x) is: 
be) fo {att 2n + (PE) Wt Bafe=0 , (A-9) 
(+ Saale +H ast os SSO : e 
where 
Qo? =6 p/m (A-10) 
Then, the solution of (A-9) is 
p 1 2 | LE Die } ig 
=3 =f 2)\p/2 ct eee ff 1 a , (A 12 
fie) =New(ett pat aol exp Fr aap tam | ee 
when q.?= p?/4, and 
Fo(x) = Ne-*(x? + px t+ qo2)/? 
——— ae 214 92/42 
ne ‘/ a ‘)’ ree 
Pees mn qo eer Al qo ( : 


when go? p?/4. 
(c) In the general case, where three mechanisms of the scattering must be taken into 
account, the fundamental equations are again (A-1l) and 


va |PR ple bry ee 


Ae (A-13) 


In this case fo(x) can not be expressed by a simple analytic function, but it is given by 


1) 


2) 


3) 
4) 


joi=Ne* exp { I 
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Studies on the Boundary between Etched and Ground 
Regions of Ge and Si Single Crystal Surfaces 
by X-Ray Diffraction Topography 


By Zensho IsHtI* 


Electrotechnical Laboratory, Nagatacho, Tokyo 
(Received December 3, 1960) 


The anomalous boundary effect similar to these found by Fukushima in 
guartz were studied by x-ray diffraction topography methods in Ge and 


Si single crystals. 


Both Laue and Bragg cases are examined using CuKa 
and AgKa radiations for various net planes. 


Results are reasonably ex- 


plained by assuming a strain gradient perpendicular to the boundary as 


the previous workers. 


It was shown that the Borrmann effect as well as 


the ordinary extinction effect are useful in point-by-point examination of 
lattice distortions in nearly perfect single crystals. 


Introduction 


§1. 

It is well known that the integrated in- 
tensity of x-rays reflected from a single 
crystal is generally enhanced by surface 
treatments such as grinding”. Fukushima?” 
found that a region produced by the following 
treatment had higher intensity than a ground 
region for a quartz crystal: after grinding a 
Z-cut surface, a part was etched to produce 
the boundary line parallel to a Y-plane, and 
then it was found that at the boundary the 
integrated intensity of x-rays reflected from 
the Y-plane in transmission was about twice 
that from the ground region which remained 
unetched. Afterwards, this effect, which will 
be called the boundary effect in this paper, 
was studied in more detail by Kato* with the 
use of a double crystal spectrometer in quartz, 
NaClO; and calcite crystals. 

Recently, x-ray diffraction topographic 
methods have been developed to study lattice 
defects. In the present experiment, the 
boundary effect for Ge and Si single crystals 
was studied by x-ray diffraction topography 
with a parallel beam arrangement®-'’?. By 
this technique, a topographic information from 
an extended region was easily obtained with 
higher resolution (about 20) in comparison 
with the point-by-point measurement with the 
counter method which had been used by pre- 
vious workers. For Ge crystals, photographs 
of transmission as wellas reflection by Cuka 
were taken for several net planes. For Si 
crystal, a transmission photograph by AgKa 


was obtained for net plane parallel to the 
boundary line on the surface. 


§2. Experimental Procedures 


2.1. Preparation of specimens 

Specimens of Ge, about 1mm thick, were 
cut parallel to the (110) plane from a single 
crystal grown from the melt by pulling. The 
surface was polished and etched with CP4 solu- 
tion. Before the following surface treatment, 
the dislocation density of the specimens was 
estimated to be of the order of 10°/cm? by 
counting individual images of dislocation lines 
in x-ray transmission photographs. Then one 
side of the specimen was ground with 1,000 
mesh carborundum on a glass plate. After 
grinding, a part of the surface was covered 
with commercial cellophane tape**, and etched 
with CP4 solution for about a half minute. 
The tape was then stripped off from the 
specimen. Thus a boundary between the 
etched and the ground region was produced. 

Silicon samples were prepared in a similar 
way by cutting a wafer, about 1mm thick, 
parallel to the (111) plane, from a single 
crystal. In this case, mixture of HF and 
HNO; (volume ratio=1:3) was used for etch- 
ing instead of CP4. 


2.2. X-ray technique 

For specimens of Ge and Si, CuKa and 
AgKa were used, respectively. The apparatus 
was in principle the same one as those in the 
previous works”.®. The effective size of the 
source was about 0.01x5mm?. Fuji auto- 


* Present address: Sony Corporation Research 
Laboratory, 351, Kitashinagawa-6, Tokyo. 


** This was neither dissolved nor stripped off 
during etching processes. 
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radiographic plates were used; exposures in 
transmission took about 1 hour both for CuKa@ 
(35kV, 0.3mA) and AgKa (45kV, 0.3mA), 
and in reflection about 5 minutes. With this, 
x-ray transmission or reflection photographs 
from the extended area of the specimen 
(about 2x5mm? for transmission and 2.5x7 
mm? for reflection) was obtained. 


$3. Experimental Results and Discussions 


For Ge crystals, transmission (Laue case) as 
well as reflection photographs (Bragg case) 
were taken for two reflecting planes for each 
case, to study the direction of strain gradient 
at the boundary. 


3.1. Transmission photographs 
In one case, the boundary line was produced 
in a direction of [001] (Fig. 1a), while in another 


case, in a direction of [110] (Fig. 1b). In both 
cases, the thickness of the specimens, D, was 
almost the same, about 1mm. Since “=379 
cm-!, wD was about 37.9 and very large 
compared with unity. As transmission photo- 
graphs, both diffracted beams (denoted by R) 
and transmitted beams (denoted by Ro) were 
taken, both of which gave the same results. 


Therefore, it is concluded that the intensity 


Line Source~, 


ae 
Net Plane 
(T10)™ 
— Surface 
(110) 
R Ro R 


Oo 


Fig. 1. Schematic diagrams of experimental ar- 
rangements. 
(a) Boundary Line // [001] 
(b) Boundary Line // [{10] 
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contrast is caused by the Borrmann effect'”. 
X-ray transmission photographs of the (220)Ro 


with CuKa@ in the former and latter cases are: | 


shown in Fig. 2 and 3. 


3.2. Reflection Photographs 

Photographs of the specimen used in 3.1. 
was taken by reflection method, that is, the 
Berg-Barrett method, with the use of CuKa. 
As reflecting planes the (110) and (100) planes 
were used. 


face at 45 degrees, as shown in Fig. 4, and 
had not been tried by previous workers. X- 
ray photographs of the (220) and (400) reflec- 


tions are given in Fig. 5 and 6, respectively. | 


In the (220) reflection no change of intensity 
was observed at the boundary, but in the (400): 
reflection a noticeable change was observed. 


3.3. Discussions on the experiments with Ge 


(a) It has been established that the anomal- — 


ously transmitted intensity is weakened at 
distorted regions, such as dislocation lines®:® 1” 
and strains”.®.1»), in comparison with the one 
at perfect regions. It is expected as in the 


case of extinction effect that the decrease of © 


the anomalous transmission is largest if the 
direction of the strain gradient is normal to 
the net plane concerned. For both cases cor- 
responding to Fig. 2 and 3, the mean intensity 
of the etched region was stronger than that 
of the ground region, but the intensity change 
at the boundary was different; for the former 
case, the intensity decrease compared with 
that of the ground region was observed, while 
not for the latter case. From these transmis- 
sion photographs it is concluded that the dis- 
tortion is stronger at the boundary than in 
the ground region, and the strain gradient 
has a component perpendicular to the bound- 
ary. This conclusion is in agreement with 
that of previous workers. 

(b) In the reflection photographs, the bound- 
ary effect was not observed for the (220) 
reflection, whereas it was observed for the 
(400) reflection. As a cause for the above 
difference, two possibilities might be con- 
sidered. Firstly, it might be considered 
that the strain gradient has no component 
normal to the surface. 
boundary effect will not be observed for the 
(220) refiection. 


The former is parallel to the © 
surface, whereas the latter intersects the sur- | 


As its result, the | 


However, even if the com- | 
ponent of the strain gradient normal to the | 
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surface exists, it would be plausible that the 
boundary effect will not come into observa- 
tion for the (220) reflection, if the penetrating 
thickness of x-rays is negligible in comparison 


Ground Region | Etched Region 
Boundary 


Fig. 2. Transmission photograph of (220)Ro on Ge, 
the net plane being parallel to the boundary. 


Etched Region | Ground Region 
Boundary 


Fig. 3. Transmission photograph of (220)Ro on 
Ge, the net plane being perpendicular to the 


boundary. 


Ground Region 


Boundary 
Line 


Fig. 4. Schematic diagram of experimental ar- 
rangement for reflection photographs. 


with that of the region responsible for the 
boundary effect. 

(c) In transmission as well as in reflection 
photographs, local fluctuations of the intensity 
are observed not only on the ground but also 
on the etched regions. These phenomena 


Etched Region | Ground Region 


Boundary 
Fig. 5. The (220) reflection photograph of Ge. 


ob OCe 
ADE 


Etched Region / Ground Region 


Boundary 


Fig. 6. The (400) reflection photograph of Ge. 


Ground Region | Etched Region 
Boundary 


Fig. 7. Transmission photograph of (220)R on Si, 
the net plane being parallel to the boundary. 


| 


mean that some parts remain in a rather per- 
fect state still after grinding, and on the 
other hand, some parts are still distorted after 
half-minute etching. It is considered that 
distortions caused by grinding are localized, 
and some distortions cannot be removed by 
the etching. 

In Fig. 6, a subsidary intensity decrease on 
the side of the ground region was also ob- 
served near the boundary. This might be 
probably attributed to the fact that a less 
distorted region exists close to the boundary. 


3.4. Transmission experiment in Si 
For a specimen of Si, a boundary line per- 


pendicular to [110] on the surface (111) was 


produced. Diffraction photograph of (220)R in 
transmission with AgKa is shown in Fig. 7. 
Contrary to the case of Ge, the intensity 
contrast was caused by the ordinary extinc- 
tion effect because “D was very small, about 
0.8*. The intensity in the ground region 
was stronger in comparison with the one in 
the etched region, and at the boundary it was 
stronger than in the ground region. This 
result is essentially the same as that of pre- 
vious workers and also consistent with that of 
Sal 

Present informations are insufficient for 
discussing the fine structures above-mentioned 
in more detail. But the diffraction topography 
method proves to be useful for studying the 
fine structures of the boundary, because the 
topographic information is easily obtained 
with high resolution in comparison with the 
point-by-point intensity measurement. 
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The analogy or the correspondence between the controlled or catalytic 
reaction and the switching circuit is given, showing that an arbitrary 
logical circuit can be translated into a system of controlled chemical 
reactions, which are catalyzed by some of the reaction products of this 
system. The realizability of such a chemical system is not considered 


but the logical possibility is discussed using several examples. 


Never- 


theless, we can imagine a way to combine the knowledge of biochemical 
reactions to various physiological functions and can give useful sugges- 
tions to the experimental analysis of the biochemical reactions from the 
view-point of logical or functional analysis. 


Introduction 


Si. 
There is an idea of reconstructing a system, 
which has at least some functions resembling 
the organism, using the parts of the same 
organism. For this purpose logical analysis 
of the function of the composed system is 
necessary. The author has suggested’ the 
analogy between switching circuits and 
enzymatic reactions, where enzyme actions 
are considered as on-off controls. In this 
note it is proposed to translate the mutual 
interaction within a complex chemical system, 
the reaction rates of which are controlled by 
the reaction products, to the equivalent logical 
circuit having the same Jogical functions. 


§2. Logical Circuit and Chemical Reaction 


Let us consider at first the correspondence 
of the controlled or catalyzed reaction like 


x 
A—-B to the switching circuit. For sim- 


plicity, we consider only the state of the ex- 
istence or of the non-existence of the catalyzer 
X. We assign 1 to the former and 0 to the 
latter. Then X=1 corresponds to the on 
state, and X=0 to the off state of the switch- 
ing circuit. Only the on-off control is con- 
sidered here. 

In the same way only the existence or non- 
existence of A or B will be considered. The 
accumulation of the substance B, for instance, 
will be neglected, considering that the leakage 
of B due to the consecutive reactions like 


A—— B— ::-- makes B=0 after a short 


time when the reaction A aa has been 
repressed. The transient state during the 
short interval between the cut off of the flux 
A-— B and the terminal state of B, to 
which 0 is assigned, will be neglected. 

If the repression is due to X=1, X is called 
the repressor, while, if it is due to X=0, X 
is called the inducer. The repression is writ- 
ten as 


xX 


x 


A ee OF Ane Ch) 


where X is the negation of X and X > is 
equivalent to X. If X is an inducer and 
X=1, the steady level of B will attain a cer- 
tain value which is not equal to 0. We will 
consider only the steady state of B and as- 
sign 1 to the state of B which is not zero. 
Therefore, we can get the logical relation: 


and \ 


Therefore, in the case of a repressor, the 
existence of X (X=1) corresponds to the non- 
existence of B and the non-existence of X 
(X=0) to X=1 and then to the existence of 
Bb. 

The device for the conversion of X to X is 
called the Not element and represented by 
—+— of (1). The following system of 
chemical reactions will have function of Not. 


I= for inducer 


B=X ec, 


for repressor. 
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xX 


x B i 
4 2 gpl Sg eae 


Poo), 


then we have 
Q=X oris K=Q= (4) 
a5 ‘ 
where the notation ——> denotes the induction. 
+ is used here to differentiate the transfer of 
information or of the controlling action from 
the flux of chemical reaction. It is also true 
for —“~». The difference between the flux of 
information and that of chemical reaction is 
very important and should not be confused?’. 
Meanwhile, in the following case: 


x B 
[2 Be IP So). 
we can see that 


(5) 


Q=xX 
because Q = B, Ba 
therefore, Q=X=X, (6) 


i.e. the negation of negation of X is X itself. 
The enzyme induction of the type (5) is 
indirect. However, we will abstract the dif- 
ference of the direct and the indirect types of 
enzyme induction from the logical point of 
view. According to this view-point the fol- 
lowing system of reactions 


x B Q qe 
A> bee Or ST: BU se 
can be expressed simply by 
x 
Vix One Usa Van 
(7) 
Besides Not there are two further logical ele- 
ments, which are at least necessary for the 
construction of logical circuit, i.e. Gate and 
Buffer. 
Gate is rather easy to construct. Let us 
take the following consecutive reactions 
A es ae (8) 
Assuming two valued logic and on-off control 
of X or Y, we can see that the equation of 
the logical product 
OS. (9) 
shows the logical structure of that controlled 
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reaction (8). (9) may correspond to the 
product effect of some medicals. 

It is rather painstaking to imagine a chemical 
system having the character of a Buffer, hav- 
ing a series or consecutive structure instead 
of a parallel one (the parallel one corresponds 
to the conversion of the bi-path of the meta- 
bolic pathway to the main route, for instance). 
The author has considered the following scheme 
(10) 


Y Cc 
Asrex Bim Goh er 


Then we have 


Ca ae 
and b 

jo=(Cu 
From the formula of symbolic logic we have 

P=C=XY=X+Y. (11) 

(11) is the equation of the logical sum. The 
correlation of reactions can be written sche- 
matically in 


xX Ve 


Aaa ee C, 


(12) 


S terete. 


§3. Chemical Equivalent of Flip-Flop 

Concerning the function of Storage we can 
imagine the system of chemical reactions 
rather easily. For instance, let us translate 
the logical circuit of flip-flop to a system of 
controlled chemical reactions. Then we have 
the scheme given by 


a x 
ASA AS, 


A Tc o 


G3) as ae 
and (13) 
¥. 
be Bu 
B oO T 
3 (0a, V2 tae) [Neoerema? MY ie 
or by Fig. 1 
4 i ake 
A2—>A,—>A 
BNA. 
ad i 
a b 
buffe buff B Bz B 
U Lf uffer ie S “ * 
bb ¥<— y,<—ye 
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The logical equations are common to both 
| systems, electric circuit as well as chemical 
| system, and are given by 

O=C7%, *=0473 y=tto. (14) 
The analogy of flip-flop and the reaction in 
| vivo may be rather crude. However, many 
| types of the resembling phenomena can be 
| seen, which are the conversion of the course 
| of the reaction systems, like immunological 
| memory, the change of the course of the 
/ reaction systems at the start of cell division, 
| the recovery in the resting state of the 
daughter cells. In such cases this analogy of 
| flip-flop may be suggestive. Rhythmic reac- 
| tion of iron in HNO: solution may also be 
| interpreted from this point of view. The 
| author is not sure whether the change of ionic 
» permeability of cell membrane of nerves can 
' be explained in this manner. 

How to realize the system of reactions (13) 
is neglected here. Only the existence of such 
| .a conversion of the mode of reaction systems 
} is considered from the logical point of view. 


eda 


$4. Translation of a Logical Circuit of 
Industry into Chemical Systems 
Let us try to translate a logical circuit of 


‘modern factory responding to the alarm from 
the control system as is given by Fig. 2, 


o 


‘Soles 
flickering 


(reset) B larnp 
buzzer 
Vv (ea) 
(observer) buffer (2) 
(9):Gate, a:signal from the control system 


Fig. 2. 


where a is the signal corresponding to an 
extraordinary state of affairs. o is the cor- 
responding signal, which will actuate the 
siren. v is the signal from the button of the 
watcher. If it is pushed, then v=1 and w=1, 
because v and w are connected by the Buffer 
(2). If w=1 and o=1 the logical product y 
is 1, which is put in the Buffer and the signal 
w is reproduced and is held, though v is cut 
off. If w and r are not zero, the logical 
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product u=rw is 1, where ¢ is the signal of 
reset action. Therefore, 7=7+w shows that 
the siren is not stopped during the interval 
in which r=0 or w=0, accusing the careless- 
ness of the service men, because the internal 
instead of external (a) input to the Buffer (1), 
x=0o-+4u, reproduces the signal constantly dur- 
ing this interval. 

The flickering lamp F will go out, if w=1, 
because there is a Not element, i.e. f=ow. 
If f=0, then s=of=1 and the red lamp will 
go on. 

To translate the logical function of this cir- 
cuit, we have taken the following reaction 
systems into account 


a x 
Agape ae eet a 5 Naa i pee» 10 


1) 
ee 3 2 
2). <5 O: BAS 
u 0 0 w 
OS) Ags OM) ee eee 
w r 
LY 0 << Ay ——22.)) 


(15) 
The branched reactions are 


A 


(oy 
Sy prams! pre oe 


Oo W 
1B fh ey 


The intuitive representation of (15) is given 
by Fig. 3. If we assume here that a=0, then 
the reactions (1) and (6) are realized and other 
reactions are stopped. If a is introduced 
which corresponds to a substance introduced 
into our body, 1) is repressed and 2) and 3) 
will start. Then, if the signal v is put in, 
the reaction 6) is repressed and 5) and then 


a x <——— X, we Xo )) 
dice tect Ilsx Joau 
A—>B (G; + 
<4 a ; 
(1) o, Vso Uy oh (5) 
(2) faye eee 
(4) Ue Z 
NaH 
7) yee y,- f 
; Ls y, > ye 
se 7a. 
o f o a) 
+ 
sits ts  edte dee 
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7) will start. If the reset key is pushed, the 
reaction 4) is excited and 3) is stopped. Then 
x becomes zero and 1) is again set in action. 
2) and 7) are then stopped and 6) starts again. 
Thus 5) and 4) are also stopped and the total 
system recovers the initial state. 

The corresponding logical relations, which 
are common to Fig. 2 and Fig. 3 are 


0=a+x, X=0u , U=rTw 


W=vU+y, y=ow (16) 
for the main circuit and 


f=ow , s=cf 


for the branched reactions. 

There may be many other possible block 
diagrams like Fig. 2 or chemical systems like 
(15) logically equivalent to (16), while only 
the logical possibility is considered here. 
Therefore, the correspondence above con- 
sidered is not the only one possible but merely 
tentative. Our aim, however, is to take such 
logical correspondence into consideration in 
the analysis of the physiological functions of 
the chemical system in vivo. 


§5. 

We are not yet well acquainted with the 
analogy considered above, because our know- 
ledge concerning the biochemical facts is not 
enough to clarify the correspondence between 
the chemical reaction systems and the logical 
circuit in details. So that just an attempt to 
show the possibility is given in this paper. 
Some examples of logical circuits are trans- 
lated into a scheme of chemical system. How- 
ever, the translation of chemical systems, 
which are well known, to an equivalent logical 
circuit is more important and moreover our 
final aim. While the details of such chemical 
systems in vivo are not well known to us yet, 
the above consideration will suggest a way to 
proceed to the experimental analysis of such 


systems and to connect biochemistry to phy- 
siology. 


Concluding Remark 


We have considered here a simplified model 
of on-off control based on the two-valued logic. 
There may be many more complex forms of 
interactions such as, the regulation of the 
reaction systems, conversion of the mode of 
the chemical reactions as a whole, adaptive 
formation of enzymes, the change of the 
enzyme patterns, immunological memory, and 
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maintenance of the dynamical equilibrium of 
open systems. In these and other cases, 
analogue simulation as well as many-valued: 
logic may prove to be more useful, although. 
the analysis may be very difficult. 

The interaction or correlation between. 
chemical systems considered above resulted. 
from the catalytic action of some reaction: 
products. In this type of interaction to be: 
called the indirect interaction, one reaction. 
controls the neck factor of the other reaction. 
The flux / of the latter reaction is deter-- 
mined by 


J=neck factor - intensive factor . (7p 


Here the intensive factor is a quantity of 
thermodynamical nature and depends on the: 
chemical potentials, for instance, of the- 
reacting components®). The neck factor de-- 
pends on the rate constants which may be- 
controlled by the catalyzer. There is another 
type of interaction, to be called the direct. 
interaction, in which the effect of one reac- 
tion enters in the intensive factor of the other 
reaction. In general, we must take both 
types of interactions, but, for simplicity, we- 
have considered only the indirect one. 

In the ordinary theory of irreversible pro-- 
cesses, the neck factor has been assumed 
constant in the phenomenological equations like: 
(17) but the system with indirect correlation. 
cannot be treated by such a formulation. The 
author has called the theory containing vari-. 
able neck factors the flexible neck theory and. 
the indirect correlation controlled by the flexi- 
bility of neck factors the informational cor- 
relation. Application of this theory to bio- 
physics is given in another paper? (in Ja- 
panese) and its revised version in English will 
be published in the near future”. 
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Addendum 


Induction or repression may be replaced by~ 
activation and inhibition. 
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Many ions were observed in the spectra of polyethylene heated in the 
ion source of a mass spectrometer for the temperature range of 150- 
330°C. With elevation of temperature, the rate of ionic yield displayed 
a stage of slower increase, Process I, followed by a steeper uprise, Process 
Il. For two commercially available polyethylene, Marlex and Hostalen, 
it was found that the values of activation energy for the latter stage 
appeared to be 34kcal/mol for Marlex and 24.7 kacl/mol for Hostalen. 
On the contrary, the values for Process I were found to be 6.5+1.2 kal/mol 
for both samples. According to the mass spectra obtained and the values 
of activation energy, it was concluded that Process II is corresponding 
to the stage of thermal degradation, while Process I would be explained 
by the presence of a stage of evaporation of lighter components included 


originally in polyethylene. 


$1. Introduction 

A mass spectrometer has been utilized by 
many investigators to analyze the gaseous 
components of decomposed polymers”.”). In 
spite of the various advantages proper to the 
instrument, the technical difficulties of making 
the sample into gaseous state and the limited 
mass range or the finite resolving power have 
prevented the direct application of this sensi- 
tive instrument to the analysis of high poly- 
mers. The work carried out by Bradt, et. 
al.) has been quite unique, but further reports 
have not been appeared thereafter. 

However, the recent advances in the field 
of high molecular weight mass spectrometry 
have enabled us to deal with the heavy 
hydrocarbons with carbon atoms as many as 
AQ or more®:®).", Fortunately, moreover, the 
straight chain hydrocarbons with more than 
about 15 carbons were shown to exhibit 
relatively simple spectra’. That is, as the 
number of carbon atoms increases the mass 
‘spectra tend to approach to a particular pat- 
tern in which the principal peaks appear within 
the range of C:-Cs, followed by the heavier 
jons diminishing monotonously. This means 
that the difficulties due to the distribution of 
molecular weight could be eliminated so long 
as their structures were concerned. Further- 
more, when the short branches or double 
bonds were present in almost linear chains, 
the deviation in the spectra from the normal 


TAl1 


pattern would be expected to appear. 

On the other hand, the high polymers may 
be supposed to have a considerable amounts 
of low molecular weight components in their 
wide-spread distribution. Among these light- 
er components the molecules so small as to 
be volatile under certain conditions may be 
expected to exist. Aside from the question 
whether these smaller molecules are still 
similar to the longer or not, it may be inter- 
esting to make a trial to assure the presence 
and the possibility of direct analysis of these 
volatile components. The complete analysis 
of innumerable members constituting the 
polymer would be impossible, but a statistical 
informations about the structure, especially for 
the branches or terminals, if obtainable, might 
be much helpful in the future development 
for the study of the molecular structures of 
high polymers. 

This is a report of a experiment carried out 
preliminarily for commercially available poly- 
ethylene, Marlex 50-15 and Hostalen GD. 
Emphasis was placed on the confirmation of 
possibility if the ions could really be detected 
at the temperature where the thermal degra- 
dation has not been taking place. 


§2. Experimental 

A conventional ion source was slightly modi- 
fied by stringing tungsten heater around the 
gas inlet glass pipe to serve as a simple 
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furnace. Sample polymer placed in a small 
glass vessel were pushed into the furnace as 
seen in Fig. 1. Temperature was estimated 
by an Alumel-Chromel thermocouple enclosed 
in a glass tubing. 

The mass spectrometer used was the Hita- 
chi RMU-5 type. The ion acceleration was 
reduced to 1,000 volts to extend the mass range 
to about Cis group. The resolving power at 
the condition was 170 or slightly less. _In this 
work, sample polymer were sliced to small 
pieces of about 0.5mm thick from the raw 
pellets which had not been undergone any 
previous treatments. 


Y Analyzer Envelope] 


AS. 
Thermocouple 
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Experiments were carried out at the several 
points between 150-330°C. The heating to 
higher temperature could not be performed 
because the rapid increase of the products 
from the polymer provoked the electric break- 
down between the high voltage electrode and 
the grounded analyzer envelope. Thus, in 
our case, the upper limit of temperature was 
determined by the amounts of sample loaded. 

Throughout the experiments the ion source 
temperature was kept constant at 200°C. The 
value was determined by a preparatory ex- 
periment in which the standard -CiceHs. mole- 
cules were found to exhibit the smallest 
fluctuation in the pattern against the ion source 
temperature variation. 

It took about 15 minutes to scan from Ci 
to Cis, the repeated runs represented no 
remarkable decrease in ion intensity. The 
memory effect was examined by ceasing the 
heating of the furnace before elevating temper 
ature to the next stage. About half an hour 
was sufficient to reduce the peaks to the 
amount corresponding to the sample temper- 
ature, which was in equilibrium to the ion 
source temperature. In conclusion, the me- 
mories were not essential in this case because 


Fig. 1. The ion source with the furnace. the rate of increase of ionic yield was high 
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Fig. 2a. The relative intensities of C,H+ 


2n+ 


» and C,H* | for each C,-group obtained from 


Hostalen GD (nominal molecular weight; 70,000). The corresponding values from n-C,gHs, were 


shown, too. 
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Fig. 2b. The relative intensities of C,Ht+ 


Marlex 50-15. 
were shown, too. 


enough to neglect the memories of the previous 
stage. 


§3. Results and Discussion 

F or both polyethylene, lots of peaks were 
observed in group for every carbon number 
to the extent of our upper limit of mass 
range. The succeeding groups, except for the 
anomalies seen in Cio’s and Cu’s, displayed a 
monotonous decrease from group to group 
with the increase of carbon number. Each 
groupnconsisted eof, HF 55/1 C,H _,0' CxHR 
C,H#,_,, and lower intensity ions. Of all ions 
and at all temperature stages, C:Hs+ was the 
largest (base) peak. The percentage inten- 
sities of C,H} )’s' and C,HZ 4's ‘relative'to 
the base peak were illustrated in Fig. 2a) and 
b) for two stages of temperature. The cor- 
responding peaks of standard nu-CisHss were 
superimposed thereon. Although the mere 
resemblance appears to be difficult to bring 
detailed informations, it is verified that the 
ions of hydrocarbon molecules having con- 
siderable long chains, at least 18 carbon atoms, 
were obtained from polyethylene under these 
conditions. 

A tentative classification for each sample 


2n+1’ 
(nominal molecular weight; 70,000) The corresponding values from -C,Hss 


Gatton and 
CnHen-1, at 200°C 


Callens and 
CnHén-), at 270C 


I= =-g-= —o 
.K—— ¥- = == —-98 
9 fe) | 12 13 14 5 


and CrHY _, for each C,-group obtained from 


and for each sequence of C,H},,, and C,H? _, 
was made with respect to their behavior of 
the relative intensities against the sample 
temperature. Accoring to the result of this 
classification, CsH7+, CioHeit, CiiHest, and 
C:Hs+ were shown to exhibit abnormal be- 
havior to all other ions in their respective 
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Fig. 3. Jonic yield versus the reciprocal ‘of the 
temperature heated. Above the top abscissa the 
temperature in °C was given. 
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sequence. The disappearance of CioH2i* and 
CuH2;+ at the higher temperature might be 
correlated to the fact that these ions were quite 
sensitive to the ion source temperature. 

In Fig. 3, the temperature dependence of 
typical peaks was shown by semi-log plot. 
As seen clearly from the figure, the processes 
of ionic production, namely, the production of 
vapor from the polymer, composed of two 
stages: gradual increase of the yield in the 
lower temperature range, Process I, and fol- 
lowing steeper uprise at the higher tempera- 
ture, Process II. Since in our case, the peak- 
heights could be regarded as to be directly pro- 
portional to the rate of yield of vapor products 
which are to make impacts with electrons in 
the ionization chamber to form the positive 
ions, the activation energy could be calculated 
from the figure directly. 

For Process II, the activation energy was 
calculated to give the values of 24.7 kcal/mol 
and 34kcal/mol for Hostalen and Marlex, 
respectively. Two ionic species for a sample 
were regarded to behave similarly to each 
other. These values are much lower than 
those of thermal degradation presented by 
Jellinek”) who offered the values of 46-66 
kcal/mol for different molecular weights 
of polyethylene examined, and Madorsky’s 
value® of 71kcal/mol. Interesting is the fact 
that one of our values are happened to be 
very close to the value, 24.5 kcal/mol, which 
was proposed by Jellinek” in his work where 
polystyrene was degradated in vacuum at the 
temperature range, 248-340°C. Jellinek as- 
sumed that the weak link decomposition and 
the inhibition take place simultanesusly. In 
view of the molecular weight of Marlex used 
(estimated by viscosits measurements to give 
47,000), the value, 34, kcal/mol, is too low to 
correspond to the random C-C scissions. Al- 
though it is not obvious at this stage whether 
the agreement for Hostalen with polystyrene 
is accidental or it indicates that the proceess 
of weak link rupture is essentially independent 
of the kinds of polymer, Hostalen and Marlex 
might possibly be concluded to begin to 
degradate at about 200°C and near 300°C, re- 
spectively. To determine the reaction mecha- 
nism dominating this stage, much more works 
are required. 

The situation was illustrated in Fig. 2a) and 
b). The patterns obtained at Process | give 
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almost similar featurs for both polyethylene, 
whereas the values at Process II exhibited 
departure from each other as well from the 
standard. 

For the Process I, the calculated values of 
the activation energy turned to be 6.7 and 5.8 
kcal/mol for C.Ho*+ and C,H:;*+ from Hostalen, 
and 7.6 and 6.5 kcal/mol for the corresponding 
ions from Marlex. Taking the mean values 
of all other ions belonging to each sequence, 
the value for Process I appeared to be 6.5-+1.2 
kcal/mol. Taking into account the limited 
accuracy of the measurements, the whole ions 
which appeared at the temperature range 
lower than the knick shown in Fig. 3, could be 
regarded to have been generated through a 
stage, Process I. 

In view of the low values of activation 
energy obtained for this pre-degradation stage, 
a process of evaporation were assumed to 
exist. Employing the spin-echo technique, 
McCall et. al.” estimated the activation energy 
of the low pressure polyethylene to be 5.3 
kcal/mol. The leveling off of this value at 
about Czo-Czo was reported by the same au- 
thors in correlating to the segmental motion 
in the molecular flow in polymer. On the 
other hand, Jensen!” estimated the vapor pres- 
sure of polyethylene (details were not given) 
by evacuating a oven containing the polymer 
through an orifice. Jensen reported that the 
vapor pressure, P, for the temperature range 
from 30°C up to 180°C, were expressible as 
log P=7.4—4,500/T, which is equivalent to 
the energy of activation of 8.9 kcal/mol. 

Considering the difference in the ratio of the 
sample area to pump-out speed of outs and 
Jensen’s, our values at Process I would indicate 
that the evaporation of lighter components 
aae taking place, and the rate of the process 
are determined by the diffusion of the com- 
ponents through polymer molecules. 


§4. Conclusion 


The behavior of the production of vapor of 
polyethylene was examined in a mass spectro- 
meter. The rate of increase of ionic yield 
was found to be composed of two stages, 
Process I and II. The values of activation 
energy were calculated to be 6.5-41.2 kcal/ 
mol for Process I, and 24.7 kcal/mol (for Hos- 
talen) and 34 kcal/mol (for Marlex) for Process 
Il. The latter stage would be correlated (for 
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Marlex) for Process II. The latter stage 
would be correlated to the thermal degrada- 
tion, the mechanism of which was dominated 
by a reaction having a lower energy of ac- 
tivation, such as, for instances, the weak link 
rupture or so. 

From the view points of the low lying value 
of activation energy and the mass spectra in 
which the hydrocarbon ions with a consider- 
able long chains appeared, a stage of evapora- 
tion of the ligher components was concluded 
to exist. In this stage, Process I, the rate of 
production may perhaps be determined by the 
stage of diffusion of the lighter components 
through polymer molecules. 


The author wishes to express his grateful 
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The characteristic nature of ion-binding of much charged polyions has 
been investigated mainly on the basis of the Poisson-Boltzmann (P.B.) 
equation and partly through the conductance experiment. In general, 
the ion-binding can be classified into two types, the ¢-binding and the 
P-binding. The former is due to the electrostatic field around polyions, 
while the latter is due to the short-range interaction between ionized 
groups of polyions and salt-ions. Through the theoretical analysis of 
non-linear property of the P.B. equation, we have found, for every shape 
of polyions, the strong ¢-binding of counterions which greatly depresses 
the polyion-charge within a thin ion-condensation phase around the poly- 
ion. By exactly solving the two-dimensional P.B. equation, we have also 
obtained the ion-distribution around many rod-like polyions and found 
the two-step ion-condensation phenomenon; at the first step, counterions 
are condensed in the neighbourhood of the assembly of polyions, and at 
the second step, a similar condensation phenomenon occurs around each 
of the polyions. ‘The alteraction of spatial arrangement of polyions causes 
a larges change of activity coefficient of small ions. 


Through the conductance measurement, we have found the strong P- 


binding of divalent cations to polyions. 


Generally, the P-binding is very 


much strengthened by the effect of ¢-binding. 


$1. Introduction 


Recently, it has been reported that there 
are many interesting salt-effects upon the 
aggregation phenomena of polyelectrolytes! —® 
or proteins in solutions®.®. For the system- 
atical interpretation of such specific ion-effects, 
it is one of the important works to study the 
counterion-binding to a polyion. 

In polyelectrolyte solutions, counterions each 
of which has a charge opposite to polyions 
are strongly adsorbed to the polyions. Such 
adsorption of counterions can be classified 
into two types with respect to the mechanism 
of interaction. The binding simply due to 
the strong electrostatic interaction is called 
#-binding and has been investigated theoreti- 
cally by many authors”, In most cases, 
there exists the other kind of ion-binding due 
to the short-range interaction between small 
ions and ionized groups on polyions. This 
kind of binding formed by covalent bonds or 
quasi-covalent bonds is called P-binding. The 
P-binding is generally strengthened by the 
(-binding, and sometimes bridges of counter- 
ions are formed between two groups on poly- 
mer chains. 


In the study on polyelectrolyte solutions, it 


is very desirable to simplify or generalize 
the complicated P-binding phenomenon. Ex- 
perimentally, the ion-binding problem has 
been investigated through the measurements 
of thermodynamical or current carrying pro- 
perties'»—'® of polyelectrolyte solutions, and 
has been also studied by the transference 
experiment using isotope ions!”. It is, how- 
ever, not so easy to separate experimentally 
the effect of P-binding from that of ~-binding. 
This separation can be made to a certain 
degree in the system of polyacids by employ- 
ing quaternary ammonium ions as counter- 
ions, because this cation can be postulated 
not to be bound to polyanion in the P-binding 
state on account of its large size and stable 
electronic structure”. By using this large 
cation as a standard, the amount of the speci- 
fic binding of other various cations can be 
estimated without much difficulty. 

Now, in the theoretical studies on the ¢- 
binding, the ion-distribution around a polyion 
has usually been calculated mainly on the 
basis of the Poisson-Boltzmann equation (P.B. 
equation) to obtain the activity coefficients of 
counterion and.byion. It should be emphasized 
that in solving the P.B. equation, the lineariz- 
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ing procedure adopted in the Debye-Hiickel 
theory or in the early works on polyelectro- 
lyte® is unsuitable for the present system of 
much charged macro-ions. In fact, no char- 
acteristic nature of polyelectrolytes could be 
deduced from the rough solution by lineariza- 
tion. 

Fortunately, the P.B. equation has recently 
been solved exactly for the system of a single 
rod-like polyelectrolyte in its neutral free- 
volume? and also has been approximately 
solved for the system of a much charged 
coiled polyion in its free-volume!”-™. Through 
these results, one can find the strong adsorp- 
tion of counterions in the vicinity of polyion 
and the powerful salt-effect which depress 
the apparent polymer charges. On the basis 
of these studies, the abnormal behaviors of 
activity coefficient of counterion observed in 
dilute polyion solutions can be explained at 
least qualitatively. In this paper, we will 
describe the theoretical analysis of the ion- 
binding in the cases of rigid and coiled spheri- 
cal macro-ions, because we have not yet met 
exact calculations in these cases, and we will 
discuss the general feature of ¢-binding in 
the dilute and homogeneous systems of poly- 
ions. 

Through the theoretical investigation of - 
binding described in this paper, we found the 
characteristic phase of condensed counterions 
around a polyion. That is to say, if the 
charge née of a polyion situated in a finite 
free-volume exceeds a certain constant value 
n*e,, there appears the ion-condensation phase 
around the polyion in which (z7—mn*) counter- 
ions are strongly bound, and however larger 
nm may become, the excess of m over n* is 
retained in this phase and the total charge 
inside the condensation phase (n*) is unaltered. 
In general, this condensation phase is very 
narrow and is clearly demarcated from the 
outer region, but it becomes diffuse with in- 
creasing polymer or salt concentration. 

Nowadays, however, it is rather important 
to investigate the interaction of polyions in 
their concentrated system, such as gel-state 
or crystal-state. This investigation is of 
significance also for the physical interpretation 
of protein interactions. In order to under- 
stand such complicated macro-ion systems, 
we must rather investigate in the first place 
the general and common characters of counter- 
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ion-distribution on the basis of the P.B. equa- 
tion than solve the equation concretely for 
the individual cases. It is also necessary to 
deal with this problem in the aggregation 
system of polyions as well as in the homo- 
geneous system. Recently, the P.B. equation 
for the system of more than two rod-like 
polyions has been partially solved by us", 
and the characteristic ion-distribution essen- 
tially different from that obtained by super- 
posing single polyion systems has been found. 
We will report in this paper the complete 
solution for the problem of many rod-like 
polyions, discussing as generally as possible 
the ¢-binding in the aggregation state of 
polyions. 


If some polyions (named 1, 2, ---,7,---, and 
having charges m1, %2,°--,”);,---) are aggre- 
gated in their common free-volume, there 


appear the following two kinds of ion-conden- 
sation. In the first place, if the total charge 
of these polyions (>}”;) exceeds a constant 
value mo*éo, condensation phase appears around 
the whole of these polyions and (w—m0*) 
counterions are gathered in this phase. In 
the second place, when the charge of any 
polyion ;@ becomes larger than n*e) which 
is the same value with that given in the 
above single polyion-system, the second con- 
densation phase appears around this j-th poly- 
ion. Thus it is the essential fact implied in 
the P.B. equation that counterions from the 
condensation phase of the first or the second 
kind around a polyion or polyions. 

In this paper, is also treated the P-binding 
problem, particularly the problem or divalent 
cation-binding on the basis of our conductance 
experiments, in which poly-(acrylic acid) solu- 
tions are employed to determine the amount 
of monovalent and divalent cations bound to 
carboxyl groups on polyions. A method of 
analysis to obtain the equivalent conductance 
of a polyion was adopted. By the use of this 
equivalent conductance, it was found that 
every species of salt-cations except quaternary 
ammonium ions is strongly bound to polyions 
in the P-binding state. Particularly, in the 
case of divalent cations, added cations are 
almost fully bound to polyions so far as dis- 
sociated carboxyl groups on the polyions re- 
main unmasked by the cations. It is note- 
worthy that the counterions in the ¢-binding 
state, such as quaternary ammonium ions 
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contribute to the ionic conductivity of polyion 
solutions almost completely. In our experi- 
ments, was also confirmed the surprising fact 
reported by Wall et al.‘® that simple monova- 
lent cations such as sodium ions are pronounc- 
edly bound to polyanions, though these cations 
are completely dissociated in low molecular 
acetate solutions. This fact is no doubt due 
to the $-binding effect which strengthens the 
P-binding. Moreover, our results show that 
these bound monovalent cations are replaced 
by newly added divalent cations, and generally 
P-binding is accompanied by much dehydration. 


Solution of the Poisson-Boltzmann Equa- 
tion for the System of Spherical Poly- 
ions having Many Charges 


§ 2. 


It has been proved that the Poisson-Boltz- 


(n+7)er 
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mann equation is available for the determina- 
tion of electric potential or counterion distri- 
bution around fixed polyions in their free- 
volume neutralized by counterions, but the 
equation cannot be applied for the calculation 
of the statistical distribution of polyions 
around a fixed polyion!”. Therefore, here- 
after we will always adopt the free-volume 
model for the study of the counterion distri- 
bution. 

Now, when a rigid spherical polyion with 
charge mé and radius a is settled in the 
centre of its neutral free-volume with radius 
R (Fig. 1), the electric potential ~ around 
this polyion can be obtained by the following 
P.B. equation and the boundary conditions; 


DG = 
€o 


(db/dr)r-a= —Nneo/ Da? , 


R ani teke 
| evr?dr | 
a a 


IES 40 
BY al eo” (1) 
(df/dr)r-r=0 , (2) 


Bigs: 
the neutral free volume. 


FREE VOLUME 


A rigid spherical polyion having many charges and surrounded by low molecular ions in 
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where 
Y=eo/kT , (3) 
4=d?/dr?+(2/r) d/dr , 


vy is the cubic coordinate whose origin is the centre of the free-volume, the integrals are the 
normalization factors, RT is the Boltzmann factor, D is the dielectric constant of solvent, 
and j is the number of byions in this free-volume. The polymer concentration is given by” 
(a/R)? in our free-volume model. 


Putting 
eta est /| Der \"err* ar | (4) 
R R 
o=j\ erér /|(n+i | Cay ar | : (5) 
and 
p=raxy{dr) , (6 )» 


we can rewrite the equation as follows; 
d(rp)/dr=*r?(e¥ —e-¥) . (7) 


Even though the exact solution of this equation cannot be obtained, the physical characters. 
involved in it can be easily deduced through the mathematical analysis of the equation for 
the following typical cases; 

1) The case when 3log (R/a)>1 and (R/a)?=je?/DkTa=0; that is, the case when polyion. 
concentration is extremely dilute but the salt-concentration is practically unrestricted, (d- 
system) 

2) The case when (jéo?/DkTa) > (R*?—a*)/a?; that is, the case when salt-concentration is high. 
and the polyion is not so dilute. (c-system) 

It is then an important character of our method of analysis that no restriction is put for the. 

value of Y, but the polyion or salt concentration is limited as noted above. In this paper,. 

only the results for the above two cases will be described. 

[1] The dilute system of rigid spherical polyions 

Let us define R*, n* by the following relations; 


n* eo? ~ a¢ Jeo? n* eo” ) S1 9). 
ie pee Gan DETH ous (9) 
R*/a=(Rlay? (1). (8). 


Then, in the system satisfying m=n*, the sphere R=a* which satisfies the following relation. 
can exist in the outside of the polyion; 


(AY /dr)r=ax=P(a*)/a*=n*e0?/DkTa* , alee 


and the given free-volume can be divided into the following three regions; 

(1) the region in which , satisfies R*<r<R (This region is named D. H. Region.), 

(2) the region in which , satisfies R*>r=a* (This region is named Intermediate Region.), 

(3) a region in which 7 satisfies a*2r2a (This region is named Ion-Condensation Region.).. 
For the system n<n*, there is no Ion-Condensation Region. 

According to our analysis, the following facts can be found without much difficulty. 

1) In the D. H. Region, Y is much smaller than unity and accordingly, Y can readily be 
obtained by linearizing the equation. (The concrete form of Y is not written here.) . 

2) In the Intermediate region (I-Region), the function g(r) defined by the following relation 
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is much larger than unity; 
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g(r) 


p (11) 


 272(e¥ —Be-¥) ? 


and by the use of the condition g>1, p in this region can be expressed in the form; 


p=@/r) De) 
p=(a/r):P@ 


Ole Vee 3 
for 


| (12) 


n=n*, 


3) In the present system, g is zero at y=R, and increases at the first step with decreasing 


ry, but it becomes small again inside the Condensation-Region (C-Region). 


point of g exists in the I-Region. 


The maximum 


4) In the Ion-Condensation Region (C-Region), both Y and p are very large compared with 
unity, and the following important relation can be introduced; 


* 
sala 


3 log p(a*) 


(13) 


L< 


a p(a*) 


i 
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5) Near the point r=a*, the conditions g(a*)>1 and p(a*)<1 are both satisfied, and there- 
fore, the approximate solution of Y in the J-Region and that in the C-Region can be ana- 


lytically connected with each other. 


6); Similarly, near the point r=R*, both the conditions Y(R*)<1 and g(R*)>1 are simul- 
taneously satisfied, and then the D. H. Region and the IJ-Region can be analytically con- 


nected with each other. 


In the domain where 7 is much smaller than R, the expression 


of p obtained from the D. H. approximation takes the form of (1/7), which is same with 


that valid in the I-Region. 


7) With increasing value of R/a, the above analytical continuations become incorrect, be- 
cause two kinds of the approximations can not be simultaneously satisfied at r=a* or 


v=kR* unless R/a is sufficiently large. 


(14) 


8) The concrete form of Y in the C-Region can be introduced from the following soluble 
equation which can be obtained by neglecting the term exp(—Y) in (7) and using the 
approximation p>1. 

dn? re?) /dp=(p+2)/(p+nerer) . 
Especially, Y(q@) is given in the form; 
Y(@)=pa*) +log { p@)?—pla*)? +1} . 
9) The normalization factors « and 0 can be obtained through the above analytical continu- 


ation and are given in the form; 


3(n+ 7) ec? a 


ee 

BAe nies 2 

Pe= 3(n*+j)ec a? 
DkTa R?’ 


From the above results for the d-system, 
we can conclude the following facts; when x 
becomes very large beyond the value of 7%, 
(n—n*) counterions are concentrated in the 
narrow region around a polyion, and the 
potential-distribution in the outside of this 
narrow region and the normalization factors 
are both kept constant for values of n larger 


a ae 


Dt leat 7 


= =a: for nsn*, 
NAY 


=——_; for =a", 
n* +4 Meee 


than n*. This means that for the large value 
of m, the apparent charge of the polyion can 
be always given by u*. With decreasing poly- 
mer or salt concentration, * generally in- 
creases, and if 2* becomes larger than , the 
ion-condensation region disappears. Inversely, 
if polymer concentration becomes high, the 
ion-condensation phase appears even for small 
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| 2, but in this case, the boundary of this phase 
{ becomes unclear. 


{ (2] The concentrated system (c-system) of 
rigid spherical polyions 
In the c-system in which the relation 
|} jéo?/DkTa> (R?—a®*)/a® is satisfied, the follow- 
ing results can be introduced from the same 
fundamental P.B. equation. 


| 1) If @ and m’ are defined by the relations; 

PQDI=15) -n’e0?/DkTa’=1), 
the free-volume can be divided into the 
following two regions, the region a@<r<R 
(named D. H. Region) and the region a’= 
y=a (named C-Region). In the D. H. 
Region, Y and p can be obtained by 
linearizing the equation. 

2) The function g(r) defined by (11) is very 
much smaller than unity everywhere. 

3) Under the conditions g(v)<1 and p(”) =1, 
the equation can be approximately solved, 
and Y in the C-Region is given in the 
form; 


a=( fy 
ela! 
q=4V 2 «a-exp{V 2 (xa—«r)} . 
4) The solutions of Y thus obtained in the 
above two regions can be smoothly con- 
nected with each other in the neighbour- 


hood r=a’, and the normalization factors 
in this system are determined as follows; 


(>), 


Age Sie 370? a 
©°"DkTa R?—a 
6=1—4exp{V 2 (ka—KR)}-(V 2 &R). 
5) In the C-Region, a’ satisfies the following 
relation; 
1<(a’/a)<1+O{(log «a)/ca} . 
This shows that the C-Region is very 
narrow. 
Through these results for the c-system, we 
can find the following ion-condensation phe- 
nomena; however larger the polyion charge 
ney may become, the normalization factor « 
is unaltered and (m—n’) counterions are con- 
densed in the vicinity of the polyion, and the 
apparent polyion charge ’é is very small, 
being nearly independent of the polyion charge 
Nn. 
{3] Coiled spherical polyion system 
When a coiled polyion which has m ionized 
groups uniformly distributed in the average 
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volume v(=(4/3)za*) is situated at the centre 
of the free-volume (in place of the rigid 
spherical polyion in the above system) (Fig. 
2), the following equation and the boundary 
conditions are established in the region if SUE 


D Neo 
ey Neo 
TERh torte ah cont (15) 
2 , @& are continuous at r=a, (16) 
(d}/dr)r-0=0 , (17) 


where is the total chain-charge of the poly- 
ion and e denotes the charge density of small 
ions given in (1). In the region v>a, the 
equation (1) and the boundary condition 
(di/dr),-r=0 are both valid without any alter- 
ation. Although a similar equation to (15) 
has often been treated by many authors for 
the same purpose, the general’ character of 
the ion-distribution in the internal region of 
a coiled polyion have not been deeply discuss- 
ed under the consideration of the strong in- 
fluence of the outer region of the polyion. 


aN = 
Se 
On 


Fig. 2. A much charged coiled polyion with mean 
radius @ in the free-volume. 


In this section, we will discuss mainly the 
important correlation between the ion-conden- 
sation phase around a polyion and the char- 
acteristic ion-distribution inside the coiled 
polyion in the dilute system. The main re- 
sults obtained in this system can be sum- 
marized as follows; 

(a) In general, there appears the same kind 
of ion-condensation phase on the surface 
of the polyion as found in the rigid poly- 
ion system, provided that the polyion 
charge mé. exceeds a certain value m1. 
This 1: is expressed for the dilute system 
by the following relation: 


671€ 0" J log ( 31€ 07 ve NE? 
le Ta DkTa ~ DkTa ’ 


where v* given in (8) is the critical value 
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for the appearance of the condensation 
phase in the rigid polyion-system. As 
seen in this relation, somewhat larger n 
is necessary for the existence of the C- 
Region than in the case of rigid polyion- 
system. In the usual case of the dilute 
system of much charged polyions, how- 
ever, the condition ~>m: as well as that 
n>n* is satisfied. If ~ becomes smaller 
than #1, the ion-condensation phase dis- 
appears and the Intermediate Region (I- 
Region) is directly continated with the 
region inside of the coiled polyion (on 
the surface). 

The value of p on the surface of the 
polyion p(a) increases with increasing x, 
and is expressed for the case of very 
large n (=n*) as follows; 


wa) =| aes ee |" m 


(b) 


DkTa 


If 7) is chosen in the internal region of 
a polyion such that 


Pr)=1 (%<a), 
ro satisfies the relation; 


12ne€o2\ 7/2 3neo2 
= aS | Neo” 
Ce Gare ) °8 (se) 


This relation means that p varies sharply 
near the surface of the coiled polyion. 
When we define 4(7) as degree of neutral- 
ization of chain-charges at 7 by the fol- 
lowing formula; 


(c) 


(d) 


A(n)=v/neo , 

it is proved that A(v) is small enough 

compared with unity except near the 

edge of the polyion, for instance, at r= 

To, 

A(ro) =(3neo?/DRTa)-}/2 . 

Therefore, A(v) varies sharply in the 

surface region 7»<r<a, and particularly, 

at r=a, the relation; 

1—e*<d4@ <1. 

is established. In this relation, the upper 

limit 1 of A(@) is satisfied in the case 

=m, while the lower limit 1—e-! of 4(a) 

is satisfied in the case nm. 
From the above results, the character of the 
ion-distribution in the system of coiled poly- 
ions can be summarized as follows. The 
polymer charges are nearly completely de- 
pressed inside the sphere of the coiled poly- 
ion by the counterions. In the outside of the 
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polyion, there appears the same ion-condensa- | 
tion phase as found in the rigid spherical | 


polyion. 
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Thus, the coiled polyion is equiva- ! 
lent, as regards the charge-distribution, to the | 


rigid spherical polyion with a certain surface | 


charge. 
r=a*, that is to say, the C-Region plus the 


inside region of a coiled polyion is the ion-_ 


condensation phase in this system. 


[4] The ion-condensation phenomenon in the 
single polyion system 

A similar ion-condensation phenomenon can 
be easily found also in the single rod-like 
polyion system, for which the analytical solu- 
tion of the P.B. equation has been exactly 
obtained by Lifson, Katchalsky®. In this 
system, potential / (=YkT/eo) around a suf- 
ficiently long rod-like polyion with radius ¢ 
and a linear charge density me) can be ex- 
pressed in the following form; 

e-Y=[(1+0)(7/R)°—-A—O)(7/R)}PW/26R)? , 

(18) 

where 7 is a cylinder coodinates whose origin 
is chosen at the axis of the polyion, FR is the 
radius of the cylindrical free-volume, and 0¢ 
is a constant. Provided that a/R is very small, 
it is proved that 6 takes a real value almost 
equal to 1—-A (A=ne,?/DkT) when A is. 
smaller than about unity, but with increasing 
ney, 0 becomes small, and when A exceeds. 
about unity, it changes to pure imaginary 
after taking the value of zero. Further, it 
can be proved that the increase of A beyond 
unity does not alter the ion-distribution around 
the polyion except on its surface. Thus, the 
real—imaginary transformation of the integral 
constant just corresponds to the ion-conden- 
sation phenomenon in the thin rod-like poly- 
ion system. 

Through the investigations in the above sec- 
tions, it is found that the ion-condensation. 


phenomenon is a remarkable common character: 


in every system of much charged polyions. 


This abnormal ion-distribution may be briefly 
described in another expression; the Donnan. 


equilibrium is approximately established be- 


tween the ion-condensation phase and its outer: 
Iinetacts 


region in the free-volume of polyion. 
the abnormal behavior of the activity coef- 
ficient of low molecular ions can be attributed 
to the existence of the ion-condensation phase 


or the Donnan equilibrium state near the- 


The whole region inside the sphere | 
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polyion. In general, activity coefficient of 
counterions becomes abnormally small in any 
case when the counterions are distributed 
around many fixed charges which are locally 
and densely gathered with each other, but it 
takes a normal value when the fixed charges 
are uniformly dispersed in the system. Thus, 
even though the analysis of the P.B. equation 
is not so simple, the final conclusion is essen- 
tially concentrated in the concept of the 
counterion condensation. By using this con- 
cept we can find the character of the ion- 
distribution in more complicated systems with- 
out directly solving the P.B. equation. The 
significancy of Ion-Condensation phenomenon 
can be more clarified in the system of aggre- 
gated polyions as discussed in the next section. 


§3. Counterion-distribution 
Rod-like Polyions 


It is interesting to study the characteristic 
nature of ion-distribution around more than 
two polyions, which results from the co-opera- 
tive effect of these polyions. The analysis of 
the P.B. equation upon this problem is fur- 
ther more difficult as compared with that for 
the single polyion system. This problem, 
however, can be successfully dealt with for 
the system of rod-like polyions in salt-free 
solutions on the basis of the exact solution of 
the two-dimensional P.B. equation. 

For the two-dimensional many-centre pro- 
blem the following equation can be established; 


around Many 


pronoy Mee. | 
Or? r Or r? 06? sco at 
n= Anney? ye (per | lerr dr a0) P-fie0) 


where ry, @ are polar coordinates, m is the 
total number of counterions out of all poly- 
ions and the integral term is the normaliza- 
tion factor. The general solution of this 
equation has been found and applied by us 
for the system of two infinitely thin polyions. 
In this paper we will extend our previous 
result to the more general system, and de- 
scribe in detail the procedure of solving this 
problem. 

Now, the general solution of (19) can be 
expressed by employing two arbitral functions 
gi, fi as follows; 


CoP» 
kT 
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pe : Mae fle)—gle) fle, (21) 


where 


&2 = «| LE if =i Wa OUR 


and z, z* are defined by z=re, z*=re-!®, 
For the system satisfying Y(r,0)=Y(r, —6), 
the solution is written simply in the form"; 


erae eT £1 1*— 29 g2*]? , (22) 


where g:* is defined by gi*=gi(z*) ¢=1, 2). 
Let gi(z) be a solution of the following 
equation including a suitable function x(z); 


da? 21 
72 


U2) 210, (23) 
then, for every kind of u(z), g2 is the other 
solution of (23). Thus, & can be obtained if 
the arbitral function u(z) for the given system 
is determined. 
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Fig. 3. Rod-like polyions in their common cylin- 
drical free-volume. 


The general theory for the dilute system of 

very thin rod-like polyions 

Consider a system in which m rod-like poly- 
ions with negative charges —1, —M2, +--+, —Mm 
are situated at the points (71, @1), (72, 62), ---, 
(7m, Om) in the common cylindrical free-volume 
(neutrality zone) with radius R (see Fig. 3). 
In this system, the electric potential resulting 
from only the fixed polyions (denoted by ¢»p) 
is written as follows; 


Nj€0" 
A= : 
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where C is a constant, aj=rje"®, and aj*=rje-. Hereafter, we will deal with only the dilute 
system in which each of rx satisfies the condition 7z«<R. 
Putting 


£1,2=41,2 ll (z—aj)-45/? ’ (25) 
v 
we have the following relation; 
exp (— Y+ Yp)=exp (— Y,)=log [gi gi*¥—-g2 B2*)?+C’ , (26) | 


where Y, means the electric potential. resulting from only the counterions distributed in the 
free-volume, and C’ is a constant. Now, referring to (25), gi: and q: both satisfy the follow- - 
ing equation; 

dg S$ _As 


pea 
aa a5 


dq 
“24 Vi2\g= 27 
dz* s= ae Midis 20) 


where V(z) is an arbitral function employed instead of u(z). Our purpose is to determine the 
form of function v(z) from the following physical conditions established in the present system. 
(A) Y should be analytic except at the polyion. 

(B) On the surface of the free-volume, 


OVO nes 0e $ (@V/Or)ran d0=0 . 


(C) dY/d@ becomes very small for large r. 

From (27) and the condition (A) neither gi nor ge becomes infinity except at z=oo and they 
must not similtaneously be zero anywhere except at the polyions. On the other hand, from 
the condition (C), it is evident that gq ({=1, 2) takes a form of z’ at large z. Then, in order 
to satisfy these conditions, V(z) should be given on the basis of the Liouville’s and Frobenius, 
theorem as follows; 


V==,Ca! / ie—as) , (28) 


where C; (j=1,2,---,m) are constants independent of z. The solution of this equation is 
composed of many solutions each of which is valid only in its own convergence region. The 
constants C;’s are determined from the analytical continuation by which these solutions are 
smoothly connected with each other. ; 

The solution of (27) with V(z) given by (28) can be easily found for large |z|, and by ap- 
plying this solution, Y at large 7 is deduced as follows; 


§ il. Y —872 Key? 
alin = ; 
Bee eL Gale Sam ey a pane a 
where the constant D) is determined by the condition (B) and given in the form 
[(1—6)/(1+6)]'”; the constant 0 is expressed by Cm-2 given in (28) and determined by the 


analytical continuation with the solutions valid in the other region of r. If R/r; is sufficiently 
large for every j, 6 tends to 1— 3) A; and the solution (29) coincides with one centre problem. 


wv] 
The expression of Y in (29) is similar to that in (18) established in the single polyion system. 
Therefore, it is obvious that with increasing > Aj, the constant 6 in (29) decreases taking 


a 
a real value at the first step, and then it changes to pure imaginary. This fact means that 
the ion-condensation phenomenon appears around the whole assembly of fixed polyions when 
the total polyion-charge exceeds a critical value (=1). Through the same analysis as done 
in the single polyion system, it is easily confirmed that however larger the total polyion- 
charge may become, no appreciable increase of Y takes place at the region apart from the 
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neighborhood of polyions, so far as the constant d takes an imaginary value. This type of 

| the ion-condensation is called “the first kind of ion-condensation.” 

On the other hand, the solution of Y available in the neighborhood of j-th polyion (at z~ 
a@;) may be expressed in the form: 


orl meee. 5 se Jiceann (30) 


¥) 81—A;)2 é 


where S; is |z—a;| and B; is a constant. This expression of Y is the same with (18) valid 
for the system of an infinitely thin polyion, and therefore, it is obvious that the ion-conden- 
| sation in the vicinity of a polyion appears similarly to the single polyion system, provided 
that A; of each polyion exceeds the value of unity. This type of ion-condensation is called 
the second kind of ion-condensation. 

It is noteworthy that the counterions are condensed in the vicinity of the whole of aggre- 
' gated polyions before the second kind of condensation appears around each of the polyions, 
and that with increasing number of polyions coexisting in the system, the first kind of ion- 
condensation occurs easily. 
' Now, if m rod-rike polyions having equal charge neo (=ADkT/e) are arranged axial- 
| symmetrically on a circle with radius a, Y can be concretely expressed by the well-known 
_ hyper-geometric functions, and then the analysis in this case is very simple. By putting: 


t=(rJa)me'm® , i= (r/a)men' , \ (31) 
g5= (1-2)! -/2q; ; 1, Des €=1-A, 


Y, is written in in the form; Y,=A log (1—t)(1—?*), and the equation (27) is transformed 
into the following form; 


d*q dq 
= = het (es ee =0, 
C=) epee (a+ B+D1] oF abq 


a=7-8-B, r=l—n, 


(32) 


where 8 is a constant which should be determined by the analytical continuation. The solu- 
tion of (82) is composed of several hypergeometric functions each of which has its own 
| ‘convergence region, and then Y is also expressed in various forms corresponding to these 
“convergence regions. For example, in the region |f—1] <1 and |f—1|=1, Y, is written in 
the forms; 


8 exp (— Y,)=[E.MAi*— Ey {1-H —-f) AeA Pere for Valf=1. (33) 
8 exp (— Yz)=[Do(tt*)-#K2Ko*— Do (Et*)-* KiKi P00? for i= 1| 21, (34) 


-~where 
Tifa, pa eee7 +1; 1-2) f= Fira; 7— 8) 74 —@ 8 Fl tel): 
Ki=F a, Pp aleke a— +1; 1) , kof B: Ta, (ara le d—t)™) . 


According to the mathematical relations deduced from the analytical continuation, each of 
K, and K2 is expressed by the linear combination of H: and H:. Substituting this relation 
into (34) and comparing this result with (33), we obtain the relation between the constants 
D» and E), and at the same time obtain the following transcendental equation to determine 


the value of B; 


1-d/a\®__ P@O(7—-Brd-Hr+a—rI'a) 
mace) = Tal y—al Aa (1+ 8-1) ’ 


avhere 6 is defined by 6=n(8—a). Here, it is proved that this relation is the necessary and 


756 


sufficient condition for every continuation of 

various Y’s, each having a different available 

region. From this relation, we can find the 
following facts; 

1) When A is small, 8 takes a small value 
of OG4?). 

2) When a/R tends to zero, 8 becomes zero, 
and the functions Ai, Ke become unity, 
and then, the result coincides with one- 
centre problem. 

3) For the system of infinity thin polyions, 
€ is given by 1—A as noted in (31), but 
for the system of very thin but finite 
polyions, € may generally take other 
values. 

4) When A is smaller than about (1/m), €= 
1—A and 0=1—mA. 

5) When A is increased beyond (1/m), 06 
changes to pure imaginary at the first 
step. In this case, a and 8, Cy and (1/C)), 
Kiky* and K2k2* are conjugated com- 
plexes, respectively, but H:Hi* and H2H2* 
are real. 


»xto? 


Csx 102 
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6) At the second step, when A is increased | 
beyond 1, 6 and € both become pure im- 
aginary. In this case, a and y—a, 8 and) 
PE HiAi* and A2H.*, KiKi* and Ki ko* 
are conjugated complexes, respectively. 

Thus, we can concretely see the two-step) 
ion-condensation phenomenon through the real 

—imaginary transformation appearing in the H 

transcendental equation. This phenomenon. 

can be found also through the calculation of | 
the force between two rod-like polyions?”.. 

The argument upon the problem of interaction. 

will be done in the other paper. 


§4. The P-binding of Divalent Cations in. 
Poly(-Acrylic Acid) Solutions | 


The above theoretical treatment was con- 
cerned with only the ¢-binding state of. 
counterions. However, the P-binding alse. 
plays a great role in the interaction of counter 
ions with polyions. Actually, our experiment 
clearly showed that in general a considerable 
amount of counterions are tightly bound to 


N./£, 


Fig. 4. The relation between specific conductances A(Cs) of polyacid-salt neutralized by tetra-n 
butyl ammonium hydroxide and added salt concentration Cs(N/l) at 25°C. The broken ies 
indicate the corresponding simple salt solutions and the vertical lines indicate the precisieteed 
points with BaCl,. Polymer concentration is always kept constant at 0.06 Nil. - 
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olyions in the P-binding state. Therefore, 
_we add a brief description on the result of 
this experiment and point out the importance 
|.of the P-binding. We adopted a new method 
| of analysis for the conductance experiments, 
“and determined the amount of bound cations 
to polyanions having many (5000—20000) 
}carboxyl groups. The solutions employed 
) here are poly-acrylic acid (PAA) solutions 
| neutralized by NaOH or N(Bu).OH, tetrabutyl 
} ammonium hydroxie, at various degrees of 
) neutralization @, which mean fraction of 
} carboxyl groups not taking a form of COOH 
' but taking a form of COO- or COO-Me (Me 
\i<denotes a metal ion). 

In Fig. 4, conductances 4 of the PAA solu- 
. tions neutralized by (NBu).OH and containing 
| added salt-ions are plotted against the con- 
_.centration of involved salt-ions Cs (expressed 
| in normal conc.) at a fixed polymer concen- 
| tration Cy (=0.06 N/l). In this figure, three 
| ssolid lines correspond to the different a@’s, and 
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the other two solid lines show similar results 
in the case of HCl which is added to the 
polymer solutions at a=0.7 and 1.0, respec- 
tively. (In the case of HCl, 4’s are plotted 
against the concentration of involved Cl-.) 
The conductances of the corresponding simple 
salt solutions are indicated by the dashed 
curves. It is seen in this figure, that 24 in- 
creases linearly with Cs within the value of 
Cs smaller than a@Cy and slope d2/dCs is much 
smaller than that of simple salt solution. 
These facts suggest that added cations are 
strongly absorbed to polyions so far as COO- 
groups remain not to be bound?®). 

Now, let 2-, 244, and 24; denote equivalent 
conductances of added cation, added anion 
and tetrabutyl ammonium ion, respectively, 
then, conductance of polymer solutions can 
be expressed, on the basis of independent 
migration of all ions, in the following relation; 

A= (AC p—Cin—Cr) Ap t(Cs—Cmn) de 


+Cshat(aCp—Ci)at ’ (35) 


6 4 


4 5 
Cs x10, N/L 
Fig. 5. The relation between the amount of bond cations Cm(N/l) and the concentration of added 
salts C,(N/l) at various a’s. Polymer concentration is 0.06 N/l. 
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where Cm and C; denote the amount of bound 
salt-cations, and the amount of bound tetra- 
butyl ammonium ion, respectively. 
Differentiating both sides of (35) with re- 
spect to Cs, we at once obtain the relation; 


Aa AC; 
= Ag 2 = 

ACs ace ACs 

| Rack 

ACs 


(Ap+Ar) 


(AetAp) « (36) 


ACm/AGs=h , C:=b1—fCs) , 
the relation (36) can be simply written in the 
form; 

ARACs=bf (AptdAry—h(detAp)tAatie , (37) 1 
where h, 6, and f are constants independent 
of C;, and band f can be called ion-exchang- 
ing parameters which depend on a. Fig. 4 
shows that conductances, each of which be- 
longs to different a and the same salt-species, 


Now, according to Fig. 4, it is obvious that are increased in almost parallel with each 


for the cases of added Mgtt, Batt and Ht, 


other. Therefore, in order to obtain from ° 


the value of 44/4C; at comparatively low Cs (87) the expression of 2 independent of a, it 


is independent of C;. Therefore, in this case, 
by putting 


is necessary to assume that h# is nearly inde- 
pendent of a and bf is very small in com- 


2 3 
Cs x10? N./Z. 


Fig. 6. The relation between specific conductances A(Cs) of polyacid-salt neutralized by NaOH and 
added salt concentration C;(N/l) at 20°C. The broken lines indicate the corresponding simple 
salt solutions. Polymer concentration is always kept constant at 0.089 Nil. 


O: MsCh, a=1; ®: MgCl, a=0.7; @: MgCl, a=0.3; 


BaCl, , A=13 (B: BaCl, , a=0575 B: MgCl. , a=0.3. 


1961) 


parison with h. Thus, for the case of these 
cations, we have the relations; 


ARACs= dha the—h(Act dp) . (38) 


On the other hand, from the pH measure- 
! ments, it was found that when HCl was added 
} into the polyion solution neutralized by 
(NBu),OH at a=0.7 or 1.0, the value of pH 
» changed from 7.2 to 5.2 or from 9.9 to 7.8, 
» provided that the final concentration of added 
Cl- is less than aC,. This pH change corre- 
/ sponds to the increase of H*-concentration at 
i most about 10->mol/liter and is negligibly 
» small. Hence, it is reasonable to put h=1 in 
(38) for the case of added Ht. 

Thus, we can obtain the value of 4» with- 
out difficulty. By substituting this value of 
2» and the experimental results into (38) or 
more generally (36) with no 4C; term, we 
obtain the value of Cm in the case of 
(NBu),OH—neutralized solutions (Fig. 5). A 
similar result for the case of added NaCl has 
been obtained by us, and from the result, it 
has been concluded that the amount of bound 
Na* is about 60~70% when Na*-concentration 
is nearly aCy. 

Next, by putting Cs=0 in (85) and substi- 
tuting the value cf 4p and the experimental 
result in the case of no salt into (35), we can 
calculate the value of C:/Cp» and study the 
contribution of (NBu)s+ to the conductance. 
Although this value cannot be accurately de- 
termined because the ionic concentration in 
our system is too high to assume the inde- 
pendent migration of ions, it can be roughly 
concluded that about 70-80% of (NBu)s* ions 
can contribute to the ionic conductance of 
salt-free poly(-acrylic acid) solution. 

Turning to the relation (35), it is expected 
that in the case of the polymer solutions 
neutralized by NaOH, the value of 4Cn/4Cs 
will depend on a, since bf in this case is 
is supposed to be a function of a. This fact 
can be proved by the experimental results 
shown in Fig. 6. As seen in this figure, the 
slope of 2 increases with increasing @. It 
is, however, an unsolved problem to determine 
the concrete values of ion-exchanging parame- 
ters. 

Thus, through the conductance measure- 
ments, we can see very complicated binding 
phenomena related to both the P-binding and 
the #-binding. 
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§5. Discussion and Conclusions 


As discussed in the above sections, there is 
neither the ideal %-binding nor the ideal P- 
binding in the ion-binding state of polyions. 
The specific binding of salt-ions to polyions 
are much strengthened by the ion-condensation 
phase around polyions theoretically expected 
to appear in the system of much charged 
macroions. The clear evidence of this effect 
has been observed in the adsorption pheno- 
menon of various salt-cations to PAA mole- 
cules (§ 4). 

It must be emphasized here that the ~- 
binding effect becomes more conspicuous in 
the system of locally aggregated polyions than 
in the system of dispersed polyions. On the 
basis of the two-step ion-condensation which 
has been deduced in this paper, it is expected 
that the great change of the activity coef- 
ficient of small ions appears when the rear- 
rangement of polyions or the phase change 
in polymer solutions does occur. This fact 
may be examined through the experiments of 
membrane potential. 

In general, in order to obtain the informa- 
tion about such complicated ion-binding, it is 
convenient to adopt the conductance! or 
dielectric constant measurements”).22), The 
former method is useful to estimate the 
amount of salt-ions in specific binding state 
as described in § 4, while the latter is some- 
times convenient to study the #-binding effect 
on the basis of the Maxwell-Wagner effect. 
The remarkable increase of dielectric constant 
and its abnormal dispersion in salt-free solu- 
tions recently observed by Fuoss and Allgén 
prove the existence of ionic double phase 
around a polyion. However, they cannot give 
the direct support to the ion-condensation 
phenomenon due to our theory. Nevertheless, 
it is an interesting problem how the influence 
of the two-step ion-condensation does appear 
in the dielectric constant when the aggregation 
—dispersion transformation is observed in the 
solution. 

It can be briefly concluded through the 
above investigations that by the concept of 
the ion-condensation of the first and the second 
kind deduced from the non-linear character 
of the P.B. equation, we can make theoretical 
discussions on the further more complicated 
polyion system without solving directly the 
corresponding P.B. equation, and that the 
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strong effect of the ¢-binding appears in 
reinforcement of the adsorption of cations to 
polyanions, as observed in the experiment. 

There are, however, many unsolved experi- 
mental problems upon the ion-binding, such 
as the influence of added salts, dehydration 
of bound ions, the relation between the ion- 
binding and the aggregation phenomena of 
polyions, etc. These problems are being made 
clear through the recent work upon the salt- 
ing-out experiment, the measurements of diff- 
ractive index and ultrasonic velocity. Our 
studies upon this problem will be reported in 
other papers. 
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Study of the Hydration-Dehydration in Polyelectrolyte 
Solutions by the Ultrasonic Technique 


By Hiroshi ASAI 
Department of Physics, Faculty of Science, Nagoya University, Nagoya Janan 
(Received January 9, 1961) 


In this study, the ultrasonic velocity and the density of the polycar- 
boxylic acid solutions which are neutralized at various degrees by sodium 
hydroxide or tetra-n-butyl ammonium hydroxide have been measured. 
From these results, the amount of hydrated water molecules has been 
estimated. An abnormal behavior of hydration has been found in polyacid 
solutions neutralized by NaOH, which is interpreted as being due to the 
partial dehydration resulting from Na ion-polyion binding at high degree 
of neutralization. The effects of adding various mono- or di-valent salts 
upon the hydration state of polyanion were also examined. From these 
experiments, it has been found that Ba ion-polyion binding gives rise to 
40 percent dehydration of the water molecules which were hydrated in no 
binding state, and Mg ion-polyion binding gives rise to 20 percent dehydra- 
tion. The whole results in polyacids were always compared with the 
results in monoacids, and it was concluded that the above dehydration 


phenomenon was one of the important characteristics of polyacids. 


$1. Introduction 


In the recent studies of polyelectrolyte solu- 
tions, it is one of the important subjects to 
investigate the specific ion-binding and 
precipitation phenomena in _ polyelectrolyte 
solutions. These phenomena are closely re- 
lated to the hydration of polyions which is 
much influenced by the various ionic condi- 
tions. Although there have been many 
studies upon the ion-binding”~* or the salting 
out of polyions®-®, few direct investigations 
have been made on the hydration problem. 
It is expected that the information of the 
hydration in polyelectrolyte solutions can be 
obtained through the ultrasonic velocity ex- 
periment which was employed to estimate the 
amount of hydration in simple electrolyte 
solutions!”-!12, We have, therefore, under- 
taken to apply this method for the study of 
the hydration-dehydration in polyelectrolyte 
solutions. We measured the ultrasonic veloci- 
ty and the density of solutions of polyacids 
(polymethacrylic acid and polyacrylic acid) 
neutralized by sodium hydroxide and tetra-n- 
butyl ammonium hydroxide. The comparison 
of two kinds of counterions gave some new 
knowledge on the counterion-binding of poly- 
jon and the resulting dehydration. We also 
examined the effects of various mono- and 
di-valent salts on the neutralized polyacids. 
As a result, we found the cation binding ac- 


companied by dehydration, the amount of 
which depends on the species of cations. The 
same experiments were carried out in mono- 
carboxyl acids and the results were compared 
with those in polyacids. 


§2. Experiments 


Apparatus 

The ultrasonic velocity of the solutions was 
measured at the frequency of one megacycle 
by an ultrasonic interferometer which was 
similar to that used by McMillan and 
Lagemann® or Gucker and Haag”. The re- 
producibility of the measured velocities was 
within 0.3m/sec. The density of solutions 
was measured by picnometers. All measure- 
ments were made in the water bath at 
constant temperature 25.0-++0.03°C. 
Material and preparation 

PMA. Crystalline methacrylic acid mono- 
mer supplied by the courtesy of Dr. Nagasawa 
was dissolved in distilled water to a nearly 
saturated concentration and the degree of 
neutralization was adjusted to 0.05 with sodium 
hydroxide. A small amount of the initiator 
(ammonium persulphate) was added. After 
incubation for 27 hours at 64°C, monomer 
solution was polymerized into a jelly-like 
solution of polymethacrylic acid (PMA). No 
appreciable amount of unreacted monomer 
was detected by chemical analysis of the 
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double bond of monomer. The solution was 
diluted by distilled water. The average de- 
grees of polymerization were found to be 2800 
from the intrinsic viscosity’ in 0.2M HCl 
solution. 

PAA. The polyacrylic acid (PAA) solution 
obtained through Towa Gosei Co. as a labora- 
tory sample was dialyzed againt many 
changes of distilled water for two weeks. 
The average degrees of polymerization esti- 
mated from the intrinsic viscosity‘® in 2N 
NaOH solution were found to be 1900. 

MMA. The methacrylic acid (MMA) solu- 
tion obtained by dissolution of the crystalline 
monomer contained a small amount of the 
polymerization inhibitor (0.033 percent hydro- 
quinone and 0.05 percent methylene blue), 
which prevented monomers from photo-poly- 
merization. The presence of small amount 
of the inhibitor gave no disturbance in our 
experiments. 

Other chemicals were reagent grade. The 
solute concentration in all original solutions 
was determined by the titration of carboxylic 
groups in the presence of sufficient NaCl. 
The completely neutralized solution in the 
absence of salt was obtained by addition of 
the calculated amount of pure hydroxide solu- 
tion (sodium hydroxide or _ tetra-n-butyl 
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Fig. 1. Ultrasonic velocity V and density o of 


MMA and PMA solutions at various degrees of 
neutralization a by NaOH. Concentration of 
MMA, PMA are 0.37 moles/L., 3.34m/L., re- 
spectively. -@-; V of MMA, --@--; 0¢ of 
MMA, -O-; V of PMA, --©--; @ of PMA. 
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ammonium hydroxide) into acid solution. So- 
lutions at various degrees of neutralization 
were prepared by mixing the acid solution 
and the completely neutralized solution at 
various ratios. 


§3. Results 


A. Increase of hydration in acid solution by 
zonization 

Fig. 1 shows ultrasonic velocity V and 
density 9 of MMA and PMA solutions at 
various degrees of neutralization by NaOH. 
The velocity and the density of MMA solutions 
increase linearly with the degree of neutrali- 
zation a. The density of PMA solutions also 
increases linearly with a. The increment of 
velocity of PMA solutions by ionization, how- 
ever, decreases with increasing a. The adia- 
batic compressibility 8 of solution is related 
to the velocity and density by the equation 
B=1/V’o; and the apparent partial molar com- 


pressibity B of solute can be calculated by the 
equation 

B= ee ’ 
where C is the molar concentration of solute 
in monomer unit, vo is the volume of solvent 
per liter of solution, and § is the compres- 


(1) 


Fig. 2. The apparent partial molar compres- 
sibility @ of MMA and PMA at various a. 
-@-; MMA, -O-; PMA. The right ordinate 


shows the amount of hydrated water molecules 
Ha. 
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sibility of solvent. A non-linear relation 
between 8 of PMA and a@ can be seen in Fig. 
2: 

To examine whether or not non-linearity of 


8 disappears at sufficiently low concentration 
of polyacid, we made similar experiments at 
various concentrations of PMA as well as 
MMA. As _ shown in Fig. 3, no essential 
difference was observed in concentration de- 


pendence of 8 between PMA and MMA. Con- 


sequently, 8 of PMA at sufficiently low 
concentration does not vary linearly with a 
but shows a similar behavior to that at finite 
concentration. 


a) 0.2 04 0.6 


Fig. 3. Relation between @ and acid concentration 
C. -@-; MMA, -C-; PMA. 


To evaluate the amount of hydration from 


the measured value of 8 we put the following 
two assumptions. In the first place, it is as- 
sumed that the compressibilities of hydrated 
water and small ions are negligibly small as 
compared with that of free water. In simple 
strong electrolyte solutions, this assumption 
has been justified‘? by the fact that the 
amount of hydration estimated under this 
assumption is in good agreement with that 
estimated by other experiments. In the sec- 
ond place, it is assumed that the compres- 
sibility of the hydrophobic group in acid 
molecules is not altered by ionization of 
carboxyl group. Under these assumptions we 
can estimate the increase of the amount of 
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hydration Ha (moles per mole of solute) by 
ionization up to @ by the following relation, 
although we can not know the amount of hy- 
dration at a=0; 


Hoe at Ba—Ba=o 
VoPo 

where vo is the partial molar volume of water. 
The right ordinate of Fig. 2 shows the value 
of Hau. Thus, in the term of hydration the 
results in the figure are described as follows; 
in MMA the increment of hydration by ioniza- 
tion of each carboxyl group does not depend 
on @; and in PMA the increment of hydration 
by ionization of each carboxyl group on poly- 
mer chain decreases gradually with increasing 
a. Such an abnormal behavior of hydration 
in PMA was also found in PAA. It is then 
likely that this is a common characteristics of 
polycarboxyl acids. 

Now, in order to examine whether or not 
this behavior is due to the binding between 
polyion and Na ion, it is suitable to employ 
tetra-n-butyl ammonium (TBA) ion as counter- 
ion instead of Na ion because this TBA ion 
can be postulated not to be bound to polyion 
on account of its large size. Fig. 4 shows 
the apparent partial molar compressibilities of 
PAA and acetic acid (Ac) neutralized by TBA- 


(2) 


O 0.5 1,0 
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Fig. 4. Plots of B of acetic acid and PAA neu- 
tralized by TBA-OH or by NaOH against a. 
©; TBA-Ac at 0.29m/L. @; Na-Ac at 0.29 m/L, 
@; TBA-PAA at 0.29 m/L, @; Na-PAA at 0.30 
m/L. 
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OH and those neutralized by NaOH. The 


linear relations between 8 and a was found 
in TBA-PAA system as well as in TBA-Ac 
system, while the non-linear relation was 
found in Na-RAA system. Therefore, the 
non-linearity in Na-polyion systems is inter- 
preted as being due to the binding of Na ion 
to polyion. But for this binding, the differ- 


ence of 8 between Na-PAA and TBA-PAA 


system should be equal to the difference of B 
between Na-Ac and TBA-Ac system. As a 
matter of fact, the former difference is found 
to be smaller than the latter. The broken 


line in the figure gives the value of B of Na- 
PAA expected under the supposition of no 
binding. The actual discrepancy can be at- 
tributed to the dehydration accompaning Na 
jion-PAA ion binding. The estimated amount 
of dehydration is very small at low @ and 
increases sharply with a. This fact consists 
at least qualitatively with the experimental 
results on Na ion binding made by Wall and 
Eittel®. If the fraction of bound Na ion at 
a=1 is about 60 percent as reported by the 
above authors, the amount of dehydrated 
water molecules is estimated to be about two 
molecules per ion binding. This value is 
fairly small in comparison with the amount 
of water molecules which were hydrated in 
no binding state. 


B. Dehydration in polyacid solutions by add- 
ing salts 

By using a similar method, we studied the 
hydration in PMA solutions in the presence 
of mono- and di-valent salts (NaCl, MgCl, 
BaClz) at various degrees of neutralization by 
NaOH. The results were compared with 
those in MMA solutions. The apparent com- 
pressibility of the mixed solution of MMA and 
salts (10°8—v8o) varies linearly with mixing 
ratio r. This fact means that hydration of 
MMA is not affected by the presence of salts. 
A similar result is obtained in the mixed solu- 
tion of PMA and mono-valent salt. However, 
the velocity of the mixed solution of PMA 
and divalent salts does not vary linearly with 
y, but has a remarkably low value (except at 
low a). Typical examples are shown in Fig. 
9. The density of the mixed solution of PMA 
and divalent salt does not appreciably deviate 
from the straight line. Since the presence of 
divalent salt gives rise to precipitation of the 
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neutralized polyacid at some critical concen- 
tration, the measurements were carried out 
up to its critical concentration. The experi- 
mental results suggest that the added divalent 
cations are bound to polyions and part or all 
of the water molecules which were hydrated 
in no binding state are dehydrated. 

The difference 49 of the measured value 
of the apparent compressibility of a mixture 
from the value expected on the hypothetical 


1540 
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Salt (0.3 N/L) PMA (0.46 M/L)' 


Fig. 5. Plots of V in the mixed solutions of PMA 
and various salts against mixing ratio r. Q; 
NaCl, @; MgCl.. ©; BaCle. 
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Fig. 6. Plots of 4M/v8) in the mixed solutions 
of MMA and various salts against the added 
salt-concentration Cs (normal/L). @; NaCl, @; 
MgCl, ©; BaCle. 
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condition of no dehydration can be expressed 
as follows, 


40=(10?B—Bovr)—(CsBs + CB) , (3) 
where C; is the concentration of salt in a mixed 


solution and @s is the apparent partial molar 
compressibility of salt. The amount of de- 
hydrated water molecules per liter of solution 
is given by 49/v.Bo. Plots of 40/v.B> against 
salt-concentration are shown in Figs. 6 and 7. 


kee Se Pac is Secor Ne 
nie oS aoe 
2660-6" eget, 


Fig. 7. Plots of 4@0/u8 in the mixed solutions 
of PMA and various salts against C;. (; NaCl, 
@; MgCl, ©; BaCl,. The broken lines show 
the value of 40/v8> calculated on the assump- 
tion that all of the added divalent cations are 
bound to polyions and complete dehydration 
takes places. 


It can be seen in Fig. 6 that the addition of 
various salts does not bring about dehydration 
of MMA at any a. It can be also seen in Fig. 
7 that the addition of monovalent salt to PMA 
solution does not appreciably bring about 
dehydration of PMA. On the other hand, the 
presence of divalent salt brings about a con- 
siderable amount of dehydration in PMA solu- 
tion (except at low a). If it is assumed that 
the Na ions bound to polyions are not affected 
by the addition of divalent cations, the amount 
of dehydrated water molecules estimated from 
the above equation may be attributed mainly 
to divalent ion-polyion binding. The fact that 
the gradient of 40/080 against divalent salt- 
concentration is nearly independent of @ sug- 
gests that the added cations are almost bound 
to polyions. This complete divalent cation- 
polyion binding has been supported by several 
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authors”. The broken lines in Fig. 7 show 
the value 40/v,8) calculated on the assumption 
that all of the added cations are bound to 
polyions and the complete dehydration takes 
place. From the comparison between the 
broken lines and the measured 40/v.8, it can 
be said that the Ba ion-polyion binding gaves 
rise to 40 percent dehydration of the water 
molecules which were hydrated in no binding 
state and the Mg ion-polyion binding gives rise 
to 20 percent dehydration. This difference in 
the amount of the dehydrated water is origi- 
nated in the difference in ionic radii between. 
Ba and Mg. 


§ 4. Discussion 


As seen in Fig. 2 and 4, ® of polyacid is. 


smaller than 8 of monoacid at the same a. 
This fact is due to the low compressibility of 
polymer skelton formed by the polymerization. 
of monoacids. 

In the analysis of dehydration in PMA solu- 
tions neutralized by NaOH and containing 
divalent cations, we assumed that the amount: 
of bound Na-ions is not altered by the absorp- 
tion of divalent cations to polyanions. It is,. 
however, very possible that when divalent 
cations are absorbed to polyions, the ion- 
bridges are formed across the ionized carboxyl 
groups on polyions. Such bridge-formations 
might partly release the bound Na ions. This. 
effect will be examined through the studies. 
upon the polyacid solutions neutralized by 
hydroxides of special cations, such as TBA,. 
having no ability to be bound to polyions. 

As described in the above section (Fig. 7),. 
the larger amount of dehydyation is observed 
in the case of Ba-binding to polyions than in. 
the case of Mg ion-binding. Such difference 
of the amount of dehydration causes the signi- 
ficant difference of the solubility of polymers. 
between in Ba-ion containing solution and in 
Mg-ion containing solution. 

Through the above experimental results, it: 
is clearly found that the hydration-dehydration . 
change is the very basic and important phe- 
nomenon in charged macro-ion system and- 
the ultrasonic measurement is one of the use- 
ful method for the study of such hydration. 
phenomenon. 
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On the Theory of Cross Relaxation in Maser Materials 


By Motokazu HIRONO 
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A theoretical study of cross relaxation in Maser materials has been 
carried out based on the moment method. The energy level splittings 
due to the crystalline electric field and the applied magnetic field are 
utilized for the computation of the moments of the cross relaxation. If 
the lattice points are populated at random by paramagnetic ions in high- 
ly diluted salts, the second moment is much greater than the overlap 
integral of the individual ordinary resonance line shapes and to some 
extent influenced by the orientation of the applied magnetic field. The 
shape function of the cross relaxation is roughly Gaussian but takes 
slightly less values in the wings. The cross relaxation in ruby Maser 
successfully operated at liquid nitrogen temperatures has been briefly 
discussed. 


Introduction 


§I. 

In a recent paper the theory of cross relax- 
ation in spin systems was developed by 
Bloembergen, Shapiro, Pershan and Artman” 
(hereafter referred to as BSPA). This paper 
shows the mechanism of spin-spin relaxation, 
i.e. the process by which a common spin 
temperature is achieved. A number of ex- 
periments”-* have verified this theory at 
least qualitatively 


The most fundamental process of cross re- 
laxation is when two spins make simultaneous 
opposite flips, the balance in Zeeman energy 
being taken up by the dipole-dipole interac- 
tion. The process was treated in several 
theoretical papers.”.».® The practical com- 
putations in BSPA and in reference 2 were 
based on replacement of the second moment 
for cross relaxation with the overlap of in- 
dividual ordinary line shape functions. 
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Pershan® calculated the second moment for 
the case of nuclear spins of LiF and showed 
that the above approximation is useful for 
concentrated salts to which, however, his 
consideration is confined. The cross relax- 
ation in highly diluted paramagnetic salts 
was treated by Kiel® in terms of moment 
method and it was shown that the overlap 
integral method does not suffice for the dilut- 
ed salts. In his calculations the effect of the 
crystalline electric field is neglected. This 
effect is, however, of fundamental importance 
for the operation of solid state Masers. In 
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the present paper the rate of cross relaxation 
is calculated in terms of moment method tak- 
ing into account the effect of the crystalline 
electric field in the Maser materials and 
hence the mechanism of relaxation is essen- 
tially different from that of Kiel®.* 

In recent years, the ruby Masers were 
successfuly operated at liquid nitrogen tem- 
peratures by Maiman” and Ditchfield.® Mai- 
man” suggested that the cross relaxation is 
important for the operation. We briefly ex- 
amined the process in terms of above men- 
tioned results. 


§2. General Consideration on Cross Relaxation 


Consider the spin Hamiltonian, 


A =Hn +Her oe int 


Her is the sum of the crystalline field couplings of the individual ions. 


in the applied field is given by 


(1) 


The Zeeman energy 


Seon= >i BH-gi-Si . 


The interaction between the spins are assumed to consist of dipolar and exchange terms: 


m= 3, AS 8)+ | (S-8)— Srr(S,-r1) | 


Vij 


3 
aj 


where one sort of paramagnetic ions is considered and the usual notations are employed. 
According to BSPA the interaction energy Hint can be written in the following forms 


HH im=At+B+C+D+E+F 


(2) 


A= > [Aij+2°6?ri7(1—3 cos? 045) }SeiSes 
j>t 


B= > [(1/2)Ay—(1/4)g?6?77F(1—3 cos? 6:5) (S4S—j+S-0S+5) 
j>t 


C= D> (—3/2)g?B°riF’ sin 613 cos 81; e~*?4i(S 44825 + SxS +5) 
j>t 


D= > (—3/2)g?Briz sin 0:5 cos 0:5 e*#945(S—iS25 + SS—5) 
j>t 


E= & (3/4) g?B?riZ? sin? 0:1; e913 Sy0S 45 
j>t 


F= 31(3/4)g?B?ri7 sin? O15 $45 S_sS_5 
si 


where 0i; and ¢i; are the polar angles of the radius vector connecting ions 7 and j with 


respect to the z-axis. 


Several types of cross relaxations are considered by BSPA and others. In the following 
we shall examine the most fundamental processes which proceed through the sets of the 


neighboring two paramagnetic ions. 


The probability per unit time for the process that ion 


* Some terms are, however, dropped in the equation (9) of Kiel. 


An exact calculation shows that 


the concentration independent term of (9) vanishes for S=J=1/2, since the term arises from the fact 
that FA. does not commute with 3! CptSzpl¢ and this condition holds except for S=J=1/2. 
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i increases its energy by an amount /ya and ion 7 decreases its energy by hye, the balance 
of energy h(ye—va) being taken up by the spin-spin interaction of the whole array of dipoles, 
is given by 


Wij=n | Ki, E;| Hij|\Eithva, E;—hyg>|*gas(v =0) : (3) 


If ms is a good quantum number the matrix element is obtained from the term B in (2) and © 
its square is given by 


| Fa;?=72'84(1—3 cos? 615)°riy 
where (4) 
= (1/16)(S—ma)(S+ma+1)(S+m~e)(S—met]) . 


When ms; is not a good quantum number, the expression of 7 is more complicated, never- 
theless it is estimated to be of the order of unity for the cases considered in the following. 
The shape function gaa(v) should be calculated by the moment method. The total second 
moment is 


hviee=—- THIS FA) (AAA) A VHWTALX Ais} « (5) 


This method was, however, not use by BSPA for practical computation and instead the 
overlap integral of the line shape function F(a, 8) was used, where 


Fla, B)=| | eal Veol0” 80’ —» dy’ do” (6) 


If a Gaussian shape is assumed for ga(v) and ge(v) with second moments <4ya?> and <4y,?> 
(6) is reduced to 


Fla, B)=[2n{<dva*> + (Ave)? exp {—(va—ve)?/2[ Ava?) +<Avp*>]} (7) 


By the use of the formulae together with excellent insight into the mechanism of element- 
ary reactions, BSPA obtained several important agreement between the theoretical predictions 
and the experimental results. However, more rigorous mathematical treatment of the shape 
functions is very desirable to examine the various phenomena in the solid Masers. In the 
following section we give the estimation of the shape function using the moment method 
under consideration of the crystalline electric field. 


§3. Estimation of the Shape Function by the Moment Method 


The estimation of the shape function gag by the moment method was carried out by Per- 
shan® and Kiel® for nuclear spins of LiF and dilute paramagnetic salts respectively. For 
their calculations, however, the effect of the crystalline electric field was not taken into. 
account. In the following treatment we used a state of C,**+ ion in ruby as a model and 
hence the influence of the crystalline electric field plays a leading rdle. In the absence of 
the interaction between paramagnetic ions, the spin Hamiltonian is given by 


mt KH er=Bl § HS: + 81 HeS2+ HySy)|+ D[S2—S(S+)] 


with case that the magnetic field is parallel to the: 
SEB DN. crystal c axis, as follows: 
Writing Wi=—O(Su—ESu), E=gBH/6. (9): 
£i=s.=g and D=—é, (8) 


. The four energy levels deduced by this ex- 
since Si~Z1 and D is negative, we obtain pression against magnetic field are shown in 
the spin Hamiltonian for the 7th ion in the F igeel. 
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The total spin Hamiltonian is given by 


F=>, Wit int . (10) 


In order to calculate the moments, we 
_ must select the so-called semi-diagonal part 
| of the Hamiltonian, i.e. we take up only that 
part of the interaction terms that commute 
with the one-ion energy term “| Wi. This 
part can be diagonalized simultaneously with 
the one-ion energy term, so this selection 
corresponds to the first order perturbation 
_ process which was adopted by Ishiguro, Kam- 
_ be and Usui® for the calculation of the mo- 
ments of the Larmor-lines. Fig. 1. A model of energy level diagram used 

The semi-diagonal part of the Hamiltonian for the calculation on the rate of cross relaxation. 
may explicitly be written as 


=> Wit Dd (Aut Bis)SaSz3+ = Aij(SztSz3+SyiSyj) (11) 
4 got j>t 


where 


pat; ac ay) 
Aij=Aijt+ ry 9 ti D) , 


ee aoe 2 ae) 
Bi= 3 ry gt 2 


(12) 


So SS, => Are 


=+ (P.3/2)¢P 1/2) 99405 —jP (1 /2)tP a 2) 5 + P1j2)tP—(1/2) 9540S —jP- (1/2) tP 12) 5 
+ P_(1/2)¢P- 03/2) 95 +0S—iP_-(3/2)tP-«1/2)5 
+ Paj2¢P(3/2)5S—18 +.5P (3 /2)¢P (1 72)5 + P_-12)tP a2) 99-08 4 5Ptp2tP- 1205 
+ P_(3/2)tP_ (1/2) jS-#S+5P_—«1/2tP-(3/2)5) 


where 
Tiz3=COS 11; (13) 


Pet, Payi, P-ujni and P-j2e are the projection operators corresponding to the states m: 
=3/2, 1/2, —1/2 and —3/2 of the 7-th ion respectively. . sat 

In order to calculate the trace, we select the representation scheme in which each spin is 
individually space quantized. Thus we have 


Po j20=(1/6)(Sut+3/2)(Sx—1/4) , 
P_apy=—(1/6)(Su—3/2)(Sx—V/A4) , 

Papy=—(1/2)(Sa+1/2)(S2—9/4) , 
P_1jyt=(1/2)(Set—1/2)(Szs—9/4) . 


Now suppose that one of the two neighboring ions makes m=1/2——1/2 (a@ type) transition 
and the other m=—3/2--—1/2 (@ type) transition and the balance of energy h(vg—va) is 
taken up by the spin-spin interaction. 

* The pete matrix >; 94; in (5) should be replaced by the following expressions 


> L4j=B= D diss (14) 
j>t j>t 
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by=— Ay — 4-81-37) 
2 4 
Oi; = P12)tP-(9/2) 99 40S—5P_1/2tP-112)3 + P_ca2tP- 12) 3S 0S 45 PtpaytP-a/2)5 
+ P_(j2yiP 1/238 44S—5P_(a/2¢P 12) 5 + P- a /2tP 1/2) 9S 0S 4 5P—pyeP—1)2)5 
After some elementary calculations we have 
4 
Tr{[ Pe oe & bis ; 
jI7r j>r 


TFA 3 Bi) BV} 
=3(2S +1)" B bi(2d+Cu)" 


+. SD {G/4)(C he +C}x) + (21/8)( Ade + A jx) 03s) 
k*=(j>1) 


where 
Ci3= Aj t+ Bi; 
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(15) | 


(16) 


(17) 


(18) 


(19) 


and WN is the total number of ions in the crystal, and the notation k#(7>7) means that is 


not equal to 7 nor 7 and j is greater than 7. In the above expression, terms like 


DX CaCbiy 


k¥(j>i) 
are neglected compared to the terms like 


> Ciel 


ii 
Thus we obtain the total second moment using (17), (18) and the equation 
ive) =— TH FAS) (SL) HVT Ll 
For the present case 
h(ve—va) =20 
and clearly in the absence of the interaction between ions we have 
h®{vinp) = (26)? . 
Thus we get 


h?dvap>=h<v'ng>—(20)?=Mit+ M2 
where 


Mi= >, bisC is] >) Bis 
j>t ie 
Me= 3X {(6/4)(Cixt+C 3x) +(21/8)(Aix+ Ax) }b35/ © 33; 
k¥(j>1) j>t 
and the term 
DX 46Cisbi; 
j>t 
is neglected compared with the term 
DS Cid; 
j>t 


and Cij=Cy: and Aij=Aji are assumed. 


(20) 


(21) 
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In the Maser material, usually the paramagnetic ions are highly diluted with diamagnetic 
ions. Kittel and Abraham’ suggested that at least two different types of dilution may be 
contemplated: namely the lattice points are populated at random by the paramagnetic ions 
or the effect of dilution were to expand the magnetic lattice uniformly. Let us examine 
the effect of dilution for these cases. 

(i) First suppose that the lattice points are populated at random by paramagnetic ions. 


| Let f be the probability that a lattice site is occupied by a magnetic system. For ruby this 
is the probability that the Al site is replaced by the Cr ion. By a similar method to Kittel 
and Abraham’, M; and M2 are reduced to the following expressions: 


Mim >y DisCay > Diy, (22) 
“) “) 
Ma=f1Xy {(5/2)C ix + (21/4) Aix} — DY’ {(6/2)C is + (21/4) Ads }bis/ DV Bis (23) 
J 4} 
where 2 or >i’ mean sums over all k or j sites, whether or not occupied. From (12), (19) 
I 
and (15) we have 
Ay=Ay—(1/3)Bu , Ciy= Airy + (2/3) Bi 

bis= (1/2) Ais— (1/6) Bag « (24) 


| It is seen that M: is independent of the dilution and M2 is proportional to f. When the ex- 


change interaction is absent Aij=0 and we get 
Mi=(4/9) SY Bid’ Bis, 
a J 


4 2 (25) 
M2=(61/36)f[>’ Bij— Bis!S! Bis) . 


According to Van Vleck! and Kittel and Abraham!” the mean square deviation of the 
frequency from the Larmor value may be written 


KAY =[SIS+D/3] Ff 2 y= (8/4) F SY is for S=3/2. (26) 


It is of interest to note that the first term of M2 resembles this expression. 
For the Maser materials, f is of the order of magnitude of 10-* and hence h?<4v?ag> is ex- 


pressed by M; alone. 


(a) If the lattice is simple cubic with the applied magnetic field in the (100) direction, 
‘we have 


DY Bi; =29.9g'Btd-* (27) 
Jj 


and from (20) and (25) it follows that 


(Av.g>=0.091h-2 > Bij;=2.7h-*g*Btd-* (28) 
w) 


where d is the distance between nearest lattice sites. It should be noted that the value is 


to some extent influenced by the direction of the magnetic field. 
(b) If the average of the B?; and Bi; over the sphere, centered at the 7-th ion, with the 
radius r equal to the distance to the (effective) nearest neighbors the number of which is Z, 


be denoted by Bi, and ee respectively, then we have approximately 


/ BYy~ZBY,, SY BYyxZBYy, Biy=2.145(Bi)?, By=(9/5)g*B4r- (29) 
> Bs 7. a> y J 
j j 


and hence from (20) and (25) it follows that 
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(Aves =1.7hg*Bir- . (30) 
If the shape of gag(v) is assumed to be Gaussian, we have | 
Gap) =[2n<Av'ng>}-/? exp {—[v—(vp—va)]*/2¢Avap>} - (31) 

In order to compare (31) with (7) we use the following ratio 
(Av ip>/[dva?> +<Avp?>|~<Avag>/2( dv >=2? . (32) | 
For the abovementioned case (a) we have 
A2=(28 f)- , (33) 

and for the case (b) 

At 0.3804) tae (34) 


The former is 36 for f=10-* and the latter 48 for Z=8 and f=10-*. There is some dis- 

crepancy between them. However, in any case the calculated moments are much greater 

than those deduced by the overlap integral of the individual ordinary resonance line shapes. 
(ii) Next suppose that the factor f is unity. From (20) and (25) we have 


h®Avinp> = (61/36) SY Bij—(/4) SY Bis/dY Bi; . 
4) % Jj 
(a) For the cubic lattice with the applied magnetic field in (100) direction we have 
(Avg =1.44h-2 SY Bi; 
I 
and therefore from (32), (26) and (27), 
A= (Sas 
(b) If the averages over the sphere are taken as in the case (b) of (i), then we have: 
(Av,p>=(1.7Z—2.7)B3; 
and therefore for Z=8, from (32), 
A 2im= (ae 


Pershan® obtained 4?=(0.8)?=0.64, hence our results are nearly equal. If the effect of the 
dilution changes the location of the magnetic ions as if the magnetic lattice were uniformly 
expanded, then the ratio 2? is constant and <4y%g> is proportional to <4y?) of Van Vleck.1!” 
In this case the overlap integral will give a fairly good measure of the cross relaxation. 


§4. Consideration on the Fourth Moment 


In the previous section the shape of gag(v) is assumed to be Gaussian. But in principle: 
all higher moments are necessary to determine the exact shape. If we confine our attention. 


to the interval of » not far from the center, the second and the fourth moment will suffice. 
to outline the shape. 


If we write 
aa SS “N “N _— we 
U=4 (1 €i)9-CA FA) FA, 


the total fourth moment is given by 


hve) =THL SL U-U PPT ai} . 
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Here we consider the parts of <4y%,2) and <4vag> which are independent of the dilution vp 


and much greater than the remaining terms for f<1. Then we have after some elementary 
computations, 


hi Avg) = Sy BCD Bie (35) 
For the diluted magnetic lattice mentioned in (i) (a) of section 3, we have 
(Avepy =1.35[(dvee>l? , 
and for the case (i) (b) of section 3 
<Avap>=1.44[ (Avie) . 
If the shape is Gaussian we should have!” 
(Avap>=3[(dveerl? , 


hence in the present case the shape will be roughly Gaussian, but will take slightly less 
value in the wings. 


$5. Cross Relaxation Time 


According to the discussion of the previous section in terms of the moment method the 
cross relaxation time is obtained as follows: 
From (3), (4) and (31) and considering that 


> |AisP =f DY | His? 
*} a 
we have 
DS wy=f-y hg 4B gap(v=0) DY (1—3ris)riz , 
J “ 
and from (12) and (26) this expression is reduced to 
Dd Wij= 14-9 +b) Sag(v=0) , 
ri 


where it should be recalled that <4v®) is the second moment of Van Vleck.’” To see the 
relation between the results of the moment method and the overlap integral, we use the 
notation (32), then it follows that 


DS wij=2.8y -[2¢4v?>]*/24-! exp {—(va—vp)?/40%{Av?>} . (36) 
j 
‘The cross relaxation time 72: is obtained by 


Ds Wij 
d 


il 
QT =¥ wes Py 


and hence by 
=1 
Ta=(F Emu) - (37) 
jy 


The result of overlap integral is obtained by equating A4=1 and may agree” with some ex- 
perimental results of the dilute salts of Ks(CoCr)(CN)s. In general, however, the cross relax- 
ation time with 2=1 gives far longer times than those required by the experimental results, 
and it is necessary that 4 is greater than unity to satisfy the requirement. ; In this situation 
BSPA suggested that the relaxation is mainly taking place through the ions with nearest 
one neighbor in the diluted salts and showed the formulae 
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To1=(Zf Ava aie exp {Z(va—vp)?/2[< Ava? >cone + (Avg? cone] } - (38) | 


This value is obtained from (36) and (37) with 


Ae Aas (39) | 


namely by equating 
2( JZ) AY?) = QZ) AY? eon = Z BK Ava cone ate <Av a onel 


and considering that y~1. 
Our results (33) and (34) are of the same order of magnitude as the above 2?, but may be: 


about one third of the latter. The reason that AS+1 seems to be essentially the same as sug- : 


gested by BSPA. When the value of (34) is adopted we have from (36) and (37) 
T21=0.21 X (9 fZ)-( g*B*h-r-8) exp {(ve—va)?/3.4( g 4B thr —-*) } 


=(7 fZ)-(03/2.5 x 10!") exp {(vg—va)?0°/9.25 x 1074} (40) 


where p denotes the distance of the nearest paramagnetic ions in units of A. Thus if the 
lattice points are populated at random by paramagnetic ions the cross relaxation time To 
increases very slowly with the decrease of the factor /. 

On the other hand if the effect of the dilution changes the location of the magnetic ions 
as if the magnetic lattice were expanded uniformly, then 2 is a constant as shown in the 
previous section and <4y25 is shown to be proportional to the square of the concentration of 
the paramagnetic ions. Thus we see from (36) and (37) that the cross relaxation time in- 
creases very rapidly with the decrease of the concentration of the ions, since <4v?> is in- 
cluded in the exponential function. 


§6. Cross Relaxation in Solid State Masers 
We shall evaluate the influence of the cross relaxation on the solid state Masers. First 
suppose the three level Maser of which the three levels are numbered 1, 2 and 3 from the 
lowest and m1, m2 and ms are the spin populations in the three levels as shown in Fig. 2. 
Let us write X=2/3->) wi; then the rate equations become, at the steady state, 
I 


dns/dt= W13(1—ms) + Ss2(#2—Ms) + W3(I1 —N3—avs1)+ Wos( Me —N3—alv32) + X(n2—N3)=0 , 


dnz/dt= — Wai(mi N3) Wi3(M1 N3 ay31) + Wo1(n2—M1 + avi2) + X (m2 —ns)=0 , 


where we introduce such a cross relaxation that 7(1-2) and j(3-2) transitions simultaneous- 
ly take place and wi;, We: and Ss: denote transition probabilities due to thermal lattice vib- 
rations, strong pumping vf power and signal power respectively, and a=(1/3)Nh/kTz, and 
it is assumed that h(vi2—v2s)/kRTaa0, with Tz the lattice temperature and Tua the final 
temperature after the spin system has come into internal equilibrium adiabatically. Using 
the notations 


Wo1~W=w =(2T:1)+, X=(2T21)- 


we have from the above equations 


Fig. 2. A three level Maser system used to illust- Fig. 3. A push-pull Maser pumping scheme. 
rate the relaxation processes. 


\] 
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Vi2— V3e 


23—-N2= 


6kT (1 +27:1/3T21) + T1°Ss2 


(41) 


where Tx=Taa=T is assumed. For the push-pull four level Masers as shown in Fig. 3, in 


the same way we have 


Nh 


N3— N2= 


, y , , 
W 12V12+ W343 + W414 — W323 


ART wy + wis t+ Wit (wos +2 Swe) +See 


again using the notations 


Wis ~W1 ~W32~Wy22=W’ =(2T1) , (olay e eee Laws and W11/w'=y , with Ole 


we have 
hN (41 +2v12) — Ve 
N3—N2= 
Meee Ae Tumale 29) oT Ae OMG ey) 
where the cross relaxations are due tosimul- Obtained the following values: 22 


taneous flips 7(1-2), j(8-2) and 
j(3-2). 

It is well known that the spin-lattice relax- 
ation time 7: rapidly decreases with the in- 
crease of the temperature, but the cross relax- 
ation time 72:1 is independent of the temper- 
ature. We see therefore from (41) and (42) 
that under certain conditions we would obtain 
a better Maser action in a relatively high 
temperatures. This presumption was verified 
by Maiman” using the ruby Maser with 
(nominal) 0.2 percent Cr ions operated at 77°K 
and further by Ditchfield.’ The signals were 
in the X band and the root-gain-bandwidth 
products were 14 Mc/s and 22 Mc/s respective- 
ly. Maiman suggested that the success of 
the Maser is due to the effective control of 
the cross relaxation. For their push-pull 
scheme, the pump frequency v» is roughly 
related to the signal frequency vs as follows: 


Vp=1.9ys+5.8 (kMc/s). 


Therefore for vs=9 we have vp,=22.9 and 
hence 


(3-4), 


ye(1>2)—va(3>2)=4.9 (kMc/s). 


It is surprising that the cross relaxation is 
effective for such a great difference of tran- 
sition frequencies, therefore a close exami- 
nation is needed. Maiman measured 72: and 


sec. and ~10-*sec for f=Cr/Al=(ominal) 
0.2% and 0.6% respectively. In ruby the 
lattice sites of Al (and hence or Cr) have the 
near neighbors as shown in the following 
Table I. 

According to Rimai!?) et al, the nearest 
neighbor is strongly coupled by the exchange 
interaction and they form rather the molecules 
and further other antiferromagnetically cou- 
pled pairs with smaller exchange constants 
appear to be present. In addition there is 
an evidence for the existence of ion pairs 
coupled by weaker ferromagnetic exchange. 
These will give rise to different spectrums 
from the ordinary resonance lines and should 
probably be omitted from our considerations. 
Thus we tentatively adopt Z ions at the dis- 
tance of 0 A as the effective nearest neighbors 
and ignor the exchange effect. The real con- 
centrations of Cr are assumed to be one half 
the nominal. 

Fortunately the 7 and f values do not 
greatly influence the Zz: values. We obtain 
from (40) with y=1 the values of 72: shown 
in Table II. These values are very rough, 
however, it may be of interest to note that 
the values of the first two lines are inter- 
mediate of the observed values. It is likely 
that the cross relaxation would take place in 


Table I. Distances and Numbers of the Near Neighbors. 


Distance (A) | geison "|. 12-81 


218 | ale Sle chit | 


Number 


3 | 6 (ea | 8 
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Table Il. The Cross Relaxation Time 72; for the 
Assumed Nearest Z Neighbors at the Distance 0. 


0 | Z f=10-3 f=3x10-8 
i a 4 3.4.x 10-8sec | 1.1 10-6 sec 
3.78 | 1 |. 3.7x10-4 1.24% 10-4 
4.77 | 6 1.4x10+6 | 4.71X10+5 


this fashion. Further study is still necessary 
to confirm the present estimation. 


§7. Concluding Remarks 


The theory of cross relaxation has been 
discussed on the paramagnetic salts in 
general use for solid state Masers. To eva- 
luate the rate of cross relaxation, it is neces- 
sary to determine the shape function. Under 
consideration of the crystalline electric field 
and the applied magnetic field we estimated 
the shape function in terms of the moment 
method. The obtained second and fourth 
moment for the diluted salt show that the shape 
function is nearly Gaussian but takes slightly 
less value in the wings. When the para- 
magnetic lattice sites are randomly populat- 
ed the second moment is much greater than 
that deduced by the overlap integral of ob- 
served resonance shape functions. This was 
already suggested by BSPA on the supposition 
that the cross relaxation takes place mainly 
through the ions with one nearest neighbor. 
However our second moment is about one 
third of that suggested by BSPA and to 
some extent influenced by the orientation of 
the applied magnetic field. In this case the 
cross relaxation time will slowly decrease in 
proportion to the concentration of the para- 
magnetic ions. 

On the other hand if the effect of the dilu- 
tion were to expand the magnetic lattice 
uniformly the cross relaxation time rapidly 
decreases with the increase of the concentra- 
tion of the paramagnetic ions. 
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The cross relaxation in the ruby Maser 
which is succesfully operated at the liquid 
nitrogen temperature is briefly discussed. In 
spite of various unknown factors it is likely 
that the process is effective also in this case. 
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Characteristics of a low frequency beam-type maser is discussed. A 
particularly interesting phenomenon is a breakdown of the adiabatic 
focusing approximation. Theories of electro-static focusing and the line- 
width of the low frequency transition are obtained by taking into con- 
sideration the effect of transition induced by the Stark field which changes 
with time on a moving molecule. 

Saturation of the effective number of focused molecules with the focuser 
voltage is calculated. The induced radio-frequency transition of a mole- 
cule in a mixed state is calculated and the line shape is shown to be the 


same as for a molecule in a pure state. 


Introduction 


§1. 

An exploitation of a low frequency spectro- 
meter has been carried out, because some 
interesting transitions of molecules fall in the 
megacycle frequency range. The low fre- 
quency spectroscopy has become feasible by 
using maser actions such as a three-level” or 
a beam-type” maser. In a _ conventional 
spectrometer the intensities of the spectral 
lines become weaker in the lower frequency 
range because they are nearly proportional 
to v?. In the maser spectrometer, however, 
the intensity does not decrease so much at 
lower frequencies and the noise figure of the 
amplifier is smaller than that in the micro- 
wave range. Thus, many of the low fre- 
quency transitions have detectable intensities 
due to the pumping action in the three-level 
maser or due to the focusing action in the 
two-level beam-type maser. 

The beam-type maser seems to be more 
useful, since it can be operated on two levels. 
Moreover, the focusing efficiency in the beam- 
type maser is very good when the. two 
levels are close. However, some unexpected 
phenomena have been found in the operation 
of a low frequency beam-type maser which 
have not been observed in the microwave 
frequency range. 

A particularly interesting phenomenon which 
is found in the low frequency beam-type 
is a breakdown of the so-called 


maser, 
“adiabatic focusing approximation”. It may 
be called a “non-adiabatic” effect. Some 


years ago a similar problem concerning an 


atomic orientation in a variable magnetic 
field was discussed.®)“).5)* It was solved, how- 
ever, for a special case of the magnetic field 
and their solutions can not be adapted to our 
problem. 

Another phenomenon is an effect of the 
transition field between the focuser and the 
resonator. Because of the strong perturbing 
field on the molecule, the adiabatic approxi- 
mation that the molecule does not make tran- 
sition during a flight in this region becomes 
poor when a low spectral frequency is studied. 

Theories of the focusing and the spectral 
line-width have already been given on the 
assumption of adiabatic behavior. It is the 
purpose of this paper to discuss how the 
focusing and the line shape are affected by 
the breakdown of the adiabatic approxima- 
tion. The experimental results on these 
problems in the case of K-type transitions of 
formaldehyde molecule will be compared with 
the present theories in the forthcoming paper. 


§2. A Breakdown of the Adiabatic Focusing 
Approximation 

A schematic diagram of a low frequency 
beam-type maser is shown in Fig. 1 of re- 
ference (2). Molecules issue from a beam 
source consisting of a number of fine tubes 
into the focusing region. High d.c. voltage 
is supplied on the focuser. The inhomogene- 
ous field inside the focuser is formed so that 


a T he authors are grateful to Professors W. A. 
Nierenberg and W. E. Lamb for notifying these 
references. 
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the molecules in the upper state can be de- 
flected towards the axis and those in the 
lower state away from the axis. 

The rf signal valtage Vo cos wt=Ed cos wt 
is applied between the electrodes of the 
parallel-plate condenser which corresponds to 
a resonant cavity in the microwave maser. 
Here £ is the rf field strength and d is the 
separation of the electrodes. The molecules 
make transitions inside the condenser being 
stimulated by the rf electric field at a proper 
frequency. The theory of sensitivity of the 
low frequency beam-type maser spectrometer 
has already been discussed.” 

Now consider the states of molecules in the 
perturbing field of the focuser and that in 
the transition field between the focuser and 
the resonator. Because the gas pressure in 
the focusing region is low, the molecules do 
not collide with each other and it is assumed 
that the state of molecules is not disturbed 
by molecular collision. 

The focuser was constructed from a even 
number of cylindrical rods. The electric field 
strength inside a 2n-pole focuser can be ap- 
proximated by an expression”, 
yr 
oR bal) 
where FR is the radius of the focuser and V 
the total voltage applied on the focuser. 
Therefore, if the Stark effect is such that the 
energy increases with the electric field, the 
force acting on the molecule is directed 
toward the axis and proportional to the 
gradient of the Stark energy. It is depend- 
ent only on 7 and not on @ of the cylindrical 
coordinate. The direction of the electric 
field at any point in a meridional plane is 
same. 

As shown in the following section, a simple 
analytical expression of the molecular tra- 
jectory can be obtained only for the case of 
a six-pole focuser. The components of the 
electric field in a six-pole focuser are 


Ez,=a(x?—y?*) 
Ey=—a(2xy) 
E—0 
in a cartesian coordinate, where z is the 
direction of the axis. Then the ratio of E, 
and £y, (the direction of the electric field), 
Ea lee ty is) 


Ey) = 22m 


En=n 


V, 
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is constant, since y/x is constant for the 
molecule in a meridional plane. 

When the molecules move in the plane, 
the direction of the electric field seen from 
the molecules does not change. Therefore, 
the transition between different M states 
induced by the focusing field is not considered 
here. 

When a molecule passes through a electro- 
static focuser the electric field seen from the 
moving molecule changes with time during 
which the molecule takes from the start. A 
criterion for the adiabatic focusing approxi- 
mation such that the molecule does not make 
any transition during the flight through the 
focuser and that the molecular state itself 
slowly varies according to the Stark field, can 
be expressed by 


h OH’ 
aaa at ) <i. 


where (OH’/Ot)12 is the matrix element of the 
time derivative of the interaction Hamiltonian 
between the two unperturbed levels. For the 
six-pole focuser this expression is reduced to 
a simple form after some manipulations. 

oo AW 


Wo hao 


(2) 


<1, (3) 


where we is the angular frequency of the 
perturbing field seen from the molecule and 
@, the molecular transition frequency between 
the two unperturbed states. The value of 
the left-hand side of the formula takes an 
order of 10-7 to 10-® at a microwave fre- 
quency near 20Gc, while it takes a value 
from 1 to 10 at a radio-frequency of several 
megacycles. This shows that the adiabatic 
focusing approximation is not good in the 
low frequency region. 

The perturbing term in the Hamiltonian 
depends on the trajectory of molecules in the 
focuser. Since the intensity of the electric 
field is a function of 7, the time dependent 
perturbing Hamiltonian can be expressed by 
an explicit function of time from a solution 
of the molecular motion in a form rt). 
Strictly speaking, however, the Schrédinger 
equation and the equation of motion must be 
solved simultaneously, but it would be labori- 
ous to do so. 

As a first approximation, the trajectory of 
molecules is solved using the potential func- 
tion which is the Stark energy of the mole- 


1961) 


cule in the “ pure ” (unmixed) rotational state. 
Subsequently with the perturbing Hamiltonian 
which is constructed from the molecular 
trajectory a time dependent Schrédinger e- 
quation of the molecule is worked out. 


§3. Schrédinger Equation of the Molecule 
Approximate solutions of the differential 

equation of the molecular state in the perturb- 

ing field are given in the case of the six-pole 
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i) Schrodinger equation of the perturbed mole- 
cule 

In order to describe the molecular state 
under the time dependent Hamiltonian H= 
Hy—pE, a set of convenient basic functions 
must be chosen. 

Assume that only two levels* take part in 
the problem, and the wave function of the 
molecule may be expressed by a linear com- 
bination. 


‘focuser. 


; 2 , w 
b=arlt)ur(t) exp i i Wilt dt’ |+an(OunW exp le oa Wa(e)at | (4) 
0 0 
This expression is very convenient in studying “non-adiabatic” behavior of the molecular 
state in the focuser. 
In Eq. (4) Wi(¢) and W2(¢) are solutions of the instantaneous stationary problems, 


H(b)un(t)h= Wr(buntt) . (5) 


They are written explicitly as follows: 


WiQ) => Wit WV +47 EO) J , | 


| (6) 


where W,° and W2° are the rotational energies of the molecule at zero field and 06= W2°— W,°. 
Here p12 is the dipole matrix element of the molecule and is proportional to the matrix ele- 
ment of the direction cosine, when the direction of the electric field seen from the molecule 
does not change. In Eqs. (5) and (6), ¢ is not considered as a variable but a parameter 
which corresponds to the position of the molecule. The basic functions w(t) and ue(¢) are 
the solutions of Eq. (5) and are the instantaneous stationary wave functions of the molecule 
in the Stark field, including ¢ as a parameter. In Eq. (4) a:(f) and a(t) are the probability 
amplitudes of u(t) and w(t), respectively. 
The Schrédinger equation of the molecule, 


i 
2 

i 
2 


Wilt) =—[ Wio+ Wo + Veda EO |, 


in 2? — H@)d ; (7) 


ot 


is reduced to simultaneous equation between the coefficients ai(t) and az(¢), on the assump- 
tion of two levels and with an additional condition concerning the phase of the wave func- 


tions given by 


(8) 


fin" a ae—0k 


Substitution of Eq. (4) into Eq. (7) gives after some manipulations 


a= Z(H) exp [— | at fa 


hw 12 


(9) 


and 


* For example, the nearest another K-type doublets lies 3x105Mc apart from the J=4, K_,=3, 
doublets in the case of formaldehyde molecule. If the perturbing field does not mix the different W 
states, only two levels are taken into consideration. 
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wo E(B) ro[ fa oi, : 


where 


OH OH 
ho(t)= W:2(t)— Wit) and a )= feat at U2at . 


Basic functions w:(f) and u(t) can be taken as real functions and written explicitly as func- | 
‘tions of the field strength E by ) 


wt{E(t)}=a(E)ur+ OE )u2° (11) 
u{Et)}=—b(E)uvr+a(E ue’ , (12) 


where w:° and u2° are wave functions at zero field and a(E) and b(£) can be written as real 
functions of E 


_ [VEEP 4a\"" 
a= {ee | 

“SV Fee <2)? (13) 
OE eaccr | 
(EY OE) =1. 


It should be noted that Eq. (8) is satisfied with these basic functions as follows: 


| es oe ioe \ ame bu)( 3 ms + bis ae 


1) 
Ouz 


Ot 


By eliminating a2(f) from Eqs. (9) and (10) a linear differential equation of the second 
order for ai(t) is obtained: 


dct=0 is also satisfied. 


Similarly, | u2* 


Z +(w i a @/0t(OH/At):2 ) a , @HIdt):OH/At)a. |, 


(H/at)12 hw? aE Oe 


In order to obtain explicit expressions of _. 3 ee and See : aH ‘uodt is dif- 
Ot 12 ot 21 Ot ot 12 


ferentiated by 7*. 


Our 
Ot 


A’uedt — faa ue 


| cc era Ae |e wde—| pa (15) 


ot Ot 


If the direction of the electric field seen from the molecule does not change, 
[uo uae [%(— pads = —Ey. < 


where /12 is the dipole matrix element on the base of wave functions at zero field and is 
proportional to the direction cosine matrix element. 
By differentiating Eqs. (11) and (12) 


oe = aur +bus 


* Because Hy is time independent, it is apparent that 0H/dt=0H'/ot, where H=Hy-+H’. 
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and 
= = —bu.+aur 


are obtained. From these equations 
Ou1 , 2 i 
“a urdt = | n* bu) —pE)(—bu + ans®)de 
= (aa—bb)(— Ey) (16) 
Ou A wee 
[uit 2 de=(aa—bi)(— Ens) (17) 
and 
[wHwade = | (aui®-+ bus)” (—bu +aur2)dt 
=(a?—b?)(— Ez) (18) 


a Tee: 
= [est uade = (2aa—2bi)(— Epa) + (8D Exes) (19) 


From Eqs. (16), (17), (18) and (19) 


| 1 nde =(a—B)(—Epn) =| 1 de (20): 
are obtained. Then the explicit forms of functions ie) and ai ae ) are written by 
Ot /12 Ot \ Ot /i2 
OH) _ —8pnk 
( dt ie 02+ 42°F? (21) 
oa ( ae) ee (22). 
ot Ot Ji (0? +4122 *)3/2 (02+ 4122F ?)1/2 ‘ 


where E is the electric field strength seen from the moving molecule in the focuser and is. 
a function of time. Also, » and » are functions of time as follow: 


ho=V 0 +422 EF? (23) 
. Ap2EE 

ee 24)» 

Le V 84422 E? ( ) 


The differential equation of a(t) is obtained from Eqs. (21), (22), (23) and (24) 


“4 ih — oS 8122 EE E . OE? 4 
i % 2 PE TTP 25) 
a+(s V 04-42 E? + 32442 E? =i oh (42k (25) 


ii) The trajectory of molecules in the focuser 
The Lagrangian of the molecular motion in the focuser is written in a cylindrical coordi- 


nate as 


Lame tre t2)—U@) 


where z is the direction of the axis of the focuser and 7 is perpendicular to z. The poten- 
tial U(r) is the Stark energy of the molecule in the focusing field. For a slightly asym- 


metric top molecule, when yo is much smaller than the Stark energy*, the potential in the 


* In more correct words the Stark energy is linearly proportional to the electic field strength. 
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2n-pole focuser is written by* 
Us 3-81; 


MK nuVv eo Diy teen A 
here Bn= and the permanent electric dipole moment of the molecule. An 
where Bn JJ+) 2R" 2) p | 
upper sign is for the upper state of the molecular energy levels, and vice versa. 
For the molecule in the upper state Lagrange equations are integrated and become 


mr*6=constant=j (26) 

mz=constant=mvz (27) 

r=)? 2 { - ( il 1 ) Ba(ret—rt | ; (28) 
m\ilm\rn 7 


where vp is the v-component of the initial velocity of the molecule, and 7% the initial value of 
r. Reverse the sign before Bx, and the equation for the lower state molecule is given. Eq. 
(26) shows a constant angular momentum motion around the z-axis, while Eq. (27) shows a 
constant velocity motion along the z-direction. 

The integral of Eq. (28) can be written in a form, 


dr 
a (29 
eo | g(r) 


This integration can be expressed by a simple analytical function only for the case of six- 

pole focuser. In the case of eight- and ten-pole focuser the molecular trajectories are ap- 

proximately expressed by eliptic functions. For the sake of analytical treatment of the dif- 

ferential equation, the molecular trajectory is discussed for the six-pole focuser as follows. 
When u=3 (six-pole focuser), from Eq. (28) g(r) is given by 


it = eee 
B= Vi ar For —e : (30) 
where 

_ 28s 

m 
b=ve+— al i (31) 

MP0” m 

Sais 
On 


Then, the integral of Eq. (29) becomes 


pin VERE int 9) /G +h) « (32) 
2a 2a 
The focusing criterion is expressed by 
2c 
2 yet ae a ep 
Tenax O17 b= dac SR (33) 


In a usual experimental condition it may be assumed that the angular momentum of the 
molecule, j, and the initial value of v-component of the position vector of the molecule, 7, 
are very small. When j and 7 are negligible in the expression of b and ¢, Eq. 3) is*re= 
written by 


* This expression is correct, when the direction of the electric field seen from the moving molecule 


does not change and the matrix element due to the perturbing interaction is proportional to the direc- 
tion cosine matrix element. 
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aL Pee 


Vo M. 
&. 2OF set Jat) 


UE max > 


where Emox=EV=R)=——, Similarly, the solution for the lower state molecule is 


ots Ao eK. if 
pp EARE cosh 2V/ a (t+to) — - (34) 


? 


where 


ba 2 
bo =v? + Z aa Bs%o? 6 
MV o m 


For the molecule which satisfies the condition, 3mvo?=Emax, the trajectories are simply 
expressed by 


- =sini/qt (35) 


on =sinh)/qt . (36) 


Then the explicit form of the time dependent perturbation Hamiltonian can be constructed 
from the trajectory of the molecule. 
When u=3, electric field strength and its derivatives can be written analytically by 


E=E:—E, cos wet = Eo(0—cos wet) 
E=weEy sin wot (37) 
E=w6°E, cos wot , 

where 


A, 


‘pies 3V VB 4ac | a SVB DS, ive Ey 


= LO oe Cr dido= 
2R® 2a SR Oy ibn ae 


wo=2Y/ a ? 
iii) Approximate solution of the Schrodinger equation 
Now the differential equation is solved for the case of six-pole focuser. The electric field 
E is given by Eq. (37) from the trajectory of the molecule, so that the analytical expression 
of the differential equation can be obtained. 
Substitution of Eq. (37) into (25) becomes 


@ar ene i Vid cele 8x1? sin 6(cos O—o) —cot é ) da: WX" aig 0 a=0, (38) 
de? we F do F 
where 
0=wet , m=Eou/h , and F=o,?+4x1?(cos 0—0)? . (39) 


a) When @ is small so that the coefficient of a: in Eq. (38), 
oo2xX12 sin? 6/F? , 


may be neglected compared with unity, Eq. (38) is reduced to a differential equation of the 


form 


aar - Wo da: _¢ 40 
i +(i a cot 0) ; (40) 


Here the second order terms of @ in Eq. (38), is neglected and it is taken that F=a,? be- 
cause for most of molecules p is nearly equal to unity. It should be noted that a: is still 
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very small for a small value of @ in this approximation when the initial condition is ai=0, | 
while da:/d0 or d?a:/d0? may have finite values even for a very small value of @. 
By integrating Eq. (40), one obtains 


& —B, 
1—(@o/we)? 


a1 
(a) 


(cos G+j—2 
7) 


sin 0) exp ( — ee (41) | 
Wo 


and a similar expression for a. With the determined constants from the initial condition, 
for a very small value of 6, the approximate expressions of a: and dz are 


a= Bong | 
(42) . 
— 11 ( #Eo "4 
a2=1 2 ( 3 ) 6 


or 


(43) 


= =i Hs Vote O(6*) 


Wo 


Since we is proportional to the square root of the focuser voltage V, ai? increases in pro- 
portion to the square of the voltage V and to the fourth power of f. 


at 16( 2 Mea ee See 


The criterion that the above approximate solutions are applicable is roughly given by 


(45) 


A typical value of /x: takes an order of 10-? for the /=4, K-1=3 transition of formal- 
dehyde molecule. 

b) When the transition frequency is so low that wm<x: but @ is not very small, the dif- 
ferential equation, Eq. (38), can be integrated, when 


@o” sin? 0 
16x1?(1—cos 6)? 


so that the third term in the differential equation can be neglected. 
By taking F=4x,?(1—cos 0)?, it becomes 


ag: | ees _ 2ix:(8—sin 8) 
= Ail, sin‘(0/2) exp | ae |e (46) 


<1 


where @>>6o0. and @o0 will be defined later. 

Because the typical value of x:/we is of the order of 10* or more, the second part in the 
integrand of Eq. (46) is a very rapidly varying function compared with the first part. It 
may be reasonable that the first part is replaced by its mean value in the interval of the 
integration and can be factored out from the integration. Then, 


a= —58-AiF@O) { exp | ~ 72+ (0-sin 8) |-exp| - #40,—sin 0) {ie (47) 
where 
| f (Odo . 
F@O= 99 and f0= Asie. 


(@—4) (1—cos 6)8 * 
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Multiplied by a:* Eq. (47) becomes 


We 


|ai/?= 


P F7p\2 2X1 4 : 
xe |Ai|? #@) {1—c0s a (@—6)—sin 8+sin a.) ; (48) 
Since the second term in the parenthesis is a rapidly varying function, even for a “short 


time ” this term may be averaged out. Then it gives the “non-adiabatic” effect by the fol- 
lowing expression. 


we" 
Die 


ja?=— | Ai? FO) . (49) 
Since e is proportional to WV, it is readily seen from Eq. (49) that |ai|2 is proportional to 
the focuser voltage V, when the value of @ is not small and o<n. 

The approximation is considered to be good when 6)<6o0, where 0 is given from 


4x1 bid sin Boo 


Be, KL —COS Gon)? * oy, 


For a typical condition that 4x1:/o.=1.710* for the J=4, K-:=3 line, a value of O00 is about 
10 10-*; 


§4. Effects of the Transition Field Between the Focuser and the Resonator 


The transition field between the focuser and the condenser also disturbs the molecular 
states appreciably. When the molecular transition frequency is low, this effect is con- 
siderably large as shown below. A simple criterion of this effect is given by a comparison 
between » and 1/f, where to, is a time of flight of the molecule from the end of the focuser 
to the entrance of the resonator. 

i) Sudden approximation. 

If the time-dependent term’in the Hamiltonian of the molecule changes with time very 
rapidly compared with the molecular frequency, any appreciable change of the molecular 
wave function does not occur, so that qdnai can be equated to Winitial, which is the wave 
function of the molecule at the end of the focuser, 


Pinitial=G(E1)us(Ee-*?1 +. aa (ts)ua(tie*?2 , (51) 


where f: is the time of flight in the focuser. The coefficients a: and a: are taken as real 
quantities and their phases are included in ¢: and ¢:. 


When 2 


. St is satisfied, g:1 and g: are approximatly written by 
Wo Wo 


tJ 
a= G Widt 
: (92) 
=|" Meat 
G2.>= ‘ h 2 . 


The wave function of the molecule at the reasonator inlet (f=0) is* 


Penal =1°U1° + a2°U2? , (53) 


where w:° and m° are the molecular function at zero field. 
Then on the assumption of sudden approximation 


as(ts)us(ts)e~ 1 + aa(ti)uta(t1)e2 = asus" + 20a? , (54) 


* This is also the initial state of the molecule for the Schrédinger equation of the molecule in the 


rf field in the resonator. 
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where w: and uw are expressed using zero field functions by 

Lae al 0 / 0 

U1=@'Ur+b'u2 \ (55) 
U2=—b'ur°+a'u2° 

Here a’ and BD’ are given by Eq. (13), when E is replaced by a value at the end of the 


focuser, E’. Multiplied by w:° or mw2°, Eq. (54) becomes after integration over the space co- 
ordinates* 


a9=aia'e-*? 1 — abe *2=€e""1 | 6) 
a2°=aib'e-*?1 + aaa e~* 9 2= he2 
or 
|a19|?=as2a’?+-a2°b? —aiaza'b’2 cos (¢2—¢1) =6? | on 
|a2°|?=a1?b"? + a2?a"? + aiaza’b’2 cos (v2—g1) =A? . 


For the case of a six-pole focuser, the field strength seen from the molecule is given ap- 
proximately by 


1 al) 
=— Mv" sin? — , 
E A 0 5 
The value at the end of the focuser is approximately 
EK’ =—mvp-¢ : 


since the value of @ is approximately z near the end of the focuser for the typical values 
of molecular velocity and the focuser voltage. 


The phase difference, g:.—¢1, is calculated approximately as follows: 


i). Re 
a= (W.— Widat = | 
nN 


ty 


/ ot+4atsint $d0= 4a (58) 


0 we 


Since this value is very large compared with z, cos (¢z:—g1) becomes nearly zero by averag- 
ing it over various molecules. Then Eq. (57) becomes 


la= 541 ee 27a} 


DKA 
and 
1 Wo 
ii Sese — 1-272 
|a1°| at ee 9h 
where 


7? ={a hy)? and 1—7?={a2(ts1) ° 


It may be noted that as shown in the equation, the effect of the fringing field also occurs 


even when 7?=0 such that the molecule can be focused adiabatically. The line intensity is 
proportional to 


Wo 
2X1 


|aa°? la? |? = A272) (59) 


The line disappears when 7?=3, that is, when the molecular state is completely mixed up 
in the focuser. 


ii) Corrections due to finite time of flight 
Because the time of flight in the transition region is not equal to zero, the wave function 


* la."|2+|a29|?=a.2a’2-+ 022’? +a7b!?-+as%a!?=(a2-+a,%)(a/2+'2) = 1. 
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of the molecule changes with time during the flight and the wave function at the end of 

focuser, Yinitial , is not equal to that at the inlet of resonator, nai, but somewhat different. 
‘it the perturbing potential V(t) is commutable with the unperturbed Hamiltonian Ho, this 

difference of the wave functions is expressed by a phase factor of 


bo 

exo| | ‘vioat | t 
ih ty 

Then Eq. (51) is replaced by 


1 (te 
ie =exp| Vit) dt | -Pinitia 
h by 
1s Ha2 U2 = are" 1+ P44 + aoe-HP2*Poy49 , (60) 


ae! an 
a.=,| (dt 


ty 


 ynd 
a=;,| Wat 


ty 


and W'‘(f) and W°(¢) are the eigen values of* 


VOui= W'(b)ur \ (61) 


V@uz= W*(t)us 


It is readily seen from a comparison of Eqs. (51) and (60) that the expression revised by finite 
time correction is similar to Eq. (51), where ¢g: should be replaced by gi1+f: and g2 replaced 
by g2+f2. 

In order to estimate the validity of sudden approximation, the electric field is assumed to 
change linearly in the transition region between the focuser and the resonator. Then the 
argument of cosine function in Eq. (57) becomes 


(2+ 8) —(or+ Bi)=m( * +t) 

(7) 

‘The first term in the parenthesis is nearly a time of flight for the length of the focuser 
under a typical condition stated before, and the second term is that in the transition region. 
For the /=4, K-1=3 line of formaldehyde molecule, 


 _~1.3x10-* sec 
we 


foeleoex Ome Sec™ 


This estimation shows that the sudden approximation is good in this case. 


$5. Number of the Focused Molecules and Saturation Characteristics with the Focuser 
Voliage 

If the upper state is mixed up with the lower state by the perturbation of focusing field, 

the trajectory of the molecule should deviate from that of the molecule on a pure state and 

hence the flux of the focused molecules differs somewhat from the expression obtained on 

the adiabatic approximation”. In other words, some molecules in the upper state make 


* Strictly speaking, Eq. (61) can not always be solved as quasi-stationary problems in the similar 


way as in Eq. (5). 
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transitions to the lower state in the focuser and they are defocused. In addition, the num- 
ber of molecules which interact with the rf field as the upper state molecules are effectively” 
less than the number of focused molecules because molecular states are not pure at the reso- 
nator inlet. This reduced number of molecules is called hereafter an effective number of 
focused molecules. 

From a kinematical consideration on the adiabatic focusing approximation, the flux of) 
focused molecules by a six-pole focuser can be calculated by using Eqs. (35) and (36) 


| 


Ae aR? dal? | 
=—— [V2 a — 62) 
n= YE Ni(1—exp [ — SE ])(1-exn | — ee |) (2) 


where A; is the inlet area, N2 the number density of the upper state molecules, and / the: 
length of the focuser. This expression is essentially the same as Eq. (3.9) in reference (7). 

In order to take the “non-adiabatic ” effect into consideration of the focused molecules the- 
focusing field is treated at first, and secondary the fringing field. Because of the mixing; 
of states induced by the perturbation of Stark field in the focuser, the effective force which- 
acts on the molecule differs from that in a pure state. The expectation value of the poten - 
tial energy of the molecule in the mixed state can be expressed by 


Uete=la2(f)|?U2tlaD?Ui . (63)« 


Since the Stark effect is approximately linear in the low frequency maser? the effect of 
mixing may be calculated by using the effective dipole matrix element which is obtained! 
from Eq. (63) by 


Mett={1—2|ai(f) |? } ae . (64) 


This may be interpreted as the decrease of the number of molecules in the upper state and. 
the increase of that in the lower state. It is seen from Eq. (64) that “2 decreases monoto- 
nously with time as the molecule proceeds in the focuser. It is too difficult to obtain a(t)’ 
from the Schrédinger equation, because the perturbation field must be solved simultaneously~ 
with the equation of motion. 

Since the argument of the exponential functions in Eq. (62) are small in a ordinary condi-. 
tion, the number of focused molecules is approximately proportional to eg?. Although ef iss 
not a constant during the flight of the molecule, a plausible estimate can be obtained by a. 
certain average of wef. As shown in Eqs. (44) and (49), |ai|? is proportional to V2? when @” 
is very small, while |a:|’ increases linearly with V when @ is not small. Then the rough: 
estimate of the number of focused molecules is expressed by 


won} “ 


where 1<&<2. In a low frequency maser with V~10kV, »S10Mc and w2~1 Debye, E iss 
nearly equal to 1. 

Since some of the upper state molecules make transitions to the lower state by the per-. 
turbation of the focuser and its fringing field, the effective number of focused molecules. 
should decrease. This effect is supported by the experimental evidence that the saturation. 
of the effective beam flux with the focuser voltage decreases considerably as the distance: 
between the focuser and the resonator increases. 

Because the focused molecule is partially in the lower state as given by Eq. (53), the: 


ie number of upper state molecules in a unit time is given after some manipulations... 
We 


Nett=n' (1—2E?) , (66)») 
where 


5! Wo 
SS Naga yy 
2 { Bary | 41 y} 
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[is the probability amplitude of w:° in Eq. (53) at the resonator inlet. Since 7? is proportional 
| to V near the end of the focuser Eq. (66) can be written by 


/ Se Wo V 
n 1—2;2 
fn S127) =n (1 on (67) 


| ‘Therefore, from Eq. (65) and Eq. (67) the effective number of focused molecules in a unit 


} time can be written by 
VY V 
=n 1 — Lo. 
rent -(G7) b-ze) (8) 


| where 7 is the beam flux on the adiabatic approximation. The expression shows a satura- 
tion characteristics with the focuser voltage. 


»$6. Line Shape of the Molecule in a Mixed State 

In this section the transition probability of the molecule in the rf field in the resonator is 
| discussed. The induced transition by the rf signal has a different transition probability from 
/ that on the adiabatic approximation, when the quantum mechanical state of the molecule is 
} not pure but has been mixed by the perturbation of the focusing field. 

» As seen in the preceding sections, the molecular state at the resonator inlet is not pure 
+ but mixed to some extent. The initial molecular state at t=0 is expressed by 


Po=a1ur>+a2°U2° 4 
' The Hamiltonian of the molecule in the rf field, Ecos (wt+%), is 


__#E {eters 4 g-totsO) (69) 


H=H,—vE cos (ot +%)= 


Here x is a phase of the rf field at t=0, when the molecule enters the resonator. Express 
| the molecular state in the rf field by* 


b(t) =ai(b)ur.e!W1/ ®t + ao(bur.et W 2/ #t 


f 


‘and the Schrédinger equation is reduced to the differential equations for a:(¢) and a:(¢), 


y= He Ho oot ay \ 
(70) 


ai =p teehee OC Fs 


Here x=Eyun/h and non-resonance terms such as exp [+7(@+,)t] in the differential equations 


are neglected. 
The solutions of the differential equations can be expressed by the following forms, 


a= A: exp (iast)+ Bi exp (ta@-t) \ a) 
d2= Az exp (ta+’t)+ Be exp (ta-"t) , 
~where 


At == (o-oo) V (oo)? +7} 


as’ =F {0-0 £V (o-oo) #7} ; 


% Though the same notations, ai and dz, are used in the former section for the states in the focuser, 


they should not be confused. 
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Substituting Eq. (71) into Eq. (70), the coefficients in Eq. (71) are determined as follows: 


_ Xa2° exp (i%/2) + 2a_ai° exp (—7%/2) 
ys 2V x?+ dw? | 
—xa2° exp (iz/2)+2a+a1° exp (—7%/2) | 

2V x? + dw? | 


At 


Bi= 


where dw=w—o . The expressions of Az and Be can be obtained similarly. Then, |a:|? is | 
given by | 


|ai|?= Ar Ai* + BiBi*¥+2ReAiBi* exp i(ay—a-_)t | 


= ae {x?+2|a1|?dw?—2xd0|a1°| |a2*|cos 6 


+ [x2(2|a19|2—1) + 2xdw|a19| |a2°|cos 6 cosV x? + dw? t 
—2xV x? + du? |ai"| |a2°|sin 6 sinV x?+ do? t} , (72) 
where 6 is the sum of X and the phase difference between a:° and a:2°. 


When ai° and a@° are written by Eqs. (56) and (57), d=%+6:—0:1. Then 


ai(t1)a2(t1) (a + 5’?) sin Q 
ab’ {ar(t1)? —@a(t1)?} +. ar(ti)ae(ts1)(a’2—b’?) COS @ d 


tan (@2:—61) = 


where ¢=¢2—¢:1 is the phase difference between the two states appeared in Eq. (51). Since 
y is a very large quantity which depends on the molecular velocity and the field in the 
focuser, sing and cosg average to zero by the velocity distribution, so that 6.—6:%0 and 
OZ 

In ordinary cases when the molecule enters uniformly in the resonator, averages of sin 
and cos for all molecules are zero. Eq. (72) becomes 


x?(1— cos x? + a? f) 4 26°(dw* + x? cosV'x? + do? £) (73). | 


lai|2= 
2(x? + do?) 2(x? + dw?) ‘ 
and the emitted power from the molecules is expressed by 
wal tts 4 
A4P=n hy {\as|?— la} =n’ hn 2&7) sin? Mestad Y (74) 


The optimum rf voltage for the maximum output signal is obtained by differentiating 
(AP)?/Pi, where Piccx is the input power for stimulation. 


us 
*opt oan == (> — ale O56 (75) 


The saturation broadened line-width can also be calculated from Eq. (74). 
2A@sat = QV x? SF (dao)? (76): 


Here 4w)/2z is the half half-width of the line at zero field. These are the same expressions. 
as those derived on the adiabatic approximation, the only difference being that the intensity 
is (1—2&?) times. 

It can be concluded that the mixing of states (“non-adiabatic ” effect) does not change the 
resonance width and the optimum voltage when the phase of the molecule is at random with 
respect to that of the applied rf field. However, when <sin 6) and <cos 6> are not zero but 
take some finite values, the saturation broadened line shape is expressed by 


AP xe E+ ee een i 
why x?+do% = 26%) sin? V+ 00 = x? + dw? ©A6C0S O> sin? 2+ dur > 


x : ; 
V4 bore Kin dysin x? +60? t . (77) 
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At resonace when w=, the emitted power is 


4P=n ho] 262) sin? 4 DEX GASS eR | (78) 


The optimum amplitude for finite values of € and <sin o> is given by 


: : : 
Pek IG aa 46.?+1 €&A<sin d> ~1.1656-+1.451 EA<sin 6 


2v AG el Ee" 1267 


(79) 


where higher order terms of €4<sin 0>/(1—26&”) are neglected. 

The saturation broadened line-width due to the rf field can be calculated from Eq. (77). 
The transition probability or the power emitted from the beam is a function of the transit 
time through the resonator. The distribution of the transit time of molecules in the beam 
is not exactly but approximately expressed by an exponential function, exp (—4mt). The 


average of AP is obtained from integration of Eq. (77) using this weight factor. 


1g —262 
Ta a { J 5 #—EdCcos 8)80—E2<Sin a>don} (80) 


Then the total half-width (times 2z) calculated from Eq. (80) is 


2 5 __& cos 0?[x? + (dwo)?] 1/2 
2dosa=2V Goo {1 a [(1—2€?)x/2—€2<sin d)Aao]? \ (81) 


This reduces to Eq. (76), when €=0 or when <cos 0>=0. 
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Density vs. Exposure Curves of a Photographic Emulsion 
for 20~200 kV Electrons 


By Mieko TaKAGI, Norihisa KITAMURA and Setsu MorIMOTO* 


Physics Department, Tokyo Institute of Technology, Oh-Okayama, Meguro, Tokyo 
(Received December 24, 1960) 


Density (D)-Exposure (E) curves measured for Fuji Process Ortho- 


chromatic plates for electrons with energy 20~200kV were given. 


De- 


pendence of developing conditions on D-E curves was also examined. 
At a suitable developing condition, D-E curves for electrons with higher 
energy than 50kV are linear over a wide range of density, and for 
electrons with lower energy they bend over at lower density. 


§1. Introduction 

For low exposures with fast electrons the 
photographic density of some emulsions is 
proportional to the amount of charge per unit 
area which has reached the emulsion during 
the exposure. Making use of this property 
Karle and Karle!’ proposed a method to deter- 
mine the [density (D)] vs. [exposure (E)] curve, 
D-E curve, and their method has been ap- 
plied by many investigators. For intensity 
measurement of electrons by the photographic 
method, the emulsions whose D-E curves are 
linear over a wide range of density are most 
suitable for use. 

Some examples of the D-E curves for e- 


2.0 3.0 4,0 (full curves) 


1.0 (dotted curves) 


0.5 : 
—= E (coulombs/cm®) x 10° 


Fig. 1. D-E curves in the earlier experiments. 
a: Agfa Extrarapid, 72.9kV (Backer and Kip- 
phan [2}) 
Agfa Isochrom, 75 kV (Borries and Knoll [3]) 
ec: Eastman Lantern Slide Medium, 67kV 
(Baker, Ramberg and Hillier [4]) 
d: Ilford Thin Film Half Tone, 66kV (Digby, 
Firth and Hercock [5]) 
e: Ilford Nuclear Research B 2,66 kV ({5]) 
Curves a, b and ¢ were given in D-log E curves 
in the original papers. 


* Now at Ochanomizu University, Tokyo. 


lectrons in the earlier experiments are shown 
in Fig. 1. The extent of the linear portion 
depends on the emulsion. The curves bend 
over at low density for Agfa Extrarapid?) and 
for Agfa Isochrom?), at D=0.8 for Eastman 
Lantern Slide Medium”, at D=1.3 for Ilford 
Thin Film Half Tone*® and at a D value 
larger than 3 for Ilford Nuclear Research B2 
plate». The dependence of the extent of the 
linear portion on the energy of electrons has 
been studied. Digby et al» show that the 
extent increases as the energy of electrons 
increases from 25kV to 60kV. Baker et al? 
show that the extent is the same for 40kV~ 
212kV electrons. 


§2. Experimental and Results 


In this paper the results are given of measure- 
ments on D-E curves of Fuji Process Ortho- 
chromatic plate using a high voltage electron 
diffraction equipment containing two lenses 
and a rotating sector. The D-E curves are 
obtained from the two plates with different 
exposures applying the method proposed by 
Karle and Karle”. On this method an electron 
source with any intensity distribution can be 
used provided that it is stable during the two 
exposures. However, for precise measure- 
ments it is better to use an electron source 
whose intensity changes continuously with 
scattering angle. Such a source was obtained 
by the following method. By adjusting the 
projector lens current so as to give a large 
magnification, an almost uniform distribution 
of electrons is obtained. The electrons are 
partly masked by a rotating sector above the 
photographic plate, and the resultant intensity 
of electrons reaching the plate is nearly, but 
not exactly, proportional to the distance from 
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the center of the rotating sector. 

| Photographic density was read by an optical 
balancing type microphotometer made by 
| Narumi Mfg. Co. The reading of the density 
j had been calibrated by a standard optical 
) wedge made by Riken Co. The D-E curves 
| are obtained from two plates with different 
| exposures applying the method proposed by 
| Karle and Karle”. Fig. 2 and Fig. 3 show 
| D-E curves for Fuji Process Orthochromatic 
| plates developed for 3 minutes at 20°C in 
| Eastman D-72 developer diluted in ratio 1:1 
} with water. Fig. 2 is a curve for 80kV e- 
i lectrons which is quite linear up to D=1.5. 
. Fig. 3 is the curve for 20~200kV electrons. 
; For electrons with as low an energy as 20kV 
_ the curves bend over at low density, and for 
' electrons with higher energy than 50kV the 
» curves are quite linear over a wide range of 
| D. This result accords with the earlier ex- 
periments?:®. 

Results with different developing conditions 
for 50kV electrons are shown in Fig. 4. 
For this emulsion development for 3 minutes 
in Eastman D-72 developer diluted 1:1 with 
water gives the best result. Digby et al® 


—= 


r) a — = = 
—+E (in arbitrary unit) 
Bigee 2 
20 
Bie 
‘40 kv 
15 
D 
1.0 
os} 
| 


ie 
——=E (in arbitrary unit) 


Fige 3s 


D-E Curves for 20~200 kV Electrons 
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concluded that the extent of the linear portion 
in D-E curves is mainly determined by the 
nature of the emulsions. The results shown 
in Fig. 4, however, show that it is also af- 
fected to a large extent by the developing 
conditions. 


— E (in arbitrary unit) 


50 kv 
a: D-72 dilution 1:1 3 min. 
b: D-72 1:1 5 min. 
ec: D-131 1:0 3 min. 
d: D-131 eae omnine 
e: D-131 AAS Simin 


Fig. 4. 


On precise intensity measurement of e- 
lectrons, it is required to control the exposure 
time so as to make the photographic density 
to be measured is in a linear range of the 
D-E curve. Hence, it is obvious that the 
precision will be greatly improved by using 
plates whose linear range is as wide as 
suitably developed Fuji Process Orthochromatic 
plates. Though we have shown only on the 
results for this emulsion in the above, pro- 
bably it would be worth while to try various 
developing conditions for other emulsions to 
give D-E curves linear over a wide range of 
density. 
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On the Steady Motion of an Indealized Elastico-Viscous 
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In this paper the steady flow of a certain type of elastico-viscous 
liquid in the annulus between two coaxial circular cylinders and between 


parallel plane boundaries has been considered. 


It is assumed that fluid 


is injected at one boundary and withdrawn at the other, both at the 
same rate and one of the boundaries is assumed to be moving with a 


constant velocity parallel to its generator. 


Numerical values have been 


given both for the annulus and for the parallel plates. 


Introduction 


$1. 

Attention has recently been drawn, due to 
experimental results on dilute suspensions 
and emulsions which cannot be explained on 
classical viscous theory, to the idealized in- 
compressible elastico-viscous liquids. It is 
generally known that the behaviour of such 
liquids at small rates of shear is characteriz- 
ed by three constants, a coefficient of viscosi- 
ty yo, a relaxation time 41 and a retardation 
time 22 e.g., (Oldroyd, 1958) 


Dix=Pix—p'Oix , 
Dix +4: © Pin =2ip (cu + 22 +e | ’ ( 1) 


w= (net ve3) , 


where) dic ON s2ke = 1 Pe — le onde 
éix is the rate of strain tensor, pix is the 
stress tensor, and all these equations are re- 
ferred to orthogonal cartesian system of axes. 
It has been shown by Oldroyd (1950, 1951) 
that among the possible generalizations of 
equation (1), which are valid for all conditions 
of motion and stress, and which reduce to (1) 
for small rates of shear and shear stresses, 
the simplest are linear in the stresses and 
include terms of the second degree in stresses 
and velocity gradients taken together. Thus 
assuming isotropy and incompressibility, a 
possible generalization of the second equation 
of (1) is 


Dir +a bia = Lo P33 Cik— perl Pay Cnet Pynet) +1 pyre nie 


Pit 


=2o( ix tae Ctx — 2121 ;€ jz + V2 j1€ j10%K ) ; 


(2) 


with the equation of incompressibility eu=0, where fo, “1, 42, ¥1, ve are material constants, 


each of the dimension of time and 


DPD TA my! , ee : a , , 
=a bu = al Diz +05 Pix, jst OijPje +x; pig , 


0K = = (0,1 00,8) 3 


Now it was shown by Oldroyd (1950) that for 


C3) 


yo>0, A=M>he=m>0 » Lo=M=w , 


the liquid will exhibit Weissenberg climbing effect when sheared at a uniform rate between 


rotating coaxial cylinders. 


So this may be possible set of values of the constants for a 
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liquid showing Weissenberg climbing effect. In particular, we choose 
Ho>0, A=, A=fe=o=yi=12=0. 


| With this choice of constants equation (2) together with (3) gives 
, 0 y , , , 
Diz +A1 oi Pi +0; Dix,j—V1,5Djn— Vx, 5 Dis )= 2000 . (4) 
l 


§2. Coaxial Circular Cylinders 


We choose cylindrical polar coordinates (7, 0, x) with x-axis along the axis of the cylinder. 
Then from symmetry and when the motion is steady, 


WU), B= =) 8 e=m=0% 


if we consider the flow at a sufficient distance from the entrance end so that the quantities 
Ui, Uz, Us may be taken as independent of x, and then equation (4) takes the form 


va Oprr Ov 
birt al v or — 282 » Bir |= 2H0R > 
, OPrx _ Ou , wy OW) , 2 &. Ou 
pietal o By Ry Drr on bre | = ee 5 
j OPrx Ou ,, 
e2 ee a ie |= 5 5 
De +al » Or ane | 0 (5). 
p ODee Dies v 
ey Mod =2y— , 
pinta v ar 2 bo | No : 
pro=p20=0. 
The equation of continuity is 
Ojnm 


and the equation of momentum gives 


Ov__ Ob” | Abin , Pin Pin 


VR 
Or Or Or ip a 
Ou OPre f Los 
— ots TL 9» 
Or Or if P 
The boundary conditions are 
V=Va , THQ 
=Uo, 7 =) (8 ) 
=U a= 
=(() : rT=a 
mere a, b are the radii of the outer and inner cylinders respectively. 
Integrating (6) and using the first two equations of (8) 
pee Vob _ Va a= An: (9) 


Assuming 4: to be small, we eliminate pir from the first two equations (5) neglecting squares 
of A1, 


aw Abe + (1 shi OV Pie ee (10) 
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Substituting v from (9) in the second equation of (7) and integrating 


1Pre= pvaaut+D) , 


(11) 


where D is a constant of integration. Substituting this in (10) we integrate (10) using the 


last two equations of (8) and get 


Uu Oo 2€2(1—K R)'8+2)/2_ (C2 KR)B+9/2 
fel 7 ee) o?(1—KR)®+»/2-(@?— KR) 819? 


iQ 
where 


Kaha ' 
a 


From (12) we may deduce the expression 
for uw for an ordinary viscous liquid by mak- 
ing 4:=0, 

il a Se 
U 1=—e88° 
Further, if the walls are rigid having no 
porosity, #.=0 and then 


u _logé 
U_ loge’ 


(13) 


(14) 


which agrees with the expression for laminar 
flow of a viscous fluid in an annulus when 
the inner cylinder is moving parallel to its 
axis. 


Table I. (for u/U) 
K=0.05 
= a 
| 1 2 4 
¢ ~| 
ee | 1.00 1.00 1.00 
5h West 0.91 1.00 
Sa lpeaOnol 0.45 0.74 
1.0. 1 0.00 0.00 0.00 
K=0.00 
oak 
: — 1 2 4 
4 1.00 1.00 1.00 
5 0.83 0.89 0.96 
8 0.33 0.43 0.60 
1.0 | 6.00 0.00 0.00 


We give in the following table the values 
of u/U for K=0.00, 0.05 when R=1, 2, 4 and 
o=0.4. The above table shows that for this 
particular choice of o the radius ratio, u/U 
decreases at a particular position with in- 
crease in K if R<2 and if R>2, u/U in- 
creasese with increase in K. It is also noted 


_ Vad 


n/p’ 


> 


o=b/a. 


that as € increases u/U decreases and it ap- 
pears that for a particular choice of radius 
ratio, if KR<1*, then u/U will decrease with 
increase in K for some values of FR and in- 
crease for some other values of R. It can 
also be seen that increase in R increases u/U 
at any distance. 


§3. Parallel infinite plates 


In this case we choose rectangular cartesian 
coordinates with x-axis along the upper plate 
which is fixed and y-axis perpendicular to 
the plates directed into the fluid. The flow 
is assumed to be in the x-direction and liquid 
is injected at the lower plate and withdrawn 
at the upper one. Then, if we assume the 
flow to be steady and fully developed, 


Uxz=U(Y) , Uy=V(y), Uz=0. 
The boundary conditions are 
v=—V, y=0 and h 


u=0, v0) 5) 
= (1) 
The equation of continuity gives 
v=—V 
everywhere. So equation (4) will give 
ODrx Ou ,. 
wx tai) pv ~=— 2— Poy |=0 , 
aa ‘E ay ay | ‘ 
Hohe 
e (16) 
} ODay Ole, 6) 
Poyt+A1 ype — bia |= 105 > 


bu=Pie=ba=0, 


and the equation of momentum gives 


* By our choice, since 2; in small, we may take 
KR<l ordinary purposes, under the velocity of 
injection is very large. 
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Ou Opry 
v— = 
Op” | Ob, 
0=— we 
ay By 
Eliminating pj, from the second and _ third 
equations of (16) and retaining only first 
power of 41, we have as before 


(17) 


Pry— Ei dpe = eae ? 
dy h dy (18) 
Ke even: 
be ety, Sahel 


Integrating the first equation of (17) we will 
obtain 


Pov=—oVut+D), 


Substituting this in (18) and integrating, we 
have with the help of (15), 
Uu 1—e-F1/(-K RF) 


‘aan 1—e-B/A-KiR) ” (19) 


where D is constant. 


where 
vn 
~ qo/o 
If Ai:=0, we obtain the expression for an 
ordinary viscous fluid as 
Cucnaagel iss, a 
UN le? i 
Further if the plates are rigid having no 
porosity, 


(20) 


4 
yn? 


which is the known expression for an ordinary 
viscous fluid without suction or injection. 
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(9 
Table Il. (for u/U) 
K,=0.05 
or R 
n =< 
0.0 0.00 0.00 0.00 
0.5 0.63 0.75 0.92 
1.0 1.00 1.00 1.00 
K,=0.00 
R 
et 1 2 4 
7 oss 
0.0 0.00: 0.00 0.00 
0.5 0.62 0.73 0.88 
iL) 1.00 1.00 1.00 


The values of u/U are given in Table II 
for Ki=0.00 and 0.05 when R=1, 2, and 4. 

So here also we note that when R and ki 
increase, u/U increases, at any particular 
distance. 

The expression (19) can also be deduced 
from (12) if we make o—l. 

In conclusion I express my thanks to Prof. 
B. Sen, D. Sc., for his kind help in the pre-. 
paration of this paper. 


References 
1) J. G. Oldroyd: Proc. Roy. Soc., A200 (1950): 
523. 
2) J. G. Oldroyd: Proc. Camb. Phil. Soc. 47 
(1951) 410. 


3) J.G. Oldroyd: Quart. J. Mech. Appl. Math. 
4 (1951) 271. 

4) J.G. Oldroyd: Proc. Roy. Soc., A245 (1958): 
278. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 16, No. 4, APRIL, 1961 


Flow of Condensing Vapour with Temporary Supersaturated 


State due to Heat-Removal Effect 


By Keishiro NIU 


Department of Physics, Faculty of Science, 
Tokyo Metropolitan University, Tokyo 


(Received November 4, 1960) 


This paper deals with the flow of a condensing vapour. The vapour 
flow in a pipe of constant cross-sectional area with heat-removal effect 
through the pipe walls has the temporary supersaturated state in the 
supersonic flow by the effect of surface tension of the droplets which are 
born in the vapour. In case when the fluid is maintained continually in 
the supersaturated state, the ratio of the increase in relative humidity to 
the increase in Mach number or to the decrease in pressure is greater 
in the flow with heat-removal than in the adiabatic flow. Numerical 
calculations have been carried out for an example of the flow with definite 
initial conditions and the region where the condensation shock takes place 


is predicted theoretically. 


$1. Introduction 


Some studies have been made on the con- 
densation phenomena of the fluid caused by the 
adiabatic expansion in diverging nozzles”, 
but only few have been done on the same 
phenomena caused by the heat-removal effect®. 

Ina previous paper®), the writer has analysed 
the flow pattern in the case when the water 
vapour flows through a pipe of constant cross- 
sectional area, assuming that there occurs the 
heat-exchange between the vapour and the 
pipe wall and that the vapour is kept always 
in the thermodynamical equilibrium state. 
The phase change from gas to liquid of the 
vapour occurs after the fluid reaches the 
saturated state. In reality, however, a super- 
saturated state appears in the supersonic flow, 
since the surface tension of the droplets born 
in the vapour acts to obstruct the rapid 
transition of phase. Such a supersaturated 
state continues for a while, but, owing to the 
successive heat-removal the temperature of 
the vapour goes on to decrease and the 
degree of supersaturation of the fluid reaches 
ultimately a critical value. Then this unstable 
state breaks down abruptly and the consider- 
able amount of vapour in the flow changes 


its phase from gas to liquid. We call the 
region where this abrupt change occurs the 
“condensation shock ”. 

In the present paper, we shall investigate 
the flow pattern in the supersonic flow, by 
taking account of the appearance of super- 
saturated state. 


§2. Flow in Thermodynamical Equilibrium 
State 


For the sake of reference we shall first 
recapitulate briefly the results obtained in the 
previous paper®. If we suppose that the fluid 
is kept always in the thermodynamical equi- 
librium state, the conservation equations of 
mass, momentum and energy can be written 
down for the inviscid vapour flow through 
a pipe of constant cross-sectional area in case 
when the heat-exchange occurs between the 
fluid and the pipe wall. If, then, we take 
into account the equation of state as well as 
the proportionality-relation between the 
enthalpy and the temperature for the ideal 
gas, the solutions of these conservation equa- 
tions for the case where the condensation does 
not occur in the fluid are given by 


ya Cr(Pe+m! Uc) +-V 2Cr(P. +m’ Ue)? +m? R(2uCe—R)(2h’ —2H.— U-?) 


m’(2uCr— R) ? eo. 
T=(2H.+ U2—2h’ —U/2Ce ; (2) 
P=m’'RT/wWU . (3) 
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Here, U is the velocity, T the temperature, P the pressure, H the enthalpy, Cp the specific 
heat at constant pressure, the molecular weight of the fluid, R the universal] gas constant 
(R in the previous paper having been replaced here by “R), m’ the rate of mass flow through 
the unit sectional area and h’ the removed heat quantity divided by the rate of mass flow. 
The subscript e refers to the values at the entrance section. 

When a part of the vapour condenses so that both the gas and liquid phases coexist in the 
flow, we can obtain the solutions of the conservation equations by taking into account the 
following conditions, in addition to the ones for the non-condensing case, that the pressure 
at the section under consideration is equal to the saturated one, the density of the liquid 
phase is a known function of the temperature and the enthalpy of the liquid is a linear 
function of the temperature. Thus we have 


ukoPs(T)? { PeowlT) Ueorx(T)) ureoPs(T) 1 UW(Cp—k) 
et Se Ne oe 1 2 
m?RT alae m m \ RTpx(T) ore m?R lear 
P. Ue PeowlT) Ucorx(T))u(Ce—r) 
—— — é i 
ae m + m? m \ Rox(T) [po+er 
Pe 1egUe 7? 

aie Q2m’2 =m’ ko—h’, Ce 
P=PAT)\ C3) 
U=Ue+(Pe—P)/m’ , (6) 


where Ps(T) is the saturated vapour pressure, oz(T) the density of liquid phase and «, « are 
the coefficients of the zeroth and the first orders of the temperature in the linear relation of 
the enthalpy of liquid phase, respectively. 

Thus, for the equilibrium flow, 7, P, U and etc. can be obtained in terms of the pa- 
rameter h’. When we take into account the appearance of supersaturated state in the flow, 
however, the variables characterizing the flow depend on the time and cannot be settled by 
the numerical value of h’ only. Consequently, the flow pattern cannot be analysed unless h’ 
is given as a function of the distance measured along the pipe axis from the entrance section. 

In this paper, first we assume the pressure distribution in the fluid which is considered to 
flow down continuously without condensation regardless of the amount of heat-removal, instead 
of giving h’ as a function of the distance defined above. In this case, it is convenient to 
use, instead of Eqs. (1), (2) and (3), the following equation: 


es uCp i] P? P. uCel/. oe iP ie pas ee Je1Uk6 7 
=( R 2 ia ee pus R Rm’ / m’ — Qm’ m ’ (7) 
U=U.+(Pe—P)/m’ , (8) 
T=uPU/wW’'R , (9) 


then, h’ can be obtained from Eq. (7) as a function of the said distance through the known 
distribution of P. 


§3. Relation between Relative Humidity and Mach Number or Pressure 

If the vapour is in the saturated or supersaturated state and has not sufficient nuclei for 
condensation, the gaseous molecule must combine with each other so as to form a cluster 
which develops to a nucleus. Namely, the vapour has to self-nucleate. However, Gibbs’ free 
energy of the cluster is increased by the effect of the surface tension, and the smaller the 
cluster is, the greater is the rate of increase of the free energy due to the surface tension. 
Consequently, even if the vapour be in the supersaturated state of rather high degree, the 
rapid phase transition from gas to liquid would be forbidden by the barrier of high free 
energy of the clusters which are very small in the early stage of condensation process. Thus 
we can observe the appearance of supersaturated state in the supersonic flow where all 
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phenomena must be changed during a very short time-duration. 
In this section, we shal] investigate the relation between the relative humidity and the 


Mach number or pressure, assuming that the supersaturated state is maintained continuously | 


in the flow as long as we concern. 


The Clausius-Clapeyron relation between the temperature T and the saturated vapour pres- | 


sure Ps is given by 


Ps* Neg do 


where L is the latent heat of vaporization which is assumed to be constant, and the super- | 


script * refers to the values at the sonic state. 


On the other hand, the relation between the Mach number M and the temperature T for 


the one-dimensional flow in a pipe of constant cross-sectional area in case when there occurs 
heat-exchange between the fluid and the pipe wall is given by Howarth” as follows: 
Ie oid Ws 
T +7)Mt’ 


where 7 is the adiabatic exponent of the vapour. Accordingly, the relation between the rela- 
tive humidity and the Mach number for this case is given by 


Geen dle eon Te | pL eee (12) 


ox P*/Ps* rs P* <p RT* (+7)? 


The corresponding relation for the one-dimensional flow whose change is caused exclusively 
by the adiabatic expansion or compression is given by Wegener and Mack® as follows: 


en Ws uL(y—1) 2_1)} 
exp area (13) 


Q* P* 


From these two relations (12) and (13) it will be seen that the ratio of the increase in 
relative humidy to the increase in Mach number is greater in the flow with heat-exchange 
than in the adiabatic flow, provided that the change in P is neglected. 

As described in §2, we first employ the pressure distribution along the pipe axis, and 
enquire after in either case of the above two the change in relative humidity is larger for 
the same pressure distribution. To this end we shall discuss the relation between M and P, 
instead of the direct one between ¢g and P, for the two cases. 

According to Howarth” we have 


P*¥  14+7M (eye) seen | 
— == enamelynm 
MANE peer a PT oS 
for the one-dimensional flow with heat-exchange, and 
RE | 2 ( Yead ees rt1/P*\ oN 2 
Saretoack tamemieny (eee M? namel ire ace —_ —— 
P (rt+l 2 z a1 am (15) 


for the corresponding adiabatic flow. From these relations we obtain the values of 
dM?/d(P/P*) as: 


ye te 
pn PR? tf) 


respectively. The inequality P*/P>1 holds always in the supersonic flow, so that we can | 


infer from (16) that the ratio of the increase in M2? to the increase in P*/P or to the decrease 
ial, oes itself is larger in the flow with heat-removal] than in the flow with adiabatic expansion. 
Thus this conclusion, together with the result obtained from: the relations (12) and (13), im- 


Fe nerp (#12), —_ 


G1) e 


| 
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plies that in case when the same uniformly decreasing pressure distribution is supposed, the 
high degree of supersaturation is realized faster in the flow with heat-removal than in the 
flow with adiabatic expansion. 


§4. Conservation Equation 


In §3, we have studied the relation between the relative humidity and the Mach number 
or pressure, assuming that the vapour does not condense after it had been in the super- 
saturated state. In reality, however, if the degree of supersaturation of the fluid exceeds 
a certain critical value, this unstable state will be ultimately broken down and consequently 
the appearance of the considerable amount of liquid phase can be observed by sudden con- 
densation. The mass fraction of the condensed phase of the fluid immediately before and 
after this abrupt change must be quite different from the one for the equilibrium case. Ac- 
cordingly, the variables which characterize the flow pattern cannot be obtained from Eqs. (4), 
(5) and (6) for such a case in our problem. 

Here we use the mass fraction of condensed phase gq defined as: 


g=mz1'/m' , (17) 


where mz’ is the rate of mass flow of condensed phase through the unit sectional area. Then 
q would increase in company with the increase in h’ when the fluid flows downstream. If 
this g can be known by some considerations of the flow which deviates from the equilibrium 
one, we can easily obtain the flow variables by solving the conservation equations, instead 
of using Eqs. (4), (5) and (6). The conservation equations involving g of the mass, momen- 
tum and energy in the form of differential equations for the one-dimentional flow which 
passes through a pipe of constant cross-sectional area with heat-removal effect are written 
down respectively as 


+ =0 (18) 
—o’UdU=dP , (19) 
UdU+CrdT—d(qL)=—d)l’ , (20) 
and the equation of state is also given by 
dr dp, di “dg (21) 


R 0’ T apt aou 


Here, p’ is the mean fluid density of the gaseous and liquid phases and L the latent heat of 
vaporization which is given by the difference of the enthalpy of gaseous phase from that of 
liquid phase as 


L=(Cp=—t)T—ko . (22) 


From the above five equations, we have 


sa 1 : [ee _dq | : (23) 
U Tm) {Ce—Cre—e)g}T 1-4 
{Cp—(Ce—x)g}T U P 
Pp ldCe 0) T= ehdg— Uda © (24) 
Cp—(Ce—«)q 


and by successive uses of these equations, we can calculate the values of U, T and P step 


by step. 
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§5. Mass Fraction of Condensed Phase 


In the supersonic flow in which the condensation phenomena are obliged to occur during 
a very short time-duration, the number of dusts in ordinary vapours is too small to form the 
nuclei for condensation which play an essential role to break out the supersaturated state. 
Owing to this result, the nuclei must be supplied by the self-nucleation of vapour. Then 
the mass fraction of condensed phase qg is changed by the following two reasons: first by the 
self-nucleation and secondly by the growth of the droplets which were born at the preceding 
sections. In the fluid flow between the interval x and x+dx which are measured from a 
standard section along the pipe-axis, these changes of mass fraction of condensed phase, 
described by dq: and dqz respectively, are given by 


dq=" noire? Jdx , 26) 
3m 

dqi= 5 n01 = {(ret+ dre)*—re®} Judxx , (27) 

dq=dqit+dq , ee 


where J is the number of self-nucleation per unit time and unit volume, /x is the mean rate 
of self-nucleation in the flow between xx and xx+dxx, rx is the radius of nucleus of condensa- 
tion, 7« is the radius of a droplet at « which was born at xx and grew up during its move- 
ment from xx to x and drx is the increase in the radius of the.same droplet during its 
movement along a distance of dx. The radius of nucleus is expressed by®).®) 


2ou 


Te oc RE IPPs 


(29) 
where o is the surface tension which is given by a semi-empirical expression due to E6étvés 
and Ramsay-Schield®® as: 


mu const 
(u/x)?/* 


Here, 7: is the critical temperature of the vapour. 

Volmer®, Becker and Doéring’”, Frenkel® and others proposed the expressions for the rate 
of self-nucleation respectively, but these expressions were proved to be practically equivalent 
to each others.'!!® In this paper, we employ Frenkel’s one: 


J) eee AF) am 3) CP) tae) an 
id Ror fh 3RR?\ 0z/ \ T/ In? P/Ps 
where A is the Avogadro number and & is the Boltzmann constant. 

So far some investigations have also been made on the growth of the droplet. Oswatitsch 
ingeniously analysed the adiabatic flow by calculating the growth velocity of the droplet on 
the basis of the temperature gradient at its surface!®). But the density gradient of the 
vapour due to the absorption of vapour molecules at the droplet surface gives rise directly to 
the growth of the droplet, though the temperature gradient is buit up conversely by the rate 
of condensation of the vapour on the droplet. Therefore, with a little modification, we shall 
follow Wilde’s reasoning that the growth velocity of the droplet depends upon the concentra- 
tion gradient’. Namely, we suppose that the surface of the droplet which exists in the 


supersaturated vapour is surrounded by the saturated vapour with the pressure Ps(T). Then, 
Wilde’s first approximation is modified to 


(Te—T).. (30) 


dx 
a 


D 
pS (PSP 
rk orRT * s(T)} Tre 


The coefficient of self-diffusion D is given by! 


(32) 


_ pressure distribution used in the present paper Il. 


-where w is the effective diameter of molecular collision. 


is that given by Winnie and Wood’s wind 
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Substituting Eq. (83) into Eq. (32), 
~we get the expression for the growth of the droplet as follows: 


pass { oo 


82/2 Aprw* P Urs Ce 


$6. Numerical Discussion 


Making use of the results in the preceding two sections, we can analyse the flow in the 
region where the fluid is not in the equilibrium state. Thus, carrying out numerical calculations, 


we Shall investigate how the flow pattern obtained in the writer’s previous paper is altered 
| in the supersonic branch. Water vapour has been chosen as the fluid, and as in the previous 


paper the following initial values for the flow have been adopted: P.=152cm Hg=2.02 x 10° 


| dynecm~?, 7-=200°C=473°K and M.=1, from which we have obtained U.=5.39 x 10‘ cm sec7!, 
feve—9.2/ X10-* gram cm, 
' constants used in this paper are: Ps(T)=4.98 x 10!! exp (—4.89 x 108/T) dyne cm~-?, «=4.19 x 10’ 


m’=5.00 X10 gramcm-*sec"!. The thermodynamic relations and 


ere gram ‘deg +, ko——3.13x 10" ers gram, pz=const=1 gramem™, R=8.31x10' erg deg 


mole, k=1.3/ x10“ ere degs’, ‘Ce—186x 10’ ere cramdeg-!, ;=1:33 and o=3.26%10= cm. 
| Values of the surface tension have been obtained from the existing table'®, instead of cal- 
culating them by the use of Eq. (30). 


With these values and relations, Eqs. (23)~(25), (27)~(29), (31) and (84) are now reduced 
respectively to 


dq 


ae 


dU 1 {8.2% 10*°—2.33 x 10°T )dq—dh’ 
a 10> 1500 


U (1.86 x 107+2.33 x 10’g)T 
(1.86 x 107+2.33x10'@)T U P 


p— 8.13 x 10 =2.33 x 10" P)dg—UdU — dh’ 
< 1.86 x 107+2.33 x 10'¢ 


dP=—50.0xdU , 
dgi=8.38 x 107,28 Jdx , 
dqz=8.38 x 10-? > {(retdrx)—rie}Jrdxe , 


d 


,, 1.88 10-76 
*" Tlog P/Ps ’ 

1 a _ 4.69 10%6° 
log J= 20.36 ey log 6+ 2 log P—2 log T Ts log? P/Ps PIP.’ 
(retdr)?= rie +2.53 X 10-+{1 ee 


has been measured from the sonic section. P, 
T and U for both the equilibrium flow and 
the non-condensing one are shown in Fig. 2 
corresponding to the distribution of h’ in Fig. 
From this figure it will readily be seen 
that the condensation starts at x=2.6cm in 
equilibrium flow. 

If we take account of the appearance of 


As described in the preceding sections, we 
have first given the pressure distribution of 
the non-condensing vapour and then h’ has 
been determined as a function of x. The 


tunnel experiment!”. In Fig. 1 are plotted 
this pressure P and the corresponding removed 


heat quantity h’ which has been calculated 
from Eq. (7). The distance x in this figure 


supersaturated state in the condensing flow, 
the rate of self-nucleation J, the total number 
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of droplets per unit volume m and the mass 
fraction of condensed phase g are obtained as 
shown in Fig. 3. The resulting pressure P, 
temperature JT and velocity U become as 
shown in Fig. 4, from which it will be seen 
that, in a very narrow region of 0.2cm length 
whose center is at x=4.8cm, the super- 
saturated state, which has been held from 
x=2.6cm, is broken down abruptly and a 


PXIO 


(dyne cm) 


xl 
(erg.sec.gram) 


O (22 4 
—= x(cm) 

Fig. 1. The pressure distribution given by Winnie 
and Wood’s wind tunnel experiment and the 
removed heat quantity as calculated from this 
pressure distribution. 


Fig. 2. The pressure, temperature and velocity 
for the equilibrium flow (continuous line) and 
for the non-condensing flow (broken line). 
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considerable amount of the mass of gaseous: | 
phase changes to liquid phase discontinuously. | 
For this region, the term “condensation | 
shock” is used ordinarily. The fluid which 
behaved as if it were the non-candensing | 
vapour after it was fallen in the super- | 
saturated state is brought back to the nature 
of equilibrium flow by passing through this: | 
condensation shock. | 


log J 
realy 
eas 
-2- 
fe) 
-3 - 
eae 5 
aS 


425 4.50 £54, ,900} 


eX (Cm 

Fig. 3. The rate of self-nucleation, total numbe1- 
of droplets per unit volume and mass fractiom 
of condensed phase. 
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Fig. 4. The resulting pressure, temperature andi 
velocity curves. 


Acknowledgements | 

The writer wishes to express his cordiali. 
thanks to Prof. S. Tomotika of Kyoto Univer- 
sity not only.for his continual encouragement. 
but also for his kind inspection of the manu- 


} 1961) 


} ‘script. He is also indebted to Prof. T. 
| Nagakura and Dr. K. Kusukawa of Tokyo 
} Metropolitan University as well as to Prof. T. 
| Simasaki and Dr. K. Hida of the University 
‘of Osaka Prefecture where the most part of 
| this work was performed. 


References 


1) P.P. Wegener: J. Appl. Phys. 25 (1954) 1485. 
2) H. Wakeshima: J. Phys. Soc. Japan 10 (1955) 
141. 

3) P. P. Wegener and L. M. Mack: Advances in 
Applied Mechanics, Vol. V (Academic Press, 
1958). 

4) H. W. Emmons: Fundamentals of Gas Dy- 
namics (Princeton, 1958). 

5) P. Chiarulli and R. F. Dressler: 
28 (1957) 990. . 

6) K. Niu: J. Phys. Soc. Japan 15 (1960) 1108. 
7) L. Howarth: Modern Developments in Fluid 


J. Appl. Phys. 


Flow of Condensing Vapour 


805 


Dynamics, High-Speed Flow, Vol. 1 (Oxford, 


1953). 

8) J. Frenkel: Kinetic Theory of Liquids (Ox- 
ford, 1946). 

9) M.Volmer: Kinetik der Phasenbildung (Stein- 
kopff, 1939). 


10) R. Becker and W. Doring: 
24 (1935) 719. 

11) A. Sander and G. Damkohler: 
schaften 31 (1943) 39. 

12) R. T. Probstein: J. Chem. Phys. 19 (1951) 
619. 

13) K. Oswatitsch: Z. A. M. M. 22 (1942) 1. 

14) K. A. Wilde: J. Appl. Phys. 30 (1959) 577. 

15) S. Chapman and T. G. Cowling: The Mathe- 
matical Theory of Non-Uniform Gases (Ox- 
ford, 1953). 

16) K. Shiba: Butsuri Josu Hyo (Iwanami, 1949) 
(in Japanese). 

17) A. M. Winnie and M. W. Wood: 
Mech. Engrs. 138 (1938) 229. 


Ann. Physik (5) 


Naturwissen- 


Proc. Inst. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 16, No. 4, APRIL, 1961 


A Simplified Method Calculating The Laminar Boundary Layer 


By Shin KAWAMATA 


The Aeronautical Research Institute, University of Tokyo 
(Received December 1, 1960) 


A somewhat simplified method calculating the steady and incompressible 
laminar boundary layer flow is developed basing on the idea of the “ local 


similarity ”. 
by Goertler!). 


The analysis is performed by using the variables proposed 
The calculated results are utilized to predict the sepa- 


ration points in some decelerated flows and the comparison with other 
exact solutions shows that the value of the “similar parameter ” may be 
taken as —0.224 at the separation points in this method. 


The fundamental equations for the steady 
incompressible laminar boundary layer flow 
with an arbitrary pressure gradient in two- 
dimensions are: 

Equation of continuity 


Ou , Ov 
Freee aL, (1) 
Ox Oy 
and Equation of motion 
2 
ot 4 yo _— dur spas Ole 2) 


ax... oY dx Oy ’ 
where x, y are the Cartesian coordinates 
smeasured along and normal to the body sur- 
face, and u,v the velocity components in x- 


and y-directions, respectively, u: the velocity 
outside the boundary layer, and v is the 


kinematic viscosity which is constant. The 
boundary conditions are 
Oe at y=0, } 
(3) 
uu al y= oom, 


Eq. (1) can be satisfied by the introduction 
of the stream function ¥ which is defined as 
follows: 

ar | 
SS 5 = — —. 4 

ay TPE 
Then the following non-dimensional variables 


u 
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are introduced: 
pte Uu 
g-<| mdx, y=, $= 
VY Jo Vy 


_~ 


LE, n= V 28 


uy 
Gi = 96? 
(5) 
With these variables, Eq. (2) and the boundary 
conditions (3) are transformed into the form 


Feeetfheet+a(O)1—Se?)=2E(fefec—fefee) , (©) 


and 


FE, N=fclE,0)=0,  } 
f (7) 


Se(E, Oy ee 
where 9(&)=2&d log ui/dé . 
With the conditions (7), the integration of 
(6) with respect to € from 0 to gives 


2e [1+ +110 =(feg)e=o , 


8 
de (8) 


where 
= [° ed—Foae , and HO= |; a-foat 


Now, in the case of similar flow, f is the 
function of € only, the right-hand side of Eq. 
(6) vanishes, and g(&) is reduced to a constant 
independent of €, which is called the Falkner- 
Skan parameter®?, hereafter denoted by 8 in 
this paper. For more general flows, the 
Falkner-Skan parameter does not exist in the 
strict sense, but it seems reasonable to treat 
B as a parameter varying slowly with x or &. 

In this approximation, the Eq. (6) may still 
be written in the form 


Yecet fee CBA FSO 


or upon integration 


[1+81+H)]O=(fee)e=o . 
Equating Eqs. ay and (9’), we have 


(9) 


(9’) 


2 t+ Hg B)O=0. (10) 

Solving for 8, we obtain 
parang 028 (1) 
Now, the quantity, 9 is a slowly varying 


function of x, and can be calculated in good 
approximation by the formula?) 


@2=0.22 wr" ude [de 
0 0 


Then the modified Pohlhausen parameter 


(12) 
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is calculated in terms of 9 and u:, where @ 
is the momentum thickness, and H is found. | 
as a function of m by using the table given | 
by Curle and Skan”. Finally we get 8 from. 
Eq. (11). Once 8 is determined as a function. 
of x, the velocity profile and skin friction are: 
given numerically by using Howarth’s tables”. 
With a view to determining the condition. | 
at separation point, the present method of © 
calculation has been applied to some retarded | 
flows, and the value of @ are calculated for 

which the exact or approximate solutions are- 


available. The results are shown in the follow- 
ing table. 
u/U separation point x/L —£p 
eon {9.120 (Hee ai) 0.220 
Le [0.125 (G.) 0.227 
0.268 (T.) 0.225: 
— 2 
to) ne G.) 0.226 
OFA 5 Gi) 0.227 
ee ee, 
1S 2h pstGe 0.254 
0.640 (T.) 0.284 
— 8 
De tres 0.224 
(1+x/L)- 0.159 (G.) OpZ22 


Here U and L are the reference velocity and | 


length, and the capital letters H, T and G 
denote the positions of 
calculated by L. Howarth®, I. Tani® and H. 
Goertler”, respectively. It is noticed from. 


these results that the values of 8 at the sepa- | 


ration point are almost the same except the 
flow of the fourth case of the above table. 


Omitting this case and taking the arithmetical. | 


mean, we have the average value —0.224 for 
8 at the separation point. This result can be 


utilized for rapidly determining the separation. | 


point for a given velocity distribution w1:(x). 
First, g and @ are determined as functions. 
of x. Then, they are substituted in Eq. (11),. 


where the value B=—0.224, and H=3.55 which. 


is nearly constant in the vicinity of separation. 
point, are used. The solution of the resulting 
equation gives the value of x for the sepa- 
ration point. The accuracy of this method. 
determining the separation point seems to be 


very good. Even when applied to the fourth | 


case of the foregoing table, it gives (x/L)sep 


=0.630, which is in error of only 1.5 per cent. | 


compared with the exact value. 


The author is indebted to Dr. 
Professor of Aeronautical Research Institute, 


separation point. — 


Itiro Tani, | 


1961) 


University of Tokyo, for his supervision and 
encouragement during the course of the study. 
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Refractive Index and Pore Structure of Acid-Leached 
Surface Layer of Glass 


By Koreo KINOSITA 
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Mejiro, Tokyo 
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It is known that acids leach out metal ions from the outermost layer 
of glass, leaving a skeleton film. We found that the refractive index of 
such a film nm; changes with the relative humidity p/p), and studied n; 


vs. p/po relations for some dense flint and dense crown glasses. 


The 


following conclusions are derived from the analysis of ny vs. p/p» curves: 
(1) The refractive index of the skeleton ns (>ny) is always greater than 
that of fused silica, indicating that metal ions are still contained in the 


skeleton. 


(2) The porosity of the film ranges from 0.05 to 0.21, and the 


mean pore radius from 6A to 23A, depending on the composition of glass 


as well as the leaching conditions. 


Introduction 


§1. 


According to the widely accepted view’, 
the action of acid and alkaline solutions and 
water on glass can be summarized, in the 
main, as follows. Acids leach out the alkali 
and other metal ions from the outermost layer 
of glass, leaving a porous film of silica 
skeleton. This surface layer is often recognized 
by the interference of light, because its index 
of refraction is lower than that of the bulk 
of the glass. The reaction of glass with 
alkaline solution, on the other hand, resembles 
that with diluted hydrofluoric acid. NaOH, 
for instance, breaks the existing -Si-O-Si- 
bond in glass by forming -Si-O-Na, HO-Si- 
units. Thus the surface layer of glass as a 
whole is dissolved into the solution. The action 
of plenty of water is similar to that of acids: 
it leaches out alkali (and sometimes other 
metal) ions from the surface layer, only to a 
lesser extent. If, however, a water droplet 
is left on the glass surface, the leached out 


alkali ions remain on the surface and the 
reaction assumes the characteristics of an 
alkaline attack. 

These phenomena are in close relation with 
what is known as yake (pronounced yah-keh) 
among the Japanese opticians. Yake is a 
general term for those spontaneously deter- 
iorated areas of a glass surface which differ 
in reflectivity, scattering power and other 
properties from the original surface. English 
word for yake would be stain (s) or tarnishing. 
Frequent outbreak of yake on lenses in the 
manufacturing process, especially in the warm 
and humid summer season, has been an ob- 
stacle to the optical industry of this country. 

Yake is classified into two categories: aoyake 
(ah-oh-yah-keh) and shiroyake (shee-roh-yah- 
keh). The former denotes the stains, coloured 
often amber or purple-blue by the interference 
of light, which actually are the patches on 
the glass surface where a surface layer similra 
to that obtained by acid or water leaching has 
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been formed. The latter represents the white 
stains which are the patches where light is 
scattered by small crystallites adhering to the 
glass surface or by minute irregularities of 
the surface. It has been found that these 
crystallites are carbonates, hydroxides and/or 
other salts of the metals leached out from 
the glass?).*).*), 

An extensive study of yake by collaboration 
of a number of physicists and chemists was 
started around 1955 upon request of the Japan 
Camera Research Association. As it seemed 
to me that the most promising approach to 
the elucidation of the nature of spontaneously 
developed yake was the systematic re-examina- 
tion by newer techniques of the corrosion of 


Field 
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glass by liquid etchants, the work in this 
laboratory was decided to proceed along this 
line»-®. Some workers followed the same 
line®?).#).°-1 | some wrestled with the problem 
of atmospheric attack directly!®, some looked 
for sensitive methods for detecting the sligh- 
test aoyake'*)—'®), and others were engaged in 
more practical investigations including the 
search for an effective protecting film to be 
applied to lens surfaces during the manufac- 
turing process for the prevention of yake'. 
This collaboration was finished in 1959 after 
making valuable contributions to the optical 
industry of this country, but still there are 
many problems left unsolved. Some of these 
are now being investigated in this laboratory. 


(b) Elevation of B and T, 


Fig. 1. Apparatus for studying relation between ny and p/po. Q: sodium lamp. C: 
(G: diffuser, W1: cross wires). 


collimator 


P: polarizer. S,: reference test piece. S,: test piece with 


aoyake layer. M,, Ms: plane mirrors. B: prism box (P,, Py: rectangular prisms, P3: aluminized 


roof prism (field splitter), T,: tubing with viewing lens Ls). 


of incidence (W:: cross wires). 


Tz: telescope for reading angle 
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The present paper deals with a recent ex- 
periment on the variation with relative humi- 
dity of the refractive index of surface layers 
artificially produced by acid treatment on some 
dense flint and dense crown glasses. For 
brevity, such layers shall be called the aoyake 
layers in the following. This variation in 
refractive index is ascribed to the multilayer 
adsorption of water vapour on the pore walls 
of the aoyake layer; and the porosity (frac- 
tional pore volume) as well as the mean pore 
vadius are estimated from the refractive index 
vs. relative humidity relations. 


§2. Experimental Procedures 


a) Measurement of refractive index 
According to the polarimetric study by Tsu- 


Fig. 2. Sample chamber with air-tight compart- 
ments A and B. S;: reference test piece. Se: 
test™piece with aoyake layer. W: plan-parallel 
windows. My, Mz: plane mirrors. H: gate for 
inserting humidity controlling agent. 
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nekane and Doi'!”, the refractive index of the 
aoyake layer is quite uniform throughout its 
depth. This justifies the application of Abelés’s 
method*” to the measurement of the refractive 
index of the aoyake layer, ny. We carried out 
in 1958 a series of measurements by this 
method®, when we found that x; underwent 
an observable change if the sample was desic- 
cated or moistened. At once we decided on 
undertaking a systematic investigation of 
the humidity dependence of my. 

In the experiment cited above our specimen 
was of the form usually employed in this type 
of measurement-a glass disk, one half of the 
surface of which had been subjected to acid 
attack while the other half was left as freshly 
polished, with a clear line of demarcation 
between the two halves. But this was ap- 
parently inadequate for the new project, in 
which it was required to keep the conditions 
of the reference, or uncoated, surface constant 
while we change at our will the humidity of 
the ambient atmosphere of the aoyake layer. 
So we determined on separating the test piece 
into two, a reference piece S: without any 
surface layer and another piece S2 of the same 
kind of glass coated by the aoyake layer; and 
for carrying out the measurement according 
to Abelés’s principle we constructed a new 
double-head instrument2!. Later we improved 
it adopting Traub and Osterberg’s idea”. A 
brief description of the improved instrument 
is given below (see Figs. 1 and 2). 

Monochromatic light from a sodium lamp 
Q, after being collimated and polarized in the 
p-direction*, is allowed to fall on the test 
pieces S: and S2 which are stored in airtight 
compartments A and B of the sample chamber 
(Fig. 2). The sample chamber is mounted on 
the prism disk of an old spectrometer. Com- 
partment A in which the reference piece Si 
is stored is desiccated throughout the experi- 
ment by means of anhydrous phosphoric acid. 
The test piece on which the aoyake layer has 
been formed, S:2, is enclosed in the other com- 
partment B, and the humidity in this com- 
partment is controlled by keeping appropriate 
chemicals in it (see §2 c). It is essential to 
keep the surfaces to be examined of S: and 
S2 in one and the same plane which is parallel 


* The transmission axis of the polarizer was 
set within 1’ of the p-direction with the aid of 
Kinosita-Nomura’s half-shade device2?. 
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to the revolving axis of the spectrometer. 
The beams reflected by S: and S: are again 
reflected by plane mirrors M: and Me. The 
last beams take a fixed direction irrespective of 
the angle of incidence to S: and S2 of the beam 
from the collimator, and can enter the fixed 
prism box B. It was found convenient to set 
M: and M2: at an angle of 110° with Si and 
S:. The aluminized mirrors M; and M2 are 
protected by SiOz coating. The upper half 
of M: is left transparent, so that a part of 
the beam from S: can go right on and enter 
a movable telescope Tz. T2 serves for the 
precise determination of the angle of incidence. 
The sample chamber is furnished with plan- 
parallel windows W, faced at right angles to 
the beams which fall on and are reflected by 
S: and S: at an angle of 56° (tan 1.483). 
The beams which enter the prism box B, 
after being reflected by small rectangular 
prisms P; and Pz, fall on an aluminized roof 
prism Ps which works as a field splitter. Thus 
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if one observes through a pinhole D at the 
end of the tubing T: the lower and upper 
halves of the field are seen illuminated by the 
beams reflected from S: and S: respectively, 
with a clear line of demarcation between the 
two halves. The viewing lens Ls is focussed 
on Si and Sz. 

The method of measurement is quite simple. 
Observing through D, one adjusts the angle 
of incidence of the beam from C to S: and Sz 
by rotating the prism disk until no difference 
can be recognized in the brightness of the two 
halves of the field. The angle of incidence 
y at this stage can be accurately determined 
by means of the movable telescope T2. It is 
known that?” 


C1) 


tan g=”;. 


b) Preparation of test pieces 

Chemical compositions and refractive indices 
of the glasses under test are given in Table I. 
Al and Bl are commercial optical glasses*, 


Table I. Compositions (wt %) and refractive indices (mp) of glasses under test. 
Composition 
Glass — V0) 
SiO; B,O3 | Na,O | K,0 BaO PbO Al,Os | Bi,Os As,O3 
Al (analyzed*) | 324 0.6 | 1.6 | 64.6 | O22) WV MORSS 1.760 
A2 (calc. from batch) 29.7 | | 70.0 | We Od. Pera 
A3 (calc. from batch) oe P| Pea 69.0 | | eek i alieeil 
Bl (analyzed*) Siu | TOG 0.4 | 39.5 | 6.1 | 1.589 


* By the courtesy 


while A2 and A8 are test glasses specially 
prepared for the study of yake. 

Test pieces are freshly polished disks, 32mm 
in diameter and 3~5mm in thickness. The 
top and back surfaces of the test piece make 
an angle of 2° with each other, in order that 
the back reflection can be avoided in the 
measurement of zy. Techniques for the pre- 
servation of the test pieces as well as the 
cleaning and the leaching treatments have been 
described previously® (see also Kinosita®’). 
The leaching was stopped when the aoyake 
layer showed the sensitive colour of the first 
order (myd~145my, where d is the thickness). 
As was discussed previously*”, the sensitivity 
of Abelés’s method reaches its maximum at 
this optical thickness. The test pieces were 
then rinsed with water, dehydrated with dis- 
tilled alcohol, and were set in the sample 


of Prof. S. Tsuchihashi, University of Kobe. 


chamber. 


c) Humidity control 

The relative pressure p/p. of water vapour 
in the compartment B, in which the leached 
test piece Sz is stored, is controlled by enclos- 
ing one of the agents given below in it (see 
International Critical Tables, Vol. I, p. 67 
(1926)): 


HzO NaCO;-:10H20 NaCl 
NH.NOs K2COs-2H;:O MgCl: -6H:20 
ZnCl - 13H2O PO; 


It takes some considerable time (of the order 
of an hour) for the equilibrium value of P/Po 
to be reached in the compartment. For later 
reference, the variation of p/p) with the lapse 
of time was investigated with the aid of the 


* Al and B1 correspond to Schott SF3 and SK5 } 
respectively. 
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humidity- and temperature-pick-up of a “ Mi- 
nima” Electric Hygrometer* sealed in the 
compartment. The time lag of the indication 
of the hygrometer is believed to be of the 
order of minutes. 


§3. Dependence of n; on p/p 


a) Preliminary experiment 

The test piece on which an aoyake layer 
had been formed and another test piece of 
the same glass free from aoyake were enclosed 
in the compartments B and A respectively, 
one of the humidity controlling agents was 
inserted in B, and the change with time of 
ms was observed. It took some time, say 
several tens of minutes, for my to reach the 
equilibrium value. A part of this time lag 
may possibly be attributed to the time re- 
quired for the completion of adsorption, but 
the greater part can be ascribed to the time 
required for the equilibrium in p/p) to be 
established in the compartment B (see the end 
Olgesi27G)))a 

A series of such experiments lead to the 
conclusion that a wait of one and a half hours 
was enough for obtaining the equilibrium value 
of my for all agents but H2O (equil. p/fo=1.00), 
which needed a longer wait. 


On the basis of these preliminary experi- 
ments, the equilibrium values of m,; for re- 
spective values of p/fo between 0.00 and 1.00 
were systematically investigated. 


b) Experiments with the glasses Al, A2 and 
A3 

The results for the glasses Al, A2 and A3 
are illustrated in Fig. 3. 

The test pieces were attacked by 0.001 N 
NHO:, at 60°C. The measurement was 
started at p/fo=0.00. The relative vapour 
pressure was then raised step by step up to 
1.00 ((1)—), after which it was lowered again 
step by step down to 0.00 (<-(2)). The second 
(down) run did not follow the path of the 
first (up) run, but my for p/po=0.00 at the end 
of the second run was identical with the initial 
value of my for p/f.=0.00. Further up and 
down runs ((3)—>, <(4)) followed the path of 
the second run. It took about a week to 
complete these four runs for one sample. 

The observation described above suggests 
that some structural change had occurred in 


* Originally devised by Prof. K. Shiba. 
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the first and the second runs which took about. 
four days, after which the layer was stabilized. 
In this stabilized or aged state, the change in 
the equilibrium value of my with the change 
in ~/fo was remarkably reversible. 

As was reported previously®, the absolute 
values of my; of the samples prepared in one 
and the same way are accompanied by some 
individual fluctuations. But the general trends. 
of the my vs. p/p relations for the glasses Al, 
A2 and A3 are well represented by the curves. 
shown in Fig. 3. They are strikingly similar. 
c) Experiments with the glass B1 

Two experiments were carried out with the 
glass Bl. In the first experiment, the test 
piece was attacked by 0.001 N HNOs at 60°C, 
and in the second by 0.01N HNOs at 60°C. 


| 
O.OOINHNO, vy 


Pee” 
0.2 0.4 O. 
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Fig. 3. ny vs. p/po relations for aoyake layers on 


dense flint glasses Al, A2 and A3. Attacked by 
0.001 N HNO; ’ 60°C. nyd~ 145 my. 
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The ny vs. p/po relations for respective cases 
are shown in Fig. 4. 

Fig. 4 again shows that the path of the 
second (down) run lies above that of the first 
(up) run. The third (up) and the fourth (down) 
runs were found to trace the path of the 
second run, just as was the case in 0). One 
of the differences from the results for the 
glasses Al, A2 and A3 is that the value of 
ny for p/fo=0.00 at the end of the second run 
is higher than the initial value of m; for 
p/fo=0.00. Another difference is found in the 
form of the my; vs. p/p) curves. The two 
curves in Fig. 4 are similar in general trends; 
but they are quite different from those of 
Fig. 3. 


— 
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p/p, 
Fig. 4. ny vs. p/po relations for aoyake layers 


on dense crown glass Bl. Attacked by 0.001 N 
HNO;, 60°C and 0.01N HNO;, 60°C, resp. 
nyd~145 mp. 


$4. Estimation of the Parameters of the 
Pore Structure of the Aoyake Layer 

It has been discussed”.etc. that the aoyake, 

from which the alkali and other metal ions 
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have been leached out, is a porous skeleton 
layer. If this is admitted, the natural con- 
sequence will be to suppose that the above 
described variation in my is due to the change 
in the amount of water adsorbed on the walls 
of the pores as p/p is varied. The resemblance 
of the my vs. p/po curves in Figs. 3 and 4 to 
the adsorption isotherms of Type II and Type I 
(Brunauer, Deming, Deming and Teller’s clas- 
sification?) also supports this view. 

According to this idea, the porosities, the 
refractive indices of the skeletons, and the mean 
pore radii of the aoyake layers we have studied 
in §3 will be estimated below. 


a) Porosity q and the refractive index of the 
skeleton ns 

The skeleton of the aoyake layer on a silicate 
glass has been believed”etc- to be composed 
almost exclusively of silicic acid which con- 
tains some -Si-OH groups besides the original 
-Si-O-Si- bonds. According to our semi-quan- 
titative spectral analysis”, however, it still 
contains some amount of metal ions which 
are the constituents of the original glass. 
Moreover, the skeleton may very probably 
contain some water, which cannot be desorbed 
even when p~/f> is reduced to zero. The mean 
refractive index of the skeleton as such shall 
be denoted by ms. 

According to the idea mentioned above, the 
number of water molecules in the pore space 
will increase as f/f is increased. If v is the 
volume in the pore space occupied by water 
at a given value of p/p) and vo is the total 
volume of the pores (for convenience’ sake, v 
and vo shall be referred to the unit area of 
the aoyake layer), then the mean refractive 
index of the pore space ”» at that relative 
pressure will be given by 

Vv 
Vo Vo ) F 


Here m» stands for the refractive index of 
water, and m, for that of air. 

If V is the volume of the aoyake layer per 
unit area, the following equation will be derived 
by similar reasoning: 


ny=ne(1— ue \tny os 5 (3) 
v v 


or, in terms of the porosity of the layer g= 
Vol V, 


v 


Np F=Nw +n(1— 2%) 


Ny=Ns(1—q)+Nog . (4) 


Now, if we assume that 
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V=0' MOF =a in case p/fo=0.00 water) is linear: 
and v 
' Nze=Nagtns(1— 20 meat 2) eis 5) 
V=Uo OF Np—Nw in case p/fo=1.00, ‘“ Ashish ae Bits eit) Vo ae 


we can calculate ms and g from thé observed All parameters included in the right side are: 
values of my at p/f.=0.00 and 1.00. The re- known except uv. The last parameter is at. 
sults are given in Table II, together with once obtained as* 

some other data. The numerical values under vo=qV=qd . (6): 
the headings F and A are those obtained from 
the lower and upper branches of the curves 
in Figs. 3 and 4 respectively, and are supposed 
to represent the properties of the “ fresh” and 
“aged” aoyake layers respectively. 

In the evaluation of ms and q described 
above, it has been tacitly assumed that the 
aoyake layer does not swell nor contract (_V= 
const.) throughout the range of p/fo. In order 
to see if it is the case, we examined the change 
with p/p) of the interference colour exhibited 
by the aoyake layer, which is determined by 
the optical thickness of the layer m;d. It did 
change as ~/f) was varied, but quantitative 1 1 
examination proved that this variation can be p a + eral os (7) 
explained by the change in my (Figs. 3 and 4) Upo—p)  Vme Umer 
alone. The interference method is fairly re- at low pressures. Eq. (7) includes two para- 
liable if 2yd~145 my, which fortunately was meters, Um and c: vm is the so-called monolayer- 
the case in our samples. Hence it could be capacity, z.e., the volume of vapour adsorbed’ 
concluded that d, and consequently V(=d cm! when the entire surface of the pores is covered’ 
by definition), remains constant throughout the with a complete unimolecular layer; and 
range of p/po. c=exp. (E:i—Ex)/RT , (8 )» 
b) Mean pore radius 7 where E; is the heat of adsorption of the first. 


As is seen from Eqs. (2) and (4), the relation layer, Ex is the latent heat of condensation of 
between uy and vy (the volume of adsorbed vapour, and R and 7 are the usual constants. 


If we plot v as calculated from Eq. (5) against. 
p/po, we get the adsorption isotherms**. (Note: 
that v is the volume as liquid). Figs. 5 and 
6 show the adsorption isotherms obtained’ 
in this way from Figs. 3 and 4 respectively. 
The isotherms in Fig. 5 belong to Type II,. 
and those in Fig. 6 to Type I. 

Now, let us estimate the total area of the: 
pore walls s by the method of Brunauer, Em- 
mett and Teller?®. For this, we assume that 
the adsorption in these cases is multimolecular’ 
and obeys the BET equation of multimolecular- 
physical adsorption on a free surface 


Table II. Properties of acid-leached aoyake layers on glasses Al, A2, A3 and Bl, as 
estimated from ny vs. p/po relations. As for headings F and A, see text. 


Shash Leaching pe i ate ecciotoitaa en oS readies 
Notation np p/po=9.7 Ns 7 (A) 
Al 1.760 | yNoy arc | A | (11892 1888 0.183 il 
A2 1.777 | yNoe ec | A | 11495 134] 0144 12 
A3 LIL) yNo arc | A | 1808 1972 07180 13 
BI 1.589 | yNOe ere | A | 1880 1475 0.051 6 
Pee | ee Pe |) Leet for ae iano inns 


* The value of d was obtained by dividing the optical thickness nyd, as determined by the inter- 


ference colour method, by m;. 
*k To be exact, it must be admitted that our sample chamber was not thermostatted. But the: 


temperature fluctuation in it seldom exceeded 1°. 
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If we transform the v vs. p/p) curves in Figs. 
5 and 6 into p/v(po—p) vs. p/po curves, we 
find that these can be well approximated by 
straight lines at low pressures, as demanded 
by the Brunauer, Emmett and Teller pro- 
cedure. From these straight lines c and vm 
can be found for respective cases*; and from 
the values of vm, s can be calculated taking 
the adsorption cross section of a water molecule 


La 


I ht 
ES viv dhc 


B= 
Aan 


Adsorbed volume uv, 10 cc liquid/cm? 
ie) 


ia Sane 
Bee al HNO 


ey a 


Fig. 5. Adsorption isotherms for aoyake layers 
on glasses Al, A2 and A3. Obtained from 
Fig. 3. 


* The obtained values of v,, (as liquid) range 
from 0.41 to 1.30x10-&cm’ per unit area of the 
aoyake layer. The values of ¢ range from 11 to 56, 
which corresponds to F,—H,;=1.4~2.4 kcal/mole. 
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as 10.5A?. 

Now, if we assume for simlicity that the 
pores are of cylindrical form, s and wv are 
given by 

s=2r7l and m=nx7'l, (9) 
where 7 is the mean radius, and I the total 
length of the pores. From the above relations 
it follows that 

7=20)/s . (10) 
The values of the mean pore radius evaluated 
in this way are given in the last column of 
Table II. 
c) Distribution of pore radius 

There is a quite different approach to the 
evaluation of the pore size, which is based on 
the capillary condensation theory. The equili- 
brium vapour pressure p over the meniscus 
of a liquid filling a capillary of radius 7 is 
lower than the normal vapour pressure of the 
liquid fo, and is given by the Kelvin equation 

log (p/bo)=—2eVz/rRT , (11) 
where o and Vz represent the surface tension 
and the molar volume of the liquid respec- 
tively. Let us assume that at pressure / all 
capillaries whose radii are smaller than 7 as 


| et 
fh PEEL 
QO0IV_ HNO; 
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Fig. 6. Adsorption isotherms for aoyake layers 
on glass Bl. Obtained from Fig. 4. 
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given by Eq. (11) are filled with condensed 
adsorbate, while larger capillaries are left 
empty. Then we can transform the adsorption 
isotherm into a v vs. ry curve, the ordinate of 
which represents the volume of liquid con- 
densed in the pores of radii smaller than +. 
It is more convenient to plot v/v against log 
ry, according to Kubelka2”. If we differentiate 
the v/vo vs. log ry curve (the integral structural 
curve) by log r, we get the differential struc- 
tural curve, the ordinate of which is propor- 
tional to the frequency of occurrence of the 
capillaries having radii whose natural logari- 
thms lie between log y and log r+d logy. 
Our measurements are not so minute as to 
allow the exact differentiation of the integral 
structure curves, but if we venture, we get 
Figs. 7 and 8. The results can be no more 
than qualitative, but we can get some idea of 
the pore size distribution from these curves. 
The agreement with the estimation of the 
mean pore radii described in 0) is not satisfac- 
tory, but we would have to be satisfied at this 


Al 
0.001 HNO3 


A2 
0.00IV HNO 


f (arbitrary unit) 


A3 
O.00IN HNO3 


Fig. 7. Differential structural curves for glasses 
Al, A2 and A3. Obtained from igs se 


d(v/v0)/dog 7). 


degree of agreement if we consider that the 
two estimates are based on quite different 
premises, not to mention the poor reliability 
of Figs. 7 and 8. 


BI 
0.00IN HNO3 


BI 
0.01N HNO3 


Ff (arbitrary unit) 


Tr (A) 
Fig. 8. Differential structural curves for glass Bl. 
Obtained from Fig. 6. f=d(v/vo)/d(log 1). 


§5. Discussions 


a) Ms and my 

The present work is believed to be the first 
attempt to determine ms, the refractive index 
of the skeleton of an acid-leached surface layer 
of glass (aoyake layer). This has to be dis- 
tinguished from my, the refractive index of 
the layer as a whole. 

The values of my of well-developed aoyake 
layers hitherto published?*’-*etc.*, as well as 
the published!!!” and unpublished data ob- 
tained in our collaboration 1955-59, are scat- 
tered between 1.42 and 1.58, most of which 
being concentrated around 1.47. As the last 
value is very close to the refractive index of 
fused silica, 1.46, this has been regarded as 
evidence in favour of the theory that the 
well-developed aoyake layer is a silica skeleton 
film, from which the metal ions contained in 
the original glass has been leached out almost 
completely. The present work has revealed 
that this is misinterpretation. The fact is 
that the refractive index of the material of 
the aoyake layer, or the skeleton, is much 
higher (see Table II), indicating that a con- 


* As regards the interpretation of Bishop’s®?) 
and Hara’s32) results, see Kinosita33). 


816 


siderable amount of metal ions are still present 
in the skeleton. The usual method of mea- 
surement of the refractive index of the aoyake 
layer gives nothing but the mean index of the 
skeleton and the pore space, which in most 
cases is close to 1.47. This is demonstrated 
by the values of mys at p/po=0.70 given in 
Table II. 

This view is consistent with the results 
of our semi-quantitative spectral analysis of 
aoyake layers”. It seems that Anderson and 
Kimpton’s measurement*”) of the infrared 
spectral reflectivity of the aoyake layer also 
supports this view. 


b) Estimation of the pore structure 

Much has been discussed about the porous 
nature of the aoyake layer. Few, if any, 
measurements of porosity and pore size have 
been attempted, in so far as the aovake layer 
on the polished surface is concerned. 

The only data which are to be compared 
with ours would be those of Russian workers. 
They seem to have done much in this field, 
but little is known in this country. In a 
paper contributed to the Conference on the 
Structure of Glass, Leningrad, 19533”, Zhdanov 
quotes a few estimations of porosities and 
predominant pore radii of acid-leached surface 
layers on optical glasses. These are cited in 
Table III. The estimation is based on “ad- 
sorption methods” (volumetric or gravimetric 
measurements with powdered samples?). The 
predominant radius is conjectured to have been 
evaluated from the differential structural curve. 
His values seem to be consistent with ours. 


Table III. Porosities and pore radii of acid-leached 
surface layers on optical glasses estimated by 


adsorption methods. Zhdanov*4). 
Porosity Predominant pore 
Glass q radius (A) 
rom | 0.07 <8 
BK10 0.12 <8 
Kl 0.26 <8 


Recently Watanabe, Noake and Aiba?*), in 
their study on microphases in glass, tried an 
electron microscopic study of the surfaces of 
some borosilicate glasses which had been sub- 
jected to acid attack after heat treatment, and 
observed small cavities which are believed to 
have come into existence because of local 
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differences in solubility. The size of the | 
cavities is increased by heat treatment: in — 
air-cooled samples they are of a size of 100A © 
or less and only a few can be recognized in 
the electron micrograph*, while in the samples 
subjected to prolonged heat treatment they are 
larger and are seen scattered all over the 
the surface. In our opinion, these “cavities” 
are the same in their nature as the openings © 
of the “pores” we have been discussing. It — 
is desirable to observe by electron microscopy 
the openings of the pores in the aoyake layers 
on ordinary polished glass surfaces. For this, 
however, an essential improvement in the re- 
solving power would be indispensable. 


Before concluding this sub-section, an esti- 
mate of the area covered by openings of the 
pores will be given. From either of Eqs. (Q) 
we can calculate /, the total length of the 
pores. The pores are supposed to form a 
most complicated labyrinth in the aoyake layer, 
but if we venture to assume that the mean 
length of a pore is twice the thickness of the 
layer, we can evaluate the number of pores, 
and hence the area covered by openings of the 
pores in the unit area of the surface. This 
turns out to be 0.03~0.11—not unreasonable. 


c) Further discussions on the pore structure 

It is remarkable that the adsorption iso- 
therms for the dense flint glasses Al, A2 and 
A3 (Fig. 5) are of the same type, while those 
for the dense crown glass Bl (Fig. 6) belong 
to another type. The two isotherms for Bl 
are much alike notwithstanding the dfference 
in leaching conditions. These features suggest 
that the type of the adsorption isotherm is. 
primarily determined by the composition of 
glass. 

This assumpion certainly needs further ex- 
perimental verifications**, but seems to be 
highly probable if one admits that the skele- 
tonization of the surface layer of glass is 
caused by selective dissolution of those micro- 
phases in the glass which are easily attacked | 
by acid. The presence of such microphases in | 
the glass, or the microheterogeneous structure | 
of glass, has been keenly discussed by Russian 


* The resolution of the replicas was of the order 
of 100A. 

** The adsorption isothem of the aoyake on a 
lantern crown glass, which is now under investiga- 
tion, seems to belong to Type V isotherm. 
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workers**); Watanabe’s work®*) is also con- 
cerned in this problem. According to these 
workers, the composition and the thermal 
history of glass determine the chemical nature 
and the size of soluble (and insoluble) micro- 
phases. It will be natural to consider that 
these in turn will determine the structure 
characteristics of the aoyake. It is known 
that the adsorption isotherm is highly sensitive 
to variations in structure characteristics of 
porous adsorbents. 

The branching of the isoterm (Figs. 5 and 6) 
is another point to be discussed. The second 
(down) run goes along a path which differs 
from that of the first (up) run; further runs 
follow the path of the second run. This sug- 
gests, as was mentioned previously, that some 
irreversible change—aging—has occurred dur- 
ing the first and the second runs. According 
to the analysis (Table II), 7 is smaller in the 
aged layer than in the fresh one. In the 
glasses Al, A2 and A3 gq and ns are not af- 
fected by aging, while in the glass Bl the 
values of both parameters (especially qg) are 
decreased. Corresponding to these situations, 
the total length of pores / increases by a factor 
of 2~4 in the former glasses, while in the 
latter the increase of / is not marked. 

What kind of irreversible process would 
have occurred in the aoyake, which results in 
in such structure changes? One of the possi- 
ble answers would be the following. There are 
numerous Si-OHg roups in the aoyake which 
have been formed by the hydrolysis of Si-O-X 
bonds, where X is either an alkali or an 
alkali earth ion. Whenever two Si-OH groups 
react with the liberation of water, a strong 
Si-O-Si bond will be formed which draws two 
SiO, groups closer together. According to 
Weyl, this process can take place at room 
temperatures*. If it does, the consequent 
irregular shrinkage of the skeleton may give 
birth to numerous finer cracks, which will 
decrease the mean pore radius 7. The total 
shrinkage of the layer could possibly be so 
small that the resulting decrease in d cannot 
be recognized by observation of the inter- 
ference colour. In some situations it might 
happen that some water is trapped in the 
skeleton in the process of deformation, which 
cannot escape even at ~p/fo=0.00. Such trap- 


eee Tt is well known that this aging process can 
be greatly accelerated by baking the aoyake*®. 
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ped water will decrease ns. 

Another possible irreversible change which 
might have occurred in the aoyake layers of 
our samples is the acid attack by NOs- ions 
still left in the layers after rinsing. 


There was particular reason why we carried 
out two experiments on the glass Bl, one with 
the test piece attacked by 0.001 N HNO; and 
another by 0.01. NV HNOs. In our study of the 
growth rate of the aoyake layer®, we found 
for this glass that d increases in proportion 
to ¢°-* ¢ is the duration of acid treatment) if 
the sample is attacked by 0.001 N HNOs, while 
d increases in proportion to ¢ if attacked by 
0.01 N HNO:**. This suggested that there 
would be a substantial difference between the 
structures of the aoyake layers developed by 
respective treatments. The result, however, 
was rather contrary to our expectation. The 
adsorption isotherms were of the same type; 
and the mean pore radii were almost identical. 
The only difference was found in that the 
porosity g and the fractional area covered by 
pore openings (see the end of §5 bd)) were 
twice as large in the latter case (attack by 
0.01 N HNOs) as in the former case (0.001 N). 

It need hardly be said that the study of the 
growth mechanism of the aoyake layer should 
be based on the knowledge of its pore struc- 
ture. We have to do much, however, before 
we can put the study on the right track. At 
the present status of our knowledge we can- 
not so much as estimate the resistance ex- 
perienced by a metallic ion when it goes 
through a pore of a radius of the order of 
10A. 

d) Application of the method to other fields 

We have developed in this work a method 
of estimation of the pore structure of a trans- 
parent porous film, which is based on the 
observation of the change in its refractive 
index due to adsorption of vapour. This me- 
thod may find applications in other fields, e.g., 
in the study of the pore structures of eva- 
porated films of transparent materials. 


Cordial thanks are due to Mr. Kohzo Na- 
tsume, who used to be my assistant, for his 
collaboration in a series of studies of yake on 
which the present work is founded; and to 


* If the rate determining process is diffusion of 
ions through the layer, it is expected that d<?9.5. 
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The solution of the problem, when the holes do not overlap but are 


distributed arbitrarily in one plane, 


sion in hypergeometrical polynomia 
tities concerned are given. 
give approximate formulae which 


is obtained by the method of expan- 
Is. Formulae of some physical quan- 


In the case of normal incidence, we also 


are valid when the wave length is 


large in comparison with the radius. 


Introduction 


Se 1. 
The problem of diffracttion of plane wave 
by a circular plate or circular hole has been 
solved by Meixner and Andrejewsky”, Bouw- 
kamp”, Nimura®’, and other authors by mak- 
ing use of spheroidal coordinates and sphe- 
roidal wave functions. One of the present 
authors”’.®») has succeeded in solving the same 
problem by using cylindrical coordinates, the 
discontinuous integral of Weber-Schafheitlin, 
and the expansion by hypergeometrical poly- 
nomials. Following this method, in the fami- 
liar coordinate system, and utilizing the addi- 
tion theorem of Bessel function, we can also 
solve by perturbation the case of many cir- 
cular plates or circular holes. In the previous 
paper®, we have treated the case of two equal 
non-overlapping circular holes made in a rigid 
plane plate. Now we show that the calcu- 
lation can be easily adapted to the case of 
any number of non-overlapping equal circular 


ZA 
A 
P 
Ng 
Q =a) 
: 
7, Pp 


holes arbitrarily distributed in one plane. 

By the results, we know that the series of 
successive approximation, being the functions 
of wave length and its ratios to the distances 
between the centres of the holes, has good 
convergency if the wave length is large. 


§2. General Solution 


Let x, y-axes of rectangular coordinates lie 
in the rigid plane, origin being arbitrarily taken 
in this plane. The centres of the circular 
holes with the same radius a, can be denoted 
by e070 relates, Nieto more Conyen: 
iently by polar coordinates m1, ¢:. We de- 
note the distance from the centre %:, 3. to 
any other centre xv, yuv by aqu1, its direction 
from the x-axis being indicated by the angle 


Wire (Gi, 1%, Ile 
aqui=V (xv — x1? + (yu —yr)? > 2a , 
cos diu= as , sindga= peed 

aqui aqir 


820 


Any point P shall be indicated by the polar 
coordinates R, 0, v, or more conveniently by 
the cylindrical ones 7, g, z. The distance 
from the /-th centre to the point P’(7, ¢, 0) 
shall be denoted by 7. We shall suppose 
that a plane sound wave comes, whose normal 
is expressed by unit vector 
N(sin & COS Yo, SiN @ Sin Go, COS A) . 

When the velocity potential for the acoustic 
field is expressed by @®e**’, ® must satisfy the 
following wave equation: 


V?+k*?)9=0, 


' 
O.=C exp {—ikz cos a—ikr sin a cos (g—@o)} 


(1) 
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where k=(/c)=(2z/4) in which c is the pro- 
pagation velocity of sound and 4 the wave: 
length. 
In the present case, we can put 
Do+D+> 0, z<0 | 
0= . (2) | 


N 
DOS z>0 
l= 


t 
where @) and ® are the velocity potential of | 
the incident and the reflected wave respec- - 
tively, 


=C exp {—1kz cos a—ik@ 1 sin a cos (b:— Go) —ikri Sin a& COS (Y1— Go) } 


=C exp (—ikz cos a) 3 (2)m(—1)™ Jm (Rr sin 
m=0 


=C exp {—ikz cos a—ik@ 1 sin a cos (Yi— Go) } >, ni)" Jnller sina) cosm(gi—@o) ,_ (3 


@.=C exp {ikz cos a—ikr sin a cos (y—¢o)} 


=C exp {tkz cos a—ik@®1 sin a cos (f1—@o) —ikri sin a COs (Yi— Yo) } , 


N 
and Dy @, is that of the scattered wave, 
=1 


Q) cos M (~Y—o) 


\ 
} 


(4) 


D-=> O,® , (5) 
a — es Aw cos mg: t+ 1B? sin Me)Smn(r1, =z) , z=0 (6) 

a VE Im (7i/a)E) Jm+on+ia/2y(€) Sg ae 
Smnl71, =a = gual eS {= a ee \ 
11, 2) ; Eta exp 4-F V &— (ka) 7 dé er. 


in which 9; represents the scattered potential due to the /-th hole only, and S ;? the s- 
[=1 


th perturbed potential. 


§3. Boundary Conditions 


On the plate where z=0 and 7:>a (for all /=1, 2,3, ---,N), 00/0z must vanish. And, im 


the holes where z=0 and 7:<a (for any /=1,2 


Since 
ie 


we see that [00/0z].-.=0, provided that r:><a. 
we see that 00/0z is continuous in the holes. 
The condition of the continuity of @ is 


ee ’ a=) 
Oz 


==()) rTi>a 


,3,°++,N), 00/0z and @ must be continuous. 


(8): 


And since +—@Smn/0z) is continuous for z=0,, 


z= 


[0+ Dileaot| 3 0| 
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/ which shall be satisfied, provided 


UO [D2 Je-+0=[Dole~o , (10) 
N 

[O."enso=— SY [OPMenso, — 8=1,2,3, 0+ (a) 
Vv=1 


| where >)’ means the summation excluding //=]. 


| $4. Determination of the Constants 
From the condition (10), we have 


G > > GA cos mgit 1B, sin megi)Smn(71, 0) 


m=0 n=0 


=C exp {—ik@ sin a cos (¢i—@o)} 3 2)a(— i) Jnr sin &) cos M(¢i— Go) . (12) 


If we utilize the hypergeometrical polynomials 


tnn(a)=a-me| In VE x Jee (€) dé 


—_ P(m+n+(1/2)) had : 

ays Ta F(m+n+(1/2), —n, m+1; x) oe 13) 
Ber, l'm+n+(1/2)) —m 1/2 d” min a m—(1/2) 

~ nly 2 Pmtn+t ~ Sr ea eae 


we can expand any function fn(x) as follows; 


Fnlx) = 12 SS Cu tn™ 2) , (14) 
n=0 
- where 
ae 1 n 
Gide? a | e012 F(X) Eo {amin(1 aay} de, (15) 
0 
_ Thus, we get 
(2) m(—14)” Jm(Rri sin Qa) = eis) Br un™(X) A (16) 
Sd Gare =e"? x Gryy™(&) ; (17) 
_ where 
p= Gal (18) 
a 
en \ on (9. \ Jin+aneay2)(Ra sin Qa) (19) 
n =(2)m(—1) (2m+4n T 1) V ka sina A 
E m—(2m+4y-+1) i; Jims +2¥+ NE ae (1/2) (, dé . (20) 


Therefore, (12) becomes 
C a ss (Amn } cos mgit 1B) sin mein"? ss Giruv™(x) 
m=0 n=0 


ped ps m/2 my ™(x){COS MPL COS MYy +Sin Meg. SIN Meo} 
=C exp {—ikwisin acos (du o)} Dx Dt Cas g ; 


from which we get, by interchanging the letters and y in the left hand side, 
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COS MPo __ 1an™ (21) 


= Br™ exp {—1k@D1 Sin a cos (fi— ° 
Besa” Oy eh sin Meo 1Dn™ 


Using the solution X”, whose numerical tables are already given”, of the equations 


Ss XysGva=9Ons ’ (22) 
v=0 
we obtain 
AS asa iB = z Oy" X ny - (23) | 
v=0 v=0 i 


By the addition theorem, we have 
VV 
Ju 2 ‘ E) cos m(guv—v1) 


=(—1 3 De n( Ze) mealaie) + (—Dnnlgeié cos higher), AY 


Jn =) sin m(guv—v71) 
==((== yee yee Or; p{ 2 LE) Jnen(ae 1£) — (—1)" Jn-n(qinE)} sin h(gi— dv) , (25> 
from which we get 
Jn( =e) cos mgv 


=(-1 5 Onl te Ey Tangukycosh kool ana ee 


ra 
+ (1 SM h(E) Imealgre) sin (h-+ m)bvi (1) Jun-alquil) sin (hm) ua} sin he 
(26) 


2 “E)(Imsalauid) sin (h4+m)dbivi—(— 1)" Jn-a(QirE) sin (h—m) dvi} cos h¢r 


See a D7, G rE) Jinsnl(gin€) cos (h+-m)hvi+(—L)" Im-n(QriE) cos (h—m) v1} sin her - 

; (27) 
Putting (26), (27) into (6), (7), we obtain 

oe 


O-V=+EO D(H yes 


m=0 n=0 


x i pf 28) {Jinsn(qinE) Cos (h+m)brvit(—1)? Jm-a(qinE) cos h—m)pvijvAey 


+{Jinen(qir€) sin (h+-m)bii— (1) Jn-a(qun€) sin (h—m) bri} vB | 


eae E Jmsonsij(E) exp (FV &— (ka)? (z/a) ) de 
V &— (ka? 


an Ss > (—1)™ 3 2 - sin hg; 


m=0 n=0 h=0 


x\ Je ae) {Jm+n(quié) sin (h+-m)bvi+(—1)"Jn—nlqinE) sin (h— m)pirtv As) 


4 ‘ fe 
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+{—=Jm+n(qinE) cos (h+m)din+(— 1)” Jin—n(quié) Cos mp eBE> | 


x V E Jmsoneajn(E) exp ( VE (ha? COC 
V &— (ka)? 


which becomes, by interchanging the letters m and h, 


OY =+C SY cosmg. S S (—1) 
m=0 h=0 n=0 
x Bion qui, #2) Cos (m+h)duit(—1)"S im a(71, Git, +z) cos (m—h)dii} 
+B, {Sh alr, qv, 2) sin (m+h)diri—(—1)" S vn n(F1, qv, 2) sin on—Wbus}| 
+C D sin mgr > S (—1)" 
m=0 h=0 n=0 


| Alt {Smin(t, Qui, F2) sin (m+h) brit (—1)" Shnalte, Qu, £2) sin (m—h)drr} 


+vBin {—Smn(%2, Gu, 2) cos (m+h)bvr+(—1)!™ Sdn, alt, Gut), F2) cos (m — nov | ; 


(28) 
where 
SAG ain. FZ) 
— 2m VE Inn E)Jnem(qv 1€) Jns2nsaja(&) =— (ka? — 

[ME Mlelelaeebhamanl wolves} am 

Utilizing un™(x), we get 
Siinn(V1, qui, 0)=x™/? 3 Gar (qui)uy™(x) , x= (74) (30) 
Gt" h(qyy)=* a (2m oe +l" Traemlqu Nae inte nd) dé . (31) 


Thus, from the condition (11) we have 


co 


FASS Chwom(x) 


> — 3 3 wsm(x) 3 Dy ke qu 1) cos (m+h)dui+(— 1G. hau 1.) cos (m—h)dr1} (—1)* v AG) 
+{GR5"(qvi) sin (m+ h)dvi—(— 1) Gay” qui) sin (m—h)din}(— 1)" v se / 


i.e., interchanging the letters ” and », 


Ss MY oS [ coxitavs cos (m-+h)puit+(—1)"Gin" (qui) cos (m—h) bri} (—1)* vr AY 
17=0 h=0 v=0 


+{G™"(qvi) sin (m+h)pir—(— 1)" G5 r(qi7) sin (m—h) dri} (—1)* Be | (32) 


and similarly, 
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Put 
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=- > SS lo agin) sin (m+h)birt(—1)" Gi” “(qri) sin (m—h) pir} (— LP Any” 


+{—Gr:qui) cos (m+h)dbir+(—D™Gan" (qui) cos (m—h)pir}(— )* Bis” |. 


qui) 


Gn (qr) 


> Ss {os igri) 2 (m-th (—1)" gus) (mh) dy aioe L*vAS, (34) 


bmn (qv) 
Dian (qr) 


Os 


(33) 


ae 3S {omstary 08 (+m) der —(—1) Goat Mgun) Ge (mW) gurk (=D BE , 5) 


then 


jAgn= pe = fans” (quitbiny (Quy} Xue , ( 


36) 


N °° 
= DY Sa qe) + OMS Quy} KA . (37) 


Thus, we see that 7A) and 7B can be calculated i 


ae en if GE™-"(quv1) is evaluated. 


§5. Evaluation of G3”""(q) 


We shall 


where 


evaluate the integral G#"(q). Putting ka=r, we have 


Gag) = ie (2m + 4y4 y| ee dé 
_ 0 


Ao (9m + 4y +1 { RE" *—i12™} , 


Remha | ental Panes aioKd sens sinl®) We 


oy Ve 
+m,h— ‘ Tram Q&) Jays 1j2(E) Jntonsay(E) 


These integrals can be calculated as shown in the appendices I, II, HI and IV of our previ- 


ous paper®. 


zm,h 
Ry 


The results are as follows: When ham=0, 


Vn = ae & (=) 


OL A -1 


2 wo wl P(—pz+(1/2)) Sinn} 
q-*T{h+yvt+(leD/2)m+n—=awtlt (1/2) (h+2v+m+2n+2421) 


*T{u—v—(LF1)2)m—n— L+(1/2)} Ph +2v+ mt 2n+2+D (m+ 2v4 (3/2) +-DF(h+2n+(3/2) +) 


se) memo (SD T{At(1e1)/2)m-+y-+nt+s+1(h+-m+2y42n+242s) 
2 


r 
=o SIP(h+m+2y+2n+24+s)I'(m+2v+(3/2)+s)(h+2n+(3/2)+s) ie 


h+ ((14£1)/2)m+v+n+s8 


S 1 (2)! 


C1) 


io {h+ (ED /2)m-+y-+n+s—n}! Moe a sheen ce elo 


| 
| 


| 
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and when h—m<0, we can reduce it to the former case by the general relation 


R ana ce 2 


ny 
And, we have in general 


[tm Aa Vn ike i \ 2h+ (141) m+2y+2n+41 
ye ee rE 
2, 2 


Sotto Get Pht+m+2v+2n+24+2s) me 
s=0 S$! Ph+m+2yv+2n+2+s)(m+2v+(3/2)+s)P(h+2n+(3/2)+s) (ae 


Oy anh ar. r{h+(1+1)/2)m+vt+n+stlt+y} (xr \* 
wo pw!) = (htmt+1+z) os ce 


r h+m+2v+2n+1 
=(2) 


S > (—1)sT{AF1)/2)m+vtnt+st+ ll (h+m+2v+2n+2+2s) ne NE 
s=0 S!P(h+m+2v+2n4+2+s)(m+2v4+(3/2)+s)l(h+2n4+(3/2)+s) ( 2 ) 


((141)/2)m+v+n+s il (Qu ! —— 
(qr) / ore Jrimepraplar). UV) 


(IIT) 


= —1)! 
a er et {1/2)m+v+n+s—p}! (u!)22# 


In the formulae (II) and ([V), when 7 is small and the value of gy is not so small, we see 
that the term of the order 7/2 occurs only when h=m=v=n=0, s=0, and that the two 
terms of the order (7/2)? occur when h=1, m=yv=n=s=0 and m=1, h=v=n=s=0; in this 
way, we can have expressions of Ri™", J=™* in power series of 7/2=8. And making use 
of the expressions’ of X,” in power series of 8, we can get those of .A/‘) and 1B) (Cf. §8.). 


§6. Diffracted Field at Great Distance 
For the scattered wave, we have 


N 
@—+CV=2C > Vie (38) 
=1 


Vi= d+ >» Amn cos mgr 
se 


0 


+1Bmn sin MOV)SmnlN, ==) (39) 


co co 


tAmn— D>) Me ’ (os Bs . (40) 


s=0 s=0 
We use the Kirchhoff solution of the wave 
equation (1) 


V= 1 ey, 
Ai 14 On 
0 oa 
V dS 41 
oat 1 : Ce 
to obtain the value of V at a distant. point. 
Here, R’ is the distance R,’ between the point 
Q; lying in the /-th hole and the distant point 
P. Cf. Fig. 2.* The integration is to be 
performed on both sides S;*+ and Sr enclosing 
the /-th hole: Fig. 2. 


* Notice that the meanings of the symbols ~, gy, in Fig. 2 are just those in the right hand one of 
Fig. 1, if we identify Q, and P’. 


826 Y. NOMURA and T. OSANAI (Vol. 16, 


So= Si Sir 5 t=142, 3) -- ANE (42) 
Evidently 
(282) (BE), (BE), (3H) “ 
On /s,* - 02 Ye On eae 
(32), (96). “ 
OZ x= 
( 6) cxp (RR (a 0 exp (—7kR’ ’) (45) 
On R’ om 
Therefore 
v= oy Se ae oy dS. (46) 
Now, P being sufficiently distant, we may put 
Ri=R—@isin 6 cos (¢—¢) , (47) 
R/ =R.—r:sin 6 cos (g—¢1) . (48) 
And so, we get 
aR ES \ rar VF da GE) Jnvemectnl&) ab 
x \" exp {zkri sin 0 cos (p—¢1) 1 Amn CoS MYGi+ 1Binn Sin Mei) der (49) 
= Eee exp {—ikR+ik@ isin 6 cos (p—d1)} 
R 
x Sf x} (7)™(1Amn COS ME+1Bmn SiN MY) jm+on(ka sin 0) . (50) 
Thus, we obtain 
O=+y/ 2 gC SPCBE) SS. Wm jmsan(ha sin 0) 
xx = exp {1k@1 sin 6 cos (g—d)}(1Amn cos ME+1Bmn Sin M¢) . (51) 


At great distance from the holes, the energy flow (mean value about time) per unit solid 
angle in the direction 0,¢ is 


PO, 9) == A iwsb oR =< ook BOR! 
halC\2 N| 2 © : ; : 
pp SORE Ns - IC | 2 | SL, 2, Amn cos me+ Brn sin Mg) jmian(ka sin 8) 
katiC\2 XN : ; 5 
pees : IC | = Dy exp {tk@ 1 sin 8 cos (g—du)— ik v sin 6 cos (p—¢r)} 


x DD 1)" (Amn cos me+ Bn sin me)(v Amn’ cos m’e+1Bmn sin m’9) 


m,n m,n’ 


x Jm+2n(ka sin 0) jm’+2n(ka sin 0) ; (52) 
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where @ is the conjugate of @, and o the density of the air. 


§7. Acoustic Impedance and Transmission Coefficient 
If we denote by (p)e'** the pressure at the /-th hole, we get 


N 
(p)i= tool > ®1)2-+0=iw0[Do|,-0 
=twoC exp {—ik@1 sin a cos (fi—@o)} >: (2) —1)"Im(kri sin a) cos m(¢1— Go) 
=iwoC Say 2 > (oan COS Mgitibn™ Sin Mei)Un™X) , (53) 


conferring (9), (3), (21). Proceeding similarly as in the previous paper®, we obtain as to the 
I-th hole: 


10 we nh '(n+(1/2)) 
mean press t= —— = C n°, 4 
Stig Pe af TV ®t EDIT GDaO ee) 
mean velocity Cn ee A ; (55) 
a ia 
acoustic impedance (Zao) = (Rao) +i(Xao) = 40a 
m)t 
_ imwoa $ I'(n+(1/2)) ah 57) 
8:Ao0 2=0 m!(n+1)!T((3/2)—n) 
_, 2@0a = I'(n+(1/2)) iis 58) 
eae: 8 x=0 m!(n+1)!T'((3/2)—n) << tA ” 
haat TWOA < T'(n+(1/2)) 1an° : 59) 
OS ra 8 n=0 m!(n+1)!((3/2)—n) ~~ 1Ado ’ 
energy flow (mean value about time) 
= 2 S : ee meres We Aimn An™+ / Byrp Ba™ . (60) 
(W):=ao|C| a> eS Ce eel PAK 1 1 tDn™) 
Energy flow from the whole holes: 
= a = 2 > > we I : PIL Amn igeae Bin bn) (61) 
Voie aah = (2) m 2m+4n+1 = Fo (i : : : 
r x/ 
=) do\ "P(O, ¢) sin 6 d6 . (62) 
1) 0 
Transmission coefficient of the whole holes: 
t= He = 2 > S : Se s She, Amn an™+1Bimn bn™) ? (63) 


i 
pa 


0 (2)m 2m+4n+1 1 


Zz 
x 
Zz, 
a 
g 
3 
i 


0n 


where 
Wo=—-natook\Cl* 


is the normal incident energy flow on each hole. 


§ 8. Case of Normal Incidence and Large Wave Length 
In the case of normal incidence a=0, and for large wave length y=28<1, we obtain 
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1Ao=1Aw +1Aso +2Ado +2Ado + O(6*) 
= y/ 2 x8 {12x08 & GRar) + 0X8? B/ GBlar) 
x > Grav) — (2X00) 3y Geol qu's) > Gin 00( Gr" ) Dy’ Goolqu v?) bon , 
tAgi=1Aor +1Adr +1Aa +0(6*) 
= =| x8—2xe{x8 > CBqe) +X FY Care } | +0189 , 


tA1o_ rAiy + vA O(p)=— = XoXo ay cos drt 
Bio 1Bi) + Be? sin dr 


x {e8(qri) — Gaittavo\ {12x08 bY CBtque) } +0189 , 
1Ax=1As) +O0(6) = — j= XwXo 2," cos agin G8qv ae GaPtaro} +0689 , (64) 


all the other :Amn, ~Bmn being of the order 6‘ at most. And, putting 


rqvi=Cvr ; (65) 
we get 
oqui=(f (Err) —ig (Cv) }B +4 filErr) +igi(Crr)} 68> +O(B*) , (66) 
where 
2 cosg 
fO=,/ 2S Ju O= 
/2 ve . ¢ (67) 
= 2 Fe hulo)= 2 sng . 
fO=—3/ 2 FE Vin©) += Len®} ~ a He = ( ase € sin ct, 
fe ey ee ae ee erie ws) tie osm 6 
HO= Sy pO = ina — sine — (SE cose 
(68) 
Hence, 
Avo= yf 21+ dB + debt + rAaB +i en B-+ + 0B) +018) 5 (69) 
where 
dia —2 dV f (Cv) ; (70) 
= SY en) +4 SY BY Cod fOr) eC gv) — aaa (71) 
a= —2 BY flv) +16( 2, — 2) SF Cn) + © SY SY (FC) een) tard fEvn)} 
8 a RF Gud f Cun) f Curr) 
+8 DY RES Cv) 8 (Cur) g (Cv) + o(Cr) f Com a Cur) +aCvd gun) f Cv} , 


(72) 
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eA 7 
ge rea +2 3 (Cv) ; (73). 
16 N N N 
Heong SAS viy—4 3 at Orn) avn) +a Gif Cvw)} , (74) 


Mes N EN ‘Com at N AR N,N 
ilis= — 2 a8 (47) 16( eaten ) ee 8G) + a 34 ea {fh (Gv) f Cv) —g (Ev) g (Ev) } 
64/1 i Paypal 
eles ee ae Dy Sy Sy Cin) a Cv) g Cv) 


7 


7 


+8 YY YF Crd Crag Cuvee) + FErdalenflemm) +a Crd f Cr f Cr} . 


(75), 
The acoustic resistance and reactance becomes respectively, 
= (1/2) zt 1 
Rea — ey 
8 (3/2) tAoo 
_TOC oo, 
=p CoG 2 Ai oe 2 A Did 1a — 1/8 +374 127441) 8? +O(8?)} , (76): 
= mooa I'(1/2) See: 7s 
8 TS ce 
_ TOC 
“9 ALB (2h2— 1A 12 + 1pt1?) B? — (1As— 211 thn + Qe rete + 1A —37A1 11) 8? +O(B4)} . 
(77): 
And, the total energy flow from the whole holes is 
oo N 
W=woalCtrey/ = D Fn iAn 
=a 
N 
=2wcalC|* > {118 + 128? + 1188? + O(B*)} 
N 
=4oc|C|*° > {i+ 128 +1438? +0(B*)} . (78): 
Using the formula (55) 
Ce ALAY , 
a 7 
we can easily show that 
eae, me 
2 ane a(R, e)t |(Um)a = (79). 
Transmission coefficient of the whole holes is 
N 
p= WE? S(t ree + te) +069) (80) 


NW Nz 


When N=2, the results are as shown in 
Fig. 3. The abscissa g represents the distance 
between the centres of the two holes, and 
the ordinate shows the value of ¢. Each curve 
corresponds to 7=0.05, 0.10, 0.15, 0.20, 0.25. 

When go, ¢ should take the value in the 


§9. Numerical Examples 

We notice that the approximation of the 
previous section gives fairly correct value 
when 7=28 is small. For example, we give 
here the transmission coefficient ¢ for normal 
incidence computed by the formula (80). 
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The greater the value of 7 is, the smaller 
P 1 1 the oscillation amplitude and the shorter the 
tsinsle= 341 ee = aro} , oscillation peroid is. 
iG 9 TG : : 

As q increases starting from q=2, each 
In fact, continuing the computation for larger curve attains to the first maximum point 
q, we see that each curve in Fig. 3 tends to (q:,t:), the greatest value f: being fairly 
tsingle, OSCillating about the limiting value. greater than 1, which fact is worth noticing. 


case of single hole 


2 5 i0 20 30 40> @ 


Fig. 3. Transmission coefficient ¢ of two equal circular holes. (y=circumference of the circle 
divided by the wave length.) 


2 5 10 20 30 ; 40 q 
Fig. 4. Transmission coefficient ¢ of three equal circular holes, the centres making a regular 
triangle. (y=circumference of the circle divided by the wave length.) 
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the gi becomes; 
when 7-0. 


qi >oo, 


of length ga. 


value smaller. 


Diffraction of Sound 


The smaller the value of + is, the greater 
i 16/7°)=Lo2l. 


When N=3, we calculated two simple cases. 
Fig. 4 shows the results of the case when 
the three centres of three equal circular holes 
make a regular triangle with the lateral sides 
The behaviour of each curve 
is similar to that in Fig. 3, but the greatest 
value ¢: becomes greater, and the smallest 


t 


qa ga 


2a Ya] a 


ce} 
2 5 10 20 
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Fig. 5 shows the results of the case when 
the three centres of three equal circles are 
situated on a straight line, the distances from 
the middle one to the other ones being to qa. 
The curious curvatures in the descending 
parts of each curve suggest the appearance 
of sub-maximums due to the factors VAC hie 
&(2qr) and gi(2qr), when 7 is larger. 

In both cases, we can show that t—ftsingle 
when goo, and that gi 00, t:>(24/z?)=2.432, 
when 7-0. 


30 40 q 


Fig. 5. Transmission coefficient ¢ of three equal circular holes, the centres lying on a straight 


line. 


(y=circumference of the circle divided by the wave length.) 


In the above three Figs., the first maximum can compute any physical quantity directly 


point (g:,f:) and the first minimum point 


(qz, tz) for 7=0.15 are read as follows: 


| On ty Q2 te 
Fig. 3 | 8.3 1.33 31.0 0.64 
Fig. 4 | 9.8 1.78 30.6 0.46 
Figsd 2} ret 1.68 34.0 0.57 


In the case of 7>0.25, we have to compute 
t by (63). It is necessary to compute :Anz, 
1B, by (34), (35) and (36), (37) successively 
taking s=1, 2,3,---. However, the prepara- 
tion of the numerical tables of these values 
for various 7 and qi should be left for elec- 
tronic computer. If we have such tables, we 


by its formula. 
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This section is intended to secure prompt publication of important discoveries in 
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7cmxX7cm will be counted as 150 words. 
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Effects of Vacancies on Pulse 
Photoconductions in CdS 
Single Crystalis 


By Junji SHIRAFUJI and Yoshio INUISHI 
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Osaka, Japan 


(Received January 23, 1961) 


The temperature dependence of pulse photocur- 
rent and decay time constant in comparatively pure 
CdS single crystals have been reported in our pre- 
vious paper!). Here the effect of stoichiometric 
defect introduction on the pulse photoconduction of 
the same samples (M-1, M-2) will be mentioned 
with notations quite similar to the previous report. 
To introduce the stoichiometric defects, the melt 
grown CdS crystals were sealed into a silica tube 
with suitable amount of Cd (denoted “Cd doped ”) 
or S (“S doped”) in vacuum and heated at 850°C 
for 1 hour. Thus S or Cd vacancies seem to be 
introduced, judging from thermally stimulated cur- 
rent data taken by Prof. Tanaka2). Fig. 1 shows 
the temperature dependence of the shortest decay 
time constant 7c, of photocurrent excited with 
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0.5 psec light pulse. 7, was found to be shortened 
very effectively at lower temperatures by S doping 
having a maximum at about 200°K, while in “Cd 
doped” crystal 7; was rather similar to “ pure” 
crystal. The next shortest decay time constant tz 
which had been observed in pure crystals did not 
appear in doped crystals. The peak photocurrent 
I, in this case is shown in Fig. 2, where the intro- 
duction of Cd vacancies (“S doped”) reduces the 
current remarkably at lower temperatures and S 
vacancies (“Cd doped ”) result in enhancement. As 
seen in Fig. 3, the longer decay time constant ts 
when crystals were illuminated with 5 msec light 
pulse is shortened remarkably by Cd vacancy 
introduction. On the contrary, the crystal with S 
vacancies shows similar behavior to pure crystals 
being rather insensitive to temperature. The photo- 
current I; (dotted lines in Fig. 3) in this case has 
similar behavior to 73, where S vacancies result in 
the very remarkable enhancement. Transition in 
photocurrent from the linear to the sublinear rela- 
tion at high light intensity was seen in “Cd doped ” 
sample. In resume, introduction of Cd vacancies 
(acceptor) shortens the electron lifetimes, 7; and 73, 
very remarkably at lower temperatures. S vacan- 
cies (donor) enhance the quantum efficiency enor- 
mously, increase the electron lifetime 73 and improve 
the temperature dependency of photoresponse espe- 
cially at lower temperatures. The experiments on 
spectral response and surface effects are being 
continued to clarify the detailed mechanism. 
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Conductivity of Grain Boundaries in Ge 
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It has been known!).2) that grain boundaries in 
Ge have a p-type character due to the acceptor 
action of dangling bonds. Conduction in these grain 
boundaries of Ge was studied by A. G. Tweet?) and 
B. Reed?) using measurements of Hall effect and 
conductance, respectively. As dislocation line has 
a cylindrical space charge?), it is expected that the 
carrier mobility in small angle grain boundaries 
may depend upon the direction of the current flow 
in this sheet. 

This work is performed on carefully oriented 
bicrystals grown by the vertical pulling technique 
with [100] seeds symmetrically tilted about the [010] 
axis at angles of 2.5-40°. The intrinsic starting 
material is doped with Sb and the bulk resistivities 
are 7 to 209cm. Samples approximately 1.5x1.5x 
10 mm are cut parallel (A) or perpendicular (B) to 
the [010] tilt axis, as shown in Fig. 1. In order to 
minimize the parallel current flow in the bulk 
material, it is necessary to use contacts which are 
ohmic on the grain boundary and rectifying on the 
bulk. Indium alloyed contacts?) are used for cur- 
rent electrodes, resistivity and Hall effect probes 
after electrolytically etching. 

Measurements are performed on the resistivity 
and Hall coefficient at the temperature range of 80 
to 300°K. Voltages are checked for linearity as a 
function of current and magnetic field magnitude 


pull axis 
tif axis G.B. 
(A) 
(B) G.B. 


Fig. 1. Schematic drawing of Hall sample con- 
taining a grain boundary. 


Short Notes 


833 


and these directions. In the case of the grain 
boundary space-charge layer conduction, the thick- 
ness of the conducting layer can only be estimated 
and the density of carriers is a function of the 
perpendicular distance from the grain boundary. 
Consequently, the reduced Hall coefficient), as 
R*=R/t, and the reduced resistivity, as p*=p/t, 
are measurable. 

o0* on all samples of the various misorientation 
decreases gradually with the decreasing tempera- 
tures, has a minimum value of several kiloohm at 
about 120°K, and then increases gradually with the 
decreasing temperatures. However, o* on B sam- 
ples of the misorientation 2.5° increases with a 
slope of about 0.1eV at the temperatures below 
120°K. On the other hand, the sign of R* shows 
that the current carriers in the grain boundary layer 
are holes in all samples. R* on all samples except 
misorientation 2.5° is nearly constant at the meas- 
ured temperature range and the values are about 
106 cm2/coulomb. On the samples of 2.5°, R*. in- 
creases with a similar slope to o* of 2.5°B with the 
decreasing temperatures below 150°K. 

lf the Hall mobility of holes in the grain boundary 
is given by »=R*/0*=R/o, the Hall mobility is not 
implyed the thickness of the grain boundary layer. 
Fig. 2 shows Hall mobilities for three samples. 
There is a high temperature range in which the 
mobility increases with the decreasing temperatures 
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Fig. 2. Temperature variation of Hall mobility. 
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as does that of the bulk Ge. There is a low tem- 
perature range in which the mobility decreases with 
the decreasing temperatures except the case of 
PASI 

It seems that the mobility in the high tempera- 
ture range is determined by a scattering as lattice 
scattering and in the low temperature range by a 
scattering as the charged dangling bond scattering. 
If it is assumed that the hole moving along through 
the cylindrical space charge is more weakly scat- 
tered by the charged dangling bond than the hole 
moving perpendicular to that, it seems to be rea- 
sonable that the mobility of 2.5°A in Fig. 2 is larger 
than B of the same orientation and does not de- 
crease with the decreasing temperatures. As the 
misorientation increases, thc feature of the cylin- 
drical space charge in the grain boundary 
will diminish. In middle-angle grain boundaries, 
therefore, it seems that the anisotropy of the grain 
boundary mobility by the direction of current flow 
will not be observed. 

The authors are indebted to Mr. J. Oda in Electro- 
technical Laboratory for bicrystal pullings. 


References 


Phys. Rev. 76 (1949) 459. 

2) W. T. Read: Phil. Mag. 45 (1954) 775. 

3) A. G. Tweet: Phys. Rev, 99 (1955) 1182. 

4) B. Reed, O. A. Weinreich, and H. F. Matare: 
Phys. Rev, 113 (1959) 454. 


1) G. L. Pearson: 


J. PHys. Soc. JAPAN 16 (1961) 834 


Direct Observation of the Lattice 
Imperfections in Pearlites 
by Electron Microscopy 


By Zenji NISHIYAMA and Atsuo KORE’EDA 


Institute of Scientific and Industrial Research, 
Osaka University, Japan 


Isamu EGUCHI and Koshi KATO 


Research Laboratory, Daido Steel Co., 
Nagoya, Japan 


Nishiyama, Kore’eda and Shimizu formerly re- 
ported about the morphology of the pearlite ob- 
served in specimens of thin foil. The present 
writers have made further detailed observations by 
an electron microscope of HU-11 type (100kV) 
which is more improved than that formely used. 

Specimens were prepared from a sheet of 0.7% 
carbon steel. It was originally cold-rolled to the 
thickness of 0.35mm, and annealed for IPA Jove ele 
950°C, followed by slow cooling at the rate of 
2°C/min. It was then electropolished with a mix- 
ture of phosphoric acid and chromic acid to make 
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thin foils for transmission electron microscopy. 
Observations of this specimen have confirmed the 
results formerly obtained and given finer patterns 
showing the lattice imperfections. Figs. 1 and 2 
are two examples. The bands (6) appearing in 
these figures are sections of cementite plates in 
pearlite. In these bands are seen complex figures 
probably due to Moiré pattern affected by lattice 
imperfections which seem to have some relation 
to the dislocations appearing in the neighbouring 
ferrite (a). At the boundary between the cementite 
plate and the ferrited plate a featherlike structure 
of a certain width is seen although it is diffused 
in Fig. 1. This boundary structure suggests us that 
there are parallel arrays of defects due to lattice 
coherency between cementite and ferrite. 


bigee2* 


Many other photographs showing various aspects 
of pearlite have been taken, which will be described 
in “ Denki-Seiko ” (Electric Furnace Steel). 
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Proton Magnetic Resonance in Ferro- 
electric (CH;sNH;) AISO.-12H.O 


By Ryosuke HosHINO 


Department of Physics, Faculty of Science, 
Hokkaido University, Sapporo, Japan 


(Received February 5, 1961) 


Measurements have been made of the proton 
magnetic resonance absorption in (CH;NH3)AISO,- 
12H,0, methyl-ammonium aluminum sulfate dodeca- 
hydrate (MASD) in the temperature range from 
90°K to room temperature. 

Fig. 1(a) shows the observed derivative of the 
absorption curve for the powdered MASD at room 
temperature. It showed a rather complicated line 
shape with a central peak. of a width about 4 
gauss. On the other hand the absorption of 
KAISO,-12H;0O, which is an isomorphous compound 
' of MASD, showed only a broad line with flat top 
as given in Fig. 1(b). In this case all the nuclei 
which contribute to the resonance, are the pro- 
tons in water molecules. And, moreover, the line 
width 12.8 gauss is of the same order with that 
of the two-proton system in rigid lattice.!) Com- 
paring the line shape of KAISO,-12H,O with that 
of MASD, it is resonable to assume that the ob- 
served absorption in MASD is the superposition of 
the two lines: a narrow central line and a broad 
one indicated by dashed line in Fig. l(a). The 
broad line arises from the effectively fixed pro- 
tons in water molecules and the narrow line from 
a rapidly rotating (CH;NH3) group.2) The rotation 


will bigin at lower temperatures owing to the rough- 
ly spherical shape of methyl-ammonium group.?) 
The observed absorption derivatives and their se- 
cond moments as a function of temperature are 
respectively. 


given in Fig. 2 and Fig. 3, These 
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Fig. 1. Absorption curve derivatives for the 
powdered (a) MASD and (b) KAISO,-12H;0 at 


room temperature. 
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VARI 
Fig. 2. Absorption curve derivatives for the 
powdered MASD at several temperatures. 
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Fig. 3. The variation with temperature of the 
second moment of the absorption line for pow- 
dered MASD. 


results were obtained for rising temperature. 


Above about 160°K, the sharp line located at the 
central portion of the line begins to appear and 
becomes more pronounced as the temperature is 
raised. The variation of the second moments is 
rather small owing to the fact that the broad line 
in water molecules remains constant up to room 
temperature, but it is evident that the rotation of 
(CH;NH3) group occurs at about 160°K, i.e. about 
16° below the Curie temperature, 176°K.4) The 
temperature dependence of the ferroelectric be- 
havior, measured by Pepinsky et. al.,4) shows the 
same variation as the NMR observation, i.e. the 
anomaries begin at about 20° below the Curie 
point. From the above data one may conclude 
that the rotation of (CH;NH3) group is closely re- 
lated to the disappearance of ferroelectricity in 
MASD. The measurements in single crystal will 
be reported later. 
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Temperature Dependence of ESR 
Line-Width in K2CuCl,-2H:O0 


By Hidetaro ABE 


The Institute for Solid State Physics, 
University of Tokyo, Azabu, Minato-Ku, 
Tokyo, Japan 


(Received February 2, 1961) 


In the former report,!) electron spin resonance 
(ESR) of K,CuCl,-2H,O was studied, using seven 
frequencies, in its single crystals and at room tem- 
perature, which gave us some knowledge on the 
exchange interaction between the copper ions in the 
crystal. Some preliminary results will be given in 
the present report about the temperature depen- 
dence of the line-width observed at about 24 Gc. 

The unit cell of this crystal contains two inequi- 
valent Cut ions, .at(0, 0,0) and (4/25 1/2F lia 
Both ions have the identical g-tensor with rhombic 
symmetry except that the directions of their princi- 
pal axes are different, g-tensor of one ion can be 
obtained from the other by a rotation through 90° 
about their common principal axis, [0,0,1]. 

When the static magnetic field H is applied at 
the [1,1,0] direction, the difference between their 
Zeeman energies, 4g8H, becomes maximum, 
whereas it vanishes when #H is applied at the 
{0,0,1] direction, the similar direction. 

(a) In case of A//[1,1,0], two separated peaks 
were observed only at higher frequencies, giving 
the exchange energy, 2J, between dissimilar cop- 
per ions as 

2J=0.1cem-! (Gly) 
at room temperature. At 24Gc, one single lines 
was observed, the width of which was measured 
at room temperature to be about 800 oer. This 
value is mainly ascribed to the difference in the 
Zeeman energy between the dissimilar ions.!) At 
reduced temperature, it becomes narrower as in 
Fig. 1 (a). 

(b) On the other hand, the line-width for H// 
[0,0,1] observed at the higher most frequency was 
about 40 oer at room temperature,!) which can be 
well described by a relation,2) 


4H=(4 Haiy)?/ Hex (2) 
where 4Hyip is the dipolar width and H,, the ex- 
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change energy between the copper ions expressed 
in unit of magnetic field. The width observed in 
our present study, 65 oer., is somewhat larger than 
that mentioned above, because of the “10/3 effect”. 
Within the experimental errors, it remains con- 
stant over the present temperature range as shown 
in Fig. 1(b). 


K ,CuC1,°2H,O 
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Fig. 1. Temperature dependence of line-width of 


K,CuCl, . 2H,O ‘ 


In both cases of (a) and (b), the line shape fits 
well the Lorentzian curve at every temperature of 
measurement from 80°K to 300°K. The origin of 
this temperature dependence is not yet clear. 
Some possible models were examined, e.g., the 
situation that the rhombicity of g tensor of the in- 
dividual ion decreases in decreasing temperature 
which can not be expected in the normal case, or 
that the exchange energy is temperature dependent, 
such as only that between dissimilar ions increases 
for decreasing temperature. 

In order to make clear the origin, detailed 
measurements at different frequencies and at lower 
temperature are now in progress which will be 
reported in this Journal. A curious behaviour?) in 
ESR of this crystal at helium temperature is found 
at Osaka University. 
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E.S.R. of Irradiated DPPH Protected 
by Polystyrene 


By Kohzoh MASUDA 
Department of Electronic Engineering 
and Tokuo SUITA 


Department of Nuclear Engineering College 
of Engineering, Osaka University, Osaka 


(Received February 10, 1961) 


The number of the unpaired electrons in DPPH 
) with polystyrene under j;-ray irradiation was 
: studied. 
| The number of the unpaired electrons in DPPH 
d increased with increasing 7-ray dosage and passing 
| through a maximum point it gradually decreased 
| with increasing of total dosage. Total dose was 
}changed from 104 to 106 réntgens. 
| In the experiments the maximum number of un- 
| paired electrons appeared at higher radiation do- 
sage by addition of polystyrene. This phenomena 
}camnot be explained only by the shielding effect of 
i polystyrene but to introduce another mechanism 
}such as the interaction of electrons and polystyrene 
}is necessary. 
The number of the unpaired electrons in DPPH 
was observed by ESR (Electron Spin Resonance) 
fof 10 Gc.» 
| The number of the electrons produced in DPPH 
|by irradiation of 7-ray is estimated by the equation, 


Np|Npo=1—exp (—kpt) , 
where Mp is the number of electrons and ¢ is total 
dose. The number of the electrons remains from 
annihilation in ESR is estimated at 


NalNao=eXp (— Kat) . 


The total number of unpaired electrons is then 
n/no=exp (—k..t)+ K[1—exp (—Kpt)] , 


where K is the constant which is determined by 
the ratio of the number of the unpaired electrons 
presented in case of non irradiation to the number 
of atoms which can be ionized by radiation and 
_can produce free radicals. 

| ka and kp are the coefficients of annihilation and 
production of unpaired electrons. The coefficients 
kez, and ky can be introduced by following theoreti- 
cal assumptions. 

1) The chemically stable unpair electrons are 
annihilated by the recombination of disintegrated 
molecules. 

2) DPPH molecules coagulate in polystyrene and 
critical concentration for the coagulation KR, can 
be determined. For concentrations below R, the 
hindered rotation of molecules is the dominant 
term of annihilation mechanisms, while over Re 
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the recombination of unpaired electrons is suppress- 
ed by the polystyrene barriers. 

3) Molecules are in some cases ionized by ;-ray 
and compton electrons termed direct process and 
in other cases ionized by coagulation of exited 
states of molecules termed indirect process. 

4) In the indirect process there are excited 
states of electrons which must be transport and 
are suppresed. 

In Fig. 1. and Fig. 2. the heavy lines show the 
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Fig. 1. The annihilation coefficient vs polystyren 
concentration. 
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Fig. 2. The production coefficient vs polystyren 
concentration. 


838 


annihilation coefficient k, and production coeffici- 
ent k, versus polystyrene concentration. she 
dotted lines show the coefficients ka and ky includ- 
ing only shielding effect of polystyrene. The points 
indicate the experimental data. 

From the comparison of experimental data and 
the considerations described above we can conclude 
that there is not only shielding effect of polystyrene 
but protection mechanism in DPPH with polysty- 
rene under ;-rays irradiation. 

The authors thank to Prof. J. Yamaguchi for his 
valuable discussions. 
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Spin Wave Resonance in Pd-Ni Alloy Films 


By Hiroshi Nos& 
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The spin wave resonance in Pd-Ni alloy films was 
observed in the same manner as in the case of Cu- 
Ni alloy films?). 

Since the vapour pressures of Ni and Pd resemble 
each other, it may not be surprising that the con- 
centrations of evaporated films were confirmed to 
be nearly equal to those of original alloys by means 
of colorimetric analysis. 

On the other hand, since there is a wide difference 
of lattice constants between Ni and Pd, it is antici- 
pated that the line width of electron diffraction 
pattern on the evaporated film would be broad, pro- 
vided that its alloying are imperfect. In practice 
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Fig. 1. Concentration dependence of lattice con- 


stants of Pd-Ni alloy films; ©: present value 
by E. D., x: X-ray value for bulk alloys by 
Hultgren and Zapffe?). 
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their lines on the present films, however, were 
comparably as narrow as those of pure Ni films 
and furthermore their lattice constants were in 
good agreement with the results of X-ray diffrac- 
tion measured on a bulk specimen by Hultgren and 
Zapffe2), as shown in Fig. 1. Thus the nearly per- 
fect alloying in present films was confirmed, and 
this may be perhaps due to the rapid rate of 
evaporation. 
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Fig. 2. Concentration dependence of exchange 
coupling constants and g-factors of Pd-Ni alloy 
films; ©: present value of A, xX: present value 
of g, A: Te by Marian?). 


The exchange coupling constants A of these alloy 
films were determined from the spin wave resonace 
at 9300 Mc/sec in a magnetic field being perpen- 
dicular to the film plane. These values of A de- 
creased monotonously with increasing concentration 
of Pd, as shown in Fig. 2. The g-factor was 
estimated from the main resonances in both perpen- 
dicular and parallel field to the plane of each film 
and plotted also on this figure. For reference, the 
Curie temperature 7, measured for a bulk specimen 
by Marian?) is plotted too. Similarly to the case 
of Cu-Ni alloy films, it seems that the variation of 
A in the present case behaves in the similar way 
to that of ZT; and it may be pronounced that the 
present values of A are the same as those of bulk 
materials with which there are no data to be com- 
pared. 

The author wishes to express his thanks to Prof. 
R. Kimura for his continued encouragement and to 
Mr. M. Ichikuni for his colorimetric analysis. 
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The O-H---O Bond in Orthoboric Acid 


James A. IBERS and C.H. Hotm 


Sheel Development Company, Emeryville, 
California, U.S.A. 


(Received October 28, 1960) 


Recently Kume and Kakiuchi!) (hereafter desig- 
nated KK) concluded that their measured second 
moment of the proton magnetic resonance absorption 
spectrum of polycrystalline orthoboric acid (H;BO;) 
was incompatible with the presence of linear or 
nearly linear O-H---O bonds in the structure. The 
purpose of this note is to show that their experi- 
mental second moment of 10.6+0.9 gauss?* is com- 
patible with the presence of linear O-H---O bonds, 
in support of Zachariasen’s2) conclusions from his 
precise X-ray determination of the structure. 

The appropriate expression for the second moment 
M:(Hn) of a given type of stationary hydrogen 
nucleus, say H;, in polycrystalline orthoboric acid is 


M,(H1)=357.97 >) ru,—-H-°+72.12 > ru,-3-6 
HH, B 


The first sum takes into account the interaction of 
nucleus H, with the hydrogen nuclei and the second 
sum the interaction of nucleus H; with the boron 
nuclei in the structure. The H,-X distance is Ga eexe 
The coefficients are derived from the usual expres- 
sions which involve spins, relative isotope abun- 
dances, and magnetogyric ratios of the nuclei. The 
values of M,(H,,) for each of the six non-equivalent 
hydrogen nuclei in the unit cell of H;BO3; are com- 
puted and the results averaged to obtain the total 
moment M,;. Using the X-ray data of Zachariasen 
and a Datatron 205 electronic computer we have 
evaluted the contributions of the nuclei to the total 
second moment. Contributions from nuclei more 
distant than 5A were assumed to be the same for 
each type of hydrogen nucleus and were estimated 
by integration. (KK also computed directly from 
the X-ray structure the contributions out to 5A and 
then applied an integration correction for more 
distant nuclei.) Table I lists the total second mo- 
ment, together with the contributions to it of the 
boron and hydrogen interactions. It is interesting 
to note that KK obtain for their total second moment 
a value of 7.7 gauss2, just the value we would have 
obtained had we omitted the boron contributions. 
Zachariasen’s X-ray data lead to a separation of 
the maximum oxygen electron density from the 
maximum hydrogen electron density of 0.88A, and 
the results in Table I are based on the assumption, 
known to be erroneous?), that the hydrogen electron 


* We find, from an average of two measurements, 
an experimental second moment of 9.7+0.8 gauss’, 
in agreement with this value. 
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Table I Contributions to the Second Moment M; 


Contributions to Mz 
(in gauss?) 


Proton No.* 7 

Hydrogen Boron 
I 7.34 169 
II 8.29 1.88 
Ill 5.62 1.83 
IV 6.95 1.86 
Vv 6.54 1.93 
VI iS)e Ule3} 2.58 
Average 1s Los 
Integration correction | 0.53 0.04 
Total contribution 7.68 2.00 
Total moment ORT. é 


* These correspond to Zachariasen’s numbering 
system. 


density coincides with the position of the hydrogen 
nucleus. However, if we assume the heavy-atom 
positions of the X-ray study, but take a more rea- 
sonable value for the O-H internuclear distance in 
a linear O-H---O bond, then the hydrogen contribu- 
tions to the second moment are increased slightly 
and the boron contributions decreased slightly over 
those presented in Table J. The overall result is 
the increase of the calculated second moment by 
only 0.2 to 0.4 gauss?, depending upon the O-H 
distance assumed. The effect of zero-point motion 
of the nuclei, particularly the hydrogens, on the 
second moment is more difficult to calculate, owing 
to a lack of knowledge of the nuclear motions. How- 
ever, past experience‘.5) suggests that the effect 
will be to increase the calculated second moment by 
at most 10%. Hence the corrected value of the 
calculated second moment is about 10 to 11 gauss?. 
It is clear then that the experimental second mo- 
ment of 10.6+0.9 gauss? is compatible with one 
calculated from a structure based on the X-ray 
results. The O-H---O bond in orthoboric acid is 
thus linear or nearly linear, as suggested by the 
X-ray results, and the magnetic resonance results 
do little more than confirm this fact. 
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Volume Magnetostriction in Nickel-Iron 
Alloys 


By Yoji NAKAMURA, Tetsuo NAKAJIMA 
and Hideo TAKAKI 


Faculty of Science, Kyoto University 
(Received December 27, 1960) 


The study on the thermal expansion in iron nickel 
alloys made by Chevenard!) shows that there are 
an anomalous contraction in the high nickel content 
alloys (>77.2% Ni) and an anomalous dilatation in 
the low nickel content alloys (<66.8% Ni) below 
the Curie temperature. 

According to the molecular field theory of fer- 
romagnetism the effects mentioned above correspond 
to the negative and positive volume magnetostric- 
tions, and also to the positive and negative pressure 
dependences of the Curie temperature respective- 
ly?),3), Theoretical analysis shows that the 
anomalous expansion and contraction depend on the 
sign of tangent in Bethe’s curve?). Consequently 
Chevenard’s results suggest that the maximum point 
in the Bethe’s curve at which the volume depend- 
ence of the spontaneous magnetization vanishes, lies 
in the region from 66.8% to 77.2% Ni content. The 
volume magnetostriction, therefore, should change 
its sign at this region. 

The specimens of the Fe-Ni polycrystalline alloys 
in 7-phase, were prepared by mixing powders of 
electrolytic iron and those of nickel homogeneously 
and then melting them at 1600°C. To measure the 
volume magnetostriction at room temperature, we 
adopted the D-C Wheatstone bridge with resistance 
strain gauge whose strain sensitivity was 6.31077 
per mm scale. The magnetostriction changes line- 
arly with the increasing external magnetic field. 
When we assume the isotropic forced magnetostric- 
tion, we can obtain the volume magnetostriction 
from the slopes of these curves as shown in Fig. 1. 

According to the present author’s experimental 
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results the alloy showing no volume magnetostric- 
tion is found in the region of higher nickel content 
side (i.e. from 85.9% Ni to 93.7% Ni) than the 
region expected from the Chevenard’s data. 

In recent years, the experimental verification of 
the following the modynamical relation has been 
reported for low nickel content alloys by Gugan?) 


Gann l- TGP) nt): 


where ay is the volume magnetostriction and 8 the 


compressibility. The term ——=— in the above 


1 dw 
—— when we as- 


equation can be replaced by —90aP 


sume the following relation® 


I\2 
(2) =o; ) ; 


where w and wy) are the relative volume change 
associated with the appearance of the spontaneous 
magnetizations, J and J), at an arbitrary tempera- 

: : Ow . 
ture and 0°K respectively. Since the term is 


oP 


a) 
always positive, the sign of ee depends on the 


sign of w which corresponds to the thermal expan- 
sion anomaly. In case of low nickel content alloy 
B is negligibly small as compared to the other terms. 
However, the measured volume magnetostriction in 
high nickel content alloys is in the order of 10-1! 
Oe-!. It may, therefore, be impossible to neglect 
the contribution of the compressibility which is 
always positive. The shift of the concentration at 
which the sign of the volume magnetostriction 
changes, therefore, is due to the effect of compres- 
sibility superimposed upon purely magnetic effect, 
so far as the molecular field approximation is con- 
cerned. 

In order to investigate the effect of ordering of 
the alloys upon their volume magnetostriction, we 
prepared ordered and disordered specimens, the 
former being annealed at 490°C for 168 hours and 
the latter quenched from above the critical tem- 
perature. As shown in Fig. 1, the volume mag- 
netostriction in the ordered state is smaller than the 
one in disordered. It is known that the spontaneous 
magnetization of Ni;sFe increases by 5.8%7) and the 
volume of the specimen decreases by 510-4 when 
the alloy is brought into the ordered states. Con- 
sequently a smaller volume magnetostriction can be 
expected in the ordered state. Thus the observed 
result shows a qualitative agreement with the data 
of the spontaneous magnetization. 
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Decay of Ir! and Ir‘ 


By Saburo HomMA, Tokihiro KUROYANAGI,* 


Department of Physics, Tohoku University, 
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and Haruhiko MORINAGA 
Department of Physics, University of Tokyo, 
Tokyo 
(Received January 16, 1961) 


The systematics of beta-decay energies in iridium 
predict a total disintegration energy of ~1 MeV 
for Ir!85 and =2MeV for Ir1%. Christian et al.) 
reported =~1MeV beta ray for Ir!%. Butement 
et al.,2) however, reported 2.1MeV and 1.25MeV 
beta ray for Ir!%, and also reported 1.6 MeV beta 
ray for Ir1%, Since the reported values of the 
beta-ray energies from Ir!% are various and the 
energy value of the beta ray from Ir!” is not con- 
sistent with the systematics in iridium, it is in- 
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Fig. 1.(A) The Kurie plot of the beta spectrum 
of Ir!9°, The contribution for the presence of 
the beta rays from 19hr Ir!%* has been sub- 
tracted. The dashed line represents the Kurie 
plot of Au!%, measured under the same con- 


ditions. 
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teresting to investigate the beta-ray energies of 
the iridium activities and to compare their values 
with those from the beta-decay energy systematics. 

Ir!% was prepared by a (7, p) reaction in natural 
platinium using 25MeV bremsstrahlung from the 
betatron in the internal target.3) A chemical se- 
paration was performed to get the iridium activi- 
ties produced in the sample. In order to inves- 
tigate the beta rays from Ir, a plastic (2’’<1/’) 
scintillation spectrometer, which was calibrated 
with Au!8, P32 and In!!4, was used. 

Fig. 1. (A) shows the Kurie plot of the beta-ray 
spectrum from the decay of 2.3 hr Ir!%,. The beta 
rays with the energies of 1MeV and =0.6 MeV 
were found, and no beta ray above 1MeV witha 
half life of 2.3 hr was observed. (The existence 
of ~0.6 MeV beta ray was confirmed from com- 
parion with the Kurie plot of Au! shown in Fig. 
1.(A)). The intensity ratio of these two beta rays 
was about 1:0.3. The 1 MeV beta ray agrees with 
the systematics and the result obtained by Christian 
et al. 
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Fig. 1.(B) The Kurie plot of the beta spectrum 
of Ir!97. The contribution for the presence of 


the beta rays from other iridium and platinium 
activities has been subtracted. 


In the same way the beta rays from Ir!%’? were 
studied. But in this case no chemistry was per- 
formed. 2.0MeV and =1.5MeV beta rays with 
the same intensity were found from the Kurie plot 
of the spectrum (Fig. 1. (B)) and assigned to 7 min. 
Ir197 from their decay curves. The 2 MeV beta 
ray also agrees very well with the beta-decay 
energy systematics, so that this beta ray is expect- 
ed to be the transition to the ground state or the 
lower excited states in Pt!97. 

The gamma-ray spectrum was also studied by 
means of conventional NalI(T1) (13’’ x13”) scintilla- 
tion spectrometer. In addition to the known gam- 
ma rays from Ir!%4 and Ir!%,2) the strong gamma 
rays of 100, 130, 330 and 370 KeV decaying with a 
half life of 2.3hr were found and very weak 
gamma rays with the energy between 150 KeV and 
250 KeV were also observed. The 880 KeV gamma 
ray?) was beyond the limits of detection in the 


present work. (The gamma rays of 330 KeV and 
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References Table I. The values of @ and b/b. as functions 
1) J. A. Ibers and C.H. Holm: The forgoing of the slope parameter kato 
it lepato B bide» 
2) K.Kume and Y. Kakiuchi: J. Phys. Soc. Japan, i 
15 (1960) 1277. 0.00 1.0000 1.0000 
0.15 1.0131 0.3702 
0.30 1.0274 0.1976 
0.45 1.0426 0.0724 
J. PHys. Soc. JAPAN 16 (1961) 844~845 0.60 1.0589 —0.0302 
0.90 1.0943 —0.1995 
Linear Potential Barrier Model for 1.2 1.1338 0.3419 
Nuclear Surface 138 enaliistz74 —0.4688 
By Tutomu INOUE 1.8 1.2260 —0.5858 
Nagoya Technical College, Nagoya 2.1 1.2795 —0.6964 
; Bagh 1.3383 —0.8026 
(Received February 5, 1961) 
PG 1.4029 —0.9061 
Sugiyama!) developed the theory of surface of 3.0 1.4736 —1.0078 
Fermi gas on the basis of the charge neutrality aes 1.9206 — 125152 
condition, and gave the method of correcting a 6.0 2.4704 2.0281 
potential barrier which does not satisfy the charge 7.5 3.0284 2.5407 
neutrality. He derived SNS for oe surface Sin ee eS oe 
energy o and the correcting displacement 5 in terms 
of a phase shift produced by the barrier. His Eqs. 10.5 4.1547 —3.5598 
(4.8) and (4.7) can be proved to be equivalent to 12-0 4.7293 —4.0705 
Swiatecki’s formula?) for surface energy and to the Seo 5.3003 —4.5795 
definition of the effective surface, respectively. And 15.0 5.8765 —5.0893 
they are applicable to the nuclear matter. 
Sugiyama applied the expressions to the calcula- 
tion of the surface energy of linear potential barrier 4 ri2Bog 


Via) = —(#2k »?/2M)-(x/%0) for <0. His calculation, 
however, was limited only to a sharp barrier, i.e., 
that with smaller slope parameter krx, and was 
not compared with Swiatecki’s results). Here, the 
calculation is made for larger range of krw. For 
a diffused barrier, we can calculate an approximate 
phase shift by the W-K-B method on one hand; and, 
on the other hand, the surface energy and the posi- 
tion of the effective surface by the Thomas-Fermi 
approximation. Thus it is interesting to examine, 
in the case of this simple barrier, whether his ex- 
pressions in the W-K-B approximation are reduced 
to the Thomas-Fermi approximation. 

The phase shift 7(kz) for this barrier is given by 

7(ke)= Fw) =tan—[{ Jia) 
+J-1/3(o) }/{J-2/3() — Joa) }] , 

where Jy is Bessel function of order v and w=(2k pao/ 
3)-(kz/kr)’. The numerical calculations for B=clo;5 
and b/b, where os and b are those for the infinite 
wall, are carried out easily by use of tables of the 
Bessel function‘) and the results are shown in Table 
I as a function of kya. Taking the same Fermi 
energy vk y?/2M=22 Mev as used by Swiatecki, we 
obtain the surface coefficient in the mass formula, 
As=4nro*Bo's (179 is the radius of the nucleon) as a 
function of 2, and it is shown in the curve 1 in 
Fig. 1. This curve is a quantitative presentation 


Energy = 22 Mev. 


20 


(0) 5 10 
Xo in 10'tm 
Fig. 1. The surface coefficient in the mass formula 
as function of the width of surface a. 


for the qualititative estimation by Swiatecki), The ' 
straight line 2 shows the limiting behaviour for: 
kr%o<1, given by Sugiyama’s Eq. (4.12). 

For larger kyu, the use of the asymptotic ex-. 
pansion of the Bessel functions gives the simple : 
expression 
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™ 1 : 
Flw)~o t+ - (+5- (1+6-sin 20)) ; 


} which can be obtained also from the W-K-B method. 
This reduces Sugiyama’s Eqs. (4.11) and (4.12) to 
those of the Thomas-Fermi approximation 

b/beo = — (15/16 r)ke rx and B=(128/105 x)keraxo , 
respectively, and the latter is shown as the straight 
line 3 in Fig. 1. 

Fig. 1 shows that the coefficient corresponding to 
an experimentally reasonable value>) 4)»~2 x 10-13 cm 
is about 1/3 of the empirical value 17 Mev. This 
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in that of any diffused barrier, if the phase shift 
can be calculated by the W-K-B method. The 
verification will be given in future with that of 
the equivalency of Sugiyama’s expressions to the 
Swiatecki’s, 

The author wishes to express his thanks to Dr. 
Sugiyama for the suggestion of this analysis. 
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Rheological Equations of Generalized Maxwell Model and Voigt Modei in 
Three-Dimensional, Non-Linear Deformation 


By Wataru SEGAWA 
J. Phys. Soc. Japan 16 (1961) 320 


Page Column Line 
320 Synopsis 1 
320 Synopsis Z 
321 left 26 
322 left 
322 left of 
322 left 11 
322 right 34 
323 left 16 


Should be read 


Voigt are Voigt model are 
at the of the 

dart [Ox p*® du" /dy p* 

Np prul vv N p€ prve pv. 

Np, Po; Np; Po, 

1 i! 

2 Cr pu 2 Opry. 

3pplp 3p pep 
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The Velocity Distribution at the Interface between Two Liquids 


By Setsuo OKUDA 
J. Phys. Soc. Japan 16 (1961) 324 


Plate 3(B) and Plate 6(B) (P. 325) should be interchanged. 
Fig. 1 (P. 327) and Fig. 7 (P. 332) should be interchanged, leaving the explanatory 


titles in the present positions. 
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13 mikroskope mikroskopie 
21 (Oxford, 1953) (Clarendon Press, 
Oxford, 1953) 
24 Crysi. Cryst. 
26 10) 11) 
(1969) (1959) 


10) H. Hashimoto: J. Phys. Soc. Japan 13 (1958) 534. 
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Lateral Density Distribution of Charged Particles in the Central 
Region of Extensive Air Shower 


Saburo MiyakkE, Kensaku HINOTANI, Itsuo KATSUMATA, 
Tatsunosuke KANEKO and Nobuo Ito 


Department of Physics, Osaka City University 
(Received November 14, 1960) 


The lateral density distribution of the ionizing particles around the core 
of the extensive air shower has been observed with ten plastic scintilla- 
tion counters at mountain altitude (2775 meters above sea level). The 
lateral density distribution, which has seemed so far to be expressed by 
the unique function of the distance from the central axis of extensive air 
showers, has been clearized as that it could be expressed by 1/r” appro- 
ximately is a range of 20 meters from the axis and m varies from 0.8 to 
2.0 by the character of each shower. The result seems to have a relation 
to the fluctuation which has been presented in the previous paper or to 
the fluctuation of nuclear cascade in the development of extensive air 
showers. 

The density spectrum at single counter has been also analysed and the 


result supports above conclusion. 


Introduction 


§1. 

It is well known at the present time that 
the study of an extensive air shower is the 
only way to get information of nuclear interac- 
tion and of primary cosmic radiation at very 
high energy region (10'-10!8 ev). The general 
aspects of the extensive air shower has been 
also clear at least for the average character of 
the event. The next steps in the air shower 
experiment are, then, (1) to analyse the char- 
acter of individual event, and (2) to study 
nuclear interactions in very high energy. Only 
a brief summary of the problems is given 
here, since a detailed description is available 
in the previous paper”. 

The lateral density distribution of the 
charged particles in the extensive air shower 
has been studied by many authors”) at various 
altitude and it has been also estimated by the 
theoretical calculation of various authors’. 
Most of the results so far obtained were aver- 
age lateral distribution of all detected showers, 
or, in some cases, of the shower classified 
into small groups of fixed range of shower 
size (total number of shower particles). Their 
conclusive distribution functions were consist- 
ent with estimated distributions of shower 
particles at age 1.2-1.4, calculated by Nishi- 
mura and Kamata*’, at least in altitude lower 
than mountain altitude and they were not 
sensitive for any classification. Recent studies 


on the distribution for individual extensive air 
shower by the use of large span density 
detectors array have also shown that the 
distribution for individual large showers at sea 
level was approximately consistent with that 
of age 1.4°. Nevertheless, the arrangement 
of counters in above experiments seems to be 
too far from the axis of shower to detect the 
fluctuation because the electromagnetic cas- 
cade theory does not show so much sensitivity 
for the age of showers in such distant region, 
and statistical error of the observed density, 
population of 4z-meson etc. were not favorable 
to this item. Then, it can be said that no 
experiments have yet been made which allow 
one to evaluate the possibility that each ex- 
tensive air shower has specific character 
(individuality) and we have as yet very little 
information as to what is involved in the 
fluctuation. 

One of the authors has suggested that there 
may be large fluctuations caused by the fluctu- 
ations of the starting altitude of the extensive 
air showers (level fluctuation) and the charac- 
teristic fluctuations of elementary process in 
the development of nuclear cascade, and their 
effect should appear especially in the central 
region of the extensive air shower as the 
variety of the lateral distribution of density 
of charged particles. An attempt is made in 
this paper to determine between the possibili- 
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ties of above suggestion and further object of 
the work is to study the characters of primary 
particles and nuclear interactions in very high 
energy region. The results obtained here 
show the existence of large fluctuation and 
it suggest that we must change the image of 
the extensive air shower which was considered 
as the averaged scheme so far. 


§2. Experimental Method 


a) Experimental arrangement and apparatus 

Fig. 1 shows the arrangement of the 
apparatus; in this figure, S:-Sio are square 
plastic scintillation counters of 5050x5cm% 
large, C.C. is a multiplate cloud chamber of 
2.0X1.3x0.9 m’ large which containes 21 lead 
sheets of 1.0cm thickness®, and N.M. is a 


Se 


Fig. 1. The arrangement of air shower detectors. 
S,,---Syo are density detectors which size are 
50x50 cm? in area and 5cm in thickness. C.C. 
is a large multiplate cloud chamber which size 
is 200cm wide and 130cm high and 90 cm deep. 
N.M. is a neutron monitor of standard type 
which is made for purpose of continual observa- 
tion of neutron in cosmic ray. 


re a P 
fn? 


Fig. 2. Crossectional diagram of the plastic scin- 
tillator. Photo tube is Du mont 6292 type. 
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neutron monitor of standard type”. A thick- 
ness of the roof of the laboratory is about 
1-3 g/cm? for the scintillation counters. 

In this report, only the results by the 
counters are described and the other data 
concerned to nucleon component will be re- 
ported near future. 

The detail of the scintillation counter is 
shown in Fig. 2. The signals from the pre- 
amplifier are fed to logarithmic amplifier and 
amplified. Their logarithmic out put signals 
are recorded by the method of photographing 
of the cathode-ray tube. The possible range 
of pulse height to record is corresponding to 
the particle density from 4 to 10° particles per 
square meter with the estimated error of about 
10%. Starting point of the recorded picture 
was based on the maximum point of the pulse 
height distribution curve of the single particle 
counting by pulse height analyser and the 
observed pulse height is converted to time 
interverval as logarithmic scale which is 
defined as its 6.04sec is twice in this case. 
The calibration of logarithmic scale has been 
done by the use of hydrogen discharge tube 
and romble slit which can vary photo-intensity 
in the range of six order for the relation of 
photo-input to recorded output. The frequen- 
cy of “ghost image” by accidental particles 
is about one percent of the records, and they 
can be excluded in the stage of the reading 
or treatment of observed data. The chance of 
accidental coincidence between two different 
extensive air showers can be neglected. 
These electronic technics employed in this 
experiment were due to Air Shower Group at 
Institute for Nuclear Study of Tokyo Univer- 
sity®. 

b) Triggering method 

Three series of observation has been done; 
These triggering method are as follows; 

1. When every pulse from Si, S:. Ss, and 
S. exceed 200 particles per square meter. 

2. When S: exceeds 300 particles/m? and Sz, 
Ss and S. are more than single particle. 

3. When only S: exceeds 300 particles/?m. 
In these series, average time interval was 
about 8-13 minutes and the pulse heights from 
ten scintillation counters and the time when 
the event occurs are recorded simulteneously. 
c) Treatment of the observed data 

To determine the position of axis and total 
number of charged particles of the air shower 
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from the recorded particle densities, a simple 
mechanical analogue computer was used. 
Nevertheless, since the lateral distribution 
function is not unique for all showers, the 
practical method of analysis is as follows; 
firstly, the position of the axis is searched in 
the way that the observed data become to 
show a smooth lateral distribution in axial 
symmetry, secondly, the exponent of the 
distribution function, which is expressed ap- 
proximately the power fuction of the distance 
from the axis, is given by the comparison of 
‘Obtained distribution with the already provided 
‘curves for the various exponent, and lastly 
the conventional size is given by the com- 
‘parison of the density at 10 meters from the 
raxis with the density of standard distribution 
‘function which was taken as 7-"exp—y7/7 in 
‘this case, where 7% is taken as 100 meters. 

In above treatment, the position of axis is 
«defined with the error of about 1 meter in the 
«central region of experimental arrangement. 
“The exponent 2 has a error of about 10%, but 
there is noticeable discrepancy between the 
-showers of low and high value of m and the 
-discrepancy is not artificial. 

Since an experiment to determine the rela- 
‘tion between the exponent m and ~ has not 
~yet been made and our counter arrangement 
‘is not so wide as to determine ~ for every 
«shower, the conventional size is not changea- 
‘ble at once to the true size. But it becomes 
-approximated size by multiplying 1/2”-', if the 
“lateral distribution function is a standard type 
-‘mentioned above far from 20 m that is a radius 
cof our counter arrangement. 

The pulse height from scintillation counter 
-is not always depend on the particle numbers, 
-and the use of many unshielded G.M. counters 
-are thought to be more available to detect it. 
-Though, the recorded data were calibrated by 
ecomparing with track density in the picture 
-of cloud chamber, so as it is mentioned in 
‘later section. 

The zenith angle of the shower is obtained 
-from the stereoscopic analysis of cloud cham- 


“ber photographs. 


°§3. Experimental Results 


a) Density distribution in single counter 

The present study was designed to secure 
-the general information about the experimen- 
stal method and possible significance of the 


Lateral Distribution of Extensive Air Shower 
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results. Obtained data for S: are summarized 
in Fig. 3 in which low density part is obtained 
by pulse height analyser aud scaling circuits, 
and the data contributed by air shower are 
obtained by the coincidence with the signals 
of other nine counters substituting the pro- 
bability of accidental coincidence, and high 
density part is evaluated from all data through 
the experiment because the frequency is very 
small and the difference of triggering condi- 
tion is thought to do not affect to the data in 
this very high density region. 


QO, 
if 
we 


Oo 
T 
Aaa 


Frequency count/min 
va 
ore 


———— a i 4 J 
ie 10' 102 Io 104 108 
Pulse height or Particle density/m? 


Fig. 3. Density distribution obtained by the densi- 
ty detector S,. Real line shows that the distri- 
bution larger than 10% particles per meter square 
is almost identical to the density distribution 
obtained by air shower triggering. Dashed line 
shows density distribution by the event not 
associated to air shower. 


In low density part, the distribution is 
expressed as the power function of the density 
with the exponent of —3.0. To analyze what 
contribute to this density region, the experi- 
ment has been done by the cloud chamber 
under the scintillation counter. The phe- 
nomena are divided into following three 
groups; 

1. No significant phenomena are observed. 

2. Low energy electron component distri- 
butes sparsely. 

3. Local high energy electron component 
are observed only. 

4, The others are extensive air showers 
clearly shown by the signals from other nine 
counters. 


850 


The events belong to group 1) are seemed 
to be nuclear disintegrations in plastic scintil- 
lator and their pulse height distribution is 
expressed as exp (— £/300 Mev) where E is a 
dissipation energy in the scintillator. Then 
this events are rapidly decreased according to 
the output signal is increased and they cannot 
contribute to high density part. 

The events belong to group 2) are seemed 
to be the core of small size air showers which 
seemed to be a group of gamma ray distri- 
buted mainly in about a few meters. 

The events belong to group 3) are young 
high energy electron cascade and secondaries 
of high energy nuclear event in the air above 
the laboratory. The events 2) and 3) are 
thought to be smaller events, though their age 
is somewhat different, and their primary 
energies will be corresponded to larger than 
10” ev. 

The density distribution by air shower has 
been seemed so far to be corresponded to the 
size distribution under the hypothesis that air 
showers have a unique lateral distribution 
function for the particle density independent 
their sizes, and then the exponent of density 
distribution has to be agreed with the 
exponent of size distribution, namely, 10 
particles/m? and 10? particles/m? correspond 
to sizes of about 10° and 10’ respectively. But 
in the high density part there exist clear 
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Fig. 4. Three groups of plots show the density 
distributions of S,, which are caused by the air 
showers of size 1—3x105, 1-108, and 1—107 
particles respectively. 
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discrepancy. One of the reasons to explain 
it is the variation of average lateral density 
distribution function with the size, and the 
other is variety of the function even in the 
same size showers, as that described in later’ 
section. 

In Fig. 4, the rate of contribution from 
every shower size group has been plotted. 
against the density. It should be noticed that. 
the fixed density is related to very wide range: 
of shower size. The tendency will be more 
emphasized if the true shower size was used,. 
because the conventional shower size men- 
tioned already have an inclination to strength- 
en the correspondency of the observed density’ 
and shower size. 


b) The distribution and size dependence of 
the exponent n 

As shown in Fig. 5 the exponent, 2, 
distributes in very wide range, namely, from 
0.6 to 2.2. The exponent @ of 0.8 and 2.0 is. 
equivalent to the age parameter of about 0.6. 
and 1.8 in the electromagnetic cascade theory 
when the culculation by Nishimura and Ka- 
mata‘) was applied. Although the relationship 
between this fluctuation and other character 
of air shower has never been clear, it seems 
to us that there are various age of air showers, 
from young to old, at least in the central 
region of the showers. 

Fig. 6 shows the variation of the mean 
value of the exponent m for divided shower 


No, 


200 


06081012 14 16 ISe022 
n 


Fig. 5. This histogram shows the distribution of- 
the exponent, n, of lateral density distribution 
function. We can see from this figure that the - 
exponent fluctuate very wide range. 
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size groups. In this figure, the value of the 
exponent at low size must be corrected to 
smaller one because the showers which have 
small exponent are missed by the bias of air 
shower triggering at such small size. Then, 
it can be said that the mean value of the 
exponent is increased with the shower size. 
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Fig. 6. This histogram shows size dependence of 
mean value of the exponent, n, of lateral distri- 
bution function. 


It may be seemed to be natural that the results 
are, aS predicted by electromagnetic cascade 
theory, understood as larger showers have 
their maximum at lower atmosphere. But it 
should be noticed that the exponent is not 
sensitive to zenith angle of air showers. The 
‘difference of the exponent for divided zenith 
angle group is almost in their error. Then 
the fluctuation is seen mainly dependent on 
the character of the showers discussed in later 
‘section. 


Relation of density distribution to size 

spectrum 
Fig. 7 shows size spectrum obtained in this 
experiment. Comparing this size spectrum 
with density distribution shown in Fig. 3, one 
can easily find out that the exponent is not 
identical to each other in larger density and 
size region. This discrepancy is explained by 
using the gradual changing of lateral distribu- 
tion function with the size. 

The integral size spectrum F(N) can be 
represented approximately, in some range of 
size N, by the following form, 


F(N) x N-%0t¢log¥” ( 1 ) 
where N’ is the logarithmic mean size of the 
range. And the size dependent lateral distri- 
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bution function is assumed as follows, 
AN, r)=R(N) Nr- 44+? log e-7 
=k(N)N}-?logry—-ae-r ( 2 ) 


where k(N) is the normalization factor which 
can be seemed to be constant in some range 
of size N, in first approximation. The value 
of ro, C, N’, a and b will be given in later 
part of this section. The observed lateral 
distribution at central region within a few 
meters from cores shows rather larger fluctua- 
tion and there have been few data about the 
fluctuation. Present data are also not enough 
to evaluate the fluctuation with some accura- 
cy. Then, the lateral distribution function 
written in eq. (2) loses its reality in the 
central region of the air shower. The forms 
of lateral distribution function at central 
region plays important role in culculating the 
density spectrum. By these reasons, it is 
seemed to be impossible to culculate the 
accurate density spectrum directly from eq. 
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Fig. 7. Size spectrum at Mt. 
altitude. The size spectrum 
by the following formula; 
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R(> N)=4.8x10-" (7) cm-2sec~! str-! 


for range of size 10®—108, 
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(1) and (2). Accordingly, it is impossible to 
show directly that the difference of the ex- 
ponent between the density distribution and 
the lateral distribution is due to the size 
dependency of the lateral distribution. Then, 
the following method, though it is not directly, 
is taken. 
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Fig. 8. Two density distributions. One of them 
(shown by black point) is a density distribution 
of air showers whose cores strike a ring shaped 
zone defined by two radii of 5 and 7.5m from 
S, and the other (shown by circles) is one by 
two radii of 15 and 22.5m. 


In Fig. 8, two density distribution are 
shown. One of them (shown by black point 
in the figure) is a density distribution of air 
showers whose cores strike a ring shaped zone 
defined by two radii of 5 and 7.5m from the 
density detector S:, and the other distribution 
curve (shown by circles) is one by two radii 
of 15 and 22.5m. The exponents of the 
curves are —1.53 for 5-7.5m and —1.72 for 
15-22.5m, respectively, in the range of density 
3x10?—3X10° particles per square meter. 

On the other hand, the integral density 
spectrum, D(4,r) by the air shower striking 
at distance, 7, from the density detector 8S: 
can be written as follows by considering eq. 
(2), 

D(4, nr)oc N-ot¢ log ¥”) 
—(yo+¢ log N/)/(1—d log y) 
reeral 


=Va5 


oc f-(Yot¢ log W7)/ (1-0 log Y) 
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. if gtd Tait clog NG 
In this relation, putting, 1—blogr 8 


we can obtain the follwing relation, 


_ B—(rot+c log N’) 
a Blogr 

Mean shower size N’ in above relation is 
1.4x10® and this value corresponds to mean: 
density 10* particles per m? at distance 5-7.5 
m from S:. For distance 15-22.5m, N’ is. 
5x10°. From these values, we can obtained. 
the following relation, 

b=0.10 

This value for 5 is thought to explain the 
present experimental results fairly well. 


b 


§ 4. Discussion 


The present series of experiments shows 
clearly that there are large fluctuations, 
although the nature of the fluctuation related 
to the essential role in individual shower is 
still a matter of speculation. There appear 
to be two possible explanations to account for 
the large fluctuations, namely, (1) the fluctua- 
tions of the starting altitude of extensive air 
showers, as that has been described in the 
previous paper (level fluctuation) and (2) the 
characteristic fluctuations of elementary pro- 
cess in the development of nuclear cascade 
in the core of air shower. These two models, 
shown in Fig. 9, are different in the inelas- 
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Fig. 9. A schematic figure of the development of 
air shower in atmosphere. (a) shows the fluctua- 
tion of the starting altitude of the air shower. 
(b) shows the characteristic fluctuations of ele- 
mentary process in the development of nuclear 
cascade in the core of air shower. 
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ticity of high energy nuclear interactions. not clear. We have not yet sufficient data on 

Since the experiments in this report give the character of individual shower to give an 
the informations only near the core and the accurate evaluation of these two possibilities. 
observed particles are small fraction of total, But if we accept these general specification: 
the discrepancy between the above models is ! | By any way the above models essentially equal 


Fig. 10. This picture shows the cloud chamber photograph of the air shower which the core strikes 
1.5m distance from the cloud chamber and the size is 3x10® particles. This picture shows very 


large lateral density fluctuation. 
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An example of very young air shower (size=5X10°, distance from core=2,5m). All par- 


Fig. 11. 
ticles in this picture are fairly high energy, 
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Fig. 12. 


This picture obtained by triggering of only S,, so this event is not associated to air shower. 


It seems that the event is the very early stage of air shower which will develop to the size of 


about 104. 


in the fact that core characters are determined 
by the nearest high energy interaction which 
occurs with large level fluctuation: It be- 
comes considerable easier to understand some 
other characters of extensive air shower, for 
example, high density s-meson shower in 
underground, high energy nucleon component 
in the core and so on which were explained 
already in the previous paper from the stand- 
point of model (1). 

Several points of interest have come to clear 
by the use of multiplate cloud chamber, (1) 
lateral density fluctuation which is understood 
as azimuthal unisotropy that is shown in Fig. 
10. (2) local high energy event as shown in 
Fig. 11. (3) the very early stage of air shower 
which will develope to the size of about 10*. 
as shown in Fig. 12. 

These are seemed to support above expla- 
nation. The study for these point will be 
continued. 
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Mu-Meson Component of Air Shower Below the Ground 
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Mu-meson component, observed underground, of the extensive air 
shower is studied, which has come from the nuclear cascade of the 
shower core in the ground and possibly shows high concentration of mu- 
mesons below the ground. The total number of them can be estimated 
independently of energy and multiplicity distributions of secondary par- 
ticles of the elementary collision each of shower particles undergoes, and 
also independently of some fluctuations. It is only because they depend 
upon the whole feature of the nuclear cascade in the shower core. 

Experimental data of the multiple penetrating particles (M.P.P.), whose 
feature is the high concentration of mu-mesons, could not be interpreted 
in terms of those mu-mesons, i.e., decay products within the nuclear 
cascades in the ground initiated by impinging nucleons of high energy in 
the air shower cores, even though the possible contribution of the K-meson 
and Hyperon production in the high energy collisions within nuclear 
cascades is taken into consideration. 
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It is well known that mu-meson component 
of the extensive air shower (abbreviated as 
EAS) penetrates deep into the ground, that 
has been observed by Cornell group’, George 
et al.”, Osaka group*®) and Sakvarelidze et al.* 
These experiments have revealed that the 
mu-meson component of EAS covers some 
extension of about 60m and about 13m ra- 
dius at 60mwe and 1600 mwe respectively, 
with low particle density of about one particle 
or less per square meter. These date have 
been used to construct a model of EAS®®.” 
together with those obtained at sea level and 
at mountain altitude. 

On the other hand Osaka group has observed 
the multiple penetrating particles, abbreviated 
as the M.P.P., by means of a multiplate cloud 
chamber at 50mwe and 250mwe_ under- 
ground®, The events occur too frequently 
with the high concentration of mu-mesons to 
be interpreted by the use of the air shower 
model so far deduced from previous experi- 
ments and calculations of the nuclear cas- 
cade®.*., They shows mu-meson concentra- 
tion from several to a few tens particles per 
square meter. 

About the same time Soviet group has re- 
ported experimental results on the nucleon 
component of EAS at mountain altitute®.'. 
They observed at 3600m elevation that in 
the EAS of total 10° particles there exists a 
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very high energy nucleon in the shower core 
of about one hundredth or more of energy of 
primary cosmic rays, a few nucleons of 10% 
eV or more energy each being in the EAS of 
total size more than 10° particles. Hence 
these facts should be taken into account not 
only for the interpretation of ordinary EAS, 
but also for the M.P.P., that has firstly sug- 
gested by G. Cocconi®. The existence of 
these energetic N-component has afterwards 
been established extensively by S. Miyake et 
al.!), Soviet group!” and Tokyo group”. 
The mu-mesons, observed underground, of 
EAS, then, are reasonably considered as fol- 
lows; i) some of them are such mu-mesons 
as to have come from pz-meson decays with- 
in the nuclear cascades of the shower core 
in the atmosphere and penetrated into the 
ground as mu-meson, ii) the others are such 
as to have come within the nuclear cascades 
below ground, which are initiated by high 
energy NV component impinging on the ground. 
None has been quantitatively estimated on 
the latter mu-mesons, while about the former 
several calculations have been performed:*!. 
15,16) ynder various simplifying and sometimes 
too simplified assumptions. Hence it seems 
to be worthwhile estimating the contribution 
of mu-mesons generated by the latter mech- 
anism of generation to the air shower mu- 
mesons, observed underground. This problem 
is studied in this paper and the results of 
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estimate is compared with the experimental 
results of the M.P.P., discussion being given 
on its interpretation. 

On the other hand it has been also sug- 
gested that the M.P.P. comes, because of some 
fluctuation, from the abruptly developing 
showers under the mountain altitude!’'®. 
This is based upon the new model of air 
showers presented by S. Miyake'®. The 
model may be however not consistent with 
recent experiments by K. Greisen et al.'®. 
In this paper, then, the analysis is performed 
from the traditional point of view of the air 
shower. 

It needs emphasis that the estimate given 
in this paper is free from such ambiguities 
as the adaptation of the energy and multipli- 
city distributions of secondary particles of 
elementary collisions in the shower and as 
their fluctuations. These ambiguities have 
been of doubtful feature for the calculations, 
so far attempted, of nuclear cascades in the 


atomosphere. 


Inherent Property of Observation of Air 
Shower Mu-Mesons Underground 


The EAS so far observed at sea level or 
mountain altitude gives us an information 
about the features at some cross sections of the 
nuclear and electronphoton cascades develop- 
ing or diminishing in the atmosphere. Then 
the calculations on the nuclear cascade, to be 
compared with experimental data, have been 
required to present the estimates not about 
the whole cascade but about each cross sec- 
tion along the developing of the nuclear 
cascade. Hence these estimated results had 
inherent features directly affected by the as- 
sumption adapted for the energy and multip- 
licity spectra of secondary particles of the 
elementary collisions in the cascade, and 
further by their fluctuations. This feature 
limits the applicability and the confidence of 
usual EAS theories, since the elementary col- 
lision of very high energy has not yet been 
clarified. It is also because the complexity 
of EAS calculations requires the various sim- 
plifying assumptions, for example the energy 
equipartition of secondary particles®.1*.19, or 
the neglection of essential factors, for exam- 
ple the fluctuations. In this way the experi- 
mental data of EAS at sea level or at moun- 
tain altitudes have to be considered on taking 
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into account various ambiguous factors, but 
the reason for these complexities is only that 
the experimental data refer to a cross section 
of EAS on its developing. 

On the contrary, the observation of mu- 
mesons underground of EAS, for example at 
250 mwe, gives the information about the 
whole feature of cascade showers. This is 
an essential feature of the underground ob- 
servation, different from those at sea level or 
mountain altitude: Let us consider a simple 
example, the EAS initiated from a proton 
with energy of 10'° eV. The inelasticity is 
assumed to be 0.3 for the nucleon-nucleus 
collision. On the average exists a high energy 
proton of 10'* eV at sea level (10 mwe), and 
the proton penetrates into the ground with 
successively colliding with rock nucleus. In 
this way at the depth of 30mwe from the 
atmosphere the maximum energy particle 
reaches to have an energy of 1GeV, where 
the interaction mean free path is about 1 
mwe in the rock. If we observe mu-mesons 
of 1GeV or more energy by means of a cloud 
chamber, like the experiment of the M.P.P., 
the nuclear cascade of EAS of 10'°eV may 
be considered to have disappeared at 30 mwe. 
Hence the observation of EAS mu-mesons at 
250 mwe may be contributed from the whole 
cascade showers, which have disappeared at 
30 mwe, through the mu-mesons come from 
the whole developing process of EAS. This 
fact is the essentially different characteristic 
from the observation at sea level or at moun- 
tain altitudes. 

The fact that the probability of pi-mu 
decays abruptly changes at the ground sur- 
face along the shower developing has to be 
taken into account, although it has been 
neglected in the above consideration. If an 
EAS developed in the atmosphere for 90% 
of its age, the underground mu-mesons may 
exist much more than those of another EAS 
with 50 % of its age in the atmosphere. Thus 
this fact introduces into consideration such an 
ambiguous factor that in what partition of 
the observed mu-mesons comes from below 
the ground. As described above, therefore, 
only such mu-mesons are considered in this 
paper as to have come from the nuclear 
cascade initiated by impinging nucleons on 
the ground. Such mu-mesons may be reason- 
ably refered to the experimental data of the 
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M.P.P. in the first approximation. Then the 
nuclear cascade under consideration is initiat- 
ed from the ground surface and developing 
wholly in the ground, so that it is able to be 
considered quantitatively with few ambiguity 
| as shown in the following sections. 


| §3. Total Track Length, E)/E 


Considering the nuclear cascades or electron- 
photon cascades, the physical quantities re- 
fering to the whole cascade, but not to each 
cross section in its developing process, are to 
be determined by the incident energy and 
the observing energy, the familiar one being 
the total track length of the shower particles 
of more than or equal to E. Let us consider 
the cascade process initiated from a particle 
of energy Eo, for convenience. The total 
track length, T(E, E), of the shower particles 
(of energies more than £) in the whole cas- 
cades is expected to be expressed as 


Eo 
E? 
where is a constant of about 1/2, as shown 
in the following, and only a parameter con- 
‘cerning with the energy partition of element- 
ary collisions in the cascade process. 

On the basis of the expression (1), the 
number of mu-mesons observed underground 
is estimated in the next section. In this sec- 
tion it will be shown that, for a few import- 
ant cases, the expression (1) is valid and 
independent from the energy and multiplicity 
distributions of elementary collisions in the 
cascades. Hence the independency is to be 
held for the result deduced from the expres- 
sion (1) on the mu-meson numbers observed 
underground. 


i) Electron-Photon Cascade Theory 

For the electron-photon cascade theory the 
expression (1) is described in the radiation 
unit. As is well known, the total track length 
is expressed in the so called approximation A, 
following B. Rossi?”, as 


Tho, E)=o Gly) 


Eo 

E ? 
if E.S>E, being equal to the expression (1). 
This is the case for the electron-initiating 
showers, and also the similar expression is 
valid for the showers initiated by photons, 
only replacing the numerical factor by the 
value of 0.572. The elementary processes in 


T(£o, E)=0.4387 (2) 


Mu-Meson Component of Air Shower Below the Ground 


857 


the approximation A are the bremsstrahlung 
by electrons and the pair creation by photons, 
and the probabilities of energy transfers per 
radiation length are approximately expressed 
as 


Pbrem(Eo ) E\dE=dE/E 
dE 


Ppair( Eo, E)dE= po ’ 


respectively, where o is a constant. In this 
case, the attention is called that both com- 
ponents, i.e., electrons and photons, contribute 
to the developing of the cascade showers 
until each dissipating its energy practically 
(see the following). 


ii) Nuclear Cascade Theory 

For the nuclear cascade theory the expres- 
sion (1) is expressed in the unit of the inter- 
action mean free path. Several nuclear cas- 
cade theories®:14,15,16,21,22) have, so far, been 
provided, but discussion is given here for the 
Buddini-Moliére theory?” and the Fukuda- 
Ogita-Ueda theory'®’, the former starting from 
the Heisenbery theory”®) as the elementary 
nucleon-nucleon collision and the latter refer- 
ing to the Landau theory’. It is because the 
Heisenbery theory and the Landau theory are 
considered as describing comparatively satis- 
factorily the elementary collisions at high 
energy though the very high energy collision 
have not yet been investigated conclusively. 
ii-a) Buddini-Moliére Nuclear Cascade Theory*” 

In this theory the integral energy spectrum 
of secondary particles, which contribute to 
the developing of the nuclear cascade, in the 
elementary collisions is approximately ex- 
pressed by 


Fn=Z(n=)" , (3) 
ai 


2 
where 7=E/Ey, Eo being the energy of the 
incident particle and FE that of the secondary 
particle. a and y is constant parameters, and 
the variation of their values serves to widely 
reproduce various spectra encountered in high 
energy collisions. Of course, the approxima- 
tion cannot be satisfactory in the wide energy 
range by only a value of the constant a, but 
the suitable dividing of energy range gives a 
satisfactory approximation by only one value 
of a for each energy division. Fig. 1 shows 
various energy spectra expressed by the ex- 
pression (3) with corresponding values of a. 
The Heisenberg theory can be expressed in 
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the satisfactory approximation, following Bud- 
dini and Moliére, by the one with a=2.0 for 
energy range from 7=0.03 to 7=0.3. 

On the other hand the next formula holds, 


(4) 


ras), 


Fig. 1. Integral and differential energy spectra 
used in the Buddini-Moliére nuclear cascade 
theory (after the authors?2)). 


i.e., yEo is the energy transfered to the 
secondaries under consideration. From the 
view point of the cascade shower, the value 
of (l—yr) is the portion of energies which 
escape from the cascade in each elementary 
collision and thereafter does not contribute to 
the developing of the cascade. When the 
secondaries of the elementary collision are 
composed of nucleons, charged fi-mesons and 
neutral fi-mesons, regardless of their con- 
tribution to the cascade, the energy conser- 
vation states that 


YatTraetrTo=l , 
or more generally, 
Sy 
4 


Almost all of the neutral pi-mesons decay 
into two photons, initiating the electron photon 
cascade showers, and do not contribute to 
the further developing of the nuclear cascade. 
In this case, the value of 7 in the sense of 
the expression (4) is to be the value of (1—7,0), 
being a value of about 0.9* at present. The 
emphasis is that the value of 7 is nearly 
equal to unity, if the portion of the energy 
escaping from the cascade is small and does 


* The value of 7, 0.9, here presented is based 
on the value of the inelasticity, 0.3, of high energy 
nuclear collisions in the cascade. 
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not extensively deform the developing of the: 
cascade. 

Following Buddini and Moliére, the experi- 
mental results on the energy spectrum of 
secondary ~i-mesons in high energy collisions. 
can be approximated with a set of parameters, 
¢=0.2.8 @272; 

The cascade theory based on the expression. 
(3) states that the number, F(z, 1), of partic- 
les of energies equal to or more than 7Eo at. 
the position of 7 nuclear m.f.p.s. from the 
initial point is expressed by 


jl ne 
» (n=) 
=e 
FS lanliaa’ ~, n! (na)! 


Hence the total track length T(/o, E) is ob- 
tained as follows, 


T (Bs, B)=\" Fo, Ddl 


geen 


(na)! 


=> 

n=0 

The curves representing the expression (5) 
are shown in Figs. 2a and 2b for various 
values of a and y. From these figures it is 
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Fig. 2. Total track length, T(E, EF), for various 
pairs of parameters, a and ;. 
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| emphasized that the expression (1) can appro- 
ximately reproduce the expression (5) indepen- 
dently of the values of a, a=0.5, 1, 2, 3, ie., 
j the wide variation of energy and multiplicity 
spectra if the value of y is unity. The ap- 
proximation is satisfactory for the region of 
| E/E>o smaller than 0.3. The value of o in 
| the expression is changed from 0.3 to 1. 

_ Even when the spectrum of the elementary 
| collision is changed along the developing of 
_ the shower, the expression (1) can be adapted 
| throughout in good approximation. The adap- 
tation of different values of a@ in different 
energy regions is also not affect the applica- 
bility of the expression (1). These facts may 
be easily seen from curves of Fig. 2. 

In the case of the value of 7 smaller than 
unity, the total track length is reexpressed 
by the expression (1) in replacing FEo/E by 
(E,/E)®& with the value of 8 smaller than 
unity. For example, the curve with 7=0.5 
and a=2.0 is approximated by 

T( Eo) =const(o/E)%** (6) 

Heretofore, the ‘‘secondary’’ particles in 
this subsection mean those contributing to the 
further shower developing, regardless of spe- 
cies of particles. But the secondary particles 
_ are really considered to be composed of 1- 
mesons and nucleons in the high energy colli- 
sions. Both particles contribute concurrently 
to the developing of the shower. Pi-meson in- 
duced collisions may be, as usual, considered 
~ here to have a same feature as nucleon induced 
collisions. But energy spectrum of secondary 
pi-mesons may be expected as different from 
that of secondary nucleons, in which there 
contains the outgoing of the incident nucleon. 
Since the secondary particles, both fz-mesons 
and nucleons, undergo further nuclear inter- 
actions of the same feature as described 
above, the secondary energy spectrum may 
be composed of ji-meson spectrum and 
nucleon spectrum, i.e., 

F(n)y=fn) t+ Fnl%) - 
In this case, also, the resultant spectrum, 
f(m), may not deviate from the expression 
(3) with a=0.5—3*, and considering that 
y=Tetrn~1, the expression (1) may be ac- 
cepted. Also, considering the existence of 


* It is noted that the expression (3) with a=0.5 
represents such a spectrum as to show the existence 
of high energy outgoing of the incident particle. 
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secondary neutral pi-mesons, the curve of 


a=2.0 and +=0.9 is approximately propor- 
tional to (£o/E)°-%. 


ii-b) Fukuda-Ogita-Ueda Theory of Nuclear 
Cascade!® 

A nuclear cascade theory has been present- 
ed, by Fukuda, Ogita and Ueda'®, with re- 
ference to the Landau theory of nucleon- 
nucleon collisions. 

The following expression (7) gives the 
number, du, of secondary nuclear active 
particles of energy (FE, E+dE), which are 
produced in the elementary nucleon-nuecleus. 
collision, after Amai et al.®, 


Ba Eo 1-19 Eo 8 
in=(>~) Fy gli) 


where £y is the energy of the incident. 
nucleon, 6 a constant of about 0.52, and Ey 
is the energy of the most energetic particle 
among secondary particles and may be ap- 
proximately equal to E). This expression re- 
presents the number of only such secondary 
particles as to be ejected forward in the 
center of mass system, but is enough to be 
used, according to the authors", for the cal- 
culation of high energy nuclear cascades with 
the interest in high energy shower particles. 
The familiar diffusion equations for the 
nuclear cascade have been formulated on the 
basis of the expression (7) and have analytic- 
ally been solved. Suppose that a nucleon of 
energy > initiates a nuclear cascade at x=0, 
and the number of nuclear particles of energy 
(E, E+dE) at x=x is expressed’® by 


1+8 1/2 
ME, x)\dE= te) Se ie 


(7) 


En \E y 
L(V 4Axy ), (8) 
Ex al 
where y=/n(E./E), A -(1—6d), and 
0 


4 the ratio of the number of charged pi- 
mesons to that of total fz-mesons. Ji(z) is 
the usual imaginary Bessel function of the 
first order. 

The total track length is obtained, using 
the expression (8), as follows, 


oo by 
TE, E)=| ax\ NE, x)\dE 
0 73) 
A WO Ey \b+ 4 
=sralle) ~Ge) | 
When &)>E£, it turns out, using 0=0.52 and 
B= 218, 
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Eo 0.85 
T(E>, E)=0.4 Be 
‘The fact that the power value of 0.85 differs 
from unity may be attributed to the neglec- 
tion of the secondary particles ejected back- 
ward in the center of mass system. Without 
the neglection it is expected that the power 
is unity. 

In this way, if the interaction is of the 
bremsstrahlung type, the expression (1) is 
valid, for the electromagnetic cascade theory 
and for the nuclear cascade theory currently 
accepted, independently of plausible energy 
and multiplicity spectra of secondary partic- 
les. 

The problem of fluctuation is essential and 
can not be neglected for the energy region 
of E/Eo>1/10, but it is apparent that the con- 
sideration presented above may be fluctuation- 
free, because of the statistical averaging, 
over the energy rigion of E/E)<1/50, which 
is mainly interest in the cascade theory. 


$4. Energy Spectrum of Mu-mesons From 
The Cascade 


The energy spectrum of mu-mesons come 
from the nuclear cascades is obtained on the 
basis of the expression (1). The pi-mu decays 
may affect the nuclear cascades, but is neg- 
ligible for the case, considered here, in the 
ground. Each nuclear active particle in the 
cascade undergoes the next nuclear interac- 
tion, upon travelling one mean free path on 
the average. Hence the total track length, 
T(£o, EF), can be reinterpreted as intergral 
energy spectrum, N(E&y, £), contained in the 
nuclear cascade inititated by a particle of 
energy Eo, 1.e., 

ME, E)= ye 
(fo, E)=T( ko, E)=o— , 

E 
‘since the expression (1) is expressed in the 
interaction mean free path. Then differential 
energy spectrum, (£o, E)dE, of particles 
contained in the wholly cascades is given by 
dN 


Ey, E\dE=|— 
n( Eo ) dE 


(9) 


dE 


(10) 


As the nuclear active particles in the nuclear 
cascades are usually considered to be pi- 
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mesons*, the mu-meson spectrum from the > 


cascade is the expression (10) multiplied by 
the decay probability. The decay probability, 


P, is somewhat different from the usual | 


meaning. In this case, only the interest is 
in whether the fi-meson has ceased its travel- 


ling with the interaction or with the decay — 


into the mu-meson. On the average, the pi- 
meson is considered to die on travelling one 
interaction mean free path. Hence the fol- 
lowings are obtained, i.e., 


Pine and ley = dijo vl ’ 
A cB To 

eaXGh ahi, JOR. 
Paecay B , 
P= S=s > 11 
Pint +Paecay 1rd \ 

with 
—mec?*-4 (12) 
0:CTo 


m being the mass of pi-mesons, 2 the inter- 
action mean free path, o the density of rock 
in the ground, c the light speed, and t) the 
mean life time of pi-mesons. For the /pr- 
mesons in the ground, it turns out, using 
0=2.6 g/cm? and 24=100 g/cm?, 

Br=6.5 MeV . 


As the interest at present is in the energy 
region of more than a few GeV, the develop- 
ing of nuclear cascades is not affected by the 
pi-mu decays. 

Under the assumption of B<E, the differ- 
ential energy spectrum of mu-mesons is ob- 
tained, using (10) and (11), as 
BE, 


Nw Eo, E\dE=o, E dE 5 (13) 
where 
mM ) Lg 
Oe (malmuy? 1.72” “ 


this being resulted from the average energy 
missing in the fi-mu transmutation. By the 
use of the expression (13), the intergral energy 
spectrum of mu-mesons is obtained, under 
the assumption of F<), as 


E 
Nu(Eo, B)=| ° (Eo, EGE 
E 
~ Ov ; BE, 
aie BE (15) 


* For H>10!2eV, the K-mesons probably con- 
tribute in the cascade, the effect being considered 
in the next section. 


| 


1961) 


Heretofore the nuclear cascade initiated by a 
, nucleon of ehergy E» has conveniently con- 
|| sidered. A glance of the expression (15) gives 
the estimate for the nuclear cascade initiated 


| by a group of nuclear active particles. 


| §5. Frequency of Observing EAS Mu-mensons 
Underground 


In order to compare the estimate, the ex- 
pression (15), with the experimental results of 
the M.P.P., we must obtain the frequency of 
| bundles of EAS mu-mesons observed below 
the ground. 

As the nuclear active particles in the core 
of EAS have not yet been investigated 
thoroughly, the integral frequency of EAS, 
in which the nuclear active particles carry 
the energies more than E; in all, is assumed 
to be expressed as 


F(> Es)=const. Es-$ . (16) 
The nuclear active particles of total energy Es 
impinge on the ground, initiate the nuclear 
cascades in the ground and produce a number 
of mu-mesons of energy more than £, the 
number of which is given by the expression 
(15) with Es; replacing &). When impinging 
many particles of total energy more than Es, 
mu-mesons are to be produced in number of 
- more than N,z, which is expressed by (15) 
with Es; replacing Eo. Therefore the fre- 
quency, (>, >E), of being produced a 
group of mu-mesons (its number is more 
than 2) of energy more than FE each in the 
EAS core in the ground, not from the ground 
surface, is given, from (15) and (16), by 


bs ou’ Bt 
R(Sn, > E)=const.( ; ) TEE 


ocn-§E-% | 


In the above estimate, an assumption is 
made that each of nuclear active components 
initiating nuclear cascades in the ground has 
an energy more than £, the sum ming up of 
energies of all these nuclear particles being 
E;. But it is not the actual case, since the 
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nuclear particles in each EAS are to be in an 
energy spectrum: Suppose the energy spec- 
trum, h(Es, E)dE, be proportional to dE/E?, ¢: 
is a constant of a value more than two, for 
the total energy not to diverge. Then it. 
turns out to be 


Bmax . ee 
| ChE E)dk= 2 “ait i 
E 


where Emax is assumed to be very large com-. 
pared to &. The integration with the lower: 
limit of Emin lead to Es, Emin being deter-. 
mined by the experimental condition. In. 
this case the expression (15) must be changed, 
on taking into account the energy spectrum. 
of nuclear active particles, as 


Ed Ou BEsEmin?— 
Nu(Eo, Dirge Bet OES ib ? 


and the frequency, %(>n, >E), leads to be 


£ BE mint ?-? 
ni BP 


(15): 


w(>n, > B)=const.(-*) 


cont -%E (17) 


where g>2. 


§6. Comparison With the M.P.P. Experi-. 
ment and Discussion 


The energetic nuclear active particles in. 
the core of EAS impinge on the ground, and 
develop the nuclear cascade in the ground, 
from which the mu-mesons are produced. 
through the pi-mu decay process. The num- 
ber of mu-mesons produced by this mechanism 
is estimated almost without ambiguity, as. 
described in the preceding sections. Using 
the estimate obtained above, the experiment- 
al results of the M.P.P. are discussed here 
from the view point of whether this mecha- 
nism being possibly responsible or not. 

First of all, the experimental data of M.P.P.. 
so far obtained are summarized in Table [?°. 
Underground mu-mesons, which are simulta- 
neously falling onto a cloud chamber, with 
multiple lead plates, of area of about 0.4 m?, 
have been observed in numbers of mu-mesons . 


Table I. Summary of experimental results of the M.P.P. 


Integral Number 


Integral Zenith 


250 mwe (1.240.5)-10-8 hr-! 


2h of 
| more than 4 P.P. (N=4) Distribution 
50mwe | (1.5-0.5)-10-2hr-! ~N-1 ~cos? 8 
| ~N-1 ~cos’ @ =a few meters 
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in each event up to about thirty. The lateral 
‘spread were obtained by means of a few trays 
of counters aside the chamber, and is likely 
to be more than a few meters at 250 mwe. 
Here discussion is given about the absolute 
frequencies and the number distributions of 
observed mu-mesons of the M.P.P. 

In the first place, let us consider, as usual, 
all of the secondary particles of the element- 
‘ary collision to be fi-meson. Even when the 
survival of the parent nucleon is taken into 
account, the results may remain to be un- 
changed. 

Since the nuclear cascades in the EAS is to 
have vanished in the ground of, at most, 20 
mwe from the ground surface, mu-mesons ob- 
served at 250 mwe could be considered in good 
approximation to be produced at the ground 
surface. The energy of a mu-meson having 
the range of 240 mwe is about 60GeV. E in 
the expression (17) can be replaced by the 
depth of observation. Further, ~ in the ex- 
pression is conveniently replaced by the ob- 
“serving density of particles, 4. This is 
because in the cascade the produced f7-mesons 
can reasonably be assumed to have about 
constant transverse momentum jp, indepen- 
dently of its energy®’.?®, so that the lateral 
-spread of the nuclear cascade remains un- 
changed along its developing, which implies 
‘that the total number, 7, is proportional to 
the particle density, 4. Therefore the ex- 
pression (17) may be rewritten as 

@(Ld, SA) A-Ed-¥8 , (g>2) (18) 
‘This relation can directly be compared with 
the experimental data. The experimental 
results on the particle density spectrum is 
A-*’ with &~1 at 50mwe and at 250mwe 


rate/nr 
\O* 
5] 
2 
1 
5] et 

Semone 5 ure 5 Z 
— depth Ci we) Mi 
Fig. 3. Depth dependence of the frequency of 


M.P.P.s. See the text about the comparison 
with this theory. 
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both. Then the expression (18) predicts the © 


depth dependence of the frequencies of the 


events having the same density to be d~* or © 


more steep with respect to the depths. Con- 


trary to the prediction, the experimental — 


result is expressed as d-'-* or flatter, shown 
in Fig. 3, where rather large error of 50 mwe 


point resulted from the producing point of | 


mu-mesons along the longitudinal extension | 
Therefore this © 


of the nuclear cascades. 
mechanism of producing the underground 


mu-mesons in the EAS could not interpret © 


consistently both the data of the M.P.P. at 
50 mwe and at 250 mwe. 

Thus the possibility of interpretation by 
this mechanism leaves only on the data at 
50 mwe. The possibility is examined here by 
the comparison between the spectrum of 
primary cosmic rays, which refered to the 
frequency of EAS, and the relation of esti- 
mated frequency vs Es, which is obtained from 
the data of the M.P.P. at 50mwe. As the 
lateral spread of the M.P.P. is not well 
known, let us represent by S the area cover- 
ed by the events of the M.P.P., S remaining 
to be a parameter throughout. The absolute 
frequency, J, of the M.P.P. with more than 
four particles is refered to the observed fre- 
quency, Jobs, aS usual, to be approximately 


n/2 Qn 
ad cos"! 6d2-T.S=2=h,-T.S, 
m 


0 


then it turns out, using the experimental 
values, 


+ * —10 
jou O£2)-10™ cm-? sec sterad— . 
On the other hand, if the expression (15) is 
employed for the estimate of Es, replacing 
Eo, then it is obtaind as 

Es=(2.7~6.8)-10°-S GeV , 

for which have been used the values, 

4 
Ne= Da E=5~8GeV and w20.5. This 
value of Es is the lower limit, since the ex- 
pression (15) is the special case of the ex- 
pression (15’) with g=2, and in general the 
value of Es is to be much larger. The pair 
of values of % and Es; is plotted on the 
energy spectrum of primary cosmic rays, 
shown in Fig. 4, S being remained as para- 
meter. It is of no doubt experimentally that 
S is more than some ten m?, though not yet 
determined precisely. Hence the plot for E; 


| 
| 


i 


| 


_ into account in this consideration. 
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shows unreasonable representation compared 
with the £o spectrum, since the curve, Ey, is 
necessary to be under the one of &) in the 
Fig. 4. If the expression (15’) is adapted for 
the estimate of Es, the impossibility of inter- 
pretation by this mechanism increases in 
much more degree. In conclusion it is con- 
firmed that this mechanism can not interpret 
even the data of M.P.P. at 50 mwe, too. 


Integral Energy Spectrum 
of Primary C R(Eo) 


AY 
10°. NG, 
5:10’ bk 5=30 
1G? \-— Integral Spectrum 
of Es 


(O° RIOZE 107 iCse lOsey 
~ Enegy of Incident proton 


10? — 


3 


Particles cri’sec' sterad-' 
oO 


Fig. 4. Intergal energy spectrum, J, of pri- 
mary cosmic rays (after Barrett et al!)) and 
integral energy spectrum, #;, of the impinging 
N-component of EAS on the ground, where S 
is the area covered by the M.P.P. 


The contribution of K-mesons and hyperons, 
though neglected heretofore, must be taken 
It is sug- 
gested by the experiment of Bristol yroup?®, 
which shows the existence of X-particles, and 
also by the experiments of accelerators. 

The Kz,,-meson and the >j,.*-particle are 


- mainly found out among so called new partic- 


les as to decay into mu-mesons”), being con- 
sidered and discussed in the following. It is 
interesting here that in what partition pyr- 
mesons and these heavy particles are produced 
in the very high energy interactions. So far, 
only the Bristol group have observed in re- 
ference with these problems, showing that X- 


particles, besides the pi-mesons, are produced 


about 25 % as much as pi-mesons in the jet 
sshowers produced by about 10'* eV particles’”. 
In the more energetic interactions they may be 
produced more frequently than just described, 
but have not yet been investigated. In order 
to investigate the produced mu-mesons of 
energy of a few tens GeV, the production 
ratio of K-mesons or >i-particles to pi-mesons 
jin the interaction of about 100~1000 GeV 
‘must be known, since mu-mesons of the 
dJowest energy are to be dominantly observed, 
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as seen from the expression (15). Then the 
ratio of 25 % is tentatively used here for the 
K-meson or >\-particle production to pi-meson 
production ratio, as given by Bristol group. 

The decay constant B for Ku2s-mesons and 
Dw*-particles is given, using 2nY34, and 
A312, as 


Br=70 MeV and Bs=15GeV. 


Hence the existence of Kuz-mesons does not 
deform, as the case of pi-mu decays, the 
nuclear cascade under consideration. The 
>v*-particle is also the case in spite of the 
large value of Bs, since the S\,+-particle is 
produced with a branching ration, b, of less 
than 3% within the >'-particles. 

Then the contribution of Kys-mesons and 
>in*-particles is taken into account as follows. 
The nuclear cascades in the ground are con- 
sidered unchanged by the existence of the 
Kyue-mesons and the 5},.*-particles, as describ- 
ed above, the expression (10) being valid un- 
changed. Corresponding to the expression 
(13), the following holds, on taking into 
account the different decay probability for 
various components, 


Np(Eo, E)\dE 


_ EdE 
=@ E: 


We Be Fic Bx 

(Mx/mu)? — (Mx/ Mn)? 
patted Bel maim) E | 
ms/myp. (Bs/(ms/muy)) +E} © 


In this expression fx, fx and fg is the produc- 
tion ratio of charged piz-mesons, Ky2-mesons 
and »>j.,+*-particles in the elementary collisions 
in the cascades under consideration. it is 
noticed that the production ratio of fi-meson 
component, A-meson component and }'-parti- 
cle component is expressed, by notations here 
used, as fr/bz:fx/be:fo/bs, where bz is the 
branching ratio of charged fi-mesons in the 
produced pi-meson component, and so on. 
Charged pi-mesons and K-mesons undergo 
both two body decays into mu-mesons, the 
average energy missing during the trans- 
mutation being expressed in the similar ex- 
pression (see the expression (14)). The Si,*- 
prticle undergoes so called the three body 
decay but in the crude approximation the 
similar expression being used as the pi- 
mesons, on the average, only considering the 
mass ratio. Each terms in the curled paren- 
thesis represent the contribution of fi-mesons, 
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Kus-mesons and >,*-particles, the ratio of 
which is estimated as follows. It turns out, 


using fe~(1—0.25) x = 


_JxBe 1.4 MeV . 


(mu / Mu)? 
It holds experimentally that £4 Bo0.26, 
Assuming that Ln Le it is given, for Kus- 
mesons, 
geo 0108 MeV . 


With regard to S\,+-particles, it holds that 


_J2Bz_~ 45 MeV . 

(mz/mu)? 
Thus, over the energy range under consider- 
ation, the contribution of these particles to 
the mu-meson production is made in the ratio 
of 

ee AGS (BOARS 
Therefore the contribution of the Au2-mesons 
and the >).*-particles could not largely affect 
the number of mu-mesons, Nu(~o, E), obtain- 
ed when impling only the contribution of pi- 
mesons, and could not accordingly interpret 
the experimental data of M.P.P. at 50 mwe*. 
As is also shown in the expression (15), the 
contribution of the >{,*-particles could not 
make flatten the depth dependence of the 
events under consideration, since the S‘,+- 
particles of energy more than 100 GeV may 
mainly contribute because of the energy 
missing of the >).*-mu decays. 


§7. Conclusion 


The nuclear active component of EAS im- 
pinges onto the ground surface and produces 


* Jf the interaction mean free path of K-mesons 
is about three times larger than that of pi-mesons, 
the nuclear cascades might be expected to prolong 
its range in the ground. Accordingly the nuclear 
cascades cited for the example in §2 would pene- 
trate to the deeper depth than 20mwe, and the 
observed mu-mesons at 50 mwe might have energies 
less than 5GeV at their production point, and 
hence the mechanism just described might be 
enough to interpret the data of the M.P.P. at 50 
mwe. But the estimate in §2 is based on the ex- 
perimental data of the inelasticity of 0.3, which 
must imply the contribution of these heavy particles 
in high energy collision, if exist, 
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the nuclear cascade showers in the ground, 
a number of mu-mesons being produced in 
the cascades through the pi-mu decay process. 
The number of the mu-mesons underground 
thus produced has been estimated, given by 
the expression (15), independently of the 
energy and multiplicity spectra of secondary 
particles of the elementary (nucleon-) nucleus 
collisions in the EAS and further independent- 
ly of some fluctuations. On the basis of the 
expression (15) it has been examined whether 
or not the mu-mesons produced by the mecha- 
nism just described can interpret the experi- 
mental results of so called M.P.P. under- 
ground. However no success of interpretation 
has been obtained, even though the contri- 
bution of the Kus-meson or the >).*-particle 
production in the very high energy collisions 
is taken into account. 
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A new type of detector called transition chamber was used to study high- 
energy nuclear-active particles (N-particles) above 10!1ev in extensive air 
showers (EAS) of size above 108. The differential energy spectrum of N- 
particles is shown to be represented by Hy~?-9*0-1d Ey up to 3.101 ev irre- 
spective of shower size. The lateral distribution of nuclear-active particles 
is obtained within 10m from the axis. This distribution is tentatively 
explained by a phenomenological model assuming the Maxwell-Boltzmann 
distribution for the transverse momentum of N-particles. Total number 
of N-particles of energy Ey=10!'ev, Ny, in an extensive air shower is 
expressed as a function of size Ne by Ny=(50+5)(N,/105)!-140.1, for Ne 
ranging from 10? to more than 108. Then the total energy carried by all 
N-particles of Hy=10!%ev is estimated to be as much as that of the 
electron component in an EAS. On the basis of the observed general 
relationship between the electron component and N-particles for a wide 
range of sizes, a model of the development of EAS is suggested. The 
energy spectrum of N-particles is discussed in relation to that of high- 
energy ;7-rays. In particular the existence of very high-energy N-particles 
implies that the average inelasticity in high energy interactions 7=0.4~ 


0.5, if they are assumed to be survivors of primary particles. Also the 
possibilities are discussed for the occurrence of N-particles with energies 
as much as 10% or more of primary particles. 


$1. Introduction 


It is well known that the nuclear cascade 
in an extensive air shower (EAS) plays a 
fundamental and basic role in its develop- 
ment in the atmosphere. Therefore, the in- 
formation on the high-energy nuclear-active 
particles (V-particles) which are responsible 
for the development of nuclear cascade is 
very important for the study of very high- 
energy nuclear interactions and the develop- 
ment and structure of EAS. However, 
because of the low frequency of N-particles 
and the difficulty in detecting them and meas- 
uring their energy, the data available on the 
N-component are much less than those on 
other components of EAS. 

Recently, detectors using ionization cham- 
bers which are efficient for detecting high- 
energy N-particles have been developed 
mainly by Russian workers. By means of 
these detectors it has also been possible to 
estimate the energies of N-particles. These 
experiments have led to the remarkable re- 
sult that N-particles in an EAS carry aS much 
total energy as the electron component, and 


sometimes as much energy could be concen- 
trated in a single N-particle.’-* Thus the 
importance of N-particles as the source of 
energy supply of EAS has been recognized. 
In order to arrive at a quantitative descrip- 
tion of phenomena from the qualitative under- 
standing we have so far, it is necessary to 
improve the accuracy of energy measurement 
of N-particles and also determine the charac- 
ter of associated EAS by fixing the position 
of shower axis, its incident direction, the 
total number of particles or the size and 
other parameters as accurately as possible. 
The purpose of the present experiment is to 
study EAS through investigation of the high- 
energy N-particles as described above. 
Characteristic features of very high-energy 
phenomena will be reflected the better in the 
higher energy WN-particles. Therefore, it 
would be worth while to observe such N- 
particles for a wide range of sizes of EAS. 
In fact, this is equivalent to covering a wide 
range of energy of the primary particles 
producing EAS, so that one may hope to get 
possible clues regarding the characteristics of 
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‘very high-energy phenomena, as well as gain 
a better understanding of the role of nuclear 
«cascade in EAS. 


$2. Experimental Arrangement 


It has been shown already that the “ transi- 
‘tion chamber” is quite useful for the detec- 
‘tion and energy measurement of high-energy 
N-particles.®.® The schematic diagram of 
‘the transition chamber is shown in Fig. 1. 
‘This detector consists of thick material in 
‘which five layers of scintillation counters are 
‘inserted as illustrated in the figure. The 
‘top layer of 5cm lead absorbs the electron 
ecomponent of EAS efficiently. The total 
thickness of iron is 320gcm-? which corres- 
ponds to about 3 nuclear mean free paths so 
that almost all the N-particles which hit the 
«detector will cause nuclear interactions. 
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Fig. 1. Schematic diagram of the transition 


chamber. 


In order to measure the energy of N-par- 
ticles, the so-called “ total absorption spectro- 
‘meter ” is perphaps the best detector. It has 
-enough thicknesss of material to absorb the 
-entire nuclear cascade initiated by a N-par- 
-ticle and measures the total energy dissipated 
by all particles within the detector. 

The transition chamber does not have suf- 
ficient thickness of material for this purpose, 
but it can be used to measure the energy of 
neutral pions produced by nuclear interactions 
fairly accurately. These neutral pions, each 
immediately decaying into two 7-rays, initiate 
electromagnetic cascade showers. As is well 
known, the number of electrons at shower 
maximum is almost proportional to the energy 
.of incident y-rays, and this relation still holds 
approximately for the superposition of several 
showers of different energies. In other words 
tthe number of electrons at the maximum of 
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the composite shower is proportional to the 
total energy of the incident y-rays. On the 
other hand, the number of electrons varies 
very slowly, say by less than 20%, within 
several radiation lengths arround the shower 
maximum, if the incident y-ray energy is 
more than several Bev. Therefore, the par- 
ticle number at the shower maximum can be 
obtained with fair accuracy by scintillation 
counters separated by less than several radia- 
tion lengths from each other. Thus, the 
transition chamber can give the total energy 
transferred to neutral pions and hence one 
can estimate the energy of N-particles as 
explained later. 

For the detection of N-particles among the 
many background electrons of EAS, one 
should examine the transition curve for a se- 
cond hump following the rapid absorption, 
characteristic of pure electromagnetic cascade. 


No, of Ptls 
e, 


Depths in Material 


Fig. 2. Shematic figures of transition curves. 
A: The transition curve of the electron com- 
ponent. 
B: The transition curve of the shower initiated 
by a high-energy N-particle at X. 


This second hump should be obviously due to 
nuclear interaction which initiates cascade 
showers through the production of neutral 
pions. This situation is illustrated schemati- 
cally in Fig. 2. Since pure electron component 
is absorbed quite rapidly, almost all N-par- 
ticles that give rise to neutral pions of more 
than 10 Bev can be certainly distinguished from 
the dense background of electrons and _ pho- 
tons, unless the nuclear interaction takes 
place within the lead layer such that the 
cascade develops too fast to be observed at 
shower maximum. Thus, the detection effici- 
ency of the transition chamber for high- 
energy N-particles is considered to be about 


70%. 
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As N-particle detectors, cloud chambers, 
counter piles, and neutron counters have been 
used so far. These detectors, however, are 
not suitable for quantitative measurements on 
high-energy N-particles. The transition 
chamber, though it is inferior in accuracy to 
the method of energy measurement by total 
absorption, gives the energies of -particles 
with a constant degree of accuracy upto very 
high energies. 

Since each layer of transition chamber 
consists of two scintillation counters each of 
area 0.25 m2, it can be used as two independ- 
ent N-particle detectors. The output signal 
of each scintillation counter is displayed on 
the screen of an oscilloscope through a special 
device by which the pulse height is converted 
into a signal proportional to the logarithm of 
the number of particles.” 


a a 
Oo fa 
oO O O 
By al {al 
NtTr 0 
Oo 
O nq O 
5 a oO {a} 
| ae ere ee ares 
O 5) 10 m 
Fig. 3. Arrangement of the detectors. Open 


squares 1 m? each, are n-detectors. Filled squares 
0.25 m2 each, are fast detectors. The detector 
denoted as Tr is the transition chamber. 


An EAS array consisting of 14 scintillation 
counters was operated in conjunction with the 
transition chamber. These counters, called 
n-detectors are each of area 1m’. The ar- 
rangement of the m-detectors as well as the 
transition chamber is shown in Fig. 3. One 
can determine the position of the axis and 
the size of EAS from the observed density of 
particles at each n-detector. The output of 
each n-detector was also represented logari- 
thmically on oscilloscope screen and photo- 
graphed. Sensitivities of ll scintillation 
counters—counters of the transition chamber 
as well as the m-detectors—were continuously 
recorded on a chart of self-recording monitor. 
They were usually maintained within 10% 
variation. Besides these counters, a timing 
network of five 0.25 m? scintillation counters 
was also operated, to obtain information on 
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the incident direction of EAS of more than 
104 in size. The accuracy was within about 
5° near the vertical. These counters are 
called fast detectors. 

The following triggering condition was 
imposed for efficient selection of N-particles: 
at least 10 particles in each of any two 
counters among scintillators No. 1 to No. 5 or 
No. 6 to No. 10 in the transition chamber, 


in addition to at least one particle in 2-detec-. 


tor m (see Fig. 3). Whenever this condition: 


was satisfied, the recording system was trig- 
gered and all the information of the event. 


was recorded. The rate of such events was 
about 15 per hour. The experiment was car- 
ried out at sea level in December 1959. The 
total working time was about 290 hrs. 


§3. Identification and Energy Estimation of 


N-Particles 


From the data so obtained, only those events: 
which showed a clear hump of more than. 
50 particles on the observed transition curve 
were selected as due to nuclear interactions. 
However, this condition may 
possibly be satisfied also by the following: 
phenomena: (i) EAS incident at large zenith. 
angle, (ii) nuclear disintegrations occurring- 
and (iii) radiation: 


of N-particles. 


within the scintillators, 
burst caused by muons. 

When an EAS hits the detector with zenith 
angle more than 30°, the electron component, 
without traversal in lead layer, might cause 
a hump similar to that observed in nuclear 
interaction. 


well within the limits of experimental errors. 


Therefore, the contribution of events from (i). 


should be less than several % if it exists. 


Events of type (ii) are caused by relatively - 
low energy N-particles, say more than a few- 
These N-particles may produce nuclear - 


Bey. 
disintegrations within the scintillation material 
with some probability, and give rise to a pulse 


equivalent to that corresponding to more than 


50 particles. However, the scintillation effii- 
ciency of organic scintillators for heavily 
ionizing particles is very low. Moreover, the 


number of such fragments emitted in ordinary - 
nuclear disintegrations is small because the- 


Naturally, such types of events. 
are more likely to occur in inclined EAS.. 
However, the zenith angle distribution ob-. 
tained for above selected events associated’ 
with EAS agrees with that of ordinary EAS. 
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‘target consists of only light elements. There- 
fore, a simple estimate shows that this effect 
is negligible. This type of events can also 
be picked out and rejected by inspecting the 
‘observed transition curves, because only one 
scintillation counter can show a large pulse 
height in these cases. 

It is possible that the radiation bursts caused 
by muons satisfy the triggering condition, if 
muons are coming from directions such that 
they can penetrate -detector ms, or the par- 
‘ticles of radiation bursts can hit this 7-detector. 
‘Since cascade showers of bursts do not develop 
in the vertical direction for these events, the 
number of counters which show high density 
of particles is limited to only one or two 
from geometrical considerations. Then, the 
transition curves show an apparent rapid ab- 
sorption compared to ordinary cascade curves. 
In fact, a few tens of such events were ob- 
‘served which could be obviously distinguished 
by inspecting the transition curves. 

The rate of radiation bursts of more than 
50 particles at shower maximum within the 
‘transition chamber caused by muons is about 
5 per hour. However, since at least one 
particle should hit the m-detector m») according 
to the triggering requirement, only those 
‘mmuon-bursts which are associated with EAS 
‘could be effectively recorded. Simple estima- 
tion shows that such cases could not be more 
than 10 during the whole period of observa- 
tion. Moreover, because the energy spectrum 
of muons is much steeper than that of N- 
particles, as will be shown later, this effect 
of muon-bursts on the data of -particles 
must be limited to only the low energy re- 
gions. 

Therefore, the 495 events selected are be- 
lieved to be due to high-energy N-particles. 

As a further confirmation, the distribution 
in the depths of the points of interactions 
was checked. The collision mean free path 
calculated from this distribution turned out to 
be about 100gcm-?. Therefore, it is reason- 
able to suppose that all the selected events 
are due to N-particles. 

The energy of JV particles can be estimated 
as follows. As already mentioned, the total 
energy of neutral pions is first determined 
from the number of particles at shower maxl- 
mum. The number of electrons, zmax, at 
shower maximum as a function of primary 
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y-ray energy FE)” is given by Eq. (1) for a 
single cascade under “ Approximation B”, 
Orie uo: 3 Ey” ( 1) 

Vine) € ’ 
where € represents the critical energy and is 
21 Mev for iron. The cascade shower actually 
observed is not neccessarily a single cascade 
but rather a superposition of several showers. 
However, Eq. (1) can still be applied to the 
composite cascade showers for obtaining the 
total energy of neutral pions. The accuracy 
of the energy determined by the above method 
can be considered to be of the order of 30%. 
The event with 50 particles for zmax corres- 
ponds to about 10Bev for £)” or the total 
energy of neutral pions. 

In order to estimate the energy of N-parti- 
cles from the total energy of neutral pions, 
two quantities should be known. One is the 
fraction of N-particle energy transferred to 
secondary particles, or the inelasticity, 7, and 
the other is the ratio of neutral pions to all 
secondary particles, R. Although either of 
these might fluctuate from case to case, many 
experiments on jets by nuclear emulsions al- 
low one to take about 1/3 for the average 
value of R at high energy. There is much 
ambiguity in the values of y obtained so far, 
because they are not of sufficient statistical 
accuracy and also the accuracy of 7 in indivi- 
dual events is not good enough. However, 
one can use a value 0.3 as the average 7 
tentatively for the energy estimation of N- 
particles. Then the energy of N-particle, Ey, 
can be estimated as Ev=10E)”. Therefore, 
the selected events correspond to N-particles 
of energy Ev=10"'ev. It is difficult to as- 
sign the error to the value of Ew thus ob- 
tained. However, an uncertainty of factor of 
2 may be considered reasonable, because of 
the above mentioned assumptions. 


7max( Lo) 


§4, Associated Air Showers 


The procedure used to obtain the position 
of the axis, the lateral distribution and the 
size of EAS is the same as that described in 
Ref. 6. That is, the position of the axis is 
regarded as the point arround which the ob- 
served densities at various m-detectors best 
approach to a certain smoothly decreasing 
function of radius, 7. Then a Nishimura- 
Kamata (N-K) function® which is the best fit 
to this lateral distribution can be chosen. 
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The size of EAS, N., is assumed to be the 
area integral of this N-K function. 

For the EAS array shown in Fig. 3, the 
position of the axis can be determined uni- 
quely with the accuracy of usually less than 
a few metres for EAS which hit the region 
within 10m from the centre of the array. 
Particularly, if EAS of N.=10‘ hit near the 
centre, the accuracy in determining the posi- 
tion of the axis can be as good as 1m (see 
§5. (C)). On the other hand, the accuracy 
becomes worse rather rapidly when the axis 
is farther than 10m from the centre. How- 
ever, these cases do not occur so frequently, 
because a large majority of N-particles is 
concentrated within 10m from the axis as 
will be shown later. 

The accuracy of the size as determined by 
the above mentioned method is somewhat 
different from shower to shower, but in general 
for EAS within 10m from the centre the 
statistical accuracy is about 20% for sizes 
N->10!, and becomes worse for smaller sizes. 
For a size of 10°, the error becomes a factor 
OL 2.* 

The observed integral size spectrum of EAS 
for the selected events is shown in Fig. 4. 
This spectrum can be approximated by N.-°-4 
for the region of N.<several 10° whereas it 
rather fits N.-°-* for N-=10®. These would 
indicate that the variation of exponent occurs 


7) 


o!No. of EAS)S 


F (2Ne) 


Ne (ptis.) 107 


Fig. 4. Observed size spectrum of EAS in which 
at least one N-particle is detected in transition 
chamber. 


* Preliminary results of detailed study of lateral 
distribution of particles from the axis to 200m 
show an obvious deviation from the N-K function. 
Then, the size obtained from the N-K function 
turns out to be a lower estimation and should be 
increased by 50%. 
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between the sizes 10° and 10°. This fact. 
might be very interesting if it is compared. 
with similar variation of exponent which ap- 
pears in the same range for the ordinary size: 
spectrum of EAS irrespective of N-particles.*” 


§5. Experimental Results 


(A) Energy spectrum of N-particles 

The differential energy spectrum of all ob- 
served N-particles is shown in Fig. 5. This. 
spectrum can be fitted very well by a power 
law Ey-?-°+°-\dEwy at least for the energy 
range, 10 ev<Ew<10"ev. This law can be 
reasonably extrapolated upto 3-10'% ev though 
the statistics are poor above 10!2ev. There- 
fore, one could consider that there is no re- 
markable change in the energy spectrum of 
N-particles for the energy range 10''evSEw 
<6orul(i? eve 
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Fig. 5. Differential energy spectrum for all N- 
particles observed. The straight line represents 
the spectrum Hy-2..d Hy. 


The energy spectra of N-particles have also 
been obtained for the following intervals of 
sizes Ne: (i) 10°SN.<3-10%, (ii) 3-10°<N.<10+, 
(iii) 10¢'SN.<3-104, (iv) 3-10'<Ne<10* and (v) 
Ne=10°. Fig. 6. a) to e) show the integral 
spectra for different size intervals. It is a re- 
markable feature that there seems to be no 
significant dependence of the energy spectrum 
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of N-particles on the size N. for a wide range 
of sizes from 10° to more than 10°. It is also 
to be noted that the energy spectrum is 
still extending beyond 10!2ev even for EAS 
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Fig. 6. Integral energy spectra of N-particles for 
various size ranges. 


with N.~10°. 
later. 


(B) Lateral Distribution of N-particles 

As already mentioned, the transition cham- 
ber was used as two separate units of N-par- 
ticle detectors. The frequency of EAS of 
size (Ne, Ne+dN-) which hit at a distance 
(ry, r+dr) from either unit detecting an N- 
particle is given by the following equation. 


FNe, r)dNedr 
=f(Ne)Aw(Ne, 1)2S WN2, r)dNe2ardr, (2) 


where f(N.)dNe is the size spectrum of EAS, 
Aw is the density of N-particles, S is the area 
of each unit of transition chamber (0.25 m?) 
and W(N.,7) is the detection probability of 
EAS. (Note that Eq. (2) holds strictly for 
Sdyv<1.) Therefore, if FUNe, 7) is known for 
a fixed size Ne and within the region where 
W(N., 7) is almost unity, the lateral distribu- 
tion of N-particles 4y(Ne, 7) can be obtained. 

As mentioned in §4. the accuracy in deter- 
mining the position of the axis is not very 
good farther than 10m, moreover W(Ne, 7) is 
not neccessarily unity for EAS of N.<10+ 
even within 10 m from the transition chamber. 
Therefore, the lateral distribution of N-par- 
ticles is studied here only within 10m from 
the axis of EAS of Ne210'. 

The lateral distribution of N-particles of 
Ey=10" ev is obtained as shown in Fig. 7. 
Since the accuracy of 7 is as good as 1m, it 
may be significant that the distribution be- 
comes flatter within 2m from the axis. If this 
distribution is approximated by a power low 
between 2 to 10m, it can be represented by 
y-2540.5, Tf one assumes tentatively an 
[1+(7/a?*]-! for the 


This fact will be discussed 


empirical expression 
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lateral distribution of N-particles, a value 
1.5m for @ can fit this formula to experi- 
mental points in the whole range within 10m. 
If one supposes that this formula can be ap- 
plied farther than 10m upto 30m as a reason- 
able cut off point, the fraction of N-particles 
existing within 10m corresponds to about 
80% and that within 5m accounts for about 
65% of the total. 


(Arb. Units ) 
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r (ri) 
Fig. 7. Lateral distribution of N-particles with 


Ey=210"Xev in EAS of N,=10!. Curve of 
1/[1+(7/a)?-5] is shown in the figure for q=1.5 m. 


(C) An interpretation of the lateral distribu- 
tion of N-particles 

The lateral distribution of N-particles of 
certain energy Ew at sea level can be con- 
sidered as determined by the contributions of 
N-particles from different altitudes and their 
angular distribution. Assuming that the 
number of N-particles of energy Ey produced 
within the layer (x, x+dx) from the top of the 
atmosphere is proportional to exp (—x/Ay)dx, 
the contribution of these N-particles at sea 
level, «=X, without suffering nuclear inter- 
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action between x and X is as follows. Since 
the probability with which a N-particle can 
arrive at X» without nuclear interaction is 
exp[—(Xo—x)/L] where L represents the 
nuclear mean free path, the contribution of 
N-particles of energy Ey from the layer 
(x, x+dx) to those at sea level is proportional 
to exp [(1/L—1/Aw)x]dx provided that the effect 
of decay is negligible. 

If the distribution of emitted angles of N- 
particles is assumed to be proportional to 
exp (—6?/2002) 2x sin 0d6 for a certain energy 
Ey, this corresponds equivalently to the 
assumption of Maxwell-Boltzmann distribu- 
tion for the transverse momentum 7, 
exp (—pr?/2po2) 2xprdpr where po is the rms 
average of pr and is related to @ by the 
equation 0:.=p./p, p being the momentum of 
N-particle (cb=Ey). 

For the sake of simplicity, nuclear interac- 
tion is supposed to occur once every one 
mean free path. Then, the lateral distribu- 
tion at sea level, of N-particles produced 2 
mfps above is expressed by 


= exp S a) 2nrdr 

2n(nro)? 2(nro)? ; 
where 7. is rms radius of those N-particles 
after traversal of lmfp and given by 
Yo=(po/p)(L/o), 0 being the average density of 
air. 
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Fig. 8. Lateral distributions of N-particles cal- 
culated for different values of L/Ay according 
tor Equ4)esipe (Gye 
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Fig. 9. Lateral distributions of N-particles for 
different energy ranges. Each of them is com- 
pared with calculated curve for L/Ay=0.5 as 


shown in Fig. 8. 


Since the contribution of such WN-particles 
to sea level is proportional to 


or 


as given above, the lateral distribution of N- 
particles of energy Ew can be obtained by 
the superposition of contributions from various 
generations using the following expression 


1 ib 1 

An(r)o< Py 2n(nro)? ee I( Ay 1) al 3 

(4) 
The results of calculations for three cases, 
L/Anv=0.3, 0.5 and 0.7 are shown respectively 
in Fig. 8. These figures illustrate that the 
above model can account for the part of the 
distribution expressible by a power function. 
They are approximated by 7-®-8, r-*5 and 
y-2-1, respectively. 
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Fig. 9 (a), (b) and (c) show the experimental 
lateral distributions of N-particles for different 
energy intervals: (a) 104*evSEw<3-10"' ev 
((Ev>av=1.7-10"' ev), (b) 3-10°evS Ew <10¥ ev 
((Enw>av=5:10!t ev) and (c) Ew210" ev, res- 
pectively, for EAS of Ne210‘. Curves of 
Fig. 8, can be fitted to the experimental 
points in Fig. 9, if we suppose 7»=2.0+0.2m 
for (a), 7=1.5+0.4m for (b) and m=1.0m 
for (c), respectively. Since the uncertainty 
in the determination of position of the axis is 
included in the above values of 7, the value 
of 7 for (c) (=1m) would indicate that the 
accuracy is about 1m or better. Assuming 
1m for this uncertainty, the spreads of physi- 
cal significance are (a) 7=1.8m and (b) 70 
=1.lm. These spreads can be attributed to 
N-particles of the last generation. 

Before these are related to the rms values 
of fo, one should take into account the angular 
distribution of primary particles producing 
N-particles of energy Ey which has been 
neglected so far. This effect can be esti- 
mated by the following simple consideration. 
Suppose the energy of a secondary particles 
is 1/k of the primary energy on the average. 
Since the interactions of different generations 
are independent of each other, it follows that 
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if the angular distribution in each interaction 
is represented by Gaussian distribution, then 
the multiplication of effects of successive | 
generations in angular distribution, and hence | 
the spatial distribution again obeys Gaussian 
distribution. Then the mean square radius. 
<r?yay of N-particles with energy Ew=cp is 
given by 


Dave (Eee 2 CEN aN ea 
PAV ‘5 F + 5, +( p25 ‘ 
= 2 ae 
ih = = 


Therefore, 7) seems to be apparently larger 


by a factor 
1/2 
[= pen] 


‘hhis*factorsaccountsmion 167, Ins) and el lastor 
the values. of k=2, 3 and 5, respectively. 
Though information on & is still lacking, it 
can be assumed tentatively as follows: for 
instance, the ratio of the numbers of mesons. 
to nucleons is 2~5 to 1, and k~2 for nucleons 
whereas k~10 for mesons. Then, the factor 
would be about 1.2, not very seriously depend- 
ent on the above assumptions. Therefore, 
the apparent values of 7 have to be reduced 
by about 20%. 


[2 


Beth) 


Table I. 
Energy interval Average energy | Apparent 7 pol (m) | Po 
| (ev) | (ev) | (m) po | (Mev/c) 
a | 10N<By<3-10" 1.7-101 1820.2. | 1.5 260 +40 
b | 3-10<By<10" 5-101 1.10.4 | 0.9 450-+200 


The values of fo which are shown in Table 
I, assuming that one nuclear mfp is 100 gem-?. 

These values of fo, though they are indirect 
and poor in accuracy, are yet generally in 
agreement with those obtained for high-energy 
neutral pions.® These results are consistent 
with the hypothesis that all secondary parti- 
cles, charged pions and others as well as 
neutral pions of more than 10" ev still belong 
to the same class of pr, and that the distri- 
bution of pr is characterized by a “ well- 
defined” one such as the Maxwell-Boltzmann 
distribution. 
(D) Total number of N-particles 


Integrating Eq. (2) with respect to radius 
from 0 to 7, 


dN. |" FU. Hay 
0 


=2S/(N.)dNe \ An(Ne, WWEN. Honky 
0 


Therefore, for the values of y within which 
W(N., r)=1, 


aNe\" FN, Ydr 
0 
2S. fINDdNe 


where the numerator of right hand side is 
the total number of observed N-particles in 
association with EAS of size (Ne, Ne+dN.) 
that hit within the radius 7. Information on 
this and the size spectrum of EAS give the 
total number of N-particles within the radius 


(3) 


ie NSA 
0 
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y from the axis according to Eq. (3). More- 
over, if the lateral distribution of N-particles 
is assumed to be independent of size® and is 
expressed as already mentioned in (B) of this 
Section, the total number of N-particles of 
Ewv=10" ev, Nw, inan EAS can be estimated 
on the average. 

The results of Ref. 6 can be used here for 
the size spectrum, because the method of 
determining the position of the axis and the 
size adopted for this experiment, is the same 
as that in Ref. 6. Furthermore, the same 
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detectors and almost similar arrangements 
were used in both the experiments. The 
spectrum for Ne<10! can be inferred by ex- 
trapolating that for N,=10‘ according to 
Ne=-4} 

The results thus obtained are shown in 
Table II as well as in Fig. 10 where the re- 
sults of Ref. 6 are also quoted. They seem 
to be in good agreement within the experi- 
mental errors. The errors assigned to the 
experimental points here include not only 
statistical error but also inaccuracies of size 


Table II. 
ou pees : 7 (m) in No. of observed Flux of EAS Total Novtof 
niga interval “Average size} ‘Eq. (3) ‘| N-ptls. within rt | (m-2 sec) N-ptls. Na 
10N.< 3-108 |. 17-108. | 36%. _| 51 (57%) 5.0-10-4 0.440.16 
3-108< Ne < 104 55-103 | 5(10*) | 45 (55*) 1.0-10-4 1.340.4 
10¢'SNe<3-104 | 1.7-104 | 10 66 2.0-10-5 842 
B-106SNe<105 55-10 | 10 31 4.0-10-6 195 
10°<SNe<3-105 | 1.7-105 10 30 8.0-10-7 95420 
3-10°< N.< 106 | 5.5- 105 | 10 24 2.0-10-7 290+ 80 
Ne-= 108 2.4-108 | 10 18 2.0-10-8 1700 +500 
* Not 100% in detection probability. 
t Total working time was 290 hrs. 
spectrum. = 
In Fig. 10 the total number of N-particles xt 
more than 10'tev, Nw, can be expressed by z 
Nwr=(50=5)(N2/10°)!-149-1 . 10° 
That is, Nw is almost proportional to the size wil 
N. within the wide range from 10% to more } 
than 10° without evidence of any change in 10°F ne ? 
size dependence. 
Since the total number of WN-particles as t 
| well as their energy spectrum is known, the 10% le 
- total energy carried by all N-particles in an 1/ 
| EAS can be estimated. The total energy [ 
carried by all N-particles between 101! ev and m ; Yen 


about 2-108 NV. ev. 


10% ev in an EAS of size N. turns out to be 
According to the results 


of Ref. 6, this value is about the same order 


of magnitude as that carried by the electron 
component, i.e. (1.6~2.2)-10°-Ne ev®. 


§6. Discussions 


(A) General relationship between N-particles 
and electrons 
According to the results obtained so far on 
N-particles of more than 10!!ev in associa- 
tion with EAS, the following characteristics 


10° 10° 107 
Ne (ptls.) 

Fig. 10. Total number of WN-particles Ny of 
Ey=101ev versus size N, of EAS. Straight 
line is represented by Nyw=50(N-/105)!-1. 
ses indicate the results of Ref. 6. 


10° 107 


Cros- 
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are to be noticed. Between a wide range of 
size N., from 10? to more than 10%, 

i) the energy spectrum of N-particles is 

independent of size, 

ii) the total number of N-particles Nw is al- 

most proportional to size Nez, 
and 

iii) the total energy carried by JN-particles 

is nearly equal to that of the electron 
component in EAS. 

Thus the fact that N-particles carry a large 
proportion of the total energy of EAS and 
that the general relation between electron 
component and N-particles seems to be invari- 
ant for such wide range of sizes, might sug- 
gest that the electron component is in a Cer- 
tain condition of equilibrium with N-particles 
and the latter are still playing a predominant 
role even at sea level. In particular, the fact 
that even EAS as small as 10 in size could 
have almost the same “age” with respect to 
N-particles as EAS of 10‘ or 10° might require 
such a kind of hypothesis as mentioned above. 

In fact the results on the average energy 
of electrons in EAS! as wall as the energy 
spectrum of high-energy 7-rays studied by 
emulsion technique!.!2 would imply that 
neutral pions more than 10!%ev are rarely 
produced. In this case, the electron com- 
ponent of EAS can be considered as generated 
for the most part by neutral pions of energies 
less than 10'2ev. Since cascade showers ini- 
tiated by such relatively low energy neutral 
pions will be absorbed rather rapidly, the 
electron component can possibly be in some 
state of equilibrium with N-particles if N-par- 
ticles hold enough energy to supply continu- 
ously as much electrons as are absorbed"®*. 

On the other hand, the following features 
are expected if the above model is supposed 
to hold. Then the average characters of EAS 
would not fluctuate very seriously, and fur- 
ther they would not depend on either primary 
energy or initial altitude of EAS, because the 
“age” of the EAS would be kept about con- 
stant if the electron component is in equili- 
brium with N-particles, In fact, preliminary 
results of succeeding study on the lateral 
structure of particles are consistent with this 
expectation, namely, the lateral distribution 


* 


In Ref. 13 the authors investigated the transi- 
tion of EAS under similar assumptions on the 
€nergies of neutral pions. 
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does not seem to fluctuate from case to case 
except in the region within several metres 
from the axis. Also, a unique lateral dis- 
tribution of particles independent of size for 
almost all EAS of at least N-=10! is not in- 
consistent with experimental results. More- 
over, considering the correlation with the 
observed number of muons, there has not 
been found any strong evidence for the 
dependence of the lateral distribution on the 
altitude of initiation of EAS.” 


Another expectation on the basis of this © 


model would be that the ratio of Nw to Ne is — 


possibly independent of altitude; in other 
words the attenuation mean free path of the 
number of electrons is the same as that of 
N-particles. Although information is still 


lacking on this problem, the altitude depend- © 
ence of N-particles could be studied by ob- | 


servations at different altitudes or by taking © 


into account the correlation with the number 
of muons. This may give a crucial evidence 
for the model. 

Incidentally, the lateral distribution func- 
tion of N-particles has a close connection 


with the altitude variation of the production © 


rate of N-particles as has been mentioned in 
§5 (C). Therefore, detailed study on this 
distribution would be useful to draw some 


conclusions regarding the development of © 


EAS. 


(B) Energy spectrum of N-particles 

The energy spectrum obtained for N-parti- 
cles of Ey=10''ev can be represented by 
a single power law Ey-?-°dEw at least upto 
3-10 ev without any evidence of deviation. 
This gives an integral energy spectrum of 
Ey, On the other hand, the integral 
spectrum of N-component not neccessarily as- 
sociated with EAS has been shown to be 
Ey! which is considerably different from 
above spectrum"™?.*»).1, Since the majority of 
N-particles observed in the present experiment 
consists of those associated with EAS of 
N.=10?, the difference between the two 
spectra should be attributed to N-particles as- 
sociated with EAS of N.<10° as well as the 
leakage of primary particles to sea level 
without any interaction in the atmosphere. 

By normalizing the spectrum Ey-!* to the 
spectrum Ey-*:“of Pig: 5,-atsfy=10evs and 
taking the difference of the two spectra, one 
obtains a lower limit to the number of N- 
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‘particles that are due to direct leakage of 
primary particles and those associated with 


EAS of N.<10%. If a majority of this dif- 
ference is due to WN-particles accomanying 
very small showers (N.<10*), one would ex- 
pect that the energy spectrum for such N- 
particles would be much steeper than Ey-"-°. 


However, the present experiment has shown 


that N-particles in EAS of size as low as 108 
have the same spectrum Ey-!-° as those in 
higher size showers (see §5. (A)) If we as- 
sume, therefore, that the same spectrum is 
likely to persist for showers of N.<10?, 
then it follows that the direct leakage of 


‘primary particles without any interaction in 


the atmosphere is appreciable. Even if we 
consider that 10% of the N-particles which 
account for the difference of the two spectra 
are due to such leakage, one obtains a lower 


limit to the collision mean free path L as 


100gcm~?. It therefore follows that LZ cannot 
be much less than 100 gcm~? for high-energy 
nuclear interactions. 


It may be noted here that a comparison of 


| the flux of high-energy N-particles observed 


at see level and mountain altitude with the 
primary flux of particles of same energy 
gives an absorption mean free path of 120~ 
140 gcm-’.*5).18) Therefore, the lower and 
upper limits for L are considered to be fairly 
well fixed as 100 and 140 gcm~, respectively. 

The energy spectrum of N-particles in Fig. 
5 can be compared also with that of high- 
energy y-rays, Ey, observed in nuclear emul- 
sions. Fujimoto et al.!" obtained the integral 
energy spectrum which is expressed as 
Ey-'8+°.2 for E,<10!ev and as E,-?-8+°-? for 
E,>10" ev. Bristol group!” also had a similar 
result, that is Ey-*-?+°.2 for E,>10"ev. These 
results may be interpreted as indicating scar- 


city of production of neutral pions of more 


than 10!2ev. On the other hand, the integral 
energy spectrum of JN-particles can be con- 
sidered to be still Ew-!-° even in the region 
of more than 10!2ev. Now the question arises 
what this difference means. Here N-particles 
would possibly consist of charged pions, 
nucleons and other strongly interacting parti- 
cles if they exist. If charge independence 
hypothesis can still hold at high energy re- 
gion, charged pions would be expected to be 
produced as scarcely as neutral pions above 
10!2ey. Therefore, if the energy spectrum 
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of charged pions above 10!2ev is assumed to: 
be the same as that obtained for neutral 
pions, then it would follow that at least 2/3 
of N-particles of more than 102 ev are due to: 
particles different from pions. Of course, 
possible survivors of primary protons may ac- 
count for some part of them. However, it is. 
very interesting to investigate whether K- 
mesons or anti-nucleons exist among observed 
N-particles, since the composition of high- 
energy N-particles might give a clue to the. 
development of EAS. The statistical accuracy 
above 10" ev is not good enough for such 
analysis in this experiment, and an improved. 
study on this feature is desirable. 


(C) Possible survival of primary particle 

Since it is shown that the integral energy 
spectrum of N-particles can be represented by: 
Ey~', in the entire range of shower size and’ 
N-particle energy investigated in the present 
experiment, the total number of J-particles. 
with energy more than Ew may be expressed 
as (5-10!? ev/Ew)-(N-/10°)!-1. (see §5. (D)) If 
the value of Ew is chosen such that the above: 
expression becomes unity for a given size,. 
this would mean that there exists on the 
average one J-particle of more than that. 
energy in each EAS of that size. The ex- 
pected values of Ew are 3-10" ev, 4-10!t ev 
and 5-10'%ev for EAS of sizes 10%, 10* and. 
10°, respectively. Though it is not yet as- 
sured that there is always one and only one 
such high energy N-particle in each EAS, those 
particles of more than Ey could be tentatively 
assumed to be surviors of primary particles. 
Assuming that the average primary energy 
is approximately given by 10° N.ev at sea. 
level, the above values of Ew would indicate 
that primary particles still hold on the average 
more than 0.3~0.5% of their initial energies. 
at sea level. If the collision mean free path 
is equal to 100 gcm~’, it follows that the geo- 
metric mean of inelasticity 7 is approximately 
0.4~0.5. This value of 7 is not very sensi- 
tive to the assumptions made above. 

Thus, it is found that N-particles carrying 
about 1% of primary energies normally exist 
in EAS. Moreover, the existence of N-parti- 
cles carrying more than several percent to: 
several tens of percent of primary energies 
may be noticed. Examples of events are 
listed in Table III in which N-paticles are 
estimated to carry at least 5% of assumed! 
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primary energies, 10'° NV. ev. 

The frequency of N-particles carrying more 
than 10% of primary energies is estimated 
to be once per 20~30 EASs according to the 
present energy spectrum. Events listed in 
Table III show 6 cases for 10?<N.<3-10* and 
one case for 3-10?'<N.<10! in which N-parti- 
cles are estimated to carry more than 10% 
of primary energies. These frequencies are 
consistent with those expected above. 


Table III. 
Fraction of 

Size Ne Ey (ev) primary energy 
(%) 
1-103 1.1-1012 11 
1-103 1.1- 1012 11 
1.5-108 1.4-1012 9 
2-103 1.4-1012 7 
4-103 2.0.1012 5 
1.103 2.1-1012 21 
2.5-108 2.1-102 8 
1-108 2.3.1012 23 
4.108 2.5-1012 6 
1.5-108 3.0-1012 20 
2-108 3.9-1012 20 
3-108 1.2-1018 40 


Following possibilities can be considered as 
reasons for such high residual fraction of 
primary energies; (i) fluctuation in the level 
of initiation of EAS, (ii) fluctuation in the 
number of nuclear interactions, and (iii) fluctu- 
ation of the inelasticity 7. 

In the first place, the possibility (i) will be 
examined. Suppose the EAS is initiated at 
x gcm-* from the top of the atmosphere. If 
exponential attenuation is assumed for the 
total number of particles of EAS, the size 
NA) at sea level is proportional to exp (x/Ae), 
A. being the attenuation mean free path. As- 
Suming primary energy E> is equal to 10!°- 
NV.(0) for an EAS started at the top, x=0, the 
relation of Ne vs x is 


Nie)=(-Ge) exp (4). (1) 


Suppose the interaction mean free path of 
primary particles is L gem-* and the inelasti- 
city 7 is constant. Since the average number 
of interactions from x to sea level, Xo, is 
{Xo—x)/L, the residual energy of primary 
particle Ew will be 
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Ex=E(l—)F0*/", 


2 Ev=E, exp [ =F) | : ka 


where K=—log(1—y). Therefore, apparent 
residual fraction of primary energy at sea 
level, Ew/10'°- Ne, is 
(iG So 

mex | Renee sotical ’ ( 3) ) 
Eq. (3) means that an EAS started at lower 
level gives apparently higher residual frac- 
tion if 


Y Cant | 
L Y Neca 


Besides, the fact that Ew/10!°Ne is at least © 
0.3~0.5% for each EAS would imply the fol- © 
lowing condition, putting x=0 in Eq. (3) 


a ( FX) =3~5)-10- 


Assuming L=100gcm-?, K=0.53~0.58 or 
7=0.41~0.45 is obtained. On the other hand, 
in order to obtain a value Ew/10!°N. of more 
than 10% by means of variation of x, 
exp [(K/L—1/A.)x] , 

should be able to exceed 20~30 for 0<x%<Xo. 
This requires the condition A.>500 gcm-?. 
Therefore, this condition may not be satisfied 
if the observed EAS are at a stage consider- 
ably later than the shower maximum. Rather 
those events with high residual fractions of 
primary energies may be interpreted as evi- 
dence for EAS near or even before the 
shower maximum. 

The possibility (ji) can be considered as — 
follows. Since the average number of inter- 


Fig. 11. Integral spectrum of fractional residual 
energy H’y/Ey of primary particles for different 
values of 7. Corresponding numbers of nuclear 
interactions are also shown on the curves. 
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actions is Xo/L, the probability with which n 
interactions take place is given by Poissonian 
distribution P(X./L,n). Therefore, the proba- 
bility of a N-particle having residual energy 
Ew at sea level greater than or equal to 
E.(1—7)", is represented by a partial summa- 
tion of the Poissonian distribution, 


This is nothing but the integral energy 
spectrum of survived primary particles. The 
energy spectra calculated for different values 
of 7, 0.3, 0.4 and 0.5 on the assumption L= 
100 gcm-? are shown in Fig.11. The observed 
frequency of events in which Ew/E) is esti- 
mated to be more than 10% is 3~5% of the 
total. This frequency in Fig. 11 corresponds 
to an inelasticity 7=0.4~0.5 and the number 
of interactions for such events is something 
like 3~5. Moreover, the shape of the energy 
spectrum is not inconsistent with experimental 
results within the limits of accuracy and can 
be fitted smoothly with the spectrum Ly-!. 
However, information is still lacking about 
EAS corresponding to such few interactions. 
In these cases, considerable fluctuations in 
longitudinal development of EAS should be 
expected. Then the size N. is not necessarily 
a good measure of primary energy £&. 
‘Therefore, the observed value of Ew/101°N. 
may not be comparable with Ew/E, in such 
cases. 

Besides the possibilities (i) and (ii), it can 
be shown that the fluctuation of inelasticity 
can also give rise to high residual energies. 
For the sake of simplicity, it is assumed that 
the value of inelasticity can be either 7:1, or 
42 with probability of occurrence q or (1—q), 
respectively, among the 10 _ interactions 
(=X/L). Therefore, the number of interac- 
‘tions with inelasticity y: is 10 g whereas that 
with y2 is 10(1—q) on the average. Suppose 
a residual energy of 10% occurs in the events 
in which m interactions with 7: and (10—m) 
interactions with yz are suffered by primary 


particles. Then the following equations are 
satisfied approximately. 
7p" G72)" e=10°; (1) 
10Cm:Q™(1—q)'?-"=4-10-* , (2) 
(1—71)!9%(1 —y2)104-9 4-10 . (oe) 


Eq. (2) means the frequency of such cases as 
| Eq. (1). Eg. (3) represents the fractional 
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residual energy for average cases. Regard- 
ing m as a parameter, these equations can be 


solved. Two possible sets of solutions are 
shown below. 
m q1 q Yee va Veg) 
(a) 0 0.75 0.28 0.20 0.72 
(b) 1 0.70 0.40 0.12 0.60 


These solutions might suggest a continuous 
distribution of y such that majority of inter- 
actions has 7 less than 0.5 but some have 7 
values extending beyond 0.5 upto 1 instead 
of all interactions being necessarily limited to 
discrete values of 7 as considered above. 

Although this model may only be one of 
the possible explanations for high residual 
energies of primary particles, at the same 
time it can account for the fact that nuclear 
interactions caused by primary particles 
studied so far almost always give rather small 
values of inelasticity. 

In order to pursue these possibilities fur- 
ther, it will be inevitably necessary to specify 
various parameters in addition to the size so 
as to recognize any differences in individual 
characters of EAS. 

On the other hand, the effect of the exist- 
ence of N-particles with such high residual 
energies should be considered. Suppose an 
N-particle of energy Ey which is about 10% 
of &> interacts. It initiates another “second- 
ary air shower” the size of which is of the 
order of Ey/10° at its shower maximum. This 
is comparable to the size of the original EAS, 
that is about F,/10!°. Therefore, it is likely 
that such a secondary air shower will modify 
the structure of original EAS particularly in 
the vicinity of the core. A variety of effects 
can also be expected depending on the stage 
of the development of secondary air shower. 

In fact, detailed investigation of cores by 
means of a large area of neon hodoscope 
detectors®! has confirmed that the structure 
of the core fluctuates remarkably from case 
to case at least within a few metres from the 
axis. Particularly, several examples have 
been found which showed steep cores with 
steadily increasing densities at least as close 
as 10cm to the axis. These could be found 
in several percent of the total number of 
events. These events may also be interpreted 
as due to the superposition of young second- 
ary air shower the energy of which is of the 
order of 10% of primary energy. 
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Associated with Dislocation Lines in Alkali 
Halide Crystals 
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The trapping of conduction electrons by dislocation lines in alkali halide 
crystals was investigated by measuring the temperature dependence of 
photoconductances of deformed and undeformed crystals. Furthermore, 
the effect was verified by observing the thermally stimulated currents. 
In both cases, measurements of electric currents were carried out under 
application of ac in order to avoid undesirable effects due to space charge 
formation. Special care was exerted to obtain crystals having a high 
degree of purity. From the first mentioned experiment, the effective 
width of dislocation lines for electron trapping was estimated to be 
9.3x10-8cm, by using dislocation densities determined from nuclear 
magnetic resonance studies. The thermal depth of dislocation lines was 
estimated to be 0.21 ev for KBr and 0.24 ev for KCl crystals. A current 
glow peak, which presumably may correspond to trapping by jogs, was 
also measured. The thermal depth of jogs may be roughly estimated to 


be 0.48 ev. 


§1. Introduction 

Several intensive and important research 
efforts to investigate the various effects of 
dislocation lines on electronic processes in 
germanium crystals were carried out during 
the past few years”.”, However, in the case 
of other crystals, especially such as alkali 
halides, it seems that little has been done in 
this respect, although it was well-known that 
plastic deformations have considerable influ- 
ence on the electrical and optical properties 
of alkali halides®).*). Therefore, we started 
this investigation for the purpose to get some 
information of trapping effects by dislocation 
lines with reference to conduction electrons 
in alkali halides. The work here reported is 
mainly concerned with measurements and 
analysis of the decrease of photoconductances 
in the plastically deformed potassium bromide 
and potassium chloride crystals at the tem- 
perature range below about 150°K. 

In order to detect the trapping effect of 
dislocation lines only, it is quite important to 
eliminate as much as possible the undesirable 
effects caused by impurities, vacancy clusters, 
etc.. Single crystals appropriate for above 
requirements were obtained by repetitions of 
Kyropoulos’ method. As will be described in 
§2 6), this method proved to be highly ad- 


vantageous for potassium bromide crystals. 
However, as was suggested by Seitz’, while 
a crystal is deformed plastically, a number 
of vacancy clusters is created in the crystal 
by moving dislocation lines. Such vacancy 
clusters may act as effective electron traps 
and may change the photochemical properties 
of alkali halides considerably. In fact, as was. 
observed by Ueta and Kaenzing®’, the F band 
bleaching rate in the plastically deformed col- 
ored KCl and NaCl crystals under irradiation 
with F-light at room temperature is much 
larger than in the case of the undeformed 
crystals and, moreover, a number of complex 
color centers is created. In our preliminary 
tests, the photoconductances of the deformed 
crystals showed a marked reduction compared 
with that of the undeformed ones at the whole 
temperature region from 73°K to 273°K. This 
fact easily leads us to erroneous interpretations. 
of photoconductive measuremets, if assuming 
that trapping effects are caused by dislocation 
lines exclusively. Therefore, as a first step 
of our experiments, it was necessary to remove 
such vacancy clusters and also complex color 
centers, if they were present. We found out 
that our purposes were fully achieved if the 
deformed crystals were subjected to a pulse 
annealing. That is, after the deformed crystal 
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was kept at 400°C for about 30 sec and then 
it was quenched rapidly on a massive copper 
block to room temperature. This achievement 
was confirmed by observing that the optical 
bleaching properties in deformed crystals sub- 
jected to the pulse annealing were exactly 
the same as for those of undeformed ones. 
We were worried that the pulse annealing 
process might decrease a density of dislocation 
lines which were produced by plastic deforma- 
tion. The observed increase in the N.M.R. 
signal intensity after the pulse annealing might 
be attributed to the decrease of dislocation 
density, but it was confirmed that more than 
one half of the NM_R. signals due to disloca- 
tion lines remained in the case of above men- 
tioned short time annealing. (§3 ¢)). 

For all insulators, a major problem in photo- 
conductivity measurements is the decrease of 
apparent conductivity over a few or less 
seconds after voltage application. This effect 
can be interpreted as the reduction of an inner 
field by accumulation of charged carriers near 
electrodes®:?.*. A number of complicated 
techniques was tried to remove such space- 
charge accumulations since Glaser and Leh- 
feldt’s investigation”. In our present work, 
in order to reduce the space-charge effects, 
the applied voltage was reversed periodically 
by applying ac voltage. The effects of elimi- 
nation of space charges were investigated in 
some details and the results were summarized 
and reported in another article!”. 


§ 2. 


Experimental Details 


a) Apparatus 

Both photoconductive and “current glow” 
measurements were made between 73°K and 
220°K with the sample mounted in a vacuum 
cryostat of the type shown in Fig. 1. For 
photoconductive measurements, a sample was 
fastened to a copper plate connected to the 
bottom of the liquid oxygen reservoir in the 
cryostat by a phosphor bronze spring, which 
is insulated electrically by using a Teflon 
plate, and the sample was surrounded by a 
copper radiation shield which was kept at the 
temperature of the bottom plate. Two elec- 
trical leads were brought into the crystal 
chamber, one of them was connected to the 
bottom copper plate and the other to the 
phosphor bronze spring, respectively. Alumi- 
mium electrodes were vacuum evaporated on 
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both flat surfaces of cleaved sample plate. 
Bottom copper plate, crystal, and electrode 
were optical flat and were in contact with 
each other. Plates of about 2mm _ thickness 
with 10x10 mm rectangular flat surfaces were 
used. The light was forcussed on the crystal 
with an area of about 20mm*. For “current 
glow” measurements, an electrical and ther- 
mal shield was applied on input leads to a 
preamplifier. The input leads are doubly 
shielded, the inner shield being driven in 
phase with an input voltage so as to reduce 
the stray capacity between grid and cathode 
of preamplifier. The sample for “current 
glow” measurements was bar of 2x2x10mm. 


Brass Cylinder 
Pyrex Glass Tube 


Electric Lead 
Rubber Ring 


To Vaguum Pump 
Block diagrom of “Cryostat* 

Fig. 1. Schematic block diagram of cryostat. 
Sample is fastened by spring of phosphor bronze, 
which is attached to one of electrodes vacuume- 
evaporated on the sample. Another electrode, 
the sample, and the bottom plate of the sample 
box are tightly contacted. Two electrical leads 
are connected to the phosphor bronze spring and 
the sample box, respectively. 


Silver paint was applied on 2x2mm faces of 
the bar. As for an illuminated surface, a 
cleaved surface was used which is the cleanest 
obtainable. 

The temperatures were measured by a ther- 
mocouple of copper constantan attached on 
the bottom plate. 

Block diagram for the photoconductive meas- 
urements is shown in Fig. 2. The photocon- 
ductive signal was measured by applying ac 
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voltage of 1,000cps to the sample and an 
input grid resistance of 100 kilo-ohms, which 
are connected in series. A _ rotating-sector 
‘disk, driven by a synchronous motor, chopped 
-a light from an incandescent lamp at 30 cps. 
When the sample was irradiated with the 
‘Chopped light, a voltage drop at the input re- 
‘sistance consists of 1,000 cps sinusoidal wave 
modulated with the photoconductive singnal 
of 30cps. This modulated wave was sent to 
a tuned RC-amplifier of 1,000 cps and then was 
detected to pick up the 30cps photocurrent 


Synchronous 


Motor 800 rpm, Cryostat 


eryetar® 
V2 


4°300 volts 
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signal. The faint 30 cps signal thus obtained 
was sent to a tuned RC-amplifier of 30cps 
and then was lock-in detected. With S-1 in 
position M, the sensitivity of this apparatus 
was Calibrated with a reference signal of 30 
cps picked up by a PbS photo-cell from the 
same light source. 

In Fig. 3, a block diagram of the “current 
glow” apparatus whose preamplifier consisted 
of Macdonald’s circuit!” is shown. At the 
first stage of this apparatus, a null method 
was used to eliminate a dark current and, 


1000 cps 
tuned 
Amplifier 


lI60 ¢ 6 
nace, 


Block diagram of the current glow apparatus 


‘Fig. 3. Block diagram of current glow apparatus. 
reference crystal, and Ry, are arranged to form a balancing bridge. 


reduced to zero by adjusting Ry. 


“furthermore, to increase a signal-noise ratio. 
An oscillator of 160cps drives two triodes 
-whose output is applied to both colored sample 
and control crystal (uncolored) in opposite 
‘phase. The variable grid leak resistance of 
-two triodes and these two crystals are arranged 
to from four arms of a balancing bridge. The 
output signal due to the dark current can be 
reduced to zero by adjusting the grid leak 
‘resistance Ry. After the dark current has 
been eliminated, if the impedance of colored 


Cryostat is shown in dashed line. Sample, 
A dark current can be 


sample was changed thermally or by light 
stimulation, an unbalanced current would flow 
into a high input impedance in the preamplifier 
and result in voltage drop. This voltage signal 
of 160cps was sent to a 160cps tuned RC- 
amplifier and then lock-in detected. This 
apparatus can be used for photoconductive 
measurements, too. The sensitivity of this 
apparatus was calibrated by sending the sinu- 
soidal signal of 160 cps having a known in- 
tensity. The input impedance of this Macdo- 
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nald’s preamplifier was about 600 megaohms 
and the noise level was 1.0x10-'4 amp. 

In a typical run of “current glow” measu- 
rements, after the crystal had been irradiated 
with F-light at 73°K, its temperature was 
raised at a rate of approximately 0.07°C per 
second, ac electrical field of about 100 volts 
per cm being applied to the crystal. The 
released currents were measured by means 
of above described apparatus as shown in 
Fig. 8. 

A metal film interference filters were used 
to obtain a pure F-light irradiation from an 
500 watts incandescent lamp of projector. 

b) Sample preparation 

Single crystals of alkali halides were grown 
from the melt in a platinum crucible by 
Kyropoulos’ method using Yashima’s analyzed 
grade of salt. Pure crystals were obtained 
by repetitions of Kyropoulos’ method and by 
pulling up the crystal as thinly as possible. 
F centers were prepared by heating the crys- 
tals for about forty hours in either potassium 
or sodium metal vapor. The temperature of 
the crystals was maintained at a constant 
temperature within the range of 450°C and 
580°C with an accuracy of +3°C by using 
Chino’s programmer. The crystals were sealed 
into an evacuated Pyrex glass tube. The 
alkali metal was vacuum distilled into the 
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Pyrex tube after several preliminary vacuum. 
distillations. The colored crystals were cleaved 
into several pieces of about 2mm _ thickness, 
one of which was then plastically deformed 
by using the oil compressor. The remaining 
slices were used as reference crystals. The 
degree of deformation was expressed by a 
fractional thickness reduction.. 

Before describing the experimental results, 
it should be of interest to review the merits 
of the recrystallization technique which are 
most impressive in the case of potassium. 
bromide crystals. Some intensitive testings. 
were carried out and the results were sum- 
marized as follows. First, recrystallized color- 
ed crystals could not be optically bleached by 
F-light irradiation at room temperature, which 
is worthy of note. Even plastically deformed 
crystals, after they had been subjected to the 
pulse annealing described in §1, resulted in the 
same optical bleaching phenomena as those of 
the undeformed ones when they were irradiat- 
ed with F-light at room temperature. One 
typical example for both ordinary and recrys-. 
tallized crystals is illustrated in Fig. 4 @) and. 
b), respectively, in which the soild and the 
dashed curves show the adsorption curves. 
before and after F-light irradiation, respec- 
tively. From these results, we can conclude 
that the recrystallization technique is advan-. 
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Fig. 4. Absortion coefficient of additively colored KBr crystal against photon energy. a) Ordinary - 


crystal with a 13% plastic deformation; 


before irradiation and ---~ after ten minutes. 


irradiation with F light. b) Recrystallized specimen a 19% plastic deformation; —— before. 
irradiation and --- thirty minutes irradiation with F light. 
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tageous to reduce originally present vacancy 
clusters in the crystal which act to trap pho- 
toelectrons to form complex color centers 
‘during the F-light irradiation. Furthermore, 
we proved that the pulse annealing technique 
is quite effective for deformed crystals to 
remove vacancy clusters introduced by plastic 
‘deformation, as described in §1. Second, the 
photoconductances of colored recrystallized 
‘crystals tended to increase as the crystal 
temperature was raised beyond —75°. Sub- 
‘sequent measurements produced the same re- 
sults when these processes were repeated. On 
the contrary, the photoconductances of colored 
ordinary crystals tended to decrease if the 
crystal temperature raised beyond —75°C and 
‘compex color centers were created simultane- 
ously. When these measurements were re- 
peated, we could not obtain reproducible re- 
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sults. For instance, the magnitude of the 
photoconductance at —50°C in the former case 
is nearly ten times larger than the maximum 
value in the latter case. These differences 
may be attributed to the existence of trapping 
processes in ordinary crystals due to the vacan- 
cy clusters orginally present and the newly 
created color centers which may act as con- 
secutive traps for photoelectrons!”. Third, 
by measuring a secondary current caused by 
electron bombardment on one surface of KBr 
crystals, Onuki found that the mean range 
of conduction electrons in the recrystallized 
crystals was nearly ten times larger than that 
in ordinary ones!®?. Fig. 5 shows the satura- 
tion behavior of the current responses of both 
recrystallized and ordinary crystals of about 
0.3mm thickness against an increasingly ap- 
plied collecting field at room temperature. 
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Fig. 5. Normalized secondary current induced by electron bombardment on one side of surfaces of 
KBr crystal is plotted against the intensity of collecting field strength. The range of conduc- 
tion electrons in recrystallized crystal is almost ten times larger than that in ordinary crystal. 


Comparing these curves with the theoretical 
curve due to Hecht”, we can determine the 
mean ranges of both kinds of crystals. Since 
the magnitude of the mean range is expressed 
by a product of electron mobility and mean 
life time of conduction electrons, if we use 
the observed value of the electron mobility, 
p=30 cm? per volt-second'® one can estimate 
the value of mean life time of conduction 
electrons in the recrystallized crystal to be 
in the order of 10-8sec. This value is nearly 
ten times larger than that in ordinary crystals. 
If we assume that a cross section of traps 
responsible for this life time is equal to that 
of F centers, namely, 1.0x10-'t*cm?™, the 
concentration of corresponding traps can be 


determined to be in the order of 10!*cc, 
which would be the highest limits. 

The potassium bromide crystals were pulled 
up from the melt as thinly as possible so as 
to obtain a low concentration of dislocation 
lines for the recrystallization process. Otsuka 
et al. have proved by N.M.R. studies that 
the above described procedure is quite suita- 
ble for such purpose?®. 


§3. Experimental Results 


a) Photoconductive measurements 

The photoconductance curve of a colored 
potassium bromide crystal with 9% plastic 
strain is shown as the dashed curve in Fig. 6 
at the temperature region from 73°K to 223°K. 
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In the same figure the photoconductance curve 
of undeformed reference crystal containing 
the equal amount of F centers is shown with 
the solid curve. The same photoconductance 
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Ne 40x '0'° /cc 
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Temperature (°C) © 


-50° 


Fig. 6. Ac photoconductance of additively colored 
KBr crystal against temperature. ———; unde- 
formed crystal and ---; crystal with a 9% 
plastic strain. 
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curve of potassium chloride crystals are shown 
in Fig. 7 for both undeformed and 18% strained 
crystals each of which is shown as the solid 
curve and as the dashed curve in the figure,. 
respectively. The important characteristic of 
primary interest of these results is that, with 


1000 
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Ne =16x10'? /ce 
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-100° 
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Fig. 7. Ac photoconductance of additively colored 
KCl crystal against temperature. ——; unde- 
formed crystal and ---; crystal with a 19% 
plastic strain. 


Table I. 
| Degree of | | 
a) | detgenatien CK) oe | eo ned (em) 
| (per cent) FOr | 
x 1018 | x10 | x10? x 10-& 

1.5 | 16 103 1.4 a 7.6 2.6 

1.5 | 21 106 2.3 | Pas 9.6 3.4 

4.3 | 8 103 0.7 32 exylurs 405 (ae 
KBr 4.0 | 9 106 1.0 3.9 4.6 8.5 

3.8 11 | 106 3.3 bod 225 Steen 

7.7 9 106 0.9 6.6 46 abitrilias 

13 | 18 0.6 7.8 8.0) Joubert 

Mean 105 | S9r3 

i | 
| x 1016 x 108 | 
r AO 16 108 3.8 1.5 

rol 4.0 25 123 7.6 3.0 

16 19 123 29 3.5 

16 21 120 3.4 5.5 

Mean 118 


. The first column illustrates the concentration of F centers. The second is the deformation degrees. 
which are expressed by percentage reduction. The sixth is the concentration of dislocation lines determined 
by N.M.R. method (§3(c)). The explanations of the other columns will be appeared in $4, 
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the exception of the vicinity of the plateau 
region, the photoconductance of deformed 
crystals is less than that of undeformed crys- 
tals. The plateau of photoconductance is in 
the range from —125°C to —100°C for KBr 
from —140°C to —120°C for KCl. The heights 
of plateaus were found to be inversely propor- 
tional to the concentration of F centers whithin 
the range from slightly greater than 10'* per 
cc to 5X10!" per cc. This result is excellent 
evidence that the photoelectrons in the unde- 
formed crystal are trapped only by F centers 
at the temperature below the plateau region™. 
Hence, it appears that the decrease of photo- 
conductance in deformed crystal may be at- 
tributed to the shallow traps introduced by 
plastic deformation. But this interpretation 
could not be regarded as definite, because 
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other factors which could affect to change the 
magnitude of photoconductance still remained 
unexplored. We will revert to discuss these 
factors in later section. 

The result obtained for KBr and KCI con- 
taining several concentration are summarized 
in Table I. 


b) “Current glow” 
crystals 
The “current glow”, namely, the thermal 
electric charge release during the warming of 
a colored KBr crystal containing 3.010% F 
centers per cc and with 20% plastic strain is 
shown in Fig. 8. This crystal had been ir- 
radiated at 73°K for one hour with Flight. 
On the contrary, no charge bursts were ob- 
served in undeformed KBr crystals during 
warming from 73°K after F-light irradiation. 
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“Current glow” curve for an additively colored KBr crystal with a 20% plastic strain 


which has been irradiated for one hour with F-light at 73°K. The dashed line’shows the 
variation of temperature of the crystal with time. 


Therefore, the current peaks at 113°K and 
204°K, in Fig. 8, are characteristic for de- 
formed crystals. These two current peaks 
may be attributed to the thermal release of 
electrons from the shallow traps which were 
created by plastic deformation. 

Since the electrons in shallow traps came 
from F centers, being released optically, it is 
expected that the F band in deformed crystals 
would be bleached during the preliminary 
irradiation. The F-bleachings were measured 
with the use of Hitachi EPU-2 type spectro- 
photometer. In the case of undeformed colored 
crystals, no change was observed in the optical 
density in the spectral region of both F and 
F’ bands. This means that an excited electron 
in an F center can hardly be raised thermally 


into the conduction band at 73°K!®. Even if 
a few electrons were raised into it, they may 
be trapped by the ionized F centers causing 
them to revert into F centers unless they 
reach other F centers to form F” centers*. 


* This description is not inconsistent with the 
Pick’s results on the FF’ and F’—F conversion 
processes!”),24), For instance, in the F'—F’ con- 
version process, the more the bleaching temperatures 
increase, the more saturated concentration of bleach- 
ed F centers increase. This may be interpreted in 
terms of the more predominence of the trapping 
probability of the negative ion vacancies than that 
of the F centers at low temperatures®5). The de- 
crease of the quantum efficiency in F’—F' process 
due to the increase of temperatures could be inter- 
preted by the same reason as mentioned above. 
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In the case of F-light bleaching of deformed 
crystals at 73°K, however, there was a slight 
decrease in the optical density of the F band. 
The saturated values of the decrement of the 
F center density in this case were almost 
independent of the initial F center density 
and were almost proportional to the deforma- 
tion degrees; for instance, a saturated decre- 
ment of 1.510! per cc for a crystal containing 
3.010" F centers per cc and with 27% plastic 
strain. The F band can be recovered by 
subsequent warming to 100°K. 
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Fig. 9. “Current glow” curve for an additively 


colored undeformed KBr which has been irradi- 
ated for 10 min with F-light at 123°K. The 
dashed line shows the variation of temperature 
of the crystal with time. 


Next, the thermal release curve for unde- 
formed crystals was taken after F-light ir- 
radiation at 123°K for ten minutes. (Fig. 9) 
Only a single current peak occurred at 223°K. 
Exactly the same results were obtained in the 
case of previous F-light irradiation at 173°K. 
This current glow may be attributed to the 
thermal destruction of F’ centers. Optical 
absorption measurements of the colored and 
undeformed KBr crystals have shown that 
f’-centers are formed by F-light irradiation at 
both temperatures. More quantitative studies 
concerning F-bleaching are as follows*: When 
optical measurements were made at liquid oxy- 
gen temperature after F-light irradiation at 
123°K, it was found that the optical density 
at the peak of the F band decreased by ap- 
proximately 45% of its initial value. After 


* These results are somewhat different from 
Pick’s observations!”). 


Hiroshi OHKURA 


(Vol. 16, 


warming this crystal to 173°K subsequently 
and recooling it rapidly to 100°K, a part of 
F’ centers reverted thermally to F centers but 
about 10% of the optical density of the initial 
F centers still remained as F’ centers. When 
the crystal was F-bleached at 173°K, there was 
a 15% decrease in the optical density of F 
band. In every case, F-bleaching was ac- 
companied with an increase of the F” band. 
Whole F’ centers can be reverted thermally 
to F centers by a subsequent warming of the 
crystals to 223°K. These results of optical 
absorption measurements are consistent with 
the former description that the current peak 
at 223°K occurred as a result of the thermal 
destruction of F”’ centers. 

A series of current glow peaks observed in 
a colored crystal with 18% plastic deformation 
which had been irradiated with F-light both 
at 123°K and 173°K and then cooled down to 
100°K is shown in Fig. 10 @) and 3), respec- 
tively. In Fig. 10 q@), there are three current 
peaks at 137°K, 204°K, and 290°K, which we 
denoted as I, II, and III for convenience. In 
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j; Fig. 10. a) “Current glow” curve for an ad- 


ditively colored KBr crystal with a 18% plastic 
strain which has been irradiated with F-light 
for 10 min at 123°K. 6) “Current glow” curve 
for the same sample as that of case a) which 
has been irradiated for 10 min with F-light at 
173°K. The dashed line shows the variation of 
temperature of the crystal with time. 
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Fig. 10 6), peak I disappears and peaks II and 
III that occur after irradiation at 123°K are 
also present except that the intensity of peak 
III becomes larger than that of peak II. Peak 
I may be considered to be a part of the 113°K 
peak observed in Fig. 8, if assuming such 
peaks are caused by the electron release from 
the traps having an inhomogeneous distribution 
of energy levels. The idea that the dislocation 
lines are responsible for this peak I is quite 
reasonable. Since the dislocation lines in 
crystals are actually composed of both screw 
and edge types, it is plausible to assume that 
trapping levels due to dislocations have an 
inhomogeneous distribution of energy levels. 
Peak II is quite consistent with the second 
peak observed in Fig. 8, which is also caused 
by a plastic deformation. The interpretation 
of peak II will be givenin §4. Peak IJI may 
be attributed to the destruction of F’ band, 
although there is a slight shift of the peak to 
higher temperature levels compared with the 
current glow due to F’-release shown in Fig. 
9. Because, as can be confirmed in optical 
absorption measurements, the creation of F’ 
band at 123°K and 173°K and the subsequent 
thermal destruction of F”’ band in deformed 
crystals are the same as those in undeformed 
crystals described above. 

The most characteristic feature of these 
results is that the current glow occurred at 
temperature of 113°K or 137°K signifying that 
shallow traps were created by the plastic defor- 
mation. These shallow traps may be responsi- 
ble for the decrease of the mean life time of 
photoelectrons in deformed crystals which 
was mentioned in §3 a). The temperature 
at which current peaks were observed are 
listed in the first column of Table II. The 
listed temperatures are mean values from 
several observations and the variation among 
individual runs was of the order of -£4°C. 

The magnitude of the current glow depends 
on the following two factors; first, the pro- 
bability that an electron can be removed 
thermally from a shallow trap to the conduc- 
tion band and second, the life time of an 
electron before it is trapped by still deeper 
traps. If the next two simple assumptions 
are adopted for these two factors, the method 
described by Randall and Wilkins'® in the case 
of thermoluminescence should be applicable to 
compute the trap depths for the various glow 
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peaks. First assumption is that the probability 
of thermal ionization from the original traps 
Pp is given by 


p=sxexp (—E/RT) (3.1) 
where F£ is the trap depth below the conduction 
band and s is a frequency factor. Second, a 
multiple trapping is assumed to be excluded. 
Then, the trap depth E is related to the 
temperature 7* of maximum glow by 


Pan esd anges apt 2) (3.2) 
iin 


where § is the warming rate and the frequency 
factor s is taken to be 10!°1/sec. In the case 
of a well-separated and appropriately narrow 
current peak as shown in Fig. 9, another ap- 
proximate formula derived by Grossweiner?” 
can be applicable which permits E and s to 
be calculated separately from the shape of 
the observed current temperature curve. Ac- 
cording to this analysis, they are given in 
terms of T* and T’, being the temperature 
maximum and the temperature at which the 
increasing current reaches half-maximum, by 
the following equations: 


Bol kie ld (TT) 
S=p Liki exp ari) (3:3) 


It is still difficult to determine the frequency 
factor s with high accuracy because of its 
strong dependence on T*—T’. In Table II, 
the trap depths for the various glow peaks 
calculated by using the equation (3.2) are 
listed. The trap depth and the frequency 
factor for F’ centers which was calculated by 
using equation (3.3) is listed in Table II, too. 

The charge density of released electrons, 
N, could be calculated by a time integral of 
the observed current glow curve, if the life 
time of the conduction electrons is known at 
the temperature region where the current 
bursts are measured. Although the value of 
life time is not determined yet definitely, we 
can safely assume it to be 1.0x10-® second 
as was discussed in connection with Fig. 5. 
N can be expressed as follows: 


d ' 
a eutVE | sis 
where d is the separation of electrodes, e the 
electronic charge, uw the electron mobility, t 
the life time, V a volume of specimen, and 
FE an applied field intensity, respectively. 
When photoelectrons fill the empty traps 
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entirely under F-light irradiation, the charge 
density obtained from equation (3.4) would 
reach a saturation value. A typical example 
of this saturation curve for the thermal de- 
struction of F’ centers is illustrated in Fig. 
11. Saturation was reached after about ten 
minutes irradiation with F-light, which was 
quite consistent with the results in optical 
absorption measurements of F-bleaching by 
irradiation with the light source which was 
used for current glow measurements. The 
saturated values for the various traps are 
listed in the fourth column of Table II. These 
values may correspond to the density of each 
trap. It is of interest to note that the density 
of F’ centers is nearly equal to that of op- 
tically created F’ centers. The tentative 
assignment of these traps are listed in the 
last column of Table II, details of which will 
be discussed in § 4. 
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Fig. 11. Concentration of charges released from 
F’ centers in the additively colored KBr crystal 
containing 3.0x10!6 # centers per cc against 
the F’-light irradiation time at 123°K. 


Table II. ; 
ee Trap depth Frequency factor Trap density A cacontent 
Trap | (°K) (ev) (1/sec) (1/cc) SSSR rEen 
I 113 0.26 Assuming to be 1.2x1014 Dislocation 
0 204 0.48 6.61014 Jog 
mm 229 0.58 1.0.x 10% 3.010% F' 
TM oS 0.63 4.0x10!! 4.51015 


c) Determination of Dislocation line density 
through N.M.R. 

N.M.R. method for the determination of 
dislocation line density in alkali halide crys- 
tals had been at first suggested by Watkins 
and his findings were largely improved by 
Otsuka and Kawamura”?). They poined out 
that the observed decrease of a magnitude 
of nuclear magnetic absorption signal intensity 
of Br*® in deformed KBr crystals is attributed 
to the second order broadening of the central 
line of Br7®-lines in KBr caused by the intro- 
duction of dislocation lines. From this point 
of view, they have charted the curve showing 
the relation between dislocation density against 
deformation degree. The result, however, 
would not be applicable in our case without 
taking the special characteristics of our speci- 
mens. The following three points were ex- 
amined with special attention in our present 
studies; 

(1) effects of coloration 


(2) effects of pulse annealing after plastic 

deformation 

(3) geometric difference in samples. 

We may expect that colored crystals cam 
contain more dislocation lines than uncolored 
crystals during deformation process due to in- 
teraction between dislocation and F centers”. 
But measurements failed to detect any dif- 
ferences in the dislocation density between 
uncolored and colored crystals containing 
2.010!" per cc F centers, both of which 
have been subjected to plastic deformation of 
10% strain. Even if such an increase would 
actually occur, it would be less than 10° 
dislocation line per cm?, which is a threshold 
value detectable by N.M.R. technique. 

Second, as introduced shortly in §1, after 
a deformed crystal was subjected to a pulse 
annealing process, an increase of the peak. 
intensity together with a simultaneous de- 
crease of a bandwidth in the integrated un- 
clear magnetic resonance absorption signal 
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curve of Br?*-line in KBr was observed. This 
recovering process, obviously, depends on the 
temperature duration of pulse annealing. For 
convenience, we defined the recovering rate of 
N.M.R. singnal, R, by the following equation: 
Pe 

(ho—Ir) ’ 
where J; is the peak intensity in the integrat- 
ed absorption signal curve of a deformed 
crystal measured after the pulse annealing 
at the temperature of T, Je the original peak 
intensity measured immediately after the 
plastic deformation, J, the peak intensity of 
the undeformed crystal with the same geome- 
trical construction as the deformed one. Each 
nuclear magnetic absorption measurement was 
carried out at room temperature. The nu- 
merator of equation (3.4) is inversely propor- 
tional to a recovered dislocation density and 
the denominator is inversely proportional to 


(3.4) 


pean), Rate 
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Fig. 12. Recovery rate of Br79-lines in KBr against 
the pulse-annealed temperature with pulse width 
of annealing as a parameter. 
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Fig. 13. Pulse-annealed duration against recipro- 
cal of the characteristic temperature T*. 
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the dislocation density that has been intro- 
duced by plastic deformation. As the pro- 
portional constant of both numerator and 
denominator are equal, R in (3.4) may be 
called a normalized recovering rate caused by 
the pulse annealing. Recovering rate R is 
plotted against the pulse annealing tempera- 
ture with pulse width of 50 min, 10 min, and 
2 min as parameters in Fig. 12. The pulse 
width is plotted in Fig. 13 against the recipro- 
cal of the characteristic temperature T* at 
which temperature the recovering rate reaches. 
its (1—1/e) value in each run. This result 
shows that the recovering probability per 
second can be expressed by the following 
equation: , 

1/r= 1) x exp (—E/kT*) (Guay, 
where E is the activation energy of this pro- 
cess and »» the frequency factor. Although 
we have no complete knowledge about the 
activated process which is characterized by 
above-determined activation energy, it is in- 
teresting to note that this energy value (E= 
0.87 ev) is quite similar to that of the migra- 
tion of positive ion vacancy. vo is obtained 
to be 1.0*10° per sec. 

Hitherto, we treated the recovering process 
as if dislocation lines were annuled in the 
crystal by thermal process. But, such a 
phoenomenon can be interpreted also in terms 
of the formation of small angle grain boun- 
daries as a result of polygonization or the 
formation of a cell structure”. If these pro- 
cesses occurred predominantly, the dislocation 
lines would still remain in the crystal and 
would act as electron traps for conduction 
electrons. At the present stage, since we 
have no exact knowledge concerning which of 
the processes described above is predominant 
in this thermally recovering process, we did 
not take into account the result of this ob- 
servation in annalyzing the photoconductive 
data. Even if the annulment of dislocation 
lines occurred actually, it is found that, by 
using equation (3.5), still about one half of 
them can be expected to remain in the crystal 
by the pulse annealing at 400°C for 30 sec. 
Therefor,if we took into account the annul- 
ment of dislocation lines, subsequent calcula- 
tion of the trapping cross section of traps 
would suffer a difference of factor two. 

Third, Otsuka and Kawamura measured the 
dislocation line density in rod-shaped crystals 
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pressed in the direction of their cylindrical 
axis. Our deformed crystals used for both 
photoconductive and current glow measure- 
ments were plate-shaped crystals with dimen- 
sion of about 10x10x2mm pressed in the 
direction of their thickness. We may expect 
that, in the latter case, more dislocation lines 
may be created than in the former during the 
deformation process even in the case of the 
same degree of deformation, because of limit- 
ed free surfaces through which dislocation 
lines can escape. In order to verify this ex- 
pectation, we measured the dislocation density 
of a plate-shaped specimen deformed in the 
direction of thickness. From the comparsion 
with the Otsuka and Kawamura data, we 
found that the measured density is nearly 
four times larger than that of theirs, under 
the same degree of deformation. This evi- 
dence quite fits with our expectation. Thus 
-determined dislocation density is listed in the 
sixth column of Table I for KBr crystals. 


$4. Discussion 


As is well-known, the magnitude of a pho- 
toconductance of colored alkali halide crystals 
-depends on the temperature though the opical 
quantum efficiency, the electron mobility, and 
the mean life time of conduction electrons!” 
Therefore, before discussing the decreasing 
-charactor of photoconductance in deformed 
crystals described in §3. a), it is necessary 
to determine in what terms these observations 
can be interpreted. Fortunately, the experi- 
mental fact that the current glow in deformed 
‘crystals was observed at the temperature of 
about 113°K leads us to accept the point of 
view that new shallow trapping levels are 
created in deformed crystals during plastic 
‘deformation. These shallow traps can enhance 
a trapping probability for conduction electrons 
and may contribute primarily to the decrease 
of mean life time. As we shall show later, 
the other two factors would not have a marked 
effect on the temperature dependence of pho- 
toconductance. For instance, in order to in- 
terpret the decrease of photoconductances in 
terms of the decrease of the quantum efficien- 
‘cy, one must assume the proximity of disloca- 
tion lines and F-centers which results in the 
considerable variation of the electronic struc- 
tures of F centers. Then, the following two 
evidences could be derived. First, the shape 
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and peak location of F band would be changed. 
Second, under the plastic deformation, the 
more dislocation lines density would be in- 
troduced in the colored crystals than in case 
of the uncolored crystals. But, these expected _ 
evidences are not detected in our observations. | 
(§3. c)). Therefore, it seems plausible to 
assume that the invariance of the quantum 
efficiency together with the uniform distribu- 
tion of both dislocation lines and F' centers*. 
Furthermore, from the mobility studies'®, the 
idea that a dislocation line can act to scatter 
conduction electrons in alkali halide crystals 
can not be applicable because of its quite short 
mean free path due to lattice scattering. In 
n-type germanium, an array of dislocation | 
lines can act as a row of closely spaced ac- 
ceptor centers which give an appreciable effect 
on the scattering of electrons”. But, in alkali 
halide, such effect can not be expected because 
of ionic crystal structure and far lower elec- 
tronic conductivity compared to germanium. 

Trapping effects due to F centers were 
predominant at the temperature below about 
170°K for KBr and 150°K for KCl, respec- 
tively. This fact enables us to analyze the | 
characteristic decrease of photoconductances 
in deformed crystals in these temperature 
regions. If we assume that shallow traps 
introduced by plastic deformation act as e- 
lectron traps, the net mean life time T for 
plastically deformed crystals can be expressed 
as follows: 


1/T=1/Tr+1/T> , (4.1) 


where Tr is the mean life time of photoelec- 
trons due to trapping by F centers and Tp 
the mean life time due to trapping by shallow 
traps introduced by plastic deformation. Since 
the magnitude of photoconductance is propor- 
tional to the mean lifetime, Tp is calculated 
from equation (4.1) by using the observed 
photoconductance as follows: 


1/To=1/T—-1/Tr~1/J-1/h (4.2) 


and 


* Jf the dislocation lines and F' centers are uni- 
formly and independently distributed in the crystal, 
the probability that 1016/cc F centers to be located 
in the proximity of the dislocation lines must be in 
the order of 10-7, hence 102/cc dislocation lines out 
of 10%/cm? dislocation lines might combine with the 
F center, the value of 102/cm2 being too small for 
the above mentioned evidence to be observed. 
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Tr/Tp=I/I—1 (4.3) 


where J, and J are the photoconductances for 
the undeformed and deformed crystals, re- 
spectively. Thus computed and normalized 
1/Tp is plotted against temperature by solid 
| line in Fig. 14. The dashed line in this figure 
shows the temperature derivative of this solid 
| curve. The temperature 7T* at which the 
peak of this derivate curve occurs may be 
used as the measure of trap depths. 7%* are 
105°K KBr and 118°K for KCl crystals, re- 
spectively. 

The order of magnitude of the thermal 
depths of these shallow traps can be estimated 
approximately, if assuming that the probability 
per second for thermal ionization is expressed 
by the same equation as (3.1), namely, p=sx 
exp (—E/kT), and assuming that the releasing 
frequency ~ is one per second at the tem- 
perature 7*. Inserting s=1.0x10" per sec 
into equation (3.1), the thermal depth E can 
be computed to be 0.21 ev for KBr and 0.24 ev 
for KCl crystals, respectively. The latter 
value would correspond to the thermal depth 
of trap I listed in Table II obtained from the 
current glow measurements. As described in 
§1. and 3, it can be deduced, especially from 

the optical studies, that these shallow traps 
are not attributed to point defects such as 
single vacancies, vacancy clusters, complex 
color centers etc., but are actually attributed 
to the characteristic defects caused by plastic 
deformation. We may speculate that the 
shallow traps are attributed to either disloca- 
tion lines or jogs of the dislocation lines. 

A tentative explanation of the shallow traps 
may be offered by assuming that a dislocation 
line can trap photoelectrons in this tempera- 
ture region. In the present experiments, one 
can estimate the effective trapping width w 
of dislocation line if the density of dislocation 
lines Np (1/cm?) is known. Now and mean 
life time Tp are related by 


1/To=Nowu 


where u is a mean thermal velocity. On the 
other hand, 1/Tr is expressed by Nroru, where 
Nr is the density of F centers per cc and or 
the effective cross section of F center for 
electron trapping, the value of which can be 
estimated to be an order of 10-*cm?’”. The 
ratio of Tr to Ty, which can be obtained 
with the use of the equation (4.3), maintains 


(4.4) 
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at a constant value at low temperature, as 
shown in Fig. 14, where a release from the 
traps can be considered negligible. If one 


inserts equation (4.4) to equation (4.3), one 
finds 


Now Tr Ih 
Nror ie Tp A I : A 4) 
from which one can compute Npw. The com- 


puted values are summarized in the fourth 
and fifth column of Table I. Using the values 
of dislocation densities listed in the sixth 
column, the trapping widths w are calculated 
as shown in the last column of Table I. The 
average value of the effective trapping width 
of dislocation lines is 9.3x10-8cm, which is a 
rather reasonable value. 


~1|/To 
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Temperature (°C) 
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Fig. 14. Reciprocal of the mean life time Tp, 
which is normalized at the highest value, are 
plotted against temperature by solid line. De- 
rivative curve of 1/Tp is shown by a dashed 
line. 


If this trapping process was attributed only 
to jogs, 1/Tp should be equal to Nrosu, where 
N; is the jog density and oy a trapping cross. 
section by jog. If we assume that all electrons. 
which came from bleached F centers would 
go into jogs, total amount of N, should be 
1014 to 10° per cc. By using these values, 
the order of magnitude of o,; becomes to be 
10- to 10-!2cm?, which seems to be an un- 
reasonably large. Comparing the observed 
values of cross sections, we can conclude that. 
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the model of dislocation traps is better suited 
than that of jog traps for explaining the 
characteristic decrease of photoconductances 
in deformed crystals. 

We would like to advance tentatively the 
idea that the occurrence of current glow at 
204°K, which is also characteristic for plas- 
tically deformed crystals, could be attributed 
to a thermal ionization process from. jogs. 
Adopting this model, we can explain fairly 
well the occurrence of 204°K peak, though 
qualitatively. Once electrons trapped along 
a dislocation line after F-light irradiation at 
73°K, they move perhaps along the dislocation 
line until they were trapped by still deeper 
traps such as jogs, which are located along 
the dislocation line. These trapped electrons 
in the jogs would contribute to the 204°K 


-glow peak. 


$5. Conclusion 


By applying ac field on crystals for current 
measurements and by using single crystal 
having a high degree of purity, we have 
confirmed the evidence of trapping processes 
associated with dislocation lines in plastically 
deformed colored alkali halide crystals. From 
‘the comparison of photoconductances between 
deformed and undeformed crystals, we can 
estimate the trap depth of dislocation line to 
be 0.21 ev for the potassium bromide crystals 
-and 0.24 ev for the potassium chloride crystals, 
respectively. We obtained also the effective 
mean trapping width of dislocation line to be 
‘9.3X10-*cm for the potassium bromide crys- 
tals, which value is more reasonable than the 
one obtained by the assumption that the trapp- 
ing effects are caused by jogs. 

Since a dislocation jog could be treated as 
a point defect having one half of the ionic 
charge, it could also act as a trap. But, since 
the net density of jogs is rather small, the 
trapping due to jogs would not play a role 
in photoconductive measurements. On the 
contrary, “current glow” measurement is 
quite sensitive. “Current glow” measure- 
ments gave the thermal depth of jogs to be 
0.48 ev. 

This evidence of dislocation traps could also 
throw light on the interpretation of the tem- 
perature dependence of photoconductance in 
undeformed colored crystal at low temperature. 
Untill now, the decrease of photoconductance 
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in undeformed crystal has been interpreted 
only in terms of decreasing of the optical 


quantum efficiency with the decreasing tem- 


perature and did not take into account the 
The 


temperature dependence of mobility*®’. 


expected value of photoconductance, which is — 
proportional to the product of the quantum | 


efficiency and the mobilily, is rather flat as 
the result of the increasing tendency of mob- 
ility with the decreasing temperature. Hence, 
in order to explain the actually observed tem- 
perature dependence of photoconductances, it 
is necessary to either introduce another dif- 


ferent mechanism or to add another trapping 


mechanism besides F centers. It seems likely 
that the trapping role of dislocation lines could 
contribute to the solution of the problem. 
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A. self-consistent semiclassical theory is given for explaining the 
characteristics of the interaction of electrons and holes with acoustic 
waves in intrinsic semiconductors. The ultrasonic absorption coefficient 
can be written as 4=Ar+Ax, where Ar is due to the change of the 
deformation potential energies of electrons and holes caused by their re- 
combination, 4, due to the change of the kinetic energy caused by the 
intraband transition. The formula of AR is identical with that used by 
Southgate in the analysis of his experiments, if the frequency at which 
wt=1 satisfies the inequality (ql)?<3(c/c), where w, g are the angular 
frequency and the wave number of acoustic waves, and J, 7, c are the 
mean free path, the intraband relaxation time, the lifetime of electrons 
or holes respectively. Under such condition as the frequency w=1/r sa- 
tisfies (ql)?>3(ro/c), no absorption peak can be expected contrary to the 
simple phenomenological treatment; 4g becomes smaller than the value 
of Southgate’s formula and is obscured by Ax. As a whole, the charac- 
teristics of the interaction is very similar with those in many-valley 
semiconductors. ‘The acousto-electromotive force is too small to be de- 
tectable in experiments. 


$1. Introduction 

Recently Southgate”.”} has proposed a 
‘mechanism of the utlrasonic absorption due 
to the electron-hole recombination for the in- 
terpretation of his experiments on Ge® and 
‘Si in the intrinsic region. He has analyzed 
successfully the experiments by the formula” 


derived from the theory of Weinreich.® 
There remain some questions, however, about 
the applicability of the formula, because 
Weinreich’s theory ignores the so-called col- 
lision-drag effect®»” and it may be applicable 
only to the sufficiently low frequency range. 

The object of this paper is to give a more 
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detailed theory taking the collision-drag effect 
into account and to check the applicability 
condition of the formula used by Southgate. 
The method used in this paper is the self- 
consistent semiclassical approach which has 
been already applied to simple? and many- 
valley”) semiconductors in the previous papers 
(hereafter called I and II, respectively). The 
merits of the method may be that it involves 
properly the collision-drag effect and can be 
applied to all frequency ranges. 

We shall take a simple model in which the 
conduction and valence bands have both the 
single spherical energy surfaces. We consi- 
der the interaction of electrons and holes 
with longitudinal acoustic waves in the intrin- 
sic region. In semiconductors such as Ge 
and Si with complex energy surfaces, the 
similar interaction may be expected in the 
case of transverse waves. In §2, we shall 
set up basic equations for the internal electric 
field EF, the internal current densities, Jn and 
Jv, and the local fluctuations of the number 
densities, 2 and p, where 7 and p refer to 
electrons and holes, respectively. In §3, we 
shall calculate the ultrasonic absorption due 
to the electron-hole recombination in various 
frequency ranges. The absorption due to the 
intraband transition are calculated in §4. In 
§5, the acousto-electric effect is discussed to 
check whether it is detectable in experiments. 
In §6, we shall compare the absorption due 
the recombination with that due to the intra- 
band transition in various frequency ranges, 
and discuss the absorption peak expected in 
intrinsic and many-valley semiconductors. 


§2. Basic Equations 


We make the following approximations 
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throughout this paper. 

(a) The effect of the charge of moving im- 
purities on the internal electric field is neg- 
lected. The effect of impurities is taken into 
account implicitly only in the lifetime of 
electrons or holes. 

(b) The velocity dependences of the lifetime 
ct and the intraband relaxation times, tn and 
Tp, are neglected. This approximation does 
not alter all the results except a numerical 
factor in the high frequency range. 

(c) We classify the loss mechanism of the 
acoustic energy into two parts. One is due 
to the change of the deformation potential 
energies of electrons and holes caused by 
their recombination. When x or p deviates 
from the local equilibrium fluctuation, %eq or 
pea, n or p relaxes tO Meq OY Peq in the life- 
time, being accompanied with the energy 
transfer from acoustic to lattice systems. 
The other is due to the change of the kinetic 
energy caused by the intraband transition. 
When the distribution fuction f of electrons 
or holes deviates from the local equilibrium 
distribution fo, f relaxes to fo in the intra- 
band relaxation time, being accompanied with 
the kinetic energy transfer. These situations. 
are very similar with those in many-valley 
semiconductors.” 

(d) It is assumed that the recombination has. 
no influence on the local space charge. Then,. 
the difference of eq and feq can be put equal 
to (n—p). 

It is necessary, for the determinations of 
E, n, p, Jn and Jp, to solve Maxwell’s equa- 
tion, the equation of continuity and the 
Boltzmann equation. Maxwell’s equation is. 
written as 


Ce 


where € is the dielectric constant, c is the light velocity. 


lattice varies as uccexp [i(wt—qz)], we get 


i curl-curl £ , (2.1) 


Since the local velocity of the 


Ani 
B=" (In+J») aoe 
for longitudinal waves. 
The equations of — for electrons and holes are given by 
OJn 
~ (ne) +o ae rae = (a ei) = On 
(2.3) 


ce ey, et fielenns 
5 (—pe)+ Se + 955.) =0, 
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respectively, where e is the charge of an electron. The local equilibrium fluctuations as- 


sociated with the recombination, 7g and py, are determined as follows. The well-known 
relation!” 


N?*=const. T* exp (—E,/kT) (2.4) 


holds in thermal equilibrium in the absence of acoustic waves, where WN is the number 
density of electrons (holes), Fy, the energy gap between the conduction and valence bands. 
When acoustic waves are being propagated, the energy gap changes into E,—Cu/V, where 
V is the sound velocity, C=Cn+Cp is the sum of the deformation potential constants for 
electrons and holes. Then, from (2.4) we get 


(N+ eq): (N+ Peq)=N? exp (Cu/VRT) . (2.5) 
Making use of (2.5) and the approximation (d), 
Neq—Peg=n—Pp , (2.6) 


we obtain 


Nex =— (0) + NCul2VET 


: (2.7) 
Pea=—~ (p—n) + NCu/2VRT 
in the case of Cu/V<kT. Then, we get from (2.3) and (2.7) 
=, Dee a NCu 
Yn nt I+ oe Dascriea e 
ae NC a 
epee! | Quy u 
eins) Int I) +i aeu Dr) 


To set up the Boltzmann equation, we should take two facts into account; (1) the collision- 
drag effect and (2) the force, exerted on electrons or holes, due to the deformation potential, 
together with the internal electric field E. Thus, the Boltzmann equation for electrons can. 
be written as 


= eb py he ny fa ee (2.9) 
if Mn Tn 


where mn is the effective mass and 
En’ =E—iCngu/oe . (2.10) 
The distribution function can be solved as 
Sn=fnao(lv—U|)—L nv) -Ofno/Ov , 


fasld)= exp & mr(var—v® kT | (2.11) 


1 
coe aBP Vin fave ( he ‘ ‘av+ mh . 
Mn MnkT 


V a(v) —4nAn __ % _ , AnBn Uno, pans ame or By (2.12) 


gin 1—tanx Qin v 1-tanx 


where 


for longitudinal waves and we put for brevity as 
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Vi 0=3kT/mn, = n= Trd , (2.13) 
An=QIn|(1+twtn) , x=cos 0, 
and 
eEtn : Crtng?u 
rigger Apmis (2.14) 
Bn=nvnol 3N . 


Then, the local current density, 


2em* (°° 
s=2et \ of (vd , 


is calculated as 


poke ee An is iBn ) ; (2.15) 
Qno ano 
where 
Ino=TnVn0 5 Anv=GQlno/(1+totn) (2.16) 


and the modified Pippard’s function,®:® 


1 1 } 
no =— (glno)® -— (qlno)* no<l) , 
Pao= J (qlno)?—— (Gln) (qlno<1) (2.17) 


=1—(32/2)'/?(qlno)-! (qlno>1) 


is used. The equations, (2.9)-(2.17), are identical in form with those in the paper II. By 
replacing (7, e) with (pf, —e), we can obtain the quantities for holes as 


jie _ 3NeP x0 es 


4 9B ) 2.18 
qlvo An IDp ( ) 


The self-consistent solutions for E, 2, p, Jn and Jp can be obtained from (2.2), (2.8), (2.15) 
and (2.18). Here we give the results for Jn and Jy: 


(2.19) 
Jn—JIn=Neu: a 
where 
Sno 5 (Cis (qlno)? 
X= aay EE a EE ay 
We ub OED rma “3p r ae 1a+P 20s) 
3P oo ( . Cp : (qlpo)® 
al, oe 1)(Q-+ Prob) (2.20) 
=i CP n0Bn ext Pro Ln. Qlno a 3P no [ible 6P ro : (@yT p)? ae Po 
2kTwr Gini Os QlnoAno Ql pono OT p OT p \ 
ICP pep ep (Cy Qloo Ole 0 
+ ~———— — 1 ——_ - — . + PY 
{ 2kT ar apo kT OT p at 
Qlnodno OTn OTn 


‘ast “f Oleg (ontn)* Je 
Z=1 i( ee ee 
nono OTn eR a * PB) 
ies 3P po _ xt r)? Poo 


Ge OT p Loe 


a sce = (PooBn+ProB») , (2.22) 
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On? =ArNe?/mn& , Oy =4rNe?/myE , | ) 
(2.23 

Br=(t/tn)/(1+ior) , Br=(t/t»)/A+ior) . 


‘The appropriate approximations of (2.19) to various frequency ranges will be given in the 
following sections. 


$3. Ultrasonic Absorption due to Recombination 
According to the assumption (c) in § 2, the ultrasonic absorption coefficient A is written as 
A=Ar+Ax ; (Bale) 


‘where Ar is the component due to the recombination and Ax is due to the intraband transi- 
‘tions. We shall calculate Ar in this section. When the local fluctuation, ~ or p, deviates 
from -q Or feq, the deformation potential energy, —Cqu/w, is transferred from acoustic to 
lattice systems in the lifetime rt owing to one recombination. Thus, the energy Wr absorb- 
ed per unit volume and unit time becomes 


Wr= Wr" + Wr? , 
ee _ Cqulo\* 
Wat=—- Re I( i ) (n ne) | = 
*k 
Wee=_- Re ( — (p be) |. 
2 2 
Then, from the definition of the absorption coefficient we get 
NC LOT G Jn—Jo 
Ar= u\?V= R Bao 
gaa, wees ZOW = Seon kT Neu )| ; cay 


-where o is the mass density of materials. In (3.2) we should remark two points; (1) the 
reason why there is no term involving the energy gap is that it vanishes taking the time or 
“space average and (2) the factor 2 in the denominator in the bracket is due to the fact that 
-one recombination gives rise to a decrease of (n+p) by 2. 

First, we shall consider dz in the low frequency range where glno~qglp<l. It is conve- 
‘nient to consider separately three cases; 


2 skl | tm 
a): 0<(glav)?< Ginsaa 
SPIE abe 3tn 
(B): 7c) : — <(glno)?< a 
3tn 2 
(C): = <(qlao)?<1 , 


~where 
: 6an?/G?>Vno 5 otn<1 


are common to all cases. Although we specify three cases by the quantities of electrons, 
this classification holds approximately for the same quantities of holes. The approximate 
wexpressions of (Jn—Jy) and Ar are calculated as follows. 


(A): 
In=Jo=2Neu', (3.4) 


ENCE. for (3.5) 
QoV2kT 1+(or)? 


Ar= 
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(B): 
igh ae Ck . , i 7 ae 3 (3-6) 
Tr TEESE NATE Ta: See 
(@e 
Jn—Jop New 41 ase + aot )(l-+ ior) 
iq (car i an J ation, 38) 
ey eee ae 39) 


Next, we shall calculate 4g in the sufficiently high frequency range such as 
GD): Qluo>1 , 6an?/g?<vno ; otal, task. 


where electrons and holes may interact independently with acoustic phonon beams. In fact, 

we get 

Neu 
kT 

N(—e)u 
kT 


. =i 
Ge eo cit iorn)(1 ae 
reat (3.10) 
Iv= Coe ior)(1 aca 
pe 


and 


3z\"2 NCow T c 
y ~ - n p ; 4 
“i ( 2 ) 20V2kTt (c Uno es Vo ) on 


which is very small compared with Ax in (4.8). We shall discuss the obtained results in §6. 


§ 4. Ultrasonic Absorption due to Intraband Transition 


As has been shown in the papers I and II, the ultrasonic absorption coefficient 4x due to, 
the change of the kinetic energy caused by the intraband transition is given by 


Ac=Ax"+ Ax? , (4.la) 
2mn* = Ofno 1 on 

La ‘du\ d Vn(v) |? 1b) 

*  plul?Venk® \ av” 0 a Gata) (4.1b) 


and the similar formula for 4<?. The approximate expressions for (Jn+ J») and the calculat- 
ed formulae for Ax” and Ax? are tabulated as follows. 


(A): 
ws OGL a) Se 
Jn+Jv = Gre ( n CT Tap > (4.2a)) 
where 
Sam Tey yg G2 tior)—Cy | 
Mp Tn CC, ’ (4.2b) 
NC?0?tn il 1 Mn|t . 
Ag” = ———— . ——_ 1 Baty Phyl fi, nl Tn 
K 4oV®kT Tae a 3 GQ Vnot (2 po ances t (4.3), 


and the similar formula of Ax” obtained by replacing the subscript m with p. 


1961) Interaction Electrons and Holes with Acoustic Waves 901 


(B): 
(es a u “(Cu On (4+ 6/2) (T:8) / tr  @kTt (4.4) 
NC?@? tp, 1 ae . 
Agr = NC*0*tn 2(9.__MnJtm__ 
4oV®kT ee tae z Pent (2 Sena 
4 1 
<4 ——— ee eee se 
{ (3tn/T)/(qdnv)? + (3t »/t)/(qlno)? fr | 
and the similar formula of Ax”. 
EG): 
ae Uu 4+6/2 mn 1+%tot ; 
at Ca— C 1 a, ° 2 ) 
Jot Jp = EE | aeeenacstre ) (4.6) 
peweNCe | Ben , 
dic 4o0V?kT (qlno)? \ 2 
-and_the similar formula of Ax”. 
37 \2 NC22@ 
1D): i ee | 
me c ) pV*kTvn0 sie 


and the similar formula of Ax”. 
The comparison of these formulae with those due to the recombination will be discussed 
in §6. 


§5. Acoustoelectric Effect 


The acousto-electromotive force F can be defined as the average dc force exerted by acous- 
tic waves on an electron or a hole.) As in many-valley semiconductors” effective forces 
responsible for the acoustoelectric effect have two components, one associated with the re- 
combination of electrons and holes and the other associated with the intraband transition. 
Weinreich’s relation!2) between the ultrasonic absorption coefficient and the acousto-electro- 
motive force must hold separately for electrons and holes. Thus, we can write as 


Fa=Fr"4+Fr?+Fx"+Fx? , (5.1) 
Fat=Astr/NeV,  Fe®=Antr/N(—e)V , 6.2) 
Fr=Ag"y/NeV, Fx? =Ax?x/N(—e)V , 


where 7=plu|?V/2 is the acoustic energy flow density. From (2.7), (2.8), (3.2) and @.3) we 
get Ar”=Ar?. Then, 


Fr=Fr"+Fr?=0 , (5.3) 


ie., the effect due to electrons associated with the recombination is just cancelled by the 


effect due to holes. 
Using the formulae o 
ranges as follows. 


f Ag in $4, we tabulate the formulae of F in various frequency 


(A) and (B): 
iy Ca? ial ln o a ae 2r2 v" ies 2 ie 5.4 
ieee oe (te ng ce 


eC wy | 3Tn 3T p if: his 
(C): laa ApeV*kT L (qlno)® (ql po)? ee 
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; ~ (3z\"__ or ae 5.6)’ 
Cie P= (#) aie Doo] oo 


It will be discussed in the next section whether the effect is detectable in experiments. 


§6. Discussions 
(1) Absorption Coefficient 

From the simple phenomenological treatment of the recombination of electrons and _ holes: 
given in Appendix I, we can expect in general the absorption peak in the A-T diagram at 
the temperature of wc(T)=1, if t(T) is.the monotonously decreasing or increasing function. 
of T. As has been shown in §3, however, this is not the case if the,frequency at which. 
wt=1 does not satisfy the inequality 


(qlno)?<3(tn/t) , (wt=1). (6.1): 


In the sufficiently low frequency range such as (A), the absorption coefficient dz in (3.5) 
is identical with the formula used by Southgate?) and is much larger than dx in (4.3). In 
this range 


A 
ee vee ES ie (6.2) 


= == a 
Ax 3(tu+Tp) Tn 


Even in the higher frequency range such as (B), Ax is yet smaller than dz. From (3.7) 
and (4.5) we get 


Ar ~ 1/| 1 ae (2: Mn|tn i: (ql)? Pe 2 
Ax 2 3Tn Mn|tr+Mp/T p Sige Rae \ 
(Qlno)*t 
naw 3m |=. 6.3) 


Thus, in good approximation Southgate’s formula (3.5) can be used for the analysis of the 
experimental curve of 4 in the vicinity of the peak, if the frequency w=1/r is in the range 
(A) or (B). 

If the frequency »=1/r is in the range (C), the situations are very different from those 
of (A) and (B). In this range, dz becomes smaller than the value of Southgate’s formula. 
and is obscured by Ax. From (3.9) and (4.7) we obtain 


Ar al Stn \ 3Tp 
Ag 2 \(qlno)?t | (qlpo)*t 


In the sufficiently high frequency range such as (D), we get from (3.11) and (4.8) 


Ag © Ca | Ta Cy Tp Cr? f Cy? Tn 
Jaa rier Tv se V0 Sssubhee ! )~ 5 = eh WE (6.5) 


Vpo 


bet. (6.4) 


Then, if (g/n0)?>3(¢n/t) is satisfied, the absorption due to the recombination can be neglected. 
compared with that due to the intraband transition. 

We take up, for example, the sample of Ge of Southgate in which the absorption peak by 
acoustic waves of 100 Kc/s was observed at T=690°K. If we take the values of parameters 
as t~10-® sec, tn~10-!2 sec, V~5 10° cm/sec, mn~0.91 x 10-28 g, we get t 


(qlno)?~5X10- and 3(tn/t)~3x10-8 . 


Thus, the condition (6.1) is satisfied. Since the lifetime of electrons or holes is very much 


longer than the intraband relaxation time, the conditi : 
5 ndition (6.1) will ' 
situations. (6.1) will be satisfied in ordinary 


As will be shown in Appendix II, the characteristics of the absorption coefficient Ar and 
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valley semiconductors. 
many-valley semiconductors. 


sec, T=100°K, we get 


(qlo)?~2 x 10-1 


Then, the condition (6.1) does not hold. 
Since the intervalley relaxation time is 
~10-'°sec or somewhat longer in m-Ge, it 
would be difficult to observe the peak'® of 
the absorption or the acoustoelectric effect due 
to the intervalley transition in ordinary 
situations. 

In Figs. 1 and 2 we give the schematic A-w 
diagrams in intrinsic and many-valley semi- 


(204), 


(a) (8) (C) (0) 


Fig. 1. The schematic A-w diagram in intrinsic 
semiconductors, where we assume that t= 1Omt2 
sec, t=10-Ssec, T'=690°K, mn=0.91X10- g 
and V=5x10%cm/sec. The arrow shows the 
frequency used by Southgate!)~*. 
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Ax in various frequency ranges in intrinsic semiconductors are remarkably similar with that 
of A» due to the intervalley transition and Ac due to the intravelley transition in many- 
The condition (6.1) and the equations (6.2)-(6.5) hold in form in 
If we tentatively take the values of parameters in n-Ge as ct 
(intervalley relaxation time)~10-!°sec, w=10'* sec", 


tT) (intravalley relaxation time)~10-!2 


and 3(t)/t)~3x10-2. 


conductors respectively, assuming tentatively 
that the condition (6.1) holds in intrinsic and 
does not hold in many-valley semiconductors. 


(2) Acoustoelectric Effect 

The acoustoelectric effect due to the inter- 
valley transition by transverse waves in n- 
Ge has been observed by Weinreich, Sanders 
and White.” They have analyzed the ex- 
periment using the formula nearly identical 
with (A II 5). In intrinsic semiconductors, 
there is no acoustoelectric effect due to the 
recombination of electrons and holes. The 


(2e4 2eV KT) A 


Yan co (6 6 Do Lo) 
(A) (B)(C) (0D) 

Fig. 2. The schematic A-» diagram in many- 
valley semiconductors, where we assume that 
t)=10-12 sec, r=10-19 sec, and 7T=100°K. The 
arrow shows the frequency used by Weinreich, 
Sanders and White!#). 


904 Nobuo MIKOSHIBA (Vol. 16, 


non-vanishing effect is due to the intraband transitions. Comparing (5.4), (5.5), (5.6) with 
(A II 5) we have the conclusion that the effect in intrinsic semiconductors is too small to 


be detectable in experiments at present. 
The author should express his thanks to S. Gonda for drawing of Figs. 1 and 2. 


Appendix I 


Simple Phenomenological Treatment 

The present author has presented a simple phenomenological theory of the ultrasonic ab- 
sorption due to electron transfer mechanism in the previous paper.'!) In solids the elastic 
stiffness constant can be written as 


6—C)— Ci 5 (AI 1) 


where © is the component associated with the stress-induced changes of the electrostatic 
energy, the exchange energy between ion cores and so forth, c is the component associat- 
ed with electron transfer mechanism. In the problem of acoustic waves we must take into 
account the relaxation of the energy associated with c, and we put 


C=Co—G/(+iwr) . (AI 2) 
Solving the equation of acoustic waves, we get 


ei Gtly wt 
pV? 1+(or} 


(AI 3) 


which shows the peak at wr=1 in the A-T diagram. 

The calculation of c; in intrinsic semiconductors are carried out as follows. When there 
is the strain 0R/Oz (R: displacement of the lattice) in the specimen, the bottom of the con- 
duction band and the top of the valence band are raised by Cr(O0R/Oz) and lowered by Cp: 
(OR/0z), respectively. Then, from (2.4) or (2.5) we obtain 


a 
A=ttey=Par=— Soe : = (AI 4) 


If we denote the potential energy of electrons and holes by U, we can write 


C¢=(Uor-0— Uor-+0)/(OR/0z)? « (AI 5) 
Since 
Uers0=NC:(OR/0z) , 
Uorso=(N+4)-C-(OR/0z) , ee 
we get 
ee es , 
ORT soa 


Thus, from (AI 3) and (AI 7) we obtain (3.5). In this phenomenological treatment we ignore 
the absorption due to the intraband transition. 


Appendix II 
Many- Valley Semiconductors 
In the previous paper II, we have derived the formulae of A» due to the intervalley tran- 
sition and Ax due to the intravalley transition in many-valley semiconductors. In the 
following, we shall make more careful consideration of the frequency ranges and aye? the 
complete correspondence between A» and Az in §3. Using the basic equations in the paper 
II, we obtain the following results, which hold for both longitudinal and transverse ee 
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(A) and (B): 
_ NC?2 ore 2 Tc 1 
*~ 20V8kT 1+ (or)? {! Ena ; eens (aTed) 
ae IMCS ; wT 1 2, 209 2(qlo)?r 1 
*20V°kT | 1+(or)? iy epLAE (: PE seal iron} : NAR 


where 2N is the total electron number density, C=C)—C“ is the difference of the deform- 
ation potential constants between (+) and (—) valleys; to, Jo, vo, t are the intravalley relax- 
ation time, the average mean free path, the average thermal velocity, the intervalley relax- 
ation time, respectively. 


(GC): 
NC2o?e (3t0/7 \? 
Ay = ——— 
ef aml a Chae 
27,2 
Ae NC*%a@ 3To (AII 4) 


~ 2oV8kT (qlo)? ” 


In all cases including (D) we can see the complete correspondence of A between many- 
valley and intrinsic semiconductors, if we replace as 


C=CrtCpe C=C —-C , 
t (lifetime) (intervalley relaxation time), 
Mn, MyM, Tn, Ty >TO, Uno» Upo—Vo, Ino, Lpo—lo 
in the formulae of intrinsic semiconductors. In many-valley semiconductors, however, there 


is the acoustoelectric effect due to the intervalley transition. Using Weinreich’s relation we 
obtain 


C7 ot 1 t 1—(or)? 
PoP ies {1 eal beac aa et AIL 5 
eee = ApeV'RT = 1+(ar)? gules 1+(or)? ( ) 
in (A) and (B). 
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Growing process of GASH crystal was observed. If a droplet of satu- 
rated GASH solution on a slide glass is heated from upper side, platelets 
obtained afloat on the drop show six-rayed-star-shaped terraces. The 
mechanism of terrace formation is ascribed to bunching of progressing 
atomic steps. On the other hand, if heated from lower side, some platelets 
obtained at the bottom of the droplet are large and thick, which show 
dislocation etch pits on etching, while some remain small and thin showing 
no pits on etching. It appears that the growing process is not diffusion- 
controlled but follows the screw dislocation mechanism. 

Dissolution process of GASH crystal was observed. Dissolution takes 
place by progression of macroscopic steps, which are nucleated book at 
crystal edges and at dislocation emergence points. The kinetics is con- 
trolled by diffusion and macroscopic steps are understood as bunching 


of atomic steps. 


Introduction 


§1. 


At a very low supersaturation, crystal 
growth takes place by the spreading of indi- 
vidual layers of atomic scale across the 
advancing surface. Solute atoms from a sur- 
rounding mother solution are incorporated into 
the crystal lattice only at the peripheral steps 
of the uncompleted atomic layers. In com- 
pletion of the layer, new layers and growth 
steps are required for continued advance of 
the surface. 

It was recongnized by Gibbs that new 
layers on a perfect surface are formed by 
two-dimensional nucleation. It was shown 
theoretically that two-dimensional nucleation 
proceeds at substantial supersaturation. Ex- 
perimental observations, however, indicated 
that crystals grow at much smaller super- 
saturation than the theoretical value. In 1949, 
Frank” pointed out that interesection of a 
screw dislocation on a crystal surface provides 
a perpetual source of growth steps at very 
low supersaturations. A detailed analysis of 
crystal growth from vapor phase was made 
by Burton, Cabrera and Frank”) on this model. 
Their analyses were based on the assumption 
of local equilibrium between the crystal and 
vapor phase at the growth step. This is 
equivalent with the assumption that the pro- 
cess of crystal growth is never controlled by 
the diffusion. 


Recently, 


however,  diffusion-controlled 


* Now at Hitachi Ltd., Musashi Works. 


growth of crystals draws attention, related 
with growth of dendrites, growth of crystal 
whiskers, or anomalous growth of crystals 
caused by extremely small amount of im- 
purity. In the diffusion-controlled growth, 
supersaturation is generally high, and advanc- 
ing faces are not perfect but “non-singular ”,** 
in other words, of higher index. Solute atoms 
can attach to every point of the surface which 
is everywhere terraced. 

The advance of curved surface can be 
described as progression of individual steps 
of atomic scale. In progression of many steps 
of atomic scale on the advancing surface of 
crystals, the velocity of an individual step is 
not usually constant, but depends on inclina- 
tion of the surface in some cases, or on 
extremely small amount of adsorbed impurity 
atoms in other cases which hinder the motion 
of the steps and acts as a poison. The non- 
uniformity of the velocity of individual step 
causes overtaking of slower steps by faster 
ones, which is understood as a shock wave in 
the flood problem, and was treated by Frank? 
using the mathematics called kinematic wave 


** It was shown by Herring?) that the perfect or 
low-index surface of the crystal in the equilibrium 
state corresponds to pointed cusp of polar plot of 
surface free energy. This surface requires the 
screw dislocation mechanism for growth at low 
supersaturation, and Frank‘) suggested that this 
surface may be called “singular ” face, while con- 
tinuously curved surface may be called “non- 
singular ”, 
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theory due to Lighthill and Witham®. This 
shock wave is nominated as “ bunching ”, and 
there were some experiments which seemed 
to observe the bunching”. 

The dissolution process, in which a crystal 
is exposed to very high undersaturation, over- 
all kinetics are controlled by diffusion. In 
the process of etch pit formation, for the study 
of dislocations in crystals, kinetics are also 
limitted by diffusion. 

The present paper describes the observa- 
_tions of growth and dissolution processes of 
guanidinium aluminum sulfate hexahydrate 
(usually abbreviated as GASH), which is known 
to be ferroelectric. Dislocations in GASH 
were observed by etching technique®).®).!%, 
This substance crystallizes in a hexagonal 
plate, showing a perfect cleavage perpendicu- 
lar to the (0001) axis, which is identical to the 
ferroelectric axis. Space group is P3lm). 
Etch pits are triangular, and “ positively ” 
pointed on the (0001) face, while “ negatively ” 


pointed on the (0001) face. 

In the present paper it is shown that the 
growth of GASH crystal from aqueous solution 
is, in one case, diffusion-controlled, and in 
the other case, not controlled by diffusion but 
dislocations really play parts. It is also shown 
that in. the dissolution process, which is con- 
trolled by diffusion, bunching is remarkably 
observed, and dislocations provide dissolution 
centers. 


§2. Growth Process 


A droplet of aqueous solution was put on a 
slide glass and process of growth was observed 
under a microscope. Appearance of growing 
crystals depends sharply on the ways of heat- 
ing, whether the drop is heated with an 
electric lamp from the upper side, or heated 
by lighting with a projector from the lower 
side. 

If heated from the upper side, water vapor- 
izes from the free surface of the drop, and 
the region near the free surface becomes more 
highly supersaturated, hence nucleation occurs 
on the surface, and small platelet having edges 
of about 0.1mm grows and is afloat on the 
surface of the droplet. On the other hand, 
if heated from the lower side, nucleation 
occurs at the bottom of the droplet and small 
platelet of the similar size grows in the bottom 
part. This situation is probably resulted from 
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the facts that, at room temperature solubility 
is little dependent on temperature and the 
region between supersolubility curve and 
solubility curve is rather wide. Energy pro- 
vided by heating will promote nucleation. 

Among crystal platelets obtained by heating 
from the upper side, a number of crystals. 
exhibit six-rayed star patterns as shown in 
Photo. 1. This six-rayed star forms a macro- 
scopic terrace, i.e. the part of the star is. 
advanced from the remaining surface area by 
presumably several tenths of micron in the 
order of magnitude. Axes of rays form 60° 
to each other, and the vortex angle of ray a@ 
(Fig. 1) is different star by star. Length of 
the ray is also different star by star. The 
star is generally situated at the center of the 
plate. In an individual star, the lengths of 
the three rays directed in a@-axes are almost 
equal, and those in b-axes are also almost 
equal, but an inclination is found that the 
a-axial ray is somewhat longer than the b-axial 
ray. 


_7D-axis 


Fig. 1. Shape of six-rayed star, schematic. 


Dislocation etch pits were observed on a 
crystal with the pattern of six-rayed star. 
No special relations were found between the 
sites of the dislocation etch pits and the site 
of six-rayed star. 

Mechanism of the formation of six-rayed 
star will be explained as follows. A crystal 
floating on the surface of the droplet will be 
covered by a film of highly supersaturated 
solution. Transport of solute atoms from the 
solution into the crystal will be controlled by 
diffusion. The interface between the solution 
and the crystal, not singular but of high index, 
will be considered to be everywhere terraced 
in atomic scale. Crystal growth will take 
place by the progression of atomic steps, and 
bunching will be formed if step velocity is 
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not everywhere constant. This view is sup- 
ported by the fact that larger crystals which 
have grown afloat on the solution of the 
surface have a non-singular face with maro- 
scopic terraces roughly parallel to the star- 
shaped terrace (Photo. 2). Note here that the 
remaining faces, which have been immersed 
in the solution during the growth process, 
however, are singular. 

Crystal platelets obtained by heating from 
the lower side are clearly divided into two 
groups. Crystals belonging to the first group 
(shown as A in Photo. 3) remain thin and 
small, while those belonging to the second 
group (shown in the same photograph) show 
higher growth rate and grow up to thicker 
crystals. Crystals belonging to the second 
group which are smaller than A at the earlier 
stage (a) in the series of photographs become 
larger than A at the later stage (c). When 
crystals grow up to a certain size, water is 
added to the droplet and dislocation etch pits 
are observed (d). It is very remarkable that 
no etch pit was observed on the crystals 
belonging to the first group, while several 
pits were observed on the crystals of the 
second group. 

It was generally found that the growth rate 
of crystals increases with increasing disloca- 
tion density. 

These facts clearly show that in this case 
the supersaturation is low, the local equilibri- 
um exists between the crystals and the liquid 
phase at the growth step, and steps accom- 
panied by the screw dislocations are essential 
for the crystal growth. 


§3. Dissolution Process 


GASH crystal is easily soluble in water. 
When a drop of distilled water is dripped on 
the cleaved surface of the crystal under a 
microscope, it is clearly observed that dissolu- 
tion takes place by nucleation and remarkable 
lateral motion of macroscopic steps. 

These steps will be understood as the bunch- 
ing of steps of atomic scale. Over-all kinetics 
are controlled by the diffusion. Nucleation 
sites of the macroscopic steps are crystal 
edges and emergence points of dislocations on 
a surface. 


Steps created at crystal edges 


Since the gradient of concentration is 
highest at the edges of a crystal, dissolution 
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takes place at the edges. In this process, 
over-all kinetics is controlled by diffusion, the 


interface between the crystal and the liquid | 


is non-singular, and bunching results in 


macroscopic steps. 


It is observed as if mac- | 


roscopic steps are nucleated at the crystal © 


edges. 

The shape of macroscopic steps created at 
crystal edges are shown in Photo. 4, being 
almost parallel to the crystal edges. Aspects 


of the step motion should be divided into two . 


periods, i.e. “ adolescence ” and “senescence”. 

In the adolescence (Photo. 5), steps progress 
in higher speeds, followed by step nucleation 
at the crystal edges. In this period, the 
majority of steps seems to have almost the 
same height, which was measured to be the 
order of several tenths of micron from an 
electron-microscopic study with a low-angle 
shadowing. The macroscopic steps are not 
rectangular shouldered (a) but sloping shoul- 
dered (b), as shown in Fig. 2. The angle @ 
in Fig. 2(b) seems to amount about 10° from 
the electronmicroscopic study. 


paul a 
(b) ar je 


Fig. 2(a). Steps with rectangular shoulders. 
Steps with sloping shoulders. 


(a) 


(b) 


In the senescence, since the crystal edge is 
no longer sharp, and the gradient of the 
concentration is no longer high, no steps are 
created at the crystal edges, but the region 
where the group of the macroscopic steps 
swept away remains to be a smoothly curved 
surface. In this region, it is generally observed 
that some hillocks are left behind the group 
of moving steps, as shown in Photo 6. The 
height of the hillocks is much larger than 
that of adolescence, exceeding the order of 
several microns. Formation of the _ hillocks 
left behind will be understood, if there is a 
hindrance of the step motion, such as im- 
mobile adsorbed impurity molecules. 

In the senescence, in which the creation 
and motion of steps no longer take place, 
dissolution is brought about mainly by the 
lateral shrinkage of periphery of the crystal 
in the plane of (0001). This aspect can be 
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seen in Photo. 8 (a) and (b). 


Steps created at emergence points of Dislo- 
cations 

Triangular steps as shown in Photo. 7 are 
created and sent out from the emergence 
point of a dislocation. The creation of steps 
at certain definite points supports the conclu- 
sion of the previous works that the etch pits 
correspond to dislocation®).®). 

Since the undersaturation is very high, the 
dissolution showing a spiral pattern, which 
might be seen at screw dislocations, does not 
take place, but the following process is ob- 


(a) SS i ee 
(b) SSS 
(Cc) a aa 


Fig. 3(a), (b), (c). Process of nucleation and send- 
ing out of steps at a dislocation emergence 
point. 


Photo. 1. Photomicrograph of a crystal platelet 
with a six-rayed star pattern. 


Photo. 2. Photomicrograph of a crystal plate with 
a star-shaped terrace, together with macroscopic 
terraces roughly parallel to it. 
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served. The initial attack of water to the 
crystal face gives rise to a small triangular 
pit at the dislocation emergence point as 


Photomicrographs of crystals obtained 
Crystal A 
remains thin and small during the growth pro- 
cess and shows no dislocation etch pits by an 
etching treatment. 


Photo. 3. 
by heating from the lower side. 
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shown in Fig. 3(a). When the depth of the clearly observed simultaneously, which cor- 
pit reaches a certain amount, pit does not respond to the couple of the end points of a 
grow deeply any more, a triangular step dislocation that penetrates the sample, as 
moves so that the pit becomes flat (Fig. 3b). shown in Photo 8(a). Note that triangular 
Strained part in the vicinity of the dislocation steps around each dislocation on the both faces 
is preferentially dissolved again, forming a are “ oppositely sensed ”, owing to the trigonal 
pit (Fig. 3(c)). Periodical repetition of this symmetry of GASH crystal. 

process causes intermittent nucleation and The observation of “penetrating dissolu- 
sending out of triangular steps. tion” along the dislocation line provides a 


Penetrating dissolution 
On the top and the bottom faces of a very 
thin piece of crystal, a couple of etch pits are 


Photo. 7. Photomicrograph of triangular steps, 
created at and sent out from the emergence 
point of a dislocation. 


Photo. 4. Photomicrograph of macroscopic steps, 
which have been created at the crystal edges 
and have progressed. 


Photo. 5. Photomicrograph of dissolution steps, 
in adolescence. 


(b) 
* LOM ROS Photo. 8. Penetrating dissolution along a disloca- 
Photo. 6. Photomicrograph of dissolution steps, in tion line. (a)‘before and (b) immediately after 
senescence, 


penetration, 
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conclusive evidence for the identification of 
| etch pits with dislocation emergence points. 


| Interference of two kinds of steps 

It is frequently observed that steps created 
at crystal edges coalesce with each other at 
| the “top of a mountain” which acts as if it 
| were a sink of steps. At the sink, macro- 
scopic steps are triangular, of which sense is 
“opposite” to that of dislocation etch pits 
| (Fig. 4). This situation will be understood, 
| if we suppose that the rate of lateral progress 
| of macroscopic step is dependent on orienta- 
{ tion, i.e. the rate is highest in the b-directions, 
| as shown by the arrows in Fig. 4. 


Fig. 4. Shape of steps, directions of the highest 
rate of lateral progress of steps, and apparent 
sinks of steps. 


0 oe 
(b) ae 
ie: er 


Fig. 5. Interference of steps created at a disloca- 
tion emergence point and those created at a 
crystal edge. 


The height of steps, which have been cre- 
ated at a crystal edge, is generally larger 
- than that of steps, which are sent out from 
a dislocation emergence point (Fig. 5(a)). 
Hence the group of triangular steps starting 
from the dislocation is sometimes “swept ” 
away by the flow of steps from the crystal 
edge (Fig. 5(b)). After being swept away, 
however, close observation can find the 
continual step creation at the dislocation 
emergence point on the wider step nucleated 
at the crystal edges (Fig. 5(c)). 


§ 4. Discussion 
GASH shows a characteristic appearance of 
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macroscopic steps and growth pattern of six- 
rayed star. These phenomena are understood’ 
as bunching of progressing steps, so it is. 
conceived that GASH has a characteristic 
behavior of easy formation of bunching. 

Since the phenomena do not seem to be 
impurity sensitive, it is very likely that the 
reason for the easy formation of bunching in. 
GASH crystal is not impurity effect but in- 
trinsic one, probably due to the direction. 
dependence of the strength of chemical bond. 
Crystal structure of this substance!) suggests. 
that bonding in the {0001} plane is much 
stronger than that in the <0001> direction, in 
agreement with the perfect cleavage parallel. 
to the {0001} plane. Surface free energy be- 
tween aqueous solution and the {0001} face. 
will be, therefore, much smaller than those. 
for other faces. In diffusion-controlled growth. 
or dissolution process, the smoothly curved. 
interface will be then apt to take a stepped. 
form as shown in Fig. 2 (a), in order to make 
the surface free energy lower. Steps with 
rectangular shoulders as Fig. 2 (a) are, how- 
ever, not stable, because diffusion current in 
the diffusion-controlled process is highest at: 
the rectangular shoulders. Thus the result- 
ant steps must be sloping shouldered as shown. 
in Fig. 2 (b). 
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‘‘ Angular Distribution of Electrons Suffering Characteristic 


Energy Loss in Passage through Metal Films ’’ 


By Hiroshi WATANABE 


Hitachi Central Research Lab. Kokubunji, Tokyo, Japan 
(Received January 27, 1961) 


The distribution in energy and angle of 20—25kv electrons scattered 
by Al, Ag and Au evaporated films was measured with an electron 


velocity analyser of Mollenstedt type. 
5x10-5, and the angular resolution better than 510-4 radian. 


The energy resolution is about 
The 


angular distribution of the characteristic energy loss was compared with 


Ferrell’s calculation. (Phys. Rev. 101 (’56) 554). 


The comparison shows 


that the experimental result is consistent with a simple Bohm-Pines’ ap- 
proach provided that a correction is made for finite resolution of both 


energy and angle. 


Introduction 


Si. 

In the electron energy loss experiment the 
-characteristic energy loss values which we 
call “eigenloss” values were measured for 
the large number of elements and com- 
pounds.” Some people investigated the de- 
pendence of the loss value upon the crystal 
structures,” the accelerating voltage,‘ the 
scattering angles®’ and others.” A few were 
reported on the intensity distribution of elec- 
trons scattered elastically and inelastically. 
Marton and his coworkers studied the distri- 
bution in energy and angle of 20 kv electrons 
scattered by thin foils of C, Al, Ni, Cu, Au, 
AlzO; and formvar. They used an energy 
analyser of magnetic type having the resolu- 
tion better than 0.1% in energy (4E/E<10-°) 
and 10-* radians in angle. 

Based upon the Bohm-Pines’ theory of 
plasma excitation in metal electrons, Ferrell 
calculated the angular distribution of the 
intensities of the eigenloss electrons.” He 
compared the results with the experimental 


data obtained by Marton and co-workers, and 
found two significant discrepancies between 
the theoretical and experimental curves. 
First, the theoretical intensity at small angles 
falls short by a considerable amount of ac- 
counting for the observed intensity. Second, 
at large scattering angles the theoretical 
curve iS somewhat stronger than observed. 
His explanation of the first discrepancy, 
which is perhaps the more striking one, is 
that the intense no-loss beam superposes on 
the eigenloss intensity at small scattering 
angles because of the insufficient energy re- 
solution of the instrument. 

In 1949, Moéllenstedt devised a new electron 
velocity analyser of extremely high resolu- 
tion. In the analyser the large chromatic 
aberration of an electrostatic lens is utilized, 
and the energy resolution better than 5x 10-5 
is easily obtained. In 1960, the present 
author® constructed an analyser of Médllen- 
stedt type with which the angular distribu- 
tion of electrons scattered inelastically as 
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well as elastically is studied. The resolution 
of the analyser is about 5x10-° in energy, 
and better than 5x10-‘ radians in angle. 

Using this instrument the angular distribu- 
tion of the eigenloss electrons was obtained 
on evaporated Al, Au and Ag films. The re- 
sults and the comparison with Ferrell’s cal- 
culation are described in this paper. 


$2. Experiment 


Figure 1 shows a schematic diagram of the 
electron optical system of the velocity analy- 
ser. A focusing lens and a reducing lens 
project the reduced diffraction pattern on a 
plane with a fine slit, and then the part of 
the projected pattern passing through the fine 
slit is analysed by the analyser lens. The 
pattern on the plane of the fine slit and 
energy loss spectrum obtained in the analysis 
are shown schematically in (b) and (c) of Fig. 
1. Fig lc gives the relation among energy 
loss, scattering angle and intensity of scat- 
tering electrons. 


focusing 
lens 


specimen 


reducing 
lens 
slit 
analyser 
lens 
Ua 
Hi 
2 
screen i 
A 
ha 
(a) (c) o energy loss 
Fig. 1. (a) Schematic diagram of the electron 


(b) Diffraction pattern on the 
(c) Energy loss spectrum on the 


optical system. 
fine slit plane. 
final screen. 


The intensity measurement was carried out 
with photometric method. The relative inten- 
sity scale was obtained as follows. A shadow 
image of an aperture diaphragm is shifted 
discontinuously during the exposure by a 
magnetic deflector, the electric current 
through which deflector is varied step-wise 
in time. An example of the photographic 
plates thus obtained is shown in Fig. 2a. 
The microphotometric record of the plate and 
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a curve representing the relative exposure 
vs the distance from the dark line on the 
photometric record are shown in Figs. 2b 
and 2c, respectively. A  microphotometric 
record of a photographic plate developed at 
the same time with the scale plate can be 


4 


WN 


BANSOGXA SAI\O\OA 


ie) 


Distance from dark line —>4 2 


(c) 
Fig. 2. (a) Exposure steps. 
record of the plate in (a). 
vs distance from dark line. 


(b) Microphotomeritc 
(c) Relative exposure 
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converted into the relative intensity by means 
of the intensity scale. The accuracy of this 
exposure scale is determined by the stability 
of the electron beam current during the ex- 


S 
fia 
te 
9 

o 


Q_ 20" CON AE 
(a) 


relative intencity 


Fig. 3. (a) Loss-angle diagram of 25 kv electrons 
scattered by Al film. (b) Relative intensity vs 
scattering angle for arcs I and II. 
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posure as well as by the accuracy of the ex- 
posure time. The stability of the electron 
beam was tested by recording the characteris- 
tic X-ray intensity emitted from the surface 
of a copper block irradiated by the electron 
beam. The change of the intensity was less 
than 1% per minute in the test. The stabil- 
ity of the electron beam current is believed 
to be better than 1% per minute in the pre- 
sent experiment. The accuracy of the ex- 
posure time was tested with a stop-watch. 
The maximum fluctuation of the exposure 
time of 5sec was 0.3 sec, that is, the ac- 
curacy is better than 6%. Thus, the ac- 
curacy of the exposure scale used in the 
present experiment is better than 6 %. 


§ 3. Experimental Results 


Figure 3a shows a loss-angle diagram of 
25 kv electrons scattered by an Al evaporated 
film of about 250 A thick. 

The two arcs I and II in the small angle 
region indicate that the energy loss value 
increases with the scattering angle, and they 
originate from the plasmon excitation in the 
metal electrons”. The relative intensity 
measured along arcs I and II are given in 
Fig. 3b. The half-value width of bote curves 
are 2.7xX10-* and 4.2x10-* radians, respec- 
tively. 

Fig. 4a is a cartographic representation of 
the diagram. The abscissa is the scattering 
angle, the ordinate energy loss in electron 
volt unit, and the contours of equal intensity 
in arbitrary scale. Figure 4b gives the inten- 
sity vs angle curve at 4E=24 ev. 

Figure 5a shows a cartographic plot of a 
loss-angle diagram of 25 kv electrons scatter- 
ed by an Ag evaporated film of about 250A 
thick, and Fig. 5b is the intensity vs angle 
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—o— Experiment 
Inverse squere 


Marton et al. 
Phys. Rev. 22 
495 1955 


Fig. 4. (a) Cartographic plot of a loss-angle dia- 
gram of 20kv electrons scattered by Au film. 
(b) Relative intensity vs scattering angle at 
4h=24 ev. 


curve at 4E=—3.4ev. 


$4. Discussions 


The energy loss peaks of Al (15ev), Au 
(24ev) and Ag (3.4ev) are believed to be 
originated from the plasmon excitation. Fer- 
rell” calculated the differential scattering 
cross section of electrons exciting one plasmon 
of energy fw». His result is 


dQ On 
Q= fe a 1 
ioe a nea oe 
~where pear 


ado: Bohr radius 
E: accelerating voltage. 


_ Equation (1) is plotted on Figs. 3b, 4b and 
ob, being normalized to the experimental 
values at 0=4x10-* radians in Figs. 3b and 
Ab, and at 0=1x10-* radians in Fig. 5b. In 
cases of Al and Au in Figs. 3b and 4b the 
calculated values are larger than the experi- 
mental ones at angles smaller than 4x10-° 
rad., and they are smaller than the experi- 
mental ones at larger angles. The same 
tendency in case of Au was observed by 
Marton and coworkers. 

Ferrell treated the problem in more detail, 
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Fig. 5. (a) Cartographic plot of a loss-angle dia- 
gram of 25kv electrons scattered by Ag film. 
(b) Relative intensity vs scattering angle at 
4h=3.4 ev. 


taking the contribution from the multiple 
scattering into account. The observed eigen- 
loss beam consists of three different parts, 
(a) electrons scattered first elastically and 
then exciting a plasmon, (b) electrons exciting 
a plasmon and then scattered elastically, (c) 
electrons exciting a plasmon and then lost by 
inelastic scattering. Summing up these elec- 
trons Ferrell obtained the resultant angular 
distribution in a form of definite integral. 
The result of the numerical integration for 
the case of 20 kv electrons exciting a plasmon 
in Au is presented by the dotted line in Fig. 
4b. It agrees with the present experimental 
result better than the solid line of equation 
(1) does. 

Marton and co-workers’ experimental result 
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plotted in Fig. 4b agrees with neither the 
present experiment nor Ferrell’s calculations. 
Since they were forced to sacrifice energy 
resolution in order to achieve high angular 
resolution, the superposition of the intense 
no-loss beam on the eigen-loss beam may 
cause the large scattering intensity at small 
angles in their result. In the present experi- 
ment both the energy and angular resolutions 
are high enough to seperate completely the 
no-loss beam from the eigenloss beam. 


§5. Conclutions 


The relations among scattering intensity, 
angle and energy loss value were experiment- 
ally observed, and represented in cartographic 
plots. The angular distribution of eigenloss 
process was compared with Ferrell’s calcula- 
tions. 

The following conclusions are drawn from 
the present experiment. 

(a) The plasmon excitation probability 
given by equation (1) does not agree with the 
experiment on Al, and Au. 

(b) Ferrell’s calculation on Au in which 
the effect of multiple scattering is taken into 
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account agrees with the experimental curve, 
although his calculation is based upon equa- 
tion (1). 

This agreement means that the eigenloss 
in Au at 24ev is caused by the plasmon ex- 
citation in Au. 

The similar treatment of the plasmon ex- 
citation probability in other materials is desir- 
ed for the further study of plasmon excitation 
phenomena in solids. 
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Domain Structure of NaNO, 


By Shoichiro Nomura, Yohko Asao, 
and Shozo SAWADA 
Department of Physics, Tokyo Institute of Technology 
(Received January 31, 1961) 


The 180° domains along the 6 direction in NaNO, single crystals were 
observed by the etching method at room temperature. The domain 
boundaries lie parallel to (100). The virgin crystal prepared from the 
aqueous solution is almost of single-domain, but, after having once been 
heated above the Curie temperature, it has nearly the same domain 
structure as the crystal prepared from the melt. These domains were 
ascertained to be the ferroelectric ones from experiments with dc field. 
By the alkali etchant the positive end of the domain was more rapidly 
etched than the negative one, and nearly the contrary result was obtain- 
ed for the acid etchant. The fact that the domain boundaries lie paral- 
lel to (100) would be intimately related with the thermal motion of 


NO;~ radicals. 


$1. Introduction 


It has been revealed that NaNO: is ferro- 
electric below the transition temperature near 
160°C.) The crystal symmetry of NaNO: at 
room temperature is orthorhombic, its space 
group being C3+(Imm).”).). Passing through 
the transition temperature, it changes to 
D3, mmm), though the crystal structure still 
remains orthorhombic. The atomic arrange- 
ment in the unit cell of NaNO: at room tem- 
perature is schematically shown in Fig. 1. 
The unit cell contains two NaNO: molecules 
and has a polar axis along the bd direction. 

As in the case of other ferroelectrics, a 
domain structure is expected to appear also 


Fig. 1. Parallel perspective drawing of NaNO, 
structure at r.t.. Large, medium and small 
circles represent oxygen, sodium and nitrogen, 
respectively. The unit cell size is a=3.55A, b 
=5.56A, c=5.38A. 


in NaNO: crystal. It is considered, however, 
that only 180° domain would be realized in » 
NaNO2, owing to its crystal symmetry. So 
the observation of the domain pattern should 
be performed, as is well known, not by the 
method using a polarized-light microscope but 
the etching method or the colloid method. 

In this paper, the ferroelectric damain pat- 
terns of NaNO: visualized by the etching 
method at room temperature are shown and 
some effects on the domains due to the heat 
treatment and the application of the electric 
field one are discribed. It is considered that 
the feature of the domain boundary is inti- 
mately connected with the behavior of NO2- 
radicals in the crystal. Some discussions on 
it are presented. 


§2. Preparation of Crystals 


Since NaNO: has a rather low melting point 
of 277°C and has an adequate curve of solu- 
bility into water, single crystals were easily 
prepared by either the fusion method or the 
solution method. 

In the former case, however, a careful pre- 
caution should be taken against humidity be- 
cause of a considerable deliquescence of Na 
NO:. NaNO: powder (special grade in JP) 
charged in a glazed alumina-crucible of about 
400 cc content was first dried at about 100°C 
during 48 hrs. under the pressure of 10° 
mmHg. Next the crucible was set in a ver- 
tical electric-furnace, and there the tempera- 
ture was raised up to ca 280°C. Then the 
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crucible was slowly cooled down by lifting it 
upwards along the axis of the furnace with 
the aid of a servomotor, while the input po- 
wer of the furnace was kept constant during 
the process. A crystal was first nucleated 
floating on the center of the liquid surface, 
and then developed towards the wall side of 
the crucible. In the crystallization process, 
some stress was applied to the grown-up 
crystal when it reached the wall of the 
crucible, and further in the cooling process 
on account of an anisotropy in the thermal 
expansion coefficients. Consequently it was 
cracked into several blocks of which sizes 
were 1~3cm* on the average. When we 
need a crystal of larger size, it was neces- 
sary to pick up the grown-up crystal from 
the melt before it touched the wall side or 
to flow out the liquid from the crucible in 
the midst of the cooling process. The cry- 
» stal prepared was transparent, slightly yel- 
lowish and showed the cleavage parallel 


to (101) or (101) planes. The angles between 
these cleavage surfaces calculated from the 
X-ray data” are shown in Fig. 2, where @ 
and 8 are 66°52’ and 113°8’, respectively. 
The angles determined with optical micro- 
scope for our crystals agreed well with 
them. 

In the latter case, the method of evapora- 
tion was adopted. A saturated aqueous solu- 
tion of NaNOz of ca 200cc was gradually de- 


Fig. 2, Angles between the cleavage surfaces 
(101) and (101) denoted by the full lines. The 
rectangle surrounded by the dashed lines is a 
projection of NaNO, unit cell on the } plane 
and the directions of cleavage are shown by the 
chain lines. 
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hydrated by conc. sulphuric acid in a desic- 
cator during about ten days. The desiccator 
was set in a thermostat kept at 35=:0.5°C. 
A little crystal mounted on a glass plate was 
used as a seed. The obtained tabular crystal 
was prismatic, elongated along [100], as shown 
in Fig. 3. As several prismatic crystals 
generally grew piling on their (001) faces each 
other, the shape of the grown-up crystal be- 
came rather complicated. The dimensions of 
the obtained crystal were 2cmx1cmx0.5cm 
at most. 


L/ 


Fig. 3. A prismatic tabular crystal prepared by 
the solution method. 


§3. Observation of Ferroelectric Domains 


Before etching the crystal, it was neces- 
sary to polish its surfaces in order to elimi- 
nate a pre-etching effect due to the humidi- 
ty in air. It was on the b surface, perpen- 
dicular to the polar axis, that the observa- 
tions were made. Any patterns were not ob- 
served on the other surfaces except the bd 
surface, as is expected. As the cleavage 
does not occur parallel to this face, the cry- 
stal was cut perpendicular to the 0 axis with 
a wet string. The surfaces were polished 
first with a fine sandpaper and then with a 
soft filterpaper. Photo. 1 shows the b surface 
before the etching, where any distinguished 
pattern cannot be seen with the exception of 
scratches in polishing. 10% NaOH aqueous 
solution was most used as the etchant and 
the time required for the etching varied from 
a few to several tens of seconds, depending 
upon the desired degree of development of 
the patterns. Photo. 2 is the etch pattern 
near the edges of the crystal, where many 
parallel stripes lie along the c direction. Its 
enlarged picture is exhibited in Photo. 3. 

The interval between the stripes, which is 
the width of the domain, varies considerably 
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according to the place and the specimen. In 
a virgin crystal prepared by the solution 
method, any parallel stripes could not be seen. 
After a heat treatment above the Curie tem- 
perature, however, some stripes appeared, 
though the pattern was somewhat different 
compared with that shown in Photo. 3. 
Photos. 4 (a), (b) represent these situations. 
Supposing that the pattern is resulted from 
the ferroelectric domains, the crystal shown 


Photo. 1. A (010) surface before etching. The 
edges are the cleavage faces and the angle be- 
tween them is f#. (X30) 


Photo. 2. An etch pattern of the (010) surface 
near the edges of a crystal. (Etchant: NaOH) 
The angle between the edges is a. (X70) 


Photo. 3. An enlarged picture of a certain part 
in Photo. 2. (x140) 
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in Photo. 4 (a) is considered to be composed 
of a single domain. The effect due to the 
heat treatment was also recognized on the 
crystal prepared by the melting method, al- 
though the detection was rather difficult be- 
cause the stripes were fine. It may generally 
be said that the interval between the stripes 


(b) 
Photo. 4. Etch patterns of the (010) surface of 
a virgin crystal prepared by the solution method. 
(Etchant: NaOH) (x 140) 


(a) before 
(b) after 
temperature. 


; a heat treatment above the Curie 


Photo. 5. A wedge-shaped pattern. (Etchant: Na- 
OH) (x790) 
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observed on the crystal prepared by the solu- 
tion method is much larger compared with 
that by the melting method. 

A wedge-shaped pattern can be seen in 
Photo. 4 (b) and its point is enlarged in 
Photo. 5. 


§4. Field Fffect 
By observing the etching pattern of the 


(c) 
Photo. 6. Etch patterns of the (010) surface near 


the part where the electrode was attached. 
(Etchant: NH,OH) 


(a) before | y (x 140) 
Brat : an application 

(b) after (The plus side) Of de Held (x70) 
(c) after (The minus side) (x70) 


S. NomuRA, Y. ASAO and S. SAWADA 


(Vol. 16, 


crystal treated by dc electric field, it is pos- 
sible to determine whether it really corres- 
ponds to the ferroelectric domain or not, fur- 
thermore the sense of the polarization of 180° 
domain. To ascertain the vanishing of the 
domain structure in the paraelectric phase by 
etching the crystal in this temperature-region 
is also desirable, but such an experiment is 
not to be easily made. 

The NaNO: crystal shows the D-E hystere- 
sis loop for 50c/sec ac field near the transi- 
tion temperature, and the coercive field ob- 
served at 143°C is about 2.3kv/cm.") But the 
loop does not open out at room temperature 
even for the field of 25kv/cm, owing to its 
high coercive field. While, it was shown by 
our etching experiments that the sense of the 
polarization can be pretty easily reversed in 
the case of the dc electric field. The same 
result about the effect of electric field upon 
the domain structure was obtained for both 
of the crystal prepared by the fusion method 


(b) 


Photo. 7. Etch patterns on both (010) surfaces of 
a crystal plate having irregular domain bound- 
aries created by the effect of de field. (Etchant: 
CH;COOH) (x70) 

(a) the upper face, 
(b) the lower face, 
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| and that by the solution method. 

| The etch pattern of the crystal before ap- 
| plying the dc field was first checked, which 
| is shown in Photo. 6 (a). Then the field 
treatment was performed as follows. The 
| air-drying silver-paste electrode, of which 
| area was about one tenth of the crystal sur- 
+ face, was attached on the middle of the b 
} faces and 2.5kv/cm dc field was applied on 
} it at 120°C during one hour. After removing 
j the electrodes and reetching the crystal, an 
} effect distinctly appeared as is seen in Photos. 
6 (b), (c). Any stripe could not be found not 
only on the part where the electrodes had 
| been attached but also on a larger region be- 
} yond it. The same result was obtained even 
} at room temperature by applying the dc field 
i of 5kv/em during half an hour and if the 
| field was applied more longer, the part with- 
out stripes generally became more larger. 
| The stripes reappeared after the poled cry- 
| stal was once heated above the Curie tem- 
perature. 

Photos. 6 (b) and (c) are the etch patterns 
by ammonia obtained on the plus side of the 
applied field and the minus side,* respective- 
ly, where we can see a difference between 
their etching appearances especially on the 
part under the electrodes, the plus side be- 
ing smoother than the minus side. Thus it 
was easy to discern the sense of the polari- 
zation by comparing the roughness of the 
etched surface. The roughness is considered 
to depend upon the etching rate and further 
a step should be formed along a domain 
boundary owing to the difference of etching 
rate on plus- and minus-surfaces. Observing 
the part including the domain boundary, we 
could easily judge which side was more at- 
tacked. It was concluded that the etching 
rate by the alkali etchant of the positive end 
was more rapid than that of the negative end 
and contrary by the acid etchant. 

For ascertaining that a domain runs through 
the crystal along the 6 direction, the location 
of the domain boundary observed on the up- 
per face of the crystal was compared with 
that on the lower one by adjusting the focus 
of the microscope on the both faces without 
turning over the crystal plate. The similar 
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patterns were observed on the two faces, 
although the sight of the lower one was a 
little less clear than the upper one. This 
situation is shown in Photos. 7 (a) and (b). 
It may be concluded therefore that a domain 
runs through the crystal from one face to 
the opposite one. Further, Photo. 6 and 
Photo. 7 show that the domain can easily 
take any shape after an application of the 
electric field on the crystal. 


§5. Discussion 


It has become clear that the etch patterns 
observed in our experiments are due to the 
180° ferroelectric domain, running through 
the crystal along the 6 direction. It is con- 
sidered that the etching rate is determined 
not only by the chemical activity of the 
etchant, but also by the electrostatic interac- 
tion between the ions in the etchant and the 
polarization charge appearing on the crystal 
surfaces. As by the electrostatic interaction 
the anion drifts towards the positive end of 
the crystal and the cation towards the nega- 
tive one, the density of the anions will in- 
crease near the positive end and that of the 
cations near the negative one.** 

Considering the case of alkali-etchant, for 
example, NaOH, we have Na* as the positive 
ion. Supposing that the Na* is inactive to 
NaNO:, it will be natural that the etching 
rate on the negative end is slower than that 
on the positive one. A similar interpretation 
will be possible in the case of other alkali- 
etchants. In the case of acid, it is presum- 


Fig. 4. A schematic model of the domain struc- 
ture of NaNO,. Side faces are the cleavage ones 
and the arrows represent the sense of spontane- 
ous polarization. 


* The plus- and minus-sides are the surfaces 
connected to the + and — terminals of the bat- 
tery, respectively. 


**k The positive- and negative-ends are the sur- 
faces on which the positive- and negative- polari- 
zation charge appear, respectively. 
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ably the cation H* that plays an active role 
for the reaction and leads to the contrary re- 
sult to alkali-etchant. It is noticeable, how- 
ever, that the situation is contrary in barium 
titanate,” which is insoluble into water: for 
example, the etching rate on the positive end 
was more rapid than that on the negative 
one when HCl etchant was used. 

From our experimental results, we can 
draw a typical model of the domain structure, 
including a wedge-shaped domaim as shown 
in Fig. 4, where the sense of the spontane- 
ous polarization is indicated by arrows. The 
fact that the domain boundary in the natural 
state only appears parallel to the (100) plane, 
has to be interpreted in connection with the 
atomic arrangement in the crystal. Project- 
ing the atomic arrangement of NaNO: on its 
(010) plane, we may obtain an illustrative 
pattern shown in Fig. 5. The cleavage faces, 


NB 6.6 26 
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Fig. 5. A projection of the atomic arrangement 
on the 6 plane in NaNO; crystal, containing two 
antiparallel domains. Each unit in the figure 
represents a superposed projection of Na+ and 
NO,-. The domain boundary is considered to 
be located as shown by the full line pg and a 
virtual boundary running along the a direction 
is represented by the notched dashed-line sf. 
The directions of cleavage are indicated by the 
chain lines. 
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parallel to the (101) or (101) planes are in- 
dicated there by the chain lines. The 
strength of the bonding which acts across 
these faces is considered to be rather weak 
owing to its large interatomic distance. Sup- 
posing that the parts marked A and B repre- 
sent the antiparallel 180° domains, respective- 
ly, their boundaries will probably be located 
as shown by the full line pg. As the O-O 
distance in NO:- radical is 2.09A?’*, the de- 
gree of the overlapping of the oxygen atoms 
across these plenes is not so large. But if 
the boundary is parallel to the (001) plane, 
the boundary will be compelled to become a 
notched face as shown by the dotted line sf. 
Comparing these two cases, we may conclude 
that the latter case occurs less probably than — 
the former. As to why the boundary does ~ 


not appear parallel to the (101) or (101) planes, 
the situation is not clear, but it might be 
said that the shape of NO2- radical and the 
character of its thermal motion can not per- 
mit the boundary to stand still along these 
planes. In any cases, however, the difference 
between their lattice energies would be small, 
judged from the fact, mentioned in §4, that 
the domain can take any shape after an ap- 
plication of the electric field. 

It is probably sure from the X-ray data 
that the ferroelectricity in NaNO: is due to 
the alignment of NO2- radicals along the b 
direction, the complete disordering of their 
sense along the 6-direction being realized 
above the Curie temperature.” .® From other 
properties of NaNO:, e.g., the thermal pro- 
perties,® however, it is supposed that the 
misalignment of NO:- would possess some 
probability to occur also in the ferroelectric 
phase, so that the domain-wall motion will 
easily take place with the aid of the thermal 
vibration of NO2~ radicals and will presum- 
ably show a strong dependence upon the fre- 
quency of applied field, because of a short- 
range interaction between NO:;- radicals. The 
reason why the coercive field obtained in the 
D-E hysteresis loop for the ac field of 50c/ 
sec is so different from that of dc one seems 
to be due to this cause. 

We may imagine that in a pure and stress- 
free crystal the sense of the polarization of 
the whole crystal will be controlled complete- 
ly by a weak field applied to any point of 
the crystal, of which strength is of the same 
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Statistico-thermodynamical investigation is made on the size and density 
of reversely-polarized microdomains contained within a unidomain c-plate 
(or a macrodomain of a multidomain c¢-plate) of BaTiO; in thermal 
equilibrium at room temperature, with or without constant electric field 
applied. Microdomains treated here are confined to ones running through 
the crystal plate from the surface on the one side to the surface on the 
other side. It is found that a thinner crystal plate contains more 
reversely-polarized microdomains, and a plate thicker than about 210-6 
cm contains practically no reversely-polarized microdomains. Reversely- 
polarized microdomains tend to disperse rather than coalesce, and can 
hardly be depressed by electric field. Just below the Curie temperature, 
it is expected that the critical thickness is considerably larger than the 
above value, since the domain-wall energy per unit area is fairly small. 


§1. Introduction Among microdomains, three types are con- 
ceivable. The first type of microdomains run 
through the crystal plate from the surface on 
the one side to the surface on the other side, 
the second rise from the surface on either 
side and end in the interior of the crystal 
plate, and the third lurk in the interior of 
the crystal plate. In this paper, only the 
first type of microdomains are considered. 


The occurrence of such reversely-polarized 


It is generally assumed that a BaTiOs c- 
plate, in the most stable state, is polarized 
in the one sense everywhere. But, alterna- 
tively, it is conceivable that a unidomain c- 
plate of BaTiO;, in spite of the apparent 
uniformity of polarization under an opitical 
microscope, may contain more or less re- 
versely-polarized microdomains. This paper 
aims to investigate statistico-thermodynamical- 
ly the size and density of reversely-polarized microdomains increases on the one hand the 
microdomains which might be contained with- internal energy of the crystal plate, but at 
in a unidomain c-plate of BaTiO; in thermal the same time increases its entropy, too. 
equilibrium at room temperature with or The former increase is proportional to the 
without constant electric field applied. thickness of the crystal plate, while the latter 
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increase is independent of the thickness. 
Therefore, it is expected that the density of 
reversely-polarized microdomains is larger for 
a thinner crystal plate. 


Foundation 


§ 2. 

Let us consider a unidomain c-plate of 
BaTiO;. A row of unit cells running through 
the crystal plate perpendicularly to its face 
is referred to as a cell-row. All the unit 
cells belonging to one cell-row are assumed 
to be polarized either in the normal sense or 
in the reverse sense. (Which sense is normal 
is arbitrary.) A pair of a normal cell-row 
and a reverse cell-row in planar contact with 
each other is referred to briefly as a normal- 
reverse cell-row pair. (W. Kinase and H. 
Takahashi! calculated that the thickness of 
180° domain walls of BaTiO; is nearly zero 
lattice-unit. This is taken into consideration. ) 
When normal-reverse cell-row pairs exist, it 
is assumed, as an approximation, that a fixed 
energy increment 7 occurs per unit area of 
their contact planes. Let the crystal plate be 
L lattice-units thick and contain WN cell-rows 
of which m are reverse and N—m are normal. 
A cell-row has four other cell-rows in planar 
contact around it. The central cell-row is 
referred to as i-paired when 7 of the four are 
polarized in the opposite sense to it. Let the 
crystal plate contain ; i-paired reverse cell- 
rows and m,; 7-paired normal cell-rows 7=0, 1, 
2,3,4). Let the densities of reverse, i-paired 
reverse, and 7-paired normal cell-rows be x, 
x:, and w;, respectively. That is, 


x=n!|QN , x=nNN , Wi=m)/N. (2.1) 
It follows that 
SiN, ~m=N—n, \ (2.2) 
Sa s+ wix=1—x . 


The probabilities of one cell-row being re- 
verse and being normal are x and 1—.x respec- 
tively, so the probability of one reverse cell- 
row being i-paired and that of one normal 
cell-row being i-paired are respectively 


q=.C; x4*4(1—x)! ; Pi=10; x*(1—x)t+t : 
(2:3) 
The probability of (70, m1, +++, ms, m.)-or short- 
ly (m:, m;)-state, wherein 1; reverse cell-rows 
are i-paired ({=0,1,2,3,4) and m; normal 
cell-rows are 7-paired (i=0, 1, 2,3, 4), is 
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(2.4) 


Mes ae ee 

II 2,! II m;! 
It is necessary and can be verified easily that 
the sum of (2.4) over every combination 
(m:, mi) satisfying (2.2) is unity. The number 
of those configurations wherein ” of JN cell- 

rows are reverse is 
N! 

n\(N—n)! 
2, the number of configurations of (7:, ™m:) 
state, is equal to the product of (2.4) and 
(225) SSO 


(2.5) 


N! 
~ Tia! mi! 
The entropy (increment) S of the crystal in 
(ni, mi) state is: 
S=k log 2 
=NkR(— > x: log x:— >) w: log wi 
+> x: log git > wi log pi) . 
Here k is the Boltzmann constant. 
Let the crystal contain N* normal-reverse 
cell-row pairs. Since there occurs energy 
increment equal to acrL (a,c: the lattice 
constants) per one normal-reverse cell-row 
pair, the internal energy (increment) U of 
the crystal in (%, m:) state is: 
Wael” (2.8) 
The number of normal-reverse cell-row pairs 
is >izm; if counted about reverse cell-rows, 
and is >izm; if counted about normal cell- 
rows. However, in order to maintain the 
symmetry between the set x, x; and the set 
1—x, wi, as required physically, it is improper 
to set either 
INt= >) 1, or N= 34M 
because either would come to break the sym- 
metry. It will therefore be assumed that 
xin; and 3) im; contribute to N* with certain 
weights, as 


N*=9(1—x) Minite(x) Dim. (2.9) 

Here g(x) is a certain function of x satisfying 
g(x)+tegd—x)=1. (2.10) 

Especially if g(x)=const., (2.9) becomes a 
simple arithmetical mean. When x is given, 
the largest value that Stim; takes is 4m and 
the smallest value 0, and the largest value 
that >i 7m; takes is 44N—m) and the smallest 
value 0. Therefore when m, ---, 7s fluctuate 
within the limits of (2.2), N* fluctuates at 


2 gm I pem. (2.6) 
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most by 4ny(1—x), and when mp, oo, Ms 
fluctuate within the limits of (2.2), N* fluctu- 
ates at most by 4(N—n)g(x). Since one 
normal-reverse cell-row pair consists of one 
normal cell-row and one reverse cell-row, the 
set %,---,”s, and the set mo, ---,ms should 
have equivalent effects on N*, so is assumed 


? 


4ng(l—x)=4(N—n)e(x) , 
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and from (2.8) and (2.13) 
U=NacyL{(1—x) Si ixstx DS iwi}. (2.14) 


If P is the total polarization of the crystal 
and Ps is the spontaneous polarization per 
unit volume of the crystal, 


P=P;a*cL(\N—2n)=NP.a®cL(1—2x) , (2.15) 
At temperature 7 and electric field E, the 


e., free energy ® of the crystal in (#:, m:) state 
ox) g(x) ; ai 
poem pipes (2.11) ®=U—EP-TS. (2.16) 
Thus from (2.10) and (2.11) The actual state is sought as the one having 
g(x) =x , (2.12) the lowest free energy. Substituting (2.7), 
£ 9 (2.14), and (2.15) into (2.16), solving the vari- 
gory (2.9) and (2.12) ; ational equation 60=0 in allowance for (2.2), 
N*=(1—x) D1 ime tx Simi and resetting the solution for the sake of 
=N{(1—x) >) ixi +x S,iwi}, (2.13) convenience, the result is: 
G cs alte Aan. oon x) 2EP.a’cL 
: ; exp Y exp Sa =1, (2.17) 
| x+—x) see ae »)) 
ve a eet 
aris \ 4. CRE ) ieee (C acrl 4 _, ) 
- (2x— 1) exp( — RT ) wexp( OT eA (ey) ex OT ( ) i hae 
ve, ; 
{x+a- x) expiaricay “a d— x) \M x exp (— Sore x \+a—x} 
Set 
Wei AL *) er ——— (1—x) Wy julie (lise NE 
) jp i (2.19) 
ae es ,aerh ) 
wi= (1a) » exp ( nal sa )+a oh Di exp (—i aT —_— x 


Thus the means has been obtained to calculate those x, x:, and wi which make the free 


energy minimum. 


§3. Thick Crystal Plates 


Applying (2.17), (2.18), and (2.19) to thick crystal plates, it is found that as L—>oo, then 


x0 or x1, irrespective of magnitude and sign of electric field. 


ficiently large L, 


In case x-0, for suf- 


4acr L 2EP.a*cL 1 
Pa peal pagent Nee wes , (3.1) 
and 
Arx meus 2EPsx kx EPsest kTx <0. 39 
es eens, ey ae eg fh La*c ra 


Since @+EP; is negative, this state is found to be certainly more realizable than the state 
of perfection (x=0). In case x1, for sufficiently large L, 
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(5.0) 


( AacrL ) 2h ater 
WGA OX) (een | CX Dien ee 


kT kT 


In general, a crystal plate has two states of minimum free energy, corresponding to (3.1) _ 
and (3.3) respectively. The free-energy difference between these states is | 


PN oo 


RT dacrL \_..,. 2EP;a®cL ) 
age bh fee 3.4 
Ge ( RT )sin ale 2 


When E>0, the state (3.1) has the lowest free energy and is most stable, while the state 
(3.3) is metastable, and when E<0, situations interchange. When E is present, the depres- 
sions of free energy which the metastable state and the most stable state have from the 
state of perfection nearer to each are different from each other, and the former is deeper 
than the latter, so (3.4) differs from 2EP;. When E=0, either the state (3.1) or the state 
(3.3) has the lowest free energy and is most stable. 

In the state (3.1), 


2 
xi Ci exp | (16—3) SE } exp { Gays ome aa . 


legh kT 
SONG 
OCI 2h Pac 
Yi si = 4, ————— ay SSS 
U C: exp ( t eT ) exp ( d RT i 
Worl, wi~4x. (Ged) 


Since «x,~«x, almost all the reverse cell-rows §4. Numerical Calculation 
present are found to be four-paired, that is, Table I. and Table II. 
isolated, thus it is reasonable that wi~ 4x, 
what might not have resulted if N* had been 


show results of 
numenricalycalculationots we cts 20s, Un oeee 
and @ in cases L=50 and 20 respectively, 


assumed otherwise than (2.13). Incidentally where 
it is found that as Le, then o> m0, POM 
> im-0, and besides (3) im:— 4 imi)/ > ini 0, . 
displaying >) imi~ > )imi. c=4.0x10% cm, 
Table I. Table II. 
L=50 | #=0 | B=10 | #=—108 L=20 B20 | | Pee eae 
= = - = L 
% LOplOm? jas LEO 1052 be 2eoalOms x elt < LO th elie 2 GallOe 2 alee Soc lO 
e ae a ' = 
ato | Xo 5.3x10-8 | 1.8x10-8 | 1.3x10-7 
v1 v1 4.7X10-& | 2.0x10-§ | 9.4x10-6 
Xe Xe 1.5.x 10-#| "822 10=5 | -2265<10=4 
X3 Le DEMOS se O27 10R oles St SalOms Xs 2. S>ohO=8h\ § 15 >< 10534) 93.2510 58 
U4 SOS Sat 1 OSGOS ye ponoex 10m5 v4 dS X10 s2 le OS LOS 2s 15 Sal One 
Wo IBEX) 1.0 1.0 Wo OFS <lOmta SOF al Oe! Gol 0e4 
Wi O20 10555) 420 10 Soa Oe Oe Ws 5.6X10-2 | 4.5x10-2 | 6.6x10-2 
We I ASCLOF 9S "G23 ol Ome Oe Seo all) 9 We UV SOS] tail yeOS2 | Sci 8 
W3 W3 Wee SOR ea C=O | eiks cil) —9 
Wa | W4 4.6x10-8 | 1.9x10-8| 9.5x10-8 
U 2.1103 | 1.4103 3.2.x 108 U 2.0108 1.6 x 108 2.4x 108 
S 7.8 fs ase! a4 S |} 8.3103 6.9x 103 9.6103 
P/Ps | Piles O70 97.6 96.4 
@+EP;, | —190 i. =130 | —290 @O+EPs, \|—4.2x105 |—3.5x105 |—5.0x105 
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Ps=260 erg-volt-!-cm-? , 
R= LACES CMs? , 
and 
k=1.38 x 10-"* erg-deg- 


were used. y would be like the energy per 
unit area of macroscopic 180° domain walls. 
Here y was assumed to be equal to the value 
by W. Kinase and H. Takahashi.!) On the 
units used in the tables, E, volt-cm-!; U, @, 
erg-cm"; S, erg-deg=*cm=**" P/Pa° a) Ac- 
cording to Table I., in case L=50, reverse 
cell-rows are very sparse and almost all iso- 
lated. According to Table II., in case L=20, 
the density of reverse cell-rows gets to an 
order of some %, and P is about 97% of Ps. 
Electric field of 104 volt-cm-! can hardly drop 
the density of reverse cell-rows. Most of 
reverse cell-rows present are four-paired, 
but three-paired ones are appreciable, too. 
When an electric field of 10‘ volt-cm— is 
applied, the free-energy depressions of the 
most stable and metastable states from 
the state of perfection nearer to each are 
3.5x10° and 5.0x10°erg-cm-* respectively, 
and the free-energy difference between the 
most stable and metastable states is 4.9x10° 
erg-cm-°, which is about ten times as large 
as either of the former two. It is to be noted 
that the numerical values above calculated 
are subject to alteration if the estimate of 7 
is changed. 


§5. Conclusion 

A unidomain c-plate of BaTiOs thicker than 
about 2x10-*cm in thermal equilibrium at 
room temperature can contain in the most 
stable state practically no reversely-polarized 
microdomains, whether a positive constant 
electric field is applied or not. The thinner 
crystal plate, however, comes to contain 
reversely-polarized microdomains, which can 
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hardly be depressed by electric fields. Re- 
versely-polarized microdomains tend to dis- 
perse rather than coalesce. The critical 
thickness 2x10-®cm is extremely small, so 
that usual crystal plates are far thicker. 
Therefore, if should not be thought that 
macrodomains of a BaTiO; c-plate with usual 
thickness contain any _ reversely-polarized 
microdomains, in thermal equilibrium at room 
temperature. Just below the Curie tempera- 
ture, however, the critical thickness is ex- 
pected to be considerably larger, since the 
domain-wall energy per unit area is fairly 
small. In this paper, the domain-wall energy 
per unit area has been assumed 1.4 erg-cm-? 
at room temperature. If this estimate is 
changed, the critical thickness suffer altera- 
tion. The nearest-neighbor approximation 
assumed on calculation of the internal energy 
may be somewhat rough, so that the value 
2x10-§cm may not have an exact meaning. 
In this paper, the second and third types of 
microdomains, as mentioned in the introduc- 
tion, have not been considered. They differ 
from the first type treated here in that the 
increase of the internal energy caused by the 
occurrence of each of them is independent of 
the thickness of the crystal plate and their 
distribution is three-dimensional. The treat- 
ment of them is much more complicated. 
There seems to be a possibility of their exist- 
ing in macrodomains in thermal equilibrium. 

The authors wish to thank Dr. H. Kitagawa 
for his encouragement and discussing this 
work. The authors are also grateful to the 
colleagues in the laboratory for discussing on 
this paper. 
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The boundary effect, i.e. the anomalous enhancement of transmitted 
reflection from the boundary of the etched and ground regions of a 
quartz plate (E. Fukushima. Acta Cryst. 7 (1954) 459) is studied by an 
X-ray photographic method. By this method it is found that at the 
boundary a fairly large strain is produced and the strained layer extends 


to a deeper layer in the crystal than at the ground region. 


The influence 


of annealing on the boundary effect is also studied by a Bragg spectro- 


meter. 
temperature of about 400°C. 


The anomalous enhancement is reduced by the annealing at the 


From the above results and some supplemental experiments on the 
ground surface, a model of the zone of strain at the boundary region is 
proposed and the mechanism of zone formation is considered. 


Introduction 


§1. 


It is known that the intensity of X-ray re- 
flection from crystals is greatly increased by 
grinding the surface. It has been reported 
moreover by one of the present authors 
(E.F.)” that, when a boundary line separating 
the etched and ground regions on one surface 
of quartz plate is prepared, the intensity of 
transmitted reflection from a net plane paral- 
lel to the boundary line is found to be anoma- 
lously higher at the boundary region even 
than one at the ground region on the surface. 
From this “boundary effect”, it was inferred 
that a fairly large strain is produced at the 
boundary region and the strain gradient is 
perpendicular to the boundary line and paral- 
lel to the surface. 

Kato?» investigated the nature of the lat- 
tice distortion at the boundary region by 
means of a double spectrometer. He showed 
that; (i) for quartz crystals, the half widths 
of transmitted reflection curves are almost 
the same at the boundary, ground and etched 
regions, (ii) the boundary effect is erased by 
etching the crystal surface in hydrofluoric 
acid for only a few seconds and (iii) the effect 
is observed also in NaClOs; crystals, while in 
calcite the effect is very small. Then he 
concluded that the boundary effect is due to 
the reduction of “primary” extinction caused 


* Read at Fifth International Congress of IUC in 
Cambridge. August 1960. 


by the elastic strain accumulated there. 

Recently, Ishii and Kohra*’ also found the 
corresponding effect for germanium single 
crystals with the use of the anomalous trans- 
mission. 

In the present work, after the boundary 
effect was confirmed by means of a Bragg 
spectrometer as in the previous paper’ (§ 2), 
the distribution of strain in crystal beneath 
the boundary region was observed by an 
X-ray photographic method (§ 3) and the in- 
fluence of annealing on the boundary effect 
was studied by means of the spectrometer 
($4). Some supplemental experiments were 
also made (§5) to interpret more thoroughly 
the results obtained by the X-ray studies. 
Finally a strain model of the boundary region 
was proposed. 


§2. Boundary Effect 


Boundaries were prepared in the same way 
as in the previous paper": after one surface 
of quartz plate was ground with 600 mesh 
carborandum, a part of it was etched. In 
the present case boundaries as shown in the 
upper left in Fig. 1 were prepared, where 
the shadowed regions denoted as G are ground 
regions and the other denoted as E is etched 
region. A beam of MoKa radiation from a 
source of an appearent size 1x1mm? was 
collimated by vertical slits about 80.2 mm? 
and made to fall upon the range si—s2 in the 
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part a—b on the plate. In this range, bounda- 


ry line a—bo is parallel to the plane (0222) 
which is normal to the surface and was used 
as the reflecting plane. A quartz plate used 
was of X-cut and 0.80 mm thick. By moving 
horizontally the plate the intensities of trans- 
mitted reflection were measured at different 
positions from the etched region to the ground 
one. In the peak value curve against horizon- 
tal positions in the specimen sketched (the 
p-x curve according to Kato”), the anomalous 
enhancement of intensity is observed in the 
range denoted as B on the abscissa. The 
width of this range amounts to about 0.5 mm. 
But the true value is estimated as about 0.3 
mm after the correction for the width of in- 
cident X-ray beam. 


5 -\- 
TS as 
(seme - (022) 


iss 


BX (mm) 


Fig. 1. Peak value curve against horizontal posi- 
tions in a quartz plate sketched (p-a# curve). In 
this sketch the shadowed regions denoted as G 
are the ground regions and the other region 
denoted as FE is the etched region. Measure- 
ments were carried out only on the upper part 
$1—S_ and the reflection from (0222) plane was 
used. 


§3. Observations by the Photographic Method 
Diffraction photographs were taken with the 


same reflecting plane (0222) as in §2 for the 
following two cases. The X-ray film was 
mounted in front of G. M. counter and the 
width of incident X-rays was reduced to 0.1 
mm. 

(3.1) Boundary lines oblique to the reflecting 
plane In this case boundary lines oblique to 
the reflecting plane were prepared. In Fig. 
2(a) the irradiated part is indicated by the 
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ia. 
| 
| | 


Vg 


iio 
i 8 
(0222) (0222) 
(b) (c) 


Fig. 2. (a): Schematic illustrations of the speci- 
men and the difiraction pattern. Regions de- 
noted as # or G on the surface are etched or 
ground regions respectively. The irradiated part 
is indicated by the line x-y on the transmission 
side and the line cuts the boundary lines at q, 
y and s. (b): Diffraction pattern taken in the 
same arrangement as in (a). Letters denoted 
correspond to those in (a). (c): Pattern taken 
by the reflection of opposed sign against (b) and 
by keeping the incident and transmission sides 
of the surfaces unchanged. 
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line connecting x’ and y on the incident side 
and by the line connecting x and y on the 
transmission side. The line x—y runs through 
two E and two G regions and cuts the bounda- 
ry lines at g, ry and s. The boundary lines 
at gq and s make the same angle of 30° to 
the reflecting plane, but in different direc- 
tions. The boundary line at rv is normal to 
the reflecting plane. Positions denoted as q, 
y and s at the right margin of a diffraction 
pattern schematically drawn correspond to 
q, ~ and s on the boundaries respectively. 
The diffraction pattern obtained is shown in 
Fig. 2(b). In the ranges g-7 and $-t, the 
intensity is, as expected, high, because the 
reflections came from the ground surface. At 
gq and § the intensity is more enhanced, while 
at 7 the enhancement is scarcely seen. This 
result is consistent with the previous conclu- 
sion!) that the boundary effect is observed 
for the transmitted reflection from a_ reflect- 
ing plane parallel to the boundary line and 
can not be observed for the reflection from 
a reflecting plane perpendicular to the bounda- 
ry line, because the directions of the bounda- 
ries at g and s have parallel components to 
the reflecting plane, while the direction of 


ie) 
| 


Nol(E) 
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the boundary at 7 has not. 

Here will be paid attention to the shapes 
of reflections at g, 7 and Ss. It is seen that, 
at g and S, black areas are extended deeply 
to the interior of the pattern like a tail, the 
direction of which at g is downward and that 
at 5 upward, while at 7 the extension is 
hardly seen. These extended black areas are, 
hereafter, called simply “extensions” with 
some exceptions. 

Fig. 2(c) shows a pattern taken at nearly 
the same position as in Fig. 2(b), but with 
the reflection of opposed sign, where the in- 
cident side of the surface was kept to be un- 
changed. (Orientations of the quartz plate in 
Fig. 2(b) and Fig. 2(c) in relation to the 
in cident direction of X-rays are represented 
schematically by the ones in Fig. 6(a) and 
Fig. 6(b) respectively.) Each of the exten- 
sions in the pattern in Fig. 2(c) extends in 
the parallel but opposite direction to the cor- 
responding one in Fig. 2 (b). 

(3.2) Boundary lines parallel to the reflecting 
plane The specimen, the p-x curve of which 
is shown in Fig. 1, was used and the lower 
part from 6 to d was also used as a reference 
part in the present case. The boundary line 


I eG 


26) 38) 418) 5e6 6G) 


Fig. 3. Diffraction patterns taken at the horizontal positions numbered in Fig. 1. Lower part b-d 
in the specimen sketched in Fig. 1 is also used in the present case as a reference part. 
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ao-bo in the upper part from a to 6b (Fig. 1) 
is parallel to the reflecting plane and the 
effect of this boundary was studied by the 
same photographic method as used in (3.1). 
Patterns obtained are shown in Fig. 3. These 
patterns were obtained at the positions num- 
bered on the abscissa of the p-x curve in 
Fig. 1 and they have the corresponding serial 
numbers. Features in each pattern will be 
observed in the part a-b along the pattern. 
The patterns No. 1 and 2 belong to the etched 
region. The intensities at the left and right 
margins of them, corresponding to the in- 
cident and transmission sides of the surface, 
are nearly the same and somewhat higher 
than at the interior of the pattern. The 
pattern No. 3 was obtained at the transient 
region from the etched region to the bounda- 
ry region. The intensity of the right side 
margin becomes higher than the left. In the 
pattern No. 4, which was taken just at the 
position of the boundary, the margin inten- 
sity is the highest and the black area extends 
deeply to the interior of the pattern. In 
the transient region from the boundary to 
the ground region the black area splits into 
two as shown, for example, by F in the 
pattern No. 5. The pattern No. 6 was ob- 
tained at the ground region and both the 
margin intensity and the extension of the 
black area are not so large as in No. 4 and 
are nearly the same as in the part c-d in 
that pattern. 

Unfortunately the photographing conditions 
for each pattern were not exactly the same. 
Accordingly, it is impossible to compare 
directly the margin intensities or the exten- 
sions for all patterns. However, a qualitative 
comparison can be made by referring to the 
part ¢-d of each pattern. Since the homo- 
geneity is expected in the “ ground region” 
in the part c-d on the specimen (Fig. 1), the 
margin intensity and extension in the corres- 
ponding parts c-d of the patterns No. 4 and 
No. 6 should be the same if the photograph- 
ing conditions are the same. Then without 
a serious error the effects of the boundary 
and ground regions would be compared by 
the aid of the part a-b and part c-d in the 
pattern No. 4. In this pattern the width of 
the extension in the part a@-b amounts to 
about 1/2 of the total width of the pattern 
and that in the part ¢-d is about 1/4. The 
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thickness of the specimen is 0.80 mm and ac- 
cordingly their widths correspond to  thick- 
nesses about 0.4mm and 0.2 mm. 


$4. The Influence of Annealing on the 
Boundary Effect 


The influence of annealing on the boundary 


effect was studied, where the (0110) reflection 
was used and the p-x curves were obtained 
for three specimens of thickness 0.8mm. 
Specimen 1 was annealed successively at 
220°C, Specimen 2 at 440° and Specimen 3 at 
570°. Measurements were made after the 
specimens were cooled. After the annealing 
the reductions of J; and J; were observed, 
while the variation of Jz was not found with 


the experimental error of 5%. In Fig. 4, 
(Ix-Ie)/(xo-Ie) X:B,G 
1.0 


Or 


ig 1 Z 
@ -@- 220¢ (Sp!) 


te -%&- 440 (Sp2) 
-9-- 570° Sp3) 


= 


O = 
. 2 3 4 

© Annealing time (hr) 

Fig. 4. Plots of (Ix—In)/(Lxe—In) versus anneal- 


ing time. 


the values of (Jx—Ia)/Uxo—In) are plotted 
against annealing time for three specimens, 
where Jx means J, or J¢, and /xo means its 
initial value. The rates of reductions were 
large at the beginning of a series of anneal- 
ings at each temperature, and remarkable for 
I; more than for Jz. The data are not yet 
analysed quantitatively, but the followings 
can be inferred from the experimental re- 
sults: No change had occured in the degree 
of perfection in the interior of the specimens, 
for the variation of J, was scarcely detected 
during the present heat treatments. Thus the 
reductions of J, and J; are attributed to the 
reduction of strain near the surfaces at the 
boundary and ground regions. The larger 
the reduction of J/g is, the more that of J, is. 


932 


Thus it may be said that the magnitude of 
the strain at the boundary region depends on 
the one at ground region. 


§5. Supplemental Studies of Ground Surface 


Before proceeding to the nature of the 
strain beneath the boundary region, a few 
other results are presented here. 

(5.1) Scratch patterns By scratching a 
polished surface of quartz plate with an edge 
corner of razor under the load of about 1 Kg 
weight and by etching it in NH,F solution 
for about 3 minutes the V-shaped patterns’) 
were observed along the scratching direction 
(Fig. 5). Similar patterns are known for 
glass? and diamond?) too. The common 
feature of these patterns is that the shape is 
always concave to the scratching direction. 
The patterns are, then, thought to be the 
tension cracks pulled by a friction between 
the edge and the surface. 

By grinding with carborandum, such cracks 
would be also produced more finely, densely 
and in random directions. 

(5.2) Bending of very thin plate by grinding 


es 
scratching sipheteco 
Fig. 5 


O.lmm 


Scratch patterns on a surface of quartz 
(Fukushima et al®)), 
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and its easy recovery by etching It is known 
that, by grinding one surface of a very thin 
plate, the surface is bent convexly back- 
ward.» The experiment was made here on 
a narrow rectangular plate of X-cut, 0.156 mm 
in thickness and 20mm in length. By grind- 
ing one surface with 600 mesh carborandum, 
the bending of about 70cm in radius was ob- 
served. This bending was released almost 
completely by a short etching for about 2 
seconds in HF acid (46%) at 25°C. The re- 
duction of the thickness by this etching was 
not found and might be less than 1y if exist- 
ed. 


§6. Discussions and Conclusions 


(6.1) <A strain model at the boundary In 
a 
kK 
| : 
< 
m oe 
n a 
™ 
| 
| 
| 
(0222) (0222) 
(a) (b) 
Fig. 8. (a): Diffraction pattern taken by the 


arrangement as shown in Fig. 7(a). (b): Dif- 
fraction pattern taken by the arrangement as 
shown in Fig. 7 (b). 
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the diffraction patterns in Figs. 2(b), (c) and 
3, it is observed that the intensity of reflec- 
tion in the positions corresponding to bound- 
aries which have parallel component to the 
reflecting plane is greatly enhanced, while in 
the positions corresponding to boundaries 
perpendicular to the reflecting plane the in- 
tensity enhancement is absent. This result 
is consistent with previous observations':”) by 
means of a single or double crystal spectro- 
meter. 

Moreover, by present photographic method 
it was found that in the position g and $5 in 
Figs. 2(b) and (c) the black areas extend to 
the interior of the patterns deeply like a tail. 
Such “extension ” looks more remarkable in 
the case of the boundary parallel to the re- 
flecting plane (the part d-b in the pattern 
No. 4 in Fig. 3). Here, we consider that the 
intensity distribution in the diffraction pattern 
represents the topograph of strain distribution 
in the specimen. Then it will be inferred 
that the strain exists actually to a deeper 
layer in the specimen at the boundary region 
than at the ground region. The strained 
layers beneath the boundary and ground re- 
gions are hereafter, called “the zone of 
strain”. It will be plausible to consider that 
the width of the extension of the black area 
is determined from the depth of the zone of 
strain beneath the surface and the intensity 
of reflection depends on the strain gradient 
in the zone of strain.* 

Shapes of the extensions at g and Ss in Figs. 
2(b) and (c) will be explained by the follow- 
ing illustrations. Figs. 6 (a) and 6 (b) concern 
with the position g, for instance. Here the 
width of the zone of strain at the boundary 
region is neglected and zone of strain is as- 
sumed to extend perpendicular to the surface. 
That is, the zone of strain exists on the plane 
abcd which is normal to the surface and con- 
tains the boundary line. The sheet of the 
incident X-ray beams is expressed by the 
plane efgh. The direction of extension in the 
pattern is then determined from the project- 


* One of the present authors (E.F.) has measured 
the intensity of transmitted reflection from different 
parts of a quartz plate to which a mechanical 
stress was applied, and came to the conclusoin that 
the reduction of the extinction effect is proportion- 
al to the strain gradient perpendicular to the re- 
flecting plane and not to the strain itself. 


Texture of the Boundary of Etched and Ground Regions of Quartz 


933 


ed line of the intersection line of the plane 
abcd and the plane efgh. The angle of the 
direction of the extension to that of the margin 
is expressed by a@,=a,)=tan-[(2 cos 6 tan 2)/m] 
for both arrangements of Figs. 6 (a) and 6 (b), 
where 2 is the angle of the boundary line to 
the reflecting plane, m the vertical magnifica- 
tion and @ is Bragg angle. The equality of 
@a and a, holds actually for the extensions at 
q in Figs. 2(b) and (c). This supports the 
above assumption that the zone of strain 
exists almost perpendicular to the surface. 
But the value of a’s measured is about 10°, 
which differs greatly from the one, 43.5°, 
calculated by the above expression. To ex- 
plain this discrepancy, the widths of both the 
zone and the incident X-rays will be needed 


(2) (b) 


Figs. 6. (a) and (b): Schematic illustrations to 
explain the difference in the directions of the 
extensions of black areas at q in Figs. 2(b) and 


(c): 


Fig. 7. Schematic illustration of a quartz plate 
and the diffraction pattern. (a): Boundaries on 
the incident side of the plate, (b): those on the 
transmission side. 
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to be taken into account. 

To study the nature of the lattice distortion 
in the zone of strain beneath the boundary 
region, a photographic method as shown 
schematically in Figs. 7 (a) and (b) was used: 
in the case (a) boundary lines are set on the 
incident side of a specimen and a pattern is 
taken, while in the case (b) the boundary 
lines are set on the transmission side by 
turning over the specimen and a pattern is 
taken again. The corresponding patterns are 
shown in Figs. 8(a) and (b) respectively. In 
the surroundings of the extensions at /, m 
and especially at m in Fig. 8 (a), anomalous 
reduction of intensity is observed as indicated 
by arrows, while in Fig. 8(b) the reduction 
of intensity is absent. (A boundary line cor- 
responding to k is perpendicular to the re- 
flecting plane and neither the extension nor 
the anomalous reduction of intensity are ob- 
served.) This anomalous reduction of inten- 
sity in Fig. 8(a) means that the greater part 
of the X-rays which satisfies the reflecting 
condition is reflected from the zone of strain 
on and near the surface at the boundary re- 
gion which is set on the incident side of the 
surface, and thus the intensity of reflection 
at the interior of the crystal is reduced 
greatly more than that at the interior beneath 
the ground or etched region. This means 
also that the lattice in the zone of strain be- 
neath the boundary region hardly misoriented 
against the lattice in the perfect region in 
the crystal. Therefore, it may be said that 
the boundary effect, i.e. anomalous enhance- 
ment of intensity is due to the reduction of 
so-called “ primary ” extinction in the zone of 
strain.!.”) 

The splitting of the extension into two, for 
instance, at the position indicated by F in 
the pattern No. 5 in Fig. 3 will be attributed 
to the fact that the reflection takes place 
separately in two zones of strain beneath the 
boundary and ground regions and thus it is 
concluded that the border of the zone beneath 
the boundary region is steeper to the surface 
than the incident angle of X-rays, @=12°15’, 
as illustrated in Fig. 9. 

From above considerations and the experi- 
mental results shown in Figs. 1 and 3, a 
model of the zone of strain beneath the 
boundary and ground regions is proposed in 
Fig. 10. In the zone beneath the boundary 


E. FUKUSHIMA and H. NIMURA 


(Vol. 16, 


region, the gradient of the strain is perpen- 
dicular to the boundary line (normal to the 
plane of figure) and parallel to the surface. 
The gradient is especially large in the area 
shaded darkly. In the zone beneath the ground 
region the strain gradients are present in all 
directions parallel to surface. Here, the depths 
of the zones of strain could not be determined 
quantitatively. According to the experiment 
by Sakisaka! the thickness of the strained 
layer beneath the ground surface of quartz 
is about 0.1mm. On the other hand, if in 
our present photographs the width of the ex- 
tension is assumed to express direclty the 
depth of the zone of strain, the depth of 
the zone beneath the ground region is cal- 
culated as about 0.2mm as stated in (3.2). 


Fig. 9. Schematic illustration to explain the split- 
ting of the extension. 


| 2 34 5 6 (RttternNos) 
Fig. 10. Side view of the zone of strain derived 


from the results shown in Figs. 1 and 3. 


Here, if the value given by Sakisaka is ap- 
plied in the present case the depth of the 
zone of strain beneath the boundary region 
amount to about 0.2mm or slightly more, 
while the depth beneath the ground region is 
about 0.1 mm. 


(6.2) Texture of the ground surface and 
the zone formation at the boundary From 
the results of the supplemental experiments 
in §5, the followings are inferred: Fine 
cracks produced by grinding the surface are 
forced to open by debris in them?) and as a 
result the surface bending occurs, The cry- 
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stal is then subjected to the stress by these 
cracks and the elastic strain would be gener- 
ated to a considerably deep layer. In this 
zone of strain, two types of strain will be 
present: The one strain varies with short 
period, ideally with the same period as the 
cracks (Fig. 11) (a) and the other strain is a 
uniform, positive strain which is superposed. 


Ground Surface 


Etched Surface |* 
pe] 


strain 


Rigs los Schematic illustration of the varia- 


(a): 


tion of the strain component parallel to the 


ground surface. Uniform, positive strain by the 
bending of the plate is omitted in this figure. 
(b): Schematic illustration of the magnitude 
and variation of the strain at the boundary 
region. 


For relatively thick crystals as used in the 
present X-ray studies, however, the bending 
by the surface grinding could not be detected. 
In this case the uniform, positive strain is 
constrainedly restricted, since the deforma- 
tion of the plate as a whole is almost absent. 
The larger stress field is supposed to be con- 
served in this case than one in the case 
where the stress is considerably relaxed 
through the bending of the plate. This stress 
field is, on the average, compression. 

When a part of the surface is etched, the 
cracks become easily inactive (5.2) probably 
through the dissolving or removing of the 
debris in them, and the elastic strains beneath 
this part disappear. The balance of the com- 
pression stress holds no longer at the bound- 
ary and new strain would appear in the layer 
beneath the boundary region, as illustrated in 
the range B in Fig. 10(b). In this range the 
strain will be larger and its period will be 
long, while at the ground region the period 
is short. This will be the reason why the 
zone of strain extends to a deeper layer at 
the boundary than at the ground region as 
found in the present X-ray studies. It will 
be these strain fields that are responsible 
mostly for the enhancement of reflection 
intensity at the boundary and ground regions. 
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The reductions of J; and J¢ by annealing 
(§4) are considered to be attributed to the 
deformation of the debris in cracks by the 
creep at high temperature and under high 
pressure. 


Recently, Yoneda!” found the anomalous 
enhancement of the intensity of X-ray reflec- 
tion from an edge of a ground surface as 
well as a boundary region of a quartz plate 
and showed that, at the edge, the strain was 
generated to a deeper layer than at the por- 
tion of the ground surface far from the edge. 
He considered that nearly the same strain 
distribution would be formed at the boundary 
region too. We also think that the similar 
situation will be realized between the edge 
and boundary. 


E. Aerts, S. Amelinckx and W. Dekeyser!® 
have reported the surface hardenning at the 
boundary between irradiated and unirradiated 
regions of NaCl crystal. We consider that a 
very close relation must exist between the 
results by them and us. 

In conclusion the authors should like to ex- 
press their sincere thanks to Prof. Ryozi 
Uyeda of Nagoya University and Prof. Akiya 
Ookawa of Gakushuin University for their 
helpful discussions and suggestions. We are 
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the chief of Kinsekisha Laboratory, for his 
kind discussions and indispensable help. This 
work was supported by the Scientific Research 
Fund granted by the Ministry of Education. 
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The 222-reflection of electron diffraction from CuCl is theoretically and | 
experimentally studied. Ratio of the integrated intensity of the 222- ki 
reflection to that of the 11l-reflection is calculated by expansion of the 
scattering matrix and by the solution of Mathieu equation. Calculated 
results by the both methods agree sufficiently with each other up to the 
grain size 140 A for 41.3kV electrons. 

The CdS detector and, in addition, the CdS monitor are used in the in- 
tensity measurement. The experimental values of the integrated intensity 
are found to be smaller than the theoretical values at small grain sizes 
of crystallites. It is, however, confirmed that the ratio of integrated 
intensity of the 222-reflection to that of the 11l-reflection is nearly pro- 
portional to the square of grain size and the wave-length, in qualitative 
accordance with theory. | 

The 420-reflection is also measured. Dependence of the integrated in- 


tensity on wave-length is the same as that of the 222-reflection. 


$1. Introduction 


In electron diffraction, the reflection which 
is completely or nearly forbidden by kinema- 
tical theory has been often observed and 
studied theoretically by several workers»-®. 
Heidenreich® observed abnormally strong 222- 
reflections from Ge and Si having the diamond 
structure even in Debye patterns, and attrib- 
uted the phenomenon to the accidental inter- 
actions between the 311- and 111-reflections. 
However, Hoerni® pointed out that the intense 
222-reflection is also expected from the system- 
atic interactions among (IUll-reflections, and 
integrated that the intensity of the 222- 
reflection can attain to a half of the 111- 
reflection for a thick crystal. 

On the other hand, it was reported by 
Germer® that the intensity ratio of the 222- 
to the 1ll-reflection from CuCl decreases 
rapidly with the decrease of the grain size 
estimated from the line breadth of Debye 


rings. A similar phenomenon has been also 
recently observed in the 222-reflection from 
Ge®, 

Applying the dynamical theory developed 
by the scattering matrix”, the author calculat- 
ed the integrated intensity of the 222-reflection 
from Ge, and obtained for thin crystals the 
results that the contribution of the systematic 
interactions is much larger than the accidental 
interactions in the 222-reflection and the in- 
tegrated intensity ratio of the forbidden re- 
flection caused by the systematic interactions 
to the ordinary reflection is proportional to the 
square of the crystal thickness and of the 
wave-length, and that the integrated intensity 
ratio of the forbidden reflection caused by the 
accidental interactions such as the 420-reflec- 
tion, to that due to systematic interactions 
such as the 222-reflection is independent of 
the wave-length and is inversely proportional 
to the crystal thickness”. 


. 0.25mm was set. 
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: Table I. Characteristics of CdS detector and monitor. 
pit medth tigen i eae ms Catia 
Detector 0.03 0.67 1.5 0.98 21x10! (23.8 kV) 
Monitor 0.08 1.00 1.5 0.93 ae Cae 


In the present paper, we made the similar 
| numerical calculations on the integrated in- 
tensities of the 111- and 222-reflections from 
CuCl by the method proposed by Hoerni 
} making use of the Mathieu function, and 
| checked the range of crystal thickness within 
d which the formula previously deduced by the 
author is applicable. 

The intensity of Debye patterns from CuCl 
| of various grain sizes was measured for various 
| wave-lengths by using the CdS detector de- 
veloped by us®), and we performed a quantita- 
tive comparison of the 222-reflection between 
experiment and theory. Further, a qualitita- 
i tive study on the 420-reflection, which is con- 
sidered to be caused by the accidental inter- 
actions exclusively, was also carried out. In 
| the present study, the accuracy of the intensi- 
| ty measurements could be considerably im- 
i proved by the use of an additional CdS 
monitor. 


§2. Experimental 


A conventional diffraction camera with a 
forcussing lens was used. The distance be- 
tween detector and specimen, and that be- 
tween plate and specimen were 22.6 and 
23.7cm, respectively. At the front of the 
specimen, a slit with the diameter 0.08 or 
Five specimens having dif- 
- ferent thicknesses were prepared on collodion 
_ films successively by vacuum evaporation in 
in the camera. The accelerating voltages 
were 41.3 and 23.5 kV. 

The arrangement of the CdS detector was 
the same as described previously. Another 
CdS crystal used as monitor was set at about 
lcm apart from the beam stop. The crystals 
used for the detector and monitor in the 
present study correspond to the samples No. 
8 and 2 described in the previous paper, re- 
spectively, and their characteristics are tabu- 
lated in Table I, where is the parameter in 
the well known formula zoc/”, 7 and J being the 


electron-bombardment-induced-current (EBIC) 
and the electron intensity, respectively. The 
parameter m and the gain change to a small 
extent after the exposure to air. Detailed 
characteristics are given in the previous paper. 
Examples of the characteristic curves of the 


20-KA 


0 2 3 4 5 6 
x 10'' A/cm? 
(b) 


Fig. 1. Characteristic curves for (a) detector and 
(b) monitor. 


@: 41.3kV; ©: 23.5kV. 
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detector and monitor are shown in Fig. 1 (a) 
and (b), respectively. During the experiment, 
the characteristic curves were measured at 
each time after the vacuum was broken. 

The incident-beam intensity was controlled 
so as the EBIC of the detector at the 111- 
reflection becomes about 1.5 A, in order to 
eliminate the error caused by the response 
time of EBIC. For 41.3kV, the smaller slit 
before the specimen was usually used. . When 
the grain size was smaller than 100A, the 
diffracted intensity from CuCl gradually de- 
creased by the vaporization of specimen during 
the measurement and, to avoid this effect, the 
current density of electrons on the specimen 
was reduced by using a larger slit and de- 
creasing the total current. For 23.5kV, the 
larger slit was used. 

The intensity curve for each specimen was 
measured several times. Long-time fluctuation 
of the incident intensity was usually within 
3%. We corrected the observed diffracted 
intensities by the EBIC of the monitor assum- 
ing the linear relation. When the observed 
intensity is to be corrected for the change of 
the monitor current amounting to 10% the 
error introduced by the linear approximation 
is 1% with a monitor crystal for which n=0.9. 
The corrected intensity curves coincided with 
each other within 1%. 
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The effect of the width of the detector on the 
line breadth of the observed line profile was as 
follows. If the sensitive region of detector is 
assumed to possess a square profile and the 
intensity profile of ring to be the Cauchy type, 
the apparent line bread this 5% larger than the 
true breadth when the slit width is 0.4 of the 
true breadth. The difference of the apparent 
breadth from the true one decreases rapidly 
with the increase of the line breadth. As, in 
the present experiment, the slit width of the 
detector was 0.03 mm and the minimum value 
of the measured line breadth was 0.12 mm, the 
effect of slit width could be neglected even 
for the smallest line breadth. 

Some examples of the intensity curves of 
Debye patterns are shown in Fig. 2, in which 
(a) and (b) are the curves for CuCl with the 
grain size about 120A for 41.3 and 23.5kV, 
respectively. The intensity scale for the 
middle and outer parts of the Debye patterns 
are enlarged respectively twice and 4 times of 
that for the inner part, by changing the input 
resistance of a recorder of 2mV in full scale. 
The speed of detector was usually 2 mm/min 
and the running speed of recorder was 8 cm/ 
min. 


§3. Theory 
The crystal structure of CuCl is the ZnS 


Fig. 2. Intensity curves from CuCl with grain 


(b) 
size 120A. The middle and outer parts of the 


intensity curves are enlarged twice and 4 times of that of the inner part. (a) for 41.3kV (b) 
3.5 kV. , 


1961) 


type with the lattice constant a@=5.406 A and 
the magnitude of structure factors for the 111- 
and 222-planes are given by 4(f2cu+/%c))!/? and 
A(fcu—fci), respectively, in which f is the 
atomic scattering factor for electrons. In 
Table II, the Fourier coefficients calculated 
from the X-ray scattering factors given by 
Berghius et al.!” and James and Brindley!” 
are tabulated. 


Table II. Fourier potentials of CuCl calculated 
from X-ray scattering factors given Berghius 
et al. and James and Brindley. 


Berghius James & Brindley 
t al. 
a Hatree | Interpolation 
111 6.15 eV Bion! | 6.2eV 
222 0.56 eV 0.75 eV | 0.29 eV 


The author previously deduced the intensity 
formula for the forbidden 222-reflection from 
Ge by the use of expansion of the scattering 
matrix, taking account of the 0-, 1ll- and 
222-waves, assuming the parallel-sided crystal. 
We can apply the same formula in calculating 
the intensity of the 222-reflection from CuCl, 
since the structure factor for the 222-reflection 
is considerably smaller than that for the 111- 
reflection as seen from Table II. 

The ratio between the total intensities along 
Debye rings of the 111l-reflection and the 222- 
reflection is given by 


Ma Ty (2y4 1 (2) } 

5 il bt 

ath TabIgs Sort Nipp, Pe) oy eae i 
aly) 

where D is the crystal thickness, k=2z/2, 

bi11=27/dii1. The Fourier coefficient vax is 


related to the crystal potential V(r) given by 
the following formula: 


82° 
h2 

In order to determine the applicable range of 
(1) with respect to the thickness D, the higher 
terms should also be calculated. However, 
such a calculation is very tedious. In order 
to see the influence of the neglected higher 
terms, therefore, we compared the calculated 
result of (1) with the result obtained by the 
method assuming the harmonic potential as 
was developed by Hoerni, although this method 
includes some ambiguities as discussed later. 


(2) 


Vrn= De exp (2bar) . 
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The solution based on the harmonic potential 
can be obtained as follows. Assuming v’s to 
be zero except vin and vii in (2), we have 
the following harmonic potential as 


__ 8m 


i V(r) =20111 cos bin x , 


where x is the coordinate in the direction of 
bis: and is parallel to the crystal surface. The 
Schrédinger equation for such a potential re- 
duces to the Mathieu equation, for which the 
solution of period z and 2z and corresponding 
eigen values have been tabulated’?. Through 
these solutions and eigen values, the normal- 
ized eigen vector ¢' with the components ¢%, 
and “ Ampassung” €* belonging to 7-th wave 
field can be easily calculated in the case when 
k,/bi11 is integer or half integer. Here k, 
indicates the tangential component of the in- 
cident wave vector. The intensity of the 
diffracted beam from the crystal is given by 


Tr= Xi Pa Po PrP" Po) exp C'—CA)D . 


Although the calculation of the intensities at 
the position where ,/bi is neither integer 
nor half integer is very difficult, we can inter- 
polate between the discrete values reasonably 
for small values of the crystal thickness. The 
intensities at larger crystal thickness may be 


Fig. 3. Rocking curves obtained from the solution 
of Mathieu equation for various thickness. (a) 
11l-reflection, (b) 222-reflection. 
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obtained by considering the successive varia- 
tion of intensity with thickness. 

As shown in Table II, the calculated values 
of the Fourier coefficients depend on the choice 
of the atom form factor. In the present nu- 
merical calculation of the integrated intensities 
of the 111- and 222-reflections, the value 6.2eV 
for the 11l-potential was adopted. Fig. 3 (a) 
and (b) show the intensity curves of the 111- 
and 222-reflections calculated for 41.3kV at 
various thickness by assuming the harmonic 
potential. The abscissa indicates the magni- 
tude relating to the tangential component of 
incident wave vector. The integrated intensity 
ratio of the 222- to 111-reflection obtained by 
the numerical integration of Fig. 3 is given 
by Curve 2 in Fig. 4. 


eh | His 


o 


J222/ Jin 


fo) 2 4 yp 6 8 10 


413kV0 20 40 60 80 100 120 140 1I60(A) 
23.5kVO 20 40 ae 80 100-120 (A) 


Fig. 4. Integrated intensity ratio Jos2/Ji1; as the 
function of 42D. Curve 1 shows the calculated 
values from the expansion of scattering matrix 
and the dotted line indicates the first term of 
Eq. (1). Curve 2 shows the calculated values 
from Mathieu function. Black and white circles 
are experimental results for 41.3 and 23.5kV 
respectively. 


The integrated intensity ratio calculated 
from (1) is given by Curve 1 in Fig. 4, where 
the dashed line corresponds to the first term 
of (1). 

Curves 1 and 2 are in a satisfactory agree- 
ment with each other in the range up to 
AD=8, suggesting that the relation (1) may 
be applied for 2D<8 at least. 


§4. Experimental Results 
1) Grain Size 
In investigating the intensity variation with 
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the grain size, the estimation of the latter 
quantity is very important. The grain size 
is usually obtained from the line breadth 
through the formula!® 

ba Mg 2sin 0 

I pa yee 
where B is the line breadth, L the camera 
length, y the mean strain and @ the Bragg 
angle. In Fig. 5, the values B/AL of each 
reflection are plotted against 2sin @/A on two 
specimens, where the values of B are cor- 
rected by substracting the half breadth of 
primary beam, 0.028mm; black circles and 
triangles represent the values at 41.3kV and 
white ones represent those at 23.5kV. 


(3) 


10) O.2 04 0.6 0.8 10 
2sin@/r x10°cm! 
Fig. 5. Line breadth for two specimens. 
@ and «a: 41.3kV, © and A: 23.5kV. 


The observed points for the same reflection 
show fairly good agreements between two 
voltages, especially for low indeces, and are 
approximately in accordance with the relation 
(3). However, for simplicity, we adopt here 
the values of grain sizes obtained by applying 
the Scherrer formula, B/AL=1/D, to the 111- 
reflection, as 7 is not so large and the estima- 
tion according to (3) is laborious. 

In order to check the values estimated from 
Scherrer formula, a direct measurement of 
the grain size were made by electron micro- 
photographs on a specimen for which the 
grain size estimated from the 111-reflection 
breadth was 120A. Although, as seen in 
Fig. 6, the size of crystallites in the micro- 
graphs are widely distributed, the estimated 
mean size is about 120 A and in a agreement 
with the diffraction result. 


ii) Intensity of 222-Reflection 

Dependence of the intensity of 222-reflection 
on the crystal grain size can be observed from 
the comparison of Fig. 2 (a), and Fig. 7 (a) and 
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(b) in the case of 41.3kV. These curves 
correspond to the grain sizes of about 120 A, 
100 A and 80 A, respectively. Fig. 7 (c) shows 
the intensity curve for a collodion film as a 
reference. 

Dependence of the intensity from the same 
specimen on the wave-length is seen in Fig. 
2(a) and Fig. 8(a) for 41.3kV and Fig. 2 (b) 
and Fig. 8(b) for 23.5kV. These observations 
reveal the fact that the change of the 222- 
reflection with grain size and wave-length is 


is clearly different from that of the ordinary 
reflections. 


(a) 


s Rio. 
gs ee : Nena = 


Sn ee 


Lo & 
joey 


(b) 


Fig. 8. Intensity curves from CuCl with grain 
eC size 120A. (a) 41.3kV and (b) 23.5kV. 

In the comparison of the intensities of the 
111- and 222-reflections, the peak areas may 
be estimated by the product of peak height 
and half breadth of the reflections. As seen 
in Fig. 5, the line breadths of 222-reflections 
agree with those of 111l-reflections within the 
error of measurement. In cases the 222-re- 
flection is weak, however, it is difficult to 
measure directly the breadth because of the 
bad separation from the intense 311-reflection. 
We, therefore, assumed that the breadth of 
the 222-reflection is always equal to that of 
the 111-reflection, and the integrated intensity 
was estimated only from the peak height. 

The results are shown in Fig. 4, where the 
white and black circles correspond to 41.3 kV 
and 23.5kV, respectively. The results for 


(c) 


Fig. 7. Intensity curves from CuCl with (a) 100A 
and (b) 80A. (c) is the intensity curve from 
collodion. The outer parts are enlarged twice 
of the inner part. 
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both the accerelating voltages agree sufficient- 
ly with each other. However, the experi- 
mental values are smaller than the theoretical 
ones, especially at small 2D. Discussion about 
this discrepancy will be given in the next 
section. If we assume that the experimental 
results are proportional to (AD)”, the best fit 
is given by 
i —A0Sm 


In thicker specimens, the values of the in- 
tensity ratio larger than 0.15 were sometimes 
observed. However, in such cases, the in- 
tensity of background was large and the grain 
size estimated from the breadth of the 111- 
reflection was fairly small, probably as the 
results of plural scattering among crystal- 
lites. Thus, these values were omitted 
from our results. 

iii) Intensity of 420-Reflection 

Fig. 8 (a) and (b) show the intensity curves 
obtained with strong incident beam from the 
specimen of the grain size 120A at 41.3kV, 
and 23.5 kV respectively. The driving speed 
of the detector in these measurements was a 
half of previous one. In each pattern, the 
weak 420-reflection appears at outside of the 
33l-reflection. We may easily notice that 
the dependence of the 420-reflection intensity 
on the wave-length is again different from 
that of ordinary reflections. The relative in- 
tensities of ring of the -420-, 222 and 331- 
reflections are tabulated in Table III, from 


Table III. Relative intensities of each reflection 
420 222 331 
41.3kV 5 58 56 
23.5) KV 5 60 37 


which we can see that the dependence of the 
420-reflection intensity on the wave-length is 
the same as that of 222, in spite of the dif- 
ference that the appearance of 420 is caused 
by only the accidental interactions and that 
of 222 is mainly due to the systematic in- 
teractions. This relation has already been 
explained in the previous paper. In Ge, the 
same effect are found!®»). Detailed considera- 
tion will be given in the near future. 


§ 5. 


As seen in Fig. 4, the experimental values 
are smaller than the theoretical values, espe- 
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cially at small 2D. We consider now the 
probable causes for this discrepancy. 

In the calculation of the theoretical curves 
of Je22/ Just, v’s other than vin, in paticular 0222, 
are neglected. Although the more precise 
investigation on the influence of these neglect- 
ed v’s is necessary, it is conceivable that the 
influence of this approximation will be not 
appreciable. 

As to the accuracy of the intensity measure- 
ment, it is probable that the error of the 
observed intensity of the 222-reflection may 
be appreciable for the specimen with small 
grain size for the reason of the bad separation 
from the intense 3ll-reflection. However, the 
same is not the case for the specimen with 
larger grain sizes, and the deviation of the 
observed points for larger D from the theo- 
rectical curves seems to be outside the ex- 
perimental error. 

The discrepancy may be caused by system- 
atic errors in the estimation of the grain size. 
In the present experiment, the grain size was 
estimated from the breadth of the 111-reflection 
by assuming the Scherrer formula. If the 
more precise relation (3) is applied, a D-value 
larger than that deduced from the Scherrer 
formula is to be obtained, and as the result, 
the deviation of experimental points from the 
theoretical curves may become even greater. 
Therefore, the discrepancy shown in Fig. 4 
seem to be not explained by the errors ac- 
companying the measurement of the breadth, 
though the error of about 20% can not be 
avoided so long as the grain size is estimated 
from the line breadth. 

In the calculation of the theoretical curves, 
we assumed that the crystal is perfect and is 
a parallel-sided plate with a definite thickness. 
Actually, however, the crystallites are gene- 
rally granular with widely distributed grain 
sizes aS seen in Fig. 6. Further, the crystal- 
lites may not be perfect crystals since the 
mean strain y estimated from (3) attains 
0.5~1.0%. The deviation of the observed 
points from the linear relation also suggests 
that the lattice defects are present in crystal- 
lites. By taking accout of such circumstances, 
we can conclude qualitatively as follows: 

i) When we assume that the crystal is 
spherical, the theoretical value of the integrat- 
ed intensity ratio Jo22/Ji11 decreases by the 
factor 3/5, since the integrated intensity of 
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the 222- and 111-reflections are proportional to 
D* and D, respectively”. 

ii) If we take account of the distribution 
of the grain size, the ratio Joss/Ji11 should 
increase for the same reason as mentioned 
OD ae 

iii) If the crystal is not perfect and con- 
‘tains many faults, the intensity of the 222- 
reflection will decreases more appreciably than 
that of 111, since the 222-refiection caused by 
the dynamical effect is sensitive for the crystal 
-perfectness. 

The discrepancy between experiment and 
‘theory can be reduced to some extent by the 
consideration i) and iii), but will be aggravat- 
ed by the consideration 11). 

As considered in the above discussion, there 
exist a number of complicating factors which 


* When the crystallite is small and the shape 
is spherical, the integrated intensity of the 222- 
weflection J’... is calculated by 


D/2 
Tina 23{ (D/2)?—x?}8/22nada . 
0 


_Applying the similar formula for J’41;, we get 
J'002 3 Sane 
J's 5 Ji ; 
** Assuming that the size distribution is Gaus- 
‘sian, the integrated intensity of the 222-reflection 


Jy) is calculated by 
+0o 
| D3 exp (—a(D—Do)*)dD , 


cand we get 


J322 ook (1 3 ) S222 
S 2aDe2/ Jus ~ 


a? 
111 
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may result in the discrepancy between theory 
and experiment, and it seems to be difficult 
to reach a Satisfactory explanation for the 
discrepancy at the moment. However, so far 
as main features are concerned, the observed 
results in the present experiment may be 
considered to be in a considerable agreement 
with the theory. 

The author would like to thank Prof. K. 
Kohra and S. Takagi for their encouragement. 
This work was partly supported by a research 
grant of the Minister of Education. 
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The Dipole Moment and End-to-End Length of 
the Isotactic Vinyl Polymer, II. 


Convergence of Neumann Series 
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The theory of dipole moment and end-to-end length of isotactic polymer 
is described. The problem of convergence of the infinite series in the 
matrix, which expresses a transformation of the bond vector, is studied 
in detail, a skeletal chain of linear polymer being regarded as a vector 
sum of many C-C bond vectors. The method of classifying the chain 
configurations is given on the basis of the convergence property of the 
series, which is an extension of the Neumann series. The polymer chain 
must be Gaussian, if the segments of polymer can rotate independently 


of each other. 
sumed to be of the square-well type. 


§1. Classification of Chain Configurations 


We consider the dilute solution of the iso- 
tactic vinyl polymer 


Hoe oe ELAS EL 

ty Blt | | 
H—C:—C,—C3—::::: —C2n—Con41—H ; 

ear es ee] | 

HRs Raz 


where the skeletal carbon atoms are num- 
bered successively from one end of the skele- 
tal chain, and the notations R:,--:-;Rn are 
the numbered dipolar substituents. The mean 
square dipole moment </?> of this polymer is 
given by 
isp 
NLo” 


uD) 


where “ is the absolute value of g: which 
denotes the electric dipole moment vector of 
the side chain Cz:—R:, and wi; is the angle 
between two vectors wi: and w;. The mean 
square end-to-end length <R> of this polymer 


a ss ss CCOS Wis> , 
N “i<j 


The hindrance potential for the internal rotation is as- 


is also written in a similar manner. If we 
put 
N=2n+1~2n, (2) 
we have 
CRe i Qn 
ee A: , 3) 
Nb? ‘i n ae pe se 


where 0) is the absolute value of b: which 
denotes the bond vector Ci—Cii1, and 0:3; is 
the angle between two vectors & and b;. 

Then the configurations of the polymer 
skeletal chain are classified as given in Table 
I which is based upon the order of infinity 
of the expression 


lim ue yy <cos O43). 
n>0 Yo i<j 
Therefore, if we wish to calculate <R?),. 
the estimation of 31>) <cos #:;> is an important 
problem for us, and it is closely connected. 
with the calculation of <2). 


Table I. Classification of chain configurations. 
A | 
Configuration lim (37>) <cos 04;>/n) 
Random coil 0 


Gaussian chain 


| 
| 
| 


General Gaussian chain 


A const. (=<0) 


Interrupted configuration 


The infinity of the order 
(where 0<y<1) 


of ny 


Rod configuration 
(including the crystalline one) 


The infinity of the order of 
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§2. Independent Segment Rotation and Neu- 


mann Series 
We assume that the polymer skeletal chain 


in the dilute solution is the connection of 
Many segments as the Markoff process. If 
the word “segment” signifies the C-C bond 


itself, and each bond rotates freely only sub- 


ject to the condition that the bond angle x—7 
and the bond length bd) are both constant, 


1 
a=Cos ,=— 
Dees 


where 7 is the supplement of the bond angle. 


and 
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then (1) and (3) are reduced to 


2 
<> "hey 1— 2% _9 99 
B 


NLto” 
and (4) 
<R*» l+a 9 
Nb l-@ oe 
respectively. In evaluating this we use the 
values 
p=sinz=V_8 (5) 


Next, if the segment signifies the monomer CH.:—CHR, and the rotations of segments and 
bonds are hindered by some causes, }S (cos w:i;) and “\S <cos 6:3) are given by 


n 3 0 
YE cos 13) =(001) ¥x(S s La r( 0 
and 


- <cos 6:;»=(001) {@ +x( 35 Ke NC 40/\+ way ; 


(6) 
1 


(7) 
1 


respectively, where 1 is the unit matrix, and the notations X, Y, Y’, Z, Z’ are the matrices 


given in the preceding papers”. 
expressions should be read 


- bby XiH41= (1—X)-! 


4<j 


when X+1. Here m may be regarded as ~, 
for n=10?~10°, and X is not the number, 
but the matrix. The infinite geometric series 
of matrix, 


14+X4+XK?+---, 
is called the Neumann series”. The left hand 
side of (8) may be regarded as an extension 
of the Neumann series. Hereupon the follow- 
ing principle can be stated. 
Principle 1. The extended Neumann series 
appears in the calculations of <u?> and <R*> 
so far as we assume that the linear polymer 
is composed of segments whose rotations are 
independent of each other. 


This principle undergoes no change whatever 
hindrance the segment rotation suffers. In 
this way, the convergence of the extended 
Neumann series becomes our subject. 


§3. Convergence of Extended Neumann Se- 
ries, I. General Theory 


First we compare two series 


The double summation in the right hand sides of these 


{1+2-a-%ar—n} (8) 
i=lim 3 Xi"! (9) 
norco j=1 
and 
S:= lim = Dy Dae (10) 
noe Yo i<j 


where the former is the ordinary Neumann 
series, and the latter is the extended one. 
If X41, we have 


Si=linvdax)4d—X”)- 


Therefore lim X” is a constant matrix if S: 
is convergent. Under this condition, we have 
lim +X*=0, 

n>0 N 
and this formula and (8) yield 
S.=(1—X)-+.. 

In this way, we have the following theorem: 
Theorem 1. If the Neumann series Si: is 
convergent, then the series S2 ts also conver- 
gent. 

Next, let us denote the nine elements of X 
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iu Kia as =co (when lgl>é), f 

X=(Xei)=| Xr Nee Xs ], (11) where gy is the rotation angle of the C-C bond, 

Xs1 Kee Xss and 2€ the parameter which represents the 


and the maximum of the absolute values 
|Xxz] by Xm, namely, 
Xm=max (|Xi1|, [Xie], ---, |Xssl) « (12) 


Then a dominant series of Si: is 


Lele) 
Loni a 
This series is convergent when Xm<1/3. 
Therefore, we conclude that: 
Theorem 2. If Xm<1/3, the Neumann se- 
ries S1 is convergent. 
Theorem 3. If Xm<1/3, the series Se is 
convergent. 
On the other hand, the following theorem is 
verified after the diagonalization of S: and &:: 
Theorem 4. If all absolute values of eigen- 
values of the matrix X are smaller than 1, 
the series 8:1 and Sz are convergent. 


§4. Convergence of Extended Neumann Se- 
ries, II. Square Well Potential 
In the preceding paper”), we assumed that 
the internal rotation of skeletal chain of the 
polymer was governed by the square well 
potential, 


width of the potential well. It was also as- 
sumed that the monomer is regarded as the: 
segment, and the linear function 

of hot (15) 
was introduced, where the independent vari- 
able g and the dependent variable gy’ are the 
rotation angles of the two adjoining C-C 
bonds which belong to the same segment. 
The coefficient 4 in (15) is the parameter 
which signifies a kind of flexibility measure: 
of the segment. In particular, the value 
A=0 corresponds to the rigid segment, and 
the numerical calculations of <#2> and <R?» 
were carried out in the cases 4=0, 1, —1. 
But, in the preceding papers”?), we neglected 
the discussion whether the extended Neumann 
series is convergent or not. Then it becomes. 
the main subject of the present paper to 
verify the convergence of that series with 
use of the theorems described in § 3. 

In the same manner as that of the preced- 
ing papers, we can obtain the expressions for 
nine elements of the matrix X under the as- 
sumptions (14) and (15), and the results are 
collected in Table II, where 


Table II. Xz; expressed as the functions of e. 


24=0 A= A4=-1 
x 494 f,) + (1-8f:-2fr) J e1g 
11 18 1 18 1 2 —78 +8f1—fe) 

Vara A tay 

x ols a ee ay, 
Wee 2 aA 

xe —* (I-AA) an eee EA a) 
/3 v3 AGS 

Xs Te 8th) oy 18.0 St 20) "Te C+8h—f) 
1 1 

By sag —LayeAy 20+ f) 
Ab V6) 6 

Xos ~>-(—fi) ¥ Samiatesy ala ae sins 

US oy 2 iD 

Kor ef) ee y A-f 

xs 0 0 0 
1 1 1 

Xs gi t+8hi) gi +8h) “9 1 +8fi) 
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sin € sin 2& 
ee ek Ea 
According to Table II, we can calculate the 
values of Xxz as the functions of & within 
the interval 0<&<z, and plot Xu against é. 
Corresponding to 4=0,1, —1, these plots are 
illustrated in Figs. 1, 2 and 3, respectively, 
where the insertion of numerical tables is 
neglected. 
Let us discuss the case 4=1 as an example 
in the problem of convergence. It is shown 
by Fig. 2 that the premise of Theorem 3 is 


(16) 


Fig. 1. Plots of X;, against e in the case 24=0. 


Fig. 2. Plots of X,, against ¢ in the case A=], 
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Satisfied in the small domain 2.9<&<z. 
However, if we wish to confirm the conver- 
gence of the series S: in the whole domain 
0<€<z, we cannot help depending upon 
Theorem 4, although a further numerical 
calculation is needed. 


Fig. 3. Plots of Xx; against e in the case A=—1. 


In this way, we must solve the secular 
equation of X, 
Al —>.ql—=1) (17) 
and obtain the eigenvalues «1, x2 and xs. If 
A4=1 and €=0, then (17) is reduced to 


Ne) 
and the eigenvalues are 
Mr} ley Si Bee hes 
X2 Z, 


If A=1 and €=z, then (17) is reduced to 


af 3 
3 ee 
Eile) 


and the eigenvalues are 
my lav 3e and Ps ject 
X2 6 3 
In such a manner, we can obtain various 
eigenvalues corresponding to values of & 
which runs from 0 toz. If these eigenvalues 
are plotted on the Gaussian plane, then two 
curves and two straight intervals which are 
shown in Fig. 4 are generated. 

The Gaussian plot thus afforded tells us the 
solution of our convergence problem. If €=0, 
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the representative points of the eigenvalues lie 
on the circumference of the unit circle, and 
the series S: is divergent. However, if 0<é& 
<z, the representative points of the eigen- 
values lie in the unit circle, and the series 
S: is convergent. This result is common to 
the cases 4=0,1, —1. Therefore, if n>, 
then |S) <cos wij>/n and >>) <cos 6i;>/n are 
convergent in the domain 0<& <z, but diver- 
gent at €=0 which corresponds to the crystal- 
line configuration. Accordingly, we can state 
the following principle: 


Imaginary 
axis 


Fig. 4. The Gaussian plot of the eigenvalues of 
X in the case A4=1. 


Principle 2. If the linear polymer is com- 
posed of segments whose rotations are inde- 
pendent of each other, it must be the Gaus- 
stan chain. 


This principle has been known in Eyring’s 
case in which the C-C bonds rotate freely 
and independently of each other‘), and, in 
this paper, it has been verified that this 
principle undergoes no change through the 
replacement of the C-C bonds by the seg- 
ments which have some flexibility and make 
the hindered rotation. 


$5. Discussion 


Up to the present, we have used only the 
square well potential in the treatment of the 
internal rotation of the polymer chain. Be- 
sides it, however, several kinds of potentials 
may be conceived, e.g., the phonodisk groove 
potential as given by 


Tsugio MorRI 
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V=-av (when —&<¢<0) 
=ay (when 0X96) ae | 
=100 (when |g|>6&) 


(where a>0O) 


the harmonic oscillator potential V=ag’, etc. 
Although these potentials are not studied in © 
this paper, it seems that Principle 2 need not | 
be altered whatever potential we use. On | 
the other hand, so far as we consider 7-0, 
our Principle 2 may undergo no change even . 
if the segment is composed of three or four 
C-C bonds. Therefore, such a treatment may 
not be able to afford the interrupted configu- 
Fration of Table I. However, the Gaussian 
chain, or the unperturbed configuration, can- 
not explain the experimental values of <p> 
and <R2>”, and hence an actual linear polymer 
in the solution must take the interrupted 
configuration. In this way, we are led up to 
the following imaginations; that is, the seg- 
ment is composed of many C-C bonds, and 
sometimes the segment itself contains the 
crystalline part even in the solution, and the 
process 7—>co is often unadoptable. 

If we adopt the above imaginations in the 
treatments of <?> and <R2>, the calculations 
may be very difficult. Therefore, we keep 
somewhat the concept of the segment com- 
posed of two C-C bonds, and make an attempt 
to obtain what expressions for <> and <R2> 
may represent the interrupted configuration. 
According to §3 and §4, it is evident that 


fim —-Xn=0 
n> YY 


(OSéS7z) (19) 


and 
ficd =-X)(K"—-1)=0 <é<zx). (20) 


The formula (20) may be regarded as a 
mathematical representation of Principle 2, 
for it reduces S: to (1—X)-! which is inde- 
pendent of a. If we wish to be free from 
the influence of Principle 2, we must replace 
the convergent term 


i —1 Ga 
GORD) 


by a divergent term g(m)l, where g(n) isa 
function of ”, and is introduced in order to 
bring the interrupted configuration. Thus we 
adopt the replacement 

1 n r 

i ee 


N t<G 


1961) 


In the preceding paper”, 


g(n)=K(n’—1) (22) 
was attempted as the g(m) term, where the 
notation »v is the parameter which is also used 
in Table I. Of course, the three cases vs 
0<v<l1 and v=1 correspond to the Gaussian, 
interrupted and rod configurations, respec- 
tively. 

In conclusion, some statements which must 
be corrected are found in the preceding paper” 
after the above discussion, where the correc- 
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tion has already been published as a short 
note in this Journal®. 
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The chemical kinetics of radiation-induced polymerization is mathema- 
tically investigated. The implication of the “stationary state” hypo- 
thesis, currently employed in kinetic treatments, is carefully examined. 
It is shown that the hypothesis is valid only in a certain time interval. 
Qualitative behaviors of the total number of polymer radicals as well as 
of polymer molecules as a function of time are derived without resort- 
ing to the stationary state hypothesis. In particular, the asymptotic be- 
havior of the total number of radicals proves to be sensitive to the mode 


of termination reaction. 


It is also confirmed that the molecular size 


distribution approaches to the Poisson type asymptotically. 


$1. Introduction 

Recently, experimental researches are Car- 
ried out on the radiation-induced polymeri- 
zation of various organic monomers, in which 
the experimental data are usually analysed 
in terms of chemical kinetics involving the 
so-called “stationary state hypothesis”. The 
hypothesis implies, as is well known, that 


[the concentration of radicals or reaction in- 


termediates can be regarded as constant dur- 
ing the over-all process. We have, however, 
reasons to doubt the validity of the hypothe- 
sis in some of radiation-induced polymeriza- 
tion reactions. Firstly, some of the radicals 
formed during irradiation are quite long- 
lived, as is shown, for instance, by the decay 


of radical concentration after irradiation ob- 
served by means of electron spin resonance } 
absorption.’ Secondly, we may sometimes | 
have a very high dose rate, for instance, us- 
ing charged particle accelerators, and then 
the substance under irradiation may contain 
radicals in extremely high concentrations. 

In view of the just mentioned situation, we 
believe that mathematical considerations are 
necessary concerning the chemical kinetics 
of radiation-induced polymerizations, and, in 
particular, the validity of the stationary state 
hypothesis. 

It is well known that the radiation-induced 
polymerization has many features common to 
the thermal or catalyst-induced polymerization 
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reaction and that the set of differential equ- 
ations describing the former is to some extent 
similar to that appearing in the latter. The 
only difference consists in the initiation. For, 
in the case of the radiation-induced polymeri- 
zation, it is not only a monomer but also a 
polymer which can be excited, while, only a 
monomer plays a part in the initiation of the 
thermal or catalyst-induced polymerization. 
The difference naturally modifies the-set of 
differential equations we consider, but from 
mathematical viewpoint, it never introduces 
an essential difference, but rather brings 
about a convenience in the formalism. 


In our treatment we assume that the rate 
constant of each of the reactions we consider 
is independent of time during the over-all 
process. It may be noted that radical diffu- 
sion sometimes modifies rate constants of 
termination which are known to depend on 
the spatial distribution of polymer molecules 
formed (Trommsdorff effect”). But our as- 
sumption is plausible in the case of the poly- 
merization in a dilute solution.* Anyway, we 
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believe it willfnever,affect essential points of 
our discussion. Even under the just men- 
tioned assumption, mathematical treatment 
of the set of differential equations is so dif- 
ficult on account of the non-linearity that we 
have not succeeded in obtaining the exact 
solution. 

For this reason, the “stationary state hy- 
pothesis”, introduced by Bodenstein et ale 
is customarily employed and has proved to 
be very convenient in many cases. We will 
examine consequences of this hypothesis in 
our model reaction scheme and derive some 
results concerning the behavior of the exact 
solution without resorting to this hypothesis.** 


§2. The Model Reaction Scheme 
Our reaction scheme is given as follows: 


initiation Ms“WX_ Rs, 
propagation Rs+M:—>Rstt, 
disproportionation Rs+R:-Ms+M:z, 
radical transfer Rs+M:-Ms+Rz, 
recombination Rs+Ri-Msit, 


(1) 


where Ms and Rs stand for the polymer molecule and the polymer radical with degree of 
polymerization s, respectively. Here we list the symbols we use in the following: 


t: time measured from the beginning of irradiation, 


I: dose rate, 


ki: rate constant of initiation per unit dose rate***, 


ky: rate constant of propagation***, 


ka: rate constant of disproportionation***, 


kz: rate constant of radical transfer***, 
ke: rate constant of recombination***, 


total number of monomers at r=0, 


ratio of the number of polymer molecules with degree of polymerization s to the 


Rs: ratio of the number of polymer radicals with degree of polymerization s to the 


total number of monomers at r=0. 


Then our set of differential equation reads: 


dMs 


a = hile hyMs S, RethaRs S RithaRe +heRs SM, 
t=1 t=1 eo t=1 


= -) il s-1 f 
heMs S Ret hel SR Re.» | . (2) 


* In a dilute solution, the possibility of some solvent effect cannot be excluded, but we will not deal 


with it in the present work. 
** Recently, Kyner et al?) 


published a work on a subject apparently similar to ours, but it should be 


noted that non-linear terms, in which the very difficulty consists, do not appear in their scheme and in 
this respect their problem is quite different from ours. 


*** Rigorously speaking, 
regard them as constant here. 


these rate constants may depend on the degree of polymerization, but we 
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daRs 
dt 


= kiIM.—kpRs 23) Mth» S MiRo-n—hoRs Sieh Bike 
= = t=1 cra! 


—heRe >, Mit keMe Sy Ree SRer Re 
= = t=1 Seip tis) 


' where 
s—1 
> Ps) Ri Rs-v for odd s, 
ei Ra Ren] ee (3) 
= RiRs-r2t+ Rip for even s. 


| 


It is convenient to regard the degree of polymerization as a continuous rather than dis- 
crete variable, and to rewrite M(t) and Rs(c) as M(s, t)ds and R(s, t)ds respectively, so 
that we can replace summation by integration.* 

Then we have 


aS. ©) — IMGs, r)—{(kp the) M(s, t)— haR(s, |” Re. o)dt 
ER. | Me, AV FI Ro DRG aoe 
SRS. 2) =k:IM(s, t)—(ke+ka)R(s, T) [Re t)dat (4) 


=(h, + PRG en) | Me, o)dt + ky | Mie, DR neds 
REM ec) (" Re, Cate 


Further we define the m-th moments of the degree of polymerization with respect to the 
distributions M(s, t) and R(s, t) as 


Mn(T) = Ne s*"M(s, t)ds , tt) = |" S°RG, ads. (5) 


It is easy to derive from (4) the following equation for the moments: 


dro/dt=kilmo—(ke+ka)ro? (6) 
dm)/dt= —kilmo—Rpmoro+ [ (Re/2) + kal7o? . 


dr:i[de=kiInu—(ke+ka)rors—Remorit+ (Rp+kz)roms , “a. 
dm|de=—kilmi—(Rp+hz)romit kemori+(ke+ha)rori « 


dr2jdc=kilm2—(Re+ka)ror2—Remor2+ (Rpt+kz)roms + 2kymurs , (8) 
dm:2/dt= —kilme—(Rp the) rome + (Ret+Ra)rore + Remore + Rori®. 
We have by (7) 
d(n+m1)/dc=0 , mt+m=1. (9): 


This assures the conservation of total number of monomers.** Thus (7) can be rewritten as. 


%* When we regard s as continuous, the underlined terms in Eqs. (2) and (3) are higher infinitesimals 


and may be neglected. . 
%* This conservation law also holds even when we regard s as discrete. In other words, it holds. 


exactly. 
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dm:/de=—[kiI+(Rothathet+ha)rot+kamolmitkemo (7’) | 
+(Ret+ka)ro Tilak 


We observe by (6), (7’), and (8) that m1, 71, 7, and mz can be obtained as a solution of 
linear differential equation, once the non-linear equations are solved to give 7c) and mot) 
and this non-linearity is the very subject of our discussion. : 

In what follows (except in Section 9), we will work with the case where no radical exists _ 
at t=0, or with the initial condition R(s, 0)=0. 


§3. The Meaning of the Stationary State 


The stationary state hypothesis is generally interpreted in either of the following two . 
ways. The first interpretation implies that we can assume that dv/dc=0 for ti<t<t2 or 
that there exist such t: and tz that ~=const. for t1<t<t2.° 

The second interpretation is more general, implying that 


|dro/dt|<|dmo/dz| 


THON hie gp 
The first interpretation requires that 7=7.0=const. Therefore, we have 


mot) =[Moo+(Ro%o0/2kp)] exp [—Rproo(t—T1)] — (Re 00/2 yp) 


by (6) under the condition that mo=moo at t=T1. 
Since m.>0 for any t, we have 


T2—T1(RpFoo)! log [1 +(2mookp/Reroo)| . 


This gives the range where the stationary state hypothesis is possible. 
On the other hand, using dv/dr=0 and (6), we have 


(Re +ka)r bo 
[Moo sr (Re 00/2R p) | exp [—Rproo(t—T1)] 4 (Ref 00/2 p) ‘ 


hal 


Thus, if we adopt the first interpretation, we have a definite functional dependence of 
kiI in time t, which is evidently unphysical. Consequently, the first interpretation is un- 
reasonable so that we will adopt the second one.® 


$4. The Expansion with Respect to Time 

In order to examine the initial stage, we expand 7 etc. with respect to ct. For simplicity, 
we regard kJ as constant hereafter and put kiJr=t, Rp/kil=a, (Re+ka)/RiI=b, (Ro/2+kha)/kil=c, 
Re/kil=e. Further, we adopt the initial condition that m»=m=7.=0, m=mi=m=1 at t=0. 


ro=t— (12/2!) + [£1 —a— 2B) NJ 4 eee eee 
mo=1—t¢+[#0 —a)/2!]+[4(—14+4a+2c)/3!]+------.--- 
m=1—n=1—t+[#0—a)/2!]+[8(—1+4a+2b+ae)/3!]+---------- (10) | 
v2 =t—[£(1 —3a)/2!]+ [1 —26-10a—3ae +2a2)/3! Jb ee eee eee 
m2=1—t+[#(1—a)2/!]+[#(—1+4a+6b—4c+3ae)3!]+----+-.--- : 


‘Therefore 


m/mo=1+[t8(2b—2c+ae)/6]+---++++--- 
me/mi=1+[#(2b—2c+ae)/3]+--++-+- +s 2 

(mit+r1)/(mo+7ro)=1+(a/2)—[#(3a—2b +20)/6]+--+----.-. 
(m2+72)/(mitn)=1+at? +[t(—3a+2b—2c+a2)/3]+-.-...+--. (10’) 


} 
| 
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where the last two quantities correspond to the number-avera 


degree of polymerization, respectively. 


It should be noted here that the above expansion with res 
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ge and the weight-average 


pect to ¢ converges for any 


finite value of ¢. This fact can be proved by a general theorem concerning the differential 


equation of the first order.” 


In each of the above expansion, the constant g begins to appear in the second order 


term, and the other rate constants in the third order. 
: (mitni)|(mot+ro) or (me+r2)/(itr). 
presents itself only after a considerable time interval. 


In particular, e does not appear in 


This fact means that the effect of radical transfer 


In Fig. 1, the behaviors of m=1—x.. 


Mm1=u, r=, M2=v, and m=w near t=0, are schematically shown. 


Migaelias 


§5. Relation between the Total Number of Radicals and that of Molecules 
For convenience, we put m=¥, mo.=1—x and rewrite (6) as* 


&=(1—x)(1+ay)—cy* , 


y=l1—xX—by* , (11) 


where x(t) and y(t) are to satisfy the initial condition x(0)=y(0)=0. 
If we regard y as a function of x, we obtain by (11) the differential equation.* 


W(x)=P(x, W/O, Y), 


with the initial condition that y=0 for x=0. 
According to Painlevé’s theorem,® the im- 


. movable singularities of yw) are x=1, y=0 


and x=1—[(b—c)?/a*b], y=—(b—c)/ab, and the 
movable singularities are algebraic branch 
points. A little calculation shows that the 
value of y’ at a point where y’=0 is nega- 
tive in the region where y>0, that if y(x) 
has an extremum, it must be a maximum. 
In order to trace the curve for y= (x), it 
is convenient to use the curves P=0 and Q 
=0. In Fig. 2, we see P>0, Q>0 in region 


Riga 2: 


Pts, y)y=1-—x—by? , 


Q«, y)=(1—x)1t+ay)—cy?, (12) 


I. P<0, Q>0 in region II, and P<0, Q<0 
in region II]. Further dy/dx=o on the 
boundary between II and III. Since y=y(x): 
is a differentiable function, it passes the 
origin x=y=0, increases monotonically to. 
reach a maximum on the boundary between 
I and II and then decreases monotonically in 
II to approach the point x=1, y=0. It never 
enters the interior of region III. Otherwise, 
y(x) or y(x) would be discontinuous on the 
boundary between II and III. 

In order to determine the behavior of y 
=y(x), we consider a function Yu(x) such 
that 


Yu’ =(1+aYu)", 


namely, 


Yu(0)=0, 


%=Yut(aYu?/2) . (13) 


Evidently, Yu(x)>y(x) in the regions I and‘II. 
On the other hand, if we define Yi(x) as 


* We will hereafter denote differentiation with respect to ¢ and « by dot and prime, respectively. 


For example, 7=da/dt, y’=dy/dz, y!=d?y/dex?. 
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Y/ =(1—x—bY2)/[1+a/V 6 )1—x)] , Y(0)=0, (14) 


then y(x)>Yi(x) in the region I. For, since the maximum of y(x) is given by P=0, we get © 
y<1/V 6, and the maximum of Yi(x) also lies on the curve P=0 as is easily seen. If Yu(x) 
and y(x) interesects with each other in II, we shall have y(x)<Yi(x) on the right side of | 
the point of intersection. 
To solve Eq. (14), we put 


X=o(1—x)? , o=2bat+V b), 


so that the initial condition is written as Y=0 for X=o. Further the transformation 


nas Sa ea [log w(X)] 

yeilds the following equation for w(X): 
X(d?w/dX*)+(dw/dX)—Xw=0. 

‘Therefore, by making use of the initial condition, we have 


sa XS, op TROKI OS iGO U@) 
oY b If X)Ki(o)+ K(X) hilo) ’ 


Yi= (15) 


-where J,(X) and Kn(X) are the modified Bessel functions of the mth order. 
For |X|<1, Yi is approximated as 


~~ 1 = Ki(o)+ Cho) 5 
Yix— = $F {don X) been lee) \, 


where C is the Euler constant. Since Yi(c)=0, there exists an extremum in the interval 
0<X<o according to Weierstrass’ theorem. It is clear that this extremum is a maximum 
given by Yi= X/o VV 6 and it is just at the point where y=Yi(X) and P=0O intersect with 
each other. The value of X corresponding to the maximum is given as the root of the 
equation. 


[o(X) + LX )/i(o)=[KiX)— Ko X)]/Aa(o) , 


‘The uniqueness of the root follows from the fact that the left-hand side of the above equ- 
ation is a monotonically increasing function of X and the right-hand side a monotonically 
‘decreasing function. 

Next we examine the behaviours of P=0. Q=0, Y:=Yi(x) and the solution y=y(x) of (12) 
in the neighborhood of x=1, or X=0. From P=0, we have 


y=X/V bo, 
and from Q=0, 
y=(X]oV c)+(X2a/2c0?) + +00 see eee : 
As seen in Section 7, the solution »(x) of (12) in the neighborhood of y=1 satisfies 
ey'(l--ay) <1 =2<by*, 
so that it can be expanded as 
l—x=cy®?+Liy®t----seeeee ' 


where Li is a constant. This equation can be solved with respect to y(X) to give 
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eens 0c) 0 
WX )= OV c | 


| comparing this result with the behaviors of P=0, Q=0, y=Y.u(x) and y=Yi(x) near x=1, we 
| have the graph in Fig. 3. 

Consequently, we can conclude from the above results that the curve y=y(x) will behave 
as shown in Fig. 4. 


| §6. The Validity of the Stationary State Hypothesis 


The second interpretation of the stationary state hypothesis leads to the assumption that 
_ y(x) should be approximately given by P=0, and therefore it will be possible only between 
the maximum M and the zero A. (Fig. 4) 

Putting 


622 y=2(x)+E(x) 

in (12) and neglecting &* under the assumption |z2(x)|>|E(x)|, we have 
&’ =(2bz)-!—[2b/z(abz+b—c)]E . 

' This equation can be solved under the condition 


==0 tote xx) 


cern ee eel 


where abz+b—c=7, abzv.tb—c=y. The function &(y) proves to be zero at 7=0 and 7=%o, 
and to have a maximum 


‘to give 


( 70 ( a te for b—c=7la/4b]/ -” 
4b? /\4b 

pe alee i h . : Raa SH : 
( ) 0 No | 


This estimation is permissible only if the term proportional to & is negligibly small as com- 
pared with that proportional to € in the equation determining & and |&/z|<& where € isa 
sufficiently small positive number, since z-0 for x1. Introducing the notation 4lno=4, 


Abja=v and (b—c)/yo=9, &/z is written as 
E/z=(Av—A)1—») (4-8) 


Thus &/z is a monotonically decreasing function of 4 between 4=@ and A4=1, E/z>00 for 
42-6 and &/z=0 for A=1 (for any value of v). If we define 4. as the value of A satisfying 


(AY—A)\1—v) (Av) 1=E , 
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it is nearly unity for sufficiently small € and can be expanded as 
Ae=1—(1—#E+(11—A[1—vO —O)/2]E2+ +--+ eee: : 

The second equation of (11) is written as 
A@)= —[ 0/261) —»)(A—9)4 +A) A)] . 

where g=(b+0)/y. Putting t=t: for A=1 and t=t, for A=2-, we integrate the above equ- 


ation and obtain 


h=h=[2b7 — nll” [1 —v)(A—A)A+(A—g)(A’—A)] “1d . 


2 


This expression can be simplified for small €, by making use of the above expansion Of Zea 
in the following form: 


te—ti=[2b/no][E—{1+0—g—vl—@)} 62/2 +++ +-e sees ss 


The effect of the term proportional to &* can be estimated as follows. First we note that 
the equation for &(A) is written as 


A Bs ab(2y—2) r 
di —s ab Ba A ! ea tf DOD 


where the second term proportional to € in the curly bracket may be written, replacting & 
by the approximate value 7 [(A”’—2)/ab(l—v)], as 


i} : (A¥—2)(2e—2) i , (Ac’— Ae) (29—Az) re : 
Ay) A(A—8) = 201») A(A2—8) meee y el: 


Consequently, the range of applicability of the stationary state hypothesis is established by 
calculating f:—f: or A:, where 4: is determined in the following way. Given a sufficiently 
small positive number €. We first determine € so as to satisfy 


|(2g—1)-&/2|=€ , (18) 


and then find 2: using this value of &. 


§7. The Estimation of the Numbers of Molecules and Radicals 


The number of radicals is given by m=y(¢), the variation of which is described by the 
following differential equation of the second order deduced by eliminating x in (11) 


y+(1+2ay)p+py+ryv7=0, 


where 2a=2b+a, B=ab, y=b—c. We impose on y(t) the initial conduction that y=0, dy/dt 
—=<at 2=0: 

According to investigations of Painlevé and others,®) the equation (11) is known to have 
movable algebraic singularities, but does not belong to the so-called “canonical type” of 
their classification, so that it is very difficult to discuss the nature of the solution of (12) in 


a straightforward manner. Here we will discuss it in a somewhat different way from 
Painlevé and others’. 


In the previous section, we proved that 


Sea). lim yz) =—O8 
xz—1-0 


Further it can be shown by (11) that, if y(¢) has an extremum, it must be a maximum so 
that y(t) cannot be a oscillatory function. 


We rewrite (11) by making use of the initial condition as 
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t A t t 
y=t| ydt ~al\ vat —| at| (By +ry)dt . 
0 0 0 0 


Now we assume that the total number of radicals y(t) reaches a finite saturation value L, 
or that y(¢)=L>0 for t>G where G is sufficiently large positive number. Then, for ¢>G, 


t 
G 


y=t- \ [yay =k (By? + ry?at dt =| [L+aL?—t(8L?+7L)\dt 


t t=t 

= | (By +19%)dt |" = 0(G)+ OG E-[BL' +712 

0 t=G@ 

According to this equation, y(¢) decreases parabolically for sufficiently large ¢. This is. in- 
consistent with the assumption y(¢)~L>0. Thus we see that the assumption was false and 


that no positive saturation value exists. Since on the other hand y cannot be negative as 
seen in Fig 4, we conclude that 


lim yt=+0. 
{+00 
Further, since the curve y= (x) lies in the region II in the neighborhood of *«=1, we have 
Dy Ae Cy ay) 
Therefore, we may substitute 
i Ds Lsy8 
into (11) and obtain 
1Lpyp2Ze- Li=2eyr—ae. 
Using this result, we have, by (2), 
iT Lay log) OU), 
where we have gested that 7>0. We can solve this equation with respect to y to obtain 
ro= y= (rb) + Lar log Bt] esses ce 
Thus x is also found as 
mo=1—x=c(rt) [1+ 2Li7 (log D/t]+-+---2++:> ‘ (21) 
In particular, if y=0 or b=c (ke=0), we have different expressions: 
Fo= y= (2Bt)-V? + (a/Bt)— (3/42 B)(log f)/E2+ +++ +++ +++ 20’) 
my=1—x=(2at)+[(4b +.a)/2a(28)/?|t-*/? — (3/4a)(log t)/2? + e+e e ress : 


It is easily shown that we have xy for any finite value of ¢ and x at a point where 
x=0-is positive. Further, x(t) and xu(f) are an upper and lower bounds of x(¢), which are 


defined as follows: 
fi=1—m—cex?, x(0)=0, Ku=(1—xu(1l+axu), xu(0)=0. (22) 
Again, we can also find such yt) and yult) that 
wilt) <y<yull) « 
The functions y(t) and y(t) are defined by 
ju=1—Ku—by?, yi0)=0, Ju=1—byu’, y0)=0. (23) 
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These informations tell us that the behavior of x=x(t) and y=y(¢) will be as shown in 
Fig. 5, and Fig. 6. 


Fig. ob. 


§8. The Estimation of Higher Moments 
The equations (7), (8) for m1, 72 and mz read: 


m=—(F+G)mu+G, n=Fma—Grt2ami(l—m), m2=—Fm+Gret+2(b—c\l—mi)*, (24) 
where 


F=1+(a+ey, G=by+e1—x); Mi=m=1, re=0 for t=0. (25) 


Once the ¢-dependence of F and G is determined, these equations can be easily integrated. 
But, since analytic expressions for x(t) and yt) have not yet been obtained, it is impossible 
to express m1, 72 and mz as explicit functions of ¢. It is also difficult to find these functions 
by the method used in Section 7. We can only determine an upper and a lower bound of mi: 


uUi>M1>U2 , 
wi=(1ta+b+2e)"{a+b+2e+exp [—(1+a+b+ae)t]} , (26) 
u—exp[—(@+e+ 1] . 


The behaviors of the function m1, v2 and mz for large ¢ are given by putting (20), (21) or 
(20’), (21) into (24) and (25). Here we give only the final result: 


For 7>0, 
mi=b(yt) [1+ Lir*(log f)/é]+-+++++-++- , 
M2=2b+7)—(2bLi/cr (log t)/t++++++++++- ; (27) 
v2=2rt—(2bLi/cr) log f+ Pemee O cat ete 4 

Oe ==); 


ph See ; (27’) 


The number-average degree of polymerization (mi +r1)/(mo+r7)=1/1—x+y) is a monotoni- 
cally increasing function of ¢ with the asymptotic form for large ¢ 


Ld ety) S7t= Lir= log t45 ee, -. (7>0y, 


= (QP? (gt Oc ee G=0\n (28) 


. The weight-average degree of polymerization (m2+r2)/(m: +71)=m:z +72 is also a monotonically 
increasing function of ¢ with the asymptotic form for large t 


M2 +72=2rt—(2bLi/cr) log Pee eer agers (r>0) : ae 
== 2D Bp yaa a ee (7=0). (29) 
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The fact that the ratio of the weight- 
average to the number-average degree of 
polymerization tends to 2 for large ¢ tells us 
that the distribution in a sufficiently poly- 
merized system approaches to the Poisson 
type, as reasonably expected. In Fig. 7, we 
give schematic curves for the average degrees 
of polymerization. 


Fig. 7. 


It should be noted that the average degrees 
' of polymerization are independent of the re- 
- combination rate ke in the initial stage (see 
Eqs. (10) and (10’)), but that, for large total 
dose or after sufficient time interval, they 
exhibit different dose dependence according 
as 7~>0 or y=0. Namely, the average 
degrees of polymerization tend to be propor- 
tional to D/I for r>0 and to D‘/?/k:I for 7 
=0, where D means the total dose D=Ir. 


§9. Solution with a Different Initial Con- 
dition 

So far we have dealt with the case where 

only monomer molecules are present at t=0. 

In this section we consider a more general 
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initial condition that that x=m, y=y: at f=0, 
which implies that some monomer radicals 
exist at ¢=0. Analysis similar to that in 
Section 5 give informations about the be- 
havior of 7. and mo. The resulting curves* 
are shown in Fig. 8 and Fig. 9. 

Under the initial condition considered in 
this section we cannot use the method in 
Section 6 in order to examine the validity of 
the stationary state hypothesis. In what fol- 
lows, we describe a different approach to 
somewhat rough estimation which gives a 
sufficient condition for the validity. 

Denoting the ordinate for any x of the 
P=0 and the curve Q=0 by yp» and yo, re- 
spectively, the quantity 


l=(Ya—-Yp)/ Vp 
can be interpreted as measure of validity, be- 
cause in the stationary state yg=yp. By de- 
finition 7 satisfies 
(c/b)\1 +1)?—ab-'/4(1 —x)/74(1+)—-1=0. 


When we regard / as a function of (1—x)!/? 
we have a curve as shown in Fig. 10. 

Now we may define the precision € of the 
stationary state approximation by 


(y—Iv)/Yal <E . (30) 


Thus, provided that &€>/:=(0/c)/?—1, the 
stationary state approximation is reasonable 
in the sense that by (30) holds in the inter- 
val 0<%<%2, where x. is given by 


(c/b)\1 +€)?—ab-¥/2(1 —x2)#1 + €)—1=0. (1) 
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This result can be as a criterion for the 
validity of the stationary state approximation. 


§10. Concluding Remarks 


In conclusion, we will summarize our 
results. 
(1) The stationary state hypothesis leads 


to mathematical contradiction if it is inter- 
preted to require that the number of radicals 
should remain constant for a finite time 
interval. 

(Il) If we interpret the stationary state 
hypothesis from a wider standpoint, we find 
the restricted range of its validity. We have 
derived an expression by which the range is 
estimated. 

(Il) Without resorting to the rather ambig- 
ous hypothesis, we can classify various pos- 
sible behaviors of the number of radicals as 
well as of molecules as a function of time. 
In particular, we have given a lower and an 
upper bound of the number of radicals as 
well as of molecules at any time. 

(IV) It can be shown that the number of 
radicals generally increases at the beginning, 
then reaches a maximum and decreases 
finally, vanishing asymptotically after an in- 
finite lapse of time. 

(V) We have discussed the asymptotic be- 
havior of the total number of radicals as 
well as of molecules to find out that there is 
a marked distinction in the asymptotic be- 
havior for the case that the recombination 
between radicals does not occur from that 
when it does occur. It is also shown that 
the molecular size distribution approaches the 
the Poisson type asymptotically. So far our 
discussions have been formally confined to 
radiation-induced polymerization described by 
our model reaction scheme. However, this 
scheme is also applicable to other cases such 
as conventional radical polymerization and 
ionic polymerization, if we adopt properly 
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modified interpretation of the rate constant 
and regard Rs(r) as the fraction of appro- 
priate reaction intermediates having degree 
of polymerization s. Thus these cases can 
be also studied by our present method to give 
similar results although some modifications 
will be necessary. 
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The fatty plastic body such as butter or margarine possesses the 
remarkable non-Newtonian character in its rheological properties. The 
quantitative study of the viscosity, elasticity and yield value of butter 
has been performed under various conditions of temperature and shearing 
stress. The apparatus employed in the measurements involve an oscil- 
lating plate viscometer, a cone-plate viscometer and a parallel plate 
plastometer. 

The viscosity, elasticity and yield value decrease remarkably when 
the specimen is subjected to the kneading on the roll mill, but they 
recover gradually to their original values after setting the specimen for 
a long time. The phenomenon can be called as a kind of thixotropy. 

The volume dilatometry of the specimen has been also carried out 
continuously for a setting period of two months. From the comparison 
of results, the magnitude of viscosity or yield value of butter could be 
successfully connected to the degree of crystallization of fat in butter 
which had been evaluated from the specific volume of the specimen. 
The origin of the thixotropic softening and hardening of butter should 
be sought for, therefore, in the mechanism of rupture and formation of 


the three dimensional network of fat crystal in the specimen. 


§1. Introduction 


The fatty plastic body such as butter, 
margarine and confectioner’s fat consists of 
many small crystals of the order of a few 
micron or less, enmeshing a considerable 


_ proportion of liquid oil within their texture. 


Consequently its rheological properties are 


| highly dependent upon temperature and pres- 


sure. Especially, butter is a typical fatty 
plastic body which has been widely used as 
eatables by spreading on bread, and its rheo- 
logical properties are most important in the 
practical process as carrying, storage, mould- 


- ing, and spreading. Many investigations on 


the rheological properties of butter so far 
carried out!-®) indicate that the viscosity of 
butter varies with time during working or 
setting. Scott Blair et al.®-? have pointed 
out that the decrease of viscosity during 
working and the recovery during setting are 
a kind of thixotropic phenomena. 

In this paper, using butter as an example 
of plastic bodies, a more quantitative study 
of the rheological properties of plastic body 
has been undertaken. In connection with the 
thixotropic phenomena the variation of crystal- 


reveal 


linity during working and setting has been 
also investigated in detail. 


§2. Experimental Methods 


2.1 Specimen 

The butter employed in our experiment was 
storaged for about one month before measure- 
ments in a constant temperature room at 
+5°C, so that the tempering of specimen had 
been completed. Its chemical components are 
16% water, 2% salts, 0.8% protein, and 81.0 
% fat approximately. The liquid components 
are being dispersed into the solid fat in the 
shape of spherical droplets ranging from about 
one to ten micron in diameter. 


2.2 Procedure and method of kneading 

The duplicate roller used for kneading of 
butter has the size of 7.5cm diameter and 
17.5cm length, and the clearance between 
rollers is varied in four steps of 0.55, 1.65, 
3.00 and 4.05 mm respectively. The speed of 
rotation of roller is 18r.p.m. and the amount 
of sample used for kneading at one time is 
about 500g. The temperature of working 
was kept at 25°C or 20°C, but the tempera- 
ture of sample rose up about 2°C during 
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kneading. 


2.3 Vibrating plate viscometer 

During working at 25°C, about 50g of 
worked butter were taken out into a glass 
beaker at intervals of a few to ten minutes. 
Immediately, the dynamic viscosity and rigidi- 
ty modulus were measured using a vibration- 
plate viscometer.®)'!? The vibrating porting 
of this viscometer was a small cylindrical rod 
of brass which had the size of 3mm diameter 
and 30mm length. 

The resonance angular frequency and 
mechanical loss of this viscometer are con- 
nected with the viscosity y and rigidity G of 
the specimen by the following equations: 


y=K (tan d—tan 0)) 
K 


Wo 


Cl) 
(2) 


(poise) 


C= (dyne/cm?) , 


(w?— ao”) 


where K is a constant of apparatus, wo, 
the resonance angular frequency in air and 
in sample respectively and tand), tand the 
mechanical loss in air and in sample respec- 
tively. The constant K was determined by 
using silicone oils of known coefficients of 
viscosity. 
2.4 Cone-plate viscometer 

Static viscosity and yield value of butter 
immediately after working was measured 
using a cone-plate viscometer which was the 
same type as developed by Markovitz et al.'? 
A small quantity of viscous butter was taken 
up from the roller and filled into the wedge- 
like space between cone and plate. The up- 
per cone was fixed and the lower plate was 
rotated around its axis at a given torque, and 
then the rotational velocity of the plate was 
measured. 

The viscosity 7 is represented by the fol- 
lowing equation; 

‘G 
"= O]8) ’ ‘she 

where t is the torque of rotation, 2 is the 
angular velocity and @ is the angle between 
cone and plate. Thus, 2/@ represents the 
rate of shear. In this experiment, the angle 
6 was 2° and 2/6 was ranged from 1 to 10? 
Seca 

Although the worked butter is very fluid, 
it has still a low yield value and when the 
rotational torque becomes larger than the 
yield value, the rotational angular velocity 
of the plate increases rapidly. The yield 
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value can be determined by extrapolating this 
flow curve to the zero shear rate. 


2.5 Parallel plate plastometer 

At intervals during working, a batch of 
viscous butter was taken from the roller and 
was poured into a metal mould and the cylin- 
drical specimen of 6cm diameter and 1.4cm 
height was made. The viscosity of the speci- 
men was measured by means of a parallel 
plate plastometer and its change was investi- 
gated during setting for a period of 60 days 
at temperature 16°C, and 20°C and 25°C re- 
spectively. 

The parallel plate plastometer is the one 
generally used for measuring the plasticity 
of rubber. The specimen with cylindrical 
form is placed between two parallel plates 
and a constant force F is applied perpendicu- 
larly to the plate. The displacement of the 
upper plate, or the change of the height of 
specimen, is measured continuously. The 
viscosity of the specimen can be determined 
from the time variation of the height of the 
specimen. 

The equation developed by Dienes and 
Klemm!” has been employed in the prelimi- 
nary experiments. In the present case, the 
volume of the specimen is constant. Assum- 
ing Newtonian flow of the specimen, the 
reciprocal of the fourth power of the height 
h is connected with time ¢ by the following 


equation: 
OVC ail il F 
8x (eigenen we 


where F is the force applied to the specimen, 
V the constant volume of the specimen, and 
7 the viscosity. The mean shear rate of the 
specimen can be calculated by the following 
equation derived by Longworth?®: 


r=R(2z=(h/2) 
snarl | 2nr oe dr dz 
r=0 Jz=0 Oz 


2701/2h3/2R 
= BV (sec-) , 
where R is the radius of the specimen, 7 the 
mean velocity gradient in the direction paral- 
lel to the plate, and fy» the initial height. 
When the pressure is removed from the 
specimen compressed to the height min, the 
recovery of the height 4x is observed. The 
corresponding strain y is expressed by 


ee bs 


mig ; 


(5) 


(6) 


1961) 


Then the Young’s modulus E is calculated 
from the equation 


Fe 
E : (7) 
where Fr is the pressure before unloading. 
As the above described Dienes’ equation has 
been derived for the Newtonian liquid, the 
viscosity y calculated from this equation is 
only apparent for the non-Newtonian material 
such as butter. Recently, Oka, et al.!“) have 
developed a new theory which can be applied 
to the Bingham body with a yield value. 
According to their theory, when the volume 
of the specimen is kept constant, the time 
variation of the distance between parallel 
plate is expressed by 
. V37/2 
= (F aro 
where f is the yield value. 


,  (dyne/cm?) 


2xh* 
Se * 
Denoting by hz 


(8) 


the limiting height of the specimen for h=0, 
one gets from equation (8), 
iy V3/2 iff 2/5 
n= (5 7 ) (9) 
From equation (9) the yield value f is ob- 
tained from the height of the specimen when 
the velocity of decrease of height approaches 
Zero. 
From the equation (8) one gets also: 
h Vie Qn 
log ( —4;)=log(F agar) toe 3yV2 
(10) 


Thus the plot of log (—/h/h®) against log (F— 
Sf V?/?/37'/2h'/2) is linear. From the point where 
the straight line intersects with the ordinate, 
the viscosity of the specimen is determined. 
An example of the experimental data of butter 
plotted according to equation (10) is repre- 
sented in Fig. 1, which shows the linear re- 


lation over a certain range of hlh’. 


2.6 Volume dilatometry of butter, fat and 
liquid component 

The relation between specific volume and 
temperature in butter, butter fat, and liquid 
component were measured by a dilatometric 
method. The dilatometer consisted of a capil- 
lary and a valve, made of Pyrex glass, the 
volume of the valve being 5.0c.c. and the 
diameter of the capillary 1.5mm. After in- 
serting the specimen, the glass tube was 
evacuated for one hour, and then purified 
mercury was filled in the capillary. 
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The butter fat was obtained by the follow- 
ing procedure. After melting butter of 200¢ 
at 90°C for about one hour, butter fat was 
separated using a filter paper. The filtered 
fat was washed three or four times by hot 
distilled water at 80°C. After confirming no 
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Fig. 1. The plot of experimental data by the 


equation (10). 


salt reaction by 0.1N. AgNOs, the filtered 
warm butter fat was dried in a vacuum oven. 
In the dilatometry, about 3g. of molten liquid 
butter fat was used. 

The liquid components were separated from 
butter by mechanical working at +5°C. The 
most part of the liquid was water, but con- 
tained 10.9% salt and 2.9% protein and the 
very small amount of water soluble inorganic 
components. 

The dilatometer filled with the worked but- 
ter was kept at 20°C in a constant tempera- 
ture room and the height of mercury head 
was measured every day for about two months. 
The degree of crystallinity was determined 
from the specific volume using the correlation 
curve between specific volume and crystal- 
linity of standard butter. Specific volume— 
temperature curve corresponding to the solid 
state was corrected for the deviation by 
freezing of the liquid components. 
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§3. Experimental results and discussions 


3.1 Temperature dependence of viscosity and 
elasticity 

A preliminary test was first made for virgin 
butter at various temperatures, shear rate 
and pressures. The viscosity and the elasticity 
of virgin butter was measured at several 
temperature from 11°C to 25°C, by means of 
a parallel plate plastometer. The viscosity 
was calculated by Dienes and Klemm’s equa- 
tion. 

Fig. 2 illustrates the relation between the 
viscosity and the mean shear rate in the 


log,g7 (poise) 


-4 =} 


sift -6 Oe 
logio r(sec) 
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Fig. 3. The variation of the elasticity H with the 


shear rate 7 at the various temperature from 
PC ton 2556; 


logarithmic scales. The change of viscosity 
with the shear rate or the temperature is not 
so large in a range from 11°C to 14°C. But 
when the temperature rose to 20°C, the vis- 
cosity of butter decreases rapidly and log y 
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decrease linearly with the increase of log r. 
At the temperature over 20°C, the viscosity 
of butter becomes greatly dependent on the 
temperature and the shear rate, that is, the 
rheological behavior is non-Newtonian. 

Fig. 3 depicts the variation of Young’s 
modulus E of virgin butter with the mean 


shear rate 7 for the various temperatures. 
It is seen that log E increases linearly with 


log? and that E decreases rapidly with the 
rise of temperature. The value of Young’s 
modulus obtained is of the same order as the 
results by Davis®, 10°-10* dyne/cm? at 16°C. 
The behavior of elastic modulus also indicates 
the non-Newtonian character in the mechanical 
property of butter. 


3.2 The variation of viscosity and rigidity 
during working 

The results described in the previous sec- 
tion has shown that the mechanical properties 
of butter is largely affected with temperature 
variation. In order to see the effects of the 
mechanical processes, it is necessary to in- 
vestigate the variation of the mechanical 
properties during kneading. For this purpose, 
about 500g. butter was kneaded by a dupli- 
cate roller at 25°C and the viscosity and 
rigidity during kneading were measured by 
a vibrating plate viscometer with the lapse 
of time. The temperature rise of butter 
during rolling was only about 2°C and did not 
affect the viscosity and the rigidity. 

Now denoting by a the clearance of the 
roller, by v the pheripheral velocity of the 
two cylinders which have equal velocity, and 
assuming that the butter does not slip at the 
surfaces of the rollers, the amount of flow Q 
through the clearance of the rollers per unit 
length parallel to roller shaft is roughly calcu- 
lated by 


Q=vaitw, 

where tw is the time of working. 

Fig. 4 shows the variation of the viscosity 
and the rigidity during working with the 
lapse of time at 25°C. In the abscissa the 
amount of flow Q is taken instead of time. 
The decrease in the viscosity and the rigidity 
of butter is most rapid initially and each 
values gradually reach to an equilibrium one 
which varies with the clearance of the rollers. 

Intuitively, one sees that the narrowing of 
the clearance between the two rollers in- 
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creases the shearing stress and the destruc- 
tion of the rolled medium continue until the 
lower viscosity is accomplished. 

Using a cone-plate viscometer the yield 
value in addition to the flow curve was meas- 
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Nig. 4. The variation of the viscosity 7 and the rigidity 
G of butter with the amount of working measured at 
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Fig. 5. The flow curve of kneaded butter. 


ured at 21°C. Through these experiments, 
the butter was kneaded by the clearance of 
the rollers which is fixed at 3mm and the 
kneading temperature was kept at 20°C. The 
curves in Fig. 5 show the relation between 
shear stress t and shear rate D for different 
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working time in the linear scale. Each flow 
curve can be separated into two parts, one 
is over the range 0-10 sec-* being non-linear 
and the other over the upper range of the 
rate of shear (10-50 sec-!) being approximately 
linear. Upper linear parts of each 
curve have an identical gradient. 
The lower part is strongly curved, 
but the yield value is obtained by 
extrapolation of the lower linear 
portion. It is remarkable that the 
butter has a yield value even after 
working for 60 minutes. 
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18 Fig. 6. The variation of viscosity 7 and 
the yield value f of butter with working 
time. Kneading of butter and measure- 
ment of viscosity and yield value were 
carried out at 21°C+1°C. 


Fig. 6 shows the variation of yield value 
and viscosity with the working time. The 
tendency that the yield value and the vis- 
cosity rapidly decrease in the initial period 
of working, about 30 minutes, and thereafter 
approaches to the constant value, is similar 
to the variation of the dynamic rigidity and 
viscosity during working, which has been al- 
ready described. 

The apparent viscosity » was defined as 
the ratio of the shear stress to the shear rate 
t/D and the relation between the apparent 
viscosity 7 and the shear rate D is shown in 
Fig. 7. The curve of each working time are 
nearly straight with an almost equal slope. 

Recently Tempel! has observed the de- 
crease of the viscosity and the rigidity with 
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the increase of shear stress in the fatty gels 
of 15%-25% glycerol-tristearate suspension in 
paraffin oil. He assumes that the three di- 
mensional network of tristearate crystals is 
ruptured by the shearing stress. The reduc- 
tion of the viscosity, rigidity and the yield 
value of butter during working seems to in- 
volve similar mechanism. Namely, being 
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Fig. 7. The variation of the viscosity of butter 
with the rate of shear at various working time 
from 0 to 60 minutes. 


subjected to the strong shearing stress by 
compression through the clearance of the 
roller, the crystal network constituting the 
body of butter is broken and molten by the 
mechanical friction between the crystals. 
These consideration will be further discussed 
and confirmed in a later section from the 
dilatometric study. 


3.3. The recovery of viscosity and yield value 
during setting 

The previous investigators!®.'!” have already 
reported that the viscosity of butter which 
had been reduced by working recovered to 
the original viscosity after a certain time 
of setting. The variation of viscosity and 
yield value due to the setting of butter was 
measured by means of a parallel plate plasto- 
meter at 25°C. The butter was kneaded by 
the roller whose clearance was fixed at 1.65 
mm and the temperature of setting after 
working was kept at 16°C for from one day 
to ten days. Using the equation of Oka, et 
al. both the yield value and the viscosity have 
been determined. 

From Fig. 8 and 9, one sees that the rela- 
tions between the viscosity and the working 
time and between the yield value and the 
working time are similar to the results which 
were obtained by a cone-plate viscometer 
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(Fig. 6), although the present data were ob- 
tained at one day after each working time. 

However, because the present viscosity 
measurements were carried out at the differ- 
ent temperature and under much lower shear 
rate than the case by the cone-plate visco- 
meter, both results can not be quantitatively 
compared with each other. 

The closed points indicate the recovery of 
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Fig. 8. The variation with working time of the 
viscosity of butter measured at 25°C after set- 
ting for 20 hours at 16°C. Closed points show 
data after setting 8 days and 10 days at 16°C. 
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Fig. 9. The variation with working time of the 
yield value of butter measured at 25°C after 
setting for 20 hours at 16°C. Closed points show 
data after 8 days and 10 days at 16°C 
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the viscosity and the yield value after eight 
or ten days setting. It is seen that the thixo- 
tropic recovery of the viscosity and the yield 
value is progressively performed as the lapse 
of setting days. 

Scott Blair, Davis», and Dolby® have previ- 
ously discussed the recovery of viscosity in 
connection with the recrystallization of fat 
which is the mixture of a solid phase and a 
liquid phase. From the reduction of recovery 
of the viscosity after the repetition of work- 
ing, it was concluded that the body or texture 
of fat could not be completely reproduced to 
the original state. However, provided that 
their setting time were long enough as the 
author’s, the recovery of the viscosity might 
be more perfect. 

From the fact that the yield value of butter 
does not disappear after such long working 
time and that it gradually recovers by setting 
as well as the viscosity, the butter can be 
defined to be a thixotropic plastic substance, 
as denominated by Burger and Scott Blair'®. 


3.4 Volume dilatometry of butter, fat and 
other liquid component 
The relation between temperature and 
specific volume of butter, butter fat and dis- 
persed dropets were determined by dilato- 
metric measurements (Fig. 10). The temper- 
ature range of observation was from —38°C 
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up to 50°C and the rising rate was very slow, 
about 6°C/hour so that the retardation of 
phase transition would be perfectly eliminated. 

Volume-temperature relation of butter fat 
shows distinctly many breaks at the respec- 
tive specified temperature. The lower (under 
—32°C) and upper (over 40°C) linear portion 
is the specific volume of solid state and liquid 
state of fat respectively varying with tem- 
perature. The breaks between these two 
parts should correspond to the phase transi- 
tion temperature of many ingredients (glyce- 
ride of fatty acids) involved in the specimen. 
The specification of each glycerides of fatty 
acid corresponding to each breaks, however, 
could not be performed. 

The thermal expansion coefficient of butter 
fat evaluated by Demann, et al.!® was 0.58 x 
10-*c.c./g.°C for the solid state and 0.58x 
10-° c.c./g.°C for the liquid state. From the 
present experiment the thermal expansion 
coefficient of butter fat was obtained to he 
0.48 x10-*c.c./g.°C for the solid state and 
1.0010-*c.c./g.°C for the liquid state. The 
values obtained in both measurements agree 
approximately with each other. 

In the case of whole butter, a depression 
of dilation curve occurs around —22°C, which 
is not observed in the cas2 of butter fat. 
From the thermal dilation curve of liquid 
component, however, it is recognized that the 
above depression is caused by the freezing of 
liquid droplets contained in the butter. Con- 
sequently, in order to obtain the relation be- 
tween the crystallinity of fat and tempera- 
ture, the dilation curve of whole butter must 
be corrected by substituting the extrapolated 
values which are obtained by extending of 
the linear portion of the liquid component 
curve. The corrected curve is shown by the 
dotted line in Fig. 10. Each transition points 
of butter are in fairly good agreement with 
those of butter fat (see Table I). 

The degree of crystallization @ is calculated 
by the following relation, 

eeVie- Ut 

ds’ 
where v1, vs is the specific volume of the 
liquid and solid state of butter respectively. 
The value vw: and vs at the measuring tem- 
perature ¢ were obtained by the extrapolation 
of the straight lines at both ends in the dila- 
tion curve. 
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Table I. Thermal transition points of 
Butter and Butter fat. 
Butter fat, tp.r Butter, tg At 

(°C) @G) (ta—tp F) 

—30.8 —31.0 —0.2 

—16.5 —13.8 +2.7 

—10.0 — 8.0 +2.0 

— 4.8 — 5.5 —0.7 
3.8 3.6 —0.2 
IB 16.0 +1.8 
19.2 19.5 +0.3 
22.6 Page —0.2 
26.1 PRS) +1.4 
353 3425 —0.8 
37.6 Bho —0.1 


The degree of crystallization of butter and 
butter fat obtained from the above calculation 
is plotted against temperature in Fig. 11. 
Both curves are very similar with each other. 
Especially, the fact that the curves fall off 
in the range from 19°C to 27°C suggests that 
the large amount of crystallized fat melts at 
these temperatures, causing the sudden de- 
crease of the viscosity of butter as mentioned 
previously. 
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Fig. 11. Crystallinity of butter fat and butter 


versus temperature. 


3.5 The crystallization of worked butter during 
setting 

The soft butter which was worked for 30 
minutes at 20°C, was filled in a dilatometer 
and placed in a room regulated to the constant 
temperature of 20°C. Then the decrease of 
specific volume was measured for the period 
of 60 days. The degree of crystallization 
corresponding to each specific volume can be 
calculated using the correlation curve which 
was given in Fig. 10. 

Immediately after working of the butter, 
as is seen in Fig. 12, the degree of crystalli- 
zation is only about 3%, but it gradually in- 
creases through many steps. 

Each jumping from step to step probably 
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corresponds to the transformation from the 
metastable state to crystallized state of each 
di- or tri-glyceride. 

Avrami has theoretically found that the 
kinetics of phase change is expressed by the 
following equation?”- 


je AL ead pag 7 (13) 


Vo— Voo 
where vw, is the specific volume at time ¢, vo 
and v.. the specific volume at the initial and 
the final state respectively, and k, ” are con- 


stants. The constant & is proportional to the 
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Fig. 12. Crystallization curve of worked butter 
during setting at 20°C. 


Table II. 


Mechanism of 


Value of n. genesis of nuclei 


Shape of crystal | 


1 needle like predetermined 
2 needle like sporadic 
3 polyhedral like predetermined 
4 polyhedral like sporadic 


rate of nucleation and also to the rate of 
growth, while the constant 7 is defined by 
the mechanism of nucleation (see Table IID). 
When the logarithm of log (v.—v:)/(ve—v) 
is plotted against the logarithm of time, is 
obtained from the slope of line and changes 
from 1 to 4. 

According to the equation (13), the results 
of Fig. 12 were reproduced in Fig. 13. The 
relation between log log (v.—v:)/(vo—vo) and 
log ¢ is linear and its slope is about 1.1. Thus, 
it can be said that the crystals in worked 
butter grow up in the needle-like shape and 
their nuclei generate predeterminately. 

The experimental results obtained at —5°C 
are also plotted in Fig. 13 in which the slope is 
about 2.0, Therefore, although the shape of 
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crystals is needle-like, the genesis of nuclei 
is sporadic. 

Few observations have been published on 
the crystal growth of butter and other fat 
during isothermal setting. Microscopic obser- 
vations by Mohr, et al.!”.29 can only be re- 
ferred. 
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Fig. 18. The analysis of the change of specific 
volume during setting by Avrami’s theory. 


Recently, the author and his co-worker?” 
have found with the electron microscope that 
the shape of the crystal in butter is plate-like 
at low temperature of —40°C. This fact indi- 
cates that the value of constant should be- 
come larger at lower temperatures. 


3°6 The recovery of viscosity, yield value and 
crystallinity during setting 

As described in the previous section 3.3, 
the viscosity and the yield value of worked 
butter recover approximately to their original 
unworked values after sufficient time of set- 
ting. In order to investigate further the 
relation between the degree of crystallization 
and the rheological properties of butter, the 
measurements of the viscosity and the yield 
value during setting was carried out in paral- 
lel with the volume dilatometry. 

In Fig. 14, the recoveries of the viscosity 
and the yield value with the lapse of setting 
days are represented by the logarithmic scales. 
The rate of recovery of the viscosity is rapid 
during the initial ten days and then becomes 
slower. The recover of the yield value is 
more rapid than the viscosity and the re- 
covered value after setting of ten days ap- 
proaches nearly to the yield value of unwork- 
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ed butter. 

Assuming that the increase of viscosity 
during setting is proportional to the decrease 
of specific volume, the values of viscosity 
can be replaced for the specific volume in 
the Avrami’s equation as follows, 


1-470 — exp (— hi”) , 
Qo— Ho 
where y is the viscosity at time ¢, 7 and 7. 
the viscosity at the initial and final state re- 
spectively. Using equation (14), the results 
in Fig. 14, were reproduced in Fig. 15. 
It is seen there that the plots are slightly 
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Fig. 14. The recovery of the viscosity 7 and 
yield value f of worked butter during setting 
at 20°C. 
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Fig. 15. The analysis of the recovery of viscosity 
during setting by Avrami’s theory. The vis- 
cosity was substituted for the specific volume 
in the Avrami’s equation. 
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disordered but the linear relationship between 
log log (yo—7)/(yo—0) and logt holds fairly 
well. The slope of straight line is about 1.2 
and agrees with the value of the slope of the 
straight line in Fig. 13 which expresses the 
relation between log log (v.—w:)/(vo—Vo) and 
log ft. 

From the results mentioned above, it must 
be admitted that the thixotropic recovery of 
the viscosity and the yield value is entirely 
associated with the growth of fat crystals. 


§4. Conclusion 


From all the above described experimental 
results we may draw some conclusions about 
the fine structure and the rheological proper- 
ties of butter which was taken as an example 
of a soft plastic body. The large temperature 
dependence, especially around 20°C., is attri- 
buted to the melting of fat crystals. The 
rheological properties are largely dependent 
on the shear rate and the shear stress and 
exhibit the non-Newtonian character. 

The authors has described in the previous 
work that the crystals in butter have the 
dendrical or plate-like shape at low tempera- 
tures and their main constituents are the 
fatty acids of stearin, palmitin and olein. 
As suggested by Tempel, the fat crystals in 
butter from a three dimensional network 
structure, which is deformed under the ex- 
ternal force. 

Under the low shear stress the breaking of 
the mechanical interlinks between fat crystals 
is negligible, but when subjected to higher 
shear stress as in the case of strong knead- 
ing, the junctions between crystals are com- 
pletely ruptured and causes the softening of 
the material. Besides, as is seen from dilato- 
metric study, butter includes many kinds of 
fat which has comparatively low melting tem- 
perature. Therefore, the fat crystals are 
easily melted by the mechanical friction be- 
tween them during strong kneading. 

On the other hand, it is remarkable that 
the definite yield value is still observed after 
quite a long working, which suggests the re- 
maining of the crystal network. 

It is also noticeable that both the viscosity 
and the yield value can recover to the original 
values after setting, which manifests the com- 
plete recrystallization of fat crystals. 

Phenomenologically butter can be called as 
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a thixotropic substance, or more strictly a 
plasto-thixotropic substance as defined by 
Burger, et al. 

The isothermal growth of fat crystals during 
setting can be interpreted by the Avrami’s 
theory. In the fat of kneaded soft butter 
the needle-like crystals grow during setting 
and these crystals form a kind of network 
which occludes liquid oil of low melting tem- 
peratures. It has been revealed by the pre- 
sent experiments that the recovery of vis- 
cosity during setting is closely related to the 
crystal growth of butter fat and the forma- 
tion of crystal network. 

A more extended study in the viscoelastic 
properties of plastic body is now being under- 
taken. The electron microscope observation 
would be also helpful in analyzing the micro- 
structure of fat crystals in the texture. 
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Scattering of Microwaves from a Cylindrical Plasma 


in the Born Approximation. I 


By Yukio MIDZUNO 
Department of Physics, Faculty of Science, University of Tokyo 


The scattering of a plane microwave incident upon a cylindrically sym- 
metric non-uniform plasma is treated in the Born approximation. When 
the electric vector is parallel to the axis of the cylinder, the angular 
distribution function of the cylindrical wave scattered from a cylindrical 
collisionless plasma is given by 


F(0) = / Revs/se3| “key(p") ol 2k! sin 5 ede’ : 
2 0 \ 2 


Here @ is the scattering angle, 7=(w p/w)? with the plasma frequency 
py, and the incident wave is assumed to be proportional to e/(wt—kx), 
The angular distributions for other cases, e.g. waves with the electric 
vector perpendicular to the axis and/or plasmas with collision loss in a 
magnetic field, are simply related to f(@). For some special density dis- 
tributions such as that of Jo-type, the integration in f(@) can be per- 
formed analytically. Finally the same formulas are rederived by sum- 
ming the radiations from electrons which are forced to oscillate by the 


incident wave. 


length of the microwaves was comparable 
with the dimension of the discharge tubes 
and in such cases the scattering of a plane 
wave from a cylindrical plasma would be a 
better approximation to the reality than the 
arrangements above. Furthermore if we wish 
to know the density distribution, we must 
carry out some experiments varying at least 
one parameter such as the frequency of the 
microwaves”. In the case of the scattering 
from a cylindrical plasma, there is a pos- 
sibility that the angular distribution of the 
scattered waves can be used for that purpose. 

Plasma behaves as a dielectric medium for 


Introduction 


el. 

Recently many experiments on the propa- 
gation of microwaves in cylindrical discharge 
tubes have been carried out with the pur- 
pose of measuring the density or the density 
distribution of plasma in the tubes’. Most 
of them measured the phase shift of the 
waves effected by the plasma and derived 
the density using a formula appropriate to 
the one-dimensional arrangements. In other 
words, they treated the plasma as if it had 
the form of an infinite plane slab, upon which 
a plane microwave is incident normally. But 
in some of these experiments, the wave- 
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the propagation of microwaves, and the scat- 
tering of microwaves from a_ cylindrical 
plasma is nothing but that from a dielectric 
rod. The effective dielectric constant of a 
plasma depends on the frequency of the 
waves and the density of the plasma. It is 
anisotropic in a magnetic field. Thus we 
have in general the problem of the scattering 
from a non-uniform anisotropic dielectric rod”. 

The scatterings of microwaves from a uni- 
form isotropic dielectric rod have been inves- 
tigated by several authors from both the theo- 
retical and the experimental sides®.». The 
same problem from an anisotropic rod was 
only recently dealt with by Platzman and 
Ozaki®, who treated the normal incidence of 
a plane microwave upon a circular cylinder 
of a uniform plasma in a uniform magnetic 
field parallel to the axis of the cylinder. Then 
the resultant wave equations can be solved 
in terms of a series of Bessel functions and 
they got the angular distributions of the scat- 
tered waves using an electronic computor. 
Although their method is rigorous and can be 
used no matter how dense the plasma is, it 
would be extremely laborious, were it not 
prohibitive, to apply this method to a non- 
uniform cylindrical plasma. 

In this paper, we treat the scattering of 
microwaves from a non-uniform cylindrical 
plasma in the Born approximation. Although 
this can be applied only to a plasma of rela- 
tively low density, it has such an advantage 
that the final results are very simple for any 
cylindrically symmetric density distribution 
of plasma, especially simple for some realistic 
distributions. We formulate in section 2 the 
basic equations of our problem, and in sec- 
tion 3 derive the angular distribution of the 
wave scattered from a non-uniform cylindrical 
plasma. Section 4 presents the integrated 
forms of the angular distributions for some 
realistic density distributions. Finally in 
section 5 the same formulas as in section 3 
are rederived from another point of view, 
which will help us to grasp the nature of the 
scatterings from a plasma. 


§ 2. 


Basic Equations 


We start with the Maxwellian equations for 
the electromagnetic field (in Gaussian units) 


(2.7) 
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Let a plasma be at rest. 


Then the current | 


J in the plasma is determined by the follow- | 


ing equation”: 
m OJ 1 1 my 
— a d pe ———J x B-— —J, 
ne? Ot _ ne ae nec ne 


(2:3) 


where m, —e, v are the mass, charge and 
collision frequency of an electron and m and 
be are the number density and the partial 
pressure of the electron gas respectively. 
When the wave-length of the incident wave 
is much larger than the Debye length, as 
usually the case, (me)-! grad fe is much smaller 
than E induced by the density variations of 
electrons and can be neglected. Furthermore 
since we shall treat J as a small quantity 
induced by the incident waves, B in the right 
hand side of (2.3) can be replaced by the ex- 
ternal uniform static field By). Then under 
the assumption that no external electrostatic 
field exists and that all small oscillating 
quantities are proportional to e’’’, where 
is the frequency of the incident wave, (2.3) 
reduces to 

(1—j8)J—jrJ x b=— jE ' (2.4) 
Here B=»v/o, r=a/w, N=(Wp/o)?; we and wp 
are the electron cyclotron frequency and the 
plasma frequency respectively, 


e| Bol »__ 4me’n 
0. — @ —— 


c , p ; (2.5) 
mec m 
and 6b is the unit vector parallel to By. The 
solution of (2.4) is expressed as 
J=0o-E ? (2.6) 


where o is the conductivity tensor and given 
by (with z axis along b) 


oe ah | Eel 1 5 Meng 
ti( ia L | 


(2.7) 
OVeude: Onna 
Lea the jp nghend tlt ¥y »_ bah 
(1=jpy =r" (1—jp=7?’ 1—jp° 
(2.8) 


The substitution of (2.6) into (2.2) shows that 
the plasma is equivalent to a medium whose 
effective dielectric constant is given by 


| 
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Cael? aria png 0 Lad Wonks 1 OE 
, z 2G — p2 
( jMy 1—-Ly 0 (2.9) 0 Oo (c or) + 0? 06? eee 
0 0 1—Ny’. (2.11) 


Let us derive the equation for EK. On elim- 


= and other t i i i 
inating B from (2.1) and (2.2) and using (2.6) Py Ea ODS WIG Cae He 


and £ simultaneously. 


we get , : 
The equation for B are derived in a similar 
—rot rot EPR anihoE. (2.10) Manner from (2.1), (2.2) and (2.6) to be 
é 
where k=w/c. If we introduce the cylindri- rot rot B-RB=* rot(a -E), (2.12) 
c 


cal coordinates (0, 6, z) with z axis along b 
and assume all the quantities to be independ- which reduces, under the same assumption as; 


ent of z, (2.10) reduces to above, to 
Oey OB. WO Bs: 5-35 
0 0? dp )+ Sapp 
- ty (Oe : iL) , ; 
=jk,— ——[o(—jMyE,+ LyEe)|———_ [Ly E, + jMy Eo) \ (2.13) 
0 Oo 0 00 
and other two equations for Bp, and Bs. E is given in terms of B to be 
Fis ego rot B, (2.14) 
gR 
where &-! means the inverse tensor of €. It is written in components as follows: 
1 il IMO aie OB: 
£,= — SS ] (1—- Ly) — | 2 
Eiaiaareatende  ae 
1 1 ; iL Oey, OB: ‘ 
aoe fi fee eat ale ahead ek 2.15)» 
jk (= La) + (My E Dapice its ex" 6p cae 


it if Lalo 1 a 
Z— B oe . 
a ik =a do Es AO0ns 


Substitution of (2.15) into (2.13) gives us the desired equation for Bz. In the following: 
throughout this paper we make an assumption that the density distributions of plasmas are: 
independent of 0. Then (2.13) can be reduced to a little more convenient form: 


12 ae 25 OB: +k? B.=k? Ly Bz 
0 0 


; , i 0 1 i> =, sow wile \ D \ 
+i] NE [5 oe ae za jE» 5 (Ma) + Eo 5 (La)} (2.16) 


: From these equations it follows that two modes of waves exist independently each other,. 

one of which has only E., Hp, He as non-zero components and the other has only Hz, Ep. 
and Ee, and that every normally incident wave can be expressed as a superposition of these: 
waves?), We shall call the former as waves of E-type and the latter as waves of H-type. 
Then the basic equation for the waves of E-type is (2.11) and that for H-type is given by 


(2.16) and (2.15). 


§3. The Scattering Formulas in the Born Approximation 
First we discuss the scattering of the waves of E-type. It is shown in Appendix that by 
means of the two-dimensional Fourier transforms the equation (2.11) is transformed to 


EXp)=incident wave +-Li? [Ho (Rl o—p' Nao" Xe’ do" (3.1) 
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Here Hy(x) is the Hankel function of the second kind; p and p’ are two-dimensional 
vectors; the integration should be carried out over all the plane, and we have used the 
boundary condition that at infinity the scattered waves should have only the outgoing com- 
ponents. The expression (3.1) enables us to get Eg) in a power series of 7 by the succes- 
sive substitutions. But here we adopt the Born approximation and make the substitution 
only once. Then Ep’) in the integrand of (3.1) may be replaced by Exp’) of the incident 
wave itself. 
Let the incident wave to be a plane wave*: 


Ev p)=Eve-*? , (3.2) 


where k is a wave vector normal to the axis of the cylinder and |k|=k. Now we are inter- 
ested in the field at a remote point, i.e. the case for p00 and ko>1, where g denotes the 
radius of the cylindrical plasma. Accordingly we can replace Ho(k|e—p’|) in the integrand 
of (3.1) by its asymptotic expression: 


(2) iil \ Gente —jkp+jkp’ cos + (2/4) 7 bb 
Ho™(klp—p'l) ie ait Mi a aeare (3.3) 


where ¢ is the angle between p and p’ (Fig. 1), and thus we 


get the following final result: 


Ep) = Exe + Eaf(O) ene +0 (a) (3.4) 


with 


Rigel, fi@)=Fyf Levine [REN (0 ot —cos +9) dp’ ; (3.5) 
or, when the integration with respect to ¢ is carried out 
fulO)= y/ Review |, #8 a(0')Je(2ko" sin o’dp’ (3.6) 


The magnetic field of the scattered wave at a remote place is derived from equation (2.1) 
to be 


1 | 
Beo(p)=0 Be, , Bokp)= Bsfil0) pane + O( ae ae (3.7) 


The waves of H-type can be treated just in the same way as above. We get the following 
equation corresponding to (3.1): 


BAp)=incident wave+~Tkt [Hol p—p' Dir-hes of (2.16) (p’)|dp’ . 3.8) 


In the Born approximation, H and B in the integrand of (3.8) are again replaced by those 
of the incident wave. Here we note that for the incident wave 


ih 0 4d 
sy oe Hes [ee 
0 Op (p ui a0 Eo 


vanishes identically because the field must satisfy the Maxwell equations in vacuum. Let 
the incident wave be a plane wave 


Bod 0)= Boe-*'? (3.9) 
Eop(p)=Bo sin Be-F*'? , Eve p)= Bo cos be-5*'? , (3.10) 


* Jn this section we omit the time factor et, 
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“Then we have 
Bip)= Bae + 1 | He"(blp—p'l) 
x {keLu( oe + ksin 6’e—k°" Jp Malo) + jk cos 0’e-3" apne’ do’ 
0 


where (0’, @’) is the components of pe in the two-dimensional polar coordinate system. On 
Carrying out the integration with respect to 6’, we get the final result 


Bilp)=Bue-?*? + By f,(6) eee | oC ee (3.11) 


f.(0)= / F gilt {| RL ao’) i( 2ho" sin 5 o'd 
0 


+7 Cos |, Pp Mrko (2h sin )o’dp 
Z Jo 0 2 


+sin|"h 
0 


La CONE (2k0 sin) \y aw’ 


00 
== 12 (3/45 Nae cos 0—jM sin 0)7(’) Jo (2k0" sin + edo’ ; (3.12) 
0 


“The electric field of the scattered wave is given by 


| il 6 1 

Es(0)=O ; Eso 0)= Bo f (0) =e 4” —— : 

=O Gare), — Ewko)=Buful0) pee +0 lear (3.13) 

It should be noted that a resonance phenomenon will occur at ry (=w-/w)=1, as easily seen 

from (2.8). But since one of our basic assumptions is that the scattered wave should be 

weak compared with the incident wave, (3.12) ought not to be used under the condition 
y-~i and 8 (=»/w)<1. 


‘$4, Density Distributions of Some Special Types 
In fully ionized gases 8 is proportional to 2, but in slightly ionized gases it is independent 
of m. Accordingly under uniform external magnetic fields, L, M and N can be regarded as 
-constants independent of the density distribution of the plasma in a slightly ionized gas or 
under the condition B<1. Then it is convenient to express f\(@) and /,(@) in terms of (0) 
--for the collisionless plasma, which we denote by /(@) in the following. 


Fi@=NSf(A) , (4.1) 
f.(A)=(L cos 6—jM sin 8) f(A) , (4,2) 
FO)= yf B eviens \" Halo’ (20 sin )o'do’ (4.3) 


For some types of density distributions, the integration in (4.3) can be performed analyt- 


‘ically. In this section we shall show some useful examples. 
Hereafter we assume 7(p)=0 for p>, and give explicitly the dependency of y on 0 only 


efor p< Po. 
1. The Uniform Distribution 
When 
y= for p<, (4.4) 
Roo Ji(2k oo sin (8/2) ee (4.5) 


1 ra 8/4)aj 
tO=—/ 5 a sin (0/2) 
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2. The Parabolic Distribution 
The distributions of the type 0?” (x=0, 1, 2,---) enable us to perform the integration in. 
f(y) analytically by using the formula 


en" J@)de= — mt en-t edd bam file) +a Joa) : (4.6) 


The uniform distribution is a special case of them. Another interesting case would be the: | 


parabolic distribution: 


n(e)=noll—(0/oo)?] for p<po, (4.7): 
= ea 3/4) 15 J2(2k 00 sin (6/2)) \, 
y ()=,/ ge Din? (6/2) 7° (4.8) 


3. The Distribution of Jo-type 
In a positive column the most plausible density distribution is that of /o-type®: 


n(0)=noJo(E10/00) for p<, (4.9) 


where €:=2.4048--- is the least zero-point of Jo(x). For this distribution also the integration 
can be performed giving 


=) Be ouibe (R00)? Jo(2h oo sin (0/2)) 
f(0)=y/%e (45 4 fa(E1) €2—(2kpo sin (0/2))" No. (4.10), 


§5. An Alternative Derivation of the Scattering Formulas 


Scattering of microwaves by a plasma is effected by the following mechanism. Electrons. | 


in the plasma are forced to oscillate by the field of the incident wave and emit radiations,. 
which in turn perturb the motion of other electrons. In the Born approximation the motion) 
of electrons is assumed to be determined solely by the incident wave and the effect of the 
scattered waves are neglected. Then it is possible to get the scattering formulas by discus- 
sing the motion of each electron directly and summing the radiations from all the electrons. 
in the plasma. Although this procedure gives of course the same formulas as before, it. 
would considerably help us to grasp the very nature of the scattering. 

Let us consider the motion of an electron. We neglect the thermal motion of the electron: 
and let the electron oscillate about a point Q(7’) under the influence of the incident wave.. 
The equation of motion for the electron is 

ad? e dr dr 


Ps , ay r 
are r¥=—eK(r, t)— es We oe Lae : (5.13 


Here we can replace Bi¥, t) by By; and under the assumption that the amplitude of the- 
oscillation is far smaller than the wave length of the incident wave, E(¥, t) can be replaced 
by E,(7’, t). Assuming all the varying quantities are proportional to e/*, we can easily~ 
solve (5.1) and get the electric dipole moment p(¢) about Q due to this electron. 

First we shall consider the case of waves of the E-type. The incident wave is given by 


Eve(p, th= Epesot-kr) Fox= Eey=0. (5.2) 
Then from the solution of (5.1) we get 


ek 


pt)=— a Neither, , (5.3) 


where ez is the unit vector along z axis (=6b). Let us take a remote point Pir) (ig 2) 
The electromagnetic field at P is” 
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bp, RW-R) 
Br) ee ee 
| i a ae (5.4) 
4 ne ade Xp 
Q Br, j= (5.5) 
R ay 
Bit | 3 where R is the vector from Q to P, R=|R| and 
eeo* R\9 AR 
1 == i = 2 

| ese ( A ) oto(t ; ) (5.6) 
Thus denoting the cylindrical coordinate of P by (0, 0, 0) and that 
YAN of Q by (0’, 0’, 2’), we have the contribution of the electron at Q 

P to the scattered field Es. at P as follows: 

de, : 
x , 2 == ’( qy2 = ; 
(Bulr, gz 2 Pta(RIO) __2(o*p(t=(R/o)-R) 
GR GORE 
Fig. 2. Clay ee Zee 
== N i= Jj (@t—kR—Kp’ cos 0’) ‘ 
cm al J? )e 
Then summing the contributions from all the electrons in the plasma, we get 
Rk? Ey eo il Pibel> ener? 9” cos 6” / y 

Er, 2 ene ai : ie age Je Tee ee NN at a (5.7) 


where the integration should be carried out over the entire space. 
In the course of the integration with respect to 2’, we meet the following type of inte- 
gral. 


=| ye eae 


=\" pega Om LIME eh de 6.8) 
where 
£2= 2+ o’?—200' cos (0-6) . (5.9) 


Since in our problem pS+0’ and kpS1, there holds RkE>1. Accordingly we need only the 
asymptotic expression of J for kRE>1. When we introduce a new variable 1aw=k(R—&) 
=k((E2?+z”)'/2—€&), the integral J reduces to 


T=2kte-#8\" edit —<$<——— 
0 (UtkE ut 2ke— Vu 


from which the asymtotic expression can be shown without difficulty to be 
uss 1 —jke—(/4)5 | (32) $ (5.10) 
l=y anki pee Ike hE 


Then the integration over 0’ can be carried out as in §3 and we get the final result: 


F go/ani 1 _ pire |"Z2N9(0’ sin” \p'dp’ 5.11 
Eur, )=Exy/ Fes eg O \e Nalo \Ji( 2ko sin 7)? 0”. (5.11) 


‘This is just the same expression as (3.6). Esz and Esy are easily shown to vanish in the 


course of the integration with respect to 2’. 
When the incident wave is of H-type 


Ew(p; y= Boe Ci? ; Jip ly =U 5 (5:12) 
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we have 


p= —(j Mee-+ Ley) Et eimt-t29 a (5.13) 
Mmoa- 


where e: and ey are unit vectors along x» axis and y axis respectively. The contribution to ~ 
the scattered field Bs: at P from an electron at Q is 


1 . 
(Br, ))qQ=-—— (RX Dp): 
CR: 


5g EO ee ues I ee -*)] 
- oF | 608 be G =) sin 0p-(t : 


ar gre cos 0—jpii sin Ferre = (5.14) 
em R 


and the scattered field ot P is given by 


Bsr, t)= — FE eo eae cos 0—jMsin @)y(0")dr’ . (5.15 


Here the integral, 


ae | ere 
| —e-ik Rdz 


is evaluated for k&>1 to be 


V Bek eS (1 +0 (=) (5.16) 
RE /, 


(RE) 


After the integration with respect to 6’, we get the final result: 


= TE 3/4)=3 ‘:: __ pil(wt—kp) 
Bar; j= Buy/ F« 1 kp = 
x Wes Goo ies Oh (240 gin + edo’ ’ (5.17) 
~0 


which is again equivalent to (3.12). Bs: and Bs, vanish in the course of the integration with. 
respect to 2’. 


§6. Concluding Remarks ; 


We have derived the formulas for the angular distribution of the microwaves scattered! 
by a cylindrical plasma when a plane wave is incident normally upon the cylinder. Con- 
sulting the derivations, we find that our formulas are valid under the following conditions. 

1) The scattered wave is very weak compared with the incident wave within the cylin- 
drical plasma. 

2) The amplitude of the forced oscillation of electrons in plasma is much smaller than. 
the wavelength of the incident wave. 

3) The distance between the electron and the point of observation is much larger than. 
both the wavelength of the incident electromagnetic field and the radius of the cylinder. 

The expression for {(@) has the form of the Hankel transform™: 


f* (x) = } , > eS/ #5( k Qo)? | 7*(¥) Jo(xy)ydy ; (6.1) 
- J0 


where we have introduced the dimensioniess variables x=2kp) sin (6/2) and y=p/o. and the 
functions /*(x)=/(@) and 7*(y)=7(e). The inversion formula of the Hankel transforms gives 
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m)=y/ 2 e-wioss aa | FG) Nay ds (6.2) 


But since *% can increase only up to 2k, our knowledge is incomplete to determine 7*(y) 
even if we could measure the angular distribution of the scattered wave completely. And 
| (6.2) shows that the larger kp is, the more precisely we can determine 7*(y), as expected. 
Although our formula is thus not sufficient to determine the density distribution completely 
it would be very useful when we wish to analyse experimental results assuming some oo 
| sonable distributions. 


The author wishes to express his sincere thanks to Prof. T. Kihara for his continual 
guidance and his kindness in reading the original manuscript. His thanks are also due to 
Drs. Y. Sakamoto and S. Miyoshi at the Institute of Physical and Chemical Research, who 
suggested him this problem and gave kind discussions from the experimental side. 


Appendix Derivation of (3.1) 
We start with the equation (2.11): 
VE.+kE,=k?Ny(p)E:z . (A.1) 
On assuming that E. is independent of z and introducing the two-dimensional Fourier trans- 
form Ep) of E.(p) by 


| El(pe tdp= Ex p), (A.2) 


we get from (A.1) 


=~ k? ' 

Ep)=G(p)+ aaa pe \Nu@dEdp)e”*dp (A.3) 
where G(p) is a function of p corresponding to the incident wave and must satisfy (k?--p?)G(p) 
=0. On inversing (A.3), we have 


hk? 
k?—p? 


Erie: 1 
EXp)=incident wave+ One \\ 


Ny(p’)Edp’)e?' °° dp’ dp (A.4) 


or integrating with respect to the angular component ¢ of p, where jp-(o— oe’ )=Jb\le—p’ |cos ¢, 
we get 


r) ( alt ALA 
E4()=incident wave +—|Nn(e' Xe’ idp | Ther OP pap (A.5) 
0 


The integration with respect to p must be carried out in such 
a manner that the result should express the outgoing cylindrical 
wave at infinity. For this purpose we consider the following 


integral”: 


(2) 
ieee G2) gy, (A.6) 
Dro. (72 =F 
where a is a real positive number, yis a complex number with a Fie 3 


negative imaginary part and C is the integration path shown in 
Fig. 3. Then 
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r2>—z? 


aly fe 2Ho(az) 4, 
Mei Soc 


=! il {\- 2H (az) 3, 


0 y2—z 


— Qaj Jo 2? 


oat 22 Jo(az) rey 


(Vol. 16, 


© 2Hy)(aze-™) del 


0 72 —z2? 


(A.7) 


On the other hand, the integral J is easily evaluated by means of the residue at the pole. 
Equating these expressions we get 


\ BJo(a2) 4, 25 2h. Hy2(ar) ; 


0 r2—z? 


(A.8) 


Inserting the equation, which is obtained from (A.8) by letting the imaginary part of 7 tend 
ito zero, into (A.5), we get the desired resut (3.1). 
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A.C. method was employed to investigate the mobility of the conduction 
electron in KBr under space charge free condition at temperatures be- 


tween 80°K and room temperature. 


In this experiment white light was 


used to illuminate the specimen to enhance the conductivity. The mobility 
which depends on temperature was found to be inversely proportional to 
the mean density of phonons excited in the crystal. This fact suggests 
that the mobility is determined mainly by the scattering of the optical 


mode of lattice vibration. 
ing values were obtained: 


Using the Low and Pines formula, the follow- 


Effective mass of the bare conduction electron, m*=0.23 m 
Effective mass of the polaron, mp=0.33 m 
Strength: of interaction between the electron and the polarization, 


a=20 56; 
where m is the free electron mass. 


§1. Introduction 


Experimental studies of electron mobility 
in polar crystals provide means to check 
theories of polarons developed by a number 
of authors.'~* 

The Hall mobilities of electrons (or holes) 
in CdS, PbS, PbTe, and ZnO which are polar 
in nature and have comparatively low specific 
impurities, 
were measured by several workers.*-” The 
mobilities of carriers in these materials were 
explained by the combination of the scatter- 


ing mechanisms of both the optical and 


of alkali halides. 


acoustic modes of lattice vibration even at 
room temperature, and therefore it was dif- 
ficult to separate the mobility due to the 
optical scattering from the other. The 
strength of interaction between the electron 
and the polarization produced by the former 
was estimated to be less than that in the case 
Thus the polaron theories 
were not necessary to be essential to describe 
the mobility of above materials. 

Recently, Brown and his co-workers made 
accurate measurements of the drift and Hall 
mobilities of electrons in silver halide.*-'” 
According to their results, the drift mobility 
(up) was much smaller than the Hall mobility 
(ua) around 80°K and below. This fact is 
due to the apparent large drift time affected 
by the trapping of electrons in some shallow 
traps in the crystals observed in the measure- 
ment of the drift time. The Hall mobility 


measured by them was the mobility which 
was not affected by the trapping, and thus 
their results were able to be compared with 
one predicted by the theory. They concluded 
that reasonable agreement between the ex- 
perimental results of the Hall mobility and 
the polaron theories was observed in the 
temperature region from about 100°K to 30°K. 
Further, they estimated that m*=0.3m, mp= 
0.4m, and aw=2.2 for AgCl, where m* and 
My are the effective masses of the bare con- 
duction electron and the polaron, respectively, 
and @ is the strength of interaction of the 
electron with the polarization. However, 
studies of electron mobility in alkali halide, 
which is the most typical material in ionic 
crystals, have rather been sluggish in de- 
velopment because of the following difficul- 
ties; (1) very high resistivity of the crystal 
even in the photoconducting state, due to 
extremely short lifetime of the conduction 
electron (10°~10° 2cm at room temperature), 
(2) non-uniformity of electic field in the cry- 
stal due to the formation of space charge 
field, resulting difficulty to obtain accurate 
Hall voltage, (3) slow change of the photo- 
conductivity of the crystal due to bleaching 
of F centers by the irradiation of light, (4) 
the flicker noise due to trapping and releas- 
ing of electrons by various trapping centers 
produced by the irradiation. 

Redfield has measured the Hall mobilities 
of electrons in KCl, and NaCl at room and 
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liquid nitrogen temperature by the use of 
pulsed light.” However, the observed re- 
sults are considerably scattered, and it seems 
difficult to compare them with theory. Mac- 
donald and Robinson have measured the Hall 
mobility of electron in KBr only at room 
temperature by the a.c. method.!” At pre- 
sent, experimental informations about the 
mobility of polaron are extremely limited. 
This fact is due to the difficulties mentioned 
above and is probably to the uncontrolled 
impurities in the specimens which might 
decrease the photoconductivity and increase 
the noise. Accordingly reliable temperature 
dependence of polaron mobility has been 
sought for. 

We made experiment with KBr of high 
purity prepared by recrystallization technique. 
The conductivity was enhanced by illuminat- 
ing the additively colored crystal with white 
light. The Hall voltage was measured by 
a.c. method at 330 cps in the temperature re- 
gion between —190°C and room temperature. 
The crystal impedance between the Hall elec- 
trodes was measured at each temperature to 
correct the apparent Hall voltage into the 
true Hall voltage, because the crystal im- 
pedance was much larger than the input im- 
pedance of the amplifier used in this experi- 
ment. The Hall mobility of the electron was 
able to be obtained in the above temperature 
region under the condition of space charge 
free and small disturbance noise. 


D.C. 350 volt 
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§2. Experimental Method and Procedure 


Irradiation with strong light results in the 
decrease of photoconductivity of colored alkali 
halides due to photo-chemical reaction in 
them. For this reason, a colored KBr crystal 
which is the most stable against illumination 
among alkali halides was adopted. Further, 
the crystals used were purified by the recry- 
stallization process to avoid the flicker noise 
inherent to the above reaction and to enhance 
the photoconductivity in the measurement. 
KBr crystals were additively colored and the 
concentration of the F center was estimated 
to be 1~2x10'*/cem*. The dimension of speci- 
mens was about 4x1.5x1.2mm'. The elec- 
trodes were made of silver paint. 

The photoconductivity of colored KBr 
decays with time if d.c. electric field is ap- 
plied, because of the formation of space 
charge.!#-!4) This undesirable effect, however, 
can be eliminated by the use of a.c. field 
and steady illumination.’ A.c. 330cps was 
adopted for the measurement of the Hall vol- 
tage, in consideration of the results of fre- 
quency-dependence of a.c. photoconductivity, 
and to avoid the 60 cps hum noise and flicker 
noise, the latter of which is inversely pro- 
portional to frequency. 

The measuring apparatus is shown in Fig. 
1. A 330 cps oscillator (A), whose push-pulled 
outputs are 100 volts maximum with respect 
to the ground, is connected to the current 
electrodes (a and 6). This oscillator is 


Fig. 1. Apparatus to measure the Hall voltage and the crystal impedance. 
(A): 330 cps oscillator; (#): pre-amplifier; (F): differential amplifier; (@): tuned amplifier for 
330 cps; (H): d.c. detector; (B): phase-shifter; (C): specimen; (D): cryostat. 
For the measurement of crystal impedance, one of the Hall electrodes (e) is connected to the 
output of the oscillator and the other (d) to the input of the amplifier. 
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stabilized so that the voltages of the push- 
pulled outputs are constant and the output 
wave form has very little distortion. This 
push-pull driver was devised so that both the 
voltage and the phase of either output can 
be changed independently. The background 
input voltage of the pre-amplifier (E£) due 
to the non-uniform illumination over the sur- 
face of the specimen and the unbalance- 
setting of the Hall electrodes could be 
eliminated to nearly zero by adjusting the 
voltage and phase of each output of the 
oscillator. 

The input system of the pre-amplifier con- 
sists of a cascode circuit after Macdonald, 
where the input impedance was as large as 
80 M2 at 330cps, the input capacitance 
formed between shielding being eliminated 
by the feed back device.'® This pre-amplifier 
contains also an RC tuned amplifier whose 
pass band is made comparatively wide so as 
to ensure good phase characteristics vs. 
frequency. The main amplifier (F, G) con- 
sists of a differential (F) and an RC tuned 
(G) amplifier for 330 cps. The d.c. detector 
(71) is set next to the above device. One of 
the input of the differential amplifier is con- 
nected to the output of the oscillator through 
an attenuator and phase-shifter (B). The dif- 
ferential amplifier serves to avoid the effect 
of induced current through the capacity 
between the Hall electrodes in the measure- 
ment of the crystal impedance and also to 
adjust the unbalanced voltage between the 
two Hall electrodes in the measurement of 
the Hall voltage. A cathode ray oscilloscope 
(R) is attached to the output of the differ- 
ential amplifier to observe the balancing of 
the input and to detect the phase of the Hall 
voltage. The total maximum sensitivity of 
the device was 3x10-° volt/mA. 

A 500 watt projection lamp was used as 
the light source. The light was filtered with 
water to eliminate the flicker noise caused 
by long wave irradiation. Using a focusing 
lens and mirror, the light was projected 
uniformly upon the specimen (C) in the 
cryostat (D). The gap width of the magnet 
was 43mm and the maximum field was 4500 
oersteds. 

Since the impedance between the Hall elec- 
trodes (c and d) which is about 1~3x109 2 at 
room temperature under illumination, is much 
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higher than the input impedance (~80 M2), 
the true Hall voltage Vz is calculated from 
the apparent Hall voltage Vaz’ by the use of 
the following formula, 


Va’/ Va=Zin] (Zin + Zery)~Zin|Zery (1) 


where Zin and Zery are and the input and the 
crystal impedance, respectively. Hence, in 
this work it is necessary to measure Zery as 
well as Vz’ in order to get Va. 

The Hall mobility ~z is expressed as fol- 
lows: 


0=yaHH X10 =(Va/t)/(KVi/D) , 
(in practical units), 


(2) 


where @ is the Hall angle, H the magnetic 
field, V; the applied electric field, ¢ the width, 
Zl the length of the specimen, and K the 
numerical factor due to the non-uniformity 
of the electric field near the Hall electrodes. 

The temperature-dependence of “a can be 
obtained by measuring Zery and Vz’ at each 
temperature, if we use formula (1), (2), and 
the measured sensitivity of the detector, 
where Zin, Vi, t, 1, and H are constant and 
independent of temperature for a given 
specimen. 

The value of K was determined to be 0.83 
by the following method. A conducting car- 
bon sheet similar to the specimen in shape, 
upon which silver-paint electrodes were at- 
tached on the same position as that of the 
specimen, was prepared.’” A _ pattern of 
equipotential lines of the sheet was obtained 
by a simple experimental procedure. The 
ratio of the effective electric field estimated 
from the equipotential line between the Hall 
electrodes to the average applied field be- 
tween the two current electrodes was calcul- 
ated to be 0.83 in the present case. 


§3. Results and Discussion 

(1) A.c. method of measurement of photo- 
conductivity 

The space charge effect in the measure- 
ment of photocurrent is eliminated by adopt- 
ing the a.c. field and steady illumination. 
Electrons that approach the anode surface in 
a half cycle of the a.c. field may fill the 
ionized F centers (negative ion vacancies) 
which were formed near the surface in the 
previous half cycle, thereby the surface re- 
gions of the specimen tend to be neutral- 
ized,’® 
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It has been known that there are non- 
photoconducting layers between the electro- 
des and the specimen. These layers behave 
as constant capacities in series with the true 
crystal impedance. Fig. 2 shows the equi- 
valent circuit of the specimen in the photo- 
conducting state. If the frequency of the 
applied a.c. field is comparatively low, al- 
most all of the applied a.c. voltage is fed in 
these charge-free layers, resulting in. small 
photoconductivity. This effect should cause 
small Hall voltage, because the longitudinal 


C 
Rery 
Ce 


eee 


Fig. 2. The equivalent circuit of the specimen in 
the photoconducting state. 

In the circuit diagram, Cy) represents the 
capacity between the electrodes, Rcry the re- 
‘sistance of the photoconducting region in the 
‘specimen, and C, and C, the capacities of the 
<harge-free regions near the electrodes. 
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Fig. 3. The frequency-dependence of photocurrent 
at room temperature. 


voltage Vi is not applied uniformly through 
the specimen. Further, inaccuracy in esti- 
mating Zery should result from this effect. 
Frequency-dependence of photocurrent was 
measured in order to have informations about 
this surface effect. In this measurement the 
RC tuned systems contained in the detector 
were omitted. The frequency of the applied 
voltage was varied from 20 cps to 1000 cps, 
the applied voltage being kept at 5 volts 
throughout this frequency range. The results 
are shown in Fig. 3. As is seen in the 
figure, the photocurrent under illumination 
increases with frequency up to 200 cps and 
then saturates thereafter. The frequency at 
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which saturation starts shifted to the lower 
frequency side as the intensity of illumina- 
tion was decreased. Using this characteris- 
tics and the saturated value of the crystal 
impedance, the capacity of the charge-free 
layer per unit area may be estimated to be 
1.510? wuF/cm?. If equal charge-free re- 
gions about on each electrode, that is, Ci=C2 
in Fig. 2, the thickness of the regions may 
be calculated to be 1.4x10-?cm. At present 
the cause of the formation of these charge- 
free layers is not clear.'®) In the measure- 
ment of the Hall voltage, the impedance 
between the two Hall electrodes and that 
between the two current electrodes under 
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Fig. 4. The field-dependence of photocurrent at 
330 cps. 


illumination of white light were 1~3x10° 2, 
and 8~25x10°.2, respectively, which were 
much larger than the capacitive impedance 
of the charge-free layers of 21082 at 330 
cps. For this reason it should be concluded 
that the undesirable effect of the charge-free 
layers becomes negligible by adopting 330 cps 
as the measuring frequency. 

As for the dependence of photocurrent on 
the applied electric field, results shown in 
Fig. 4 were obtained. The measuring fre- 
quency was 330cps. The photocurrent was 
linearly dependent on the field strength from 
1.8 volts/em up to 4x10? volts/em in this 
measurement. The saturation effect of the 
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photocurrent could not be observed for low 
fields used in the present work. This fact 
suggests that the space charge free condition 
is realized in this experiment. 

F centers in KBr are known to behave as 
trapping centers for conduction electrons at 
low temperatures below —100°C. In other 
words, the electrons released from F centers 
are capable of being trapped by other F 
centers which are not ionized, and conse- 
quently, F’ centers may be formed at low 
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Fig. 5. The temperature-dependence of photocur- 
rents due to white light and F-band light. 


SAM Gy hist eboots| 


-40 O 40 


In the case of white light. 
In the case of F-band light. 


temperatures. The F’ center bleaches ther- 
mally to two F centers in several seconds 
at about —100°C. The decay current due to 
this thermally releasing effect after the turn- 
off of illumination was observed by the 
authors.12) For the reason mentioned above, 
the temperature-dependence of photocurrent 
under illumination with white light differed 
from that under illumination with F-band 
light, as seen in Fig. 5. In the figure the 
solid line corresponds to the case of the 
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steady white light illumination and the dotted 
line to the case of the steady F-band illumi- 
nation, the measuring frequency being 330: 
cps in both cases. In the former case the. 
photocurrent was more enhanced than in 
the latter case at low temperatures, because 
of the optical excitation of F’ electrons by’ 
the F’-band light contained in white light. 
As the thermal excitation of F’ electrons be- 
comes effective at higher temperatures, the 
curves in Fig. 5 corresponding to the above: 
two cases show identical inclination. To: 
avoid the complicated trapping effect and to: 
enhance the photoconductivity of the speci- 
men, it is desirable to adopt white illumina-. 
tion for the measurement of the Hall voltage. 


(2) The Hall mobility 

The apparent Hall voltage Vz’ was found 
to depend linearly on the applied magnetic: 
field. Fig. 6 shows these results. At low 
magnetic fields it was difficult to detect Vz’ 
on account of disturbance noise. Noise be-- 
came smaller as the temperature was de-- 
creased. As is seen in Fig. 6, Va’ is line- 
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Fig. 6. Vy’ as a function of the applied magne-- 
tic field. 


arly dependent on H, waxH/c being mucha 
smaller than unity in this case. Further, the= 
signal of Vz’ was ascertained to change by~ 
180° in its phase relative to the applied elec- 
tric field by mean of varying the polarity of 
the magnetic field H. 

Fig. 7 and 8 show the photoconductivity o 
which is the reciprocal of Zery, Vaz’, and Vz in. 
arbitrary scale as functions of temperature for 
NO. R1 and NO.S1 specimens, respectively. 
The values of 4a at room temperature were 
calculated to be 3146 cm?/volt-sec and 27=:5- 
cm2/volt-sec, respectively, from the analysis: 
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mentioned in §2. These values may be 
compared with ~30cm?/volt-sec, the mobility 
estimated indirectly from the photocapacitive 
effect by Kahn.'®) Macdonald has given the 
value as 7.5~12.5cm?/volt-sec, and it seems 
to be far smaller. The small value of 
Macdonald might be due to the neglect of the 
correction for Zery. 
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Figs. 7 and 8. Vy’, « and Vg vs. temperature, 
the ordinate being in arbitrary scale. 
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Average values of wa for more than ten 
specimens are plotted as a function of tem- 
perature in Fig. 9. These points fit better to 
pa= Alexp O0/T—1) rather than to wxz=BT-. 
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If we fit the data to wz=BT~-", the value of 
n varies from 1 to 2.2 and is not constant 
over the experimental temperature range. In 
conclusion, the temperature-dependence of 
a obtained in this experiment shows clearly 
exponential type behavior of conduction elec- 
trons in ionic crystals. Further, 4a should 
be equal to the microscopic mobility 4, be- 
cause the relaxation time of collision by the 
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Fig. 9. Mobility of conduction electrons in KBr 
as a function of temperature. 

The dotted line shows the theoretical curve 
calculated from the Low and Pines formula, 
pa=A(expo/T—-1), with A=16.4cm2/volt-sec 
and @=255°K. 


optical mode of lattice vibration is independ- 
ent of mean velocity of electrons.!®.!» The 
best fit for the low temperature region was 
obtained with A=16.4 cm?/volt-sec and 
@=255 K; 

According to the polaron theory of Low 
and Pines, the mobility of the polaron is 
given as follows in the temperature region 
T<9: 


pak. a a f(a)-(exp 9/T-1), (3) 
my=m*(14-4) , (4) 


where m* and my, are the effective masses 
of the bare conduction electron and the 
polaron respectively, f(a) the slowly varying 
function nearly.equal to 1.2 for a=2~5. ow 
and 9 are the logitudinal frequency and its 
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| associated Debye temperature which are re- 
i lated to the reststrahl frequency o: in the 
)} following formulas: 


o=y/ = on, ho=k@ (6) 
| For KBr, values, &=4.78, &=2.33, and 
| %o.=0.015 ev lead to O=246°K.2 This is to 


| be compared with the experimental value 
{ which is 255°K. From the measured value 
b of A, mp=0.33m, m*=0.23m, and a=2.65 
| are obtained by numerical calculation, where 
} m is the free electron mass. Considering the 
) value of @ which is larger than unity, the 
| polaron theories should be adopted for the 
conduction electron in KBr. In the analysis 
| after the Low and Pines theory, the dis- 
| crepancy between the observed data and the 
| theory was found at temperatures higher 
| than @. This fact, however, is not surpris- 
| ing, because Low and Pines treated the be- 
| havior of polarons at temperatures below 9.2!)* 
| So far as the discussion is limited in low 
| temperature range, there is no contradiction 
{ between the theory and the experimental 
| data. 

We shall consider the co-existence of other 
| scattering mechanisms with that of the optic- 
al scattering. The apparent mobility ys ob- 
| tained in the experiment is expressed as 
follows by using the combination of “4; which 
‘are supposed to be due to various scattering 
amechanisms: 


Vax 21 / mi) : ec) 


In the present case Hop, which corresponds 
to optical scattering, is the smallest and is 
the most effective in defining the resultant 
‘mobility. Now, we shall consider “ae corres- 
‘ponding to acoustic scattering and /n cor- 


* For the explanation of the temperature- 
‘dependence of the mobility at temperatures higher 
'+the Debye temperature, the expression of mp 


' . a 
given by Yokota, mp=m*) Eesviak where 


n=1f(exp @/T—1), might offer some interesting sug- 
gestion.) The better fit of the data to the Yokota 
mobility formula, which contains the above expres- 
sion of my, was obtained even in the temperature 
xange, T>@. However, it seems premature to 
adopt the Yokota expression of the mobility in the 
high temperature region, because the theory lacks 
ample theoretical foundation for using it at high 
temperatures. 
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responding to neutral impurity scattering by 
F centers. 

Hac, Which is due to acoustic scattering, is 
given as follows by using the deformation 
potential F,:'” 


_ entCu 
ee aS 3 
where ko is the Boltzmann constant, Cw the 
elastic constant for longitudinal acoustic wave. 
Assuming that £:=5.4ev, which Kawamura 
calculated for KCl,?” is applicable for KBr, 
and using that m*=0.23 m, Mae is obtained to 
be equal to about 9000 cm2/volt-sec at room 
temperature. The temperature-dependence of 
Hac follows the JT-/2 law, and the mobility 
Hae has little effect on the resultant mobility 
# in the present temperature range. The 
temperature at which ac is the same order 
aS Mop: Should be around 25°K. 

Next, we shall consider the mobilities due 
to impurity scattering by ionized or neutral 
centers in the crystal. In the present case, 
the most effective impurity for scattering 
seems to be neutral F centers in the crystal, 
the density of which is about 2x10!*/cm? in 
this case. The most part of F centers are 
hardly ionized under illumination. From the 
experiment of the photoconductivity and Hall 
mobility, we note that the density of the 
vacant F centers, which is nearly equal to 
the density of the conduction electron (~10°/ 
cm?*), should be much smaller than the density 
of # centers which are not ionized (~2 x 10'*/ 
cm’) even at room temperature. On the other 
hand crystals used in this work were checked 
up to contain unknown impurities whose 
density was about 4x10!5/cm’.'%) The densi- 
ties of these impurtities are so small that 
their effects to the resultant mobility may be 
negligible. For the mobility corresponding to 
the neutral impurity scattering “ (due to non- 
ionized F centers in this case),?*) we have 


(koT)*”? , (10) 


ee 
Be W0E Noh’ 
where Np is the density of the neutral center. 
Substituting Nn=2x10'%/cm? and m*=0.23 m, 
Un is estimated to be about 3000 cm?/volt-sec, 
the value being independent of temperature. 

Considering the temperature-dependence of 
the f.c, Un, and fon, the maximum value of 
the mobility “ is expected to be about 1500 
cm2/volt-sec around 40°K. However, Hac and 
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f/m in this experiment should have little effect 
upon the resultant mobility, 4, because the 
measuring temperature was not so low. In 
conclusion, the resultant mobility should 
be equal to /opt, the mobility due to the op- 
tical scattering. 


§4. Summary 


In this work the behavior of the conduction 
electron in KBr has been investigated between 
80°K and room temperature. The decrease 
of photocurrent due to space chage polariza- 
tion was prevented by the use of the a.c. 
330 cps field and steady illumination of white 
light. Exact Hall mobility was measured, by 
assuring that uniform electric field was ap- 
plied through the specimen. 

The mobility was found to be determined 
by the scattering of the optical mode of lat- 
tice vibration, the other scattering mechanisms 
being estimated to be effective below about 
40°K. 

Using the Low and Pines formula for the 
mobility, we obtained that m*=0.23m, mp= 
0.33 m, and a=2.65. 
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The photoconductivity structures of CdS single crystals near the adsorp- 
tion edge were investigated using polarized light at about 81°K. Field 
dependence of wavelengths of peaks and spectral dependence of decay 


time of the response were measured as well. 


From these experimental 


results, the structures are classified into two groups, one is attributed to 
the photoconductivity due to excitons which occurs in the shorter wave- 
length range (A<4870A) and the other to that from some imperfections 
involved in the crystal, which appears on the longer wavelength side. 


$1. Introduction 


The optical property of CdS crystal has been 
studied by plenty of investigators”.”), partly 
due to amenability of growing single crystal, 
in view of clarifying the phenomena which it 
shows. This crystal is noted as a typical 
photoconductor and an efficient luminescent 
material as well. Some of the experimental 
investigations”:*®} report that the crystal of 
high response has quite a sharp single photo- 
conductivity peak near the fundamental ab- 
sorption edge at room temperature, from which 
one may estimate the energy gap between 
conduction and valence band to be 2.4 ev. 
At lower temperature the specimen shows 
fairly distinct structures. 

The main purpose of the present investiga- 
tion is to study the origin of photoconductivity 
structure and the related phenomena. 

The photoconductivity at 77°K has been in- 
vestigated by Boer and Gutjahr*, who found a 
number of fine structures near the adsorption 
edge. However, no attempt was made for the 
interpretation of the origin of the structures, 
irrespective of well-defined result of the struc- 
tures. Bube” investigated the correlation be- 
tween the height of the peak at the absorption 
edge and the magnitude of response of the 
specimen at room temperature. Gross and 
co-workers® described the complex structures 
of photoconductivity on the exciton model, 
which did not seem to make a consistent 
explanation on correlation with the investiga- 
tions by other workers. 

In the photo-electric measurements of ab- 
sorption and reflection spectra of CdS with 


polarized light, Dutton” determined accurately 
the temperature and frequency dependence of 
the absorption coefficient in the intrinsic ab- 
sorption edge. According to his experiment 
for polarized light with E vector parallel to 
the crystalline c axis (E||c), there occurs one 
absorption peak at 4844A near 80°K which is 
called B band; for polarized light with E 
vector perpendicular to the c axis (E 1c), 
another line appears at 4874A called A band. 
Appearance of the reflectance spectrum at 
lower temperature, as Dutton reported in his 
paper, gives some indication of the relation- 
ship of the exciton-like absorption structure. 
Recently Thomas and Hopfield® found well- 
defined reflection peaks at lower temperatures, 
which lead to the assignment of three exciton 
series, two of which are associated with the 
above mentioned A and B bands and the 
other with C band situated at shorter wave- 
length than the two bands. Namely the new 
band C occurred near 4735A as a considerably 
broader hump at 77°K. Using the Kramers- 
Kronig relation they determined oscillator 
strengths and oscillator frequencies of the re- 
flection lines, which must correspond to the 
direct allowed excitons. The strength and 
reproducibility of the lines also made clear 
that the reflection spectra were not due to 
some impurities. The existence of three types 
of excitons was described in terms of the 
splitting of the valence band. Further quanti- 
tative estimation was made for the three 
valence bands at 4°K. The analysis” of the 
absorption coefficient in the wavelength range 
of the absorption edge confirmed a process 
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involving simultaneous creation of an exciton 
and absorption of a phonon. 

The present paper describes that some of 
the structures of the photoconductivity near 
5000A can be explained in terms of the exist- 
ing exciton model suggested by Gross and 
supported by reflectance and fluorescent study 
of Thomas and Hopfield”. 


§2. Experimental Procedures and Results 


While a very thin sample is required for 
transmission measurement, conditions for the 
thickness of the sample will be relaxed for 
photoconductivity measurement. It must be 
taken into first consideration for the experi- 
ment that the specimen should retain the 
intrinsic properties of the crystal. Such 
treatment as polishing, etching, thermal sol- 
dering, intense heating or cooling or so must 
be avoided®. According to our experience, 
best results were obtained on the fresh cry- 
stals, which were grown from vapor phase 
and showed small traces of striants over the 
surfaces. 

The photoconductivity data were obtained 
by measuring photo-induced current in the 
crystals with constant applied voltage. Most 
of the exact experiments have been made on 
two crystals (Nos. 7 and 8). One of the ex- 
perimental difficulties was to make an adequate 
contact of metallic electrode with the crystal. 
Ohmic contact with indium is to be unexcep- 
tionally recommended for usual photoconduc- 
tivity measurement of CdS. During In-sol- 
dering to the specimen, however, the crystal 
undergoes thermal or mechanical stress with 
undesirable result of destroying the photo- 
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Fig. 1. Ohmic characteristic of the sample soldered 


with In-Hg paste (specimen No. 7, measured at 


room temperature), (a) in the dark (b) under 
ambient illumination. 
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conductivity structures. Hence precaution was 
taken for setting the specimen in the cryostat. 
In-Hg paste was selected as electrode material 
for that purpose”. At first, thin small indium 
blocks were pasted with polystyrol binder on 
the Maylar polyester film, sticked to a cooling 
copper rod. Wiring to the specimen was made 
by soldering lead wires to the In blocks. On 
the surface of each indium block a small pellet 
of In-Hg paste was dropped. After the crystal 
was bridged across the two In electrodes, thin 
flakes of indium were placed over the ends 
of the specimen, which was left for two or 
three days to be enough amalgamated that 
stable rest of the crystal was brought about. 
Ohmic contact is the main consideration in 
the photoconductivity measurement. However, 
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Fig. 2. Cryostat for the low temperature measure- 
ment. (a) CdS crystal under study, (b) Polaroid 
film polarizer, (c) achromatic glass lens, (d) 
Maylar film of 10 micron thick, (e) Dewar vessel, 
(f) liquid nitrogen, (g) copper block, (h) cooling 
copper block, (i) wirings to electrodes, (j) thermo- 
couple, (k) transparent fused quartz window, 
(1) wax, (m) glass envelope, (n) grounded glass 
connection, (0) connection to vacuum pump. 
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‘the current vs. voltage curve reveals that 
‘somewhat non-ohmic nature was unavoidable 
as shown in Fig. 1. Electric field was applied 
parallel to the c axis for all measurements. 
For the low temperature experiment, a cop- 
‘per rod on which the crystal rested served 
‘as a conductor for cooling the specimen, as 
illustrated in Fig. 2. The temperature of the 
‘crystal was measured by means of a ther- 
‘mocouple placed in the In electrode in the 
-visinity of the sample. Variations of the 
‘temperature were noticed from one sample 
‘to another, possibly depending on conduct of 
the cooling copper rod to the copper block, 
-which was immersed in the liquid nitrogen 
in a Dewar. The equilibrium temperature of 
the crystals was estimated to be 81°+-3°K. 
The monochromators employed were an in- 
‘strument with double flint glass prisms made 
by Tokyo Optical Company and modified Cary 
‘Spectrophotometer Model 14, using a tungsten 
lamp asa light source. The resolution of the 
‘instruments was adjusted to be about 2A, the 
‘wavelength accuracy being within 2A. The 
direction of incident light was always normal 
‘to the c axis of the crystals. Monochromatic 
light from the instrument was too weak to 
carry out wavelength scanning at tolerable 
sspeed, due to the fact that time delay of 
-photoconductivity becomes exaggerated for 
-feeble intensity of irradiation. Hence the 
-scanning rate was chosen at 0.15A/sec or less, 
- where almost coincident data of spectral dis- 
tribution were obtained for both scanning di- 
-rections, i.e. from longer to shorter wavelength 
-side and vice versa. Photocurrent was intro- 
_.duced into a vibrating reed electrometer, the 
<output of which was lead to a recorder. Re- 
-producibility of the data was so conspicuous 
-as to facilitate analysis of the photoconducti- 
‘-vity structures. The spectral intensity of the 
‘incident radiation was measured beforehand 
-with a sensitive thermocouple connected with 
.an amplifier at wider slit of the spectrometer. 
Thus correction was made for both spectral 
distribution of the energy of the tungsten 
lamp used as the light source and dispersion 
of the prism of the instrument. However, 
further corrections for the reflection loss at 
the crystal surface and the transmitted light 
-were disregarded. Any traces of luminescence 
were not observed for the wavelength region 
wf the incident radiation. 
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SOT 


The photoconductivity data on two specimen 


are shown in Fig. 3 for different polarizations of 
the incident light, i.e. with E vector paralleled 
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Fig. 3. Photoconductivity spectra of CdS for light 
polarized with Hic and A,B and C refer to 
the exciton bands of n=1 and A’ to that of 
n=2, identified by Thomas and Hopfield.®) Rmax 
and Rmin correspond to the reflection maximum 
and minimum observed by Dutton.1) Electrode 
distance was 2.5mm. The temperature of the 
specimens was 81°K 

(a) For the sample No. 7 [3.5 mm (||¢)x1.5 mm 
x0.2mm], at the field strength of 560 V/cm. 
Besides the structures due to exciton bands of 
n=l, there is a trace of a structure, presumably 
due to A’ band. 

(b) For the sample No. 8 [4mm (||c)x1.3mm 
0.3mm], at the field strength of 600 V/cm. 
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to and perpendicular to the c axis. Several 
distinct peaks stand out in the background of 
the photoconductivity in the fundamental ab- 
sorption region. From the appearance of the 
photoconductivity data presented here as com- 
pared with the reflectance structure previously 
reported”, there seems to be some definite 
similarities between them, indicating correla- 
tion of optical and photoelectric phenomena. 

A prominant photoconductivity band pre- 
sents its maximum at the longer wavelength 
side of the absorption edge which is denoted 
as J band in Fig. 3. Its peak is generally 
higher for the more photoconductive material. 
One of the notable properties of this band is 
that the peak is field dependent. The wave- 
length at which the maximum occurs shifts to 
longer wavelength as the applied field strength 
is increased as shown in Fig. 4. A sample of 
poor response has, in general not well-defined 
shapes as seen on the specimen No. 8 (Fig. 3b). 
In addition such a sample does not show its 
band at a fixed wavelength. Other bands ex- 
cept J peak near the adsorption edge do not 
show a field dependent shift within the ex- 
perimental errors. 

The rate of decay in photocurrent vs. wave- 
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Fig. 4. Dependence of wavelength of the peak 
for J band on the electric field at 109°K (speci- 
men No. 7, H 1c). 
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Fig. 5. Photoconductivity decay time vs. wave- 
length of exciting radiation, for the sample No. 
8 at 81K. (H1¢) 
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length of the incident radiation is illustrated! 
in Fig. 5 as determined by the time intervals, 
required for the current to decrease to 10: 


percents of the initial value, due to a sudden. | 


removal of the illumination. 


§3. Assignment of the Photoconductivity 
Spectra 


Light has been thrown on the energy band. 
structure of the CdS by a lot of experimental. 
investigations, such as optical studies involv- 
ing adsorption, reflection and luminescence”, , 
and measurement of cyclotron resonance at- 
liquid helium temperature!”. On the other- 
hand no attempt seems to have succeeded to. 
make a consistent interpretation of the photo- 
conductivity spectra near the fundamental’ 
absorption edge from the standpoint of the: 
energy band structure. 


Analysis of the photoconductivity spectra: — 


must be carried out, taking into consideration; — 


of electrical properties of carriers as well as 
optical behaviors of the crystal. In general 


some experimental difficulties are encountered. — 


in the course of the investigation, because: , 


the photoconductivity occurs by drift of free: 
carriers generated by absorption of photons.. 
Further the electric field seems to be not: 
uniformly applied, especially for the sample 
which is “soft” soldered with In paste as; 
mentioned in the section 2. Thus the field 
strength may vary from the surface to the 
interior of the crystal. Now owing to the 
fact that lifetime of the carrier depends on. 


the wavelength of the incident light, another: | 


complication will be involed in the phenomena: 
of the photoconductivity. An accurate infor-. 
mation could be obtained under the favorable. 
conditions. After making correction to various. 
repeated experiments on several samples, we 
will try to describe the origin of the photo-. 
conductivity spectra. 
plexity a fairly accurate nature of the photo- 
conductivity is disclosed on some crystals. 
which have well-defined spectral peaks. 

It applies to the reflection spectra that the 
wavelength midway between a reflectance 
maximum and minimum should correspond 
Closely with the position of an absorption 
peak. The analogy will hold for the photo- 
conductivity spectra also. Careful examina- 
tion of the data reveals an interesting fact 
that in the absorption edge some wavelengths. 


In spite of the com-. — 


assignment of the spectra. 
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at which the photoconductivity response shows 
steep slope agree with the absorption lines 
associated with above cited A, B and C bands 
reported by other investigators”.. Spectral 
response distribution in the ranges from 4880A 
to 4868A for E1c and those from 48484 to 


| 48254 for both Ec and E\|c are coincident 
| quite well with the reflection spectra measured 


by Dutton at nearly same temperature (80°K), 
each dip of the photoconductivity corre- 
sponding to the reflection peak and vice 
versa. Near the wavelength range of 47504, 
another broad hump appears which occurs at 
the separate dip of the reflection spectrum 
‘corresponding to the C band. Spectra due to 


I band of some samples show complex form 


of one peak or more which sometimes emerge 
in the range of A band, causing confusion in 
In addition, a 
difference in the lifetime of the carrier is 
noticed between excitations by the J band and 
-by other bands. Thus the J band is different 
in nature from those due to A, B and C 
bands. 

It will be reasonably admitted that the pho- 
toconductivity structures in the wavelength 
range of A, B and C bands occur from exciton 
absorption, owing to the close correspondence 
‘between the structures and exciton lines with 
regard to the positions and the number of 
peaks which can be just inferred from the 
selection rule according to the direction of 
polarization of incident light. On the other 


hand the band denoted as J emerges outside 


‘the exciton band where the absorption coeff- 
cient is considerably lower” (about 10? cm~! or 
less). Therefore the free carriers are primarily 
generated in the bulk while the exciton crea- 
tion is restricted near the surface of the 


_ crystal. 


There is some trace of fine structures which 


appear as several extraordinarily sharp lines 


-overlapped with the main peak of the J band. 
Origin of such fine structures cannot be un- 
‘derstood at present. 

Physical interpretation of the J band is dif- 
ficult according to the experimental data of 
the present work. It may be supposed, how- 
ever, that some defect or impurity involved 
in the crystal is accounted for. This band is 
supposed to be located near the conduction 
band. Therefore we tentatively make an 
assignment for the center corresponding to 
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the I band after the Lambe-Klick model), in 
which the trapping level responsible for lu- 
minescence and photoconductivity is located 
near the conduction band in the forbidden 
band. Thus the electron in the J band will 
be in the similar state to that of the trapping 
center of the above model, whose wave func- 
tion has the same symmetry of conduction 
band (J’;) or is close to it. Birman!” made 
the same assumption for describing the po- 
larization of 6200A luminescence of CdS. 
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Fig. 6. Energy band structure of CdS. The levels 
A, B and C correspond to the valence bands to 
which the excitons series A, B and C belong. 
The symmetry is expressed by the Bethe’s no- 
tations for hexagonal symmetry. 


In Fig. 6 is shown the schematic diagram 
indicating the energy band structure of the 
crystal. 

It may be summarized for the assignment 
of the structures that photoconductivity near 
the absorption edge peaks can be described 
along the line consistent with the existing ex- 
citon scheme and the impurity center model. 


§ 4. Discussion 


The mechanism of exciton photoconductivity 
is not clearly explained for the present situa- 
tion of the investigations. However, it may 
be inferred that (i) exciton generated by the 
optical absorption will migrate through the 
crystal and happens to dissociate by absorption 
of a phonon into a free electron and a free 
hole, drift of the electron inducing the cur- 
rent; (ii) when the migrating exciton comes 
to the neighbourhood of some imperfection 
where an electron is trapped and this electron 
will be ionzed into the conduction band by 
the interaction of the exciton; (iii) an alterna- 
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tive but related explanation is the indirect 
optical absorption, simultaneously participated 
by an exciton and a phonon, which may pro- 
duce a free electron. Some of the above- 
mentioned processes will be in action to ex- 
citon photoconductivity. On the other hand, 
the photoconductivity due to the imperfections 
is different from that due to exciton in feature. 

As the stated in the section 2 the peak of I 
band undergoes field-dependent shift, although 
such a shift is hardly observed for the exciton 
spectra of photoconductivity within the ex- 
perimental errors. These phenomena are 
possibly due to the difference of field strength 
in the region where generation of the free 
carriers occurs. The spectral characteristics 
due to the impurity photoconduction varies 
from one sample to another. Exact identifica- 
tion of the centers responsible for this band 
will provide some clue to growing the crystals 
of high sensitivity which are to be used as 
photoelectric detectors. Furthermore the non- 
ohmic character of the crystal shows similarity 
to the field dependence of the wavelength of 
the peak due to J band, as readily seen in 
comparison of the plots of Fig. 1 with Fig. 4, 
suggesting existence of the regions of strong 
local field strength, presumably near the im- 
perfections involved in the crystal. Other 
investigators!” .'®.1” report that the optical ab- 
sorption edge tends to shift to longer wave- 
length with an increase of applied electric 
field on account of space charge effect or 
tunnel effect of optically excited electrons. It 
must be pointed out here that the decay time 
of photoconductivity is longer for the J band 
than for the exciton band. The trend of the 
decay time is in principal accord with the 
interpretation of the lifetime of the free carrier 
by Bube?’, i.e. for a photosensitive material, 
the volume lifetime is much longer than the 
surface lifetime. The latter should be asso- 
ciated with exciton absorption and the former 
with impurity absorption for our case. Thom- 
as and Hopfield® discussed the fluorescence 
phenomenon of CdS, suggesting that the ra- 
diative decay of excitons occurs from “im- 
purity ” exciton states and “impurity ” states 
provide a favorable mechanism for the radia- 
tive decay of excitons. There seems to exist 
a close correlation between the imperfection 
that gives rise to the J band photoconductivity 
and the “impurity” states which take part 
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in the fluorescence. 

Several interesting problems remain to be 
investigated. At lower temperature (e.g. 4°K) 
the photoconductivity structures will become 
more sharp. Hence it is expected that identi- 
fication of the spectra will be made feasible. 
The structure due to excited state of exciton 
(n=2) would be expected. It would be quite 
interesting to study temperature dependence 
of the response at the J band in the wider 
range of temperature. This study would also 
provide a fairly accurate information on the: 
nature of the imperfections of the crystal.. 
In spite of the experimental troubles involved 
in the measurement owing to obscurity of the 
behaviors of the free carriers, a qualitative 
explanation of the structures on the basis of 
the reproducible data should lead to clarifica- 
tion of the precise nature of photoconductivity. 


§5. Conclusion 


The photoconductivity structures near the 
absorption edge in pure CdS can be divided 
into two classes from the above argument: 

(i) One is closely associated with the ex- 
cited absorption. Photoconductivity structures. 
belonging to this class are intrinsic to the 
crystal. The carrier lifetime of the carriers. 
due to this band is rather short. 

(ii) The other is presumably due to the: 
imperfection of the crystal. The structures. 
occur on the longer wavelength side of the: 
exciton band, though the peaks and the shape: 
vary from sample to sample. The physical 
nature of the center responsible to the struc- 
tures cannot be clarified enough by the present 
work. 
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Observations were made in the boundary layer along a flat plate in a 
wind tunnel. A sphere of various diameters was placed on the plate as 
an isolated roughness element and the resulting flow patterns were ex- 
amined by the smoke emitted from various heights and positions rela- 
tive to the sphere. The patterns were stereographically photographed 
from upper and lateral sides, in order to make clear the mechanism of 
the change of patterns with varying velocities, namely Reynolds numbers. 
At low velocities, peculiar vortex filaments are formed. With increasing 
velocity, they begin to be deformed periodically and a characteristic 
row of arch-shaped vortices is formed. As the velocity is further in- 
creased, the wedge-shaped turbulent region appears downstream and 
gradually approaches the sphere, encroaching upon the laminer part. 
Vortex filaments parallel to the direction of the main stream appear 
with a constant spacing with their heads along the sides of the wedge. 
These observations were compared with measurements by hot-wire and 
with the results of visualization reported by other investigators. 


dimensional roughness by hot-wire technique, 
and interpreted the transition with the con- 
ception of turbulent spot. Gregory and 
Walker?) and Weske® have investigated, by 
visualization techniques the transition mecha- 
nism and the process caused by three-dimen- 
sional roughness in boundary layers. How- 
ever, the final conclusion on the production 
mechanism of turbulence seems to have been 
not yet obtained. 


§1. Introduction 

In the early stage of development, the 
prime object of researches in turbulence was 
isotropic turbulence, but recently anisotropic 
turbulence, and furthermore, as a fup/a- 
mental problem, the production mechanism 
of turbulence itself, have come to attract 
more and more attention. Schubauer and 
Klebanoff have examined natural transition 
and the transition caused by spark or three- 
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In the present stage, it seems to be the 
first necessity to examine the mechanism 
visually. With a view to clarifying the pro- 
duction mechanism, we examined in detail 
the process in which flow patterns around a 
sphere changed with Reynolds numbers, by 
photographing the flow structure in each 
process. 

For the visualization of the flow patterns 
in the air, the smoke or china clay method 
has usually been used. The latter only 
shows results in which the intensities of dis- 
turbances of air flow over a solid surface are 
averaged over a long time. On the other 
hand, the smoke method is able to show not 
only the fluid motion at any position by 
changing the positions of the smoke source, 
but also the patterns of flow over a wide 


aluminium smoke pipe 


Fig. 1. 


The arrangement is shown in Fig. 1. In 
order to regulate the flow for zero pressure 
gradient, wire gauzes were stretched across 
above the plate at the downstream end of 
the measuring section. 

As the roughness element, a bearing ball 
was used, whose diameter (Rk) was 0.71, 0.55, 
0.33 and 0.23cm, respectively. The rough- 
ness element was set at various distances 
from the leading edge of the plate. 

Flattend pipes, which were made from 
brass pipes of 0.3mm in diameter and 35cm 
in length, were attached to the lower side of 
the gaps (about 1mm wide) between the 
parts of the plate, with their sharpened sides 
up and down. These pipes have holes at an 
interval of 2mm along their upper side. In 
order that the smoke blown in from both 
ends of the pipe might be emitted uniform- 
ly, the hole size was increased gradually 
from the ends towards the center (0.4~0.7 
mm). In the early stage of experiments the 
smoke of tobacco was used, but it turned 
out inconvenient for continuous emission for 
a long time. Therefore, the smoke of evapo- 
rated liquid paraffine was used for the sub- 
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region and in detail at every moment; more- 
over, the method can show mean behavior of 
fluid motion by taking long-exposure photo- 
graphs. For these reasons, we adopted the 
smoke method for the present study. 


§2. Experimental Arrangement and Method 


The experiments were made in a 50x50 
200 cm closed Géttingen-type wind tunnel in 
our University, having windows on both la- 
teral and upper sides. A laminar boundary 
layer was formed on a flat plate which was 
placed holizontally at a distance of 15cm 
above the bottom of the tunnel. The plate 
was made of black-enameled aluminum and 
black acryl resin to get good photographic 
effect, and it was divided into 2 or 3 parts 
in order to emit the smoke from the gaps. 


1500 mm 


Nacryl resin plat 


Arrangement. 


sequent observation. Without the roughness 
element, the smoke crept in clear lines along 
the plate. In order to examine in detail the 
pattern in the neighborhood of the roughness 
element, the smoke was emitted at various 
streamwise positions and heights by the fol- 
lowing methods. In the early stage the smoke 
was emitted from a flattend pipe which was 
made from a brass pipe of 1mm in diameter 
and pierced with holes at an interval of 1 
mm. But at a later stage, in order to dimi- 
nish disturbances to the flow, a smoke sheet 
was formed by electrically heating a nichrome 
ribbon (0.1mm thickness, 0.8mm width) with 
liquid paraffine rubbed on. 

The flow patterns revealed by the smoke 
were photographed stereographically both 
from the upper and lateral sides. 


§3. Outline of Changing Process of Flow 
Pattern 


Placing the sphere in front of the gap in 
the plate surface and emitting smoke from 
it, the changes in the flow pattern produced 
by the sphere were observed by increasing 
the wind velocity. Some of the results are 
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Fig. 2. Smoke flows produced by spherical roughness element. 


Smoke is emitted on the plate down- 


stream of the sphere. (A) @m=20cm, k=0.71cm. (B) ae2=50cm, k=0.55 cm. (C) w~==50 cm, 


k=0.23. (a) Plane view. (b) Side view. 


When the wind velocity downstream from it. As the velocity was 
increased a little, a pair of smoke spirals (we 


may call them fixed vortices) appeared close 
behind the sphere and two parallel smoke 


shown in Fig. 2. 
was very small, there were observed only 


a reversed flow of smoke close behind the 
sphere and a single smoke streak trailing 
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filaments (we may call them trailing vortices) may call it horseshoe vortex) appeared, 
trailed downstream parallel to the plate from which circled round the front of the sphere 
the top of the spiral vortices. At the same (Fig. 3). These filaments changed their 
time a horseshoe-shaped smoke filament (we shapes successively as the velocity is in- 


Fig. 3. (a) Stationary state. (b) State of shedding periodic vortices. (c) Waving state. (d) Saw- 
shaped state. 


U=1.3 m/sec 


W=2e2 


WE 2A 


(b) 


Fig. 4. The case of smoke emitted on the plate upstream of the sphere. #;,+20cm, k=0.71 cm. 
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(A) 


(b) (c) 

Fig. 5. Structure of fixed vortices. (A) Smoke is emitted on the plate upstream of the sphere, 

| (B) immediate downstream and (C) more downstream. (a) Stationary state. (b) State of shedding 
of arch-shaped vortices. (c) Turbulent state. k=0.71. 


Fig. 6. Stereograph of arch shaped vortices. 


h=2mm 


Fig. 7. Structure of arch-shaped vortices. Smoke 
is emitted both from the plate and upper 
height (h). 


creased. 

The trailing vortex filaments begin to wave 
and then the raised parts begin to show an 
evident twist (Fig. 3-c and d). These trans- 
formations are small near the sphere and 
develops over some distance, and beyond 
there, they ceases to grow; the raised parts 
are stretched by shearing stress in the 
boundary layer. The horseshoe vortex fila- 
ment detaches itself upward from the plate 
as the velocity is increased. Then, the twist 
of trailing vortex filaments develops into rol- 
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Smoke height 2mm 


3mm 


5mm 


(b) 
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2mm 


4mm 


6mm 


Fig. 8. Structure of horseshoe vortex. Smoke 
height is varied. (a) Stationary state. (b) Side 
view of stationary state. (c) State of shedding 
of arch shaped vortices. k=0.71 cm. 


ling-up and the rolled up parts of the two 
filaments stand in pairs at equal intervals. 
These vortex-shaped patterns have their axes 
rising gradually upright until they become 
nearly vertical at some distances from the 
sphere. Beyond that, the rotating energy of 
the vortex-shaped patterns is weakened, and 
they were stretched downstream owing to 
the shearing stress. Finally, the vortex- 
shaped patterns take an arch-shaped configu- 
ration. In this stage, the horseshoe vortex 
filament also show three-dimensional defor- 
mations with the period which is the same 
as that of the arch-shaped vortices. 

As the velocity is further increased, the 
definite periodic shapes of these patterns dis- 
appear to be replaced by a turbulent state 
starting from the downstream location. At 
the same time the turbulent part gradually 
encroaches the laminar part of parallel smoke 
lines. This turbulent part may be regarded 
as the so-called turbulent wedge, whose apex 
proceeds upstream and finally reaches the 
sphere. 

These transition processes hold good for 
different sizes and positions of spheres. In 
the following sections, each process may be 
considered in detail. 
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Fig. 11. 
stantaneously. 
ously. 


i 
| 


§4. Structure of Vortex 
| When we compare Fig. 2, in which smoke 
is emitted from downstream of the sphere, 
} with Fig. 4, in which smoke is emitted 
from upstream, it may be considered that 
the horseshoe vortex filament is formed from 
upstream of the sphere and the trailing vor- 
tex filaments are formed in its downstream. 
In order to make clear the structure of these 
vortex filaments, the smoke is emitted from 
various positions relative to the sphere and 
the plate, and the photograph was taken of 
the flow pattern in the neighborhood of the 
sphere in magnified scale. 

The following processes are observed from 
Fig. 5 in which the smoke is emitted from 
downstream of the sphere. There appear a 
pair of spiral smoke filaments vertical to the 
- plate at about one diameter downstream from 
the sphere (the distance seems to increase 
with the flow velocity). On rising level with 
the top of the sphere, the smoke filaments 
trail downstream parallel to each other and 
to the plate. It is observed from Figs. 5-B 
and 5-C in which the smoke is emitted from 
up- and downstream positions of the center 
of the spiral, respectively, that these spiral 
filaments are cylindrical vortices. It is seen 
from the photographs that the smoke deposit- 
ed over a certain region on the plate is suck- 
ed up and raised spirally. At low velocity, 
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(a) Smoke is emitted on the plate close downstream of the sphere; photographed in- 
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(b) Emitted 35cm downstream from the sphere and photographed instantane- 
(c) Emitted from 35cm downstream; long exposure (0.5 sec). 


the rotation of the fixed vortices is weak and 
the trailing vortex filaments are straight 
lines; with increasing velocity, the trailing 
vortex filaments show waviness as_ stated 
above (Fig. 3-c). At still larger velocity, the 
fixed vortices become a large turbulent lump 
(Fig. 5-C-c) so that the spiral motion disap- 
pears and the trailing vortex filaments show 
turbulence at slightly downstream of the 
sphere. 

At a certain velocity, a row of vortices is 
formed very clearly by the following process. 
A pair of waving trailing vortex filaments 
are distored into saw-teeth shapes at regular 
intervals (Fig. 3-d). Their oblique sides of 
the saw-teeth are twisted in such a way that, 
looking from downstream, the right filament 
rotates clockwise, while the left filament an- 
ticlockwise. With increasing velocity, the 
tips of the saw-teeth are raised and the bot- 
toms lowered. Further, the twisted sides 
are strengthened until finally rolled up two 
or three times to form seemingly a series of 
vortex pairs (Fig. 3-b). These vortex-shaped 
structures are clearly noticed in the stereo- 
graphs. As the vortex-shaped patterns grow 
still further, the individual vortex pair joins 
together at the heads and takes arch-type 
shape (Fig. 6). The height of the vortices 
increases rapidly near the sphere and their 
tops are raised out of the boundary layer. In 
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further downstream region, the vortices 
cease to grow and then diffuse gradually. 

When the largest sphere is used and the 
smoke is emitted from the plate surface, 
these arch-type vortices are not easy to ob- 
serve. In this case, it can be surmised that 
the smoke emitted from the surface is not 
always able to wind around the arch-shaped 
vortices up to their tops. In order to make 
sure this explanation the smoke .source 
(nichrom wire) was set at various heights 
downstream of the sphere, and the resulting 
patterns of flow were photographed stereo- 
graphically. Some of them are shown in 
Fig. 7.. The smoke emitted from rather low 
height is rolled up higher than that emitted 
from the plate surface. The smoke emitted 
from a certain height indicates a pattern 
rotating just around the horizontal part of 
the arch. 

The frequency of shedding vortices is 
measured from the photograph of row of vor- 
tices, with a view to examining the relation 
between the Strouhal number’ based on 
sphere diameter and the Reynolds number, 
based on velocity at sphere top. The Strou- 
hal number is smaller than that of a sphere 
but larger than that of a cylinder, both plac- 
ed in a free stream, and it increases from 
about 0.1 to 0.23 as the Reynolds number is 
increased. 

In the next place the horseshoe vortex is 
considered. There is a region around the 
sphere in which the smoke does not enter as 
shown in Fig. 4 and 5-A, in which the smoke 
is emitted from upstream of the sphere. 
This fact shows that there is a_ horseshoe- 
shaped vortex which wraps round the front 
of the sphere and trails downstream, as has 
been observed by other researchers. The 
flow patterns upstream of the sphere are 
further examined with the smoke source at 
various heights upstream of the sphere (Fig. 
8). The results show that the smoke emitt- 
ed from lower than sphere center descends 
and turns back in front of the sphere, and 
that there exists a vortex having its center 
close to the sphere and the plate. In the 
downstream of the sphere and at low veloci- 
ty, the vortex trail two filaments which are 
parallel to each other and approach the plate. 
As the velocity is increased, the filaments 
raise from the plate and show periodic trans- 
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formations induced by the arch-shaped vor- 
tices. In the case of the smoke emitted from 
the plate, the smoke filaments stand up 
rapidly at about three diameters downstream 
of the sphere and combine with the horse- 
shoe vortex filament. 

We shall compare the above-mentioned 
phenomena with that in the flow around a 
sphere in a free stream. The photographs of 
the flow around a sphere were taken in 
water by Moller’) and Taneda®. In these 
cases, the fixed vortex takes a rising shape 
close behind the sphere; but in the present 
case of boundary layer flow two vortices are 
formed rising vertically from the surface, 
and two vortex filaments trail downstream 
from the respective head of the fixed vor- 
tices; these filaments correspond to that from 
the center of the ring-shaped vortex in the 
case of the free stream. In the free stream 
case the vortices shed from the sphere can 
orientate freely, but in the boundary layer 
case the vortices can be shed only in such a 
way that they take the arch shape. Thus 
the vortices formed at the back of the sphere 
are considered to originate in quite the same 
process both in the free flow and the bounda- 
ry layer. However, the horseshoe vortex is 
occasioned only by the existence of the solid 
surface. The parallel flow diverges in every 
direction at the stagnation point of the sphere 
in the free flow, while in the boundary layer, 
the flow which would be directed to the sur- 
face turns back against the sphere resulting 
the formation of the horseshoe vortex. 


§5. Turbulence Wedge 


As the velocity is increased, the turbulent 
region or the so-called turbulence wedge is 
formed downstream. With further increase 
in velocity, the vertex of the wedge advances 
upstream until finally attaches to the sphere. 
Gregory and Walker? have observed by 
means of the china clay technique that the 
wedge formed by a cylindrical or conical 
roughness on a flat plate has the vertex angle 
of 7°~16°. Schubauer and Klebanoff” have 
examined the turbulence wedge of a sphere 
by using a _ hot-wire anemometer. They 
found a half vertex angle of 6.4° for a fully 
turbulent region and that of 10.6° including 
an intermittent region. Tani, Komoda and 
Iuchi® have also made the measurements on 


| 
| 
| 
| 
| 
| 


| 1961) 


| the transition effect of a cylinder on a flat 
| plate with zero pressure gradient by using a 
hot-wire anemometer. In this case the tran- 
sition was defined by the point where the 
( fluctuation had the intermittency factor of 
about 50%. Under the condition that x:=xz, 
the relation between critical roughness Rey- 
nolds number R:=kux/vy and transition Rey- 
» nolds number R:=Uxx/v was obtained, where 
& is the height of the roughness element, ux 
the mean velocity at the top of the element, 
vy the kinematic viscosity of fluid, x: the dis- 
» tance along the surface to the roughness lo- 
} cation, x, the distance along the surface to 
_ the transition location and U the velocity out- 
)) side the boundary layer. 

In the present experiment, the position of 
) the vertex of the wedge and wedge angle are 
} determined on the photographs, by drawing 
| border lines between the turbulent region and 
the outer laminar region and the position of 
| the vertex is considered as the transition 
point. By placing a sphere (of diameter k) at 
a certain distance xz, the transition location 
i x, for various velocities are measured from 
the respective photographs. From the curve 
of x; against the velocity, the velocity corre- 
sponding to x,=xx is determined. Rx and R; 
are evaluated from these values for various 


~ 1000 


(0) 500 


Fig. 9. Variation of transition Reynolds number 
with critical roughness Reynolds number. 
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k and xx. The result is shown in Fig. 9, in 
which the above-mentioned result obtained by 
Tani, Komoda and Iuchi is shown by a solid 
line, and the extrapolated curve which cor- 
responds to the present measurement is shown 
by a broken line. It is interesting to note that 
the transition point determined by the smoke 
observation coincides with those determined 
by the hot-wire observation. The side of the 
wedge is not a single straight line but is com- 
posed of two straight lines linked together at 
lower velocities, inclusive of critical velocity 
when the vertex attaches to the sphere. At 
higher velocity or when the wedge developed 
into a fully turbulent one, the side becomes 
a straight line and a definite wedge angle 
can be determined. Consequently, at the 
critical velocity two wedge angles are obtain- 
ed, namely near the sphere and downstream, 
respectively, while at large velocities, a sin- 
gle angle is measured. These angles are 
plotted against the velocity in Fig. 10. It 
can be seen from this figure that all the 
measured points for various sizes and posi- 
tions of the sphere are on the lines for re- 
spective cases. Above mentioned result of 
Schubauer and Klebanoff may be regarded to 
be on the extrapolated line of the present 
results of the fully developed turbulence 
wedge. It is interesting to see that the 
results obtained from the smoke pattern and 
those from the hot-wire measurements are in 
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Fig. 10. Relation between angle of turbulence 


wedge and mean velocity. (a) State of develop- 
ed turbulence wedge; (b) Near the sphere; (c) 
Downstream, critical state at which 
attach to sphere. 
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good agreement. As the sides of the wedge 
are seen clearly in the smoke observation, 
the conception of the wedge is more easily 
to be understood. 

Gregory and Walker have observed that 
the china clay record of the wedge revealed 
the fine structure. We examined what cor- 
responds to the fine structure in the present 
case. The china clay method shows the time 
averaged results occurred on the plate sur- 
face. Smoke particles can depart from the 
plate surface following the local motion of 
fluid, even though they are emitted initially 
on the surface. In order to make the results 
of the smoke method equivalent to those of 
the china clay method, another smoke is 
emitted on the plate further downstream, and 
the pattern is photographed exposed for a 
long time. The results show some strong 
filaments (cf. Fig. 11) which may be regard- 
ed as those corresponding to the fine struc- 
ture of the china clay record. The Reynolds 
numbers at which the fine structure appears 
in the experiment of Gregory and Walker 
are lower than the Reynolds number at which 
the wedge just attaches to the sphere in the 
present experiment. Before the wedge deve- 
lopes fully, some dense filaments are observ- 
ed, which are considered to correspond to 
the fine structure of china clay. As the 
wedge develops, however, the smoke fila- 
ments disappear just after they are formed. 
Before the turbulence wedge is formed, the 
dense smoke filaments parallel to the direc- 
tion of the main stream appear behind the 
sphere, but after the turbulent wedge is form- 
ed, the smoke filaments which converge and 
then twist appear along the side of the 
wedge. It may be thought that these fila- 
ments suggest the existence of a vortex in 
their neighborhood, though it can not be as- 
serted that the position of the filament shows 
immediately that of the vortex. Such con- 
verging and twisting of smoke seem to occur 
at a constant spacing along the sides of the 
wedge. The interval measured perpendicu- 
larly to the direction of the main stream is 
about 7mm, though it becomes larger with 
decreasing velocity. If it is considered that 
the filaments are Gortler vortices on the con- 
cave wall, the wave length corresponds to 
those within the unstable region. Therefore, 
this consideration does not contradict with 
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the present result. But the details will be 
left for future consideration. 


§6. Discussion and Conclusion 


The transition process of flow patterns caus- 
ed by a spherical roughness element on the 
flat plate may be summarized here. The 
process begins with the formation of distinct 
vortex filaments, namely two trailing vortex 
filaments which trail from the head of the 
fixed vortices behind the sphere and horseshoe 
vortex filament which circles round the front 
of the sphere and trails downstream. Weak 
waviness occurs on the trailing vortex fila- 
ments and it grows as the velocity increases. 
Then at a certain velocity arch-shaped vorti- 
ces are formed by the rolling up of the 
trailing vortex filaments. In each stage, the 
degree of transformation reaches its maxi- 
mum at acertain distance downstream from 
the sphere, and the distance varies with the 
velocity; further downstream these transform- 
ed parts cease to grow and are stretched 
obliquely by shearing stress of the stream. 
The arch-shaped vortices raise their heads 
out of the boundary layer, so they are no 
longer stretched and are diffused as twisting 
force weakens. The horseshoe vortex fila- 
ment is also waved owing to the influence of 
the arch-shaped vortices. At still larger velo- 
cities the characteristic forms are lost and 
a wedge-shaped turbulent state is formed 
from downstream. The turbulent wedge en- 
croaches the laminar region, and its vertex 
advances toward the sphere as the velocity 
is increased. There appear vortex filaments 
parallel to the main stream, having a constant. 
spacing along the sides of the wedge. The 
region in which an isolated roughness ele- 
ment can make the flow turbulent is restrict- 
ed within the wedge. The vertex angle of 
the wedge becomes larger in proportion to 
the velocity, as is shown in Fig. 10. It is 
thought from the above observation that in 
the transition process the flow pattern passes. 
through the vortical state or state of rotating 
motion until finally developing into turbu- 
lence. The rotations are due to the shearing 
flow caused by the boundary layer of the 
plate and the wake of the sphere. 

In order to examine the process of the 
change of the flow pattern a little more 
quantitatively, the velocities at which the 


itrailing vortex filaments begin to show wavi- 
y#ness and those at which the arch-shaped 
i vortices take the maximum height are deter- 
| mined for each size and position of the sphere 
from the photographs such as Fig. 2. The 
J roughness Reynolds numbers Re=hux/y and 
R/S were calculated for these states, where 
Ox is boundary layer thickness at the position 
Jof the sphere. The results are shown in 
) Fig. 12 together with the roughness Reynolds 
number at which the vertex of the wedge 
pechs to the sphere. The marks in the 
s figure scatter considerably, because of the 
| ambiguity of determining from the photo- 
graphs the states such as the initiation of 
/ waviness and the most developed state of 
+ vortices. However, a tendency may be notic- 
» ed: namely, as Rx is increased, in the case 
) of large k/dx, first the trailing vortex fila- 
/ ments begin to wave, the periodic vortices 
} appear and reach to their maximum height, 
| and then the turbulence wedge is formed; 
) but in the case of small &/é; the wedge is 
/ formed before the most developing state is 


wedge 


vortex 


K/8 


9) 500 1000 
R« 

Fig. 12. Relation between roughness Reynolds 
numbers at which waviness of trailing vortex 
filament begins, arch-shaped vortices develope 
mostly and vertex of turbulence wedge attachs 
to sphere. 
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attained. This means that the vortices grow 
still in the wedge, and therefore that the 
arch-shaped vortices have necessarily to raise: 


their heads out of the boundary layer. This. 


state can be clearly recognized in Fig. 6 in 
which the bottom part begins to be turbulent, 
in spite of the tops of arch-shaped vortices. 
being still very clear. From above mention- 
ed results the heads of the arch-shaped. 
vortices seem to be independent of the tran- 
sition. Accordingly, the transition to turbu-- 
lence should be influenced by the vortices. 
existing in the boundary layer, namely the- 
horseshoe vortex, the trailing vortices and. 
leg of arch-shaped vortices. In the periodic 
vortices including those of very slight wavi- 
ness of the trailing vortices, the resulting 
deformation reach to a maximum at a certain. 
distance from the sphere. This may be re- 
garded as the same phenomenon as the ex- 
istence of the unstable state of the Tollmien-- 
Schlichting wave. However, the waviness of 
the trailing vortex filament does not seem to: 
fit with the same stability curve. If the 
state of initiation of waviness is compared. 
with the condition of the neutral stability by 
Shen”, Rs shows nearly the critical value: 
420, but B,»/U? shows too large a value, 
where 8, is circular frequency of the partial 
oscillation. 

The visulization techniques by smoke can 
grasp well the appearance in the flow field, 
but on the other hand, a full understanding 
of the meaning of each pattern is difficult to 
obtain. Therefore, in order to understand 
the indication of smoke patterns more clear- 
ly, experiments are now being carried on by 
using the smoke and the hot-wire techniques 
simultaneously. 

The author wishes to express her cordinal 
thanks to Prof. Jiro Sakagami for his kind 
guidance and constant encouragement through- 
out the course of this investigation. She is 
also grateful to the members of the Boundary 
Layer Research Group directed by Prof. Itiro 
Tani for their helpful discussions. 
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Measurements were made on the vibrational acceleration of a point 


on a plate and the sound pressure near the plate surface. 


Attention was 


given to the initial values of the above quantities, together with coinci- 
dence frequency and the waveform of impulsive force, and the following 


results were obtained. 


1) There is a close relation between the hammer momentum (mv) 
and the initial value (Ao) of the acceleration or the sound pressure, as 


expressed by the empirical formula; Ay=K2(mv)*1. 


The physical mean- 


ing of these coefficients is considered. 
2) The correspondence between vibrational acceleration and sound 
pressure is fairly complex and depends upon the mechanical properties 


and thickness of the plate. 


The coincidence effect. was observed. 


3) The waveform of the impulsive force was observed with different 


stiffnesses and with various velocities of the hammer. 


The frequency 


spectrum of the vibration depends on this waveform. 


Introduction 


§1. 

The modes and responses of vibrational 
systems have been investigated fairly well in 
the steady state case, and the steady state 
sound radiation from vibrating bodies have 
also been studied and reported as the radi- 
ation and scattering problems’. However, 
the transient phenomena for the complicated 
systems have not yet been solved. 

An important class of sound is that the 
sounds produced when an elastic body is set 
into vibration by some sort of impulses. The 
sound from musical instruments and bells; 
the noises from machines and vehicles; tap- 
ping noises in corridors, all these are transient 
phenomena excited by impulses. 

The purposes of this work are, first, to find 
techniques for investigating complicated tran- 
sient phenomena, through observation of the 
transient vibration excited by an impulse on 


a specific vibrating system, and the sound 
emitted thereby, second, to obtain, for prac- 
tical purposes, fundamental knowledges that 
might be useful for the reduction of noise 
and of the excess vibration, and third, to 
study the mechanisms of transmission of 
impulsive waves through elastic materials. 
The transient response of simple bodies such 
as a stretched string or a drum head and 
three dimensional bodies such as a sphere”, 
as well as their sound radiation have been 
throughly studied’-*. It has also been re- 
ported that a pistol noise which contains many 
frequency components over a wide band of 
frequency may be used for the study of 
architectural acoustics*).®. The present work 
was started with the hope that the study of 
vibrations, excited by an impulsive force 
might likewise. be useful in the study of 
acoustical and vibrational properties of ma- 
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) terials. 

In this paper, the relationship between the 
vibration and the sound generated when an 
impulsive force is applied to a two-dimensional 

homogeneous plate is studied. 


§2. Experimental Procedure 


2.1 Experimental method 

When a homogeneous plate suspended by a 
| fine string is subjected to an impulsive force 
| almost at the center, a great many modes of 
/ flexural vibration are excited. These modes 
of vibration decay gradually on account of 
) the radiation of sound and the internal fric- 
tion of the plate. 

The amplitude of the vibration and the 
' sound pressure for each mode can be described 
} in an exponential form; 

A= A» exp (—at) @L) 
here A is the amplitude of either the vibra- 
tion or the sound pressure, Ap is its initial 
value and @ is a reduction constant. If we 
observe the amplitudes of the vibration and 
the sound pressure of a single point as a 
whole at the same time, these quantities would 
not be described by Eq. (1), because the values 
of Ay) and aw for each mode excited by the 
impulsive force are different from each other. 
In the observation within a narrow band of 
frequency, however, the amplitude of these 
may be almost represented by Eq. (1). 

A schematic diagram of the experimental 
equipments is shown in Fig. 1. The vibra- 
tion is detected by an acceleration pick-up 
fixed near the center of the plate. The sound 
pressure is received by a microphone at about 
10cm apart from the plate. 

The wave patterns of these two quantities, 
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Fig. 1. Schematic diagram of the experimental 
equipment. 
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acceleration amplitude and sound pressure, 
can be observed by a double beam oscillo- 
scope, and at the same time they are recorded 
on a two channel magnetic taperecorder, and 
afterwards they are analyzed by a frequency 
analyzer. 

In order to observe how the impact force: 
behaves during the contact, a piezo-electric 
elements was fixed on the plate and was. 
struck directly by a hammer. 


2.2 Experimental apparatus 

Three different materials were chosen as. 
the sample of plate; iron, glass, and plywood. 
The dimensions of these plates (length x width. 
x thickness in cm) were (50x50x0.5), (50x 
500.3), (50x50x0.1), (100x100x0.3), (125x 
1250.1) and (150x150 x0.3) for iron plates,. 
(50x50x1.1) for glass plate and (5050x2), 
(60 x90 x 0.6) for plywood plates. 

The measurements were carried out under~ 
various conditions of the impact; that is differ- 
ent materials of hammer (impact instrument), 
say steel and rubber; different weights of 
hammer; various impact velocities and differ- 
ent shapes of the contact surface of the: 
hammer. 

A tiny condenser-type microphone was used - 
for receiving the sound. The vibration pick- 
up used” was acceleration type and was made - 
of Pb(Zr-Ti)Os ceramics. The weight and the 
acceleration sensitivity were 25 grams and 40: 
mv/g (where g is acceleration of gravity) re- 
spectively. The pick-up was cemented by - 
“Eastman 910” almost at the center of the 
plate. The reason why the pick-up was. 
cemented is to prevent some unexpected reso- 
nances for fixing the pick-up”. 

At each observation of the frequency re- 
sponses for each impact, the output voltages . 
of the microphone and the pick-up were re- 
corded simultaneously on a two-channel mag- 
netic tape recorder (a modified “Sony” type 
552), in order to enable observation of the . 
correspondence. The reproduced voltage of 
the tape recording was analyzed by a one- 
third octave analyzer (“ Rion” type SA 2704). 
The frequency spectra thus obtained were 
recorded on high-speed level recorder (“ Briel 
and Kjaer” type 2204). Fig. 2 shows the 
characteristics of the magnetic recording 
systems, which record the out-put voltage of 
the microphone under a constant sound pres- 
sure, and also the induced voltage of pick-up » 
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sunder a constant acceleration amplitude. As 
is clear from this figure, it is not necessary 
-to make correction in the range of frequency 
used. 

A synchroscope (“ Iwasaki” type 5101) was 
used for the observation of wave forms of 
-the vibration and the sound, and the time 
-duration of contact and the wave pattern of 
impulsive force. The sweep was triggered 
by the galvanic contact of the hammer with 
‘the plate so that it operates just at the in- 
-stant of contact. A conductive silver paint 
(“Du pont”) was used for the non-conductive 
-materials like rubber, plywood and glass. 
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‘Fig. 2. The frequency characteristics of the two 
channel tape recorder. 


The out put voltage of the pick-up which 
“is proportional to the acceleration of the vi- 
“bration were transformed to velocity and dis- 
placement through an amplifier which has an 
integrating circuit in itself. The cut-off fre- 
equency of the amplifier is 30c.p.s. 


§3. Experimental Results 


3.1 Decay curve 

Both the sound pressure and the accelera- 
tion of vibration behave almost in the way 
edescribed by Eq. (1) within a range of one- 
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third octave frequency band, and the slope 
of these patterns becomes straight in a loga- 
rithmic scale. The value of Ao has been 
determined by extrapolating these straight 
lines into the time of zero. An example of 
the decay curve is shown in Fig. 3, in which 
each number indicates a center value of one- 
third octave band. 


Fig. 3. Example of decay curve. 


3.2 One-third octave band spectrum 

By arranging the values of A» for each 
frequency band, as shown in Fig. 3, in re- 
spect to the frequency values concerned, a 
one-third octave band spectrum for the vibra- 
tion and the sound is obtained. An example 
of the results is shown in Fig. 4. The di- 
mensions of plates examined were (50*50x 
0.5), (50*50x1.1) and (50x50x2.0) for iron, 
glass and plywood respectively. The ham- 
mers used were a steel ball (3.0cm in di- 
ameter), and three rubber hammers which 
had 80-85° hardness which was given different 
stiffness, by changing the radius of curvature 
of the balls (refer Table I). The sound pres- 
sure and the acceleration of the vibration are 
shown in decibel scale (dB) in Fig. 4. The 
characteristic pattern of each spectrum in 
this figure doubtlessly resulted from the distri- 
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Fig. 4. Example of one-third octave band spectrum. 


(a) iron plate, (b) glass plate, (c) plywood plate. 
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Table I. 
sraner Hardness Radius of Stiffness Compliance ratio 
(Shore) contact face (mm)) (199 dyne/cm) (reference to H-1) 

H-1 80-85 25) 2.94 il 
H-5 80-85 5 1.06 2.76 
H-6 80-85 0.5 0.38 7.65 
M-1 60-65 25 0.80 Bay 
M-5 60-65 5 0.36 8.25 
M-6 60-65 0.5 O07 17 
S-1 30-35 25 0.24 WB 


| bution of the characteristic frequencies of each 
} plate itself. 


»3.3 Variation of spectrum with the stiffness 

of hammer 
' It has been well known that the tone of 
{the sound emitted by a body struck by a 
‘hammer differs according to the difference in 
stiffness of hammers. In Fig. 5 it is shown 
; how the spectra of vibration are affected by 
(the stiffness of hammers. In these experi- 
| ments, the steel and rubber hammers had al- 
| most same weight, and they struck the plates 
}-with the same impact velocity. In Fig. 5, 
| all the spectra are shown relative to that for 
‘the steel ball. Pertinent data for the rubber 
} hammers are shown in Table I. In this table, 
| stiffness have been determined from the ob- 
‘servation of the weight-to-deflection curves, 
and weight of these hammers are almost 75 
grams. 

It can be concluded from these experimental 
results that; with decreasing stiffness of the 
hammer, the levels of the spectrum in the 


at {2 


5 | 
———- frequency Kc 


Fig. 5. Spectrum variation due to the hammer 


stiffness. 


high frequency range decrease considerably, 
while no substantial differences can be found 
in the low frequency range. This will be 
discussed in detail paragraph 4. 


3.4 Relation between Ao and the momentum 
of the hammer 

The quantity Ao, the initial value of the 
sound pressure or of the acceleration of vi- 
bration, may be assumed to be a certain 
function of the impact condition of the ham- 
mer. It was therefore examined which quan- 
tity was just responsible for the determination 
of this initial value, among velocity, momen- 
tum and the kinetic energy of the hammer. 
Fig. 6 shows an experimental result for the 


Fig. 6. Relation between Ay and the momentum 
of the hammer. 
(a) acceleration, (b) sound pressure. 
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relationship between Ay and the momentum 
of the steel ball, both axes being shown in 
logarithmic scale. 

In the case of the rubber hammer which 
has smaller stiffness than steel ball, the re- 
lation between A» and the momentum is not 
as uniform as in the case of the steel ball. 
When the observed values of Ao are arranged 
in respect of velocity and kinetic energy, the 
relation between A») and the velocity or that 
between A, and kinetic energy looks like more 
fluctuating compared with the case of A» and 
momentum. There exists almost a linear 
relation in logarithmic scale between the mo- 
mentum and the relative value of Ao. In 
the range of low frequency, the increase of 
twice of the momentum just corresponds to 
the change of +6 dB of Av. However, the 
slope of this line gradually decreases and the 
linearity becomes diffuse in the range of high 
frequencies. 


3.5 The correspondence between the vibration 
and the sound pressure 

It is important to know the correspondence 

between the vibration of the body and the 

sound emitted from the vibrating body. In 

Fig. 7, the experimental data of the ratio of 

sound pressure to the acceleration of the vi- 
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frequency Ke 
Fig. 7. Relation between the acceleration level 
and the sound pressure level. 
(a) various samples with same size, 
(b) various size of iron plate. 
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bration are plotted in dB scale against the 
frequency. Fig. 7(a) shows results for an 
iron plate (50x50x0.5), a glass plate (50x50 
x1.1) and a plywood plate (50x50 x2.0), and 
(b) shows those for an iron plate of size (150) 
x 1500.3), (100x100x0.3) and (50x50 x0.3) 
respectively. The fluctuations of response 
curves seem to be caused by the resonance 
of the plates. . 

It can be concluded from the experiment 
that the behavior of the correspondence be- 
tween the sound pressure and the vibration 
follows different characteristic patterns for 
each plate according to the physical properties. 
of the plates, but that the correspondence is. 
independent of the properties of the hammer 
for each same plate. 

If the correspondence line is parallel to the 
abscissa, this behavior means that the sound 
pressure corresponds to the acceleration of 
the vibration. According as the slopes of | 
these correspondence curves decline at a 
rate of —6 dB/octave or of —12 dB/octave, 
the sound pressure would correspond to the 
velocity or the displacement of the vibration 
respectively. If it goes upwards at a rate of 
+6 dB/octave, it would means that the sound 
pressure corresponds to the derivative of the’ 
acceleration. 

From the experimental results shown in 
Fig. 7, it is hard to decide which correspond- | 
ence is the most favorable among the veloci- 
ty, the acceleration, the derivative of accele- 
ration and the displacement. These behaviors. 
seem to be dependent on the geometrical and 
physical properties of the plates themselves. 
This problem will be discussed later. 


3.6 Photographic observation 
Next, the experimental results on the wave-_ 
form of the sound and the vibration and on 
the force pattern observed by a synchroscope : 
will be described. The waveform are affected 
by the properties of both plate and hentia 
Fig. 8 shows the waveforms for various kinds. 
of plates, which are struck approximately att 
the center of plate. The hammer isa rubber 
H-1. The results for the sound pressure and 
the acceleration are shown in the upper and 
the lower traces of Fig. 8 respectively. Fig. 
8 (a) shows the result for an iron plate (100 x 
1000.1), in which case the sweeping speed 
of the synchroscope is 5 msec/unit scale. Fig. 
8(b) is for an iron plate (100x100x0.3) and 
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Fig. 8. Examples of sound and acceleration wave 
form for various kinds of plate. 
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(c) M-5 
Fig. 9. C.R.O. traces for acceleration of the glass 
plate which is struck by rubber hammers of 
various stiffnesses. 


the sweeping speed is 500 wsec/unit scale. 
Fig. 8(c) is also for an iron plate (50x50x 
0.5) under the same sweeping speed as Fig. 
8(b). Fig. 8(d) is the case of plywood (60 x 
90 x0.6), in which the sweeping speed is 1 
msec/unit scale. It is observed clearly that 
the waveform for thin plates, for example 
Fig. 8(a) and Fig. 8(d), contain less amounts 
of high frequency components. When they 
are struck by a steel ball, which has a greater 
stiffness than a rubber hammer, these wave- 
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formes contain more amounts of high frequen- 
cy components and also have more compli- 
cated and fine appearance. 

The effect of the stiffness of the hammer 
on the vibrational behavior of the plate will 
be seen not only in the spectrum, but also in 
the waveform. Fig. 9 shows the waveform 
of the acceleration of a glass plate, which 
has been struck by rubber hammers of vari- 
ous stiffnesses. As is shown in Fig. 9 the 


(c) 
Fig. 10. Waveforms of sound pressure and vibra- 
tion. 

(a) sound pressure and acceleration. 

(b) sound pressure and velocity. 


(c) sound pressure and displacement, 
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fine maxima and minima in the waveform 
tend to disappear with decrease of the stiff- 
ness of the hammer, or, in other words, a 
remarkable change occurs in the high fre- 
quency range, but no significant difference 
can be observed in the low frequency range. 

Next, it was examined what correspondence 
existed between the waveform of the sound 
and that of the velocity or the displacement 
of the vibration, both of which was obtained 
from the acceleration by an amplifier of suit- 
able characteristics. The results are shown 
in Fig. 10. The material of plates is plywood 
(60 x90 x0.6). Fig. 10 (a) indicates the corre- 
spondence between the waveform of the 
sound pressure and that of acceleration of 
the vibration, (b) gives sound pressure and 
velocity of vibration, and (c) gives sound 
pressure and displacement. Fig. 10 (a) indi- 
cates that there exists a fairly good corre- 
spondence between sound wave and the ac- 
celeration except for a maximum observed 
at the initial period. 

An example of the observation of the con- 
tact time is shown in Fig. 11. These photo- 
graphs are the results for an iron plate (50x 


(b) 


Contact time and the acceleration. 


Fig. 11, 
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| 50 x0.5) which was struck by a rubber ham- 
/.mer H-1, (a), and H-6, (b). 
| shows the current through the contact point. 


The upper trace 


The irregularity of the contact current as 
in Fig. 11(b) has been observed very often, 
and would have been caused by the rebound 
of the hammer on the plate. 

An example of the observation of the im- 
pact force is shown in Fig. 12. These figures 


| have been obtained for the iron plate (150 


150 x0.3) and using various hammers. The 
upper curves indicate the voltages induced in 
a piezoelectric ceramic caused by the impact 
force, the lower curves in Fig. 12 (a), (b), (c) 
show the acceleration, and those in (4d), (e), 
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(f) 
Fig. 12. The impact force and the vibration. 
(a) struck by H-1, (b) H-5, (c) H-6, (d) Steel 
ball, (e) H-1, (f) H-6. 


(f) show the velocity. The sweeping speed 
is 500 wsec/unit scale, and the hammer veloci- 
ty is about 55 cm/sec. 


§4. Discussion 
Relation between the spectrum and the 
stiffness of the hammer 

Let us observe the experimental results 
when an iron plate was struck by rubber 
hammers with different stiffnesses. Fig. 13 
indicates haw the waveform of the force is 
affected by the stiffness of the hammers in 
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the impact of constant velocity (about 55 cm/ 
sec). In this case the slope of the force at 
the initial instant: (dF/dt):-c, becomes less 
steep with the decrease of stiffness of the 
hammer, and also the duration of the force 
becomes longer. 

Fig. 14 shows the results when the impact 
velocity of the hammer is changed. The 
stiffness of this hammer H-5’ is equal to that 
of H-5 but the weight is 175 grams.- From 


Fig. 13. Waveforms of the impact force for ham- 
mers of various stiffnesses. 


O | 2 S 


Fig. 14. Waveforms of the impact force for vari- 
ous velocities of the hammer (H-5’). 


4 msec 
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these data it can be observed that the force 
figure becomes steeper with increase of ham- 
mer stiffness, and also, the time duration be- 
comes longer with increase of the impact 
velocity. 

Let us consider the frequency components 
involved in the force figure. The sharp pat- 
tern in the force figure means that the wave 
contains more amount of high frequency 
component and the short time duration means 
that the impulsive force have a higher cut 
off frequency. As is seen from Figs. 13 and 
14, the case with a harder hammer shows a 
sharper pattern in the force figure. 


octave spectrum with increase of the stiffness 
of hammer. The C.R.O. 


(refer Fig. 9). Similar patterns were obtained 
even if the rubber hammer of different hard- 
ness was used. 

The contact time can be determined from 
Fig. 11. But no definite relationship between 
the contact time and the duration of the im- 
pact could be found. This indefinite relation- 
ship seems to be caused by the movements 
of the plate and the hammer in the same 
direction, or the plastic deformation of both 
materials. 

However it can be seen from Fig. 11 that 
the contact time is shorter with the larger 
hammers, and also with increasing velocity 
of the hammers. Also, the contact time 
becomes longer, as we may suppose, in the 
cases of low stiffness hammer, or in the case 
of a plywood plate which is struck by a hard 
steel ball, because of the plastic deformation 
during impact. 

4.2 Relationship between Ao 
momentum 

The results in Fig. 6 are reproduced by 


and hammer 


Kor 2 5 


10% 2 5 
Momentum (gr-cm/sec) 


Fig. 15. Reproduction of Fig. 6 to show general 
trend. 


This © 
evidence just coincides with the fact that the © 
higher components appear in the one-third — 


observation of the — 
acceleration also indicates the same behavior — 
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|; single lines in Fig. 15, in which each line 
shows fairly well the characteristic relation- 
i ship between A, and momentum at the low 
| frequency region. The fact that the line goes 
| up linearly means that there exists a_paral- 
lelism between A, and momentum. In the 
medium frequency region, however, the slope 
1 of the line tends to go downwards, and at a 
| high frequency region, there is some scatter- 
¥ ing in the plots. 

' The behavior of Ay and momentum can 
} be related by the following empirical formula; 
Ao= Ka(mv)*1 (2) 
h where A> is an initial value of sound pres- 
sure or of vibration described by Eq. (1), 
' (mv) is the momentum of hammer, and Ki 
j and K2 are the coefficients which will be ex- 
| plained now. 

| ki is a Coefficient which represents the 
} slope of the straight line in Fig. 15. In the 
i low frequency region, the value of Ki is 
} unity, in which case A) is proportional to 
i (mv). K:1 becomes less than unity in the high 
frequency region. This means that, in the 
high frequency region, the increase of mo- 
mentum of the hammer is not used effectively 
‘for the excitement of vibration. When the 
plate is struck vigorously, the component of 
‘high frequency is relatively weakly excited, 
and the low frequency component predomi- 
nates. 

It is supposed that an excess amount of 
“impact energy above a certain level only 
contributes to extend the impact duration be- 
cause of the elastic deformation of material, 
and is not used effectively to increase the 
initial amplitude of vibration. The same 
situation is observed in the waveform just 
after the impact. 

Kz is another coefficient which may be 
‘called the reduction factor. This factor shows 
how much amount of momentum can be 
transferred effectively to the vibration, and 
may be a complicated function of frequency, 
physical property and shape of contact surface 
of the hammer etc.. If a certain amount of 
momentum is applied at an impact, the vi- 
bration, corresponding to the momentum 
multiplied by Kz, is excited. Accordingly, if 
we try to shift the waveform parallel to the 
time axis by an amount that depends on k2, 
the pattern becomes a simple line, the slope 
of which is determined by Ki. 


The Vibration and Sound by Impact 


1017 


The scattering of the data from the straight 
line in Fig. 6 seems to be caused by the fact 
that a part of impact energy is spent in some 
other forms of energy, for instance plastic 
deformation. Such a behavior is conspicuous 
in soft materials like plywood. The coefficient 
k2 is too complex to be analyzed quantita- 
tively. 

When a rigid object like a steel ball is used 
as a hammer, the impact momentum can be 
transferred without hardly any rebound on 
the surface. However, in the case of elastic 
ball like rubber, a part of the momentum of 
the hammer is spent for the deformation of 
the ball. Accordingly, the experimental data 
in such a cases scatter considerably. 


4.3 Correspondence between the vibration and 
the sound pressure 

It has been well known in the problems of 
sound radiation due to the flexural vibration 
of a plate that there exist abnormal phe- 
nomena which have been called by L. Cremer” 
as coincidence effect. Afterwards, it was 
made clear by M. J. Brillouin!®, K. Gosele!”, 
W. Westphal”, and M. Heckel!® that the 
coincidence effect can be observed above a 
certain value of frequency, at which the wave 
length of the flexural vibration of the plate 
just coincides with that of sound in air. 

The radiation factor, which means the ef- 
ficiency of the sound radiation, becomes sub- 
stantially different above and below this criti- 
cal frequency, fe. Taking the efficiency above 
fe as a standard, there is an abnormal maxi- 
mum of efficiency in the vicinity of /¢, and 
it falls off considerably in the lower frequency 
region. 

The propagating velocity of flexural vibra- 
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Fig. 16. Propagation velocity and wave length 
of flexural vibration. 
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tion of the plate is described as follows”; 


a ee 
Ce) 


here c is the propagating velocity, w is the 
angular frequency, E is Young’s modulus, oe 
is the density, yw is the Poisson ratio and 7 
is the radius of gyration which is ¢/1/12 for 
a plate with a thickness f. 

In Fig. 16, the wave lengths of the plates 
calculated by Eq. (3) are shown, together 
with that of sound in air. The values of /- 
for the plates used are shown in Table II. 


(3) 


Table II. 

Sample Thickness (cm) | Biol Cape) 
Iron 0.5 2,500 
y 0.3 4,000 
a Oi al 12,500 
Glass eal 1,150 
Plywood | 2.0 1,000 
” 0.6 3,000 


No anomaly as remarkable as would be 
expected from the theory was observed above 
and below the frequency, f-, as shown in 
Fig. 7. It is remarked that Westphal also 
did not find any large anomaly but just a 
trend of being lower in the lower frequency 
range. 

From our observation, it is found that the 
sound pressure is almost proportional to the 
velocity of the plate at lower frequencies, 
tends to be proportional to the acceleration 
with increase of frequency, and becomes pro- 
portional to the derivative of acceleration in 
the vicinity of f. In the case of high damp- 
ing materials like a plywood, the amount of 
reduction of efficiency is so small in a lower 
frequency range than fc, that sound pressure 
can be regarded as proportional to accelera- 
tion. As the radiation factor is a certain 
function of the internal friction of the 
plate’”.'», it would be possible to treat this 
case theoretically. 

It is necessary and important to examine 
what type of vibration pick-up attached to 
the plate can best reproduce the sound emit- 
ted by the plate. It is concluded that neither 
velocity nor acceleration type is satisfactory, 
but that the acceleration type looks like better 
below a few thousands cycles. However, in 
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case fe is too low or too high, the sound 


pressure would rather correspond to the | 


velocity. 


In Fig. 10, the waveforms of acceleration, — 


velocity and displacement are shown together 


with that of sound pressure, and as will be } 
| 
| 


seen from this figure, the best fit is found 
between sound pressure and acceleration. 
However, for the initial segment of the wave- 
form, a better fit is obtained between sound 
pressure and velocity (Figs. 10 and 11). 
correspondence can be understood from the 
consideration that in the vibration of a piston, 
the sound pressure is described by a function 


of vibrational velocity of the surface of the 


piston. It seems reasonable that the wave- 
form of the sound pressure is just proportional 
to that of acceleration, because Ao is the ex- 
traporated initial value of the sound pressure 
associated with the vibration of the plate, 


after its own characteristic vibrations have 


been excited. 


§5. Conclusions 


From the observation of the initial values 


of the sound and the vibration, Ao, of a plate 
subjected to an impact, it is concluded that; 
1) With reducing stiffness of the hammer, 
the components of high frequency of sound 
and vibration tend to disappear, but no much 
difference is observed in the lower frequency 
region. 

2) The initial value Ao is closely related to 
the momentum of the hammer, and this re- 
lationship can be represented by Eq. (2). The 
coefficients Ki, K2 in Eq. (2) is interpreted 
qualitatively. 

3) The correspondence between the vibration 
and the sound is fairly complex and depends 
upon the properties of materials. The coin- 
cidence effect was observed in the radiation 
of sound from a plate, but it is not so marked 
as expected from the theory. 

4) A good coincidence was observed in wave- 
forms of A» between impulsive force, velocity 
and sound pressure just at the initial stage 
of impact. However, after the characteristic 
frequencies of the plate were excited, accele- 
ration had a better correspondence with sound 
for common materials. 

5) The relation between the contact time 
and the duration of the impact force has not 
yet been clarified. 


| 


| 
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Pole figures for the brass specimens which had been used for the 
measurement of the change in modulus of rigidity in the previous in- 
vestigation!) and had received 90 per cent reduction in cross-sectional 
area by cold-rolling were obtained. In the pole figure of copper, the 
most intense rolling texture was {112}<1l11>. In the pole figure of 
brass containing 10.14 per cent zinc, the most intense texture was {110} 
<112> and the {110}<001> texture also appeared in the figure in con- 
siderable degree. The intensity of the {110}<001> texture increases 
with the increase of zinc content. The existense of the f#-phase in the 
brass wire containing 40.24 per cent zinc was ascertained, which had 
been predicted in the previous paper). On the basis of these results 
the variation in the modulus of rigidity of the specimens, 57.5 per cent 
cold-rolled, with various zinc contents was investigated. 


linearly with the increase of zinc content, (2) 
the modulus of rigidity of all specimens de- 
creased with the increase of the degree of 
cold-rolling (3) the relative decrease of the 
modulus of rigidity of brass wires compared 
with the decrease of the equally cold-rolled 
pure copper wire was different according to 


§1. Introduction 

Previously» the present author studied on 
the change of rigidities of brass wires con- 
taining 10.14, 30.15 and 40.24 per cent zinc 
caused by cold-rolling. The results showed 
that (1) in well annealed state, the modulus 
of rigidity of the specimens decreased quasi 
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the zinc content, for instance, in the speci- 
mens cold-rolled by 10.5 per cent in cross- 
sectional area, the modulus of rigidity of the 
brass wire containing 10.14 per cent zinc was 
larger than that of pure copper wire and the 
modulus of rigidity in the brass wires con- 
taining 10~40 per cent zinc content decreased 
slower than that for the well annealed speci- 
mens with increasing zinc content, (4) in the 
specimens cold-rolled by 57.5 per cent, the 
modulus of rigidity of the brass wire contain- 
ing 10.14 per cent zinc was greater considerab- 
ly than that of pure copper wire and it in- 
creased gradually with the increase of zinc 
content up to 30.15 per cent zinc, but the 
modulus of of rigidity of the brass wire con- 
taining 40.24 per cent zinc was grater con- 
siderably than that of the brass wire contain- 
ing 30.15 per cent zinc. 


Brase- (cu WAI 


(f 


10 20 30 
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Fig. 1. Modulus of rigidity vs percentage of 
zinc content for annealed and cold-rolled brass 
wires. 
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The above relations are represented again 
in Fig. 1. The cause of the change in modulus 
of rigidity of the well annealed specimens and 
of the specimens cold-rolled by 10.5 per cent 
have discussed in detail in the previous paper”, 
but the discussion of the cause of the change 
in modulus of rigidity of the specimens cold- 
rolied by 57.5 per cent was unsatisfactory. 
Consequently, the present author investigated 
this problem again. 

Cook and Richards” found the following 
facts from X-ray studies; (1) when polycrys- 
talline copper and brass strips are cold-rolled, 
the deformation proceeds by a slip mechanism 
up to about 33 per cent in thickness for copper 
and slightly more for brass, and beyond this 
stage it proceeds by a breakdown of the crys- 
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tals into minute blocks (2) marked preferred 
orientation increases progressively with the 
increase of cold-rolling. The large variation 
in modulus of rigidity of brass wires with 


cold-rolling must arise from the formation | 


of the preferred orientation, because the 
modulus of rigidity of copper single crystal 
decreases from 7,700 kg/mm? in the direction 
[100] to 3,100 kg/mm? in the direction [111]* 
and the modulus of rigidity G of f.c.c. metal 
depends on the orientation according to the 


formula”, 
iL 1 ii 1 ) 
= Le = o [PR 
G Gmax ( Gmin Gmax 
_ WARP LEH? 
(h? a hk? +k?)? 


where h, k, 1 are the Miller indices. As 
Fmin=0. for, [100) and Fisex—1) 3. 10Gn Le ee 
follows that the modulus of rigidity is largest 
in the direction [100] and smallest in the di- 
rection [111]. On account of the above men- 
tioned reasons it is expected that the variation 
in modulus of rigidity of the specimens, 57.5 
per cent cold-rolled, with the change in zinc 
content to be affected in great degree by the 
preferred orientations developed during cold- 
rolling. Thus the preferred orientations in 
the cold-rolled specimens developed during 
cold-rolling were studied using the same ma- 
terials which were used for the measurement 
of the change in modulus of rigidity. And 
also the existence of the 8-phase in the brass 
wire containing 40.24 per cent zinc was ascer- 
tained, which was predicted in the previous 
investigation” 


§2. Experimental Procedure 


(1) Measurement of preferred orientation 
Specimens for pole figure determination 
were prepared from the wires which had been 
used for the change in modulus of rigidity 
and had received 90 per cent reduction in 
cross-sectional area by cold-rolling in order 
to obtained diffraction patterns showing the 
preferred orientation. Cu Ka. radiation ob- 
tained with 15 mA at 30KV was used for all 
diffraction patterns. The X-ray beam was 
collimated through a pinhole system. The 
specimen was mounted in a goniometer which 
permitted accurate measurement of the angle 
of rotation about the vertical axis of the 
specimen without removing the specimen from 
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its mounting during the entire series of ex- 
posure. The starting position was selected 
such that the X-ray beam was perpendicular 
to the rolling plane and the rolling direction 
of the sheet specimen was vertical. A series 
of transmission patterns was obtained from 
0° to 60° at intervals of 10°, by rotating the 
specimen clockwise about the vertical axis. 
The distance from the specimen to the X-ray, 
film was 40 mm. 


(2) Confirmation of the existence of 8-phase 

In the previous investigation the existence 
of 8-phase which should coexist with a-phase 
in the brass wire containing 40.24 per cent 
zinc could not be confirmed. Nevertheless, 
the coexistence of $-phase with a-phase in 
annealed brass containing 40.24 per cent zinc 
was successfully confirmed using FeK(a+{) 
radiation obtained with 20mA at 15KV and 
with the exposure of 10 hours in the present 
case. 


§3. Results 


(1) Preferred orientation 

The {111} pole figures obtained from the 
diffraction patterns for the cold-rolled copper 
and brass sheets are shown in Figs. 2~5. 
The {200} pole figures for these specimens 
were also obtained to ascertain the results 
obtained from the {111} pole figures. The 


Fig. 2. {111} pole figure for 90 pct cold-rolled 
copper sheet. Ideal orientations indicated as 
follows: Solid circle, {110}<112>. Solid square, 
NI ABN Sse. Solid triangle, {110} <001>. Open 
circle, {210}<001>. 
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intensity of Debye rings for the {111} and 
{200} planes were estimated by eye and 
graded into seven classes. These grades are 
indicated in these figures with cross lines, 
lines at regular intervals, lines and dots, 
crosses, and dots respectively in order of 
intensity. 


RD 
f 


Fig. 3. {111} pole figure for 90 pct cold-rolled 

brass sheet containing 10 pct zinc. Ideal orien- 
Solid circle, {110} 
Solid tri- 


tations indicated as follows: 
<112>. Solid square, {112}<lll>. 
angle, {110}<001>. 
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Fig. 4. {111} pole figure for 90 pct cold-rolled 
brass sheet containing 30 pct zinc. Ideal orien- 
tations indicated as follows: Solid circle, {110} 
<112>. Solid square, {112}<111>. Solid tri- 
angle, {110}<001>. 
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Comparison of these pole figures with one 
another indicates a number of gradual changes 
taking place with increasing zinc content. In 
the pole figures of copper, Fig. 2, the most 
intense orientation spread is the one centered 
around the {112}<111> orientation. Moreover, 
a {110}<112> texture and a twin {210}<001> 
texture can be found in Fig. 2. Nevertheless, 
these textures are present to a less degree 
than the {112}<111> texture. In the pole figure 
of brass containing 10.14 per cent zinc, Fig. 
3, the most intense texture is the {110}<112> 
orientation and the intensity of the {112}<111l 
texture becomes weaker as compared with 
that of copper. Moreover, a {110}<001> texture 
appears in this figure in considerable degree. 


LL 


Fig. 5. {111} pole figure for 90 pct cold-rolled 
brass sheet containing 40 pct zinc. Ideal orien- 
tations indicated as follows: Solid circle, {110} 
<112>. Solid square, {112}<1l1>. Solid tri- 
angle, {110}<001>. 


As seen in the pole figures, Figs. 3~5, the 
texture represented by {011}<112> is present 
in large amount for any zinc content in the 
range from 10 to 40 per cent and the in- 
tensities of which increase with zinc content; 
relative intensity of {112}<111) texture is al- 
most independent on the zinc content but is 
weak as compared with that of copper; the 
intensity of the {110}<001> texture increases 
with increasing zinc content. 
(2) Existence of B-phase 

Fig. 6 shows the powder X-ray photograph 
of the annealed brass containing 40.24 per 
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cent zinc obtained by the above mentioned 
method. From this figure the coexistence of 
of B-phase (b.c.c.) with a-phase (f.c.c.) in this 
brass is clear. 


Fig. 6. Power photogram of annealed brass con- 
tatining 40 pct zinc. FeK(a+ 8) radiation, 15KV, 
20mA 10 hrs. 


§ 4. Discussion 


The above mentioned rolling textures ob- 
tained for the copper and brasses are not 
completely consistent with the results obtained 
by Merlini and Beck». These discrepancies 
may be due to the difference of compositions 
or history of the specimens and method of 
measurement. ‘Especially, the specimens used 
for the measurement of rolling textures in 
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this experiment were prepared from the wires 
about 1mm in diameter. Nevertheless, the 
change in modulus of rigidity of the brass 
wires cold-rolled 57.5 per cent associated with 
the change of zinc content, reported in the 
previous paper”, can be explained with the 
above mentioned experimental results as fol- 
lows. (1) The variation in the modulus of 
rigidity of the heavily cold-rolled specimens 
such as in this case should be greatly affected 
by the preferred orientations developed by 
cold-rolling. (2) The decrease of the modulus 
of rigidity should chiefly be due to the de- 
velopment of the preferred orientation repre- 
sented {112}<111>, for which the value of the 
modulus of rigidity is smallest, among the 
textures of various orientations. (3) The fact 
that the modulus of the brass wire containing 
10.14 per cent zinc surpasses that of pure 
copper wire in amount at this stage of cold- 
rolling should be attributed to the change of 
the strongest preferred orientation from {112} 
<111> to {110}<112> by the addition of 10 per 
cent zinc. (4) The gradual increase of the 
relative amount of the modulus of rigidity of 
the 57.5 per cent cold-rolled brass wires against 
that of copper wire with the incrase of zinc 
content from 10 per cent to 30 per cent, as 
shown in Fig. 1, should be due to the gradual 
increase of the intensity of the preferred ori- 
entation represented by {110}<001>, for which 
the value of modulus of rigidity is largest, 
with the increase of zinc content. (5) For 
the rapid increase of the relative amount of 
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the modulus of rigidity of the 57.5 per cent 
cold-rolled brass wire containing 40 per cent 
zinc against that of copper wire, as shown 
in Fig. 1, two factors may be considerable, 
namely, (a) the increase of the intensity of 
preferred orientation {110}<001>, (b) influence 
of the 8-phase coexisting with a-phase. The 
difficulties of the confirmation of the existence 
of §-phase by x-ray photograph, the rapid 
increase of Vickers hardness at the neighbour- 
hood of 40 per cent zinc content as shown in 
the previous investigation, and furthermore 
the fact that the tensile strength shows a 
maximum value at about 40 per cent zinc 
content may indicate the existence of the 
precipited 8-phase in the form of very minute 
particles in the brass containing 40.24 per cent 
zinc. The decrease of the grain size would 
increase the modulus of rigidity. This prob- 
lem is now under investigation. 

The author wishes to express his sincere 
thanks to Mr. Toyojiro Isano for his assistance. 
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Dielectric a- and $-dispersions in Polyvinyl 
Butyral (PVB) 


By Yuzd TAKAHASHI 


Laboratory, Hokkai Can Mfg. Co., Ltd., 
Otaru, Hokkaido 


(Received March 9 1961) 


Since there is relatively few reports concerning 
both dielectric a@- and §-dispersions measured for 
the same sample of polymers, this paper deals with 
these two dielectric dispersions in PVB. The sample 
of PVB, which is heat-treated at 200°C for 30 min., 
was measured for the frequency dependence of die- 
lectric loss ¢’’ in the temperature region from —70 
to 120°C and over the frequency range of 0.3 to 
108c/s. The apparatus was the same as the previous 
one??, 


log f (c/s) 
Fig. 1. Frequency dependence of ¢’’ at various 
temperatures for PVB (in high temperature 
region) 


The results obtained are shown in Fig. 1 and 2. 
Two dielectric dispersions, i.e., the higher and lower 
temperature dispersions which are labled as a and 8 
respectively, can be observed, while these two dis- 
persions are also detected by the mechanical meas- 
urement*). If log fm is plotted against 1/T, where 
Jm is the frequency at which e’’ is maximum, we 
obtain a curve for the a-dispersion, but a straight 
line for the §-disperion as shown in Fig. 3. ‘DPhere- 
fore, the apparent dielectric activation energy 4H* 
for the former are 93, 66,53, 42 and 34 kcal/mol at 
80°,/92", 102°; 110° and 120°C respectively, calculat- 
ed using the equation of WLF®). On the other 


The reports should not exceed 800 words in length. A figure of size 
7cmx7cm will be counted as 150 words. 
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hand, 4H* for the latter is about 12 kcal/mol and 
independent of the temperature. This difference 
between the a- and £-dispersions in PVB seems to 
be based on the difference whether the dielectric 
relaxation is related to the segmental movements 
of the main chain or to the movements of the local 
parts such as the side groups. 
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Fig. 2. Frequency dependence of ¢’’ at various 
temperatures for PVB (in low temperature 
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Fig. 3. Plot of logarithmic dispersion frequency 
against reciprocal of absolute temperature. 


The author wishes to thank Professors J. Furuichi 
and M. Kaneko, Faculty of Science, Hokkaido Uni- 
versity, for their continual interest and discussion. 
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The Double-Grid Ionization Chamber 


By Iwao OGAWA and Tadayoshi DoKE 


Department of Physics, 
Rikkyo (St. Paul’s) University, Tokyo 
(Received February 15, 1961) 


Pulses extracted from the grid of a gridded ioni- 
zation chamber may be conveniently used as a signal 
containing the information on the orientation of 
tracks of alpha particles emitted from the cathode 
of the chamber!). As was shown by Botchagov et 
al., the negative pulse-height V, of a grid pulse is 
approximately given by 

Vg=(Qo/Cy)-{1—(R*/d1) cos 6} , (1) 
where Q denotes the total charge of the ions pro- 
duced by an alpha particle, Cy the capacity of the 
grid system, d, the distance between the cathode 
and the grid, and @ the angle between the particle 
track and the normal to the cathode K, while R* 
is a quantity representing a length very close to 
the particle range R independent of cos@. 

From (1) it is seen that the pulse-height distri- 
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Fig. 1. Schematic view of the double-grid chamber. 
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bution of those grid pulses which are counted in 
coincidence with the collector pulses belonging to 
a particular peak in the energy spectrum would 
represent the angular distribution in terms of cos@ 
for the particles of the particular energy. 

In an ordinary single-grid ionization chamber, 
however, simultaneous extraction of both the col- 
lector and grid pulses generally impairs the shield- 
ing efficiency of the grid and results in a serious 
loss in the energy resolution. 

In order to overcome this difficulty, we have con- 
structed a double-grid ionization chamber shown 
schematically in Fig. 1. Signals are taken out from 
the first grid G; as well as from the collector C. 
An additional grid G,; is directly grounded and 
serves as a screen grid. 

The energy spectrum of the alpha particles from 
a natural uranium source (~50pg/cm? thick) ob- 
tained with this chamber is given in Fig. 2A. The 
resolution is fairly good despite the simultaneous 
extraction of the grid pulses. Fig. 2B shows the 
grid pulse-height distributions due to U*** (curve 
(a)) and U?* (curve (b)) obtained by the collector- 
grid coincidence method described above, by which 
we can select a praticular peak of the energy spec- 
trum. The corresponding ranges in the collector 
pulse-height are indicated by the arrows in the 
energy spectrum. Thus we can see that the sepa- 
ration of the grid pulses is satisfactory in spite of 
the rather small difference in energy of the both 
alpha particles. 

Grid pulses due to the particles emitted from Gy, 
G2 or C are essentially positive at least in the first 
approximation. Making use of this fact, we have 
succeeded in a background reduction by a factor 
of about three in the energy spectrum merely by 
counting those collector pulses which are accom- 
panied by a negative grid pulse. The full account 
will shortly be published elsewhere. 
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Fig. 2. Pulse-height distributions of natural uranium. A: Energy spectrum. B: Grid-pulse spectra. 
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Thermoelectric Behaviours of Rutile 


By Kimiko SAKATA 


National Research Institute for Metals, 
Meguro-ku, Tokyo, Japan 
(Received February 20, 1961) 


The present note describes the results of experi- 
ment in which the temperature dependence of con- 
ductivity and that of thermo e.m.f. were simultane- 
ously measured for rutile samples sintered in 
different oxygen atmosphere. The experimental 
procedures are the same as previously described). 

Curves in Figs. 1 and 2 represent, respectively, 
ovs.1/T and Qvs.1/T for various oxygen partial 
pressures Po, («: conductivity in ohm-!cm~!, Q: 
e.m.f. per degree in mV/degree, J’: absolute tem- 
perature in °K). Each curve was obtained by suc- 
‘cessive measuremeuts carried out with decreasing 
temperature. Each measurement at a certain tem- 
perature was carried out after assuring that an 
equillibrium state had been established in the sam- 
ple, although below 700°C it could not be attained 
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Fig. 1. Conductivity vs. reciprocal absolute 
temperature for various oxygen partial pressures. 
(1) lat. O, (2) deate air 
(3) 100mm Hg air (4) 10mm Hg air 
(5) lat. deoxidized Ar (6) lat. deoxidized Ar 
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Fig. 3. QT product vs. absolute temperature 
various oxygen partial pressures. 
(1) lat. O, (2) lat. air 
(3) 100mm Hg air (4) 10mm Hg air 
(5) lat. deoxidized Ar (6) lat. deoxidized Ar 
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within a defined time, when a certain final state 
has been settled. An exception is the case of curve 
6, i.e., it was obtained by successive measurements 
with increasing temperature for the sample which 
had been rapidly quenched from the equilibrium at 
1200°C in the prescribed atmosphere. 

The activation energy of conduction determined 
by each curve in Fig. 1, in the temperature range 
of 700°~1000°C, tends to increase with increasing 
Po, up to 3.0ev (curve 1), which may correspond 
to the value of forbidden energy gap reported by 
Cronemeyer2). The asymptotic value of correspond- 
ing Q@T-curve (Fig. 3, curve 1) tends to 1.55ev, 


' indicating that the Fermi level approaches to half 


way of the forbidden gap in the intrinsic region. 
The conductivy behaviour as well as the corre- 
sponding thermo e.m.f. (curve 6 in each figure) 
suggest that in highly reduced rutile its metallic 
conduction takes place in the narrow d-band, as 
pointed out by Morin?), and the intrinsic conduction 
begins to predominate at about 1150°C. 

Curves 2, 3, 4 and 5 in each figure show inter- 
mediate behaviours between those of curve 1 (nearly 
intrinsic) and curve 6 (highly reduced). It should 
be pointed out that a contribution to these observed 
behaviours from a temperature dependent change 


zin oxide composition cannot be ignored. This fact 


is obvious when one compares curve 5 with curve 
6; in the latter case, the above contribution may 
be neglected. In the former case, on the other 
hand, the composition change is proceeding in the 
direction of approaching to stoichiometry with de- 
creasing temperature in the range from 1200°C to 
about 700°C, where a certain state with a certain 
composition is frozen in. 
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Magnetic Anisotropy of Heusler 
Single Crystal 
By Keizé AOYAGI and Makoto SUGIHARA 
Electrical Communication Laboratory, Nippon 
Telegraph and Telephone Public Corporation 
1551, Kichijoji1, Musashino-shi, Tokyo, Japan 
(Received February 25, 1961) 


The Heusler alloy of which the typical composi- 
tion is CusMnX, where X=Al, In, Sn, is the well 
known ferromagnetic alloy composed of non ferro- 
magnetic elements. It was found by many investi- 
gators!) that ferromagnetism of the Heusler alloys 
is associated with body-centred cubic 8 phase with 
a face-centred cubic superlattice in the highly 
ordered state and especially both the saturation 
magnetization and the curie temperature of Cu;Mn 
Al alloy change with the condition of heat treat- 
‘ments, namely both show minimum values in the 
state quenched from high temperatures and increase 
with aging at low temperatures. It may be inter- 
esting to investigate the effect of heat treatment on 
the ferromagnetic crystal anisotropy of Cu,MnAl, 
in connection with the experimental facts mentioned 
above. Furthermore, so far any quantitative 
measuring datum on the ferromagnetic crystal 
-anisotropy of Cu,MnAl was not publicated except 
ithe qualitative datum of small single crystal speci- 
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Fig. 1. The temperature dependence of anisotropy 
constants, K;, of a Cu,MnAl alloy in the state 
quenched from 750°C. 
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Fig. 2. The change with aging at 110°C of 
sotropy constants, K,, of a Cu;MnA! alloy. 
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mens by Potter2). The authors have tried to grow 
a large single crystal of Cu,sMnAl and to measure 
ferromagnetic crystal anisotropy using the crystal 
and they have got satisfactory results. 

A single crystal employed was grown in argon 
furnace from the melt of the ingot of Cu;MnAl 
alloy which was preliminary cast and grinded to 
remove the scale. To prevent the precipitation of 
non ferromagnetic phase, after the melt was soli- 
dified it was immediately cooled rapidly, and then 
circular disk, 11.834mm in diameter and 1.001 mm 
in thickness, with plate surface coinciding with the 
(100) plane, was cut out from the single crystal 
ingot. The results of chemical and X-ray analysis 
on the remainder of a single crystal ingot showed 
that its accurate composition was Cuy.9997Mn; 007 
Alj.oo3. The crystal structure was exactly the same 
Heusler type as observed by Bradley et al3), and 
any other line was not observed in X-ray analysis. 
Anisotropy measurements by the automatic record- 
ing torque magneto meter’) were performed at the 
temperature between liq.N, and +80°C in the state 
cooled rapidly by the cold jet of argon gas after 
annealing for one hour at 750°C, and were per- 
formed also at liq.N, and room temperature in the 
state aged at 110°C after heat treated as mentioned 
above. Measuring magnetic field applied parallel 
with the (100) plate surface was about 82000e, and 
cubic anisotropy constants, K,;, were determined 
accurately by Fourier analysis of the measured 
torque curves. 

The results obtained are summarized as follows: 

(1) The values of K; were —3.7X103 ergs/cm3 
and —1.5x10%ergs/cm? at liqg.N2 and room tem- 
perature, respectively, in the state cooled rapidly 
from 750°C. Change of K,; with the measuring 
temperature was shown in Fig. 1. This tempera- 
ture dependence was well described by [I7/Jo]® 
curve, where Ir and J) were the intensity of 
Magnetization observed by Heusler®) on Cu;MnAl 
at the temperatures of 7’ and 0°K, respectively. 

(2) Measurements of change of K; with aging at 
110°C were made from 0 to 1000 hours, but any 
change of K; was not observed. (Fig. 2) 
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Dielectric a-, f- and y-Dispersions in the 
Thermosetting Phenolic Resins 


By Yuzo TAKAHASHI 


Laboratory, Hokkai Can Mfg. Co., Ltd., 
Otaru, Hokkaido 


(Received February 4, 1961) 


A number of works on the dielectric behavior of 
the thermosetting phenolic resins have been re- 
ported. However, systematic classification of the 
characteristic dielectric dispersions of this resin 
based on measurements over a wide range of fre- 
quency and temperature is lacking. It is of interest 
to classify the dielectric dispersions since it gener- 
ally gives us informations about the state of mo- 
tions of the molecules or its local groups. In the 
present work, the frequency dependence of the di- 
electric constant e’ and the loss e’’ was measured 
for the ammoniac resol type of phenolic resin, cured 
at 200°C for 30 min. over the frequency range of 
0.3 to 10%c/s and the temperature range of —60 to 
170°C. Three characteristic dispersions were either 
obtained or suggested and are labeled as-a, B and 
y in the order from higher temperature or from 
lower frequency side. 

The resin was synthesized from phenol, o-cresol 


log f (c/s) 


Fig. 1. Frequency dependences of dielectric con- 
stant and loss for the ammoniac resol type of 
phenolic resin in high temperature region, 
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and formaldehyde under a catalyser NH,OH aq. 
(weight ratio of phenol to o-cresol is 60:40). The 
sample film had been dried almost completely. The 
measurements were made by means of a mutual 
inductance bridge!) and a modified resistive-ratio- 
arm bridge!). Values of e¢’’ at high temperatures. 
have been corrected for the steady d-c conductance. 
Results are shown in Fig. 1 and Fig. 2. In Fig. 1, 
the values of e’/’ show rapid increase at high tem-- 
perature and low frequency side, although no maxi- 
mum of e’’ can be observed within the range in- 
vestigated. There will possibly be a maximum 
outside this region due to the motions of macro- 
molecules of phenolic resin, i.e., the a-dispersion.. 
On the other hand, Hartshorn et al.2) have reported) 
the dielectric a-dispersions of novolac type of 
phenol- or cresol-formaldehyde resin at 1kc/s. in 
the temperature range of 37 to 75°C. The differ- 
ence between the behaviors of the a-dispersion for 
these two types may be due to the complexity of 
their molecular structures after curing. In Fig. 2: 
a maximum of e’’, i.e., the @-dispersion, is observed 
for each curve in the frequency range of about 0.3. 
to 10%c/s. They may be caused by the motions of 
local parts such as unreacted methylol and amino: 
groups in the phenolic resin molecule). Finally 
the remarkable upswing of e’’ values on the high- 
frequency side suggests the existence of another 
maximum, i.e., the 7-dispersion. This may corre- 
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Fig. 2. Frequency dependences of dielectric con-— 
stant and loss for the ammoniac resol type of 
phenolic resion in low temperature region, 
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‘spond to the dielectric dispersion found by Yager?) 
and Kawai et al.5) at about 107%c/s at room temper- 
ature for the dried paper-laminated phenolic resin, 
although Yager interpreted this dispersion as due 
to an intrinsic properties of cellulose contained in 
the specimen. In order to confirm the 7-dispersion, 
it would be necessary to extend the measurement 
to higher frequencies or to lower temperatures. 
The author wishes to thank Professors J. Furu- 
ichi and M. Kaneko, Faculty of Science, Hokkaido 
University, for their invaluable discussions. 
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Takatsuki, Osaka 


(Received February 10, 1961) 


A series of Si prn-junctions were manufactured 
from p-type Si with resistivity ranging between 2 
wand 5 ohm cmas the starting materials. The junc- 
tion was formed by diffusing boron from the one 
side and phosphorous from the other side. This 
process was done on (111) faces of the crystal at 
about 1250°C and the width of x-region of junction 
was adjusted by changing the duration time of 
-diffusion. 

Sah, Noyce and Shockley!) predicts an apparent 
exp(qV/kT) dependence of the forward current 
in a pn-junction, where 1<n<2. It is pointed out 
‘that the forward current consists of two parts, the 
diffusion current and the recombination-generation 
current; and in usual devices the effect of the body 
resistance of the «region is added. The diffusion 
current outside the space charge layer at large for- 
-ward bias is expressed as 
(1) 

To 
-where ”» is the density of holes, Lo and tr are the 
diffusion length and the lifetime of minority car- 


wies, respectively. The recombination-generation 
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current in the space charge layer at small for- 
ward bias is given by 

n= rex ee (A) 
where mn; is the density of carriers in an intrinsic 
Specimen and # is the electric field at the junction, 
provided the recombination centers are not very 
close to the band edge. 

We have measured the forward voltage-current 
characteristics at the temperature range between 
200°K and 500°K of prn-junctions which had vari- 
ous width of «-region. The solid lines in Fig. 1 
shows the forward characteristics at 300°K. As 
shown in the figure, in case of _W=0 (W: width 
of x-region), the forward current in proportional 
to exp(qV/1.74kT) at small forward voltages and 
to exp(qV/1.00k7) at larger voltages. With the 
increasing of W, the forward characteristics devi- 
ates from the straight line corresponding to the 
case of W=0. This is due to the body resistance 
of x-region. 


current (A) 


0 (G25.04 


06 O8 10 
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Fig. 1. Forward current voltage characteristics 
for Si prn-junctions of various width of x-region. 
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Fig. 2. Saturation current vs 1000/T for Si prn- 
junctions. 


The dashed lines in Fig. 1 show the current- 
voltage characteristics at 200°K and 400°K of the 
sample with W=0. The dependence of the charac- 
teristics on the width of x-region was similar to 
that observed at 300°K. At 200°K the forward 
current is proportional to exp (qV/2.00k7') at small 
forward voltages and to exp(qV/1.00k7T) at larger 
voltages. It is found that the experimental results 
at 200°K are consistent with the theoretical con- 
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siderations, expressed by Eq. (1) and (2). At 400°K, 
we can only observe the straight line which is ex- 
pressed by exp(qV/1.00%7) in the small forward 
bias region and the curved line resulting from the 
body resistance of Si material. 

Since the experimental curve for the sample with 
W=O0 at each temperature in Fig. 1 can be approxi- 
mated by two straight lines, we can get the two 
kinds of forward saturation current J; in the tem- 
perature range between 200°K and 500°K, extra- 
polating these straight lines to V=0, and obtain 
the results illustrated in Fig. 2. From Fig. 2 we 
obtain an activation energy of about 0.6eV for 
recombination-generation current and the activation 
energy of 1.2eV for the diffusion current. This 
temperature dependence is to be expected from 
equations (1) and (2), and hence would verify the 
assumptions made in the calculations, that is, that 
the recombination centers lie near the center of 
the energy gap. The reverse saturation current 
has also been measured and we have obtained the 
activation energy which is in good agreement with 
the value from the forward saturation current as 
shown in Fig. 2. 

The author is deeply indebted to Professor J. 
Yamaguchi and Mr. Y. Hamakawa of Osaka Univer- 
sity for their encouragement and interest in this 
work. 
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Viscous Forces and Brownian Motion 


By Naokata TAKEYAMA 
Institute of Biophysics, 
Kyushu University, Fukuoka 
(Received February 24, 1961) 


This note describes an attempt to investigate the 
interrelation between the molecular dynamical 
theory!) of irreversible processes and the thermo- 
dynamical ensemble theory?). 

The common starting point of any theory can be 
found in the Liouville’s equation 


iaflat=Lf , C1) 
where L is the Liouville’s operator which is defined 
by 


(for the phase space distribution 
function f) , 


lap, f} (for the density matrix f) , 


(*LH, #] 


and H is the Hamiltonian function or operator of 
the total system. 
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Our interest is focused on the temporal behavior 
of a Brownian particle, whose Hamiltonian is Hyp= 
p2/2M+ U(q), interacting with and immersed in the 
eqilibrium liquid system of its Hamiltonian H, and 
statistical temperature kT=f-1. The interaction 
between the systems is called V. The Hamiltonian 
of the total system is given by 


H=H)+H,-+V, (2-a) 
and the corresponding Liouville’s operator becomes: 
L=In+l+L’' . (2-by 

The initial f is adopted in the form of 
f=Z-' exp {—A(H—p<v>+ Mw>?/2)} (3) 


with 
Z=Trace [exp {—#(H—p<v>+ M<v>2/2)}] , 


where <u> is a macroscopic and averaged velocity 
of a Brownian particle obtained by 


<U>=<p>/M=Trace(p/Mf) . 


It can be easily seen that f is a solution of the 
equation 


M<o>f=p f+ MB-' of/op 


for the classical case; quite similarly 


(4-a) 


ke B ao ee 
Mcé>f=f\" dala p(—ih2)+MB~ af [ap (4-b) 
for the quantum case, where p(s) stands for 


P(s)=exp (isL)p , 


and the quantum mechanical differential operator: 
with respect to p is defined by 


of /op=(h)—[7, fF]. 


After performing formally differentiation of Eqs.. 
(4-a) and (4-b) with respect to p, we obtain 


Mcé> af ap = = (BF+ Me af /oB) , (5-a) 

and 
MB» af/op= eit |_aue B(—ihd)-+-M6-1 af [op } ‘ 
(5: b): 


By dividing f(t) into f(t)=f+/'(t), Eq. (1) re- 
duces to 


of’ /at —i-1Lf'’=i-1Lf . (6): 
The steady solution of Eq. (6) for f’, to the first 
order of <u>, can be written as 


4 t B 
ea fe\ au'{ da 
too 0 0 


xexp {—i(t—t")L}B(—ihd@ , 
or in another equivalent from 


: = B 
fst’ = —lim fol at| di 
o-0 0 0 


(7-a)s 


X exp (et) exp (—itL) p(—iha@> ,  (7-b) 
where P(s)= —1- L(s), and f,=Z.-1 exp (—BH). 


| 
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The viscous force in the steady state is obtained 


by 
<P>se= Trace (B fst’) 
Coo B % 5 
=-\ dt\" dX p(—iha) B(t)><B> 


= (>. (8) 
Here the friction coefficient ¢ has been defined by 


°° B A wd 
c= |" atl! axca—imn poy. 
0 
for the quantum system, and it becomes 


c=el” dt<{B, B(t)}>. 


for the classical system, where <A>, means to take 
an average of A referring to f.. 

Eq. (1) for fo=Trace.,)f, where Trace,;) denotes 
to take the trace with respect to the equilibrium 
liquid system only, is written as 


Ofo/dt +7-1Lo fo 

= +77! Tracey) L’ f= —(0fo/dt arise , (9) 
where the right hand side term of the above ex- 
presses a drift term for f) owing to the effect of 
the interaction with the liquid system, which can 

be written as (df /dt)arice-= —Trace,(ih)—[V, f]. 
Writing formally (0fo/dt)arirs as (8 folOB)< D>aritt , 
the drift force <P>aritt can be approximately re- 


placed by the steady viscous force <BYst, Eq. (8). 
Thus, we obtain 


Ofolot —i- Lo fo = —Ofo/Op <B>st=<D> Ofo/ Op ¢ 
(10) 
The wanted Kramers-Chandrasekhar’s equation?), 
which governs the Brownian motion, can be derived 
from Eqs. (5) and (10) as the following: 


Ofo/at —t-*Lofo 


= 5 (MB fot8-1afe/aB)] —-—«(11-a) 


for the classical system, and 
dfo/at—1-1Lo fo 
7) cB ee =) 
= 21 cf fom)" arya B(—inay+ 0 afel0B} | 
Op J0 
(11-b) 
for the quantum system. 
It has been clarified that the essential feature in 
the above treatment is concentrated in the replace- 
ment (fo/dt)arir. > (0fo/9P)<P>st, and in the appli- 
cation of the steady viscous force derived from 
the thermodynamical ensemble theory, and that the 
correlative effect of the interaction with the “ ex- 
ternal” system on the system under consideration 
is brought in the friction coefficient. 
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Fine Structures of Photoprotons from Si?* 


By Katsufusa SHODA, Keisuke KOBAYASHI, 
Shoichi Sina, Ken ABE and 
Motoharu KIMURA 


Department of Physics, Tohoku University, 
Sendai, Japan 


(Received February 20, 1961) 


We investigated photoprotons from Si%® using 24 
MeV bremsstrahlung. The target was the powder 
of natural Si (9.38 mg/cm?) depositted on a Au foil 
(0.19 mg/cm2). The energy loss of protons by the: 
half target thickness is about 30% for 3MeV and 
about 10% for 6 MeV protons. 

The Ilford G-special 600 1 emulsions were scan- 
ned by a Tiyoda binocular microscope. The num- 
ber of detected proton tracks was 4366 in the 


| b 
| A | 
sae Ul i, NV 
| ti WA [ 
j \ \ 


OBSERVED (FOR HISTOGRAMS) AND RELATIVE (FOR POINTS) PROTON NUMBER 


4 


6 CRIME AAEDs 6 6 Lomein aele 
PROTON ENERGY (MeV) 
Fig. 1. The energy spectrum of photoprotons 
from Si. The solid line is a smoothed curve. 
The broken line and the dotted one are calcu- 
lated curves of the statistical model with the 
level densities w=C exp [2V 0.45H ]MeV-! and 


w= C exp [E/2.8] MeV-!, respectively. 
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scanned area of 1.6 cm?. 

The observed histogram is shown in Fig. 1 along 
with the smoothed curve using the Valoshek 
method!). Fig. 1 also includes the calculated energy 
spectra deduced by the statistical model with two 
types of level density?)-*). Apart from the fine 
structures, the calculated curve with the level 
density w given by 

w=C exp [E/2.8] MeV-! 
is in good agreement with the data. 

Many fine structures were observed. They may 
be explained by a resonating group model5), which 
yields similar fine structures. 

It may be interesting to compare the energy 
distribution with the cross section calculated from 
inverse reaction Al2%(p, 7) by detailed balance. This 
comparison is shown in Fig. 2. For Al2"(p, 7)®-®, 
the energy of 7;, leading to the first excited state 
of Si?8, was used. jo, leading to the ground state 
of Si?’ were weak by about a factor of ten, and 
were not separated from 7; ®). 
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Fig. 2. The comparison of cross section of Si28(7, 


p)Al? (histogram) and that from Al2%(p, 7)Si2s 
(solid line). 


If we assume that all protons in Si28(7, ») are 
emitted leaving Al?’ in the ground state, we get 
the cross section of Si%(7,) as shown in Fig. 2 
which is obtained by correcting Fig. 1 for brems- 
strahlung spectrum. 

The shapes of cross sections coincide fairly well, 
though their energy scales are not the same. This 
may be reasonable, because they are not exact in- 
verse reactions. 

We gratefully acknowledge helpful discussion with 
Dr. K. Okamoto. Authors are also indebted to Mr. 
Ishizuka for useful help in calculating the data. 
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Observation of Lattice Defects in Fission ~ 
Fragment-irradiated Graphite* 


By Kazuhiko IzUI and F. Eiichi FUJITA** 


Japan Atomic Energy Research Institute 
Tokai-mura, Ibaragi-ken, Japan 


(Received February 27, 1961) 


It is generally known that solid materials irradi- 
ated with high energy particles undergo structural 
damages consisting of not only single defects, but 
also of considerably large size defects, which were 
first predicted by the theory of temperature 
spikes!)»2) and supported by a few experiments?). 


_ Evidences in electron microscopy for such damage 


effect are relatively few except the observations of 
fission fragment tracks in mica‘) and uranium oxide 
etc.5) and of small dots and loops formed in neutron 
irradiated copper®) and graphite’). The present note 
reports some electron microscopic observations of 
large defects in graphite induced by fission frag- 
ment irradiation. 

Refined powder of natural graphite, mixed with 
uranium oxide powder in the ratio of 10/1, was 
exposed to thermal neutrons in the reactor to the 
total doses of the order of 10!6n/cm2, and observed 
with Hitachi electron microscopes, HU-10 and HS- 
5. As shown in Photo. 1, tracks of fission frag- 


* First reported at the Fifth General Assembly, 
International Congress and Symposia, International 
Union of Crystallography, August, 1960, Cambridge, 
England. 

** Present address; Brookhaven National Labor- 
atory, (Upton} il; eyN = Years SunAg 
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ments from U5 were sometimes observed as 
straight lines about 100A wide accompanied by 
some small dots. By tilting the specimen, their 
contrasts turn from black to white as that of the 
matrix changes from white to black. This indicates 
that they are essentially the diffraction contrasts 
caused by variations in the Bragg conditions in the 
crystal and that these narrow linear regions have 
a crystallographic nature or orientation slightiy 
different from the matrix, possibly exhibiting the 
thermal spike effect of fission fragments passing 
through the crystal. A concentric fringe pattern 
seen on the left hand side of the picture seems to 
be a large damaged region, where the lattice is 
buckled, presumably in such a manner as schemati- 


Photo. 1. 


Bigs 1: 


Photo. 2. 
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cally shown in Fig. 1, due to the spike effect pro- 
ducing a number of atomic displacements. Photo. 2 
shows a highly damaged region representing many 
concentric fringe patterns and their complex coupl- 
ings. In view of the fact that these concentric 
fringe patterns have a close connection with moiré 
fringes, their image contrasts seem to be essential- 
ly the phase contrast. The dynamical calculation 
for their image contrast formation based on a model 
like one in Fig. 1, which was done by H. Hashi- 
moto’) will give a detailed analysis of the structure 
of the damaged regions. Dislocation lines became 
to be rugged and changed their contrasts after the 
irradiation, as shown in Photo. 3, probably partiy 
due to the spike effect and partly due to absorbing 
many interstitial atoms produced by the irradiation. 


Photo. 3. 


A full discussion will be given elsewhere in the 
near future. 
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A Note on The Electron Diffusion and 
The Wall Relaxation in Ferrites 


By Hisashi SEKIZAWA 


Department of Physics, Faculty of Science, 
University of Tokyo, Tokyo 
(Received February 24, 1961) 


A Richter type peak of magnetic loss is known 
to occur in ferrites!) and in ferromagnetic garnet?). 
Snoek?) attributed such phenomena to the diffusion 
of the electrons between ferrous and ferric ions in 
16d sites in the ferrite. In discussions of that loss, 
it is mentioned?).5) that there is a close similarity 
between it and the loss due to the diffusion of 
carbon atoms in iron, but the remarkable dif- 
ference in their situations seems to be unnoticed. 
And there is a confusion with regard to the inter- 
pretation of the relaxation times obtained from the 
loss peaks in ferrites®). This note wishes to clarify 
the relation between the motion of the electrons 
and the wall relaxation, and to establish the dis- 
tinction between the relaxation times of them. 

As is well known, the motion of a 180° domain 
wall can well be expressed by the following simple 
equation’), 


mi + bi+kye=2MsH , 

where w is the displacement of the wall, m the 
effective mass which can be neglected because of 
its smallness, k, the coefficient of force restoring 
the wall to its equilibrium position, and @ the 
coefficient giving viscous damping. On putting 
H=Hp) exp(jwt) and v=% exp (jwt), we get for the 
p due to the wall?) 


Le |lox =F few! {1/a +jwB/k)| : 


Including the part of » due to domain rotation y,, 
tand of p=p;,+py has a maximum when 


Ow = L/t = V (“ro + uwo)/ ro -Kky/B : 


Clogston’) made a calculation on the velocity of 
steadily moving wall based on a semi-microscopic 
model of the electron diffusion similar to the one 
proposed by Néel®). He assumed that there are N 
electrons which are migrating among ferric ions 
in 16d sites through jumps with a relaxation time 
te and that each one of them accompanies a uni- 
axial anisotropy energy wcos?@ along certain 
crystallographical direction specified to each site. 
His result can be expressed in the present notation 


Byte —K/12A (N/kT )u? . 
Néel®) made a theory on diffusion after-effect and 


calculated the pressure on the wall. His results 
can be expressed in the present notation 


(wte)? 


Huo ” WT e 
1+(wt,)? > Hw 


kw 


e Lt (wee b 
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The calculation has been made on a wall moving 
aS x=2)Sinwt, considering the influence of the 
potential trough dug by the wall as a small pertur- 
bation. But it is the change with w of ma that we 
are interested in, when discussing the wall relaxa- 
tion in ferrites. Only in the cases in which the 
restoring force due to the other mechanisms than 
that due to the trough dug by the wall is dominant, 
and also tand<1 even at w=w.=1/r., then the 
calculation can be applied and the activation type 
loss peak will be observed at w,. In the region 
w S>w,, the trough is quenched and does not follow 
the wall any more. This is the case of iron con- 
taining small amount of carbon, discussed by Néel?? 
and observed by Tomono!®). On the other hand, 
in ferrous ferrites the trough follows the wall 
though lagging a little. But as @ is so large that 
the condition Px>ka is realized on increasing w, 
and the wall motion damps out‘). This occurs at 
w=wy far below we on the lower side slope of the 
peak of wr,/{1+(wze)?}. Note that as 


ro A Bb 
kw 


1 Ne ee 
Taran” a Ge )re= Cr ? 


the activation energy # obtained by fitting it to 
Tw=Ttwe exp(H/kT) coincides approximately with 
that of <2. But 7,.0—Czc,. has) al factor @ which 
can not be deduced merely from the elementary 
process of diffusion but is related with the other 
quantities suchas ky. So, ty and rt, are two en- 
tirely different quantities only having the same 
activation energy, and must be strictly distin- 
guished to each other. 

The disaccommodation of the permeability ob- 
served in various ferrites would be closely related 
with the diffusion of electrons or ions!!). But the 
relaxation time of disaccommodation is zr, and not 
Tw. Since ty> te. if they belong to the same origin, 
the disaccommodation observed at room tempera- 
ture and the loss peak at lower temperatures can 
not have the same origin. Only the peaks appear- 
ing at higher temperatures such as observed by 
Krupicka!2) can have a connection with the disac- 
commodation at room temperature. Because Teco 
should be related with the lattice vibration and is 
not so sensitive to the process occurring, it seems 
to be of the order of 10-12—10-14sec. Then, such 
processes mentioned above must have an activation 
energy of the order of 1eV no matter what are 
the causes of them, electrons or ions. 
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Weak Field Behaviour of the 4H Effect in 
Ferromagnetic Cubic Solid Solution Alloys 
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The experimentally known 4E effect of poly- 
crystalline ferromagnets may be classified into three 
types!). The third-type 4H effect, in which Young’s 
modulus, #, shows a maximum and then a mini- 
mum, is observed with cobalt and hc.p. Ni-Co al- 
loys?) and it may be interpreted as associated with 
the process of reversible rotation of magnetization 
vectors from the [0001] direction of easy magneti- 
zation towards the direction of an applied magnetic 
field. The first type, in which & increases mono- 
tonously with magnetization, and the second-type, 
in which EF decreases at first and then increases to 
a value larger than that in unmagnetized state, are 
observed with cubic metals and alloys!)?). Parti- 
cularly, the second-type 4H effect is especially con- 
spicuous in f.c.c. Ni-Co alloys. The minimum 
(negative) value for 50% Co-Ni alloy attains to 
5% which is of the same order of magnitude as 
the saturation value?). 

It has already been confirmed experimentally 
that the decrease of H at weak magnetic fields in 
the second-type 4H effect is associated with the 
displacements of non-180° domain walls. The se- 
cond-type 4H effect may be resulted from the fact 
that the occurrence of non-180° wall displacements 
is difficult in unmagnetized state, and, as the speci- 
men is magnetized, it once becomes easier but 
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again becomes difficult. Thus, in the case where 
the non-180° wall displacements are extremely easy 
to occur, the negative minimum of the 4B effect 
May appear in very weak fields so that it may not 
be observed. This may be regarded as the first- 
type 4K effect. 

Let us consider, for simplicity, the 4H effect due 
to the displacements of (100) 90° walis, which is 
expressed as 

(4E)97/Hs=(Hs— Eq)/Es=Es(0€m/d0) a 

=(3/2)AAE's/W''(U) , (1) 
where Hy and Hy are the values of # under 
magnetic field, H, and in magnetically saturated 
state, respectively, ¢ is the magnetostrictive strain, 
o is the stress, A is a numerical factor, 2% is the 
saturation magnetostriction along the direction of 
easy magnetization, and W(U) is the wall energy 
at the position displaced by U. W’'(U)=d?W/d U2, 
and it is assumed that Hy—Hy<Hys. It can be 
shown, from Eq. (1), the second-type 4H effect oc- 
curs when internal stresses or inclusions distribute 
at random in the specimen, but the second-type 4H 
effect arising from such origins may change ac- 
cording to specimens or their states even for the 
same material, so that it can not explain remark- 
able extreme values of the 4H effect and their 
systematic composition dependence in f.c.c. Ni-Co 
alloys?). 

Now, when domain walls are stabilized by the 
induced uniaxial ferromagnetic anisotropy energy 
and this energy of stabilization, Ws, predominates 
over energies of other origins, we can put 

Ww U)=Ws!"(Uldo) , (2) 
where dy is the thickness of the domain wall con- 
cerned. Since the form of Wgs(U) curve does not 
strongly depend on the type of crystal lattice and 
on the kind of domain walls, we consider, for 
simplicity, (100) 90° wall in an ideal simple cubic 
alloy with the <100> direction of easy magneti- 
Then, its stabilization energy is given by?) 


Ws=—Ky,Ucoth (U/do) , @3)) 
and the 4# effect due to the displacement of this 
domain wall is expressed by 

(4B) sn/Es=(3/2)(do/2 Ku) Ad? Hs/cosech?( U/do) 

x {1—(U/do) coth (U/do)} , (4) 
where K, is the uniaxial magnetic anisotropy 
constant, which depends on the alloy composition, 
n, approximately as 

Ky =16KoVi— 72), (Gap) 


The behaviour of the 4H effect in weak magnetic 
fields as calculated from Eq. (4) shows a good 
agreement with the measured results on 50% Co-Ni 
alloy2). Also, the alloy composition dependence of 
the extreme value of the 4H effect as usually 
defined experimentally is expressed as 


zation. 


Ko=constant . 
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[(4E) 10/Bolext=(4E) s0/Ho—[(4E) sxz/Eslext 
=[(4E)g0/Es|n=0.5{a—1/16n2(1—n?)} 7 eS) 
where a is a numerical factor, and the composition 
dependence of the field where the extreme value of 
the 4E effect locates, Hext, is given by 
Hext=(Ko/Is)/16n2(1—n?) , (7) 
where Js is the saturation magnetization. Eggs. (6) 
and (7) are found to be in accordance with the 
measured results on f.c.c. Ni-Co alloys?). 

Thus, it can be concluded that the main cause of 
the second-type 4H effect is the stabilization of 
domain walls by the induced uniaxial ferromagnetic 
anisotropy. The 4H effect due to this origin may 
appear in all cubic solid solution alloys, but the 
occurrence of remarkable second-type 4H effect 
must satisfy several conditions. According to those 
conditions, the second-type 4H effect must be re- 
markable only in the composition range of 55~75% 
Co of b.c.c. Fe-Co alloys, it must be small in 
b.c.c. Fe-Al alloys, and remarkable second-type 4H 
effect can not be expected for f.c.c. Ni-Fe and Ni- 
Cu alloys. These expectations have already been 
ascertained by the observational results!). 
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This note presents the remarks on the complexity 
of the characteristics of rubidium antimonide and 
on the assignment of the acceptors in cesium anti- 
monide. 

When an evaporated antimony film is exposed to 
the alkali vapor, the resistivity varies in compli- 
cated ways. In the present work the high reac- 
tion temperature (about 250°C, the upper limit re- 
stricted by sublimation and dissociation of the spe- 
cimen) and the thin film of antimony (about 200 A) 
were employed, in order to diffuse the alkali atoms 
quickly. It was also necessary to increase the 
alkali vapor pressure at slow rate so as to over- 


come that of the specimen during formation pro- 
cess. The variation of the resistivity was continu- 
ously recorded. The other experimental details. 
have been described in the previous paper!). The 
results are shown in Fig. 1. In the Cs-Sb system 
the compound corresponding to the fourth maximum 
was determined as Cs;Sb by X-ray experiment. 


RESISTANCE AT 250°C (a) 
On 


ais Sa 


at 
OmElOlm 20 630 40M 50 RCOmmcOmco 
‘FORMATION TIME (MIN) 


Fig. 1. Variation of the resistance of alkali anti- 
monides. The sign of the predominant carriers. 
at 250°C is denoted by n or by p. According 
to the X-ray work5) the compounds Rb3Sb and 
K;Sb are formed just before the transition from 
p to n-type. 


The compositions associated with the other maxima 
are identified as shown, by comparing with the 
data of Miyazawa et al?) and Miyake?). The K-Sb: 
system behaves in a different way from the Cs-Sb 
one, i.e., only one maximum exists, differing from 
the data of Suhrmann and Kangro‘), in which two 
maxima are shown. The behavior of the Na-Sb 
was entirely the same as that of the K-Sb. The 
above data suggest that the Cs-Sb system and the 
K-Sb (and Na-Sb) one are crystallized in different 
ways at each other through the formation process. 
The result for the Rb-Sb is interesting. It seems. 
to indicate that the crystallization of the Rb-Sb 
proceeds in a similar manner to the Cs-Sb initially 
and to the K-Sb finally. This is not also incon- 
sistent with the fact, recently found by our X-ray 
work®), that RbsSb is crystallized initially in a cubic 
lattice, which is the same as that of Cs;Sb, and is. 
transformed into a hexagonal one, which is the 
same as that of K;Sb and Na;Sb, by introducing 
a plenty of excess Rb atoms. From the present 
results it may be said that if the formation treat- 
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ment of the Rb-Sb system is stopped before the 
transformation into a hexagonal lattice, the elec- 
trical and optical properties of the specimen are 
similar to those of the Cs-Sb system, and after the 
transformation they are simillar to those of the 
K-Sb (and Na-Sb). This is thought as a cause of 
the complexity reported in the work of several 
investigators!),6),7), 

Jack and Whachtel®) have explained that the struc- 
ture of Cs;Sb is a disordered pseudo body-centered 
cubic lattice*, in which some of Cs and Sb atoms 
are randomly distributed. This structure makes 
possible to replace the Sb sites by excess Cs atoms 
to a certain extent. Moreover, this is describable 
as consisting of two interpenetrating diamond-type 
lattices, suggesting some of homopolar nature. 
Chemical analysis showed also the stoichiometric 
excess of cesium. In view of these facts, they 
have suggested that the Cs atom, which is less 
valent than Sb atom, positioned at Sb site is an 
acceptor. On the other hand, Sommer®) and Spicer?) 
have proposed that the vacancies of Cs atoms 
caused by evaporation of cesium are responsible 
for the acceptors. In the present experiment, the 
resistivity in the last stage increases gradually 
under an extremely high vapor pressure of cesium, 
which is estimated to be about 10-2mm Hg, prob- 
ably due to a compensation of acceptors by donors. 
Even in this stage, the thermo-electromotive force 
measurement shows p-type conduction at 250°C. 
This indicates that the Cs3;Sb containing excess Cs 
atoms is essentially a p-type semiconductor. Al- 
though the n-type conduction is observed when the 
cesium supply is ceased and the temperature is 
lowered to below about 120°C, it seems to be an 


apparent one due to a surface conduction caused 


by adsorbed Cs atoms. Consequently the author 
believes at present a propriety of Jack and 
Wachtel’s model, although the other kind of ac- 
ceptors may exist together with it. 
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Various peculiar and interesting phenomena are 
observed in the case of gas discharge in crossed 
electric and magnetic field, however this report is 
mainly based on some of the experimental results 
having obtained along our projects on the prior 
stage of gas discharge in such fields. 

The apparatus is shown in Fig. 1, which is similar 
to the Homopolar at Berkeley except for the dif- 
ference that the inner electrode consists of the upper 
and the lower separate parts. 

A uniform axial magnetic field is initially applied 
and an electric field introduced between cylindrical 
co-axial electrodes sets up the discharge to lead 
the formation of the so called rotating plasma round 
the symmetric axis. In case that voltage is intro- 
duced rapidly between electrodes, a rather long pre- 
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discharging period is detected before the discharge 
is set up. This delay time is closely related to the 
applied voltage, the magnetic field strength and 
the vacuum pressure of the system. The current- 
voltage characteristic for a particular discharge is 
shown in Fig. 2, with which the delay time of 55y. 
s. is associated. 

How the applied voltage is related to the delay 
time under the constant magnetic field strength and 
the vacuum pressure is plotted as in Fig. 3. 

In order to detect the space potential distribution 
in this pre-discharging period, double floating probes 
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ig. 4. Double probe signal and discharge current 
(probe position: 1-probe 3mm and 2-probe 8mm 
from cathode). 
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are inserted radially into the apparatus. 

Figure 4 is an example of the detected out-put, 
in which the corresponding current characteristic 
is shown in order to make clear the discharge 
starting time. 

By moving the double floating probes radially, 
the time-variation of the space potential difference 
between any two points is detected. Figure 5 shows 
the time variation of the space potential between 
electrodes after voltage is introduced. 

It is to be assumed according to the experimental 
results that the space charge is accumulated between 
electrodes during the pre-discharging period, due to 
which the discharge is initiated. Therefore, if the 
other factors are kept constant, the delay time is 
dominantly related to the ion density due to the 
collision between molecules and electrons under the 
sudden application of the electric field, and Fig. 3 
indicates that the delay time decreases considerably 
with respect to the increase in the ionization efficien- 
cy of electrons as the applied voltage is raised up. 

Although we have mentioned only the effects of 
the applied voltage, the magnetic field strength and 
the vacuum pressure to the experimental results as 
stated above, d V/dt in the application of the voltage 
is so related to the delay time as is effective to the 
motion of electrons and therefore to the generation 
of the stable rotating plasma, and our projects are 
concentrated in this point. The experimental results 
on this subject matter will be reported soon in 
future. 

The authors are grateful to S. Kisaka for his 
encouragement, to T. Sekiya and H. Hishida for 
their discussion, and to K. Wasa for his measur- 
ments. 
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Some reports have been published on the electrical 
properties of ZnTe in the form of evaporated thin 
films!) or of polycrystalline specimens?). However, 
this compound in single crystals has been studied 
optically, especially on its photoconduction®), trans- 
mission and reflection’), but not on any purely elec- 
trical properties. We here report the information 
obtained about the single crystals prepared from 
the melt of stoichiometric composition and about 
those doped with indium and selenium’). 

Fig. 1 shows the electrical resistivities and the 
Hall coefficients. (The Hall coefficient of samples 
doped with In was not measurable.) The Hall coef- 
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ficients of both stoichiometric and Se-doped speci- 
mens have positive signs. No reversal of the Hall 
coefficient is observed. We consider that the posi- 
tive carriers contributing to the electrical conduction 
come presumably from the Zn vacancies, because 
the vapor pressure of Zn is much higher than that 
of Te, and then Zn may escape in the process of 
crystallization!),6), The energy gap 4H of ZnTe, 
2.12eV, was determined for the specimen doped 
with In from the equation 0=@ exp(4E/2kT). 
This value is in good agreement with that deter- 
mined from the optical data?).4). 

Fig. 2 shows the Hall mobilities »z obtained from 
the Hall coefficients Ry and the electrical resistivi- 
ties 9 by the use of the equation »7=(8/3n)-(Rg/p). 
The temperature dependence of the Hall mobilities 
of ZnTe is given by pyeoT—!-50 in the region in 
which the lattice scattering is predominant. This 
figure, 1.50, suggests that at higher temperatures 
the electrons are scattered mainly by the acoustical 
mode. Therefore, the bond in ZnTe crystal seems 
to be rather covalent, presumably in agreement with 
the fact that the difference in electronegativity be- 
tween Zn- and Te-atoms is relatively small, as seen 
from Table I. 

The authors wish to express their sincere thanks 
to Prof. T. Okada for his kind advice. 
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Fig. 2. Hall mobility versus temperature for p- 
type ZnTe. 


Table I. Electronegativity of certain elements 
evaluated by L. Pauling. 
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Internal Magnetic Field in Iron and Iron 
Alloys Measured by NMR 
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Nuclear magnetic resonance (NMR) experiments 
have been made in pure natural iron and iron al- 
loys in order to measure the internal magnetic field, 
Hy. 

The resonance frequency of Co5® in (Fe+1%Co) 
alloy is shown in Fig. 1 as a function of tempera- 
ture along with newly extended measurement of 
Fe5? NMR frequency in pure iron. The values of 
the internal field corresponding to the resonance 
frequencies are shown as well. The resonance 
frequency extrapolated to 0°K by assuming [3/2 
law is 289.2 Mc/sec, corresponding to an internal 
field of 289.7 koe. This value is smaller by about 
30 koe than the value deduced from specific-heat 
measurements at low temperatures!). Here it is 
to be emphasized that the NMR measurement is 
by orders of magnitude more accurate. The H, at 
‘Co nuclei in the alloy is larger in magnitude than 
that in pure cobalt metal by about 60~70 koe?).3). 
The possibility that Co atoms lose some of their 
3d electrons when dissolved in iron+) would be re- 
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Fig. 1. Fes? NMR frequency in pure iron and 
Co? NMR frequency in (Fe+1%Co) alloy as a 
function of temperature. 
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Fig. 2. The line shape of Fe’? NMR line (shown 
as the derivative of the resonance line) in iron 
alloy. 


sponsible for this increase of H;. 

Since it is interesting to compare the tempera-_ 
ture dependence of the resonance frequency of 
Co59 embedded in iron with that of Fe*’ in pure 
iron5).6), the latter has been measured up to 320°C. 
Above this temperature the intensity of the line 
decreased below the noise level. It is to be noted 
that the resonance frequency of Co59 drops off 
with increasing temperature more rapidly than that 
of Fes? in spite of the fact that the alloy has a 
higher Curie point than pure iron”). 

The line shape of Fe5? resonance is strongly af- 
fected by alloying; preliminary results for alloying © 
are presented in Fig. 2. Flat satellite lines are 
observed at higher-frequency wing of the main 
line for (Fe+0.9%Cr) and (Fe+0.5%Ni) alloys. 
These structures reflect the distribution of H, 
caused by alloying more directly than the observed 
structures in Co? resonance lines in cobalt alloys’), 
because Fe5? nucleus has no quadrupole moment. 


References 
1) V. Arp, D. Edmonds, and R. Petersen: Phys. 
Rev. Letters 3 (1959) 212. 
2) A.C. Gossard and A. M. Portis: Phys. Rev. 
Letters 3 (1959) 164. 
3) Y.K6i, A. Tsujimura and T. Kushida: J. Phys. 
Soc. Japan 15 (1960) 2100. 
4) W.M. Lomer and W. Marshall: Phil. Mag. 


3 (1957) 185. 

5) C. Robert and J.-M. Winter: 
(1960) 3831. 

6) A. C. Gossard, A. M. Portis and W. J. Sandle: 
quoted in reference 5. J. I. Budnick, L. J. 
Bruner, E. L. Boyd, and R. J. Blume: Bull. 
Am. Phys. Soc. Ser. II 5 (1960) 491. D.E. Nagle, 
H. Frauenfelder, R. D. Taylor, D. R. F. Co- 
chran, and B. T. Matthias: Phys. Rev. Letters 


Compt. rend. 250 


5 (1960) 364. S. S. Hanna: private communi- 
cation. 

7) P. Weiss and R. Forrer: Ann. Physik 12 (1929) 
219; 


8) Y. K6éi, A. Tsujimura, T. Hihara and T. Ku- 
shida: J. Phys. Soc. Japan 16 (1961) 574. 


1961) 


J. PHys. Soc. JAPAN 16 (1961) 1041~1042 


Slow Decay of Reverse Current and Noise 
in Field Effect on Ge P+-N Junction 
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Slow decay measurement of the reverse current 
| increment 4J, and the mean square short circuit 
| noise current increment <4i?> due to D.C. surface 
field effect!).2) were made simulteneously on Ge 
| pt-n junctions. Nickel plates were attached to 
| the pt-n junction specimen surfaces through thin 
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mica spacer as field effect electrode as stated in 
the previous paper?). The glass tubes containing 
the specimen were evacuated at about 10-6mm Hg 
for one day and sealed?). Fig. 1(a), (b) are the 
decay characteristics of the reverse current incre- 
ment 4J, add the noise current increment <4i2> 
after the D.C. surface field application at t=0 for 
various temperature. The reverse bias voltage V, 
on junction and applied surface field voltage Vy 
were 50 volt and +360 volt respectively. By A. U. 
MacRae and H. Levinstein!), the field effect decay 
of the 1/f noise in Ge single crystal was already 
reported. The authors have found that the decay 
characteristics of 4J, and <4i2> are different de- 
pending on the type of surface layer, namely in- 
version or accumulation layer on high resistivity 
n-side. As well known, inversion or accumulation 
is formed on high resistivity mn-side surface by 
negative or positive voltage respectively on the 
field effect electrode, while field effect on heavily- 
doped p-side was small?). In Fig. 1 (a), (b) the 
increment 4J, and <472> at t=0.5 minute after 
the application of the field voltage were taken to 
be 100%. The <4i2> decay associated with in- 
version layer on n-side follows a log ¢ decay curve 
at various temperature. On the other hand, <47?> 
decay associated with accumulation on m-side and 
small inversion layer on p-side deviates from log 
t decay at larger ¢t. The 4, decay seems to be 
described by log ¢ curve approximately. The decay 
time constants for 4I, and <42?> increase re- 
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markably at lower temperature as seen in Fig. 1 tion time of carrier exchange with slow states. The | 
(a), (b) which may be closely related to the relaxa- time + at which the increment AI, reduces toa half | 


10 of the initial value t=0.5 minute were plotted as © 
: sears a function of 1/T in Fig. 2. The decay time con- | 
temp, 20°C stants associated with accumulation layer on n-side — 


Ve=50 Volt and small inversion layer on p-side was larger than 


that with inversion layer on m-side. 
The frequency spectrum of the noise contains 1/f 
noise component, especially in case the of inversion | 
layer on n-side surface as shown in Fig. 3. | 
The ratio <4i2>/4I, increases with decreasing — 
temperature below room temperature aS was re- . 
ported by MacRae et al.1). 


Short circuit m.s. noise current <ai>, 25 
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Elementary Processes Related to the Catalytic Action of 
“- for the p-d Fusion Reaction 


By Yukio Mizuno 
Department of Physics, University of Tokyo 
(Received February 4, 1961) 


In this paper the following four problems are studied theoretically. 
a) The solution of the three-body problems associated with one meson 


and two hydrogen nuclei. 


b) The number and type of bound states belonging to the mesonic 


hydrogen molecular ions. 


c) The determination of the dominant mechanism of molecular ion 


formation. 


d) The relation of the process, (pyud);—>He?+7, to the so-called mirror 


reaction, n+d—>H3+7. 


At the end of the paper, it is shown that the theory is in a good quanti- 
tative agreement with the experiment for the nuclear as well as the 


molecular processes. 


Introduction 


§1. 

Alvarez et al.”, in observing high energy 
negative mesons in a normal-hydrogen bubble 
chamber, discovered that some of these mes- 
ons, after having once come to rest, began 
to move again with the high energy of 5.3 
MeV. Their discovery was followed by active 
investigations in this and related phenomena; 
theoretically by Hayashi et al.”, Zel’dovitch 
et al.®, Jackson*’, Skyrme®’, and others, and 
experimentally by Ashmore et al.®’ and Alvarez 
et al.”. This explanation for the present 


fied form in Fig. 1, where the control pro- 
cesses are shown by dotted arrows. 

In this paper, we present a theoretical study 
of each of those elementary processes appear- 
ing in Fig. 1. The main problems, in which 
we have been interested, are as follows. 

(a) The solution of the three-body problems 
associated with one meson and two hydrogen 
nuclei. 

(b) The number and type of bound states. 
belonging to the mesonic hydrogen molecular 
ions. 


phenomenon is illustrated in a slightly simpli- (c) The determination of the dominant mecha- 

decay decay decay 
4p tr t 

Xo | Ao! 4 
| | 

p (stopped) ——> (ppx:)1s —— (du)1s —— (pud) —— He?+ u (5.3 MeV) 

’ Chex Ame2 | Au 
jam (ay 

(pep) He’ +7 


1B rierae a Le 


deuteron impurities of very low concentration c. 


Main mechanism of the reaction, p» (stopped) > » (5.3 MeV), in a liquid hydrogen with 


First, the »~ in question is trapped by a 


proton in liquid hydrogen, and then forms a very small neutral atom in the ground state, 
(pz)1s, whose radius is about 10~1!! cm. This atom wanders in the liquid hydrogen with thermal 
velocity (20°K), like a neutron. Next, when this atom collides with a deuteron impurity, the 


p» meson transfe 


rs from the proton to the deuteron to form a neutral » mesonic deuteron 


atom, (d)1s, stabler than (py)1s by 135eV. This newly formed (du)1s is ejected with the energy 
of 45eV, but rapidly comes down to the thermal velocity by repeating elastic collisions with 


the nuclei in liquid hydrogen. 
molecular ion, (pyd). 
proton and the deuteron, 
and 0.2 MeV to the created He? nucleus. 


Then, this atom captures a proton and forms a very small 
In some these molecules, finally, the nuclear fusion reaction between the 
p+d—> He?+5.5 MeV, occurs of which 5.3 MeV is given to the p- 
This process can be repeated. The dotted lines in the 


above figure show the main hindrance processes against the reaction in question. “Decay” 


means the natural decay 0 


f the » meson, »—>e+2y, whose decay constant 4 is 4.5105 sec~!. 
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nism of molecular ion formation. 

(d) The relation of the process, (pud)—> 
He*+7, to the so-called mirror reaction, ~+d 
—> H°+r. 

The first problem is discussed in §2, by 
adopting the charge transfer process as an 
example. The second and third problems are 
treated in §3 and §4, respectively*. The 
last problem is studied in §5, where the 
reader will find a good quantitative agreement 
between theory and experiment for not only 
the molecular but also the nuclear process. 
To avoid duplication of the calculation by 
Cohen et al.®, of which the details have re- 
cently been published, we do not treat the 
problems (b) and (c) quantitatively on the 
basis of an approximation similar to that in 
§2. A numerical value found by Cohen et 
al. is used in §5 to make quantitative com- 
parison between theory and experiment. Ex- 
cept for the last problem (d) and a few prob- 
lems related to the (dud) molecule, there is 
no marked disagreement between Cohen et 
al.’s conclusion and ours. 


$2. The Charge Transfer: d+(py)is—>p+ 


(dp)is. 

We here attempt a theoretical evaluation 
of the cross-section for the above process. 
The incident energy may be thought of as 
less than the zero-point energy of the proton 
bound in the ordinary hydrogen molecule, 
(~}teV). The simplest treatment will be to 
apply the first order Born approximation. 
However, its validity for the present slow 
collision is somewhat doubtful, because the 
interaction between d and (py) or p and (dy) 
is strong enough for the (pud) system to have 
a few bound states, though not many. This 
interaction causes not only the deviation 
of the interatomic motion from the plane 
wave but also the distortion of (pz)1s and 
(du#)is themselves. In our calculation, we 
intend to take into account both effects at 
the same time. A feature of the present 
system is that the mass ratios of the nuclei 
to the meson are somewhat larger than unity. 
We then adopt the adiabatic approximation. 
However, the ratios are never so large as 
they are for electronic molecular systems, to 
which the naive adiabatic approximation has 


* 


§§ 2, 3, 4 form a detailed report of our study 
which has been published in form of short note.7) 
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been applied with great success. According- 
ly, a certain refinement of this approximation 
will be made. 

In the usual approximation, the Hamiltonian 
of the present system is given by 


h? h 
2 pat peng ass pan siLB 
A ‘otal 2M, D 2M a 
he e? e e 
— Anu—- oF : Zeal 
2/40 i" rp Ya R ae 


The meaning of these symbols will be obvious 
to the reader, the meson mass “4 being taken 
to be 207 times the electron mass throughout 
the paper. The part of (2.1) associated with 
the internal motion can be expressed as 


aM A Qu Tiatrar Rie 22) 
The first term is the kinetic energy operator 
for the relative motion between the proton 
and the deuteron. The second is that be- 
tween the meson and the centre of gravity 
G of the two nuclei. The reduced masses MW 
and yw are, of course, given by 


qT van MV,’ (2.3a) 
1 i} i 

=} — 2.3b 
uw fo Myt+Ma rey 


The symbols R and r stand for the distance 
vectors from d to p and G to yw, respectively. 
Now, in the ordinary adiabatic approximation, 
every low-energy eigenfunction of (2.2) can 
be written in the form: 


Or, R)=¢ilr; R\G(R)+¢e.(7; R)UCR). (2.4) 


Here, g: and g: denote respectively the 
normalized lowest o, and ox molecular orbit- 
als. They are exactly the same as the cor- 
responding orbitals for the electronic hydrogen 
molecular ion, except for the scale factor. 
The G and U are eigenfunctions describing 
the relative nuclear motions under the respec- 
tive adiabatic potentials. As is well-known, 
with increasing R, the g: and g2 approach 
the forms: 


Bie x orn +olra)} : 


oe a {0(7r)—olra)} , 


where g(r) means the ls orbital of the mes- 
onic hydrogen:atom. Therefore, (2.4) takes 
the form, for large R, 
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~~ 
ae 5 GO O79) ee oF (G—U)¢(ra) . 


(2.5) 


Hence, if G and U are the eigenfunctions 
having the asymptotic forms: 


G+U~ eK ae Ga) 


Cm a 


(2.6b) 


then @ corresponds to the collision of inter- 
est. The total cross-section for charge trans- 
fer is related to the scattering amplitude 
F_(2) through 


gex= 5 |IF-(O)I* a2 (2.7) 
KGS . 

However, the above treatment based on the 
Naive adiabatic approximation has a serious 
defect. Namely, that it cannot explain the 
energy release of 137eV at all. In other 
words, it results in the relation, K-=K:+. 
Hence, the cex is greatly underestimated, so 
long as the formula (2.7) is adopted, and 
some improvement must be made. If an 
‘arbitrary, but physically acceptable, function 
V(r, R) is orthogonal to (2.4) in the extended 


sense that \vro dr=0, its energy expectation 


value must be much higher than the energy 
of interest. Added to this, in (2.2), the mass 
ratio M/u is somewhat larger than unity. 
Accordingly, the deviation of the exact eigen- 
function from the form of (2.4) is expected 
to be inconsiderable. We, therefore, here at- 
tempt to refine the above naive treatment 
without extending the functional form (2.4). 

To determine the functions G and U, we 
use the variation method based on the Schro- 
dinger variation principle: 


a\\o aE) drdR=0. 


Substituting (2.4) in the above, we obtain the 
simultaneous equations: 


a 
M (B-8)G+4uG = — (4x +n \u 
(2.8a) 


AnG+5 


a 
AU +2 (E- uuu Ss (4 thie) 
(2.8b) 


-where 
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2 2 2 2 
e(R)=\e( pe hemoe MMe Jecdr 


2u ie ee IR 
(2.9a) 
a 
r(R)= ores dr=—Vs(R), (2.9b) 
Ai(R)= |edne: “fos (2.9¢) 


The first interals &; are the so-called adiabatic 
potentials, for which we here adopt the highly 
accurate values calculated by Teller. The 
Vij and 4:; are both the integrals which are 
neglected in the naive adiabatic approxima- 
tion. In this paper, they are evaluated by 
using the simple LCAO approximation for ¢1 
and @2: 


_ G1) + 9(Va) 


V2a+s) (2.10a) 
_ G(%»)—¢(ra) 
V2a—S) (2.10b) 
S being the overlap integral: S= [otrno(rs) dr. 


The results for R=0 and R=oo are as fol- 


lows, the full expressions being given in 
Appendix 1. 
lim V12=lim V21=0 ’ (2.11a) 
R09 Rowe 
: ons ae 1 M,?+M2 1 
poe asa dae aan, 2’ 
(2.11b) 
1 (Ma—M>\ 1 
= An = — 
lim dia= lim 21 thet 
(2.11c) 
5 : 1 Ma—My 1 
22 Jinn Vee 
lig Puli Pama (neces) 
(2.12a) 
: 1 (M,? + M@ ae ‘ 
= — pel iba 9) 
art ene 2 aiden alae 
lim (42 +r) finite ; (2.12c) 
lim (4 — 92) =finite (2.124) 
R0 R 
: a) eee 
Fe = Pll 
ee are, Foe, 


where a represents the mesonic Bohr radius: 
a=h?/ue®. The first three of these results 
are exact, and fortunately the following five 
are also exact so far as their divergent terms 
are concerned, because the nature of the 
singularity at the origin is uniquely deter- 
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mined simply from the values of angular 
momentum associated with the atomic orbitals 
to which g: and g2 tend as R-0. The non- 
divergent parts, however, are fairly sensitive 
to the detail of the approximation, although 
this is considered to be not serious for our 
purpose. Approximate curves of our &, 4i;, 
Vi; are illustrated in Figs. 2, 3, 4,5. Clearly, 
the 4: gives a direct correction to the &:; di 
makes the valley of €: deeper, while 422 does 
the slope of €: steeper. We here note the 
inequality: 


4un(R) <0. (2-13) 


It is easily proved that (2.13) is always valid 
if the g: is a real function having a definite 
norm independent of Rk. The physical mean- 
ing will be clear for the reader. The nega- 
tive sign of 4iz and 4a (cf. Fig. 3) means 
that the energy of the total system can be 
lowered by transferring the meson from the 
proton to the deuteron. This tendency is, 
however, sometimes intensified and sometimes 
deminished by the velocity-dependent terms, 
Vis(0/OR). If My=Maza, of course, all these 
non-diagonal integrals vanish identically. 


€2 
O R 


Biga Zs 


@) R 
An 


L22 


Fig. 3. 


The above &, Vij, 4i; are all spherically 
symmetric. Hence, the coupled equations 
(2.8a,b) are invariant with respect to the 
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rotation of the R space, and we can con- 
veniently use the partial wave method to find 
the collision solution. Each partial wave 
(harmonic wave) has the form: 


G=gx(R)Yxrul(f) U=ux(R)Yrul2), | 
(2.14) | 
where Yxa denotes the spherical harmonic 
of angular momentum K and magnetic quan- 
tum number M. It is easy to see that the | 
related full wave functions gigxYxmu and . 
yeux Yeu have a definite total orbital angular 

momentum and a definite component of it, 


fe) R 
Ae 
NE Mip< Md) 


Fig. 4. 


and 


R 


Vi2=-Vai 
(Mp<Md) 


Big. 


which are just equal to K and M, respec- 
tively. They are, howeve., not eigenfunc- 
tions of L?, the squared angular momentum 
operator associated with the relative rotation 
of the two nuclei. Instead, the component 
of the total angular momentum along the 
molecular axis is quantized to zero. If K=0, 
this is strictly a constant of the motion, to- 
gether with K and M. If K-+0, however, 
this is not the case but, in the region of 
short nuclear distance, the function g.uxcYxu 
couples strongly with the wave function as- 
sociated with the 26z molecular orbital. This 
results in the phenomenon called the ZL un- 
coupling in the field of molecular physics.!®.!2 
Now, substituting (2.14) in (2.8a, b), we ob- 
tain for gx and wx the coupled equations: 
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Idd. ah h?_(K(K+1) 0 
|= dR ) te je 2 eit R? ~4n)\] ge=—(4ut Pace )ite F (2.15a) 


IM goed \ 20 h? (K(K+1) a 
Ee dR (cee) + He eal R —4)\] ux =—(da Pore ) ee (2.15b) 


| On the other hand, the boundary conditions for large R can be found by multiplication of 
(2.6a,b) by Yeu and integration over angles. The result is 


e Qik 4R 
getuk~ | Yeu(Q)e'%+'® dO+ fry Paak (2.16a) 
giK_R 
LK—UK i lait . (2.16b) 


The fie, are expansion coefficients of the scattering amplitudes Fs(2) in terms of the 
spherical harmonics: 


Fs(2)=> feu Yxu(2) : CATO) 


The boundary conditions at the origin are clearly that 


lim Rgx<=lim Rue=0, (2.16c) 
R-0 R-0 


ain so far as we neglect the phase shifts due to the nuclear force between p and d, cf. §5. 
As one would naturally expect, Eqs. (2.15a, b) have two and just two sets of linearly inde- 
pendent solutions, which obey the condition (2.16c) at the origin: 


gO ~QMRE , (2.18a) 
Ux ~ bOR Vaiss? , (2.18b) 
‘Therefore, the general solution subject to (2.16c) is given by 
Se=A18K+h gx , (2.19a) 
Ur=dAux+h2UK ; (2.19b) 


where 2; are arbitrary constants. The value of the exponent in (2.18b) is not an integer, 
except for K=0. This is due to the fact that the g:uwxYxwm is not an eigenfunction of L? 
even at the origin, unless K=0. To remove the defect, it is necessary to take into account 
the L uncoupling effect stated above. 

With increasing R, the differences €:—&1, 422—411, 421—4i2, Voi—Vz._ go to zero as rapidly 
as exp(—R/a). Hence, for large R, (2.15a, b) may be transformed into the two independent 


_ equations: 


Ld (pe @) RAED + KR) [gx ux)=0, (2.20) 
ke ral re) R? ee teen 
~where 
2M Eit&.  h® (Autre pace 29 
K.(R)=" {E- Sy Ga ee (2.21) 


Further, in these regions, the above Az’ may be approximated as 


2M ase? 


torr (2.22a) 


Ki(R)= K2%(00)+ 


The last term means the contribution from the polarization force, a, and a being respec- 
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tively the electro-static polarizabilities of the (pz) and (du) atoms: 


Aat=—a’. 


2 


The relation between K:(oo) and K_(cc) can be found from (2.21) and (2.11c); | 


Tres (ea Sige Bt Se, Ee “a5 (q Be 
one vo ye Bucs) 2\M, Ma/ ua 


M 


This may be compared with a value of 137 
eV, the exact internal energy difference be- 
tween (pz)is and (duis. This good agree- 
ment is, of course, one of.the reasons why 
we have chosen the trial form (2.4). Now, 
the above polarization force is certainly not 
strong, but it has a comparatively long range. 
Accordingly, it might have a serious effect 
on the low-energy collision, Ky(cc)~0. This 
is the case for electronic molecular systems, 
as is well-known. We must now discuss 
whether this effect is important in the pre- 
sent z mesonic system. It will be sufficient 
to examine the solution of (2.20) for the spe- 
cial case where K=0 and Ki(c)=0.* To the 
first order of the polarization force, the solu- 
tion of interest can be expressed as 


Mo} Bi, M a 
(2.24) 


Ae Re R Vie SK 
where A and B are arbitrary constants. Con- 
sequently, for the distortion to be negligibly 
small, the following condition must be satis- 
fied: 


gotnos At se 


(2.20) 


In other words, the value of R must be much 
larger than the critical value: 


pee My sce (2.26a) 
2 V Lt 

For the corresponding electronic problem, 

the 4 and a must be replaced by the electron 

mass me and the electron Bohr radius a. 

Hence, we obtain the value: 


° 3.61 207 ae 50ae . (2.26b) 


These two values suggest that the Born ap- 
proximation will be not so drastic for mesonic 
molecular systems as it is for electronic sys- 
tems. This is due to the following quantum 


* For this special case, (2.20) can be ‘solved 
exactly. 
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(2.22b)) 


=157eV. (2.23) 


effect. The value of MM measured in mesonic: 
atomic units is much smaller than that meas: . 
ured in electronic atomic units, while all the 
other quantities are exactly same for the both 

systems, if they are also expressed in terms. 
of the respective atomic units. Hence, the 
zero-point motions of nuclei related to the 
uncertainty principle must be far more active. 
in mesonic molecular systems. As a result, 

the effect of the potential force on the nuclear 
motion must be largely averaged out. Con- 

sidering these favourable circumstances, we: 
adopt the equation for a free particle, in the: 


region R>6a, 
ly “a his y 
lige ap(® ae) pean )| | 
X(getuxc)=0. C225 


The resulting error in the cross-section is. 
expected to be less than a factor of 2. The 
solutions of (2.27) having the asymptotic forms... 
(2.16a,b) can, of course, be written down 
analytically, the amplitudes fi¢y being involv- 
ed in them as unknown parameters. How- 
ever, the solutions (2.19a, b) for R<6a need 
to be culculated numerically. It will be clear 
that the parameters 4; and fi¢y can be deter- 
mined uniquely from the requirement that. 
these two kinds of solutions must be con- 
nected smoothly at R=6a. Further, it will 
be needless to note that the amplitudes teu 
for K+#0 go to zero rapidly with decreasing: 
incident energy. 


In Table I, our value of 

LN lim ( a vex) = t im (Al Foo |?) 

is shown, together with those found by the | 
other authors. Here, N represents the number 
density of proton in pure liquid hydrogen at 
20°K, N=3.5x10%cm?. The quantity Chex | 
may be interpreted as the rate for charge | 
transfer in liquid hydrogen of deuteron con- 
centration c. 


Now, in Table I, the value due to Skyrme>” | 


K(K+1) 
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Table I. Calculated values of Zex (in 1010 sec71), 


Skyrme Ours Cohen et al. Burke et al. 


| 
Fe | 60: weal" 50 1.14 0.18 


was estimated by using the first order Born 
approximation. The calculation by Cohen et 
al.® is in principle similar to ours, though 
much more elaborate. Their value may be 
thought of, in practice, as the true answer 
which can be derived from the basic assump- 
tion (2.4) without further simplification. They 
found that their 2ex can explain the observed 
value of 2ex/AotAm: quite satisfactorily, to- 
gether with their theoretical value of &mi. 
The main origin of the discrepancy between 
their value and ours is probably the difference 
in the range of numerical integration: they 
integrated Eqs. (2.15a,b) up to R=20a. In 
Burke et al.’s calculation’, the g: and ge in 
(2.4) was replaced by those of the naive LCAO 
approximation from the start. They inte- 
grated their equations up to R=16a. 


§3. The Bound States: (pup) and (pyd) 


As was noted in $2, if M,=Ma, all the 
non-diagonal dynamic correction integrals 
vanish identically. For (pup), therefore, the 
two equations (2.15a) and (2.15b) are exactly 
uncoupled with one another. For (pwd), on 
the other hand, the coupling terms do not 
vanish. Their effect is, however, expected 
to be only of secondary importance, except 
for shallow bound states and continuous 
states. We then put, in Eqs. (2.15a, b) 

4ij;,R)=Vij(R)=0 Te Ee (3.1) 
independently of whether we are interested 
in (pup) or (pud). The effective potential in 
(2.15b) is certainly attractive outside the re- 
gion of overlap force, if K=0. However, it 
is so weak that no bound state can exist. 
Hence, we have only to examine the former 
equation. To simplify the calculation further- 
more, we replace the associated effective po- 
tentials: 


for 


Ux(R)=E14 h? ae 


2M JR 
by Morse potentials: 


Vx(R)=Defexp ( a2h ke) 


Au(R)} (3.2a) 


Ax 


pee ( FOE NN 4Ce es) 
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The parameters Ax, Cx, Dx, Rx are here 
fixed by the four requirements that Vx(oo)= 
Ux(co), Vx(4a)= Ux(4a), Vx(Rx)=Ux(Rx), and 
the position of the minimum point of Vx, 
R=Rx, should coincide with that of Ux(R). 

The above approximate treatment results 
in three bound states in all, for each of (pup) 
and (pud). Two of them are S states (K=0), 
while one is a P state (K=1). In the follow- 
ing we wish to discuss whether or not the 
Hamiltonian (2.2) really has three bound 
states of these symmetries. The present 
calculation of energy levels is based on the 
ordinary variation method. The trial func- 
tion is clearly given by gigxYxmu. Therefore, 
the resulting energy values of S, P, D, --: 
states must be respectively upper bounds for 
the eigenvalues of the lowest S, P, D, -:- 
eigenfunctions of the total Hamiltonian (2.2), 
although this is, of course, not strictly true 
on account of the Morse potential approxi- 
mation. On the other hand, the energies ob- 
tained for the lower S state and the P state 
are both somewhat lower than the exact 
energy of the related dissociation products: 
pt+(be)s for (pup), and p+(dy)is for (pyd), 
not d+(py)is. We can, therefore, conclude 
that the existence of the above two bound 
states is quite certain. Concerning the upper 
S state, which is an extremely loosely bound 
state for each system, our present calculation 
is certainly rough. For (pup), however, that 
would not be so drastic as the result is wholly 
wrong. Accordingly, there is every possibility 
that the (pup) system actually has a real or 
virtual S level near the dissociation limit. 
For (pud), however, this is not the case. The 
approximation (3.1) is obviously drastic for 
large R. Accordingly, if we take into ac- 
count the coupling between gx and wx, the 
present result would be greatly changed. On 
the other hand, the coupling results in locali- 
zation of the meson on the deuteron in the 
region of large nuclear separation. This in- 
evitably weakens the molecular binding be- 
tween the proton and the deuteron. As a 
result, we are led to the expectation that the 
real (pud) system would have no excited 
S state.* 

* This expectation is opposite to those expressed 
by Skyrme) and Zel’dovitch*). The former author 
suggested that the existence of this level might be 


essential for the reaction, p+(du)1s—>(pud), to 
take place. 


ww 
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Table II. Calculated dissociation energies (in ev.) 


(pup) (ped) ~— (ued) 
S(K=0) 284 (284) 239 (235) 359 (343) 
P(K=0) | 113 (136) 88 (111) 228 (244) 
D(K=2) | — a 80 (103) 
Sia Oe mis —79 30 (202) * 


* The figures in brackets are those found by 
‘Cohen et al. based on an approximation similar to 
that of §2. Their value for the excited S state 
of (dud) would be wrong. 


Table II shows the dissociation energy of 
each bound state found by the above approxi- 
mate calculation, together with that of (dud). 
Here, the energy of the related dissociation 
products is chosen to be 


Baie =U co) — pg lal) (3.3) 
This expression is exact to the approximation 
of (2.8a,b). For (pup) and (dud), the last 
term vanishes, and so (3.3) reduces to the 
usual one. 


$4. The Molecular Formation 


We first mention the formation of the 
ground state (pud) molecule by the slow col- 
lision of a mesonic deuteron atom with a 
proton bound in an ordinary hydrogen mole- 
cule. As has been shown in the previous 
section, the (pud) system has one excited 
state, P, besides the ground state, S. There- 
fore, the ground state molecule can be formed 
in the following two ways. One is the direct 
transition from the incident state, J. The 
other is the indirect transition through the 
excited state, P. Clearly, these transitions 
must be accompanied by emission of some 
other particle than ~, d, w under considera- 
tion. Conforming to the usual convention", 
we here examine only the two possibilities: 
the emission of a photon and the emission 
of an electron bound around the proton. Now, 
the incident energy of interest is so low that 
we consider the transitions simply from the 
S wave component of the incident state eigen- 
function. Then, the direct transition is just 
the so-called 0-0 transition, in which the 
radiative process is forbidden. Consequently, 
the transition JS takes place exclusively 
by electron emission. In the indirect transi- 
tion, on the other hand, both are possible, 
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and each step of the transition is induced by 
an electric dipole. Table III shows our calcu- 
lated values of the associated reaction rates 
in the pure liquid hydrogen. They have been 
found by making a number of simplifying 
assumptions given below. 

(a) We used a plane wave approximation 
for the incident state eigenfunction: 


O(r, R)=¢(ra)-exp @K_-R) , (4.1) 


v(ra) being the 1s orbital of the mesonic hy- 
drogen atom. 
(b) The bound state eigenfunctions were 
simplified as 


_ ofr) tera) 1 
Oxu(r, R)= 24S) PR 


-exp [—a@x(R—Rx)’]-Yxul2). (4.2) 


The Re is the same as that in (3.2b), the ax 
being chosen so that it shall give the correct 
zero-point energy. This harmonic oscillator 
approximation results in an under-estimation 
of the reaction rates for JP and J—S. 

(c) The wave function for the bound elec- 
tron was replaced by the ls orbital of the 
hydrogen atom. 

(d) The plane wave approximation was adopt- 
ed for the ejected electron. 

(e) The perturbation for electron emission 
was chosen as 


ae aisle ea ae 


Vow Yep Yea Veg 


) 43) 


veg being the distance between the electron 
and the centre of gravity of the (pud) sys- 
tem. From Table III, we see that the ground 
state (bud) molecule will be formed predomi- 
nantly by making the two successive elec- 
tron-emission transitions, J>P and P—S.* 
In addition, the rate for P—S is so large 


* Jackson‘) also estimated the rate for 0-0 transi- 
tion, and obtained a very large value (~107 sec~1), 
His result is, however, not acceptable. The plane 
wave (4.1) orthogonalized to the bound states (4.2) 
will be a better approximation of the incident state 
eigenfunction than (4.1) itself. If this improved 
one is used in his calculation, the result is in good 
agreement with ours. His calculation is based on 
the formula, r2«|<Y-y|.G#s|W>|2, which is famous 
in the formal theory of scattering!4). This expres- 
sion results in the exact reaction rate, when WY is 
the exact eigenfunction corresponding to the pre- 
sent collision, (pe)+(du)—>(pyd)-+e. 
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) that neither the meson decay nor the p-d 
fusion process cannot compete with the tran- 
i sition P—S at all. 

| We next discuss the formation of (pup). 
I In this case there are two independent inci- 
} dent state, J. and J. The former is sym- 
| metric with respect to interchange of the 
| Space coordinates of two protons, and the 
] related wave function is given by g:G in the 
| approximation of §2. The latter is anti- 
| symmetric and the wave function is given 
| by g:U. Their statistical weights are 1 and 
| 3, respectively. On the other hand, the bound 
| State S is symmetric, and P is anti-symmetric 
’ with respect to the same symmetry operation. 


Table Ill. Calculated rates for formation of 
(pud) in pure liquid hydrogen (in sec~!). 


| I-S I>P P=S 
Electron emission | Ome 105 1010 
Photon emission 0 10-1 106 


| Therefore, the allowed transitions are two in 
| all, 1,>S and J_>P, PS being forbidden 
| in the usual approximation. The latter tran- 
sition, /-—P, can occur by Fl, just as be- 
fore. The electric dipole operator for (pyud) 
may be expressed as 


Z Mat+Mp+u 


Mat My+2pu r’ 


aD eé 
Mat+tMot+u 


y 


(4.4) 


where r’ stands for the distance vector from 
the geometrical centre of p and d to uw. 
When M,=Mz, the first term vanishes iden- 
tically, so that the second term alone exists 
for (pup). However, the analysis of our 
calculation for (pyud) tells that the contribu- 
tion of the first term to the transition matrix 
_ element is negligibly small. Hence, the reac- 
tion rate for 1. P will be of the same order 
of magnitude as the corresponding value for 
(pud). This will be roughly true of l+>S 
as well. However, if (pup) has an extremely 
loosely bound S state, whether real or virtual, 
the situation changes. For, in this case, the 
collision between p and (py) exhibits reso- 
nance. Asa results, the amplitude of the J+ 
incident state wave function becomes quite 
large in a region of small R. Consequently, 
the reaction rate for J,—S increases con- 
siderably. We can, however, hardly expect 
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I.—S to predominate over J]_—->P. 

Lastly, we touch on the formation of (dud). 
As is shown in Table II, (dud) has four 
bound states in all, although the existence of 
the excited S state might be slightly uncer- 
tain. Therefore, the following four transi- 
tions can take place by collision of d and 
(di)5 de> SSD, Ai S,. ands oP: 
The last two will be essentially the same as 
those for (pup). We can, however, expect 
a somewhat remarkable decrease in the reac- 
tion rate, especially. for ..—P.* The first 
reason is that the amplitude of the incident 
state wave function Uy; will be smaller for 
(dud) than for (pup). This is because it be- 
comes harder for a particle to penetrate into 
a potential barrier as the mass increases, the 
potential to determine Uy; being repulsive for 
R<10a. The second reason is that the (dud) 
molecule is smaller than (pup) in size. The 
E\ transition probability is roughly propor- 
tional to Ro°®, Ro being the size of the mole- 
cule formed by collision. The third reason 
is the decrease in the statistical weight of 
the J_ state from # to 3. The fourth is the 
increase in the energy of ejected electron. 
We must now consider J; S’. If the energy 
released is not enough to ionize a bound 
electron, this transition is forbidden. On the 
other hand, if the energy is only just enough, 
then J,—S’ might be able to compete with 
I_—P. This is because the rate for the 0-0 
transition increases rapidly with increasing 
Ro, in proportion to Ro’. Of course, Ro in- 
creases as the dissociation energy decreases. 
According to Zel’dovitch’s estimation,* the 
reaction rate amounts to ~10°sec™' in the 
limiting case that the released energy is just 
equal to the ionization potential. Thirdly, 
we must consider /.— D. This can occur by 
E2. Usually, the £1 transition is more im- 
portant than the £2. In the present case, 
however, the £1 transition J-~P has a 
number of handicaps as was mentioned above. 
Accordingly, J; D might also compete with 
I_—P. However that may be, the formation 
of the (dud) molecule is almost certainly 


* Cohen et al.’s value is 5.9x104sec—! for (dud), 
while 6.5108 sec-! for (pup). Their explanation 
for this decrease is not acceptable. It seems pos- 
sible that they may have used Gy, by mistake, in- 
stead of Uz to evaluate the former value. 
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§5. The Radiative p-d Fusion: (pud);—> 
He®+7 

1) The initial state: (prud)s 

We here briefly mention the hyperfine struc- 
ture associated with the (pyud)s state. The 
spins of the particles 4, p, d are respectively 
4,3, 1. Hence, the ground state can split 
into one quintet, two triplets, and one singlet. 
In the quintet state, the two nuclear spins 
are parallel; in the singlet they are anti- 
parallel. In the triplet states, both spin states 
are mixed. Their mixing ratios cannot be 
determined, until the hyperfine interaction is 
specified. The ground state has zero total 
orbital angular momentum: K=0. Therefore, 
the most important hyperfine interaction is 
considered as the Fermi contact interaction 
of p and d with yw. The splitting caused by 
this interaction is estimated to be of the 
order of magnitude of 0.1eV, The nuclear 
force between p and d, which may be ex- 
pressed in the form of contact interaction in 
the first order approximation, is also spin- 
dependent. However, its contribution to the 
splitting is negligibly small (<10-eV), cf. 
(5.14). The rate for p-d fusion depends, 
clearly, on the relative spin orientation of p 
and d in the initial state. Hence, each of 
the spin multiplets has its own reaction rate. 
In this paper we treat only their statistical 
average, which is in practice independent of 
the hyperfine splitting. 


2) The final state: He® 

In the notation of Russell-Saunders coupl- 
ing, the He® ground state is *Sij. and “even” 
in parity. As is well-known, there are just 
two linearly independent doublet spin func- 
tions for three-nucleon systems. Hence, in 
the approximation of neglecting the non- 
central nuclear force the He? ground state 


* For the (dud) molecule, the rate for nuclear 


fusion might be appreciable even in the excited 
states, S, P, and D. To the approximation in § 2, 
the D state wave function falls off much more 
rapidly than the P state wave function, with de- 
creasing nuclear separation R. However, this is 
not true of the exact D eigenfunction, but there 
must be some amount of admixture of 9 component 
(L=0) which is finite at R=0. This is not applica- 
ble to the P state, whose wave function must vanish 
at the origin by symmetry. 
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wave function can be expressed in the form: 
V y= Ayt O44 Az-O- O (Ds1 


Here, 4;+ mean the orbital parts and 9s the 
spin parts. For convenience, 9; and @_ are 
here chosen to be anti-symmetric and sym- 
metric with respect to the exchange of the 
two protons, respectively. From well-known 
energy arguments, we can easily see that if 
the nuclear force is wholly spin-independent, 
the above 4;- must be zero. 


3) The photon emission process: p+d— 
sHe+7. 

In the region of short p-d distance of the 
order of m-d interaction range (~4x*10-!% cm), — 
the two nuclei in the (pud)s; molecule would © 
be to such an extent in an S state, L=0, | 
that their fusion reaction occurs exclusively | 
in the S state. Accordingly, we here again ) 
examine only the transition from the S wave 
component. The deuteron ground state is 
8S:1. Therefore, if the proton spin is parallel 
to the deuteron spin, the initial state has the 
symmetry ‘S372 as a whole, and if antiparal- 
lel, 2Siy2. On the other hand, the final state 
—the He*® ground state—is *Sij2. Hence, the 
radiative transitions can occur by a magnetic 
dipole. The related transition matrix ele- 


ments are given, in the usual approximation, 
by 


Miy= (¥ | Uy( Sp, +Sp,) + UnSn| VY > 
=(pin— po VilsnlE p> 4. 0) 


Here, the obvious relation, <¥:|S|¥,>=0, was 
used, S being the total intrinsic nuclear spin 
operator. From the last expression of (5.2), 
it will be clear that the so-called mirror re- 
action, 7+-d—> T-+7, can be a true mirror 
to a fairly good approximation, notwithstand- 
ing that proton and neutron are somewhat 
different in their magnetic moments.** This 
is the case for electric dipole transitions as 
well, though not for higher multipole tran- 
sitions. Now, suppose that the nuclear force 
is spin-independent, then the last term of 
(5.1) must vanish as was noted there. Hence, 
the two proton spins must be exactly anti- 
parallel in the final state. While, in the +S 
initial state, they are always parallel. Ac- 


** This is one of the reasons why Cohen et al.’s 
criticism§) on Jackson’s semi-emiempirical treat- 
ment‘) is not acceptable. The other reason would 
be seen from the expression (5.20c). 
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cordingly, the M1 transition is forbidden for 
‘S—?*S. We now consider the transition 
*S—>?S. Clearly, the initial 2S wave function 
has the general form: 


Yi =At+@.+A4;-O_ , (a3) 


so that the two proton spins can be partly 
antiparallel. However, (5.3) is required to be 
orthogonal to the one-term final state wave 
function, 4y+@,. On the other hand, <4;-|4;+> 
=0 by symmetry. Therefore, <4;+|4;+>=0. 
As a result, *S—?S is also forbidden.* To 
summarize, if the nuclear force is  spin- 
independent, the thermal radiative fusion can 
hardly take place. In fact, however, the 
nuclear force is spin-dependent, so that the 
above arguments cannot be applied. Actually, 
we can show that if the spin-dependency is 
taken into account, the above M1 transition 
becomes possible for both ¢S— 2S and 2S 2S.** 
However, it does not seem easy to predict 
which is faster. In the well-studied case of 
thermal radiative p-n capture, on the contrary, 
one of the two possible transitions, *"S—>°S, is 
still forbidden.!® 


4) Semi-empirical calculation of the reaction 
rate for (pud)s —> He?+7r 

We first discuss the distortion of (pyd)s 
wave function due to the nuclear force. Let 
Ro be a distance of the order of the range 
of the nuclear force between p and d, ~5x 
10-*cm. Our main interest is in the region 
of R>R.. We make the conventional as- 
sumption that, for R>R., Eqs. (2.15a,b) re- 
main valid and the effect of the nuclear force 
can be taken into account simply by adjust- 
ing the boundary conditions (2.16c). For 
simplicity, we hereafter consider just the g 
component by omitting the coupling with the 
u. The new boundary condition may be ex- 
pressed as 


d iL 
— log (R 2S S—— . 
ER 08 ( Biles RotF 


* Cohen et al.8) thought 2S—>2S is allowed al- 
though 4S—>2S is forbidden. On this basis they 
reanalysed Ashmore et al.’s experiment®’ and found 
a new internal conversion coefficient which is nearly 
twice as large as the old one due to Ashmore et al. 
** Accordingly, it is not clear whether or not 
Cohen et al.’s value of internal conversion coef- 
ficient is more reliable than Ashmore et al.’s value. 
The latter authors implicitly assumed that both 
transitions have the same reaction rate. 


(5.4) 
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The constant F is here replaced simply by 
the scattering length for thermal m-d elastic 
collision. Let EF, be the energy shift result- 
ing from the change of the boundary condi- 
tion. The magnitude will be negligibly small 
as compared with the original energy Eo. 
We therefore consider the distortion of g just 
to the first order of E:: 


(5.5) 


The equation for gi: can be found by differ- 
entiation of (2.15a) with respect to the energy 
Jae 


a d 2M he 
R?2 
rae ral me tp (Z et ong) | 
_ 2M 
== he £0. 
As is easily seen, the solution gi which is 
bound at infinity is given by 


SH=Hthig. 


(5.6) 


R 
G— — a [eo tool SoRkR* dR 
0 


R 
~ ae\"geeR? aR] , (5.7) 


0 
where g denotes the improper solution of 
the original homogeneous equation. In the 
close proximity of the origin, the above go 
and g» have the forms: 


g = a0)-(14+2), (5.8a) 

1 1 1 vi 
Oe + 2—] , 5.8a) 
= UL: aleg)- Gee) 


Here, A is the distance characteristic for the 
Coulomb scattering: 


hi? 
SA es Ss 1 BY SS IA Cit 
Me? 
On the other hand, B is the distance which 


is determined from the condition: 


(5.9) 


|, # Rid Ree (5.10) 
0 


which results from the normalization con- 
dition: g*R? dR =| eR dR=1. However, 


the value of B is considered to be quite in- 
sensitive to the potential shape in the region 
of large R where the Coulomb repulsion is 
not dominant. For, the Coulomb force is so 
strong for small R that even a negligibly 
small change in B can induce an appreciable 
variation in gi for large R. Hence, B may 
be chosen so that the resulting gi of (5.7) 
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shall coincide with the Hankel function which 
vanishes at infinity. After a short calculation, 
we find the following connection formula: 


2 1 1 R 
800) g(R) = +2 


2M Ae ee 


ow =r) ae HiG/SRJA). (5.11) 


From this we obtain 


B=0.42,.A . (5212) 
Substituting (5.11) and (5.8a) in (5.5) we have 
g(R) = 2100} ( 1 oop) 
a R R 
+ (1425 lee Balk (5.13) 


‘This approximate form will be valid for R 
up to about B/4. The relation between the 
energy shift EF: and the above scattering 
length 4 is given by 


he 


Substitution of (5.13) in (5.4) results in 
2 
Re t(A+2Ro)F (5.15) 


~ (A—2R,)—2(1+log Ri/B)F ° 
Thus we obtain, for the value of gat R=Ro, 


g(Ri)=C-g0)-(14+—-), (5.16a) 


where 
1-2) (oe) 
C(F, Ro)= > < “ 
1—2 ha) — 2 : 
( ry 1+log B ) 


(5.16b) 
As would have been expected physically, the 
factor C tends to 1 with decreasing R)/A and 
F/A. Hence, C may be taken as the nuclear 
size correction factor. Now, putting Ro= 
A/10, which would be appropriate for the 
present case, we obtain 
re 1.19 
~ 14114F/A 
(5.17) diverges to infinity at P>=—0:9A. 
Hence, if the n-d system has an “ actual ” 
bound state of quite low binding energy, the 
(pud)s wave function will be distorted con- 
siderably by the nuclear force. However, 
this does not seem to take place, at least, in 
the present case. Judging from a calculation 
by Buckingham and Massey"), we may ex- 
pect the magnitude of F for n-d collision to 


(5.17) 
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be of the order of A/10. The sign is positive 
for the quartet state collision, and negative 
for the doublet. Accordingly, the deviation 
of C from 1 will not be appreciable: 


(C3e2) for the quartet , (5.18a) 
Cray for the doublet.  (5.18b) 


In the following, for simplicity, we put C?= 
1, independently of the relative nuclear spin 
orientation. 

We next evaluate the reaction rate for 
(pud)s—> He*+7. Following Jackson* and 
others, we make use of the reaction constant 
for n+d—> T+7, let ov. As was mentioned 
at the beginning of this section, the ground 
state of (pud) is split into four sets of spin 
multiplets by hyperfine interaction, and each 
multiplet has its own reaction rate. How- 
ever, the only available experimental result 
for ov is the statistical average of the two 
possible values, (ov)+ and (ov)-_: 


w=. (00) a = (ov)- 


alloy cilree Sate “Kean (5.19) 
Hence, it is impossible to determine each of 
the four reaction rates separately. Con- 
sequently, we here estimate only their statis- 
tical average, Ay. Now, ov can be interpreted 
as the transition probability from the incident 
state normalized so that @;=1+(F/R). We. 
then relate Ay to ov through the expression: 


ee a 2 Rona? 
heed: | 3 (+ TG /Ro 
gilts #| ts gaan |? 
pe matdb= 1+ (F_/Ro) | (5.20a) 
3 2 2 eh: . Zhe 2 
=e |S o.-c += (o2)- c+] | 20(0)| 
(5.20b) 
= (ov): | 20(0)|? .* (5.20c) 
TT 


The value of g0(0) will be insensitive to the 
details of the approximation adopted in the 
calculation, as long as the Coulomb repulsion 
between p and d is correctly taken into ac- 
count in the region of small R. However, 
one of our objects in this section is to see 
the true result of the basic approximation 


* This is just the expression which can be de- 
rived from the most naive consideration. Jackson?) 
adopted (5.20c) with go(0) replaced by go(Ro). This 
seems, however, difficult to justify. 
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(2.4) as quantitatively as possible. We there- 
fore use the value calculated by Cohen et al.: 


| go(0)|2?=1.11 x 1028 cm-3 , (6-21) 
Then, we have, from (5.20c) and (5.19), 
4y=0.33 x 10% sec . (5222) 


If the 2-d fusion reaction takes place pre- 
dominantly from the doublet incident state, 
this might be an underestimate because of 
(5.18b). 


5) Comparison with experiment 

Ashmore et al.® detected the yr rays from 
the above p-d fusion process. They analyzed 
the related time distribution to obtain the 
values of 2, and Am, cf. Fig. 1. Asa result, 
they found that the following set of values 
can reproduce their observations satisfactorily 
within the error of their results:* 

Ame 2.5108 sec , (5.23a) 

Ay 10.32501108 secs} y (5.23b) 
The theoretical value of Am: calculated by 
Cohen et al.® is just equal to the above ame. 
In addition, a good agreement with respect 
to Ay can be seen from a comparison of 
(5.23b) with (5.22). 

Ashmore et al.’s analysis is based on the 
single decay constant ‘approximation. They 
implicitly assumed that all the multiplets of 
(pud)s have the same reaction rate, which 
would be a defect of their analysis. How- 
ever, as far as the statistical average is con- 
cerned, their simplification does not seem 
serious. In fact, the experimental value of 
A, proposed by Cohen et al., who analysed 
the same experiment on the assumption that 
4S-+2S is forbidden, is essentially equal to 
(5.23b), tle. Ay=3.1K10° sec*.** Accordingly, 
the error of (5.23b) would be minor. If the 
2$->2S transition takes place much faster 
than 4S—2S as was supposed by Cohen et al., 
the theoretical value of 2, must be chosen to 
be nearly twice as large as (5.22) on account 
of (5.18b). This makes the above agreement 
slightly poor. It would, however, dangerous 
to arrive at a definite conclusion from this 
that 2S—2S is not dominant. However that 
may be, the agreement between theory and 
experiment seems quite satisfactory. 


* Fit 6 in Figs. 7 and 8 on their paper. 

*&k Their value of Rp» is overestimated by the 
factor of 4/3, because of a trivial mistake in their 
expressions for P;'*). 
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Appendix 1. 


The full expressions of 4.;(R) and Vij(R) 
associated with the orbital functions (2.10a): 
and (2.10b) are given below, in sw mesonic 
atomic units. 

1 Mé+M,* 
2 2 (Ma+M,) 


eF®T1 1(M2+M,? 1 
a Fe [yatR+ 3 { (Mat M2 bee 
ie Rte) 

36 14S 

Ao, — —Ma=M> [1 /1=S 

12 Mat+M,\2V 14S 
f 1 aiRE GSR? nol Rit Eye} 
3 VY1—S? 18 (1&S)/1—S? J’ 

Vop— ae Ma Me RUTR) CP 

rere oy See 

where 

S=(1t Rt Ae. 


The upper/lower signs on the right hand side- 
belong to the upper/lower suffices on the 
left-hand side. 
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The absolute differential cross sections for the inelastic scattering of 
deuterons leading to the first excited state of C12 has been measured at 
the bombarding deuteron energies of 14.7, 15.9 and 18.1 MeV. Similar 
measurements were made on Mg?! at deuteron energies of 15.9 and 17.5 
MeV and also on Ni®? at 18.1 MeV. 

Deuterons are detected with thin CsI crystals, so that protons from 
(d, p) reactions do not contribute to the cross section. The energy re- 
solution of the detectors is less than 4 percent. 

The obtained angular distributions show a prominent peak at small 
angles in all the cases and the cross sections decrease at the extremely 
forward angles. Therefore it is not necessary to take into account the 
electric interaction to explain these reactions. These angular distribu- 
tions are compared with the results at different deuteron energies given 
by other authors, and are observed to have an unusual energy dependence. 

The data are analysed with the nuclear interaction theory of Huby and 
Newns. When the theoretical curve is normalized to fit to the measure- 
ment at the forward peak, disagreement between the theoretical curve 
and the experimental one occurs at the other places, which shows the 
need of modifing the theoretical calculations with the distorted wave ap- 
proximation taking a proper optical potential to explain the reaction. 


§1. Introduction 


the data better and for large angles the nu- 


Measurements of inelastic scattering of 
deuterons are fewer than the cases for pro- 
tons and alpha particles. 

Haffner” obtained the angular distributions 
of inelastically scattered deuterons from Li’, 
Li’, Be®, C!®, Mg*4 and Al?? at the bombard- 
ing energy of 15MeV. He analysed his data 
according to the nuclear interaction theory 
of Huby and Newns?’, the electric interaction 
theory of Mullin and Guth®, and from the 
stand point of compound-nucleus formation. 
According to his conclusion, for small angles 
the electric interaction theory seems to fit to 


clear direct interaction theory gives better 
agreement, and the compound-nucleus forma- 
tion does not seem to play a major role in 
the inelastic scattering of deuterons. 

Yntema and Zeidman*’ measured the inelas- 
tic scattering of 21.6MeV deuteron by Ni, 
Cu, Zn, Ry, Ag, Sn, Gd, fa Pt and Aula the 
four angles of 30°, 60°, 90° and 140°. The 
angular distribution in each case shows a 
pronounced peaking in the forward direction, 
and no increases in the cross sections at 
backward angles.are observed with increas- 
ing excitation of the residual nucleus. These 
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facts suggest that the direct process plays a 
major role in the nuclear interaction of a 
deuteron and the evaporation process of 
deuterons from compound-nucleus does not 
contribute to the cross section. 

The above mentioned conclusion about the 
formation of the compound nucleus, for the 
}experiments at the deuteron energy near to 
20 MeV, is reasonable since a deuteron is a 
loosely bound system and easily breaks under 
a slight influence of nuclear force, consequ- 
}ently it can not enter into the nucleus as a 
whole. Near 10MeV, some experiments of 
inelastically scattered deuterons from relative- 
ly light nuclei were carried out by several 
authors®’-'?, These angular distributions also 
show a forward peak or peaking in the for- 
ward directions. ; 

Recently the angular distributions of elas- 
tically and inelastically scattered protons and 
alpha particles have been found to depend 
strongly on the incident energy in some 
energy regions.'®» This fact seems to show 
that, in order to discuss the reaction mecha- 
nism, measurements have to be made at 
various incident energies. 

We also examined whether the diffrential 
cross section would decrease or not at ex- 
tremely forward angles in order to analyse 
‘the contribution of the electric interaction 
process to the cross section. In our measure- 
ments at forward angles, the elastically scat- 
tered deuterons from hydrogen, which con- 
-taminates the targets, were eliminated very 
carefully. According to the theory of the 
electric interaction given by Mullin and Guth, 
the cross section should have a maximum in 
the forward direction. Most measurements 
of the inelastic scattering of deuterons carri- 
ed out so far show a maximum in the for- 
ward direction, but these for protons do not. 
The influence of the electric interaction is 
considered to be similar for deuterons as well 
as for protons. Therefore, it is necessary to 
measure the cross sections at extremely for- 
ward angles. 
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§2. Experimental Procedure 


The deuteron beam was obtained from 
INS (Tokyo) variable energy cyclotron.!® 
The beam entered through a focusing system 
into a scattering chamber. The arrangement 
of them and the beam collector were quite 
similar to those described in reference.!”) The 
scattering chamber has seventeen windows 
with 10° interval from 10° to 170° on the 
wall on the right side of the incident beam 
direction and sixteen from 15° to 165° on the 
left side. Each window was covered with a 
sheet of aluminized mylar of 1 mil. in thick- 
ness. 

Fourteen scintillation counters attached to 
the side windows were used at the same time. 

The solid angle subtended by the detector 
was determined by the defining slit attach- 
ed to the side window. The solid angles 
were made to increase from forward to 
backward angles. The diameters of the de- 
fining apertures, placed 505mm apart from 
the center of the chamber, were 3mm at 10° 
and 15°, 5mm at angles from 20° to 60°, 
8mm from 65° to 85°, and 10mm from 90° 
to 165° Such change of the solid angles made 
the measurements easier without large change 
of the beam intensity. 

The scattered deuterons were detected by 
CsI crystals. In our targets, (d, p) reactions 
leading to the excited states produce protons 
with approximately the same energy as the 
inelastically scattered deuterons, and there- 
fore it is necessary to exclude the protons 
having the energy near to that of the desir- 
ed deuteron. We made use of the fact that 
the range of a deuteron in the energy region 
of this experiment is considerably less than 
that of a proton with the same energy. 

Table I shows the thickness of CsI crystals 
used in the present experiment and energies 
of a deuteron and a proton corresponding to 
the range equal to the thickness. 

Between a window of the scattering cham- 
ber and a detector, an aluminium absorber 


Table I. Deuteron energy and proton energy corresponding to the range equal to the 
thickness of CsI crystals used in this experiment. 


thickness of CsI crystal (mm) | bal 0.77 0.70 0.51 0.36 0.22 0.16 
P NPteueron energy (MeV) | 20.0 16.0 15.0 12 2 one oe ; eel ‘ 
) | 15.5 1PUSauh. ish. Sep OAS WA xa. SemalSS ye “AVG 


proton energy (MeV) 


1058 


was inserted, which reduced the energies of 
alpha particles produced by (d, @) reactions 
to much lower energy than that of a measured 
deuteron, when necessary. 

We made about ten pieces of uniform cry- 
stal for each one shown in Table I. 

Energies of all protons which stopped in the 
crystal were always made at least 1 MeV small- 
er than the energy of a measured deuteron. 
Thus, even at the widely different incident 
deuteron energies, we could use the fourteen 
scintillation counters at the same time to 
measure the angular distribution of the in- 
elastically scattered deuterons from C” (Q= 
—4,43 MeV), Mg** (Q=—1.37 MeV), and Ni* 
(Q=—1.33 MeV) by adjusting the thicknesses 
of absorbers and crystals. 

The detectors were similar to those describ- 
ed elsewhere’®), except for the crystals. RCA 
6342 and 5819 photomultipliers were used. 

The foil targets were set at the center of 
the scattering chamber making an angle of 
45° on the right or left side of the incident 
beam direction. In almost all cases, detec- 
tion was made at angles with 5° intervals 
from 10° or 15°, but in some cases at 10° 
intervals. 

In order to minimize the fluctuation of the 
gains of photomultipliers, high voltage was 
always being fed to each counter, and the 
puises from it were sent through a cathode 
follower and a coaxial cable to the measuring 
room, where electronic circuits were located. 
We used ten linear amplifiers and four multi- 
channel pulse height analysers, so that we 
could measure the energy spectra at four 
angles simultaneously. For the investigation 
of the angular distribution, we measured the 
beam current by a current integrator and the 
yield of the monitor counter in each run of 
measurement. We repeated the measure- 
ment at the same angle several times on dif- 
ferent days, and results were in satisfactory 
agreement with each other. 

The target of self-supporting film of na- 
tural carbon was prepared from colloidal 
solution of graphite, and the thickness was 
2.38 mg/cm?*. This did not contain any de- 
tectable impurity except hydrogen. The 
targets of self-supporting film of natural 
magnesium were measured to be 2.22 mg/cm? 


* We are indebted to Dr. Mikumo of Institute 
for Nuclear Study for the preparation of the target. 
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and 2.37 mg/cm? in thickness. Both of them 
were used. The foil target of Ni®® was 
manufactured by A.E.R.E. and its thickness | 
was 2.42 mg/cm?. After the measurements at 
fourteen angles, the scintillation counters © 
were removed to the other angles, and ex- — 
changes of absorbers and crystals to those 
with proper thickness were carried out, when 
necessary. | 

The error involved in the measurement of © 
beam energy is estimated to be 100 KeV, and | 
energy spread may be within 1 percent. 

The corrections for the slit edge effect and 
the multiple scattering were neglected in the 
analysis of the present data. 

The pulse height spectra obtained for the 
charged particles resulting from the deuteron 
bombardment of the targets are shown in 
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Fig. 1. The pulse height spectra of the charged 


particles resulting from deuteron bombardment 
on carbon target and polyethylene with H,z= 
18.1 MeV at 15°. Elastically scattered deuterons. 
pass through the scintillator. Arrow P indicates. 
the maximum pulse height of protons obtained. 
in the scintillator. 
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2 Deny =F Figs. Leto 5) Arrows P in Figs. 1 to 5 in- 
oy C2 (d,d')C? dicate the maximum pulse heights of protons 
+H(d,d)H obtained in the CsI scintillators used in the 

P detection of deuterons. In the case of C!? the 

C2 (d,d)C” Y elastically scattered deuterons passed through 
Palyohyrene io the CsI crystal. As shown in Figs. 1 and 


2, in which we compared the energy spectra 
resulting from carbon target with those from 
polyethylene, our carbon target is thought 
to contain a little amount of hydrogen, and 
192 at 20° the energy of an inelastically scatter- 


(Carbon) 
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Fig. 2. The pulse height spectra of the charged Fig. 4. The pulse height spectra of the charged 
particles resulting from the deuteron bombard- particles resulting from the deuteron bombard- 
ment on carbon target and polyethlene with Ha= ment on Mg% with Hg=17.5 MeV at 100°. 


18.1MeV at 20°. Elastically scattered deu- 
terons pass through the scintillator. 
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Fig. 5. The pulse height spectra of the charged 
particles resulting from the deutron bombard- 
ment on Ni®® with Hg=18.1 MeV at 95°. 


Fig. 3. The pulse height spectra of the charged 
particles resulting from the deuteron bombard- 
ment on Mg?! with Hg=17.5 MeV at 50m 
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ed deuteron from C' leading to the first 
excited state nearly agrees to that of an 
elastically scattered deuteron from hydrogen 
at our bombarding energies. We can not re- 
solve these two deutrons. Therefore, we 
deduced the angular distribution of deuterons 
elastically scattered by hydrogen from our 
data measured at angles of 10°, 15° and 25°, 
with reference to other experiments.*?-’®. 
Then, we could obtain the cross section of 
inelastically scattered deuterons from C” at 


C (dd')C” 
Q=—4.43MeV 


. ae 


E,=19. 1MeV 
(Freemantle et al,) 


E,=18.1MeV | 
: 
Ey=15.9MeV 
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a Ss 8s gs 


E,=15.0MeV 
(Haffner) 


£y=14. 7MeV 


E,= 9 MeV 


5 (Green et al.) 


0 30 60 90 120 150 180: 
‘Oc.m. (degree) 
Fig. 6. Angular distributions of the inelastically 
scattered deuterons from C! leading to the 
4.43 MeV state at various bombarding energies. 


20° by subtraction. 
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Fig. 7. Angular distributions of the inelastically 


scattered deuterons from Mg?! leading to the 
1.37 MeV state at various bombarding energies. 
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$3. Results and Discussions 


Angular distributions of the inelastic scat- 
tering leading to the 4.43MeV state of C2 
were obtained at the incident deuteron ener- 
gies Ea=14.7, 15.9 and 18.1 MeV. In Fig. 6, 
we show the results together with those ob- 
tained by other authors at different energies. 
The curves obtained by us are very similar 
with one another, however not so similar to 
the quoted data, and have a forward peak at 
the angle near to 25°. 

The angular distributions of inelastically 
scattered deuterons from Mg”! leading to the 
1.37 MeV state are shown in Fig. 7. The 
curves at Ea=15.9 and 17.5MeV were ob- 
tained in this experiment. The curves have 
a forward peak near to 22°. 

The electric interaction theory, given by 


Mullin and Guth, assumes the interaction 
potential 
Z ze? 
SS On 7 
n=1 lr— Ral 
==())F, for 7<7% 


where r=the distance of the incident deu- 
teron from the center of the target nucleus, 
Z, z are the atomic number of the scattering 
nucleus and the projectile, the sum of their 
radii is taken as ~ and R» is the coordinate 
of the v-th particle in the nucleus. 

The important factor determining the an- 
gular distribution for electric quadrupole 


transition is 
do eller | 
dQ Kro 


where K=|K:i—K;| is the difference between 
the wave numbers of the initial and the final 
deuteron, and j:(Kr.)=spherical Bessel func- 
tion. This theory predicts a maximum in the 
forward direction for our cases concerned 
here. 

According to the present experimental re- 
sults obtained for C!? and Mg*, the cross 
section decreases in the extremely forward 
direction. Therefore, we can conclude that 
in the inelastic scattering of a deuteron, the 
electric interaction process between a deu- 
teron and a nucleus has scarcely any contribu- 
tion to the cross section. 

Fig. 8 shows the angular distribution of in- 
elastically scattered deuterons from Ni® to the 
1.33 MeV state. The curve shows a typical 
diffraction pattern. 


Inelastic Scattering of Deuterons from C, Mg** and Ni% 
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One of the characteristic features of the 
present angular distributions is the increase 
of the number of diffraction oscillations with 
atomic mass. The ratio of the cross sections 
at the forward to backward angles increases 
with increasing energy and atomic mass. 

From all the curves shown in Fig. 6, we 
see that all the first minima (in the case of 
Haffner, second minimum) appear at the same 
angle of 60°, and the second peak shifts a 
little to larger angles, and broadens out when 
the energy of bombardment increases from 
14 to 20 MeV. 


T ies ar See ea T 
10? 
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Fig. 8. Angular distribution of the inelastically 


scattered deuterons from Ni® leading to the 
1.33 MeV state. 


Fig. 7 shows that the first maximum and 
the first minimum shift by small amounts to 
the forward direction with a large increase 
of the incident energy. The second peak of 
the curve obtained at Ea=11.2 MeV splits 
into two peaks, which we call peaks A and 
B, as the bombarding energy increases. 
Peak A is much larger than Peak B at Ea=. 
15.1MeV. Then, A moves to the forward 
angle and its amount decrases gradually with 
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increasing energy, and B grows up suddenly 
at Ex=15.9 MeV largely shifting to smaller 
angles. B decreases gradually with increas- 
ing energy from Ha=15.9 MeV. These 
characters do not appear in the case of elas- 
tic scattering of deuterons at the same range 
of the energy in our other experiments.?” 

As mentioned in §1, compound-nucleus pro- 
cess does not contribute to the cross section. 
Huby and Newns have developed the direct 
interaction theory for the inelastic scattering 
of deuterons in somewhat analogous way to 
the (d, p) theories of Butler and others.*” 
The angular distribution was derived in the 
plane-wave Born approximation. 

We compared our results with the theory 
of Huby and Newns, in which the differential 
cross section is of the form 


pie (mE) 


Paoe 
iG a iy Juin Ka) : 


where a=(1/h) x (M,x deuteron binding ener- 
gy)/?=0.23x10%cm-!, K is the difference of 
wave numbers of the deuteron before and 


after the collision; K=|K:—K,;|, a@=the in- 
teraction radius, and Ji+1;2/Ka)=Bessel func- 
tions of the half-integral order. The Ais are 


constants suitably chosen. The most impor- 
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Fig. 9. Comparison of the C'(d, d’)C angular 
distribution at Hz=14.7 MeV with the nuclear 
interaction theory of Huby and Newns. 
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tant factor determining the angular distribu- 
tion is [Ji+1j2(Ka)|?/Ka. This theory predicts. 
the drop in the forward direction except for 

the case where /=0. 
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Fig. 10. Comparison of the Mg?4(d, d’)Mg* an- 
gular distribution at Hg=15.9MeV with the: 
nuclear interaction theory of Huby and Newns.. 
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Fig. 11. Comparison of the Ni®(d, d’)Ni®? angular 


distribution at Hg=18.1 MeV with the nuclear in- 
teraction theory of Huby and Newns. 
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In Figs. 9 to 11 results are shown in the 
cases of C!?, Mg*t and Ni® at Ea=14.7, 15.9 
and 18.1 MeV, respectively. The characteris- 
tic features are rather well reproduced by 
the theory except that the interaction radius 
}of C'? for deuteron is too large. 

If theoretical values are normalized to fit 
the experiment at the forward peak, however, 
theoretical cross sections are so much small 
at rather large angles. The data at forward 
angles were also analysed in terms of the 
diffraction scattering formula of Blair,®?) in 
which the cross section of inelastic scattering 
_ by quadrupole surface excitation of an even- 
even nucleus is expressed as 


o> 2)= (ha) , ( fa ) 


1 seer ; 
fe [Ji(kab)}t + [J(kad) \ ; 


where wo. is the excitation energy of the 
final nucleus and C: is the surface tension 
parameter. 
Some results are given in Figs. 12 and 13. 
The values of @ in the Figs. 12 and 13 are 
' those that fit the data of the elastic scatter- 
ing obtained in our other experiment.” 
In order to explain the present experiments 
by direct nuclear interaction process at all 
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a 


angles, it seems to be necessary to calculate 
with a distorted wave approximation, using a 
proper optical potential. However, it is un- 
certain if the strong dependence on energy 
in the angular distributions for Mg’ can be 
explained with the optical potential having a 
large imaginary part. Further measurements 
of the angular distributions seem to be 
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Fig. 13. Comparison of the Nid, d’)Ni® angular 
distribution at Hz=18.1 MeV with Blair’s dif- 
fraction scattering model. 
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Fig. 14. The total cross sections for inelastic 
scattering leading to the 1st excited states of 
C!?, Mg24 and Ni®. 
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desirable with smaller changes of the incident 
energy in order to clarify what is responsible 
for such a strong dependence. 

Fig. 14 gives the total cross sections for 
the inelastic scattering leading to the first 
excited states of C2, Mg’ and Ni® at the 
various deuteron energies. All the values are 
calculated from the absolute differential cross 
sections reported here, except for the value 
given by Haffner. The error shown. in Fig. 
14 comes from an uncertainty in estimating 
the total cross section from the given dif- 
ferential cross section. 

The total cross sections for C'? and Mg*4 
seem to increase up to about 14 MeV incident 
energy, and then decrease gradually with in- 
creasing energy. The values for the deu- 
terons are about 2/3 times those for the pro- 
tons in the case of C'®, about 1/2 in Mg*4 
and nearly 2/3 in Ni®, in the measurements 
at nearly equal deuteron and proton ener- 
Piece 

In the general form, the differential cross 
section for the direct process is given by 


LO re (dg Sa por a, e 
Flas 6 e See en de 


where K=the wave number, z and f indicate 
the initial and final state respectively, Mi= 
the mass of the incident particle, /;=the total 
spin of the target nucleus in the initial state 
and V=the interaction potential. If we 
measure the cross sections of inelastic scat- 
tering of a deuteron and a proton of the 
same wave number, the geometrical factor 
of the cross section shows that the cross sec- 
tion for a deuteron is four times the cross 
section for a proton. When the energy of 
the incident beam is much larger than the 
absolute Q value, K;/Ki is nearly equal to 1. 
Therefore, the ratio of the total cross sec- 
tion for a deuteron to that for a proton may 
be estimated as about 4 for the same target 
and Q value, provided that transition matrix 
elements are also same. However, these 
ratios in our measurements for C2 (Q=—4.43 
MeV), Mgt (Q=—1.37 MeV) and Ni®® (Q= 
—1.33 MeV) are nearly equal to 1/2. This 
suggests that the matrix element for deuteron 
is about one-third to that for protons. The 
reduction of the transition probability for 
a deuteron is infered to be due to large imagi- 


nary part of optical potential for a deuteron 
than that for a proton.) 
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In the collective model of a nucleus, the 
interaction between a incident particle and a 
nucleus is approximated to occur mainly on 
the nuclear surface. The target nuclei used 
in this experiment have some evidence of 
the collective nature. 

The transition probability from the first 
excited state with 2+ spin to the ground state 


with 0+ spin gives a useful information on 


the structure of the nucleus. The Table II 


shows the 


| 
(Vol. 16,. 


measured mean lives and the » 


ratios of theoretical and experimental values 


of the nuclear transitions concerned here. 


Table II. 
tions and the ratios of theoretical and experi- 
mental values. 


Nucleus | Mean life ¢ | ratio Texp./Tineo. 
cz | 2.6x10-Msec | 22 
Meg?4 | Zoo lOmt | 0.32 
Ni®0 | 1x10-12 eal 
| 


Data are taken from references 27)~29). 


Here the theoretical values of the mean 
lives are calculated on the basis of the single 
particle model. As can be seen from the 


Measured mean lives of 2+—0* transi- © 


eee 


table, the ratios are remarkably large in C” | 


and Ni®°. 
due to the contribution from the collective 
excitations in these nuclei. In case of nu- 
cleus with closed shell, the effect of the col- 
lective excitation may be smaller, but can 
not be neglected, as shown in the analysis 
by Kisslinger and Sorensen on Sn, for 
which the ratio is 4.4.25).28 The small value 
of the ratio in Mg* is hard to be understood 
and might be due to mistake of the meas- 
urement or some selection rule which makes: 
the collective excitation improbable. We think 
that the study of nuclear reaction gives fre- 
quently useful informations on the structure 
of nuclei. 
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Angular distributions of elastic and inelastic scattering (Q= —4.43 MeV) 
of alpha particles by the carbon nucleus have been measured at eight 
different alpha particle energies between 27.0 and 35.5MeV. These data 
are discussed together with those reported previously in this journal and 
with those of other authors. 

Angular distributions for both elastic and inelastic alphas show remark- 
able variation with bombarding energy and cannot be explained with 
simple direct interaction theories. There appear anomalies in the angular 
distributions for Ha in the neighbourhood of 30MeV. Also in the ex- 
citation energy near 30 MeV in the compound system, some resonances 
were found in the elastic excitation function and in the integrated cross 
section for the inelastic scattering (Q=—4.43 MeV). Even at such high 
excitation energies the effect of the compound system seems to be 


important. 


Introduction 


§1. 

In the course of our experiments, previously 
done in this Institute”, angular distributions 
of alpha particles scattered elastically and 
inelastically (Q=—4.43 MeV) by the carbon 
nucleus were measured at incident alpha 
particle energies 33.4, 30.7 ahd 28.2 MeV.* 
(At the last energy, angular distributions of 
inelastic alpha groups corresponding to Q= 
—7.66, —9.63 and ~—12.7MeV were also 
measured.) In that paper it was reported 
that some features for the elastic and the 
inelastic scattering (Q=—4.43 MeV) at for- 
ward angles seemed to reflect an important 
contribution of diffraction scattering mecha- 
nism such as that discussed by Blair”: for 
example, sharp diffraction patterns in both 
elastic and inelastic angular distributions; the 
general out-of-phase relation between both 
angular distributions; and the large absolute 
cross sections for the inelastic scattering. 
On the other hand, the following character- 
istics were not likely to be explained by 
Blair theory: the remarkable changes of cross 
sections and angular distributions with energy 
in both scattering; the rise of the cross sec- 
tions at backward angles, especially for the 
inelastic scattering; the change of the value 


* Energy values quoted here are slightly smaller 
than those reported in ref. 1. This is due to the 
different references from which range-energy re- 
lation are taken. See discussions in § 2B. 


of the interaction radius Ro wifh incident 
alpha energy Ea for the elastic scattering, 
as calculated after Blair theory, especially 
the sudden change of Ro for Ea around 30 | 
MeV. | 

In addition, Watters® had found an anomaly 
in the elastic angular distribution at 31.5 
MeV, which appeared as a plateau at 0c.m.= 
60°. Such an anomaly cannot be understood 
with the current theories. Nobody else,*-!” 
however, found such an anomaly at this 
angular region. Many circumstances for Ea 
<30 MeV seemed different from those for Ea 
>30 MeV, for example, the number of the 
peaks in the angular distributions appeared 
smaller at Ea2<30 MeV than at higher ener- 
gies. In the energy region, Ea~30 MeV, 
however, there were very few data published. 

Even if the separate data of a’—r angular 
correlation'®) and some of the angular distri- 
butions'” seemed compatible with the predic- 
tions of direct interaction theories, the en- 
semble of the data reflected the complicated 
character of the scattering mechanism. In 
order to elucidate the mechanism it was con- 
sidered to be necessary to obtain more data, 
especially to know behaviours around 30 MeV. 
So, in the present experiment, angular distri- 
butions of elastic and inelastic scattering 
were measured at eight more incident alpha 
energies ranging from 27.0 to 35.5 MeV. For 
the study of such an energy-sensitive be- 
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haviour the variable-energy cyclotron of this 
Institute is particularly suitable. 

The data obtained here show several anoma- 
lies for Ea~30MeV: reproduction of Wat- 
ters’ plateau at somewhat different energy; 
disappearance of a peak in the angular distri- 
butions for both scattering found at higher 
energies; large value of Ry compared with 
that obtained at other energies; some reso- 
nance phenomena in the elastic excitation 
function and in the integrated cross section 
os, tor the inelastic scattering. 

These facts, together with similar phe- 
nomena recently found in this Institute with 
oxygen and nitrogen, may throw some light 
on the study of the reaction mechanism and 
the structure of light nuclei. 


§ 2. Experimental Produce 


A. Experimental apparatus 

Details of the 160cm INS (Tokyo) variable- 
energy cyclotron’, the beam focussing sys- 
tem!» and the scattering apparatus”'® were 
reported previously. Several modifications 
were made which are described in the follow- 
ing: 


& 
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i) In order to see the change of angular 
distributions of scattered alpha particles with 
a slight change of beam energy, the target 
was made as thin as possible. A self-support- 
ing carbon target 1.37 mg/cm? thick was made 
by the method described in refs. 1 and 16. This 
corresponds to energy loss of 200 to 300 keV 
at the relevant alpha particle energies. With 
this target much better resolution in the 
histogram was obtained even at backward 
angles: 

ii) Three detectors were placed on the turn- 
table in the 100cm scattering chamber, in- 
stead of two. They were called “ extreme- 
forward,” “forward” and “ backward ” detec- 
tors; the last two were 180° apart and the 
first was on the same side as the third with 
regards to the beam direction and made an 
angle of 45° with each other. Fig. 1 shows 
the arrangement in the scattering chamber. 
The defining slits for the three detectors were 
of 2mm, 3mm and 6mm diameter, respec- 
tively. Thus we could obtain data at small 
angles without unduly diminishing the beam 
intensity. In doing so, however, the minimum 
laboratory angle attainable was as large as 


Fig. 1. Arrangement of detectors in the scattering chamber. 


C : Beam collimator. 
F : Faraday cup. 
T : Target holder. 


lation counter). 
Backward detector. 
Extreme-forward detector. 


BD: 
ED: 


Forward detector (Proportional counter not used is seen between defining slit and scintil- 
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20°; the lack of data at extremely small 
angles was somewhat of a handicap in mak- 
ing the analysis. 

The angular resolutions for three detectors 
were about, 0.5°, 0.8° and 1.7° (full angles). 

The extreme-forward detector took data 
between 20° and 35°, the forward detector 
between 30° and 100°, the backward detector 
between 85° and 150°, the last two took data 
simultaneously. 
iii) A proportional counter-scintillation count- 
er telescope was used only as the backward 
detector; each of the other two detectors 
consisted of only a_ scintillation counter. 
During the course of earlier experiments”’, 
we had confirmed that it is not necessary to 
employ proportional counters for ap (elastic 
alphas) and a: (inelastic alphas, Q=—4.43 
MeV) for the small angles, (In Fig. 1 a pro- 
portional counter not used is shown in front 
of the forward scintillation counter.) The 
proportional counter for the backward detec- 
tor contained about 30cm Hg of Argon-CO2z 
mixture (5% CO). Pulses from the propor- 
tional counter, amplified and biased adequately 
so aS not to miss elastic alphas but to dis- 
criminate out singly charged particles, opened 
the gate for pulses from the scintillation 
counter into multi-channel pulse height ana- 
lysers. 
iv) The CsI(Tl) crystals used for scintillation 
counters were made as thin as possible. The 
thicknesses of crystals for three detectors 


62ro Faia, 35.5 MeV 
rap =35° 
with extreme-forward detector 

@ 

= 

= 

ro) 

Oo ° 
500+ = 
400r 
300r 
200° 
aa 

Gan 110, 3220 ( 


30 40° 50 60 

Pulse Height (Volt) 

Fig. 2. Typical histogram obtained with extreme. 
forward detector at @j4),=35° and E,—35.5 MeV. 
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were 0.45mm, 0.45mm and 0.3mm, respec- 
tively. At the highest energies an aluminium 
absorber was inserted in front of the extreme- 
forward detector in order to stop elastic 
alphas in the crystal. 

A typical histogram obtained with the for- 
ward detector is shown in Fig. 2. 


B. Beam energy measurement 

The energy of the alpha particle beam was 
determined with the same apparatus as was 
used in refs. 1 and 16, i.e., a device consist- 
ing of aluminium absorbers and an ionisation 
chamber placed just behind the rear flange 
of the Faraday cup of the scattering chamber, 
at the centre of which was a small window 
of an aluminium foil. Changing the thickness 
of absorbers one could obtain a Bragg curve 
and the mean energy of incident alpha beam 
was determined. At the beginning and/or at 
the end of each energy run the energy was 
measured. In refs. 1 and 16 we used range- 
energy relations of protons in aluminium, 
carbon and air after Aron et al.!” and con- 
verted them to alpha particles. This time 
range-energy relations of protons in aluminium 
after Bichsel et al.'®) were used. For carbon 
and air we were obliged to make use of those 
of Aron et al. With the aid of these rela- 
tions, effective energies were estimated to be 
30.0, 34,5, "S050 pUse er OUO. 20, 9em29.6 and 21.0 
MeV. In order to get the last energy, an 
aluminium absorber was inserted in front of 
the beam collimator at the entrance of the 
scattering chamber. 

The beam energies reported in refs. 1 and 
16 are higher than would be calculated with 
Bichsel’s relation, according to which the 
mean alpha particle energies used in 1 were 
33.4, 30.7 and 28.7MeV. In the following 


discussions these corrected energy values will 
be used. 


C. Errors 


The width of beam energy was estimated, 
using a beam analysing magnet (whose mo- 
mentum resolution being less than 0.1%), to 
be around 0.5%. The drift of beam energy 
in the course of an energy run is due to 
drifts of the magnetic field of the cyclotron 
and the focusing magnet, of oscillation fre- 
quency, and of dee voltage. The drift of 
mean energy due to these causes was 
estimated to be less than 0.5%. This slight 
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drift of energy introduced, however, as will 
be mentioned below, a considerable change 
in the differential cross sections of elastic 
scattering in some angular region at Es~ 
29.8 MeV. 

Uncertainty in the absolute value of each 
energy was within 300 keV or so, but that in 
the relative value was much less. 

At higher energies (E2=35.5, 3.45 and 31.4 
MeV), because of an improper path, the 
focused beam did not hit the target at the 
centre. This caused a disagreement in read- 
ing of about 1° between the extreme-forward 
and forward detectors at a corresponding 
angle, as these two detectors viewed the 
beam from oposite sides. Corrections to the 
angles were therefore made. At lower ener- 
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gies the beam passed through the centre of 
the target and the readings of angles with 
three detectors were very consistent. (Un- 
certainty in the scattering angles: -+0.2°) 

The errors in the solid angles of three de- 
tectors were estimated to be less than a few 
per cent. Absolute cross sections obtained 
with the forward and backward detectors 
showed, however, disagreements as high as 
20% at some corresponding angles, particular- 
ly when the overlapping angles corresponded 
to steep sides of angular distributions. The 
backward cross sections were normalized to: 
the corresponding forward ones. 

The uncertainty in target thickness, mainly 
due to its inhomogeneity, was estimated to 
be less than 10%. 


(mb/ster.) 


(do /d )em. 


10 : _ ee ts Sl ee ey Oe | ey 
oO 30 60 90 120 150 180 
8cm, (deg) 


istributions for both elastic and inelastic (ao) scattering (a;) obtained at_eight 
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Statistical errors ranged from less than 1% 
to about 20% depending on the angular posi- 
tion. 

Errors due to background subtraction were 
small, except for a: at backward angles at 
the lowest energy (27.0 MeV), where these 
errors were sometimes as large as 20%. 

The absolute values of cross sections were 
estimated to be correct to within 20 to 30%. 
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§3. Experimental Results 


Differential cross sections for both elastic 
and inelastic scattering (Q=—4.43 MeV) ob- 
tained at eight alpha-particle energies are 
shown in Fig. 3. 

Angular distributions for a expressed as 
ratios to Rutherford cross sections are in 
Fig. 4, where data of our previous experi- 
ments at 33.4, 30.7 and 28.2 MeV* and those 
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Fig. a2 Angular distributions for a expressed as ratios to Rutherford cross sections. 
oints x show the change of angular distribution at Hy ~29.8 MeV with non-measurable vari- 


ation of cyclotron energy. 


* See caption of p. 2 and Sec. 2B. 
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published by many authors are also presented. 

Angular distributions for a1 are shown in 
Fig. 5, together with our previous data and 
those of other authors. 

At first sight, angular distributions for both 
@ and a: show striking diffraction patterns. 
It is very difficult to find any systematic 
variation of the angular distributions with 
energy. In general the out-of-phase relation 
between the a and a: angular distributions 
are roughly satisfied, except at several singular 
points. Elastic scattering and inelastic scat- 
tering are therefore closely correlated, but 
the peak cross sections do not decrease mono- 
tonically with increasing angles as Blair’s 
diffraction theory”) predicts. 


C?(a,0) C?* (Q=-443MeV) 


F£a=48 MeV (Vaughn) 


41 MeV (Yavin & Farwell) 


\ 38.1|MeV(— Aguilar et al.) 


. ---Van Heerden / 
= ac ey as i 


(da/dw)cm (mb/Ster) 


al 33.4 MeV : 


90 
Oc.m.(deq) 


O 30 60 


Fig. 5. Angular distribution for a. 


Points x show the change of angular distribution 


variation of cyclotron energy. 
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The energy variation of the a and ar 
angular distributions is very complicated, 
nevertheless we may point out some of its 
characteristics. 

i) Elastic scattering (ao) 

There are some very deep minima in the 
angular distributions, especially at 0¢.m.%115° 
for 35.5 MeV > Eanaab.) > 30.7 MeV, and at some 
other angles. There is also a deep first 
minimum at extremely forward angles, where 
our new data are lacking. The ratio 
(do/dw)c.m./(do/d)Rutn. oscillates and becomes. 
higher at larger angles, especially for the 
lowest energies. This ratio is extremely high 
around the fourth and fifth maxima in the 
energy region of 29 to 32MeV. This feature 
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will be discussed in more detail. 

The most dramatic phenomenon is the be- 
haviour around 60° to 70°. There is a strong 
peak for Es > 33.4 MeV (the third maximum). 
This peak decreases with energy and it dis- 
appears at Eo~30.0MeV. For lower ener- 
gies, it becomes hidden in a valley (the third 
minimum) which becomes deeper ‘as Ea be- 
comes lower. 

In order to investigate this behaviour we 
made measurement of cross sections at every 
200 keV between 29.6 and 30.2MeV in the 
forward angular region. As the cyclotron 
beam has an energy spread of about 0.5% 
(See Sec. 2C), this change corresponds to 
about the width of the beam. The cross ses- 
tions and angular distributions changed, how- 
ever, remarkably with slight variations of the 
mean energy of cyclotron. At Eu=29.8 MeV, 


6 Cara Ned's Q=0 
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x Min, 
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Fig. 6(a). 
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a non-measurable variation of cyclotron ener- 
gy changed the shape of angular distribution 
in the angular region in question. This be- 
haviour is shown in Fig. 4 with the points 2. 
The energy spread of the beam being taken 
into account, the change of the angular distri- 
butions must be considered as more energy- 
sensitive than is shown in Fig. 4. This 
strange behaviour appearing as a plateau in 
the angular distribution had been found by 
Watters at Fa=“31.5”MeV. His angular 
distribution agrees very well with ours at 
Eu=30.0 MeV. The effective energy at the 
centre of his target is not precisely known 
because of the lack of information concerning 
the target thickness. (He used carbon targets 
between 0.2 and 1 mil thick. The last target 
would have reduced Eaeg to about 30.6 MeV, 
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which is still higher than our energy.* His 
rather thick target would have caused him to 
observe some average behaviour in this energy 
region.) The energy-sensitive behaviour just 
mentioned may not be explained by simple 
diffraction theories, nor by direct reaction 
theories. Whether this anomaly can be attri- 
buted to a resonance in a compound system 
will be discussed later. 

In Fig. 6(a) the angular positions of maxi- 
ma and minima are plotted against Ea, where 
the anomalous behaviour in the region around 
30 to 31 MeV is clearly shown. 

Another singular phenomenon is observed 
around 110° at Es=27.0 MeV. A very broad 
peak is observed in this region, which is 
split into two peaks for both higher and lower 
energies. Unfortunately we have not made 
measurement at either slightly higher or lower 
energies, nevertheless the singularity is clear- 
ly shown also in Fig. 6 (a). 


ii) Inelastic scattering (a1, Q=—4.43 MeV) 

From Figs. 3 and 5, we can point out some 
of the characteristics in the angular distri- 
butions. 

At Ea~30MeV, there appears a similar 
phenomenon to that found in the elastic scat- 
tering case. Here a valley and a peak, ob- 
served around 50° to 60° at higher energies, 
disappear. This valley and peak corresponds 
to the peak and valley in the a angular 
distributions discussed in Sec. 3i). This fact 
reflects a close correlation between a and a, 
although the out-of-phase relation is violated 
in the angular region in question. 

There are some plateaus around 100° for 
33.4 MeV < Fa<35.5MeV and for Ea=4l1 
MeV. 

Another remarkable feature is the rise of 
the cross sections at backward angles (@ 2 150°). 
This rise, especially remarkable at Ha=31.4 
“MeV, reminds us of the rise of the backward 
cross sections observed in the reaction C'*(a@, 
| po)N® (Q=—4.96 MeV)? for EuS3l MeV. 
This point will be discussed later more fully. 


§4. Discussion 
i) Elastic scattering 


* According to N. S. Wall (private communi- 
cation), Watters’ energy measurements were off by 
about 1 MeV, and at the centre of his target the 
effective energy would be about 30.2 MeV which 


agrees with ours. 
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As is seen in Fig. 6(a), angular positions 
of minima and maxima do not shift system- 
atically towards the smaller angles with an 
increase of energy as diffraction theories pre- 
dict. According to these theories, in order 
that the interaction radius R, between a 
carbon nucleus and an alpha particle be con- 
stant, @cm. for corresponding maxima and 
minima must decrease as 1/k, where k is the 
c.m. wave number of the incident alpha 
particles. The angular positions of the first 
minimum and maximum being almost con- 
stant, the interaction radius Ry calculated by 
diffraction theories (e.g. Blair theory) would 
decrease as 1/k, as shown in the previous 
paper”. The reason for this fact is not yet 
clear. The larger value of Ry around 30 
MeV, shown in ref. 1, seems also established 
with the aid of the present data. The rela- 
tion between Ry and Es based upon the dif- 
fraction model is shown in Fig. 7. (Ro was 
obtained from angular positions of second 
maximum and minimum, because the data 
of the first ones are lacking in the present 
results.) 
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Fig. 7. Interaction radius Ry obtained from simple 
diffraction theory plotted against Hata). 


Aside from the forward angular region 
where Coulomb scattering must be important, 
the excitation function for elastic scattering 
is shown in Fig. 8 at every ten degrees from 
70° to 150° (c.m.). This function was obtain- 
ed from the data of angular distributions. 
At all these angles, there appears a broad 
peak (or two narrow peaks) for Eadab.) around 
30 MeV. At other energies less well estab- 
lished peaks are also observed. Unfortu- 
nately the behaviour around Ea<27 MeV is 
obscured because of the lack of data. 

The resonance at Eu~30 MeV corresponds 
to an excitation energy Eex in the O'* nucle- 
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us of around 30MeV. It is surprising that 
such a resonance exists, and it is not likely 
that this resonance be attributed to a “ com- 
pound nucleus” resonance, in the ordinary 
sense. It seems, however, that in addition 
to the shape elastic and the diffraction scat- 
tering, some particular states in the com- 
pound system C'’+a, which have a large 
alpha-particle width, contribute to the elastic 
scattering, even at such a high excitation 
energy. Interferences among these modes 
would make the phenomena very complicated. 
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Fig. 8. Excitation function for elastic scattering 
at every ten degrees from 70° to 150° (c.m.), 
obtained from angular distribution data. 
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It is not yet clear whether the Watters’ pla- 
teau, found in this energy region, is attri- 
buted to this resonance or it is nothing else 
than a transient phenomenon, in which contri- 
butions of certain waves of high /-values in- 
crease gradually with energy. Optical model 
calculations would be a powerful tool to solve 
this problem. 


ii) Inelastic scattering 

Angular positions of the maxima and mini- 
ma of the angular distributions are shown in 
Fig. 6(b). Still less systematic shifts of 
angular positions with energy were obtained 
than in the case of elastic scattering, never- 
theless singularities at E.~30 MeV and EFa~ 
27 MeV are observed. 

In Fig. 9 is shown the integrated cross 
section o; for a: as a function of Eagap) and 
Eex(O'%*). o: was obtained by integrating the 
observed differential cross sections by extra- 
poration to 0° and th 180°. (Absolute value 
of of is not shown, but the values in the 
coordinate may roughly be read as mb.) o& 
decreases, in general, as the increase of Ea, 
which is not expected from Blair theory. 
Although the errors in o; are large, especially 
at energies where data at small or large 
angles are absent, two peaks at Ea~31.5 
MeV and at Ex~27 MeV are observed. For 
comparison, o: for the reaction C'(a, po)N'® 
(Q=—4.96 MeV)®.2°.20 is also shown in Fig. 
9. (The energy scale is corrected in our 
present scale.) While it was concluded in 
ref. 16 that o: decreased monotonically as the 
increase of energy, there appear a peak at 
Ea™25 MeV and a bump at Fz~31 MeV. 

The resonance for a; at Ew~31.5MeV 
corresponding to Eex(O'%*)~31MeV has a 
width of less than 2MeV. It is surprising 
that such a resonance (the actual width seems. 
to be narrower, the width of beam energy 
being taken into account) does exist in such 
a high excitation of nucleus. It is difficult 
to consider it to be a “compound nucleus ” 
resonance, since the evaporation mechanism 
can hardly explain why o:(a:) exceeds 10 to 
20% of geometrical cross section. (zRo?~80 
~100 mb) 

It is interesting that the energy position 
where the peak around 60° disappears in the 
a and a; angular distributions turns out to be 
just at the valley between two peaks in o 
vs. Ew curve. 
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In Fig. 9 the energy levels of O' known 
from the reactions N*(d, 7), C(He’, p) and 
O'%(7,4@) are also shown for comparison22), 
Whether the resonances found here corre- 
spond to some of these levels is left for future 
investigation. 
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Fig. 9. Integrated cross section o; for a; plotted 
against Haiav) and Hex(O18*). 
Energy levels in O'6* are taken from the paper 
of Ajzenberg-Selove and Lauritsen: Nucl. Phys. 
11 (1959) 1. 


A comparison among the reactions C(a, 
a )C2*, C2(a, p)N5, C2(a, d)N'4, etc. would 
elucidate the behaviour of the entrance chan- 
nel, while a comparison among the reactions 
initiated by N'*+p, N'4+d and C’%+a@ would 
be helpful to determine whether the resonant 
or singular phenomena are open to different 
entrance channels. The angular distributions 
of N'4(d,a)C!2 and N?!4(d, a:)C??*?) show 
sharp diffraction patterns and strong energy 
dependence. At some energies there is a 
pronounced rise in the cross sections at back- 
ward angles and (do/dw)a, is larger than 
(do/dw)a,. These features are similar to those 
in the case of C'%(a,a)) and C%(a,a:). (At 
backward angles inelastic cross sections are 
larger than elastic cross sections. See Fig. 3.) 
Angular distributions of N**(d, po)N* obtained 
in this Institute by Kyushu University group”? 


Anomalies in the Scattering of a-Particles 
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at Ea=14~16 MeV resemble those of C2(a, 
Po)N* data*®) near the same O1* energy. These 
similarities might be a reflection of the fact 
that the compound system plays an important 
role in these scattering and reactions. 

In the study of Mg?*(@, a))Mg*4 and Me*4(a, 
ai)Mg?** (Q=—1.37 MeV), Blair et al.2) found 
a systematic variation of angular distributions 
(experiments were done only in the forward 
angular region), both in size and in shape and 
in the angular positions of maxima and minima, 
and they could obtain a “ universal ” curve in 
the relation 1/k? do/dw vs. 2kR, sin 6/2. It was 
impossible to obtain such a curve even in the 
extremely forward angular region with carbon. 
We have recently studied O'%(a, a))O"*, O(a, 
a’)O'**, N'4(a,ao)N'* and N'4(a, a’)N'** and 
and found energy variation of angular distri- 
butions similar to those found in the case. of 
carbon®®?, The resonance energies in the 
elastic excitation function for oxygen and the 
energies where the third peak in the elastic 
angular distributions disappear for both oxy- 
gen and nitrogen are found to be in the re- 
gion of Eex between 25 and 30MeV. It is 
not clear whether these anomalies occur with 
every light nucleus or are accentuated with 
nuclei of ma-type on the one hand, and for 
what mass numbers and excitation energies. 
it is possible to obtain “ universal” curves on 
the other hand. 

It is also to be investigated whether the 
same resonances are observed with different 
incident particles and to compare with the 
case of alpha scattering. In elastic and in- 
elastic scattering of protons many resonances 
were observed, by Matsuda et al., with many 
nuclei, including carbon, corresponding to 
Eex=10~30 MeV2”, on the contrary Ishizaki 
et al.28) found no significant anomalies in 
their study of C12(d,d)C'® and C*(d, di)C?* 
at Ea=15, 16 and 18 MeV (Eex(N'4*)=22~25 
MeV). It is also of interest to compare these 
resonances with those found by Bromley et 
al. in carbon-carbon elastic scattering’? and 
carbon-carbon reactions®”’. 
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Differential cross sections for scattering of He by He? have been meas- 
ured at Ha=27.7, 28.5, 29.4, 30.0, 32.0, 33.4, 34.7, 36.5, 38.4, 41.0 MeV 
using a scintillation counter spectrometer, at the center of mass angles 
from ~30° to ~150°. Three distinct minima were found at about Lee. 
100°, and 140°. The absolute cross-section and the pattern of the angular 
distribution showed no appreciable change in the energy range investi- 
gated: thus, there was found no sharp resonance in the He?+He‘ system 
corresponding to an excited state of Be? between 13.4 and 19.2 MeV. 

Differential cross-sections of the protons from Hea, p)Lié Lis* were 
observed. Differential cross-sections of alpha-alpha scattering were also 
measured at Ha=33.5 and 35.5 MeV. 


$1. Introduction 

Elastic scattering of Het by He*® has not 
been extensively studied, but is an interesting 
problem. The scattering mechanism should 
be quite similar to that of alpha-alpha scatter- 
ing of which a considerable amount of work 
has been accumulated making a very fine 
analysis possible”. There are, however, 
many fundamental differences between those 
two cases since for alpha-alpha scattering 
both incident and target particles are identi- 
al and have spin zero but in the latter case 
they are different and have different spins. 
Moreover, in the energy range of our experi- 
‘ment, reaction other than the elastic scatter- 
ing can take place. These possibilities will 
‘make a phase-shift analysis similar to the case 
of alpha-alpha scattering difficult but still 
“many interesting features should reveal them- 
selves in the scattering cross-sections. 

One of the most interesting things and the 
‘major motive of the present experiment is the 
investigation of the excited states of Be’. 
“The lower states of Be’ or Li’ are known 
from various experiments”, and the four low 
lying odd-parity states have been successfully 
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explained by the intermediate coupling shell 
model’), However, a striking thing is that 
these states are also explained quantitatively 
applying the wave functions given by Nils- 
son®). Namely, the moment of inertia and 
the decoupling factor derived from the experi- 
mental energy of the ground, Ist, and the 3rd 
excited states, assuming that these are the 
rotational band of K=4~- intrinsic states are, 
in good agreement with the values expected 
from Nilsson’s theory and the 2nd excited 
state of 7/2- comes very close to the calculated 
energy. Such a fit may be theoretically ex- 
pected under certain condition as proved by 
Elliott®. It is extremely interesting to see if 
this is of the nature discussed by the latter 
author or if Nilsson’s simple theory actually 
applies. 

If Nilsson’s theory is applicable, one can 
expect 9/2- and 11/2- states at around 13 to 
15 MeV excitation as a continuation of the 
low-lying rotational states. The Elliott’s the- 
ory does not assure this, since such a rota- 
tional character is of a pseudo nature. 

One support for the rotational nature of 
these lower states may be attributed to the 
experimental results of the 3 to 5MeV He’- 
alpha scattering involving the 7/2- state of 
Be’, The scattering cross-section is very 
close to that of Wigner’s sum rule limit 
indicating that this state is made of He* and 
He?. This may also imply that this state is 
of the “rotating cigar” type. 

The situation is quite similar to that of Be’. 
Here, the ground state is probably of the 
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dumbbell type and this is expected from 
Nilsson’s theory, too. Experimentally, the 
0-2-4 series seems” to represent the rotational 
spectrum of such a dumbbell. However, such 
a 0-2-4 series can also be obtained from the 
intermediate coupling shell model. A dumb- 
bell model predicts a 6+ state in the energy 
range investigated, but so far no indication 
of such a state has been seen®.’”. The inter- 
mediate coupling shell model will not uniquely 
predict such a state. 

From the cyclotron at the Institute for 
Nuclear Study of the University of Tokyo, 
alpha-particles with energies from 28 to 42 
MeV are obtained. These alphas incident on 
He’ correspond to Be’ excitations of 13.4 and 
19.2 MeV, which are about the region where 
a 9/2- or 11/2- state with a width close to the 
Wigner limit should be observed if Nilsson’s 
simple theory applies. Such states would 
show up as resonances with 1=5. However 
our experimental results seems to have dis- 
proved the existance of such a simple Nilsson 
state in Be’. This is agreement with the 
present theoretical interpretation of the rota- 
tional spectra in light nuclei*’. 

In our energy range a reaction, 

He!+ He? —> Lis +p 
can take place’. This reaction is well worth 
studying since many states involved are of a 
well-known nature. Therefore, it could be 
used to test various simple theories about 


these states and the reaction mechanism 
involved. 


§2. Experimental Arrangement 


The alpha-particle beam, furnished by the 
variable energy cyclotron was successively 
passed through a deflectihg magnet, Q mag- 
nets and led into a scattering chamber. 

The beam entered through a collimeter of 
5mm diameter and passed through a gas 
target chamber and was collected in a Far- 
aday cup. A detailed description of the ap- 
paratus may be found elsewhere), 

The target chamber, 8.5cm in diameter, 
was mounted at the center of the scattering 
chamber and was filled with 98% He® to a 
pressure of 10-15cm Hg. Both incoming and 
outgoing windows of the target chamber were 
sealed by 25-micron aluminum foils. A small 
mercury manometer mounted on the target 
chamber made it possible to monitor the He? 
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gas pressure during the experiment. 

In order to get the pulse height distributions. 
at various angles, a counter and a slit system 
were mounted on a movable disc which could. 
be rotated about the center of the scattering 
chamber in vacuum. The detecter consisted 
of a thin CsI(TI) crystal mounted on a multi- 
plier phototube. A proportional counter was. 
mounted in some cases in front of the scintil- 
lation counter to separate proton groups from. 
double charged particles by determing the 
dE/dX of the particles. 

A multiple slit system of 1mm aperture 
was used for the scintilllation counter and a 
system of 2mm was emploped for the pro- 
portional and scintillation counter assembly. 
The angular resolution of these slits was about 
2 degrees and 4 degrees respectively in the 
center of mass coordinate. 

Another scintillation counter and slit sys- 
tem, mounted at a fixed position (20 or 30 
degrees) on the wall of the scattering chamber 
was used as a monitor. 
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Fig. 1. Scintillation counter spectrum of alpha- 
alpha scattering in multichannel pulsle height 
analyzer. Hy=32.5 MeV 
(a): at 21°, (b): at 41° lab. angle. H indicate 
recoil proton from hydrogen impurity. 
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$3. Alpha-Alpha Scattering 


In order to check the apparatus and experi- 
mental arrangement, the scattering of Alpha- 
particles by helium was investigated at two 
different energies; 32.5MeV and 35.5 MeV. 

The apparatus used was the same as that 
for the He*-alpha scattering, except that the 
gas filling system and manometer were 
mounted outside the scattering chamber. The 
‘spectrum of the scintillation counter showed 
a clear alpha-particle peak with an energy 
resolution of about 4%. A small peak of 
protons due to hydrogen impurity was ob- 
served at some angles. (Fig. 1) 

The differential cross-sections as a function 
of scattering angle are shown in Fig. 2. The 
angular resolution due to the finite size of the 
slit system was about 4 degrees in the center 
of mass system. The angular distribution of 
alpha-alpha scattering changes appreciably 
with energy in this energy range. The pre- 
sent result is in good agreement with that of 
Birmingham group*. 


$4, He*-Alpha-Scattering 


Experimental procedure 
In the present He*-alpha scattering experi- 
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Fig. 2. Differential cross-section of alpha-alpha 
elastic scattering. 
(a) BHe=35.5+0.5 MeV 
(b) Ha=32.5+0.5 MeV 
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ment the bombarding energies of the alpha- 
particles were 27.5-£0.5, 28.5++0.5, 29.4-+0.4, 
30.0240.5, 32.0£0.5, 33.4-£0.5, 34.7-40.5, 36.5 
0.5, 38.4-£0.5, 41.0-+1.0 MeV at the scattering 
portion of the gas target. 

Since the incident particle is heavier than 
the target particle, the transformation from 
tne center of mass to the laboratory system 
reveals a somewhat unusual behavior in the 
scattered particle. The scattered particle 
loses its energy more rapidly than He? as the 
scattering angle increases and appears only 
up to a critical angle, 48°35’. Actually, from 
0° to this critical angle, the energy of alpha- 
particle is double valued. (Fig. 3) The lower 
energy corresponds to back scattering in the 
center of mass system. This low energy 
particle usually did not pass through the alu- 
minum foil of the scattering chamber or did 
not give a large enough pulse to be distin- 
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Fig. 3. Kinematics of He%-alpha scattering at 


Eu=30 MeV. 
a: alpha-particles scattered by He? 


angle 


He3: recoil He%-particles 

H : recoil protons 

Cc alpha-particles if He‘ exist as a impurity 
in He’ target gas. 

Py) : protons from the reaction He%(a, p)Li® 
gnd. 

Py protons from the reaction He%(a, p)Lié 
Ist excited 
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guished from the gamma and _ neutron 
background from the cyclotron in the scintil- 
lation-counter spectrum. In the pulse height 
spectrum, several peaks were observed as 
shown in Fig. 4. The identification of these 
peaks was rather complicated since the scintil- 
lation-counter does not distinguish alpha, He’ 
and proton (at small angles, Li® is also ex- 
pected). 

In order to identify these peaks, the pulse 
heights of these peaks were plotted at every 
2 degrees (Fig. 5) The energy-pulse height 
curves of alpha-particles, He® and protons 
were obtained at those angles where the 
spectra were comparatively simple, and iden- 
tification of the peaks was made by comparing 
the diagram (Fig. 5) with the calculated 
energy curve. 

The pulse height of He’ is higher than that 
of alpha-particle of the same energy. At 
small angles, the He® energy is lower than 
that of the alpha, but the pulse height was 
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Fig. 4. Pulse height spectrum observed at a lab. 
angle of 16° in the He®-alpha scattering in the 
CsI scintillation counter. 

a’ : alpha-particles scattered by impurity 

heavy gas (O,,N;) and that of doubly 
scattered by aluminum windows. 


He’: recoil He-particles 

a : alpha-particles scattered by He? 

Po : protons from HeX(a, p)Li® gnd. 

P; : protons from He%a, p)Li®* Ist excited 
state 

H : recoil protons from hydrogen impurity 
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higher over the measured angular range. 
Also, alpha-particles doubly scattered from 
the entrance and exit foils of the target cham- 
ber, and alpha-particles scattered by impurity 
gases (O2, Nz) have higher energies, and these 
are intense at small angles. The intensity of 
doubly-scattered alpha-particles is proportional 
to 1/(sin 6/4)’ if coulomb scattering is assumed. 

Since the energies of these three groups of 
alpha’s and He? are close together at small 
angles, there is some ambiguity in the cross- 
section due to imperfect separtion of these 
groups in the spectra. 


Volt 


Pulse height 


60° 


0 20° 40° 
Lab. angle 


Fig. 5. Pulse height of peaks of various charged 
particles with scintillation counter spectra were 
plotted as a function of lab. angle. (Hy=34.4 
MeV). Same notations as Fig. 4 were used for 
identified particles. 


Besides alpha-particles and He’, protons 
from He%(a, p)Li® (to the ground and Ist ex- 
cited states) and from the impurity hydrogen 
recoil were observed and separated at larger 
angles. However, quite frequently these 
peaks were not completely resolved. For ex- 
ample, around 30 degrees, a proton peak 
overlapped the alpha’s. In order to separate 
these particles, a proportional counter was 
used in coincidence with the scintillation 
counter in the measurements at 33.4 MeV and 
41MeV. The different energy losses of pro- 
tons and alphas in the proportional counter 
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made it possible to separate these particles 
with the same pulse height in the scintillation 
counter spectrum. Because of the poorer 
resolution of the proportional counter, how- 
ever, both groups were not very well sepa- 
rated (Fig. 7). Thus the errors between 
70-100 degrees (center of mass system) due 
to overlap of protons and alphas were reduced 
but not completely eliminated. Near 40 de- 
grees (laboratory angle), the intensities of 
alpha-particles and He? were very low, and 
overlapping protons were not negligible. Also 
the rapid decrease of the alpha and He? energy 
with increasing angle made it more difficult 
to separate the peaks from background as the 
angle increased. The background subtraction 
and the finite resolution of the measuring 
instrument always led to some ambiguity in 
determing the number of counts in the spec- 
trum. The determination was made from 
symmetry considerations of the peaks. The 
errors include both the uncertainty due to 
separation of the peaks and statistics. 

The discriminater level of monitor counter 
was set at a minimum of the spectrum, to 
count known groups of particles; the statisti- 
cal uncertainty was 2-3%. However, in the 
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Fig. 6. Experimentally measured pulse-height 
response of He’, alpha-particle, and proton in 
the CsI scintillation counter as a function of 


energy. 
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measurements at 27.5 MeV, 29.4 MeV and 32.0 
MeV, the fluctuation of the monitor counts 
was larger than the statistics. This was 
caused by a leak of the beam current inte- 
grator. It was difficult to correct for the 
effect of this leak, since it depended strongly 
on the fluctuation of the beam intensity. In 
these cases, a plot of the monitor counts v.s. 
run time was extrapolated to zero run time 
and the value at zero was accepted as a 
normalization factor corresponding to a cor- 
rect integrated charge. 

The uncertainty in the absolute scale of the: 
whole angular distribution for each energy 
was estimated to be 5%. This arises from. 
the uncertainties in the measurement of solid 
angle, normalization by monitor counts or 
integrated beam current, alignment of beam 
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Fig. 7. Pulse height spectrum in scintillation 
counter. Charge 1 particles and charge 2 parti- 
cles were separated by coincidence with pro- 
portional counter, 


(a) @tav=46°, beam integrator: 20 micro 
coulomb 
solid line: charge 2 particles (coinci- 
dence) 
broken line: charge 1 particle (antico- 
incidence) 
(b) @rav=34°, beam integrator: 5 micro 
coulomb 
solid lind: total spectrum (without co- 
incidence) 
broken line: charge 2 particles (coinci- 
dence) 
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and slit system, and measurement of target forward scattered He’. 


gas pressure. 

To obtain the full angular distribution 
curves, the cross-sections for the forward an- 
gle in the center of mass system was obtained 
from the forward scattered alpha-particles and 
that for the backward was deduced from the 
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§5. Results and Discussion 


The differential cross-sections of elastic 
scattering of He’-alpha are shown in Figs. 8 
and 9. No significant change in the angular 
distribution was observed between E=32 MeV 
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j and 41 MeV, within the experimental accura- The whole range of the angular distribution 
icy. The results are consistent with the may be fitted approximately by a broad 1=3 
| angular distribution measured by the Birming- resonance. The phase shift analysis of ex- 
} ham group at 16.6 MeV (center of mass ener- perimental results is difficult since at these 
psy’). energy high 1 values contribute to the scat- 
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Fig. 8 and 9. Angular distributions of He’-alpha elastic scattering in the center of mass co-ordinate. 
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tering. Moreover, it was not possible to esti- 
mate the total inelastic cross-section from 
present experiment which determines the 
imaginary part of the phase shift. However, 
it seems to us that the elastic scattering is 
governed by some mechanism which is slowly 
energy dependent in these energy range. 

The 1=5 resonance which would have been 
observed was not detected in present experi- 
ment. In our experimental region, it is rather 
difficult to suppose that we have skipped such 
resonance. It may be that such resonances 
lie in the energy region different from that 
was scanned in our experiment because of 
some other perturbation effect, or may be 
that they do not exist. It seems to be very 
interesting to see the result of experiment in 
broader energy region. 

The proton groups from He%(a, p)Li® reac- 
tion and the large number of unresolved 
particles below alpha-particles in the spectrum 
suggest that the reaction cross-sction is not 
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Fig. 10a and b. Differential cross-sections of 
protons from He%(a, p)Lié and Lis(*), 


gnd. state of Lié 
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negligible compared with the elastic scattering 
cross-section (Fig. 4). 

The differential cross-sections of the protons 
from above reaction leading to Lié gnd. state 
(J=1, T=0) and first excited state @Eash 7h 
0, 2.18 MeV) which were resolved at large 
angles (Fig. 11) were transformed to center 
of mass system and shown in Fig. 10a and b. 
The angular distributions of these two groups. 
of protons were measured by Birmingham 
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group and the cross-sections at about 90° are 
i in agreement with our results. The inten- 
| sity of protons to the 2nd excited state v0. 
| T=1, 3.56 MeV) was less than 1/5 of to the 
| gnd. state, or may be less than 1/10 at about 
} 90° of center of mass system if the smooth 
; background was subtracted. It is interesting, 
} however, to point out that not any angular 
» Momentum, Parity, nor isotopic spin selection 
rules imposed on the He?+ Het—+Lis*+ p re- 
} action can suppress the formation of the 
oeei’'(0*, 7=1) state. 
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Fig. 11. Pulse height spectrum at large angles. 


Py, P; and P, indicate expected positions of 
ground, lst and 2nd excited state protons re- 
spectively. 


Acknowledgement 


This experiment was performed as one of 
| the co-operating project of Institute for Nu- 
_ clear Study of University of Tokyo. We are 
grateful to the staff members of the Institute 
- who made it possible for us to use the facilities 
in this work. 

We wish to express our appreciation to the 


He’-Alpha Scattering 


1085 


crew of the cyclotron for their assistance dur- 
ing the cyclotron runs. 

One of the author (H.E.C.) is grateful to 
Fulbright grant which made his stay at Insti- 
tute for Nuclear Study of University of Tokyo. 
possible. 

One of the author (H.M.) is grateful to Prof. 
A Bohr. for the discussions concerning the 
possibility of applying unified model to Be’- 
Li’ pair and want to take this chance for 
expressing his sincere gratitude. 

Colaborations of graduate students of Toho- 
ku University during the experiments are 
highly appreciated. 


References 


1) R. Nilson, R. O. Kerman, G. R. Briggs and 
W. K. Jentschke: Phys. Rev. 104 (1956). 
1673. R. Nilson, W. K. Jetschke, G. R. Briggs, 
R. O. Kerman and J. N. Snyder: Phys. Rev. 
169 (1958) 850. 

2) F. Ajzenberg-Selove and T. Lauristen: 
clear Physics 11 (1959) 1. 

3) D. Kurath, Phys. Rev. 101 (1956) 216. 

4) D. R. Inglis: Rev. Mod. Phys. 25 (1953). 390. 

5) Sven Gésta Nilsson, Dann. Mat: Phys. Medd. 
29 No. 16 (1955). 

6) J. P. Elliott: Proc. Roy. Soc. A245 (1958) 
128. 

7) P. D. Miller and G. C. Phillips: 
112 (1958) 2048. 

8) W. E. Burcham, W. M. Gibson, D. J. Prowse, 
and J. Rotblat: Nuclear Physics 3 (1957) 217. 
D. J. Bredin, W. E. Burcham, E. Evans, W. 
M. Gibson, J. S. C. McKee, D. J. Prowse, J. 
Rotblat and J. N. Snyder: Proc. Roy, Soc. 
A251 (1959) 143. 

9) Homer E. Conzett, George Igo, Harlan C. 
Shaw, and Rodolfo J. Slobodrian, Phys. Rev.. 
117 (1960) 1075. 

10) D. J. Bredian: private communication: D. J. 
Bredin, J. B. A. England, D. Evans, J. S. C. 
McKee, P. D. March, E. M. Mosinger and W. 
T. Toner: preprint on the scattering on He?- 
particles by 1H, 2H, *He and ‘He nuclei. 

11) Seishi Kikuchi et al: J. Phys. Soc. Japan 15: 
(1960) 41. J. Sanada: J. Phys. Soc. Japan 
14 (1959) 1463. 


Nu- 


Phys. Rev. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 16, No. 6, JUNE, 1961 


Angular Correlation of the Mo® Gamma-Gamma Cascades 


By Atsushi AOKI 
Department of Physics, Kyoto Prefectural Unwersity, Kyoto 
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The directional correlation and the polarization-direction correlation of 
the 838 Kev-204 Kev and 584 Kev-204 Kev gamma-gamma cascades in Mo%® 


have been measured. 


It is found that the spin of 788 Kev level is 1/2, and 


that of the 1042Kev level is either 1/2 or 3/2. The branching ratio of 
the positron decay is also obtained as 0.4%. 


$1. Introduction 

The 60 days isomer of Tc® decays to Mo® 
by orbital electron capture competing with 
weak positron emission. The spin of the 
ground state of Mo®* is established to be 5/2 
from the investigation of the paramagnetic 
resonance by Owen and Ward". In addition, 
from the angular distribution and the polari- 
zation-direction correlation of the 204 Kev 
gamma ray in Coulomb excitation experiments, 
McGowan and Stelson have shown that the 
spin of the first excited state must be 3/2, and 
the multipolarity of the 204 Kev transition is 
a mixture of E2 and M1 with the mixing 
parameter 0=—0.6=+-0.2”. Furthermore, many 
spectroscopic investigations of the decay of 
Tc*® have been made in the last decade*-, 
Recently, Unik and Rasmussen reported on 
the decay of Tc*™®), Their work was based 
principally on the results of high-resolution 
conversionelectron spectroscopic studies, sup- 
plemented by gamma ray scintillation spectro- 
scopy and coincidence experiment. The 
decay scheme proposed by them are shown 


in Fig 1. As will be seen in this figure, the 
pl Te? 
SPIN,PARITY E(kev) _ ‘¢ 3° 
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Fig. 1. Decay scheme of Tc95m, Transition 


intensities are given as percent of total decay. 
(from Unik and Rasmussen), 


spins of the 1042 Kev and the 788 Kev levels 
are both assigned to be either 1/2 or 3/2. 


They concluded that the 584 Kev transition is — 


more likely to be M1 and the 838 Kev transi- 
tion M1 or E2. However, since the conver- 
sion coefficients for E2 and M1 are very 
similar at this particular atomic number for 
the energies of 838Kev and 584 Kev®), the 
multipolarity assignment for these gamma 
rays from the conversion coefficients is very 
difficult. Therefore it seems worthwhile to 
remove these ambiguities by measuring the 
angular correlation of the relevant gamma 
rays. 


§2. Experimental Procedure 


2.1 Source preparation 

The Tc*™ source was prepared by bombard- 
ing the separated Mo (abundance in enriched 
element: 94%) as well as the molybdenum 
metal with 1200 microampere hours of 10 Mev 
proton particles in the 160cm cyclotron at 
the Institute for Nuclear Study of the Univer- 
sity of Tokyo, leading to the reaction 
Mo*(p, n)Tc®.%™, The enriched isotope, sup- 
plied from Oak Ridge National Laboratory in 
the chemical form of very volatile MoO:, was 
reduced by hydrogen to metallic powder by 
heating in an electric furnace. The gamma 
ray from enriched source was measured one 
month after the bombardment by use of 
a scintillation spectrometer consisting of 
a cylindrical Nal (Tl) crystal, 5in. in dia- 
meter and 4in. high, coupled with a EMI type 
6099B photomultiplier tube and a Sunvic 100- 
channel pulse height analyzer, and the spec- 
trum is presented in Fig. 2. It can be 
regarded as the gamma ray spectrum follow- 
ing the decay of Tc®*™ because of the far 
shorter half-life (20 hr!?) of Tc. 

Measurements using the sources prepared 
by natural molybdenum target were started 
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* several months after the bombardment to 
allow the short-lived activities to decay suffi- 
» ciently. The gamma ray spectra of these 
) sources were in good agreement with the 
§ result shown in Fig. 2, except for the con- 
tribution from the long-lived (90 days) isomer 
tof Tc”, which has no gamma-gamma cas- 
= cade”, and has no significant influence upon 
f the present angular correlation experiments. 
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Fig. 2. Gamma ray spectrum of Tc®™, 


Thus the sources produced from natural 
molybdenum were used in the present experi- 
ment because of their strong intensity. The 
part with high activity of the bombarded 
target of natural molybdenum was peeled off 
and crushed up to fine powder. Then, the 
powder, packed in a cylindrical glass container 
with the inner diameter of 2mm and depth 
of 4mm, was used as the source for the direc- 
tional correlation experiments. The remain- 
ing part of the target was chemically 
processed”), and the activities of technetium 
were then electrodeposited on a thin copper 
foil”, which was used for the measurement 
of the polarization-direction correlation. 


2.2 Directional Correlation Experiments 
The coincidence spectrometer used was the 
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Same as reported previously by Hayashi, 
whose detectors consisted of Nal (Tl) crystals: 
of 13in. in diameter by lin. thick, coupled: 
to RCA-5819 photomultiplier tubes. The: 
measurements of directional correlation were: 
carried out for the 838 Kevy-204 Kev gamma- 
gamma cascade as well as the 584 Key-204 Kev 
one. The distance between the source and the. 
front face of each crystal was 7cm in both 
cases. If the gamma rays having the energ- 
ies of 800 Kev or so are scattered backwards. 
by Compton effect in the crystal which is to. 
detect the radiations with energy of 838 Kev 
or 584Kev, they give the energy of about: 
600 Kev to the crystal!*) and some portions of 
them are counted in the present experimental 
arrangement. Furthermore, since the back- 
scattered gamma rays degrade their energy 
to about 200 Kev, they may be counted in the 
detector for the 204 Kev radiation. Thus, in 
order to avoid these undesirable coincidences. 
the front face of the crystal detecting the 
838 Kev or 584 Kev gamma rays was covered 
with a lead disk of 5mm thick. Besides, the 
lateral surface of each crystal was surrounded 
with cylindrical lead shields of 2.5mm in 
thickness. The windows of the pulse height. 
analyzers were set so as to pick up the full 
energy peaks of relevant gamma rays. The: 
results of the directional correlation experi- 
ments measured with the metallic source are: 
shown in Figs. 3 and 4. The solid curves. 
drawn in these figures represent the least- 
squares fit of the experimental data’, in 
which the terms up to P:(cos@) are taken. 
into consideration, owing to the spin value of 
3/2 for the 204 Kev level”. A deviation of 
the experimental points at 165° and 180° from. 
the curve appearing in the case of 584 Kev— 


120A TS5O ESOC Man CS > aICO2 


ANGLE (deg) 


105° 


Fig. 3. Directional correlation of the 838 Kev— 
204 Kev cascade in Mo%, The solid curve re- 
presents the least-squares fit of the experimental 
data. 
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204 Kev cascade (Fig. 4) can be attributed to 
the effect of the annihilation gamma rays 
created at the source position, and these 
points are omitted in drawing the curve. 
From these most fitted curves, the measured 
correlation functions for each case are 


W’(0)=1—(0.178-£0.005)P2(cos 8) , 


for the 838 Kev-204 Kev cascade, (1) 
and 
W’(@)=1—(0.223-0.006)P2(cos 8) , 
for the 584 Kev-204 Kev cascade. (2) 


90° 


120° 

ANGLE (deg) 

Fig. 4. Directional correlation of the 584 Key- 
204 Kev cascade in Mo%, The solid curve re- 
presents the least-squares fit of the experimental 
data obtained by omitting the experimental 
points at 165° and 180°. 


IS50° 180° 


In the case of the 584 Kev—204 Kev cascade, 
the contribution of the 838 Kev-204 Kev cas- 
cade was estimated to be 58% in the present 
experimental condition. Subtracting this con- 
tribution, Eq: (2) becomes 
W’(€)=1—(0.285=-0.016)P2(cos 6). (3) 
‘Then, corrected for finite angular resolution 
of the detectors!®, Eqs. (1) and (3) give the 
following equations as the experimentally 
determined correlation functions. 
W(@)=1—(0.195-£0.006)P2(cos 8) , 
for the 838 Key-204 Kev cascade. 
W(@)=1—(0.3210.017)P2(cos 8) , 
for the 584 Kev-204 Key cascade. 


2.3 Polarization-direction correlation 

As will be described in the next section, 
two possible mixing ratios are obtained for 
both of the 838 Kev and the 584Key gamma 
rays from the data of the directional correla- 
tion experiments. In order to accept alterna- 
tive, the measurement of the polarization- 
direction correlation of the gamma-gamma 
cascades under consideration was carried out. 
The polarimeter employed was the same as 
used in the previous experiments*?), and the 
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details of the apparatus were described in the 
previous paper’®?. The asymmetry ratio R | 
was estimated to be 2.8 and 2.3 for the 548 || 
Kev and the 838Kev gamma rays, respec- | 
tively. The mean scattering angle of the | 
polarimeter was adjusted to 80 degree so as 
to obtain the maximum asymmetry ratio con- 
cerning the relevant gamma rays. Since it 
is difficult to discriminate the 838 Kev and 
the 584Kev gamma rays from each other in 
the polarimeter, there is no other alternative 
besides measuring the composed polarization- 
direction correlation for these cascades. 
The asymmetry thus obtained in the case 

of 0=90° is 

Ni (9) 

N, (9) 
where N,(0) and N,(@) represent the count- 
ing ratios for the cases in which the plane of 
scattering of the incident gamma ray into the 
phosphor is parallel, and perpendicular to the 
plane containing both of the cascade gamma 
rays, respectively. 


=1.03-+0.03 , (6) 


§3. Analysis and Discussion 


In order to analyze the results of the direc- 
tional correlation experiment, the coefficient 
of the Legendre polynomial P:(cos@) in the 
correlation function, Az, is calculated for the 
spin sequence of 

IQ, D; 61)3/2(Q, D; 62=—0.6)5/2 , 
where the spin of the initial state, 7:1, is 1/2 
and 3/2. The results are shown in Fig. 5 
as a function of the quadrupole content, 
which is defined as 0:2/(1+6.2) by Arns and 
Wiedenweck?”. It is readily concluded from 
Fig. 5 that the spin of 788 Kev level must be 


Fig. 5. Analysis of the dipole-quadrupole mixing 
of 838 Kev and 584 Kev transitions according to 
Arns and Wiedenweck!9), 
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1/2, while two possibilities for the spin of the 
1042 Kev level are left undecided. The quad- 
tupole contents determined from Fig efor 
the 838Kev and the 584 Key transitions are 
presented in Table I. 


Table I. The quadrupole contents determined 


from directional correlation experiments. (01<9, 
O2< 0) 


Level F Gamma ray Quadrupole 
(Kev) Spin (Kev) content (%) 
788 1/2 584 8+3 or 48+5 
1042 1/2 838 0 or 73e-1 
1042 3/2 838 44+2 or 78+2 
Nu 
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“he 
il - 
_Y>0 V/A 2 
1.0 - ing ie “a 
N { N we 
Y, {78 
O9- w i73 las 
NX [48 48 
0.8 - 
He 3 fit = 1,030.03 
(rai L 
2 @ 
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> 2 


(a) (b) 


| Fig. 6. Expected asymmetry in the polarization- 
direction correlation experiment for possible 
combinations of spins and #2-M1 admixture of 
the 838Kev and 584Keyv gamma rays. The 
shades attached to each line correspond roughly 
to the error caused by the uncertainty of the 
experimentally determined Ap. 


Under the present experimental condition, 
the asymmetry expected in the polarization- 
‘direction correlation measurements is esti- 
mated for these combinations of spins and 
quadrupole-dipole mixings by using Eq. (2A) 
in the Appendix, and is shown in Fig. 6 
schematically, where (a) and (b) represent the 
case of j:=1/2 and 3/2, respectively. The 
shades attached to each line in the figure 
correspond roughly to the error caused by 
the uncertainty of the experimentally deter- 
mined Az. 

Table II below summarizes the results con- 
sistent with the angular correlation experi- 
ments. The experimental ratios of the K- 
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conversion coefficients for the 584 Kev transi- 
tion to that of the 838 Kev one, estimated by 
Unik and Rasmussen® and Takazawa et al.2”, 
suggest the small electric quadrupole content 
for the 548 Kev gamma ray more plausibly. 
In the above analysis, the quadrupole-dipole 
mixing parameter of the 204 Kev gamma ray 
is regarded as —0.6. In paractice, however, 
since this value includes the error of +0.2, 
the quadrupole contents listed in Table II 
vary about 10% correspondingly. 


Table Il. The #2 contents which are consistent 
with the angular correlation experiments. 


Spin of | Spin of | E2 content (%) 
788 Kev | 1042 Kev |— = 
level level | 838 Kev 584 Kev 
2 | 12 | O(M1 pure)) 4845 
1/2 1/2 | (Peas 843 
1/2 3/230. 182 8+3 
1/2 3/2 | 44 +2 8+3 


In addition to the experiments mentioned 
above, similar directional correlation experi- 
ments with liquid source (TcO.- in water) 
were also put into practice. The measured 
directional correlation coefficients are 0.166 
0.004 and 0.212-+0.005 for the case of the 
838 Kev-204 Kev and the 584 Kev-204 Kev 
gamma-gamma cascades, respectively. These 
coefficients are more attenuated than in the 
case of the metallic source. The fact sug- 
gests the existence of the influence caused 
by the extranuclear field in the intermediate 
state. Since the metallic molybdenum has 
the crystalline structure of the body-centered 
cubic lattice?”, no attenuation in angular 
correlation coefficients is expected as far as 
radio-active technetium atoms sit in the re- 
gular lattice sites”?. Accordingly, the corres- 
ponding attenuation factors for the liquid 
source are evaluated as 0.930.03 and 0.95 
-++-0.03, which are in good agreement whithin 
their experimental error. Averaging them, 
we obtain G=0.94+0.02. Recently, Bodens- 
tedt et al.) observed strong attenuation in 
measuring the directional correlation of gam- 
ma-gamma cascades in W‘*, following the 
electron capture of Re'**. The half-life of 
1.28x10-%sec of the intermediate state in 
these cascade”) is comparable with that of 
0.76x10-®sec in the case of Mo*.?) Since 
they used liquid source containing the activity 
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as ReO:-, the situation is considered to be 
quite similar to the present work. They es- 
timated the attenuation factors as G:=0.54 
and Gi=0.673+0.020. The result of the pre- 
sent work is consistent with these ones if we 
assume the time-dependent quadrupole inter- 
action as the influence of extranuclear field 
in both cases and attend to the large quadru- 
pole moment of the intermediate state of 
W184, 

Finally, from the coincidence counts ob- 
tained at 0=180° in the 584 Key—204 Kev direc- 
tional correlation measurements, the branch- 
ing ratio of positron emission is estimated to 
be 0.4% of the total disintegration. This 
value is consistent with the results reported 
in the previous works®:®:2°. 
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Appendix 


According to Biedenharn and Rose®), the 
general formula of the gamma-gamma double 
correlation concerning the cascade of 
ji(Li, Li’)j(Le, L2”)j2 is represented as follows: 


WaBr)~S(—)0¥ yr (La Ly’ ery LoLe’ Gal] LallZ)Gall Lv’ lls) Gall Lell Gel] Le’ Ils) 


X Wy LiLy’; ¥f1) WG L2L2’ 3 ¥J2)D(y, T2713 @BT) , 


where the notations are the same as those used by Biedenharn and Rose. Now we consider 
the case that both radiations are mixture of 2% and 22’ pole radiation, and the polarization 
of the second radiation is to be observed. Then, further calculation of Eq. (1A) yields 


W(B, o)~ 31 Po(cos OF Lijsj) + OP FL js) + 28x(— F125 + QL + ALY +) )°Go(LiLy jij} 
X {Fy (Lejoj) + 02°F Ls’ joj) + 202(—)¥2-I-1[(27 +1)(2L2 +1)(2Le’ +1)]*?G(LeL2’J2f)} 
HCH)? SLi) + Ov (Ly jig) + 28u(— PF (2j + 1)(2Li + (QL +) }2G (LiL jij)} 


{ —2y(v +1)L2(Le2 “FL) 
y(v+1)—222(L2+1) 


F(Lejoj) + 6,2 22XY FDL he) 
y(y+1)—2L2’(Le’ +1) 


F(L2’j2j) 
+262( Le’ —L2)(Le’ +L2+1)(—)-Fo-1[ (27 +1)(2L2 + 1)(2L 2’ +DIMG(LaLe'ieph 


(y—2)! 
| ae 


| cos 29P;*(cos 8) , (2A) 


provided L2+-L2’+y is an odd integer. Also 
the parity index o(L2’) is determined by the 
character of 272’ pole radiation, that is, o(Ls’) 
=1 for magnetic and 0 for electric radiation. 
In Eq. (2A), ¢ is the angle between the po- 2) 
larization vector and the normal to the plane 
determined by the cascade radiations, and P,? 
is the associated Legendre polynomial; the 
first term of Eq. (2A) describes the directional 4) 
correlation function for the unpolarized radia- 
tions. 5) 
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The angular distributions of the proton groups corresponding to the 
lower states of the residual nuclei from the reactions C2(a, p)N ena} 
F19(@, p)Neena, 1.28Mev; Al?%(a, p)Si®gna, 2.21mev; and Sit(w, p)P§tgna, 1.27, 2.23, 


3.13~3.51 Me 


vy have been measured using 22.5+0.2 MeV alpha particles. The 


angular distributions of the C'!*(a, p)N'gna reaction are energy dependent. 
At 20.6 MeV steep rise in the forward angles is observed, but at 22.2 MeV 
the steep rise in the backward angles appears instead of the forward rise. 
The angular distributions of the F'%(a, p)Ne” reaction are both peaked 
in the backward angles. The angular distributions of the Al2"(a@, p)Si80 
and the Si28(«, p)P%! reactions show the diffraction-like patterns and they 
are interpreted with Butler’s direct interaction theory. 


§1. Introduction 

The angular distributions of the (a, p) re- 
actions for light nuclei have been measured 
at various energies'-*’, and the results for 
the proton groups corresponding to discrete 
levels in the residual nucleus have been usu- 
ally compared with the surface direct inter- 


action theory”. 

The angular distributions of the ground 
state proton group of the reaction C'?(a, p)N* 
have been measured for alpha particle energies. 
between 16 and 19 MeV®, and between 25 and 
40 MeV:-*. The angular distributions at the 
energies higher than 34 MeV show the dif- 
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fraction-like patterns expected by the direct 
interaction mechanism. But the angular dis- 
tributions at the energies below 30 MeV be- 
come energy dependent and show steep back- 
ward peaking which is unable to be explained 
by the simple direct interaction theory”. We 
have measured the angular distributions at 
the alpha particle energies of 22.2, 21.4 and 
20.6 MeV. 

The angular distributions of the F'°(a, p)Ne” 
reaction have been measured at alpha particle 
energies of 18.9MeV”, and between 6.0 and 
6.55 MeV®. At 18.9MeV the angular distri- 
butions of the fo, #1: and pe proton groups (pi 
is the group leaving residual nucleus in its 
77th excited state.) are all peaked in the 
backward angles. We have measured the 
angular distributions of the po and pf: groups 
at the energy of 22.2 MeV. 


In the case of the reaction Al?’(a, p)Si*°, 
the angular distributions of the fo and pi 
groups at 30 MeV® give qualitative agreement 
with the calculation of the direct interaction 
theory. But there are some points of dis- 
agreement such as (a) the marked filling in 
the regions between the maxima and (0) a 
much higher degree of forward peaking. 
This higher degree of forward peaking not 
expected by the theory is also found in the 
reaction C¥(a, p)N*.2) We have measured 
the angular distributions of the p) and fp: 
groups of the reactions Al®’(a, p)Si?® at the 
energy of 21.8 MeV, and especially for the po 
group we have also measured the angular 
distribution at 22.2 MeV to study the energy 
dependence of this reaction. 

We have also measured the angular distri- 
butions of the Si?8(a@, p)P*! reaction corre- 
sponding to the lower levels of the residual 
nucleus at the energy of 22.2 MeV, and com- 
pared the results with the direct interaction 
theory. 


2. Experimental Procedures 


The general experimental arrangement and 
procedure are similar to that described in 
the previous experiment®?. 

The beam of 22.50.2 MeV alpha particles 
accelerated by the 44 inch Osaka University 
Cyclotron was lead to a scattering chamber 
(Fig. 1). Protons emerged from the target 
were detected by Ilford C-2 nuclear emulsion, 
200 microns thick, and the angular distribu- 
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tions were measured every 7.5° from 7.5° to 
165° at the laboratory angles. The angular 
setting of the plate camera was accurate 
within 1/2°. The angular resolution was de- 
termined by the scanned regions of the plate 
and was about -41°. Aluminum and gold 
foils of suitable thickness were inserted be- 
tween the target and emulsion to stop the 
scattered alpha particles and to get suitable 
lengths of tracks of the emitted protons in 
the emulsion. The beam current was collected 
by a Faraday cup connected to a polystyrene 
condenser and the charge was measured by 
an electrometer. The beam energy was de- 
graded by aluminum foils placed in front of 
the collimator system. 


y 
f absorber 


Fig. 1. Schematic diagram of scattering chamber 
and plate camera. 


A thin polyethylene foil of 1.74 mg/cm? thick 
was used for the carbon target. For the study 
of fluorine a foil of teflon, 2.1 mg/cm? thick, 
was prepared. The aluminum target was 
1.82 mg/cm? thick. A foil of fused silica, 
2.0 mg/cm? thick, was used for silicon experi- 
ment. They were all self-supporting and set 
at 45° with respect to the beam direction. 


§3. Results 


A typical example of the range distribution 
for the emitted protons is shown in Fig. 2. 
This is the distribution for Si?*(a, p)P*! at the 
laboratory angle of 52.5° induced by 22.5 MeV 
alpha particles. 

The results of the angular distributions for 
the (a, p) reactions are shown in Fig. 3 to 
Fig. 6. The energy values shown in the 
figures are those at the center of target. 
The errors indicated in these figures are 
only the statistical ones. The plots in which 
the errors are not indicated in the figures are 
due to their smallness. The estimated errors 
in the absolute differential cross sections are 
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less than 30%, but for teflon target the ab- 
solute error is somewhat larger owing to the (i) C%(a, p)N# 

* . . ’ 
nonuniformity of the target thickness. The angular distributions of the ground 
state protons from the reaction C'*(a, p)N*® 


4. Discussion 


show remarkable energy dependence. At 
150 |: me . S28 (a,p) P 22.2 MeV steep rise in the backward angle is 
P. . . . 
A\9 313.329 eee ee 
ie. / B32 wey) Slab = 525 observed, at 21.4 MeV the angular distribution 
target SiOz shows oscillation without steep rise in both 
$100 ; ae 
= P#27 Mev [ 
ma) P1223 me 
5 | 
5 50 FI (a,p) Ne@ 
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8 rz) 
0) 4 _— 4 = 4 & re i \ 
ie) 100 200 300 o $ \ (EM 
Ico A ae) a 
Range (\div.=24,) 2 ; \ 128 Mev PA ‘ 
| \ 
Fig. 2. Range distribution of the protons from é Hes / Pier. 
the Si28(a, p)P3! reaction observed at the labo- Jig / \ ee 
ratory angle of 52.5°. An aluminum foil of 33 50k $ \ pe " | 
1080 microns was inserted between the target uh Bag: ey 
and emulsion. é / 
Bae enlnaimy  e t 
fe) 07 0—0—0—9 
20 O° SOx 60° 90° 120° 150 180° 
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c®? (a,p) N5gnd Fig. 4. Angular distributions of protons from the 
F19(a, p)Ne?2gna, 1.28 Mev reactions. 
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Fig. 3. Angular distributions of protons from the Fig. 5. Angular distributions of protons from the 
Cia p)N% gna. reaction AlP?(a, p)Si®gna, 2.24 Mev reactions. 
5 gnd. . 
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the forward and backward angles, and at 
20.6 MeV the rise in the forward angle ap- 
pears. The peak near 45° is observed in all 
of these angular distributions. 

The steep backward peak appeared at the 
alpha particle energy of 22.2 MeV has been 
observed also at other energies’’:”. The ex- 
citation curve of this reaction at @cm=165° 
obtained by the interpolation of the angular 
distributions is shown in Fig. 7. It seems 
that the backward rise in the angular distri- 
butions shows the maximum at about 25 MeV 
excitation energy of compound nucleus O", 


ea SI? afa.5).P* | 
i Ea=22.2 MeV 
\ © Ground 
\ © |.27 MeV 
08 |B 8 2.23MeV | 
8 Ai * 4 (313,326341,351) MeV 
BS / \ 
8 a 
a 
f= 
; 0.2F id 
§ ik 
ss B 
iy are ve 
Olt B | 
ee waa 
. x ee 
oo ae eat pees 
ae in 
fe) 1 1 i eee Ort 
O° 630° ~=— 60s 0—s«dI20?—s«50®_—« 180° 
8cm. 


Fig. 6. Angular distributions of protons from the 


Si28(a, p)P8lend, 1.27 MeV, 2.23 MeV, (3-13, 3.29, 3.41, 3.51MeV) 
reactions. 


though just at this energy the experimental 
data are not yet obtained. The steep rise 
in the backward angle is also observed at 
19.2 MeV of the excitation energy of O' (Ea 
=16.1MeV)”. The backward peak has re- 
markable energy dependence at the alpha 
particle energy near 20MeV, and this be- 
havior may not be explained by the heavy 
particle stripping’? or by the reflection of 
the outgoing proton waves at the nuclear 
surface”. 

The excitation energy of the compound 
nucleus O* produced by 21 MeV alpha particle 
is about 23 MeV, and it is expected that the 
level density is not so high in this region 
because O'* is a double magic nucleus. In 
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the region higher than 21 MeV in the excita- 
tion energy of O'* resonances are found in. 
the excitation curves of the reaction N‘*(d, 
n)O“gna and the angular distribution of this. 
reaction is energy dependent (Fig. 7)”. Some 
levels are found in the yield curve of O'(7, 
nO’. At the excitation energies of O% 
between 21 and 26 MeV the excitation curve 
of N*°(p, 7)O" is obtained at 90° and shows 
large resonances at 21.8 and 24.8 MeV (Fig. 7)””.. 


n'4 (d-no) Qe! 
@=30° 
( ref.9) 


N° (p.7.) 0% 
i 

@=90° 
(ref. 11) | 


Units 


oo 


8c.m= 165° 

® Purdue Univ. 

e Present data 

o Univ.of Tokyo | 


Arbitrary 


Total cross | 
section 

V Purdue Univ 

4 Present data || 


as & Univ of Toky 
10 208 i 30 
Excitation Energy in O'® (MeV) 


Fig. 7. The integrated cross section and the differ-- 
ential cross section at 0em=165° of C!2(a, p)N vs. 
the excitation energy of the compound nucleus. 
O%, Some other data relating this excitation 
energy of O'6 are also shown. 


The energy spectra for the inelastic scattering 
of 185 MeV protons on oxygen!) show peaks. 
at 18.5 and 24 MeV of the excitation energy 
of O' and these peaks roughly coincide in 
energy with the backward peak of the reaction 
C(a, DN ena (Fig. 7). The effects of the 
levels of compound nucleus O" are seen in 
these reactions and it is probable that similar 
circumstance exists on the reaction C'(a,. 
P)N* gna. 
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The integrated cross sections of the reaction 
C¥(a, p)N gna obtained from the angular dis- 
tributions are shown in Table I. The energy 
dependence of the integrated cross sections is 
shown in Fig. 7 together with other results”.2), 
This shows that the integrated cross section 
decreases generally as the energy increases 
though small bumps are observed. The inte- 
grated cross section does not show the strong 
energy dependence though the angular distri- 
butions change remarkably as shown in Fig. 3. 
This is perhaps due to the fact that the 
amplitude of the compound nucleus formation 
adds to the amplitude of the direct interaction. 


Table I. The integrated cross sections of 
the reaction C2(a, p)N ena 


Eau (MeV) DO) .GP eae oe4l* 229"2 


o (mb) 6.30 5.50 4.94 


(ii) F(a, p)Ne” 

The angular distributions of the pp) and pi 
proton groups from the reaction F'%(a, p)Ne”* 
at the alpha particle energy of 22.2 MeV are 
both peaked in the backward angles. The 
intensity of the f: proton group is greater by 
a factor of about ten than that of the po 
proton group. The steep backward peaks of 
the ~. and f: proton groups observed at 22.2 
MeV have been also found at 18.9MeV”. 
The angular distribution of p: group at 22.2 
MeV is very similar to that at 18.9MeV at 


a 


F%ap) N&*gnd 


30- Ea=22.2 MeV 
(20, 
% = 65 xlO% em 


to 
(e) 


pb/sterad. 


(aa) cm." 
re) 


d 


COP mc Osmen 502 mnISO% 
@ cm. 

Fig. 8. Theoretical fit to the angular distribution 
of the F1%a, p)Ne%gna reaction using Butler’s 
formula (Knock on; Eq. 57 of ref. 1) with 1=0 
(uniquely) and 79>=6.5x 10718 cm. 


Angular Distribution of (a, p) Reaction in Some Light Nuclei 1095 


the angle larger than 90°, and the difference 
of these angular distributions is that the for- 
ward rise observed at 18.9MeV is not seen 
at 22.2 MeV. 

The theoretical fit to the angular distribu- 
tions of the fo and ~: groups using Butler’s 
formula” are shown in Figs. 8 and 9. For 
the f) and fi groups the unique / value of 0 
and 2 are allowed, respectively. The inter- 
action radius of 6.0x10-!8cm for the f: group 
is larger than that at the other energies”. 
The fitting of the f group using Butler’s 
formula is rather poor. The steep backward 
peak of f) group and the peak of pi group 
at 155° can not be explained by Butler’s 
theory”. 


| = T T T T | 
F? (ap) N&? 
fo.8) NE saWey 
= Ea =22.2 Mev 
150 Zz 
| =2 
fe = 60X10 cm 


a6 


ad. 


(aa)cm. pb/ster 


do 


1 1. 1 
O° 30° CO S902 1202 0s 180° 


86cm. 

Fig. 9. Theoretical fit to the angular distribution 
of the F1%(a, p)Ne??1.28 mey reaction using Butler’s 
formula with /=2 (uniquely) and 7=6.0x 10-38 
cm. 


(iii) AI?"(a, p)Si*” 

The angular distributions of the po and pi 
proton groups from the reaction Al’(a, p)Si*° 
at the alpha particle energy of 21.8 MeV show 
the oscillation with forward peaking and no 
remarkable backward peaking as observed in 
the reactions C'(a, p)N'* and F%(a, p)Ne”. 
The result of the fo proton group at 22.2 MeV 
is similar to that at 21.8 MeV, and therefore 
it seems that any strong energy dependence 
does not exist in this energy region. These 
facts suggest that the direct interaction 
mechanism plays an important role. The re- 
sults of fitting Butler’s formula” to these data 
are shown in Figs. 10 and 11. 
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Al2? ( ap) SP? gnd 
50¢ Ea=22.2 MeV 1 
—knock on (l=2) 
% =5.5x 103 cm, 
40; 
2 --- stripping (1=2) 
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Fig. 10. Theoretical fit to the angular distribution 
of the Al?"(a, p)Si%snq reaction using the formula 
of knock-on theory with /=2 (uniquely) and 
ro=5.5X10-18cm and the formula of stripping 
theory with /=2 (uniquely) and 7)=5.1xX10-18cm. 


100 


Al?’ (a,p) SPO 2.24 MeV 
Ea= 21.8 MeV 


80 
— knock on (l=2) 
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4 

§ --- stripping (1=2) 
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S40Ff | 


— 
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Fig. 11. Theoretical fit to the angular distribution 
of the Al’(a, p)Si 21 mev reaction using the 
formula of knock-on theory with /=2 and Yo 
=6.6x10-%cm and the formula of stripping 
theory with /=2 and 7)=6.2x10-18 cm. 


At the alpha particle energy of 30.4 MeV” 
the angular distributions of the po) and fi 
groups show marked filling in the regions 
between the maxima. This tendency is also 
observed in our results, but the filling is not. 
so marked as that of 30.4MeV®. Butler, 
Austern and Pearson’) have shown in semi- 
classical calculation that the filling of minima 
in the angular distribution is produced by 
the absorption of either the incident or the 
emergent particles. This calculation suggests. 
that the difference of the filling of minima at 
21.8 MeV and 30.4 MeV is due to the difference 
of the absorption coefficient of either the in- 
cident or the emergent particles. 
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ro) ee 
5 
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Fig. 12. Differential cross section of Ala, py 


Si®gna, 2.24 Mev at Ha=21.8 and 30.4 MeV? vs. c.m. 
scattering angle. 


If we assume the interaction radius 7 is. 
constant in Butler’s prediction” on direct in- 
teraction, the shapes of the differential cross 
sections plotted against momentum transfer 
q should be same at different energies. How- 
ever, as shown in Fig. 12, the positions of 
maxima and minima in the angular distribu- 
tions of the Al?"(a, P)S1*°gnd, 2.24Mev reactions 
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at 21.8 MeV are almost same as those at 30.4 
MeV, so the positions of maxima and minima 
will shift at different energies if the differ- 
ential cross sections are plotted against the 
momentum transfer q (Fig. 13). Butler’s 
prediction is based on the plane wave as- 
sumption, and if we use the distorted waves 
on the incident and the emergent particles 
this behavior of the differential cross section 
may be explained. This independence of the 
angles of maxima and minima on bombarding 
energies is also observed in the reaction 
C(q@, p)N* gna at the alpha particle energies 
between 28 and 38 MeV” and in some (d, p) 
reactions at the deuteron energies higher 
than 10 MeV”. 
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Fig. 13. Differential cross sections of Al?%(a, p) 
Sind, 2.24mMev at Hw=21.8 and 30.4 MeV” vs. 
momentum transfer q. 


In the deuteron stripping reaction Satchler*” 
has investigated the intrinsic probability of 
capture of nucleons by nuclei which exhibit 
collective rotations in addition to an underlying 
shell structure of independent nuclear orbits. 
In the case of (a, p) reaction, though we 
cannot distinguish from the angular distri- 
butions only whether the reaction proceeds 
through knock on or stripping process, We 
assume stripping for the reaction. Then the 
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probability of triton capture by deformed 
nuclei is given by 


A=const. 3) |Cs/*( Jig Ki QJ Kyy , 
J 


where (ji, Ki) and (Jy, Ky) are the angular 
momenta and their projections along the axis 
of symmetry of the nucleus for the initial 
and final states, and (j,2) are the corre- 
sponding quantities for the added triton. C; 
is the probability that the triton has total 
angular momentum j in the spheroidal po- 
tential. In the case of Al?"(@, p)Si®gna, 2.24 Mev, 
if we assume Ki=5/2 and K;y=0, the addition 
of s-wave triton (9=1/2) is forbidden. Then 
only the ds. triton capture is allowed for 
both po and f: groups, and the ratio of the fo 
and p: groups A(2+)/A(0+) becomes C; inde- 
pendent, 
AZ VAO )=1-.8". 

This explains the experimental result, 

A(2.24 MeV)/A(gnd)=3.5 , 
qualitatively. 


(iv) Si?(a, p)P*! 

In the F% a, p)Ne? reaction at 22.2 MeV 
and the Al?(a, p)Si®® reaction at 21.8 MeV, 
the intensity of the pi group is greater than 
that of the po group, but in the Si®*(@, p)P* 
reaction at 22.2 MeV the intensities of the po, 
pi and pz groups are almost same. The 
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Fig. 14. Theoretical fit to the angular distribution 
of the Sia, p)P%gna reaction using Butler’s 
formula with 1=0 (uniquely) and 7=6.5x10~1% 
cm. 
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angular distributions of the fo and f: proton 
groups show oscillation, but that of the pz 
proton group does not show such a pattern 
and has monotonic forward peaking. 

For the fo, f: and f2 groups the unique / 
values of 0, 2 and 2 are allowed, respectively. 
Therefore the angular distributions of the p: 
and pz groups are expected to be almost same 
each other in contradiction to our experimental 
results. The structure of P*! is well explained 
by the Nilsson model by assuming that a 
proton couples to the deformed Si*® core of 
0+.1) In this model the first and second ex- 
cited states belong to the different bands, and 
this circumstance may influence the angular 
distributions. 

The results of fitting Butler’s formula” to 
the data are shown in Figs. 14 and 15. The 
theoretical fittings of these angular distri- 
butions are satisfactory. The angular distri- 
bution of the protons consisting of unresolved 
pbs, ps, Ps and fe groups shows the backward 
peaking which is not noticeable in the fo, pi 
and pz groups. 
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en : Eq= 22.2 MeV 
} Fae 13 
3 Yo=5.7X 10° cm 
£ 
oS 
= 0.2 
€ 
5. 
dc 
oO 
~ Olt 


oe Eloy 


90° 
8 cm. 


120° 150° 180° 

Fig. 15. Theoretical fit to the angular distribution 
of the Si28(a, p)P311.07 mev reaction using Butler’s 
formula with J=2 (uniquely) and 7)=5.7x10-18 
cm. 
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In an attempt to study the high energy nuclear interactions of cosmic 
ray particles, a momentum cloud chamber was operated at Mt. Norikura, 
2740 meter high above the sea level, and about ten thousand pairs of 


stereoscopic pictures of the events were taken. 


Selected showers were 


transformed to the C.M.S. of the collisions to obtain the intrinsic features 


of the nuclear interactions. 


In the energy range around 100 Gev of inci- 


dent nucleons, the successive collision model in carbon nuclei, rather 
than the complete collision model, seems to be consistent with the ex- 


perimental evidences. 


Introduction 


§1. 

This and the succeeding papers* report the 
results of the experimental study of the nu- 
clear interactions of cosmic ray particles with 
energies around 100GeV. The interactions 
which occurred in carbon blocks were ob- 
served by a momentum cloud chamber. The 
chamber was operated at the Cosmic Ray 
Laboratory on Mt. Norikura, 2740 meter high 
above the sea level. 

In the experiments using cloud chambers, 
to the contrary in the nuclear emulsion tech- 
nique, the target material can be chosen as 
is liked and hydrogen”, berillum?’, carbon®:*’, 
or other light materials®).® have been used to 
reduce the probability of successive collisions 
within the same nucleus. Carbon was used 
as the target material in this experiment be- 
cause it does not have a too complex nucleus 
to obtain the informations on the nucleon- 
nucleon collisions and also is very easy to get 
in hand. It is expected that the nucleon- 
nucleon collisions can take place in a pretty 
large probability by the peripherical collisions 
of the incoming particles with the nuclei or 
due to the transparency of the target nuclei. 
Although the successive collisions can also 
occur in the carbon nuclei, there is a prospect 
that these could be treated in some way or 
other in such a simple nucleus as carbon. 

The momentum of the individual charged 
particles in this chamber can be measured in 
a magnetic fleld up to 25GeV/c. The ioniza- 


* These papers are referred to in the following 
as Paper I and Paper II respectively. 


tion density of a track can also be estimated. 
Hence from the knowledge of the momenta, 
velocities, and the space angles of all charged 
particles of a shower, the Lorenz transforma- 
tion to the centre of mass system of the col- 
lision can be calculated. Then the momenta 
and the angles of emission in the C.M.S. of 
the collision can be deduced, giving the 
intrinsic informations on the nuclear interac- 
tions of cosmic ray particles. 

In this experiment it was hoped that the 
successive collisions within carbon nuclei 
could be possibly separated from nucleon- 
nucleon collisions in a more or less unques- 
tionable way. The results on the successive 
collisions thus obtained are described in this 
paper and the results on the single collisions 
of nucleons will be reported in the succeeding 


paper. 


§2. The Experimental Procedures 


a) The cloud chamber and the magnet 

The experimental apparatus used in this 
experiment is shown in Fig. 1. The cloud 
chamber situated in a magnetic field has the 
illuminated volume of 64cmx64cmx14cm 
and is filled with 35cm of argon, together 
with a mixture of ethyl alcohol and water. 
It was surrounded by a thick copper thermal 
jacket with flattened copper tubings soldered 
on its outside surface. Water of which the 
temperature was controlled within-0.02°C was 
circulated through these tubings, and the tem- 
perature of the chamber, as measured by 
thermistors at different four places, was 
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proved within+0.1°C. The dead time was 15 
minutes after each expansion for repeating 
slow expansions and achieving the thermal 
equibrium of the gas in the chamber. 

The illumination was achieved through the 
storm windows of the jacket by two Xe-filled 
flash tubes, each with 200F at 3500 volts. 
The stereoscopic camera which was designed 
in this laboratory was set at f:16 and unper- 
forated 70mm Fuji X ray film was used to 
take the pictures of the events in the chamber. 
The film is very sensitive and the grains of 
the film were found to be fine enough to be 
used for the droplet counting technique. 


Chamber 
B bollofoiiol 
C Haas [> Lead 
[) “e000 
Ese | 


O 10 20cm 


The experimental arrangements. 


[esyer IN 


The weight of the magnet is about 30 tons 
in total and the magnetic field of 7350 gausses 
in the average was yielded by the consumption 
of 5S5kilowatts of power. The gap of the 
poles is 40cm wide and there is a hole of 50 
cm diameter in a pole for photographing. 


b) Selection of the events 
The simultaneous discharges of at least one 
counter of the tray A, two of the tray B, two 
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of the tray C, and one of the tray D in Fig. 
1 were required to trigger the chamber. In 
a part of the period of the experiment the E 
and F were used as anti-coincidence trays to 
eliminate the dense electron showers or the 
showers originating in the magnet coils from 
triggering the cloud chamber. 

The photographs were taken at the average 
rate of 2.3 per hour and about ten thousand 
stereoscopic pairs of the pictures were taken 
during the experiment. 

The film was scanned by a_ stereoscopic 
viewer and the events which were seemed to 
be nuclear in character were selected. The 
events which were clearly decided as electron 
showers were rejected by the visual scanning, 
and the showers with three or less lightly 
ionizing tracks were also discarded because it 
was thought that they were not suitable for 
finding the velocities of the C.M.S. of the 
individual events. Thus 277 events which 
were thought to be prospective for the analy- 
sis were picked up from the pictures taken 
as the first step of the selection procedure. 
It was realized, however, that all of these 
events were not fit for the full analysis, and 
hence more rigorous criteria which will be 
described later were imposed for the final’ 
selection. The analysis was made for each 
of these events and the results in this and the 
succeeding paper are mainly based on the 
analysis of these events. 


c) Measurements of the events 


To obtain the momentum of a charged par- 
ticle, comparator measurements of the track 
in both views of the stereoscopic camera were 
made and a least-square fit was made to each 
track to calculate the curvature of the track 
on film. In case that the radius of curvature 
was smaller than 200cm, it was measured by 
fitting the track to the circle of known radius 
in the full scale projection. The momentum 
of the particle, fi, was then determined by 
applying the magnification factor and the cor- 
rection of the effect due to the orientation of 
the track in the magnetic field. 

Number of no-field tracks were photo- 
graphed and the spurious curvatures in the 
cloud chamber were measured by the same 
procedures as described above. The maxi- 
mum detectable momentum, thus obtained, 
was 25 GeV/c for 40cm tracks in this chamber. 
The error in determining the momentum of 
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a particle was assigned using this maximum 
value of the momentum. 

The individual views of the stereoscopic 
pairs were projected one after the other ona 
sheet of drawing paper marked with the fidu- 
cial lines in full size and the differences of 
the horizontal coordinates of the track in the 
both views were measured. Then the side 
view of the orthogonal projection of the track 
was constructed, using the numerical table 
previously prepared. 8% of the linear dilata- 
tion was included in this table to account for 
the expansion of the cloud chamber. Thus 
the angle of the particle to the vertical line 
in the side orthogonal projection could be 
measured. The position of the origin of a 
shower in the carbon block was then deter- 
mined from the side orthogonal view. The 
emission angle of the particle in the front 
view of the orthogonal projection was ob- 
tained, after the effect of the deflection of the 
particle in the magnetic field was taken into 
consideration. The space angle of the track 
was then calculated from the knowledge of 
the angles in the front and the side views of 
the orthogonal projections. 

As all of the nuclear interactions selected 
took place in the carbon blocks placed above 
the chamber and the track of the incoming 
particle could not be seen in this experiment, 
the direction of the resultant momentum of 
the visible particles was assumed to be the 
axis of the shower. Then @:, the angle be- 
tween a shower particle and the shower axis 
was calculated. The error in finding the 
space angle was estimated by repeating the 
measurements of the angle of a track and was 
found to be 1.5°. 

The ionization of a particle in the cloud 
chamber was measured by counting the num- 
ber of the droplet images along the track. 
Clusters of droplets which had more than 40 
drops were rejected in order that the measure- 
ment was referred to the primary ionization 
only. Asa fast particle rarely appears actu- 
ally at the minimum ionization, the minimum 
level of the ionization was estimated by 
comparing the measured values with the 
theoretical ionization curve and the droplet 
density of the minimum ionization obtained 
was 18.0+0.6 droplets per cm in the cloud 
chamber. Once the minimum ionization den- 
sity was obtained, Z/Jmin., the ratio of the 
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ionization of a track to the minimum ioniza- 
tion was used to find the velocity of the 
particle. The image size of a droplet on film 
was 15 ym. 

In some cases of the events observed, how- 
ever, the droplet counting technique was not 
available due to the unfavorable condition of 
the cloud chamber and hence the visual in- 
spection of the ionization was made. In these 
cases it was estimated that a track could be 
distinguished from the minimum ionization 
track if the ratio of its ionization density to 
the miuimum value, J/Jmin. was greater than 
2. As I/Imin. exceeds 2 for a charged pion 
with the momentum less than 105 MeV/c and 
for a proton with the momentum less than 
695 MeV/c, it was considered that pions and 
protons with the momenta less than the cor- 
responding values given above could be iden- 
tified by the visual inspection of the ionization. 
Hence the lightly ionizing particle with the 
momentum higher than 100MeV/c was as- 
sumed to be a pion, though fast protons might 
be included in a minor fraction of the pre- 
sumed pions. All particles below 100 MeV/c 
with the nearly minimum ionization were 
considered to be electrons. 


d) Determination of the velocity of the C.M.S. 

The velocity of the C.M.S. of the nuclear 
collision was determined by finding the frame 
of reference in which the momenta of the 
charged particles emitted were balanced in 
the forward and backward directions. There- 
fore the events in which the momenta of ail 
charged particles could be measured were 
picked up for this analysis. 

For each particle the value of the momen- 
tum ps and its angle of emission #: were 
measured and the energy Ei was calculated 
by assigning the mass of the particle in the 
L.S. According to the Lorenz transformation, 
the longitudinal component piccos@: in the 
C.M.S. is given by 

pic cos 0*=7 e( pic Cos 0i— BcE%) . GD) 


In the C.M.S. the sum of the longitudinal 
components of the momenta is zero if the 
summation is made over all particles, charged 
and neutral. It was assumed, however, that 
the balance of the momenta should hold in- 
dependently for charged and neutral particles. 
Hence for the charged particles measured, 


> re( pic cos i —B.E)=>) pi*ecos@*=0. (2) 


1102 Isao KITA (Vol. 16, 
Thus measurements. The over-all errors in evalu- 
S pic cos 6: ating ye are estimated to be less than 50%. 
Bo= aE (3) 

2 Es §3. Nature of the Nuclear Collisions Ob- 

and served 
ee = In Fig. 2 the distribution of the multiplicties 
V1—Be of 277 events selected was plotted. This 


The equation (2) or (3) is rigorously true 
for any kind of colliding particles when the 
collision is considered as a single process, and 
is not restricted to the necleon-nucleon col- 
lisions. In fact the incoming particle can be 
a pion in calculating the 7. from the equation 
(3). However, when the interactions are more 
complex, such as nucleon-nucleus collisions, 
the significance of ye, if any, depends upon 
the phenomenological model that is used to 
describe the interactions. If two or more 
nucleons were hit inside the target nucleus, 
the value of ye calculated in the same way 
as above can hardly have a definite physical 
meaning. 

The +e which was obtained in the present 
analysis is liable to be smaller than the true 
value for the very high energy events. The 
reason for this and also the reason for the 
fact that the measured highest momentum is 
much less than the assigned energy of the 
incident particles is that the maximum detec- 
table momentum of this chamber is 25 GeV/c 
in the present experiment. Thus one of the 
particles which should retain the considerable 
fraction of the incident energy due to the 
elasticity of the collision will not give the 
measured momentum of higher than 25 GeV/c. 
If a neutral particle of very high energy was 
emitted in the collision, it can only give the 
same consequence as above. On the other 
hand if a neutral particle whose value of pc 
cos 6/E is smaller than f- of the equation (3) 
is produced in the collision, this will give the 
larger apparent value of 7. than the true 
transformation factor. There is also an error 
due to the statistical fluctuation by an un- 
favorable sharing of the momenta among the 
charged and neutral particles in the collision, 
which is inevitably introduced in calculating 


the velocity of the C.M.S. of the individual 
event. 


In spite of these situations, it is presumably 
believed that the velocity of the C.M.S. thus 


calculated will give the most reliable value 
which can be obtained from the experimental 


multiplicity, #s, was defined as the number 
of the particles which appeared to be lightly 
ionizing and had the momentum of higher 
than 100MeV/c. The lightly ionizing parti- 
cles with the momenta of less than 100 MeV/c 
were considered to be electrons, as described 
before. The mean multiplicity calculated 
from the spectrum in Fig. 2 is 5.1. 
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It was found, however, that more rigorous 
criteria had to be assigned in order that the 
full analysis for the individual shower could 
be made successfully. The criteria used here 
are the following. 

(i) The number of the nearly minimum 
ionizing nuclear particles with the momenta 
of >100 MeV/c, ms, must be four or more, 
and the momenta of all of them can be meas- 
ured within the admittable experimental er- 
rors. 

(ii) The resultant momentum of the 
charged secondary particles must be 10 GeV/c 
or more, or three or more particles must 
have the momenta of >1 GeV/c. 
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(ii) Each of ms tracks must be longer than 
30cm, so that a precise measurement of the 
momentum of the track can be made. This 
criterion does also confirm that all the parti- 
cles are located in the well-illuminated region 
of the chamber. 

(iv) When the front and the side views 
were constructed, all of the tracks musi con- 
centrate into a common origin of the shower 
in the carbon block within the experimental 
error. 

Among 277 events selected above, 32 events 
were finally found to satisfy these criteria. 

With respect to the angular distribution of 
the secondary particles in the C.M.S. of the 
collision, as will be reported in Paper II, there 
was a Slight anisotropy with concentrations 
of particles in the forward and backward 
directions, but it was thought that the distri- 
bution could not be distinctly distinguished 
from an isotropy when the error in evaluating 
the transformation factor was taken into ac- 
count. In fact the angular distribution was 
not appreciably different from an isotropy for 
each of the showers in many cases of the 
events analysed. These showers were desig- 
nated as the m-v group. In the same energy 
range of cosmic ray interactions, an isotropic 
distribution in the C.M.S. of emitted particles 
has been reported by several authors®.”.®, 

In some cases of showers named the u-N 
group, however, a considerably remarked ani- 
sotropy of the angular distribution with quite 
sharp peaks in the forward and the backward 
directions was observed. In these showers 
80% of the secondary particles of the indi- 
vidual shower were included in the range of 
lcos 0*|>0.8 in the C.M.S., whereas 30% of 
the emitted particles was included in the same 
range in the showers of the v-m group. There 
were nine showers of the u-N group. 

The showers of the -N group can not be 
regarded as the evidence of the anisotropic 
distribution of the secondary particles ob- 
served in the extremely high energy jet 
events, because the average 7« of these show- 
ers, if calculated conventionally, is as small 
as 4.38, whereas the corresponding value of 
the showers of the m-1 group is 9.61 as will 
be reported in Paper II. A possible interpre- 
tation of this small value of ye in the ”-N 
group is that these events were produced 
by successive collisions of the incoming or 
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emitted particles inside the target nucleus. 
In fact, if two collisions took place inside a 
carbon nucleus and if the emitted particles 
in these collisions were superposed, an ap- 
parent anisotropic angular distribution could 
be resulted by a Lorenz transformation of the 
collision in which all emitted particles of the 
two collisions were supposedly included. This 
is what is expected to occur in case that a 
simple nucleus like carbon was used as the 
target of the nuclear collisions. If the suc- 
cessive collisions occurred in a heavier nucleus 
like bromine or silver in nuclear emulsion, the 
interaction would be too complex to give such 
a simple interpretation as above. 

On the other hand, the showers of the u-x 
group which showed nearly isotropic angular 
distributions of the emitted particles were 
regarded to have been produced by the nucle- 
on-nucleon collisions of the cosmic ray parti- 
cles. The events of the n-N group which. 
were attributed to the successive collisions. 
inside carbon nuclei will be discussed in the 
following in some detail. 


§4. Successive Collision in Carbon Nuclei 


In considering the shower events using the: 
equation (2), the fundamental assumption was. 
that the secondary particles were emitted in. 
a single process of the collision of two ele- 
mentary particles. It is very likely, however, 
that nucleon-nucleus collisions do exist among’ 
the events observed?’, and in such an interac- 
tion two or more nucleons can be hit by the: 
incident nucleon or by the emitted particles. 
in the first collision. Attempts have been 
made to establish the interpretation of such 
an event in two different ways: the successive: 
collisions’? and the composite collision’. 

A picture of the successive collisions is to: 
assume that an incoming nucleon has an in- 
teraction with a nucleon inside a nucleus and 
then the emitted pions or the nucleons which 
were concerned in the collision collide with 
the other nucleons in the same nucleus. 
Hence in this kind of collisions, the time: 
needed to emit the pions must be shorter than 
the time interval between the first collision 
and the second. Thus 


Bere 
EX Tel ; 

where E* is the average energy of the pions 
produced in the C.M.S. of the first collision 


(4) 
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and A is the mean distance between two 
nucleons in a nucleus in the L.S. A is as- 
sumed to be of the order of the Compton 
wave length of a pion and E* is taken to be 
350 MeV from the result of Paper II. Then 
the equation (4) stands for the value of 7 
which is smaller than 15. 

In a model of the composite collision, the 
pions are not emitted from the excited state 
of nucleons in the first collision before the 
succeeding collision takes place inside the 
target nucleus, or a more reasonable picture 
is to assume that the incident nucleon inter- 
acts with a lump of # nucleons in the nucle- 
us as a whole. In order that this model is 
accepted, A/rec must be smaller than %/E* 
instead of the equation (4): that is 7->15. 

As the equation (4) and the corresponding 
equation for the composite model stand just 
in the order of magnitude, neither of these 
two models can be excluded in the energy 
range of this experiment from the considera- 
tion of the time sequence of the collision. 

In the nine examples of the showers pre- 
sented here, it was assumed that an incoming 
nucleon collided with a nucleon in a carbon 
nucleus and some ten particles were emitted 
isotropically in the C.M.S. of the interaction. 
One or more of these particles collided suc- 
-cessively with another nucleon in the target 
nucleus and several particles were created 
with an isotropic angular distribution in the 
‘C.M.S. of the second interaction. 

As the transformation factor 7: of the first 
collision is, as a matter of course, larger than 
that of the second collisirn 72, the apparent 
yi+z Calculated by taking all the particles in- 
volved should be just between yx: and 7e. 
Hence, if all the particles of this events were 
transformed by the factor 7142, the particles 
produced in the first collision should show the 
forward peak and the particles of the second 
collision should be peaked in the backward 
direction in this supposed frame of reference. 
The apparent angular distribution obtained by 
Lorenz transformations using the wrong val- 
ues of 7e will be discussed in Paper II in 
detail. Therefore the particles in the forward 
peak were assumed to have been emitted in 
the first collision and the transformation fac- 
tor 7: was calculated just in the same way as 
before by taking these particles into account. 
‘The vectorial resultant of the momenta of the 
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particles in the backward peak was included 
in the calculation of 71 as one of the con- 
stituent of the collision. In the similar way 
v2 was calculated as the transformation factor 
of the particles in the backward peak and 
yi42 taking all the particles was also calcu- 
lated, though it hardly has a definite physical 


meaning. Their average values are given 
below respectively. 

ei PaVZN3ee5.0 3 
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The second terms assigned are the root mean 
deviations of 7’s of the events adopted. It 
is quite plain that the 71:2 presented above 
is too low to be regarded as the transformation 
factor of the very high energy jet witha 
peaked anisotropic angular distribution in the 
C.M.S. of the collision. The average value 
of 71 is a little higher than but is pretty close 
to the average value of the 7-’s, 9.61, of the 
events of the m-m group which were attributed 
to the nucleon-nucleon collisions. This should 
be naturally accepted, because the 7: refers 
to the energy of the incoming nucleon, just 
as the 7- of the nucleon-nucleon collision does 
so. 


lO 


a O"" Omens fz ‘6 
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Fig. 3. The angular distribution in the C.M.S. 
of the emitted particles in the first interactions 
of the successive collisions. 
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In Fig. 3 the angular distribution in the 
C.M.S. of the emitted particles in the first 
collisions was plotted, which is essentially 
isotropic within rather poor statistics. This 
probably means that the first interactions of 
the successive collisions can be interpretated 
as the pure nucleon-nucleon collisions of the 
incoming particles in nature. 

The relation between the multiplicities of 
the all emitted particles in the successive col- 
lisions and their corresponding values of 7: 
of the first collisions for the 2-N group were 
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plotted in Fig. 4. For comparison the multi- 
plicities of the events of the m-n group which 


were considered as of nucleon-nucleon colli- 


sion were also presented. As seen in the 
figure, the multiplicity of each event suffers 


from a large fluctuation from event to event, 
but if considered in the average, the multi- 
plicities of the events of successive collisions 


are appreciably larger than those in nucleon- 


nucleon collisions. The average values are 


Ms= 7.42.7 for nucleon-nucleon collisions, 


Ns=10.62.3 for successive collisions, 
respectively. The difference should be inter- 


pretated as the average number of emitted 
particles of the second interactions in the 


target nuclei. 
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Fig. 4. Multiplicities versus transformation 
factors. Successive collisions are shown by 


squares and single collisions by solid circles. 
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Fig. 5. A static model of carbon 12 nucleus. 


In order to treat the successive collisions in 


more detail, a static model of a carbon nucleus 


was considered. As the mean free path 
length through a carbon 12 nucleus is 1.50 
times the nucleon diameter, which was just 
geomertrically calculated, it was assumed that 


a carbon nucleus was consisted of three 
layers, each of which included four nucleons. 
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This is shown in Fig. 5, which gives the 
nucleus a more or less spherical shape and 
also implys that the incoming fast nucleon 
can not collide with more than two nucleons 
in succession. If each nucleon in the target 
nucleus has the geometrical nuclear cross sec- 
tion, og, and hence, if each layer is opaque 
for the incoming nucleon, the rate of the oc- 
currence of nucleon-nucleon collisions should 
be the same as that of successive collisions. 
If, however, these layers have the transparency 
of 7, the ratio of the rate of the successive 
collision to that of single collisions is calcu- 
lated to be 


Ah OS) eed 77" (5) 

Lo = yey yee yee 
where z is the number of the particles which 
were produced in the first collision and could 
give rise three or more pions in the succeeding 
collision, so that the backward peak could be 
noticed. m was assumed to be one third of 
the multiplicity of the first interaction. As 
there is no definite information on 7 of the 
incident nucleon or of the produced pions in 
such high energy nucler interactions, the 
transparencies were assumed to be the same 
for the successive two interactions in the tar- 
get nucleus. 

In Fig. 6 the calculated curves of Rn are 
shown for the values of m of 2, 3, 4, and 5. 
As seen in the figure the curves of Rn are 
not too sensitive to the variation of z. As 
the average multiplicity of nucleon-nucleon 
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Fig. 6. Calculated curves for the ratios of the 
cross section for the successive collisions to 
that of the single collisions. 
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interactions in this experiment was 11.1, tak- 
ing the contribution of the neutral pions into 
account, the value of m adopted was 3.7. 
There probably is an error due to the uncer- 
tainty in identifying the events of the 7-N 
group, which was estimated to be +3. Then 
the observed ratio of Rn is 9+4/23+6=0.39=: 
0.19. Thus from the curves in Fig. 6, the 
transparency 7 was estimated to be 0.68=40.16. 
Therefore, if the geometrical nuclear cross 
section of a nucleon was taken to be 60 mb, 
the nuclear interaction cross section of a nu- 
clear particle in a carbon nucleus is evaluated 
to be 19++9mb. This is in a pretty good 
agreement with the results obtained in the 
experiments using the protons or pions of 
accelerators!”),!*), 

When it is accepted that 7=3.7 and 7=0.68, 
the number of the secondary particles which 
collide with another nucleon in the carbon 
nucleus in succession is quite close to one. 
As this particle is most probably a pion which 
was emitted in the forward direction in the 
first interaction, the energy of the particle in 
the L.S. is calculated to be E=8.1 GeV, using 
the Lorenz factor of the first collision 71=12.03 
and the average energy of the pion L*=350 
MeV in the C.M.S. The Lorentz transforma- 
tion factor between the L.S. and the C.M:S. 
of the succeeding collision of this particle is 
calculated from the equation 


En=MyrlreW 72?—1+(M,/Mw)? +722—1} ; 
(6) 
resulting y2=2.30, which is in a fairy good 
agreement with the average value of 72=2.22 
observed. This is probably another possible 
evidence of the succession collision model. 
In conclusion, from the results of analysis 
presented above, it might be difficult to treat 
the successive collisions inside the target nu- 
cleus too quantitatively, but it is very plausi- 
ble that the successive collision model is valid 
in the nucleon-nucleus collisions in the energy 
range of this experiment around 100 GeV/c. 
Finally the author wishes to express his 
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30 possible nucleon-nucleon interactions of primary energies around 
100 GeV observed in a magnet cloud chamber were analyzed in their 


center of mass systems. 
was nearly isotropic. 


The angular distribution of secondary particles 
The average values of H* and pr were 350 MeV and 


220 MeV/c, respectively, the R.M.S. deviations about mean values being 


225 MeV and 160 MeV/c. 
H*— 2d i *, 
with increasing primary energies. 


ter of mass system was 0.27+0.05. 


The energy spectrum can be represented as 
The inelasticity of interactions had a tendency to decrease 
The average inelasticity in the cen- 


All interactions had almost equal 


number of shower particles in the foreward and backward directions in 


the center of mass system. 


§1. Introduction 


The production of secondary z-mesons ina 
single nucleon-nucleon collision at the range 
of primary energies above those obtained by 
accelerators is a very important problem and 
has been investigated by various authors 
with cloud chambers’’-*®) and nuclear emul- 
sion® utilizing cosmic ray particles. 

From nuclear interactions in a carbon 
block caused by cosmic ray particles with 
energies around 100GeV observed at Mt. 
Norikura (alt. 2740m) in a magnet cloud 
chamber, 30 events which can be attributed 
to a single collision have been treated in 
this article. The apparatus and the proce- 
dure of measurements were reported in the 
preceding paper (hereafter referred to as 
Paper I). 

The primary energy of the collision was 
calculated from momenta and angles of emis- 
sion of shower particles in the laboratory 
system, assuming that the collision was 
nucleon-nucleon, and the analysis of the in- 
teraction in its center of mass system was 
presented. It is considered that about a 
quarter of events observed was caused by 
charged z-mesons, but results obtained can 
be regarded as those of nucleon-nucleon col- 
lisions without giving any appreciable error. 

The analysed events were confined to 
those in which momenta of all particles 
could be measured, that is, no momentum of 
shower particles should exceed our M.D.M., 


25 GeV/c, and in which four or more shower 
particles should be included. These criteria 
were necessary because the calculation of 
the primary energy needed momenta of all 
particles, and because fluctuation of calculat- 
ed values might be fairly large, if number 
of particles considered was too small. Other 
conditions of selection of events were that 
the total visible momentum should exceed 10 
GeV/c or three or more particles should have 
momenta greater than 1 GeV/c, and that the 
convergence of shower particles on the origin 
should be good enough. 


§2. The Nature of the Collision and the 
Primary Energy 


As described in Paper I, the shower axis, 
i.e. the direction of the primary particle, was. 
determined from the balance of the trans- 
verse momenta of shower particles, and then 
the Lorentz transformation factor ye of the 
C.M.S. was obtained from the balance of the 
longitudinal momenta in that system assign- 
ing appropriate masses for secondaries. 

As carbon was chosen as the target mate- 
rial in this experiment, there were some 
cases in which the target was not a single 
nucleon. The method to estimate the num- 
ber of target nucleons participated to the in- 
teraction was also given in Paper I. If the 
angular distribution of secondaries in the C. 
M.S. transformed by the above-obtained 7c 
showed too much concentration in the for- 
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ward and backward directions, it seemed re- 
asonable to interprete that more than two 
nucleons took part in this collision. Those 
events in which more than 80% of particles 
were included in the region of angle, where 
icos 6*|>0.8, were classified as u-N group. 
The other events were assumed to be with 
the only one nucleon of the target carbon 
nucleus in this analysis, and were classified 
as n-n group. 

In n-N group, particles in the forward 
hemisphere in the frame transformed by the 
above-obtained ye were considered to be 
emitted from the first collision with a single 
nucleon, and the same procedure was appli- 
ed to calculate y- for this first collision. It 
was found that the features of collisions in 
the C.M.S. thus obtained were similar to 
those of collisions in ”-” group, and therefore 
those two types of 30 collisions (23 events of 
n-n group and 7 first collisions of -N group) 
were included in the next analysis. In two 
cases of nm-N group, the number of particles 
of first collisions was three, and such events 
were discarded. 

The primary particles responsible to the 
interactions are protons and z-mesons. At 
this altitude and in this energy-region the 
ratio of the number of charged z-mesons to 
the number of protons is less than 40%.” 
Assuming that these two types of particles 
have the same cross sections and that inter- 
actions were caused by charged particles as 
expected from our triggering counter system, 
about 30% of our interactions might be caus- 
ed by charged z-mesons. There is some pos- 
sibility that interactions caused by neutrons 
were included, as accompanying charged par- 
ticles could hit the upper counter tray. 
Therefore the fraction of intractions caused 
by charged z-mesons may be slightly lower. 
The rough estimate from the positive excess 
(1.0 per interaction) assuming the same num- 
ber for primary positive and negative z- 
mesons gave the value of 25% for the frac- 
tion of z-meson induced interactions. 

Though this fraction is not negligibly small, 
we have considered that our results were 
those of nucleon-nucleon interactions, because 
we did not find any peculiar features in in- 
dividual cases, and because jet showers in 
nuclear emulsion showed not much difference, 
whether they were produced by the singly 
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charged primary cosmic-ray particles (which 
were mainly nucleons at the balloon altitude) 
or by the singly charged secondary particles 
from the jets (mainly z-mesons).® If the in- 
teractions caused by nucleons and charged z- 
mesons are slightly different in character, 
this postulation will not give important errors 
in interpreting the results. 

Thus 30 nucleon-nucleon collisions were 
analysed in the C.M.S.. 7-’s range from 3.5 
to 18.9, and the mean value is 10.2. 

When the target is a single nucleon, the 
energy of the primary particle in the L.S. is 
approximately 


270? Mw {OG ice 
where My is the rest energy of the nucleon, 
and is nearly independent of the mass of the 


primary particle. The distribution of primary 
energies is given in Fig. 1. 


a | event 
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Fig. 1. The distribution of primary energies of 


nucleon-nucleon interactions. 
ken lines are of n-N group. 


Events above bro- 


§3. The Angular Distribution of Shower 
Particles in the C.M.S. 


The angle of emission of the shower parti- 
cle in the C.M.S. was calculated by the 
usual transformation formula, 


sin 0; 
Te(COs 6: — Be/B:) ; ( : ) 
The angular distribution of secondary pions 
in the C.M.S. thus obtained is shown in Fig. 
2. It shows a little peak in the forward 
direction and a fairly sharp peak in the 
backward direction. 

The average of |cos@:*| for each shower 
was also calculated, and the histogram of 
this quantity is shown in Fig. 3. The mean 
value for all events is 0.58--0.03. If the dis- 
tribution is isotropic, this average should be 


tan 0;*= 
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0.5, and if the distribution is |cos 6*|d(cos 6*), 
this should be 0.61, for @./B*=1. 

To determine whether the distribution is 
anisotropic or not, the systematic error caused 
by the wrongly assigned value of ye can not 
be overlooked. If we use a wrong value 7e’ 
for the transformation, the solid angle element 
in the true C.M.S. is transformed in this 
assigned C.M.S. by the formula, 


sin 0*d0* 
4a? 


= in 0*d0*’ , 
[(1+cos 6*’) +a?(1—cos 6*’]? va 
(2) 


where @=r7e/7e’, and the assumption that 
Be/B* = B-’/B*’ is made. The curves of 
sin 6*d6*/sin 0*’d6*’ are shown in Fig. 4 for 
various @ values. They are the angular distri- 
butions, which we shall obtain due to the 
erroneous estimate of the primary energy, 
when the distribution in the true C.M.S. is 
isotropic. Thus the error in ye gives the 
obtained distribution an apparent an isotropy; 


Number of Particles 


Fig. 2. The angular distribution of shower parti- 
cles in the C.M.S.. Particles above broken line 
are of n-N group. 
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Fig. 3. The distribution of <|cos 6;*|>. 
above broken lines are of n-N group. 
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it also makes the average of <|cos 0*|> larger 
than 0.5 as shown in Fig. 5, even if the true 
distribution is isotropic. 

There are two sources of error in estimat- 
ing 7c that should be considered. The first 
is the fluctuation on account of the neglec- 
tion of unseen particles, and perhaps this 
gives the average error of about 30%. The 
second is the plural interaction in the nu- 
cleus. As shown in Paper I some events 


sin @*de* 
7AM 


Fig. 4. sin 6*d6*/sin 6*/de*’ for various a values, 
assuming ,/8*=8'/8*’. 
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Fig. 5. <|cos é@*’|> vs. a, when the distribution in 


the C.M.S. is isotropic, for f,’/B*’=1. 
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were interpreted as such and they were dis- 
carded from this analysis as stated in §2. 
But if the multiplicity of the interaction in 
the same nucleus caused by the secondary 
particle emitted from the first interaction was 
small, or if the energy of the shower parti- 
cle responsible to this second interaction was 
not far smaller than that of the primary 
which had caused the first interaction, such 
events would not show remarkable separate 
peaks and might be included in the n-n 
group in this analysis. As 7:/7142~2 for n-N 
group as shown in Paper I, this source of 
error will not give the error over 50%. 

Considering the effect of the error in 7c, 
Figs. 2 and 3 can not be considered as the 
definite evidence for the anisotropic distribu- 
tion. But we may go too far if we attribute 
this anisotropy only to the apparent effect 
due to the error in 7e. Our conclusion is 
that the angular distribution of secondaries 
in the C.M.S. is not far from isotropy in 
this range of primary energy. 

As the another approach to this problem 
the indirect but widely used so-called F-plot® 
was also considered. To treat all events as 


0.0] + 


Fig. 6. The normalized F-plot constructed from 
208 particles of 30 showers. 
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a whole, each value of tan@ was multiplied 
by ve. This means that log (F/1—F) versus. 
log (re tan 0) should be the straight line with 
the gradient 2 crossing the abscissa at 
yetan-0=1 when the distribution is isotropic 
and §./8* is 1, because 
log (F/1—F)=log (7e tan 0)? 

in this case. The F-plot constructed from 
208 particles is shown in Fig. 6, together 
with the expected curves for isotropic distri- 
bution with §-/8*=1.0 and 1.09 (which is the. 
average value in our case). The experi- 
mental points can be approximated by these: 
curves if all 7- values are multiplied by 1.35. 
This horizontal displacement of F-plot is hard: 
to explain but may reflect the fact that the: 
energy estimate from the angular distribution. 
gives high values systematically.‘” Thus the. 
F-plot also shows that the angular distribution: 
in the C.M.S. is nearly isotropic. 


§4. The Energy of Secondaries in the C.M.S.. 
The energy of secondary pions was cal- 
culated according to the usual formula, 
Ev =reLi=V re—1 pic cos & . (3) 
At first, we consider the effect of the error 
in 7c. Differentiating (3) by 7e, 
OEi* E Te 


(4) 


aa = Wien piccos@: . 
Therefore, if 4re is not large, 
AE;* Ave a 
= Ei —~*__ p, ; 
Ev Te l Vre—l pie coed 
/[® = eta cos a. | 
Pu tite [BcE:— pic cos 0: 
/BcEi—Be®pic cos Oi] . (5) 


The absolute value of the term in the bracket 
of (5) is smaller than 1, if 
cos oes 2reV re? = 1 : (6) 
pic 2re?—1 
which in many cases holds. Therefore the 
error in £;* introduced by the error in ye is 
in many cases smaller than that of 7 in per- 
centage and its sign is the same with the 
sign of the error of 7c, if the particle is in 
the backward hemisphere, and the opposite 
if in the forward hemisphere. 
Thus the error in ye does not give the 
systematic error to the energy distribution 
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in the C.M.S., not as in the case of the an- 
gular distribution. 

The energy distribution is given in Fig. 7. 
The mean energy was 350MeV, and the R. 
M.S. deviation about the mean was 225 MeV. 
This distribution is expressed fairly well by 
the formula 1/E*? as shown in the figure. 

To see if there is any correlation between 
the energy and the emitted angle, the ave- 
rage energies of particles emitted in given 
ranges of angles are plotted against the angle 
of emission in the C.M.S. in Fig. 8. It can 
be considered as constant, though there are 
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Fig. 7. The energy distribution of secondary x- 
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mesons in the C.M.S.. Particles above broken 


lines are of n-N group. 


MeV 


400 


300 
¥ 
Sy, 

200 


100 


-1.0 -9 EOS'Oe 515 LO 


Fig. 8. The average x-meson energy vs. the emitt- 
ed angle in the C.M.S.. 
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some fluctuations; this shows that there is 
little dependence of the energy upon the 
emitted angle in the C.M.S. 


§5. The Transverse Momentum of Secondary 
Particles 


The transverse momentum is, of course, 
Lorentz invariant and independent of /e. 
The distribution of transverse momentum 
obtained in this experiment is shown in Fig. 
9. The average value was 220MeV/c, and 
the R.M.S. deviation about the mean was 
160 MeV/c. 

As the direction of primary particles was 
determined from the balance of transverse 
momenta, the transverse momenta were 
slightly underestimated as pointed out by 
Minakawa etal.!” They presented a statisti- 
cal treatment to obtain the 27-th moment of 
the true distribution of transverse momenta 
from the observed one. By this method the 
second moment of the true distribution was 
calculated. This was (9.3-41.6) x 104(MeV/c)?, 
whereas the observed second moment was the 
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Fig. 9. The distribution of transverse momen- 
tum. Particles above broken lines are of n-N 
group. 


MeV 


300 

«RY 
200 

100 
OR wa] 


-|O aOD 


% 
cos@ 
Fig. 10. The average transverse momentum vs. 
the emitted angle in the C.M.S.. 


1112 


(7.51.4) x10*(MeV/c)?. This shows that the 
obtained distribution does not differ appreci- 
ably from the true one and that the error of 
determining the primary direction in this 
analysis is not important. 

As it is interesting to see the angular de- 
pendence of pr, the average transverse 
momentum of pions emitted in given ranges 
of angles in the C.M.S. is also shown in Fig. 
10, though this is not independent of the 
similar graph for the C.M.S. energy. If 
there is little correlation between E* and 6*, 
as shown in §4, pr should be represented as 
<p*> sin 6*. This curve is drawn in Fig. 10, 
where <p*> corresponds to <E*>=350 MeV. 
The obtained histogram is rather better ap- 
proximated by this curve than constant pr, 
suggesting again that E&* has little correla- 
tion with 6*. 


§ 6. 
The inelasticity K, that is, the fraction of 
energy carried out by created particles, was 
considered in the C.M.S.. This is defined by 
Sg ee 
IG Dae : 
for the nucleon-nucleon collision, where the 
summation should be taken over all particles, 
charged and neutral. 

If the primary particle is a z-meson, the 
velocities of the primary and the target are 
not the same in the C.M.S.. Putting the 
suffix xz for quantities of the primary z-meson 


in this system, by the definition of the 
G.M.S., 


Inelasticity of Collisons 


BrtxMxz=PBereMy . (8) 
The available energy in the C.M.S. including 
the primary rest mass is 

1¥2Ma+(re—1)Mn~(27e—1) Mn S 

because Pe~Br,~1. Therefore, in this case 
K is overestimated if we calculate it from 
(7), but the error seldom exceeds 10% in our 
range of Ye. 

If the most energetic positive particle had 
an energy two times greater than that of 
any other particle in the L.S., this particle 
was assumed to be a proton and was not 
summed up in the numerator of (7). If this 
particle were a z-meson, K would be under- 
estimated by about 0.2. This was estimated 
assuming a pion mass for this particle. 

To take account the unseen 7°-mesons, the 
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sum for all charged secondaries assuming 
pion masses was multiplied by 1.5 and was 
used as >) Ei:* in (7). 

The assumption of all secondaries with 
momenta greater than 110 MeV/c as z-mesons. 
gives an underestimate of the inelasticity, if 
K-mesons are produced in that event. The 
error introduced by this assumption was. 
estimated in each case, assuming that the 
charged particle, which had the momentum 
in the L.S. higher than and nearest to 410: 
MeV/c, was a K-meson and that the neutral 
K had the same energy with it. This as- 
sumption is the very extreme one which 
gives the highest inelasticity, but was adopt- 
ed to see the limit of the error. This error 
seldom exceeded 0.2 under this extreme as- 
sumption in our cases. 

Thus our value of K assuming that all se- 
condaries are z-mesons and the neutral z- 
mesons carry half of the energy of all charg- 
ed z-mesons is correct within the error or 
0.2 in the average. K’s are plotted against 
ye in Fig. 11. The mean value of K was 
0.27+0.05, where the error cited was the 
standard deviation. 
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Fig. 11. The inelasticity K vs. je. 


There is a tendency that K decreases with 
increasing 7e. This is not to be taken literal- 
ly, because many of the high K events with 
high ye might contain too many particles to 
be analysed or might contain z-mesons with 
the momentum higher than 25 GeV/c, and 
those were excluded from this analysis. But 
the lower limit of K shows the same tenden- 
cy with increasing 7c, and, therefore, this is 
perhaps the true effect. 
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§7. Comparison with Other Results and 
Discussions 


The angular distribution of secondary pions 
in the C.M.S. is similar to those obtained by 
Hansen and Fretter,!) and by Montanet et al.,” 
and shows a slight anisotropy. Kaneko et al.® 
obtained a nearly isotropic distribution in the 
region of a little lower primary energies. 
This difference may be due to the difference 
of altitudes, because at mountain altitudes 
about one fourth of interactions are caused 
by charged z-mesons as described in § 2. But 
considering the systematic error introduced 
by the fluctuation of ye and by the secondary 
interactions in the nucleus, the discrepancies 
seem not serious. Though the possibility 
that there are some events with a weak an- 
isotropy can not be excluded, the angular 
distribution is not very far from isotropy in 
the average at this range of primary energies. 

The distributions of energy in the C.M.S. 
and of the transverse momentum are similar 
between those experiments and ours. Our 
mean values of E* and pr are somewhat 
lower than those of other authors, but the 
differences are not significant. E*-*dE* 
spectrum seems to hold rather well. This 
spectrum is just the same with that assigned 
by Heisenberg?’ in his theory. But this only 
one point should not be trusted too much as 
the evidence to support his theory. The in- 
dependence of the energy and the angle of 
emission of secondary pions in the C.MLS. 
shown in §4 and 5 may favour the statisti- 
cal model."®) Perhaps at y-~10 any theory 
at present can hardly explain satisfactorily 
all features of interactions. 

The tendency that the inelasticity decreases 
with increasing primary energy was also 
pointed out by Hansen and Fretter. The 
average values of K obtained by several au- 
thors lie around 0.3 and agree well with ours. 

In this analysis we found no example of 
assymmetric emission of secondaries found 
by Dobrotin et al.*» Such assymmetric events, 
if they exist, contain a high energy particle 
in many cases, and we might exclude such 
events as we analysed events in which the 
momentum of no particle exceeded 25 GeV/c. 
But assymmetric events with a high energy 
backward proton in the C.M.S. should be in- 
cluded in this analysis. Even in such cases 
longitudinal momenta of charged particles 


Nuclear Interactions of Cosmic Ray Particles (IT) 


1113. 


should nearly balance in the C.M.S., as it is 
very implausible that one neutral particle 
Carries an extraordinary momentum in these 
cases of the presence of one high energy 
backward proton in the C.M.S.. Our method 
of estimating 7. did not depend on the sym- 
metricity of the emission of secondary parti- 
cles in the forward and backward directions 
in the C.M.S., but utilized the balance of 
longitudinal momenta. Therefore it is very 
unlikely that our calculated 7. is mistaken 
by a factor of more than 2, even if we as- 
sumed these protons as z-mesons in such 
cases. Thus we can not find any reason, 
except the fluctuation of the occurence, why 
we found no such cases. 

We can not say much about the fraction 
of assymmetric interactions, if any, but our 
results hold for the symmetric emission of 
secondaries. 
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The well-known discrepancy between the number of the Bohr magneton 
obtained from the saturation magnetization at 0°K and that obtained 
from paramagnetic susceptibilities for Ni is explained by taking into 
account the s-d exchange interaction, instead of the s-d electron transfer, 
and the temperature-independent paramagnetism due to the orbital mo- 
ments of d electrons. The similar discrepancy between the number of 
magnetic carriers obtained from the paramagnetic susceptibility measure- 
ment at lower temperatures and that at higher temperatures for Pd is 
explained in the same way. The same discussion is applicable to Pt. It 
is concluded that the temperature-independent paramagnetism is important 
to understand the temperature variations of susceptibilities of transition 
metals. The paramagnetic susceptibilities for Ni, Pd, and Pt at higher 
temperatures are expressed in the form, C/(T—@»)+%ce. The temperature- 
independent susceptibility, X-, is the sum of the paramagnetic suscepti- 
bility of the conduction electron (or gs electron) spins and that due to 
the orbital moment of d electrons. 


§1. Introduction 

It is well-known that the numbers of the 
Bohr magneton obtained from the saturation 
magnetization at 0°K for ferromagnetic iron- 
group metals are different from those numbers 
estimated from the paramagnetic susceptibility 
above the Curie temperature”. 

There are two ways at present to obtain 
the number of the Bohr magneton from the 


experimental measurements of the paramag- 
netic susceptibility above the Curie tempera- 
ture. One is to use the Curie-Weiss law and 
the other is to use the 1/X—T? law where the 
variation of 1/% with T? is linear. 

Using a modified electron gas model, we 
have attempted to explain the temperature 
variations of paramagnetic susceptibilities of 
the iron-group metals above the Curie temper- 
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ature, but a satisfactory quantitative agree- 
ment between the experimental results and 
our theoretical results for the susceptibilities 
has not been obtained.2) 


Especially, the variation with temperature 
of 1/x% for Ni follows neither the Curie-Weiss 
law nor the 1/x—T? law. At higher temper- 
atures the curve 1/X% vs. T follows the Curie- 
Weiss law apparently. Also, for Pd the 
curve 1/X vs. T follows the Curie-Weiss law 
apparently at higher temperatures. However, 
the numbers of the Bohr magnetons obtained 
from these Curie constants for Ni and Pd at 
higher temperature regions are also larger 
than the numbers which are obtained from 
the experimental results at lower tempera- 
tures. 

Then, it seems that a new mechanism is 
necessary to explain the temperature variation 
of the susceptibilities above the Curie temper- 
ature for the ferromagnetic iron-group metals, 
especially for Ni, and that of Pd. 

On the other hand these discrepancies have 
so far been studied by Watanabe?’, Wohlfarth”, 
and Krinchik®’, introducing the mechanism of 
electron transfer between s and d bands, and 
by Vonsovskii and Vlasov® introducing the 
s-d exchange interaction. Especially Wohl- 
farth has examined the effect of the s-d 
transfer on the paramagnetic susceptibilities 
for pure Ni and Ni-Cu alloys in detail. He 
has concluded that an increase, with temper- 
ature, of the number of holes in the 3d band 
accounts for the major part of the down-ward 
curvature of the 1/%—T curves at higher 
temperatures, but it does not suffice to explain 
the whole of it. 

Moreover, Wohlfarth has found that the 
electronic specific heat of the 3d band increases 
at higher temperatures because of the increase 
of the number of holes in the 3d band. It 
seems, however, that experimental results for 
the specific heat of Ni at higher temperatures 
do not show the same increase as the one 
that Wohlfarth has obtained theoretically, 
although the experimental results at higher 
temperatures are not absolutely certain. The 
specific heats at higher temperatures for Ni, 
Pd, and Pt are discussed in § 4. 

Then, consistently to explain the tempera- 
ture variation of the susceptibilities and the 
specific heats at higher temperatures for the 
ferromagnetic iron-group metals, especially 
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for Ni, and Pd, it seems that a new mechanism 
besides the electron transfer between s and 
d bands is necessary. 

In this paper we take into account the ex- 
change interaction between s and d electrons 
and examine the effect on the paramagnetic 
susceptibilities for Ni, Pd, and Pt (§2). We 
assume that the s-d exchange interactions 
for these metals are ferromagnetic but we do 
not think that the ferromagnetism of Ni is 
caused entirely by this s-d exchange inter- 
action. The exchange interaction between d 
electrons is assumed to be larger than the 
s-d interaction. By the modified electron gas 
model we can ascertain this fact (§ 3). 

If we take into account the temperature- 
independent paramagnetic susceptibility which 
is expected to derive from the contribution 
of the orbital moment of d electrons to the 
total magnetic moment, we can satisfactorily 
explain the temperature variations of the 
paramagnetic susceptibility for Ni and Pd. 


§2. Effect of Exchange Interaction between 
s and d Electrons on Paramagnetic 
Susceptibility of Transition Metals 

In order to consider the s-d exchange inter- 
action in transition metals, we use the ap- 

proximation of tight-binding for d and s 

electrons. Let the spin operators for d ands 

electrons be s, and o, respectively. The s-d 

exchange energy is —2 Da Jick Sk oR. Trek 3S 


an exchange integral between d electron with 
wave vector k and s electron with wave 
vector k’, and is nearly equal to //N, where 
J is an atomic s-d exchange integral and N 
is the total number of lattice points. 

The mean value of the s-d exchange energy 
becomes 


— 2 Xt Sik Sk Ow DAV 


= —2]N-'Ms- Mal (gsZaltn*) 5 (als) 
where 
Ma=Naaltn<sk>av A \ (2.2) 
M;= NsZstte6or av ) 


and Na and Ns are the numbers of d holes 
and s electrons respectively. 

From (2.1), the effective fields for d holes 
and s electrons become respectively, as shown 
by Owen et al.”, 

Au=iM, ’ \ 


(2.3) 
A;s=2Ma ’ 
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where 


A=2]|(NgsZalts?) . (2.4) 


Let the paramagnetic susceptibility of the d 
holes above the Curie temperature and that 
of the s electrons be %1 and %s respectively. 
The magnetizations of d holes and s electrons 
are given by 


Ma=XalHot+AMs) , \ 
Ms=%s(Ho+ AMa) ? 
where Hy is an external magnetic field. 


Then, the total magnetic susceptibility % is 
given by 


(2.5) 


= Oy EP 
heer emtons see, 


+25. (2.6) 

If there is a contribution from the orbital 
moment of d electrons to the total magnetic 
moment, we must take into account the tem- 
perature independent paramagnetic suscepti- 
bility®, Za,orbit, and this should be added to 
the susceptibility given by (2.6). Kubo and 
Obata have pointed out that this is important 
in paramagnetic metals with partly filled non- 
s bands®. Then in this case we have for 
the paramagnetic susceptibility of transition 
metals, 


(1+A%s)? 


— he 
LS A2tska 


+2Xs+ Xa,orbit » (2.7) 
where we neglect the diamagnetic suscepti- 
bility of atomic core. Y%a,orbit and ga are esti- 
mated roughly as follows: %a,orpit’ Navs?/AE, 
and 4ga=ga—2~E/4E, where & is the coef- 
ficient of spin-orbit interaction and 4E is the 
mean of the separations of energy levels in 
the d band. 

For Ni, Pd, and Pt, the numbers of d holes 
are few and the widths of d bands are narrow, 
so that the degeneracy temperatures of these 
metals are relatively low. If the temperature 
is so high that the d holes, as a gas, are not 
degenerate, the paramagnetic susceptibility 
due to the d hole spins follows the Curie- 
Weiss law?”.”, and is given by 


%a =Ca/(T—9O) , \ 
Ca= Naga? tz*/(4k) : 


In this case, from (2.7) and (2.8), we have 


(2.8) 


+e , 


1=— 
T—0, (2.9) 


where 
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Onp=04+CarsA? , 
C = Cater Are 
= Nal ga/2)?2°(1 + A%s)?/R , 
%e=Xs+ Xa, orbit - 
The formula of this type, (2.9), was already 
proposed by Néel!®” for Ni alloys. 


In the ferromagnetic state and at 0°K, the 
spontaneous magnetization is given by 


M=Miat+Ms=(1+4%s)Ma 
=Nalga/2)1+A%s) ue . (ZAT 


Usually, %; is written, by making use of 
the free electron model, as %s=3Ns5?/4z?/8C0, 
where €» is the energy of the Fermi level for 
the s electrons. As we have calculated the 
paramagnetic susceptibility of conduction 
electrons using the Bohm-Pines collective de- 
scription of electron interactions’, and the 
values of %; can be obtained if the effective 
mass and the electron density are given, we 
shall make use of these values for %s in this 
paper. 


(2.10) 


§3. Comparison with Experimental Results 


At very high temperature the paramagnetic 
susceptibility for transition metals is expected 
to follow the formula (2.9). For Ni, Pd, and 
Pt the degeneracy temperatures of d holes 
will be relatively low since the numbers of d 
holes per atom are small. Then it will be 
supposed that Ni, Pd, and Pt are the best 
examples to interpret their susceptibilities by 
(2.9) at the highest temperature where the 
susceptibilities have so far been measured 
(~1800°K). 

The experimental values of susceptibility 
for Ni, Pd, and Pt are plotted against (T—6»)- 


1.0 & 
2. 5 
to~ 
08 2 
06 
04 a 
200 400 600 800 
Op °K 


Fig. 1. Values of p and xX, as functions of Op 
when susceptibility of Ni at high temperatures 
is expressed as C/(T—6y)+%, where p=kCmole 
(Now): 
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where the value of 0» is given as a parameter 
and at higher temperatures these curves % vs. 
(T—@y) become linear. By extrapolating 
these lines to the value (T—@,)-"=0 we can 
find the values of C, or p=RCmole/(Nou2*) 
where No is Avogadro’s number, and % as 
functions of 0». These analyses are shown 
in Figs. 1, and 2 by making use of Terry’s 
data for Ni!) and Wucher’s data for Pd), 
The vaiues of p for Pt, which are obtained 
from Honda’s data‘ in this way, become 
smaller than the value which has been esti- 
mated before from the susceptibility at lower 
temperatures”. The values of susceptibility 
for Pt measured by Honda may be inaccurate, 
because these values are not smoothly con- 
nected with the values at lower temperatures 
obtained by Hoare and Matthews”. 


0,25 x10° 


0.20 


Xe (per gr.) 


250 
8p °K 
Fig. 2. Values of » and %- as functions of 6» 
when susceptibility of Pd at high temperatures 
is expressed as C/(T—6@p)+%e, where p=kCmole 


(Nove). 


200 300 


Table I. The values of exchange integral between 
gs and d electrons for Ni, Pd, and Pt. 


Element Ni Pd | Ext 


2678.5 | 4054.7 | 1211.3 


2J=hdy cm-} | 


The values of 2 in (2.4) for Ni, Pd, and Pt 
are determined by using their atomic spectra. 
We make use of the energy differences be- 
tween the atomic states, ‘D(nd®,(n+1)s) and 
®D(nd®, (n+1)s), where n=3, 4, 5 foreNiv ed, 
and Pt respectively, that is, héAvy=2J=ECD) 
—E(?D), where E(?D) is the weighted mean 
of the energies of the multiplet for sd Bas 
The values of 2/ are shown in Table I. 
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The paramagnetic susceptibility for the s 
electrons has been calculated before and is 
given by!” 

%s (per gr.) =3.178 x 1074/(or*7),,, “BD 
where ¢ is density, 7 is the coefficient of the 
increase of energy when conduction electrons 
have magnetic moment (e. g. E=Ey+7(n/N)?, 
where (z/N) is the degree of magnetization), 
and 7s is the inter-electronic spacing of s 
electrons measured in units of the Bohr radius, 
d,. We have 7s=(3/16z)'/*(a/ao)ps/*, where 
a is a lattice constant and ps is the number 
of s electrons per atom. 

Let the number of holes in the d band per 
atom be fa, then pa=ps=(3/167)(a/aors)? for 
INf, Jetel, aioval Be. 


0.10 


0,08 


0.06 


y (Ryd. unit ) 


0.04 


Obes 4 5 6 
Is 
Fig. 3. Values of 7 as a function of 71s when 


m*/m=12)) 


The values of 7, which have been obtained 
by the present author making use of the 
Bohm-Pines collective electron model", are 
shown in Fig. 3 as a function of 7s when 
m*/m=1, where m* is an effective mass of 
s electrons. 

First we discuss the case of Ni. The g- 
factor of Ni at ferromagnetic state, gay, is 
about 2.2!” and that at paramagnetic state, 
Zap, becomes about 2**. Then the values of 
2 at ferromagnetic state and at paramagnetic 
state which are obtained from (2.4) and J in 
Table I are different, and they are denoted 
by 4, and A» respectively. Using gar=2.2 
and gs=2, we have from (2.4), (3.1) and the 


1118 


value of / for Ni in Table I, 
A Xs=0.048975% 7-1 . (3.2) 
From the number of the Bohr magneton at 
0°K?» and (2.11) we have 
pal Zay/2)(1 +2 7%s)=0.604 . (3.3) 
pa is calculated from the lattice constant and 
we have for Ni 
pPa=PeSlLiesre (3.4) 
Fromu@Gi2yn68)10:4) Manders in eBigs-3 
where m*/m=1 is assumed, we can ob- 
tain the values of 7s, 7, Pa=ps, Ay%s, and 
Apts for Ni as follows: 


GSO VA. a 

7+ =0.0788 , 2 
pa=fr=0.539 , fi z 
Ay%s=0.188 , = 


Ayks=(Laz] ay) Apxs=0.0207 
APiCa=1027°K: 
From these numerical values and (2.10) 
and (3.1), the values of #, where p is de- 
fined by Cmole=Nopus?/k (No=Avogadro’s 
number), and %s (per gr.) become 


p(s Anke) *pa=0.062,. (3.6) 
and 
Ne— Neo lO (DeTIOt ie Ret) 

When the value of p is given by (3.6) the 
corresponding values of C, Op, and 2%. are 
obtained from Fig. 1 as follows: 

C =0.00358 (per gr.) , 
On=708°K , 
Ho — NRO 2G Oma (Merrote a 

Using the values of C, @», and %- given by 
(3.8) and from (2.9) we calculate % as a func- 
tion of T and the result and the experimental 
results by Terry'” are shown in Fig. 4. 

The value of % is fairly larger than that 
of %s in (3.7). The difference between these 
two values may be attributable to the temper- 
ature independent paramagnetic susceptibility, 
Xa,orbit. From the resonance experiments it 
has been found that 1.95<ga)<2.05'8. As- 
suming 4gap=ay—2~|E|/4E=0.05 and using 
|E|=282.5cm-! we have 4€é~5650cm-! and 
Xa, orbit Na/ts?/4E~8 x 10-7 (per gr.). 

As the above estimation for %q,orbit iS rough, 
it may be changed by the factor 2 or 3. At 
present we must inevitably satisfy this rough 
estimation for %a,orbit. 

On the other hand, as we have assumed 


(3.8) 
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for the sake of simplicity that the d holes are 
completely non-degenerate and the number 
of holes is constant with temperature, a part 
of the difference between %- and %; may be 
attributable to the effect of the electron trans- 
fer between s and d bands and the different 
temperature dependence of susceptibility when 
d holes are partly degenerate. 


O 
600 800 1000 1200 1400 1600 
eck 
Fig. 4. Paramagnetic susceptibility of Ni. Curve (a) 


is Terry’s experimental result!2). Curve (b) is cal- 
culated by C/(T—@p)+%e with C=0.00358 (per gr.), 
@,—708-K and %=1:92 10-© per gr: 


If the effective mass of s electrons is larger, 
that is, m*/m>1, we can explain the temper- 
ature dependence of susceptibility for Ni sat- 
isfactorily without introducing the temperature 
independent paramagnetism. For example, 
if we determine p and 2%; to satisfy p= 
0.604(1+ A%s)(27,/2gar) and the relation between 
p and Xs given in Fig. 1, we have p=0.675, 
%s=1.5410-* (per gr.), and @),=624°K. From 
these values we obtain A%s=0.232, pa=0.446, 
7s=3.42, and 7=5.805 x10’, and from the pre- 
vious calculation of the susceptibility of an 
electron gas") the effective mass for the s 
electron is obtained as m*/m=2.51. This 
value of m*/m is large and the former inter- 
pretation where m*/m=1 is assumed is more 
natural. 

In the former interpretation, the effective 
field of the d holes from the s electrons is 
given by 24M;=4?%;Ma and the value of the 
coefficient of this effective field for Ni is ob- 
tained from (2.4) and (8.5) and Table I as 


A°XsNapts’=6.79 X10-> Ryd. unit. (3.9) 


This is fairly smaller than the value of the 
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coefficient of the molecular field between the 
d holes, as a gas, which has been obtained 
(from Fig. 5 in the reference 2) as aNajts?= 
3.95x10-? Ryd. unit at 7;=3.21, although this 
value of a is larger by the factor 2.6 than 
the value which explains the temperature var- 
iation of magnetization at low temperatures. 
From this result it seems that the s-d ex- 
change interaction is not a main origin of 
the ferromagnetism of Ni, although this has 
already been assumed in our consideration. 
This conclusion can also be obtained from 
the fact that the value of 2°%;Ca is fairly 
smaller than the value of 6» for Ni. 

Now we consider the temperature depend- 
ence of susceptibility for Pd at higher tem- 
peratures. Wohlfarth?” has analysed the 
magnetic properties of Pd and Pt at relatively 
low temperatures on the basis of the Stoner 
theory. The similar treatment for Pd with 
that for Ni will be done although Pd is not 
ferromagnetic. In the reference 2, we have 
determined the number of d holes for Pd as 
pa=0.32, vs=4.18 from the temperature de- 
pendence of the susceptibility at lower tem- 
peratures. We use these values, pa=0.32, 7s 
=4.18, for Pd, in this paper. 

From (2.4), (3.4) with m*/m=1, and Table I, 
we. have 


N= 1:15 10 (per Sts), (3.10) 

LON SAK 3 (rela) 
for Pd where we assume that ga=gs=2. Then 
we have 

p=(14+41%s)*pa=0.341 , \ 3.12) 

Ce = 15.07 K « 


From Fig. 2 we find the values of C, @», and 
%e, which are proper to explain the tempera- 
ture variation of susceptibility by the formula 
(2.9) with the above value of p, as follows: 

C =0.00120 (per gr.) , 

Op OL ote ; 

Xo =2.48 x 10-* (per gr.). 

This value of 2%. is larger than the value of 

%s in (3.10). The difference will be attribut- 
able also to the temperature independent 
paramagnetism. If we assume that m*|m= 
1.75 for s electrons, we can explain the tem- 
perature variation of susceptibility for Pd by 
(2.9) without introducing the temperature 1n- 
dependent paramagnetism as well as in the 
case of Ni. 


(3.13) 
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Using the values of C, @», and %- given by 
(3.13) we can calculate % from (2.9), and the 
result and the experimental results by Wu- 
cher!® are shown in Fig. 5. 


1/Xm x10°® 


© 200 400 600 800 1000 1200 1400 1600 
T °K 


Fig. 5. Paramagnetic susceptibility of Pd. Curve 
(a) is Wucher’s experimental result!#). Curve 
(b) is calculated by C/(T—0y)+Xe with C=0.00120: 
(per gr.), 6)=343°K and X,-=2.48 10-7 (per gr.). 
Curve (c) is Hoare and Matthews’ experimental 
result1s) 


It will be expected that there is the effect. 
of the s-d exchange interaction on the tem--. 
perature variation of paramagnetic suscepti- 
bility for Pd at lower temperatures too. But, 
as in Ni, the molecular field between d holes. 
is fairly greater than the s-d exchange field, 
e.g. for Pd 22%.Nays’=9.51 x10 Ryd. unit- 
and aNyuz?=7.2x10-3 Ryd. unit at 7s=4.18, 
and %- is a small part of the total suscepti-. 
bility at lower temperatures, so that we can 
neglect the effect of the s-d exchange inter- 
action at lower temperatures. 

The same analysis will be applied to the. 
temperature dependence of susceptibility for~ 
Pt. Unfortunately, there is no satisfactory 
experimental result for the paramagnetic sus- 
ceptibility of Pt at higher temperatures. 

However, we have determined the number 
of d holes for Pt as fa=0.30, 7s=4.31 from. 
the temperature dependence of the suscepti- 
bility at lower temperatures”. Then, from 
(2.4), (3.1) with m*/m=1, and Table I, we 
have for Pt 


Ne—A 1X LOS (Mer or)s 
eon ames 
papa bite A%a)2-=02355 5 
CA dis(perorm 
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$4, Specific Heats of Ni, Pd, and Pt at 
Higher Temperatures 


In this section we determine the part of 
the specific heats, which is considered to be 
the contribution from the d holes, for Ni, Pd, 
and Pt at higher temperatures. The dilatation 
terms are evaluated in the following way. 

Cep—Cy=9TVa:?/B , (4.1) 
where V, a: and § are an atomic volume, 
linear expansion coefficient, and compressi- 
bility, respectively. As there is no measure- 
ment of the compressibilities of Ni, Pd, and 
Pt except at room temperature, we make use 
of the empirical formula’, 

Cr—C;=CTCr’*, (4.2) 
where € is a proportional constant, and the 
value of € is determined by using (4.1) and 
the experimental values of V®), a?*), and 6 


at room temperature. The results for Ni, 
Pd, and Pt are shown in Table II.* 


Table II. Values of ¢ and the Debye temperatures, 
@p, for Ni, Pd, and Pt. 
Metal Ni Pd Be 


¢cal-1 mol | 1.001 10-5 1.262x10-5 1.186x 10-5 
450 275 233 


| 


In the second place, we consider the con- 
tribution of the anharmonic terms of lattice 
vibrations, C4, to the specific heat. The 
electronic specific heat of Cu is definitely 
determined by the extrapolation of the specific 
heat at lower temperatures, 77, also at higher 
temperatures because the degeneracy temper- 
ature of conduction electrons is very high. 
Then, by subtracting the Debye specific heat 
of lattice vibrations, the contribution of the 
dilatation term, and the electronic specific 
heat 77, from Cp, we can estimate the specific 
heat due to the anharmonic terms for Cu. 
It should be noted that this part of the an- 
harmonic terms may contain the increase of 
the specific heat due to the s-d transfer in 
Cu if the energy difference between the Fermi 
level of s band and the top of d band is 
small. But we assume that this energy dif- 
ference is large and the s-d transfer does 
not occur in Cu up to the melting point. 


* The analysis of specific heat of Ni has been 
worked out by E. Sawado and the detail will be 
published elsewhere. 
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Also for Ni we use the same values of specific 
heat of the anharmonic term with those of 
Cu. 

The Debye specific heats, Cy, are calculated 
from the numerical tables?) and the Debye 
temperatures given in Table II. 

The electronic specific heats of s electrons 
for Ni, Pd, and Pt, Cs=7sT, are calculated 
from the values of fs and 7s given above, by 
making use of the collective correction given 
by Fletcher and Larson”. The results are 
shown in Table III, where we assume m*/m 
=1 for s electrons. 


Table III. Electronic specific heats of s electrons, 
ys7’, and classical limits of specific heats of d 
holes, (3/2)Rpa, for Ni, Pd, and Pt. 


Metal | Ni. Pd Pt 
D= te | 0.539| 0.32 | 0.30 
rs 3-2) |) 4.18) )| tear 
ys X 104 cal/(deg.? mole) Teloge has | agile) 
(3/2)R pa cal/(deg. mole) 


0.953 0.894 


e oon u. Warncke) 


Cal/ mole deg- 


800 
moK 


Fig. 6, specific heats of Ni, ee. Cr.Or—O7- 
the Debye specific heat Cp, anharmonic term 
C4, and electronic specific heat of s electrons 
Cs, are shown. Curves (1), (2), and (3) are, re- 
spectively, Persoz’s data2”), Krauss and Warncke’s 
data28), and data given in reference 29. 


The respective parts of specific heat of Ni 
and the observed results of Cp?”).28).29 for Ni 
are shown in Fig. 6. In Fig. 7 the residual 
specific heats, Ce =Cy—Cy—Ca—Cs, which are 
considered to be the d holes, calculated from 
the various results of Cp, and the extrapola- 
tion of the specific heat at lower temperatures, 
yT=1.74X10-T cal/mole deg., are shown. 


1961) 


From the result shown in Fig. 7 it is found 
that the d holes are almost non-degenerate at 
T>1200°K, the equipartition of energy holds, 
and the specific heat of d holes is nearly 
equal to (3/2)Rpa=1.6 cal/mole deg. Thus the 
effect of the s-d transfer of electrons and 
accordingly the increase of the specific heat 
for Ni cannot be expected to be large, al- 
though it is, perhaps, certain that the mecha- 
nism of the s-d transfer exists practically. 
‘The same will be said of the cases of Pd and 
Pt. 

The assumptions, made use of in §3, that 
the number of d holes is constant and the d 


° 


Ce cal/mole deg: 


oO 
a 


Ce=174x10°T cal/mole deg. 


le) 400 1200 1500 


800 

T°K 

Fig. 7. Residual specific heat of Ni, Ca=Cy—Cop 
—C4—Cys, and the extrapolation of the specific 
heat of Ni at lower temperatures, 777=1.74 
<10-8T cal/mole deg., are shown. Curves (1), 
(2), and (3) are, respectively, the residual spe- 
cific heats obtained from Persoz’s data2”), Krauss 
and Warncke’s data8), and data given in refer- 
ence 29. 
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800 ~ 1200 |500 
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) 400 


Fig. 8. Specific heats of Pd, e.g. Cp”), Ce—Cr, 
the Debye specific heat Cy, and electronic spe- 
cific heat of s electrons Cy, are shown. 
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holes are nondegenerate at higher tempera- 
tures where we discuss the paramagnetic 
susceptibility are thus justified. 

The same analyses of specific heats of Pd 
and Pt at higher temperatures are shown in 
Figs. 8, 9, 10 and 112”, where the anharmonic 
terms are neglected because the melting points 


Ce -cal/mole deg. 


Ce =3.1xI0°T cal/mole deg. 


ie) 400 800 


T°K 

Fig. 9. Residual specific heat of Pd, Ca =Cy—Cp 

—Cy, and the extrapolation of the specific heat 

of Pd at lower temperatures, 77=3.1x10-37 
cal/mole deg., are shown. 


1200 1500 


Cal/mole deg. 
o aS a 


iw) 


©) 400 ~~ 800 1200 1500 
T °K 


Fig. 10. Specific heats of Pt, e.g. Cp), Ce—Cy, 
the Debye specific heat Cp, and electronic spe- 
cific heat of s electrons Cy, are shown. 
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Ce cal/ mole deg. 


ott / Cezl.6 x10 T 


cal/mole deg. 


Oo 400 


800 1200 1500 
Tk 
Fig. 11. Residual specific heat of Pt, Ca=Cy—Cp 


—Cy, and the extrapolation of the specific heat 
of Pt at lower temperatures, 7T=1.6x10-37 
cal/mole deg., are shown. 
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of Pd and Pt are high and they are expected 
to be small at temperatures under investi- 
gation. 


§5. Conclusion 


The temperature variations of the para- 
magnetic susceptibility for Ni, Pd, and Pt are 
explained by the itinerant model of d electrons 
with taking into account the s-d exchange 
interaction and the temperature-independent 
paramagnetism. The susceptibility at higher 
temperatures is approximately expressed by 


we 4 
 T-O5 

The values of %- obtained for Ni and Pd 
are fairly larger than the values which are 
expected to be due to the susceptibility of s 
electrons. The main parts of %. are attribut- 
able to the temperature-independent orbital 
paramagnetism of d electrons. 

From the values of specific heats of Ni, Pd, 
and Pt at higher temperatures, it seems that 
the increases of electronic specific heat due 
to s-d transfer do no exist or are very small 
even if they exist. 

From the above analyses and the results of 
the previous calculations”, it is found that 
the s-d exchange interactions in Ni, Pd, and 
Pt are not stronger than the interactions be- 
tween d holes when they are treated as an 
electron gas. Thus, contrary to the Zener 
theory®”, we conclude that the s-d exchange 
interaction is not a main origin of the ferro- 
magnetism of Ni, but gives only a slight 
modification to it. 

It is supposed that the effect of the s-d 
exchange interaction on the paramagnetic 
susceptibility may exist also in the cases of 
Co and Fe. As the degeneracy temperatures 
of d holes for Co and Fe are fairly higher 
than Ni, the formula (2.9), just as it is, does 
not hold in Co and Fe, but the formula (2.7) 
with %2 given by (7.9) in the reference 2 will 
be applicable and the experimental results of 
susceptibility for Co and Fe will be satis- 
factorily explained. 


ie 5 owe 
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The magnetic properties of Mng3¢;Sn, Mn; 77Sn, and MnSn, were inves- 
tigated. In Mns.¢;Sn, an anomalous magnetic phenomenon was found, 
which may be due to its antiferromagnetism. The Néel temperature Ty, 
the effective number of Bohr magnetons per Mn ny, and the asymptotic 
Curie point 6, are 365°K, 3.58, and —275°K, respectively. Mn, 77Sn is 
ferrimagnetic. The estimated saturation magnetization per Mn at 0°K, 
Nyp, aS well as Np and the Curie temperature Ty, were determined after 
various heat treatments. With lowering the annealing temperature, Tg 
was increased from 226° to 263°K, and ny was increased from 0.92 to 1.23, 
while n, stayed nearly constant at about 3.4. These behaviors are inter- 
preted in terms of the effect of atomic ordering. It was also found that 
MnSn, exhibited an antiferromagnetic behavior. Ty, 6, and mp» are 


324°K, +190°K, and 3.48, respectively. 


§1. Introduction 


The phase diagram of the whole range of 
manganese-tin system was first studied by 
Williams”, and the existence of three inter- 
metallic compounds was confirmed by the 
thermal analysis and also by the microscopi- 
cal observation. His assignments on the 
compositions of these compounds, Mn.Sn, 
Mn:Sn, and probably MnSn, were corrected 
later by Nial® and by Nowotny and Schubert’, 
who carried out the detailed X-ray analysis 
and also determined the crystal structures of 
these compounds. The results obtained by 
both X-ray works were substantially in agree- 
ment. Nowotny and Schubert concluded as 
follows: The most manganese-rich compound 
is Mns 67Sn (Mni:iSns) with a hexagonal, D0is 
(NisSn) type of structure. The second com- 
pound has a homogeneity range of Mnz.osSn to 
Mn: 77Sn, and has a hexagonal, B8:(NizIn) type 
of structure. And the third compound is not 
MnSn as regarded earlier, but MnSn: which 
has a body centered tetragonal, C16 (CuAl:) 
type of structure. 

The magnetic properties of the alloys of this 
system have been studied by several authors, 
but the results are not in agreement with one 
another. Based upon the simple observations 
using a magnetic compass, Williams’ reported 


that the transitions from ferromagnetism to 
paramagnetism took place in Mn:Sn and 
Mn2Sn at 117°C and 263°C, respectively. 
First quantitative measurements of the mag- 
netization over the whole range of composition 
in this system were carried out by Honda?’, 
and a sharp maximum of the thermo-magnetic 
remanence was found at the composition of 
Mn.Sn. Potter®) measured the magnetization 
of the alloys at the liquid air temperature as 
well as at the room temperature, and roughly 
estimated the Curie points of the compounds 
at 0°C for MniSn and 150°C for MnzSn. Guil- 
laud®’ reported that ferromagnetism was ex- 
hibited throughout the composition range from 
13 to 78 at% Mn with the Curie point ca. 
—11°C, while all alloys containing more 
manganese, including Mn.Sn, were non-mag- 
netic after annealed at 500°C. Recently, 
Ochsenfeld”) found an anomalous antiferro- 
magnetic behavior in the range of composition 
less than 15.5 at% Mn. He also concluded, 
standing upon the older phase diagram, that 
Mn.:Sn and Mn:Sn were ferromagnetic with 
Curie points of 178°C and —11.5°C, respec- 
tively. The ferromagnetism of the alloys in 
this system was noticed by some authors to 
be very sensitive to the heat treatment®).®. 


The present paper reports the results of 
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some magnetic measurements which have 
been carried out on all the three compounds 
Mns 67Sn, Mn:i77Sn, and MnSn:z, as well as 
the effects of heat treatments on the magnetic 
behaviors of Mn1.77Sn. 


§2. Preparation of Specimens and Experi- 
mental Procedures 


The compositions of the intermetallic com- 
pounds used for this study were Mns..7Sn, 
Mn: 77Sn, and MnSnz. These specimens were 
prepared as follows: Powders of electrolytic 
manganese (99.9%) and tin (five-nine purity) 
were mixed at the desired proportions, and 
the mixtures were sealed in evacuated glass 
tubes, and heated by an electric furnace at 
500°C for two days to promote the reactions. 
The starting materials thus obtained were 
next subject to the following heat treatments: 
For MnSn, the starting material was first 
crushed into powder, heated to promote the 
peritectic reaction, and the same procedures 
were repeated for several times, until the 
X-ray diagram confirmed a fairly complete 
formation of the compound. For Mn: .77Sn 
and Mns.7Sn, the starting materials were 
charged in alumina crucibles, sealed in evacu- 
ated silica tubes, and melted at 1100°C. Fi- 
nally, after homogenized at 840°C for 40 
hours, they were quenched into water. After 
this treatment, the specimens of Mn: 77Sn 
were held at every 50°C from 750°C to 400°C 
for several days, and then quenched into 
water. On the other hand, the specimens of 
Mnsz 67Sn were annealed at 750°C and 550°C 
for several days, and quenched into water. 

The specimens were examined by means of 
an X-ray diffractometer to ascertain their 
crystal structures. The temperature depend- 
ences of the magnetizations of these speci- 
mens were measured from the liquid oxygen 
temperature up to 900°K, under the field of 
7.5 kilo-oersteds, by means of a pendulum 
magnetometer in their ferromagnetic region, 
and also by means of a magnetic torsion 
balance in their paramagnetic region. In both 
apparatus the magnetization was determined 
by measuring the forces exerted on the speci- 
mens placed in an inhomogeneous field. 


$3. Experimental Results and Discussions 
Mn; «Sn 


The X-ray diagram for our specimen of 
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Mn: 67Sn had a similar feature to that reported 
by Nowotny and Schubert®, and then could 
be interpreted as corresponding to a hexago- 
nal, D0i. (NisSn) type of structure. But the 
lattice parameters are a@=5.67;A, c=4.520A, 
and c/a=0.798, and somewhat different from 
theirs. This forms a superstructure based on 
the close packed hexagonal one. According 
to the detailed examination of intensities of 
diffraction by Nowotny and Schubert, tin 
atoms in the structure for the stoichiometric 
(3:1) composition are randomly substituted by 
the excess atoms of manganese. 
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Fig. 1. Magnetic property of Mnz.6;5n. Depend- 
ences of magnetic susceptibility and its recipro- 
cal on temperature. 


Recently we reported that Mns »;Ge®), which 
has the same structure as Mns «7Sn, was anti- 
ferromagnetic in its disordered state. In Fig. 
1, are plotted the values of magnetic suscepti- 
bility for Mns.«7Sn and its reciprocals against 
temperature. As seen in the figure, the 
susceptibility begins to increase strikingly at 
270°K with increasing temperature and falls 
off rather abruptly at 400°K, and then de- 
creases gradually. The reciprocal suscepti- 
bility vs. temperature curve has a minimum 
and the Curie-Weiss law holds very well at 
higher temperatures. These features were 
not affected by the heat treatments mentioned 
above. Thus an antiferromagnetic behavior 
was also found in this phase of manganese- 
tin system, and the point of minimum of the 
1/%,—T curve, 365°K, might be the Néel tem- 
perature. The asymptotic Curie point and 
the effective number of Bohr magnetons, 
calculated from the straight part of the 1/%,— 
T curve, are —275°K and 3.58 respectively. 

Williams and Honda have made some re- 
marks on the existence of a thermo-magnetic 
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remanence. We also observed the thermo- 
magnetic effect below the Néel point besides 
the antiferromagnetic behavior described 
above. This phenomenon is quite simillar to 
the magnetic behavior of MnePd;°), which is 
antiferromagnetic and exhibits thermo-mag- 
netic remanence too. The complex situation 
of the magnetic properties of the compound 
is presumably understood by introducing a 
coexistence of ferromagnetic and antiferro- 
magnetic regions coupled by exchange 
interaction. But, taking into accout the non- 
stoichiometry of the compound, an alternative 
explanation for this phenomenon may be 
possible if we assume that an unbalance of 
spin arrangement is caused by the excess of 
manganese atoms. To clarify the mechanism 
of the phenomenon, more detailed investiga- 
tions will be necessary. 


Mn: 7;Sn 


The saturation magnetizations oy of Mn: .77Sn 
after the heat treatments are plotted against 
temperature in Fig. 2. As seen from the 
figure, it is ferromagnetic below the room 
temperature. The reciprocals of the values 
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Fig. 2. Magnetic property of Mn, 7;Sn. Temper- 
ature dependences of saturation magnetization 
and inverse susceptibility after annealed at 
840°C, 500°C and 400°C. 
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of the magnetic susceptibilities above Curie 
points are shown in the same figure. It is 
seen that, by the effect of heat treatments, 
the saturation magnetization o) at absolute 
zero of temperature, extrapolated from the 
dg—T curves, varies from 44 to 59 cgs emu/g 
and the Curie point Tc, determined from 
o°—T curves, also varies from 226° to 263°K. 
The 1/%,—T curves are concave against ab- 
scissa, and all asymptotic Curie points may 
be regarded to be positive. 
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Fig. 3. Dependences of Curie temperature, satu- 
ration magnetization, and paramagnetic mo- 
ments of Mn, 7;Sn on annealing temperature. 
The latter two are expressed in terms of the 
number of Bohr magnetons per manganese atom. 


The dependences of various magnetic con- 
stants on the annealing temperature are 
shown in Fig. 3, where Tc is the Curie tem- 
perature, zy is the saturation magnetization at 
0°K expressed in terms of the Bohr magneton, 
and mp» is the effective number of Bohr mag- 
netons calculated from the slope of 1/%,—T 
curves. As the annealing temperature is 
lowered from 840°C, (a) Ze increases mono- 
tonically from 226° to 263°K; (b) my remains 
nearly constant, 0.92, until the annealing 
temperature is lowered to 650°C, then incre- 
ases gradually toward its maximum value 1.23 
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at 500°C and finally decreases slightly at 
400°C; (c) mp does not change appreciablly, 
about 3.4. 

As to the crystal structure of Mni.77Sn, 
fortunately the result of detailed examination 
by Nowotny and Schubert?) was available. 


Fig. 4. Crystal structure of Mn, .77Sn (B8, type). 
Closed circles: A sublattice (2(a) site). Open 
circles: B sublattice (c and d mean 2(c) and 2 
(d) sites, respectively). d,=2.76A, d2=3.75A, 
d3=2.89A. 


According to their result, the Mn2Sn phase 
has a hexagonal, B&: type of structure, which 
is illustrated in Fig. 4, and has the atomic 
positions as follows: 


Dias Oe Me Ue, 
2(c) 1/3, 2/3, 


Op ype 
4-2/3, ts. o 45 

Z2(@) W/3,- 2/3, Si4s 2/3. 3.14: 
They reported that the lattice parameters 
were a@=4,37,A, c=5.475A, c/a=1.25, and the 
picnometric density was 7.40 g/cm*. These 
values gave 1.87 formula weights of Mn: 77Sn 
per unit cell, and the atomic arrangement 
was determined as follows: 
2 Mn in 2(a) 
1.87 Sn+0.13 Mn randomly distributed in 2(c) 
1.18* Mn distributed in 2(d). 


Now the X-ray diagrams for our specimens 
annealed at temperatures above 650°C had 


* This number of Mn in 2(d) was 1.30 in 
Nowotny and Schubert’s paper, but here the cor- 
rected number is shown. 
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quite similar feature to that of theirs, but the 
lattice parameters and the picnometric density 
had somewhat different values: a@=4.39sA, c= 
5.516A, c/a=1.25s, and 6.9 g/cm’, respectively, 
giving 1.74 formula weights of Mni.7Sn per 
unit cell. Therefore, the atomic arrangement. 
in these specimens may be as follows: 

2; Mn in 2(a) 

1.74 Sn+0.26 Mn in 2(c) 

0.82 Mn+1.18 atomic holes in 2 (d). 


However, it was clearly shown by the X-ray 
diagrams for our specimens that the hexagonal 
structure was modified in three stages in the 
course of heat treatments. The three stages. 
correspond to the following ranges of anneal- 
ing temperature: (1) above 650°C, (2) between 
600°C and 450°C, and (3) below 400°C. In 
the first stage, neither the diffraction angles. 

Table I. X-ray Diagrams of Mn,.7;Sn 
(Cu Ka radiation). 


I | Annealing Temperature 
n- : + 
dex Index 
840°C 500°C 400°C 
hk.l| 20 I 7A SE 20 I (hk. t 
NOZO 2324553 ISS. fhe ABN Wl DBS vik Al 30.0 
Doe & Ze 
26551 ORO TIZZA0 
LOM 2858.25 28.5) SLI ZSeSnoU 30.1 
ola 2 Mes M 
OOFZIS2-4 13S e 2a Nn? aaa 00.2 
Sele 10.2 
34.3 50 32.0 
se7a Uh TAZ 
SoROmad 40.0 
36.2 8 20.2 
soi0)e ffs 0) AL 
10.2; 40.4 31 | 40.4 43 | 40.5 50 3082 
TONSA ON aiec eA eZee ue Ae 33.0 
Ae EAI SS 42.0 
42.8 8 22a OUR 
AM PP 8) SEI 
202d S0kVe 16 SOS i) 5) OmO me OORE 
516m 6 1) 33} 
IA reson 100) tse) dls ll oxy) Sone 
pei Gy Ales 
10.3] 55.5 19 DOO eet n/a 30.3 
Werder) ao lal) 0 |e by NGO 
Se 1 AMES. 2B) 
21.0 64.8 4 63.0 
GaP nes 655Smo 44.2, 54.1 
00.4; 68.0 5 O19 AS N68 Omer ke 00.4 
20.3) (3) SOOO eo. Tee ome 60.3 
(faite) 2 73.0 
PAL | TAL OFM se Aa ee OS 63525) 6liS 
30.0| 74.7 8 BHO VEO VSs0 ME 90.0 
76 laieo hook 
(OROM <Suni\e OnidenG, 82.1 
114) 82.65 6.5 82-00 Sal 82. SarSsonoce4n ales 
T3R2 


* Indices in the last column are those with re-- 
spect to the larger unit cell, a’/=3a. 
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nor the intensities of the individual lines were 
varied appreciably, showing that the struc- 
ture was essentially unchanged from that 
described above. In the second stage, a few 
superstructure lines which could be indexed 
with lattice constants a’=3a and c’=c, the 
(42.0) line being the strongest among these, 
appeared and became stronger and stronger 
with lowering the annealing temperature. 
Finally, in the third stage, a great number of 
additional diffraction lines, which also could 
be indexed with a’=3a and c’=c, appeared. 

The picnometric density of our specimen 
was nearly constant at 6.9 g/cm’, irrespective 
of preceding heat treatment. This value is 
considerably smaller than that of Nowotny 
and Schubert, and our X-ray diagram gives 
the lattice parameters larger than theirs. 
These disagreements may be ascribed to the 
different procedures in the preparation of the 
specimens; ours were melted and solidified in 
vacuum, while theirs were made in the at- 
mosphere under salt flux. 

Now, the atomic sites 2(a) are different 
from 2(c) and 2(d) with respect to their sur- 
roundings. Thus, as shown in Fig. 4, the 
whole lattice can be divided into two sublat- 
tices; sublattice A consisting of 2(a) (closed 
circle) and sublattice B consisting of 2 (c) and 
2(d) (open circle). 

From the X-ray examinations, it appears 
that, in this compound, the crystal structure 
is not drastically changed and the population 
of manganese atoms among the two sublat- 
tices is not largely affected by the heat 
treatment. Moreover, ”~» stays nearly con- 
stant. Thus it seems that the magnetic 
moments of individual manganese atoms also 
are not changed by these heat treatments. 
We further assume that the magnetic mo- 
ments of individual manganese atom on the 
two sublattices have the following spin quan- 
tum numbers: 


S,=3/2 for 2 Mn in A sites 
Sp= 1 for 1.08 Mn in B sites 


Ny? may be calculated from these values as 
the weighted mean of S(S+1)g? and, if we 
assume the Landé factor to be g=2, this gives 
Ny=3.54, which may be compared to the ex- 
perimental values 3.48 to 3.25. In addition, 
when the two partial magnetizations are ab- 
solutely saturated in the oposite directions, 
the above S values give my=1.25 as the 
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ferrimagnetic moment, which is in good agree- 
ment with the experimental value for the 
specimen annealed at 500°C. Thus we are 
led to assume a negative (antiferromagnetic) 
interaction between the two sublattices, A 
and B*. It should be noted here that, in 
Fe: ¢67Ge'”, which has the same crystal struc- 
ture and also the same type of distribution 
of atoms among the atomic sites as in the 
present compound, the experimental values of 
both the saturation magnetization at 0°K and 
the paramagnetic moment above Jc are in 
good agreement with those calcutated from 
the assignments S=1 for Fe in the A sites, 
and S=1/2 for Fe in the B sites**. Since 
the manganese atom has one less electrons 
than iron atom, this may be regarded as 
another support to the above assumption of 
spin moments for manganese atoms in 
Mn: 77Sn. 

It may be interesting that the heat treat- 
ments do not affect the paramagnetic moment 
(Mp) of the compound above the Curie tem- 
perature, but give rise to changes in the 
saturation magnetization at 0°K (my) and the 
Curie temperature (Tc). The constancy of 
Ny, together with the result of X-ray analysis, 
has led us to assume the magnetic moments 
for individual manganese atoms to be con- 
stant. We shall discuss the variations in my 
and Tc below, in relation to changes in the 
interactions between manganese atoms owing 
to the change in the atomic distribution among 
the lattice sites, which is brought about by 
the effect of annealing. 

In addition to the above assumption that the 
interaction between the two sublattices (A-B 
interaction) is negative, we further assume 
that the interactions within the A lattice (A- 
A interaction) is negative and that within the 
B lattice (B-B interaction) is positive. These 
assumptions are equivalent to the assumptions 
that the exchange interactions for Mna-Mnag, 
Mng-Mng, and Mn,-Mng are negative, posi- 


* The ferrimagnetic structure of this compound 
is supported also by the dependence of the satura- 
tion magnetization upon the manganese concentra- 
tion within the region of the same phase, measured 
for the specimens annealed at the same temperature, 
500°C. The details will be reported later. 

*k According to our measurements, ny=1.59 and 
Np=3.14 for Fe; 6,Ge, and the calculated values are 
1.60 and 2.45, respectively. 
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tive, and negative respectively, and do not 
conflict with the interaction vs. Mn-Mn dis- 
tance curve (jJ-r curve) proposed experimen- 
tally by Guillaud® and by Willis and Rooksby’”, 
since the corresponding nearest neighbor 
Mn-Mn distances in the present compound 
are 2.76A, and 3.75A and 2.89A, respectively. 
The positive asymptotic Curie point, however, 
suggests the existence of fairly strong positive 
interaction, while the j-r curve leads to a 
weak one. Thus we propose a relatively 
strong positive one between the manganese 
atoms within the B sublattice, by the effect 
of superexchange interactions through the tin 
atoms, which lie in the same sublattice, the 
angle of Mn-Sn-Mn being 120°. This pro- 
posal of a superexchange interaction between 
manganese atoms through IVb elements is 
also supported by the fact that the magnetic 
behaviors of MnSnz, FeGez and Fe: .67Ge!”) can 
be also well understood by magnetic structures 
based on the superexchange interactions of 
this kind. 

Now we shall consider the behaviors of the 
magnetic constants my and Tc of the com- 
pound in relation to the variation of interac- 
tions caused by the structural variations in 
three stages. First we make the following 
assumptions: (1) In the initial state realized 
in the specimens annealed at 840°C, the 
(negative) A-B interaction is not so strong 
that the triangular configuration of the partial 
magnetizations such as discussed by Yafet and 
Kittel!” is brought about by the negative A-A 
interaction, lowering the partial magnetization 
My slightly (still M,>Mg), and (2) the A-B 
interaction is not affected by the short range 
order, but is increased by the formation of 
the long range order in the B lattice, i.e. 2 (c) 
and 2(d) sites of the B8:-type structure. Then 
the observed behaviors of the magnetic con- 
stants may be phenomenologically interpreted 
as in the following paragraphs. 

In the first stage, with the annealing tem- 
peratures above 650°C, it can be considered 
that a short range ordering takes place within 
the B lattice, giving no essential changes in 
the X-ray diagram. This ordering in the B 
lattice may bring about an increase in the 
positive B-B interaction which originates from 
the superexchange interaction proposed above. 
Then Tc may be increased by this increase 
in the positive interaction, while by the above 
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assumptions, the partial magnetizations Ma 
and Mg, and also my, are not changed appre- 
ciably, as long as the ordering is a short 
range one. 

It may be probable that the second stage 
corresponds to the growth of a long range 
order in the arrangement of the atoms and 
holes within the B sublattice, as a few super- 
structure lines appear and increase their 
intensities with lowering the annealing tem- 
perature. Then, by the above assumptions, 
the A-B interaction increases and makes the 
alignment of the individual moments within 
the A lattice more perfect, leading to an 
increase in the ferrimagnetic resultant mag- 
netization M,—Mg and therefore in my. The 
increases in the positive B-B interaction and 
also in the negative A-B interaction must 
bring about an increase in Tc. It can be 
considered that, with the development of the 
ordered structure at the end of this stage, 
500°C, the partial magnetization of the A 
sublattice, M,, reaches the value correspond- 
ing to the perfect alignment of the individual 
moments, and the resultant magnetic moment 
of the compound takes the value which may 
be approximated by the calculation based on 
the assignments S,=3/2 and Sg=1, as men- 
tioned above. 

In the third stage, with the annealing tem- 
peratures below 400°C, in addition to the 
superstructure lines which appear in the 
second stage, a large number of additional 
lines appear. It may be allowable to ascribe 
the increase in the number of the diffraction 
lines and the complication of the X-ray dia- 
gram to some displacements of constituent 
atoms from the normal positions in B&2-type 
structure, which may presumably be induced 
by the perfect ordering of the atomic holes 
in a lower symmetry. Such a deformation of 
the whole lattice makes the situation so com- 
plex that it is difficult to ascribe the observed 
behaviors of my and Tc to some changes in 
the interactions in a simple way. But it may 
be considered that the behaviors in this stage 
does not conflict with the above interpreta- 
tions. 


MnSn: 

The X-ray diagram for the specimen with 
the composition of MnSnz was quite similar 
to that reported by Nowotny and Schubert®, 
except the diffractions from white tin phase. 
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Thus the main phase in the specimen was 
identified with MnSnz, which was determined 
by them to have C16 type of structure. 

Fig. 5 (a) shows the temperature dependence 
of the magnetic susceptibility of the specimen. 
As seen in the figure, the ¥,— T curve has an 
anomalous feature; a small peak at 324°K 
followed by a sharp rise toward lower tem- 
perature. The reciprocals of the susceptibili- 
ties are plotted against temperature in Fig. 5 
(b). The 1/%;—T curve indicates the validity 
of the Curie-Weiss law at higher temperatures, 
and the straight part of the curve is extra- 
polated to the asymptotic Curie point of 
+190°K, and the slope of it corresponds to a 
paramagnetic moment of 3.48 Bohr magnetons 
per manganese atom. 
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Fig. 5. (a) Temperature dependence of magnetic 
susceptibility of the specimen with a composition 
MnSn;. (b) Temperature dependence of inverse 
susceptibility of the same specimen, with apart 
of (a) enlarged and estimated susceptibility of 
the compound MnSng, (dotted line). 


The rapid rise in the magnetization at lower 
temperatures may be ascribed to the ferri- 
magnetism of Mn2Sn phase, because the rise 
begins at a temperature corresponding to the 
Curie point of this phase. Moreover, though 
the X-ray diagram could not detect the pre- 
sence of this phase, it is rather natural to 
consider that the specimen of this composition 
contains this phase, because of the peritectic 
nature of the reaction in the formation of 
MnSn: phase. It is seen in Fig. 5 (b) that the 
susceptibility of MnSn2 corrected by subtract- 
ing the estimated contribution of Mn:eSn phase 
(dotted line) behaves like an antiferromagnet- 
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ism. Thus the temperature of the peak, 
324°K, may be considered as the antiferro- 
magnetic Néel point of the compound MnSnz. 

Recently, it was reported by Ochsenfeld” 
that the inverse susceptibility vs. temperature 
curves of the tin alloys containing less 
manganese than 15.5 at% exhibited anomalous 
antiferromagnetic behaviors. But these be- 
haviors can be interpreted as a superposition 
of the antiferromagnetism of MnSnz, men- 
tioned above, and the paramagnetism of dilute 
manganese alloy with tin, observed by Busch 
and Mooser’®. 


Fig. 6. Crystal structure of MnSn, (C16 type) and 
proposed magnetic structure. Closed circle: Sn; 
open circle: Mn. d;=2.72A, d2=4.70A, d3=5.43A. 


Now we shall discuss the magnetic structure 
of this compound. The structure of the com- 
pound is shown in Fig. 6. The nearest 
neighbor Mn-Mn distances are 2.72A along 
the c axis, 4.70A along the face diagonal in 
the basal plane, and 5.43A along the body 
diagonal. The angles of Mn-Sn-Mn for the 
pairs of manganese atoms along the face 
diagonal (second neighbor) and along the body 
diagonal (third neighbor) are 111° and 146°, 
respectively. According to the j-r curve for 
the manganese atom, mentioned in the discus- 
sion of Mn:7:Sn, the direct interactions be- 
tween manganese atoms may be negative for 
the pair of the first neighbors and positive 
for the pairs of the second and the third 
neighbors, corresponding to the interatomic 
distances above mentioned. The experimen- 
tal fact that the asymptotic Curie point of 
this antiferromagnetism is positive suggests 
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the existence of fairly strong positive inter- 
action. Thus, in addition to the direct 
interactions, it is likely that the positive super- 
exchange interaction between manganese 
atoms through tin atoms, proposed in the 
compound Mni.77Sn, plays an important role 
in this compound, too. In this structure, the 
superexchange interaction can exist between 
second and third neighbor manganese atoms. 
The interaction between the third neighbors 
would be stronger than that of the second 
neighbors for the sake of the proper angle of 
Mn-Sn-Mn. If the negative (direct) interac- 
tion between the first neighbors and the 
positive (indirect) interaction between the 
third neighbors overshadow the interaction 
between the second neighbors, the arrange- 
ment shown in Fig. 6 will be realized, since 
it makes all first neighbors antiparallel and 
all third neighbors parallel. The whole lattice 
is divided into two, crystallographically iden- 
tical, sublattices. Therefore, all manganese 
atoms may have the same value of spin mo- 
ment, to which we propose the value S=3/2. 
The effective Bohr magneton number per 
manganese atom in the compound is given 
by gV/S(S+1) and calculated to be 3.87, if 
we assume the Landé factor to be g=2, which 
is fairly in good agreement with the experi- 
mental value, 3.48. 
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The magnetic susceptibility measurements of ammine salts and an- 
hydrate salts of Mn++, Cot+, Nit++ and Cut++ ions at the temperature 
above 90°K have been carried out previously by Kido and the present 
author. The magnetic susceptibilities of these salts obtained by them 
show no deviation from the Curie-Weiss law down to 90°K. The results 
for magnetic susceptibility measurements of these salts at liquid helium 
and liquid hydrogen temperatures are given in the present report. The 
susceptibility measurements were carried out by the Hartshon bridge 
method. The salts which were studied are Mn(NHs3)g6Cl, Mn(NHs3):Cle, 
Mn(NH3)Cle, MnCl;, Co(NHs)gCle, Co(NH3)2Clz, Co(NH3)Clz, CoCl, Ni(NH3)s 
-Clz, Ni(NHs)e(ClO4)2, Ni(NH3)eCle, Ni(NH3)Clz, NiCl,, Cu(NH3),SO,.-H:20, 
Cu(NH3)2SO, and CuSO,. The antiferromagnetic or metamagnetic be- 
havior in all other salts except Mn(NHs3)sCls, Mn(NHs3)2Cle, Co(NH3)2Clo, 
Ni(NHs3)¢6Clz, Ni(NHs3)e(ClO4)2 and Cu(NH3)2,SO, was found in the tempera- 
ture range from 1.5°K to 20.4°K. The magnitude of the Weiss tem- 
peratures @ is largest for Ni+*+ and smallest for Mn++ in each coordinat- 
ed salts of M(NHs3)sClz, M(NHs3)2Clz, M(NH3)Cle and MCl, (M is one of 
Mn++, Cot+ and Nit+ ions). The unexpected results are found in the 
case of Ni(NH3)gCl, and Ni(NH3)¢(ClO4)2, as compared with the results of 


N.M.R. by Kim and Sugawara. 


$1. Introduction 


The reports of the magnetic susceptibility 
measurements of ammine complex salts are 
very few up to this time, especially, at low 
temperatures. Most of measurement in the 
present report was carried out from 20.4°K 
down to 1.5°K. The magnitude of the Weiss 
constant @ obtained from the susceptibility 
for Mn++, Cot+, and Nit+ salts except the 
hexammine salts is largest for Nit*+ and smal- 
lest for Mn** in the temperature above 90°K”. 
This order of magnitude is not changed also 
in the hexammine salts below liquid hydrogen 
temperatures. The Weiss temperatures 6’s 
defined in Eq. (1) of the salts of M(NHs):Clz 
and M(NHs)Cl: type (M is Co*+ and Ni** ions) 
are negative and these salts show the nature 
of metamagnetics like in CoCl, and NiCh. 
The unexpected results of Ni(NHs)sCle and 
Ni(NHs)s(ClO,)2_ «will be seen in the later 
chapter. 

The magnetic measurement for CuSO. was 
carried out by de-Haas and Gorter®’, Borovik- 
Romanov, Kalasik and Kleines‘), and Borovik- 


Romanov and Kleines*). But these results 
for a powder sample show the complicated 
behaviors, as seen in the later chapter. 

The method of the preparation of each 
sample was given in the previous report’. 
The measurements are made with an A. C. 
Hartshon bridge?) and the frequency for 
measurement is 120c/s, where as a static 
method was used in the previous study”. 
The thermocouple of copper-constantan is 
inserted into measuring vessel for the mea- 
surement of temperatures in the intermediate 
temperature range (from 20.4°K to 60°K), as 
shown in Fig. 1. The diameter of thermo- 
couple wire is selected as small as 0.06mm, 
in order to reduce the heat leakage from the 
thermocouple lead and to minimize the ex- 
perimental error by eddy current loss. The 
caliblation of e.m.f. of thermocouple has been 
carried out by the measurement of magnetic 
susceptibility for Fe(NH,)-alum. By darken- 
ing the inside of Déwar vessel, the time for 
the ascent of temperature in a sample is re- 
duced to about one hour and seven hours in 
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the temperature ranges from 4.2°K to 20.4°K §2. The Experimental Results 

and from 20.4°K to 70°K, respectively. The The values of molar susceptibility %m, the 
susceptibilities of Ni(NHs)zCle, Ni(NHs)Ck, magnetic moment fexp (the Bohr magneton 
NiCl.: and CuSO, in intermediate temperatures nit) and g-value in paramagnetic region are 
are measured by the above mentioned method. written as 
The sensibility of the thermocouple is not 


: ln= (1) 
enough when the measurement is started ee ea 
from 4.2°K and the error of temperature 1 SEC. 2 
measurement is +1.5~3°K. peso=—-y/ > = 2.839 C (2) 
UB N 
and 
z S=Pexp{S(S+])} , (3) 


where C, 0, k, us, N and S are respectively 
the Curie constant, the Weiss constant, the 
Boltzmann factor, the Bohr magneton, the 


Sample. Avogadro number and spin quantum number. 
Cu-constanten thermo- The values “of '\pep.. 2. 0 and) Fe (the 
couple. magnetic transition temperature) determined 


Copper wire. in the low temperature range are given in 
Primary coil. 


, the following tables and figures. 
Secondary coil ‘ 
Heater of constantan (1) Mn(NHs)«Cle, Mn(NHs)2Cle, Mn(NHs)Cle 


wrire (0.5mm 4). and MnCl: (Table I, Figs. 2 and 3) 
Dewar vessel for liquid (2) (Co(NHs)sCle, Co(NHs)2Cle, Co(NHs)Cle and 
hetiuin. we CoCh (Table II, Figs. 4 and 5) 
. Déwar vessel for liquid ’ t : 
: air. (3) Ni(NHs)6Cle, Ni(NHs)6(ClO.)2, Ni(NHs)2Cle, 
t Ni(NH:)Cl: and NiCl. (Table Ill, Figs. 6 
1 and 7) 
TEER (4) Cu(NHs)«SO.-(H20), Cu(NHs)2SO, and Cu- 


SO, (Table IV, Figs. 8 and 11) 


Fig. 1. Schematic picture of the coil system and §3. Discussion of the Results 


sample. The crystal structures of these hexammine 
Table I. 
Pexp g ") Tw 

Mn(NHs3)6Cle 5.92+0.04 2.0040.02 0.2+0.2°C —— 
Mn(NHs3)2Clz 5.84 4 1.98» ie: 
Mn(NHs)Cl, 5.82 9» 1.97 » 3 ot of 2.6°K 
MnCl, Nef) Y 1.96 a 3 " 2.0 

Table II. 

Pexp g 0 Tw 
3.70+0.04 4.27+0.02 (S=1/2) 2p O=- OR24@ 

Co(NHa)sClz 4. 8840.06 2.5340.03 (S=3/2) 17 £3°C#* ik 
Co(NHs3)2Cl, £5.00! sa ZOOM #7 —10 » *r 16°K 
Co(NHs3)Cl, 5210 7 PAs) Te —14 7 ek 20 


CoCl, 9.16 47 a | ti SIA) iy a 24 
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Table III. 
Pexp g 6 Tir 
Ni(NH3)¢Cly 3.08+0.04 2.20+0.02 S02 C- Sa 
Ni(NHs)o(C104)2 Bair 7 2.16 7 Oey ay 
Ni(NHs3)2Cl, 3.20+0.06 2.26+0.03 =—38 -+3°C** 30°K 
Ni(NHs3)Cl, 3.24 Ds PRS hi —46 » “os = 
NiCl, Seo ie 2a32.0 47 —67 +7 70K 50°K 
* The results in the range below liquid hydrogen temperatures. 
** The results in the range above liquid nitrogen temperatures. 
Table IV. 
Pexp g 7) Ttr 
Cu(NHs)4-(H:O)-SOx 1.7840.04 2.09+0.02 I AZADSEO-UAE Bn 
1.92+0.06 22a Oma 
CuSO, 2.10+0.06 Des ip Cane OMS 33°K and 50°K ? 
* 


‘“ 
* The results in the range below 4.2°K. 


** The results in the range above liquid nitrogen temperatures. 
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Fig 3. Molar susceptibility and receprocal molar 
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Fig. 4. Reciprocal molar susceptibility versus 
temperature (°K) for Co(NHs)6Cle. 
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Fig. 5. Reciprocal molar susceptibility versus. 
temperature (°K) for Co(NHs3)2Cle, Co(NHs3)Cls 
and CoCl:. 
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Fig. 7. Reciprocal molar susceptibility versus 
temperature (°K) for Ni(NH3)2Cl,, Ni(NH3)Clo, 
NiCl,. 
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Fig. 8. Reciprocal molar susceptibility versus 
temperature (°K) for Cu(NH;),SQ,. 
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complex salts belong to anti CaF. type®’, and 
it seems that the symmetry charactor of 
crystalline field is almost cubic. The crystal 
structures of diammine and monoammine 
salts are not yet known, and the crystal 
structure of anhydrous salt MnCl: belongs to 
Cdl: type”) and these of CoCl, and NiCl: be- 
long to CdCl: type. Hammel has suggest- 
ed that the symmetry of CuSO, belongs to 
the hexagonal symmetry and that three cop- 
per ions are contained in the unit cell. 


1) Mnt+ (3d5, °S:;2) 

Since the orbital level of this ion is singlet, 
the energy level of Mnt++ ion is not splitted 
by crystalline field and an anisotropy caused 
by the crystalline field does not remain. 
Thus, the most of the Weiss constant origi- 
nate from the isotropic exchange interaction. 

Mn(NHs)sClz and Mn(NHs)2Clz: @%0.2°C, g 
=2.00-+0.02 and the susceptibility obeys the 
Curie-Weiss law down to 1.5°K in the case of 
manganous hexammine chloride Mn(NHs)6Cle, 
as seen in Table I and Fig. 2. The tempera- 
ture at which magnetic anormally of this 
salt appears, is perhaps below 1°K. @=1°C 
and g=1.98+0.02 in the case of manganous 
diammine chloride Mn(NHs)2Clz. The values 
of susceptibility of this salt decrease some- 
what below the values expected from the 
Curie-Weiss law in the range below 1.8°K, as 
seen in Table I and Fig. 2. 

Mn(NHs)Clz and MnCl:: Manganous mono- 
ammine chloride Mn(NHs)Clz shows the anti- 
ferromagnetic behavior, as seen in Fig. 3. 
The value for susceptibility of this salt re- 
presents a maximum at the temperature 
about 2.6°K and this value decreases in the 
range below 2.6°K. The value of susceptibi- 
lity of manganous chloride anhydrate MnCl 
deviates from the Curie-Weiss law below 
about 2.0°K, but it is constant in the tem- 
perature range from 1.4°K to 2.0°K. The 
anomaly that Murray and Robert!® have 
pointed out, did not appear down to 1.4°K. 


2) Cott (3d’, 4Fs/2) 

Co(NHs)sClz: The value of the Weiss con- 
stant @ of cobaltous hexammine chloride Co 
-(NH3)sCle is larger than that of nickel hexam- 
mine chloride Ni(NHs)sClz above 90°K (@= 
17°C). Values of g-factor and 6 of Co(NHs)s 
‘Cl: below 20.4°K are different from these at 
high temperatures, as follows. 
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high temperature low temperature 


region region 

(above 90°K) (below 20.4°K) 
Pexp 4.88+0.06 3.70+0.04 
g 2.53+0.03 (S=3/2)  4.2740.02 (S=1/2) 
0 MC 2st O 


(from Table II and Fig. 4) 


These phenomena arise from the level 
splitting of ground state due to spin orbit 
coupling 4(L-S) (A=—200cm~). The suscep- 
tibility becomes nearly constant below 1.5°K. 
But the possibility that the value of suscep- 
tibility of this salt becomes constant in the 
very low temperatures, may be doubtfull, be- 
cause each orbital level of Co*+*+ ion has the 
Kramers’ doublet. The antiferromagnetic 
charactor of Co(H:0).Clz: at very low tempera- 
tures has been found by T. Haseda.!” 

Co(NHs)2Cle, Co(NHs)Cle and CoCh: The 
values of g-factor and @ for Co(NHs)sClz de- 
crease at low temperatures. Such behaviors 
would be expected also in the cases of Co 
-(NHs)2eClz, Co(NHs)Clz and CoChk, but could 
not be observed in the case of powdered 
samples. Co(NHs)2Clze and Co(NHs)Cl have 
respectively the magnetic transition points of 
16°K and 20°K, and the Weiss temperatures 
6 for both salts have negative signe (0<0), 
as seen in Figs. 4 and 5. The magnetic 
characters of these salts are similar to that 
of CoClz and it seems that these salts are 
metamagnetic. The present result of CoCl: 
agrees well with the result given by Bizette 
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3) ‘Ni+* d*, *Fi) 
Ni(NHs)sClz: The susceptibility of nickel 
hexammine chloride Ni(NHs)sClz becomes. 


nearly constant in the temperature range be- 
low 1.6°K, as shown in Fig. 6. The possible 
explanations of this behavior are such as the 
following two. 
i) The value of susceptibility seems to de- 
crease below 1.42°K to which the present 
measurement was performed and the Neél 
point may be somewhere about 1.5°K. 
ii) The ground level of Nit*+ ion which is 
splitted by the combined action of cubic field 
and spin-orbit coupling, is orbital singlet. 
And so the value of susceptibility becomes. 
constant in the temperature range correspond- 
ing to 4?/4:, where 4; is the level separation. 
The present experiment could not make 
clear the above two possibilities, because the 
measurement could not be carried out down 
to 1.0°K and the single crystal was not used. 
But if it is allowed to assume the latter situ- 
ation (ii) for the explanation of the present 
result, we may conveniently use the spin 
Hamiltonian method!” in the analysis of 
the result for Ni(NH.)-Tutton salt. The 
Hamiltonian is, in this case, 


GE = —DS#—ES2—S¥) 
+ gusH(aSz+PBSy+7Sz . (4) 
From the above Hamiltonian (4), the relation 
between the susceptibility and the tempera- 
ture is derived (in the case of Nit++ ion, S= 
1) as follows, 


ADE 


1 


' (D+EXD—3E) en 28/kr 
(D—E)(D+3E£) 


En (D+B)/kT 


(D—E\(D+3E) (5). 


Xm (powder) CT) = X mCpowder) (0) x 


and at absolute zero degree, 


2Ng2 p27 Da 3E. 


‘ POL 366") 
3 2E(D +E) 


X m(powder) (0) ae 


Some couples of the trial values of D and 
E are estimated from the relation (6) using 
extrapolated value to T=0. Substituting such 
values of D and E into the relation (5), final 
couple of the values are determined by com- 
parison with the experimental result. These 
values thus obtained at low temperatures are 


respectively 


D=43cm" and E£=5cm"™. 


1 + @-28/kr + e-(D+AV/kr 


als) 


Ol 


Xm 


(e} 
Ol OS ae i05 fey k on 2 


5 10 2 50 100 200 500 
TK 


Fig. 9. Calculated and measured molar suscepti- 
bility versus temperature (°K) for Ni(NHs)5Cle. 
A-calculated curve and B-measured curve. 
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Table V. 
: Tocca Yexp* Xcale** Temperature Xexp* Xcale** 
; O°K 0.0926*** 0.0926*** 10.0°K 0.0725 
1.42 0.09505 14.3 0.0520 
1.75 0.09433 14.75 0.0516 
2.00 0.0957 15e4 0.0508 
2.303 0.09416 15.9 0.0488 
2.97 0.09099 17.6 0.0457 
3.60 0.08851 20.0 0.0446 
4.00 0.0937 20.4 0.0415 
4,20 0.08547 79.0 0.0143 0.0146 
293 0.00395 0.00394 


* Yexp:—the experimental values of susceptibility. 


** — ¥a1:the calculated values of susceptibility. 


*k This is the inserting value in Fig. 9. 


The estimated values of susceptibility using 
above numerical values of D and E£, and the 
measured values of susceptibility in any tem- 
perature are given in Fig. 9 and Table V. 
The values of D-E and 2E are about 
twenty times larger than those of Ni(NH,)- 
Tutton salt which are determined from the 
results of E.S.R. or magnetic susceptibility. 
These values in nickel hexammine chloride 
salt may be hardly accepted as reasonable 
values, but they may explain the fact that 
the reasonance line of Ni(NHs)sCle could not 
be observed in the range below 74°K, 
although the wave length of 0.8cm was us- 
ed.‘?, While E.S.R. of this salt can be ob- 
served from room temperature down to 74°K. 
The color of this salt is blush purple in the 
region from room temperature down to 
liquid oxygen and pinky purple below liquid 
nitrogen temperatures. If above behaviors 
for Ni(NHs)sClz have been considered, the 
crystal structure of this salt may happen to 
deform in the range from 70°K to 80°K. It 
may be said that g-value of Ni(NHs)sCle in 
the range below liquid hydrogen temperatures 
is 2.20++0.02 which is somewhat larger than 
2.17+0.03 in the range above 90°K. 


Xmpowder) Ge) => Ge ae y+ Xe) 


Ni(NHs)6(ClOs)2: The magnetic character 
of Ni(NHs)s(ClOs)2 is different from that of 
Ni(NHs)sClz below 4.2°K, as seen Fig. 6. The 
values of susceptibility of Ni(NHs)s6(ClOs)2 in- 
crease even at 1.5°K, and the result for this 
salt obeys the Curie-Weiss law down to 
about 2°K. The color of this salt changes 
from bluish purple to pinky purple below 
80°K similarly to Ni(NHs)6Cle. 

If the exchange interaction energy is 
neglected, from the relation (5) and (6) the 
values of D and E are estimated respective- 
ly, as follows: 


D—O0icmi= andes oie Oicms4 


If the exchange interaction A-S:S; is con- 
sidered, the spin-Hamiltonian becomes!” 
CE = Se (Se Sy?) 
+ usg(HeS2+ HySy+ HeS2)+ AS-<S> 3 
Cr) 
AS:<S> in the above Hamiltonian represents 
the thermal equiliblium approximation of A- 
SiS; When the magnitude of exchange in- 
teraction is smaller than that of crystalline 
field splitting, the relation of %m and T in 
any temperature derived from the Hamiltonian 
(7) is given by (in the case of Nit+ ion, S=1), 


a5 Ng?ps®[{1—e-' + 9)/eT} /[( D+ E)-{1 +e PBk? + g~(D+ BET) 4 A] —e- (D+ Meri] 


+ {e-28/k? _ 9 (D+ M/k I )— FE) j {1 + e-28/kr en PERE}. + 2A {euler — e-(DeEn/Ery) 


+(1 See) ee {1 be 2B/kE + e-(D+E/ RT +2A(1 sare a) 


(8) 
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and in the absolute zero degree the relation 
Of Xm is 


Xm powder) (0) 

_ 2Ng?u5* il 1 

3 Grain Toye 
The relation of the Curie-Weiss law in the 
high temperature range is 
2Ng?42°/3 
3kRT+2A © 
* Above relations for the susceptibility have 
. been kindly derived for the present author 


XmCpowder) CE} = (10) 
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Fig. 10. Calculated and measured molor sus- 
ceptibility versus temperature (°K) for 
Ni(NHa)(ClO4)o. 

A-calculated curve and B-measured curve. 
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by Dr. T. Moriya. Each values of A, D and 
E whicn are determined by the similar pro- 
cess to the case of Ni(NHs)sCle are 


A=0./+0,]) cm", 
D=4,0 cm-! 

and 
£=20:38'cm 


The calculated values of susceptibility using 
above values of A, D and E, and the experi- 
mental values of susceptibility in any tem- 
peratures are shown in Fig. 10 and Table VI. 
According to the observation by Kim and 
Sugawara'®.!® the proton resonance lines of 
Ni(NHs)sCle (in powder and single crystals) 
and Ni(NHs)6(ClOs)2 Gn powder) disappear 
respectively at 1.6°K and 7°K. But the 
values of @ estimated from magnetic suscep- 
tibility and the temperatures for disappearance 
of N.M.R. lines in Ni(NHs)sCle and Ni(NHs)6. 
-(ClO.)2 do not agree with each other as 
shown in Table VII. The proton line of 
Ni(NHs)sClz disappears at 1.6°K where the 
value of susceptibility becomes nearly con- 
stant, but the proton line of Ni(NHs)«6(ClO.)2 
disappears at about 7°K while the susceptibility 
obeys the Curie-Weiss law down to 2°K. On 


Table VI. 
Temperature Yexp* Xealok Temperature Kexp* Yeale* 
: 0°K 0.525*** 0.525*** 10.0°K 0.110 
150) 0.420 BRO 0.0748 
1357, 0.4251 15.4 0.0709 
1.86 0.3963 16.1 0.0686 
2.50 0.3294 0.331 Weds 0.0655 
295 0.2930 20.0 0.0510 
Bol 0.2692 20.4 0.0522 
4.00 0.235 81.0 0.0149 0.0147 
4.20 0.2261 293 0.00408 0.00408 
' * Xexpi—the experimental value of susceptibility. 
*® X%ea;:—the calculated value of susceptibility. 
*&&k This is the inserting value in Fig. 10. 
Table VII. 
6 The temperature of disappearance of N.M.R. line 


Ni(NHs)oCle 8°K 
Ni(NHs)e(C104)2 0.7 


1.6°K (by Kim and Sugawara) 


1138 


the other hand, the proton line of Ni(H2O)s.- 
Cl. disappears at about 7°K. This salt is 
antiferromagnetic below 6.2°K? and _ the 
specific heat of this salt exhibits a lambda- 
shaped anamalous peak at 5.34°K.*” It seems 
that the disappearance of proton line in this 
case can be explained by the antiferromagne- 
tic transformation?”*. But when the results 
of Table VII are considered we can not infer 
that the disappearance of the proton lines of 
Ni(NHs)6Cle and Ni(NHs)6(C1O«)2 are due to 
the antiferromagnetic transition. On the 
other hands, if the disapperance are due to 
the spin-quenching below the temperature 
comparable to an interval of the splitting of 
ground levels, the temperature of disappea- 
rance of N.M.R. line should coincide with 
that of spin-quenching. But it is not the 
case. 

Ni(NH3)2Clk, Ni(NH:)Cle and NiCl:: The 
observed relations of %—T of Ni(NHs)2Clz and 
Ni(NHs)Cle are similar to each other, except 
the detail in the low temperature range as 
shown in Fig. 7. The sign of the Weiss 
constant # are negative (<0) and the order 
of magnitude of @ is 


lOxicvny),01, |< |Oxiana cig! <lOxica, | - 
(as seen in Table III) 


So, it may be probable that the magnetic 
characters of these salts are metamagnetic 
like in NiCk. The order of magnitude of 0 
indicates that Ni*++ ions are diluted magneti- 
cally by NH; ligand. The present result of 
NiCl: agrees well with the results of Bitter, 
Starr and Kaufmann”), and Bizette, Tisai 
and Terrier’?’. 


4) Cath (3d?) 2D) 

Cu(NHs)sSO.-(H20): The result of this salt 
in the temperature range between 1.02°K 
and 20.4°K was already published by the pre- 
sent author and T. Haseda**’. We have pro- 
posed the possibility that the magnetic in- 
teraction is probably linear chain like in this 
salt, in order to explain the magnetic sus- 
ceptibility of single crystals in that report. 

Cu(NHs)2SO.: The magnetic susceptibility 
of Cu(NHs)2SO. in the temperature below 


* Recently, Prof. T. Sugawara of Tokyo Uni- 
versity have found the symmetric pattern on pro- 
ton line with 180° period in Ni(H,O),Cl, due to the 
antiferromagnetic ordering at liquid helium tem- 
peratures.—private communication. 
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20.4°K deviates from the Curie-Weiss law in 
the temperature above 90°K. And the Weiss 
constant @ of this salt is almost zero degree 
in the temperature range from 1.5°K to 
4.2°K, as seen in Fig. 8 and Table IV. The 
following data of the magnetic moment Pexp 
and the Weiss temperature 9 are the quota- 
tion from Table IV. 


high temperature low temperature 


region region 
(above 90°K) (below 4.2°K) 
Pexp 1.92+0.03 pez 1.47+0.02 wr 
) SEBS 0 +0.2°C 


The magnetic moment pexp of this salt is 
1.47 wz in the temperature range from 1.5°K 
to 4.2°K as shown in the above results. If 
1.47 ez at the low temperature range is com- 
pared with 1.92 4s at the high temperature 
range, these results mean that 73% of the 
magnetic moment at high temperatures is 
free and that 27% of this is quenched by 
some reason in liquid helium temperatures. 
27% of magnetic moment corresponds to 15% 
of electron spin for S=1/2..;The»partial 
quenching of magnetic moment can be found 


10) 25 50 758 
Techs 


Fig. 11. Molar susceptibility versus temperature 
(0°K) for CuSO, anhydrate. EH’ and F’ are the 
susceptibility curve under the external applied 
field of 1000 and they correspond to H and F 
respectively. 
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Table VIII. 
CuSO, The temperature of dehydration time condition 
A 300°C lhr in air 
B 270 2hrs Y 
(E 300. 1 hr in vacuum 
D 300 —— +conc. H,SO, 
E 270 — y 
F 300 — +(NH4)2SO4 


also in the case of Crs(CHsCOO)s(OH)2Cl:-8H» 
-O*), but it seems that such a result can not 
probably be expected in the case of spin state 
of S=1/2 only. 

CuSO:: The magnetic measurement of Cu 
‘SO. anhydrate was carried out previously by 
de-Hass and Gorter®’ (1931), recently by Ro- 
manov-Borovik, Kalasik, Kleines) and Ro- 
manov-Borovik, Kleines®. The about twenty 
kinds of samples are prepared for the pre- 
sent experiment according to the several 
conditions of dehydrating process from the 
separate sources. The results of magnetic 
susceptibility of CuSO: anhydrate are dif- 
ferent from sample to sample at about 35°K. 
The curves of A, B, C, D, E and F in Fig. 11 
are respectively for the samples that were 
prepared by the conditions in Table VIII. 

The curve G in Fig. 11 is the results by 
de-Haas and Gorter. The curve H corres- 
ponds to the case in which the external 
magnetic field of about 1000 Oe is applied to 
the specimens A, B, C, D and E in the range 
between 10°K and 35°K, and E’ is for the 
case in which the external field of about 
1000 Oe is applied to the specimen E at the 
range between 38°K and 45°K. The curve 
F’ is also the result of application of magne- 
tic field of about 1000 Oe in the case of F. 

All the samples in the present results show 
the magnetic transition at about 35°K as 
shown in Fig. 11. The transition point of 
specific heat of lambda-type at 35°K was 
found by Stout?® and following to his report 
this peak of the specific heat corresponds to 
1/3 spin quenching (at S=1/2 state). The 
value of susceptibility in the transition point 
at 35°K is different for the each run, as 
mentioned above. The magnetic field depen- 
dency of susceptibility can be found respec- 
tively in the ranges from 10°K to 36°K and 


from 38°K to 45°K. The values of suscepti- 
bility decrease with increasing magnetic field 
in the former range and increase somewhat 
with increasing magnetic field in the latter 
range. It seems that the magnetic property 
in the former temperature range is parasitic 
ferromagnetism. The magnetic field depen- 
dency of susceptibility could not be found 
below 10°K, but the results in this tempera- 
ture range do not obey the Curie-Weiss law 
and these resulting curves (for the relation 
of X~T) have the asymptotic line to T=0. 
On the other hand, the sample of CuSO, 
which is produced from the mixed fusion 
state of CuSO.i+(NH,)2SO. was measured in 
the present experiment and the results are 
given by the curves F and F’ in Fig. 11. 
These results is different from the former 
results of the present experiment at about 
35°K, as seen in Fig. 11. The antiferro- 
magnetic character in this case does not ap- 
pear in the range between 38°K and 45°K, 
but this result is in agreement with the for- 
mer results in the temperature below 10°K. 
The narrow peaked values at 35°K in the 
former results may be enhanced by the cry- 
stal defect. It seems that such ambigous. 
results are attributed to the crystal imper- 
fection existing in the powder sample. Above 
all, the parasitic ferromagnetic character of 
this salt in the temperature range from 10°K 
to 35°K may be also attributed to the ex- 
istence of crystal imperfections probably. 


§4. Conclusion 

The following conclusions are derived from 
the results and the discussion of former 
chapter. 

i) The values of the Weiss constant @ de- 
crease with the increasing number of coordi- 
nated ligand in Mntt, Cot+, Nit+ and Cutt 
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salts. 

ii) The values of the Weiss constant @ in 
each ammine and anhydrated salts are 
minimum in the case of Mn** ion salt. 

iii) It seems that Co(NHs)sClz in the tem- 
perature below 1.5°K shows antiferromagne- 
tic character, because as pointed out in the 
preceding chapter the ground orbital level of 
Co** ion is triplet state and each orbital level 
has the Kramers’ doublet. The expectation 
that the susceptibility of Co(NHs)sCl: has 
constant value in low temperatures may be 
hardly probable. 

iv) The Weiss temperatures 6 of Co(NHs)2 
-Cls, Co(NHs)Cl:, Ni(NHs)2Cle and Ni(NHs)Cl. 
are negative and it seems that these salts 
show the nature of metamagnetism like in 
CoCl: and NiCle. 

v) The crystalline fields of Ni(NHs)sCle 
and Ni(NHs)(ClO:)2 are predominantly cubic. 
But the magnetic properties of these salts 
below 10°K are inconsistent with each other 
salts as mentioned in preceding chapter. The 
reliability of values of D and E in Ni(NHa). 
-Cle (in section 3) is not enough. On the 
other, if the consideration in section 3 is al- 
lowed, the values of level splitting of (D-E), 
2E and the value of the exchange interaction 
A of Ni(NHs).(ClO:)2 are very smaller than 
the values of Ni(NHs)sCh, and these values 
of the former salt are the same order with 
the values of Ni-Tutton salt. Kim and Suga- 
wara'®):+®) reported the result that proton re- 
sonance lines of Ni(NHs)s(ClO.)2 and Ni(NHs). 
-Cl: disappeared respectively at 7°K and 
1.6°K. So we can not produce any conclu- 
sion from the said dissimilarity between the 
result of N.M.R. by Kim and Sugawara and 
the present result of the magnetic suscepti- 
bility below 10°K. The proton resonance 
lines of Ni(NHs)sCle and Ni(NHs)s(ClOs)2 dis- 
appear in low temperatures, and these be- 
haviors can not be interpreted by the magne- 
tic transformation and can be hardly inter- 
preted by the energy level splitting. 

vi) The magnetic transformation of CuSQ, 
anhydrate is probably at about 35°K. But 
the reproducible result of magnetic suscepti- 
bility of this salt can be hardly obtained 
from the measurement of sample used in the 
present experiment. Such a nonreproducibili- 
ty of magnetic measurement at about 35°K 
might be caused by the crystal imperfections 
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which would be created in the dehydrated pro- 
cess. And it seems probable that the parasi- 
tic ferromagnetic character of this salt in 
the temperature range 10°K to 35°K is also 
attributed to the existence of crystal imper- 
fections. 


Acknowledgement 


The present author wish to express his 
sincere thanks to Prof. K. Kido who has en- 
couraged him for the present study, and 
Prof. E. Kanda and Dr. T. Haseda of Tohoku 
Univ. who have given him many facilities _ 
throughout this investigation. He says his ~ 
thanks also to Mr. Takashi Sato of the Re- © 
search Institute for Iron, Steel and Other 
Metals of Tohoku Univ. for his helpful as- 
sistance. This work was indebted to the 
Scientific Research Expenditure of the Sec- 
tion of Low Temperature of the Ministry of 
Education. 


References 


1) K. Kido and T. Watanabe: 
Japan 14 (1959) 1217. 

2) C.J.Gorter: Paramagnetic Relaxation (Leiden 
1947). 

3) W. J. de-Haas and C. J. Gorter: 
munication (1931) 215a. 

4) A.S. Borovik-Romanov, V. R. Karasik and N. 
M. Kleines: J. Exptl. Theor. Phys. (U.S.S.R.) 
31 (1956) 18. 

5) A. S. Borovik-Romanov and N. M. Kleines: 
J. Exptl. Theor. Phys. (U.S.S.R.) 33 (1959) 
1119. 

6) R. W. G. Wyckoff: Crystal Structures. Vol. 
2 Interscience Pub. New York (1951) 34. 

7) R. W. G. Wyckoff: ibid Vol. 1 (1948) IV 19. 

8) R. W. G. Wyckoff: ibid IV 21. 

9) F. Hammel: Ann. Chem. 11 (1939) 247. 

10) R.M. Murray and L.D. Roberts: Phys. Rev. 
100 (1955) 1067. 

11) T. Haseda: J. Phys. Soc. Japan 12 (1959) 
1051. 

12) H. Bizette, B. Tsai and C. Terrier: 
rend 243 (1956) 1295. 

13) A. Abragam and M. H. L. Pryce: 
Soc. A205 (1951) 135. 

14) J. H. E. Griffice and J. Owen: 
Soc. A (1952) 459. 

15) T. Haseda and M. Date: 
13 (1958) 175. 

16) M. Date: J. Phys. Soc. Japan 16 (1961). 

17) T. Moriya: Private communication. 

18) P.H. Kim and T. Sugawara: J. Phys. Soc. 
Japan 13 (1958) 968. 


J. Phys. Soc. 


Leiden com- 


Compt. 
Proc. Roy 
Proc. Phys. 


J. Phys. Soc. Japan 


1961) 


tO) e) Pes rscksimis 
445. 

20) T. Haseda, H. Kobayashi and M. Date: Afr 
Phys. Soc. Japan 14 (1959) 1724. 

21) W. K. Robinson and S. A. Friedberg: 

Rev. 117 (1960) 402. 

T. Sugawara: Private communication. 


J. Phys. Soc. Japan 15 (1960) 


Phys. 


22) 


Mn**, Cott, Nit+ and Cut+ Ammine and Anhydrate Salts at Low Temperatures 


1141 


23) C. Starr, F. Bitter and A. R. Kaufmann. 
Phys. Rev. 58 (1940) 977. 


24) T. Watanabe and T. Haseda: J. Chem. Phys. 
29 (1958) 1429. 
25) J. Wiicher and H. M. Gijsman: Physica 20 


(1954) 361. 


26) J. W. Stout: J. Chem. Phys. 9 (1941) 285. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 16, No. 6, JUNE, 1961 


Ultrasonic Attenuation in Tin Single Crystals 


at Low Temperatures* 


By Kazuo KAMIGAKI 


The Research Instituie for Iron, Steel and Other Metals, 
Tohoku University, Sendai 


(Received November 14, 1960) 


The ultrasonic attenuation coefficient and velocity in the superconduct- 
ing and the normal states of tin single crystals were measured at tem- 


peratures between 1.5° and 4.2°K. 


It was found that (1) the anisotropy 


of ultrasonic attenuation in different crystallographic directions exists in 
the case of comparatively long wavelengths (the product of the mean free 
path of conduction electrons and wave number of sound waves is less than 


unity). 


(2) Also the ratio of longitudinal to shear wave attenuation was 


found to be larger than that predicted from the free electron model. 


$1. Introduction 

The recent theory of superconductivity 
prosed by Bardeen and others (BCS)" makes 
clear the nature of phonon-electron interac- 
tion in the superconducting state. This theory 
is founded on the spherical or isotropic energy 
distribution of conduction electrons in mo- 
mentum or wave vector space. In real metals, 
however, the Fermi surface is not spherical. 
_ Recently, Morse”) and Bezuglji® found in tin 

single crystals the anisotropic deviation of 
the ultrasonic attenuation from the BCS 
theory in the frequency range of g/>1, where 
q is the wave vector of ultrasonic waves and 
J the mean free path of the conduction elec- 
trons. In connection with these experiments, 
the present author planned to measure the 
ultrasonic attenuation and velocity of the 
longitudinal and the shear waves along dif- 


* The expense of this work was partly defrayed 
by the Grant-in-Aid for Fundamental Scientific 
Research of the Ministry of Education. 


ferent crystallographic directions of tin single 
crystals for the frequency range g/<1. 


§2. Test Piece and the Method of Measure- 
ments 

The tin single crystals (99.98 per cent) 
were prepared by the Bridgman method. Each 
specimen was machined into a rod about 1.2 
cm in diameter and 1.2cm in length. The 
crystallographic directions of the specimens 
were determined within +1° by the light 
figure method‘’. The specimen was placed in 
a liquid helium cryostat of the usual type. 

The ultrasonic attenuation coefficient was 
measured by the pulsed wave technique. The 
electronic apparatus and the measuring pro- 
cedure were the same as those used in the 
previous measurements®). The frequencies of 
the ultrasonic waves used in the present ex- 
periment were 9, 15 and 25 Mc/s respectively. 
Quartz crystals were used as transducers: an 
X-cut disk 0.7cm in diameter was prepared 
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for the longitudinal waves and a rectangular 
Y-cut plate 1x1.02cm in size for the shear 
waves. The crystals were cemented to the 
specimens with Bond CA 100. The accuracy 
of the attenuation measurement was =¢3 per 
cent. Sound velocity was determined by 
measuring the time difference of successive 
pulses by means of an electronic delay circuit, 
and the accuracy of measurement in this case 
was about 2 per cent. A maximum magnetic 
field of 600 Oe was applied to destroy the 
superconducting state of the specimen. 


Results of Measurements and Discus- 
sions 


§ 3. 


First, the variation of longitudinal attenua- 
tion at 15 Mc/s with the magnetic field was 
measured and the results are shown in Fig. 1. 
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Fig. 1. Dependence of longitudinal ultrasonic at- 


tenuation on the magnetic field. The broken 
line shows the attenuation at 4.2°K and the solid 
line at 1.66°K. 


The broken line shows the attenuation at 
4.2°K, which is a temperature above the 
superconducting transition point 7:; only a 
slight effect due to the magnetic field could 
be observed. While the measurement at 
1.66°K, which is below Tc, shows that the 
attenuation increases with the field strength 
gradually from about 200 Oe and becomes 
saturated at about 500 Oe as is shown by a 
solid curve in Fig. 1. By reversing the field 
direction the attenuation follows the hysteresis 
curve, this would be due to the heterogeneous 
transformation between the normal and the 
superconducting states. The same feature 
was observed in the shear wave attenuation. 

Longitudinal and shear wave attenuation 
coefficients at 15 Mc/s were measured at tem- 
peratures between 1.5°K and 4.2°K. The re- 
sults are plotted in Fig. 2, the direction of 
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transmission being shown on the pole figures. 
As was shown by the previous measure- 
ments*.7.®) the attenuation coefficient in the 
superconducting state decreased rapidly just 


below Je and then slowly with further lower- 
ing of temperature. On the contrary, at- 
tenuation in the normal state was found to 
remain almost unchanged with temperatures. 
The same attenuation behavior was also ob- 
served at 9 and 25 Mc/s. 
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Fig. 2. Longitudinal and shear wave attenuation 
coefficients at 15 Mc/s. 


Temperature 


Longitudinal and shear wave velocities vz and 
Vr were measured for the same specimen and 
the results obtained are shown in Fig. 3. In 
the present case, both vz and vr were almost 
unchanged with temperature and with the 
transformation between normal and _ super- 
conducting states within the accuracy of the 
measurement?®,®, 

It is to be noted here that there is, of 
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‘course, a background attenuation which is 
non-electronic in origin. The electronic at- 
tenuation was determined by extracting the 
extrapolated superconducting attenuation to 
0°K. Both superconducting and normal state 
attenuations, which are electronic, are taken 
from this extrapolated value and written as 
a(T) and aT) at T°K. Now in Fig. 4 the 
values of a,(O) along the same crystallo- 
graphic direction at different frequencies are 
plotted against the square of the frequency. 
As this figure shows, the value of attenua- 
‘tion is proportional to the square of the fre- 
qency. The dependence of attenuation on 
‘frequency f was discussed by several authors 
in a classical?) and in a quantum mechani- 
cal way”), which showed that @p is propor- 
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Fig. 3. Velocity of the longitudinal and the shear 
waves. 
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Fig. 4. Relations between an and the square of 
the frequency for longitudinal and shear waves. 
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tional to f or f? according as g/>1 or <1; 

hence it is concluded for the present case that 

ql<1. In such a case the attenuation of the 

longitudinal waves is written in the follow- 

ing form 

a 8 nef hi (30?N 8 
15 ovz3 e 


’ (3) 


where 0 is the density, o the electrical con- 
ductivity, N the number of electrons in the 
unit volume, and e the electron charge. From 
the slope of the curve in Fig. 3, the value of 
product N?/%o is found to be 0.63 x 10*4.* 
According to the BCS theory of superconduc- 
tivity which was based on the spherical 
Fermi surface assumption, the variation of 
ultrasonic attenuation with temperature is 
given for the case of gi/>1. However, this 
assumption is not exactly applicable to the 
real metals. Some deviation from the theore- 
tical curve was found out in the measured 
values for different directions of a crystal in 
the case of gl/>1?.®. Now, in Fig. 5 the ratio 
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Fig. 5. Ratios between superconducting and nor- 
mal state attenuation of longitudinal waves at 
15 Mc/s for various orientations of tin single 
crystals. 


as/an is plotted against reduced temperature 
for different crystallographic directions, which 
shows that also in the case g<1 the observed 
values for different orientations deviated from 
each other. a@s/am is slacker in the directions 
near [100] than the other. This tendency 


* The residual electrical resistance of the pre- 
sent specimen is estimated at 210-8 2-cm, making 
use of equation (1) and measured values of resis- 
tance 1X10-19.@-cm and attenuation 0.82 neper/cm 
(10.3 Mc/s) in 99.999% tin single crystal®). 
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agrees Closely with the results obtained in the 
case of gl>1. The origin of such anisotropy 
will be the deviation of the electronic energy 
contour from the spherical symmetry in the 
tetragonal tin crystal. 

Moreover, according to the classical calcula- 
tions’?.'), the ratio of the electronic attenua- 
tion of longitudinal waves az to that of shear 
waves ar at the same frequency is given 

ar 4 vr 
ape ee 


(2) 


assuming the isotropic velocity distribution 
for conduction electrons. Making use of the 
observed values in Figs. 3 and 4, the applic- 
ability of the above equation is examined. As 
shown in the following Table, 4v7°/3vz> is 


Table I. 
ay Ur® ar ar ar 
3 ype fz f? ar Ratio 
ijn) 
(Mc/s)? 
Author’s result 0.18 0.60 UR Qeey Osta 
On24,  0).92 


Mason, Bommel 0.22 0.29 1.2 


obtained as 0.18; while from the slope of both 
curves in Fig. 4, az/ar is found to be 0.35 in 
the direction shown in the pole figure, so that 
the ratio of both sides of equation (2) is 
calculated as 0.51. This value is less than 
the value 0.92 due to Mason and Bommel? in 
the direction near [100]. The deviation of 
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both values from unity would result from the 
assumption of isotropy used in the theory. 

The author wishes to express his sincere 
thanks to Prof. T. Hirone and Prof. Z. Mikura 
for their kind guidance throughout the pre- 
sent work. 
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The thermoelectric power of magnesium-cadmium alloys was measured 
relative to pure copper at temperatures between room temperature and 
300°C. The measurements were made in the entire ranges of the com- 
position and the data were analyzed by a band-model approximation to 
obtain some information about the band structure of the alloys in the 
magnesium-cadmium system. 

The thermoelectric power at 300°C as a function of composition shows 
a smooth trend as well as that of an earlier investigation of the Hall 
measurements!), although the result of the thermoelectric power at room 
temperature shows that there are three maxima and two minima, while 
the result of the Hall coefficient gives two maxima and one minimum. In 
the alloys of the composition corresponding to the ordered phase, ano- 
malies in the thermoelectric power are observed at the transition point. 
The results of the thermoelectric power indicate that there is no evidence 
of any extinction or initiation of a band by the alloying. The situation 


of the Fermi level in A-overlap is discussed. 


Su. 


The relation between an axial ratio and an 
electronic band structure of some hexagonal 
alloys has been studied by a number of 
investigators?-®. The measurement of axial 
ratio, however, gives only indirect evidence 
of a variation of the band structure with 
alloying. 

The experiments on transport properties, 
such as the Hall eflect and the thermoelectric 
power which are sensitive to the condition of 
the conduction electrons, are desirable to 
obtain the direct information on the band 
structure. It is of great interest to study 
magnesium-cadmium system because there is 
a solid solution range in the entire compo- 
sitions at higher temperatures, and the vari- 
ation of the axial ratio is appreciably large, 
namely, the ratios are 1.887 for cadmium and 
1.623 for magnesium”. The Hall measure- 
ments have indicated that the variation of 
the assumed bands is partly agreement with 
what is supposed by the results of the axial 
ratio measurements. The both measurements 
can not, however, show the detailed features, 
such as the initiation and the extinction of a 
band. 

The present work will give a further infor- 
mation to this question. The variation of the 
thermoelectric power on the order-disorder 
transition is also investigated, and is discussed 


Introduction 


at the comparison with the results of the Hall 
effect which have been reported recently by 
Yonemitsu and Sato”. 


§2. Experimental Procedure 


Eleven alloys were prepared for this inves- 
tigation in the same way as for the Hall 
measurement”. The purity of the constituent 
metals is 99.9% for both magnesium and 
cadmium. 

In the present measurement, a differential 
methods was used in place of a usual one, 
and the thermoelectric power of the speci- 
mens was obtained relative to pure copper 
and then the absolute thermoelectric power 
of the sample was determined by adding the 
known absolute thermoelectric power of pure 
copper observed by Cusack and Kendall?®. 
The thermoelectric power of the specimens in 
the temperature range of the order-disorder 
transformation can not be observed by means. 
of a usual method of measuring the thermo- 
electric force. The reason is as follows: In 
this method, one end of the sample is held 
at some constant temperature, for instance, 
at 0°C, and the other end is heated slowly up 
to scheduled temperature, then the thermo- 
electric voltages with increasing temperature 
are obtained and are differentiated with res- 
pect to temperature in order to obtain the 
thermoelectric power at every temperature. 
Therefore, when we try to measure the ther- 
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moelectric power during the order-disorder 
transition with this method, the lower end of 
the specimen is in an ordered state while the 
higher end is in a disordered state. Thus, 
observed thermoelectric voltage between these 
two ends may have no physical meaning. 

We have employed the differential method 
for above reason, but this method has the 
same sort of disadvantage as the former one, 
although the extent of the disadvantage is far 
smaller. In an ordered alloy the order para- 
meter is given as a function of temperature. 
When the two ends of such an alloy are kept 
at some different temperatures each other, 
these two ends have different states of order 
in their equilibrium. Unfortunately, without 
keeping two points of a specimen at the 
different temperatures, we essentially can not 
measure the thermoelectric power. This is 
the reason why the thermoelectric measure- 
ment can not be used in the investigation of 
the kinetics of the orderdisorder transition in 
spite of its sensitivity to the transition. This 
flaw, however, may be able to be diminished 
appreciably with the reduction of the temper- 
ature difference between the two ends. In the 
differential method used here, the difference 
of temperature was four to six degrees near 
the transition points. 

When we measure the thermoelectric power 
of a specimen at the temperature at which 
the order-disorder transition occurs, we shall 
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meet the other difficulty, that is the anomalous 
heat absorption during the transition. The 
variation of temperature difference between 
two ends of the specimen is so rapid that we 
could hardly observe the thermoelectric power 
at these temperatures. In the present meas- 
urements, heating of the specimens was made 
at the rate as slow as possible in order to 
avoid the above effect. The rate was about 
0.5°C/min. or less. In spite of various ex- 
perimental cares, the thermoelectric power in 
equilibrium state during the order-disorder 
transition can not essentially be measured by 
the above reasons. For the present discussion, 
however, the accurate data for perfect ordered 
and disordered states are necessary rather 
than the data for intermediate states. In the 
present work, all the specimens were measured 
in argon atmosphere. 


§3. Results 


Concentration dependence 

The absolute thermoelectric power of cadmi- 
um at 300°C is obtained to be 8.03 microvolt 
per degree, and decreases monotonically with 
the increasing contents of magnesium, then, 
for the pure magnesium, reachs the value of 
0.77 microvolt per degree. The magnesium- 
cadmium system has a single phase over the 
entire compositions at higher temperatures 
than 253°C. At these temperatures, all the 
alloys have a hexagonal close-packed structure 
but the axial-ratios are appreciably different 
for different compositions. On the other hand, 
at the lower temperatures, e. g. at room tem- 
perature, it has been reported that three 
ordered phases are present. Because of the 
existence of these phases, there is a notable 
difference between the composition dependence 
of the thermoelectric power at 300°C and that 
at room temperature. The concentration 
dependence of the both cases are given in Fig. 
1. The thermoelectric power as a function of 
composition has two minima for the composi- 
tions corresponding to MgCd; and Mg:Cd and 
it has a maximum for the approximate com- 
position corresponding to MgCd. This be- 
havior is in contrast to that for the Hall coef- 
ficient which shows two maxima for MgCds 
and Mg:Cd and a minimum for MgCd. In 
both cases, however, the compositions of 
ordered phases correspond to the extreme 
value. Extra two maxima are observed in 
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the result of the thermoelectric power. 


Temperature dependence 

The temperature dependences of thirteen 
alloys are shown in Fig. 2-6. At higher tem- 
perature region, i.e. in the disordered state, 
all the specimens except cadmium have the 
tendency that the thermoelectric power de- 
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creases with increasing temperature. For 
cadmium the thermoelectric power shows an 
anomalous behavior which has a maximum at 
about 250°C. 

For the ordered phases, the temperature 
dependence is more complicated than that for 
the disordered phase. The thermoelectric 
power increases with increasing temperatures 
for both ordered phases, MgCds and MgsCd, 
while for MaCd its thermoelectric power ap- 
pears to decrease with elevating temperature. 


§4. Discussion and Conclusions 


The magnesium forms the substitutional 
solid solution with the cadmium in any com- 
positions at high temperatures. Although 
magnesium and cadmium are both divalent 
metals, each axial ratios are 1.6235 and 1.885 
at 310°C, respectively. It has been found by 
Hume-Rothery and Raynor that the axial- 
ratio of the alloys of both metals shows a 
monotonic and continuous change with com- 
position. The lattice-spacing relation has 
been interpreted in terms of the electronic 
structure and the sizes of their constituent 
atoms. As for the variation of the electronic 
structure is concerned, however, the measure- 
ments of the electrical properties are more 
suitable than the lattice parameter is. In the 
earlier work", we observed the concentration 
dependence of the Hall coefficient in order to 
study the electronic structure of magnesium- 
cadmium alloys. The Hall effect measure- 
ments show that most of the results agree 
with those given by the lattice-spacing meas- 
urements. There are some disagreements, 
however, between them if we study in detail. 
The present work is done in order to obtain 
further informations about the overlaps and 
the holes. 

The first Brillouin zone of a hexagonal 
close-packed structure can contain just two 
electrons per atom, and the alloys in this 
system have two conduction electrons per 
atom. Therefore, we may consider that the 
number of electrons in the overlaps and of 
holes are relatively small and they will be- 
have as free electrons. So we can write the 
thermoelectric power of this system as fol- 
lows® 


S= 3 aSi/>i 0, (ls) 


where oi is conductivity, S; is the thermo- 
electric power when only the band 7 is pre- 
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sented in the system and 7 refers the species 
of band. In order to interpret the results of 
Hall measurements obtained by us we have 
assumed that there are two overlaps and two 
holes. These overlaps and holes may contain 
less carriers than a quarter per atom, there- 
fore the relaxation times of them have such 
a dependence as t=tE~-"?, to is independent 
of the energy. If such a dependence and the 
standard form of bands are assumed, it can 
be expressed as 
oSi=aai(mie’ri/mi*)( 7°? T/3e€s) 

=aer? kh? TCitio/3mi* , (2) 
where mv is the number of carriers and m: is 
given as C:5/? €;, € is the Fermi energy, and 
a is the dimensionless constant being —1 for 
a normal band and +1 for an inverted one. 
Ci is an energy-independent parameter. The 
other symbols have their ordinary meanings. 
The equation (2) indicates that o:S: is inde- 
pendent of the Fermi energy of the band 2. 
In other word, the term o:S: becomes to be 
independent of the number of carriers, the 
number being changed by alloying®’. 

As a fact, the resultant thermoelectric 
power would be proportional to the total resis- 
tivity’. This provisional composition-depend- 
ence, however, is quite different from the 
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observed one as compared with Fig. 7. This 
difference may indicate that either of our as- 
sumptions is wrong. Since the assumption 
that all the carriers behave as nearly free 
electrons is allowed for a band possesing small 
number of carriers, the another assumption 
that there exist only four bands, oe ie), OF uae 
6, should be corrected. Then, let us try to 
find any other band in the alloys by which 
we can explain the present results. The first 
Brillouin zone of the close-packed hexagonal 
structure is shown in Fig. 8. For electron 
moving in all directions, there is an energy 
discontinuity across the A-faces in the figure, 
except the edges of the faces, such as PQ and 
QR. The Brillouin zone shown in the figure 
is the smallest volume in k-space surrounded 
everywhere by an energy discontinuity for 
electrons moving in all directions. It is called 
the complete zone. With the subtraction of 
the small truncated prisms from the com- 
plete zone, we can get the so-called incomplete 
zone. One of the truncated prisms is shown 
in the figure by dotted lines. There may 
exist an overlap from the incomplete zone 
across the A-faces into the truncated prisms. 


B-or B- Overlap 


Q-or a —Overlap 


Fig. 8. The first Brillouin zone of h.c.p. struc- 
ture. 


The overlap will be termed the A-overlap. 
By taking into account this overlap, we will 
qualitatively explain the present experimental 
results. 

The relation between the state density and 
energy in A-overlap is shown in Fig. 9. If 
the Fermi level in this overlap passes from 
Lto M with increase of magnesium contents, 
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we will expect the actual concentration 
dependence’. If we concern with only the 


variation of axial ratio, the movement of 
Fermi level should occur in the opposite direc- 
tion as suggested by Hume-Rothery and 
Raynor. However, we can interpret this 
situation by the fact that the energy gap at 
A-face will be changed with alloying. 


Density of states N(E) 


Energy E 


Fig. 9. The assumed energy density of A-overlap. 


Let us consider the initiation and extinction 
of bands in this system. Mott and Jones ex- 
pected that there exist A- and B-overlaps in 
cadmium and A- and Q-overlaps in magnesium 
by their calculation!”. If this conclusion is. 
true, the Q-overlap will extinct and the B 
overlap will initiate at some compositions 
when the concentration of cadimum increase 
from pure magnesium. If it is assumed that 
the initiating or extincting bands are normal 
form, the initiation or extinction gives rise to 
a discontinuous change in the thermoelectric 
power of the system®.®”. From our results 
such a discontinuity can not ke detected. 
Therefore, there are no evidence of the initia- 
tion or extinction of bands in the whole 
ranges of concentration. 

The influence of ordering formation on the 
thermoelectric power also will be discussed. 
The Hall measurement shows the following 
results: In all the super-lattice alloys in this 
system their Hall coefficients are increased by 
the formation of order”. As given in the 
preceding section, however, the variation of 
thermoelectric power in the order-disorder 
transition is not so simple. When ordered 
states are destroyed near transition tempera- 
ture, a decrease of the thermoelectric power 
is observed in the cases of MgsCd and MgCd,. 
but an increase for MgCds. 

The variation of the Hall coefficient has 
been interpreted in terms of newly formed 
Brillouin zones being established by the forma- 
tion of ordered state. Such a disagrement 
between the Hall coefficient and the thermo- 
electric power in the tendency of the varia- 
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tion by the transition may be interpreted by 
considering the following factor: The A-over- 
lap will make an important role for the 
thermoelectric power than for the Hall coef- 
ficient, because all the bands in these alloys 
except A-overlap may be supposed that they 
posses the standard form and considerably 
small numbers of carriers. The both ordered 
structures, Mg:sCd and MgCds, are hexagonal 
close packed but their lattice parameters and 
axial ratios are of course different from those 
of the disordered structures. In MgCd, the 
structure makes a slight deformation into a 
orthorohombic structure by the formation of 
order'?. These variations of the structure 
may give inevitably rise to the variations of 
Brillouin zone boundaries and of the energy 
gaps across the zone boundaries!*-*, 

The first Brillouin zone of the disordered 
structure is closely related to the Fermi sur- 
face since the magnesium-cadmium alloys are 
divalent. On the contrary, the Fermi surface 
of CusAu may be fairly apart from the Brillouin 
zone boundaries of the disordered structure, 
but it may be closely related to the boundaries 
of the ordered structure'®.'”. For such a sys- 
tem, we may conclude that the variation of 
the transport properties in order-disorder 
transition is responsible for the interaction 
between the Fermi surface and the Brillouin 
zone of the ordered state. 

In the case at hand, the Brillouin zone of 
the disordered structure is in strong interac- 
tion with the Fermi surface. When the 
ordered state is formed, the Brillouin zone 
which has been formed in the disordered 
structure is deformed and the energy gap 
across its zone boundary may be influenced 
appreciably. These changes will make an 
important role to the conduction phenomena 
of these alloys, though the interaction be- 
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tween the newly established Brillouin zone on 
the formation of ordered state and the Fermi 
surface will produce an effect. Then it is 
difficult to say how the Brillouin zone formed 
by ordering contributes to the physical pro- 
perties of the alloys in this system. 
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The thermal conductivity of semiconductor due to the resonance transfer 
of ionization energy of impurity state caused by the interelectronic inter- 
action is calculated in each of three temperature ranges, the extrinsic, 
the exhaustion and the intrinsic ranges. The obtained conductivity in- 
creases exponentially with the temperature in the extrinsic range, but 


decreases in the exhaustion range. 


In the intrinsic range it increases 


again exponentially with the temperature when the temperature is lower 
than a critical point, but decreases as the temperature increases beyond 


the critical point. 


The experimental detection of our conductivity is 


possible under an appropriate condition in the intrinsic range, while im- 


possible for almost all other cases. 


§1. Introduction 


It is well known that the thermal energy 
is transported by electrons as well as by 
phonons in semiconductors. The former trans- 
port is in general essentially analogous to the 
metalic one, which means that the thermal 
and the electrical conductivities satisfy the 
Wiedemann-Franz law. Recently, however, 
an anomalous thermal conduction which does 
not satisfy the Wiedemann-Franz law has 
been observed in several kinds of semicon- 
ductor.').2) Because of the inapplicability of 
the Wiedemann-Franz law the mechanism 
giving rise to the anomalous conduction will 
not contribute to the electrical conduction. 
The exciton conduction and the ambipolar 
diffusion have been proposed by Joffe? and 
Prise?), respectively. In the present paper 
we propose the third mechanism, the reso- 
nance transfer of ionization energy of im- 
purity state. 

Let us first consider two localized donor 
(or acceptor) states, one of which is occupied 
by an electron and the other is open. The 
interelectronic interaction between the trap- 
ped electron and a conduction electron can 
cause the resonance transition in which the 
trapped electron is excited into the conduc- 
tion band and the conduction electron is trap- 
ped simultaneously by the open donor. This 


~* A short note on this work has been published 
in J. Phys. Soc. Japan 15 (1960) 1538. 


transition transfers the ionization energy of 
donor state from the latter donor to the: 
former. If there is the temperature differ- 
ence between the two donor states, the net 
current of ionization energy is produced. This. 
process will be formulated in the next section. 

When the temperature gradient is present 
in the sample, the resonance transfer of ioni- 
zation energy between every two donors pro- 
duces the net current of the thermal energy~ 
throughout the sample. We shall discuss how - 
to formulate the thermal conductivity in §3. 
The calculation of matrix elements will be- 
performed with the neglect of their depend- 
ence on the wave number of electron and 
the thermal conductivity will be obtained in 
§ 4. The explicit formula of thermal conduc- 
tivity will be obtained in the extrinsic range 
in §5, in the exhaustion range in §6 and in 
the intrinsic range in §7. In these sections. 
numerical values for m-Ge and u-InSb will be 
obtained and it will be shown that our con- 
ductivity is hard to be observed in the ex- 
trinsic and the exhaustion ranges. In the 
intrinsic range, however, it can be observed 
experimentally under an appropriate condition. 
It is necessary for the observation that the: 
impurity concentration is sufficiently large. 
When the concentration is so large that the 
impurity band model is useful, on the other 
hand, the resonance transfer will be inefficient 
since it is based on the localization of im- 
purity state. 
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$2. Elementally Process 


Our discussions will be restricted in m-type 
semiconductors. Let us first formulate the 
probability of the resonance transfer of ioni- 
zation energy between two donors. The reso- 
nance transfer is caused by the interelectronic 
interaction. According to the one-electron 
approximation method, electronic states are 
obtained by taking up only an average of the 
interelectronic Coulomb interaction. The rest 
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transition. 

Now we assume that the interelectronic 
interaction is the screened Coulomb type and 
that the donor state is hydrogen-like. Fur- 
thermore, for the simplification, we assume 
that electronic wave functions in the conduc- 
tion band are plane waves and the electronic 
mass is isotropic. The matrix element V of 
the resonance transition in which an electron 
in k-state is trapped by the donor 1 and the 


electron which has been trapped by the donor 
2 is excited to k’-state is given by 


part which remains by the substraction of 
the average field from the true interaction is 


exp {ik-ri—ik’ -r.—B|r1—r2| —@|r1— Ri| —a|r2— Ral} , (1) 


ea’ dt1 ate 
z& J\ri—rel 
where € is the dielectric constant, e the electronic charge, a the modified reciprocal Bohr 
radius defined by 

a=m* e/hE 29) 


and § the screening constant defined by 
B=(4ne?n[kRTE)' . Gy; 


Here m* is the effective mass of electron, % the Plank constant devided by 2z, k the Boltz- 
mann constant, T the temperature and 7 the electron concentration in the conduction band. 

We assume next that the temperature of the donor state 1 is 7: and that of the donor 2 
is given by 


Qi= [E+E IV ef TAS To} (THA (TEE) ak dk’ , (4) 


1 
(2z)°h 
where / and g are the distribution function of electrons in the conduction band and in the 
donor state, respectively, and & is the energy difference between the donor state and the 
bottom of the conduction band. The inverse thermal current Q2 is given by (4) in which 
T: and 72 are replaced by each other. The net thermal current from the donor 1 to the 
donor 2 is given by Q@i—@Q:. Expanding f and g in power series with respect to 4T=71—T>2 
and retaining to the first order terms, we obtain the net thermal current 


Q=4T-Q 


ag 1 


AF: 
(27)>nh 


\Bo+B) ViRa(E’—E)} eae. oe ee ooh dean (5) 


$3. Thermal Conductivity 


An electron trapped by a donor interacts with phonons as well as with other electrons. 
The thermal energy is transported to and from the donor by the electron-phonon interaction 
from and to the phonon system as well as by the resonance transfer from and to other 
donors. Let us devide the discussion into three cases: a) the electron-phonon interaction is 
weaker than the interelectronic interaction, b) the electron-phonon interaction is stronger 
than the interelectronic interaction while the thermal current due to the phonon conduction 
is smaller than due to resonance transfer and c) the electron-phonon interaction is stronger 
than the interelectronic interaction while the thermal current due to the phonon conduction 
is larger than due to the resonance transfer. 
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In the first case the temperature of the donor electron is in large part governed by the 
thermal current due to the resonance transfer and the thermal conductivity may be calcu- 
lated independently within the electron system neglecting the electron-phonon interaction. 
In the second case it is expected that the donor electron is in thermal equilibrium with the 
local phonon system as far as phonons are in the internal local equilibrium. The tempera- 
ture is governed by the thermal current due to the resonance transfer, which is similar to 
the first case. The difference of this case from the first one is in the heat capacity of the 
donor electron. In the last case the temperature of the donor electron is in large part 
governed by the phonon current. If the temperature at every donor position is known from 
the phonon current, the thermal current due to the resonance transfer can be calculated in 
principle. In every case we encounter the difficulty which results from the random distri- 
bution of donor. In the first and the second cases we encounter furthermore another dif- 
ficulty that the temperature of donor is not independent of the thermal current. In order 
to avoid these difficulties, we assume that the position probability of every donor is uniform 
and that the temperature gradient is uniform and every donor electron is in the local 
equilibrium. 

Let us now imagine a plane which is perpendicular to the temperature gradient in the 
sample. The thermal conductivity may be given by the total net thermal current through 
the plane devided by the area of the plane and by the temperature gradient. By the perpen- 
dicular plane the sample is devided into two parts, the higher and the lower temperature 
parts. We choose then a donor in the higher temperature part. The distance of the donor 
from the plane is denoted by a. We specify the position of every donor in the lower tem- 
perature part by using the spherical coordinate system, the origin of which is the donor 
chosen in the higher temperature part and the basic axis is vertical to the plane. The 
temperature difference between the origin donor and a lower temperature donor, the position 
of which is (R, 6,¢), is given by 


4T=R cos O(dT/da) . (6) 


Inserting the relation (6) into Eq. (5), multiplying by the donor density N and integrating 
over the position of the lower temperature donor within the whole volume of the lower 
temperature part, we obtain the total net thermal current from the donor chosen in the 
higher temperature part to the lower temperature part beyond the perpendicular plane 


© 


cos lig/R) ; 
2nN(d Tna)| | BP ALE (7) 


a 


Integrating (7) over the position of the higher temperature donor within the whole volume 
of a cylinder, the axis of which is parallel to the temperature gradient and the cross section 
is so large that the surface effect is negligible, multiplying by the density of donor, deviding 
by the area of the cross section of the cylinder and by the temperature gradient, we obtain 
the thermal conductivity due to the resonance transfer 


=<} 
e=2ane|"\"\" “/® 9 cos 6 sin 6 d0R* dR da . (8) 


0 Ja JO 


$4. Matrix Element 

In the proceeding section we have obtained the formal expression (8) for the ee 
conductivity. In order to calculate the integral (8) we must obtain the ae formu Z = 
the matrix element (1). The integral (1) cannot be calculated analytically. et us nat 
k and k’ in the integrand of (1) in order proceed the analytical calculation. fags ect o 
k and k’ corresponds to the replacement of every matrix element by that is ia anges 
in which one electron is transferred to and the other electron is transferred rom the bottom 
of the conduction band. In this approximation we obtain the matrix element 
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V=—(4ne7/E)F(R) , (9) 
where 
F(R)={a](a?—B?)R }{Ci(e-*® —e-8®) +e-9*(C2R+CaR? +(a/3)R*} . (10) 


Here R is the distance between the two donors, and 
Ci=(2a)'/(@—BP, C2=(Llat—4a*p? + B*)/a(a?— B)? 
and 
Ci=(Ba?—B)[(a?— 6") . 
Inserting the matrix element (9) into Eq. (5), we obtain 
Y =(16m™*etk/zh'&) g(1— g)IF(R)? , (11) 


where 


1=|"(Ey+hT x} vi icder (12) 


The thermal conductivity (8) is then reduced to 


k=(l6m*ek/zh'S)N? g(1—g)l/, (13) 
where 


Jon\"\" FR Aa [RAR aRan' 


Inserting Eq. (10) into the integrand of the above equation, we obtain 


J={na?|(a?— 6)? }[(C1?/8){a* +B —16(a@+8)-*} 
+(CiC2/2){a-*—16(a+B)-*} 4+ (1/2a*){C2? +2C:Cs} 
—32C1Cs/(a+)> + (5/2a®){ (a@/3)C1+C2Cs} 
—{160a/3(a@+ B)9}Ci+(15/4a7){C3? + (2a/3)C2} 
+35C3/4a7+35/6a"] , (14) 


where |" exp(—26R) dRIR has been replaced by (1/28a)exp(—28a). Eq. (14) is asympto- 


tically reduced to 


1437z/6a°p* (a<pP). 


Asymptotic expressions for the thermal conductivity are then given by 


‘ ee (a> 8), 


ae PNR cece 4 Bi die), (a>B), (15) 
Ld 144m*eth/3h'SaBYN2e(1—g)l (a<). (16) 


From Eqs. (2) and (3) the condition a8 is reduced to 
n{[T<1.7 x 10!8(m*/m)2/é . (17) 


§5. Extrinsic Range 


It is convenient to divide the discussion into three cases corresponding to the three temper- 
ature ranges, the extrinsic, the exhaustion and the intrinsic ranges. At sufficiently low 


temperature conduction electrons are supplied by donors and the electron distribution in the 
conduction band may be given by 


Ff =(N/2A)? exp {—(2E+ Ey)/2kT} , 
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where 
A=2(m*kRT /2rch?)3/2 
The probability of the exsistence of electron in the donor state and the concentration of 
conduction electron may be given by 
£=1—-(A/2N)”? exp {—E,/2kT } 
and 


n=(AN/2)'”? exp {—E)/2kT} , 


respectively. It is obvious that the Bohr radius is much smaller than the screening radius 
at low temperature. In fact the condition (17) is reduced to 


T 1/4 g—8o/2kT <3.3 x 10!°(m*/m)*/4/EN 1/2 


at low temperature. It is noted that our discussion is restricted to the case of the low 
donor concentration since the donor electron has been assumed to be well localized. Then 
the thermal conductivity may be expressed by the asymptotic equation (15). We obtain 
£=9.5 X 10-2(m/m*)8/8 E11/2 N5/4 T 3/8 Eye +4 ERT +6RT 2) exp {—Eo/kT } 
erg/cm-sec-degree . (18) 
It is noted that the temperature dependence of the thermal conductivity is influenced strongly 


by the temperature dependence of the screening constant. The thermal conductivity (18) is 
much smaller than the conductivity due to the phonon current. 


§6. Exhaustion Range 


The exhaustion of the donor electron occurs in general at sufficiently high temperature 
which is even lower than the intrinsic temperature. If the electron concentration in the 
conduction band is not so large, the distribution of conduction electron may be given by 
the Boltzmann distribution 


f=(N/A) exp {—E/kT} . 
The occupation probability of donor state is then given by 
g=(2N/A) exp{E\/kT} , 


and also it may be assumed that the electron concentration in the conduction band is equal 


to the donor concentration. 
If a> 8, we obtain the thermal conductivity 


k=T7.7X 10-2(Ey? +4 ERT +6R2T 2)E!/2(m/m*)’ N°? T3? exp {Eo/kT } 
erg/cm-sec-degree . (19) 


It is noted that the thermal conductivity (19) decreases as the temperature increases. The 
condition a> is reduced to 


T>6X10-8E(m/m*?2N , 
which is usually satisfied. The thermal conductivity (19) is reduced to 
e=2.8< 10-1 +3.5<10 27 14.5x104T NY? T-3/2¢116/7 — cal/cm-sec-degree (20) 
for n-Ge, where we have assumed m/m*=5, €=16 and E,=0.0lev., and 


£=4.5x 10-441 +0.35T+0.04672)N*? T 8” east: cal/cm-sec-degree (21) 
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for n-InSb, where we have assumed m/m*=50, €=16.8 and -)=0.001 ev. The thermal con- 
ductivity (20) is always smaller than the conductivity due to the phonon current in Ge. 
The thermal conductivity (21) is also generally smaller for InSb, but it may be detectable 
experimentally when the concentration of donor is of the order of 10%. 


$6. 

Conduction electrons excited from the valence band are important at sufficiently high 
temperature. When the electron concentration in the conduction band is governed by the 
interband excitation, the distribution function may be given by 


Intrinsic Range 


f=(m'/m*)/4 exp {—(2E+ E1)/2kT } , 


where m’ is the effective mass of hole in the valence band and FE: is the energy width of 
the forbidden band. The occupation probability of donor state is also given by 


& =2(m’/m*)*/* exp {—(E1—2Eo)/2kT} . 
The concentration of donor electron may be given by 
n=(m'/m*)/4A exp {— E1/2kT } 
We obtain the thermal conductivity 


£=7.4 x 10-4’ /m*)3/8(m/m*)24/4 E472 T 5/4 N2 exp {—(Fi1—4Eo)/4RT } 


erg/cm-sec-degree , (22) 
provided a> 8, and also 


k=1.3 x 10-*(m/m*)> & N? T exp {Eo/kT } erg/cm-sec-degree , (23) 


provided a<f. It is concluded that the thermal conductivity due to the resonance transfer 
increases exponentially with the temperature when the temperature is much lower than the 
critical point 7:. The temperature 7. is defined by the relation a=, which is 


Te? exp (— Fi/2kTe)=3.5 x 10°(m*/m’)3/4(m*/m)'2/€ . 


For 7-Ge we obtain 

e=5.10]052 TaN eee cal/cm-sec-degree , (24) 
when 7<71, and 

R= WMAOS IME ION ene cal/cm-sec-degree , (25) 
when 7>7:, where 7: is nearly equal to 2000°K. For n-InSb we obtain 

lea oS a AN cmc Ona cal/cm-sec-degree , (26) 
when 7< 72, and 

e=1.5x10-* TN2e12/7 cal/cm-sec-degree , (27) 
when 7>7:, where 72 is nearly equal to jsp anew concen mth Busch 


500°K. From (24) it is expected that the perimental data provided the magnitude of N 


thermal conductivity due to the resonance 
transfer can be observed in n-Ge samples in 
which the donor concentration is of the order 
of 10'" or 10'*, when the temperature is near 
10° °K. The thermal conductivity (26) for 


is of the order of 101°, 

As shown above, the thermal conduction 
due to the resonance transfer of ionization 
energy is a delicate phenomenon because of 
the dependence on the impurity concentra- 
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tion. It cannot be observed unless the im- 
purity concentration is large. When the con- 
centration is too large, on the other hand, it 
also cannot be observed because of the vio- 
lation of the localization of impurity state. 


$8. Discussions 


We have obtained the thermal conductivity 
due to the resonance transfer of ionization 
energy in the extrinsic, the exhaustion and 
the intrinsic ranges. The obtained conduc- 
tivity increases exponentially with the tem- 
perature in the extrinsic range, but it de- 
creases in the exhaustion range. In the 
intrinsic range it increases again exponen- 
tially with the temperature when the temper- 
ature is lower than the critical point. As the 
temperature increases beyond the critical 
point, the obtained conductivity decreases. 

The magnitude of our conductivity is much 
smaller than the phonon conductivity in the 
extrinsic range. In the intrinsic range, on 
the other hand, our conductivity can be ob- 
served experimentally under an appropriate 
condition which is, for example, the donor 
concentration of the order of 10!®° for InSb 
and 10!” or 10! for Ge. In the exhaustion 
range the observation will be possible for InSb 
which contains donor of the order of 10", 
but impossible for Ge. 
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The temperature dependence of the obtained 
conductivity is strongly dependent on the 
temperature dependence of the screening con- 
stant as is obvious from Eqs. (15) and (16). 
The 8-dependence of Eqs. (15) or (16) results 
from our approximation, the neglect of the 
dependence of the matrix element (1) on the 
wave number of electron. If we calculated 
the matrix element (1) rigorously, we should 
obtain a somewhat different type of the f- 
dependence and then a somewhat different 
dependence of the thermal conductivity. Our 
calculation is only useful in the lowest ap- 
proximation. 

In the calculation of the thermal conduc- 
tivity in §3, we have assumed that donors 
are distributed quite at random and that the 
temperature gradient is uniform and every 
donor electron is in the local equilibrium. 
These assumptions are inevitable for us since 
we have no information on the donor distri- 
bution. 
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Substitutions of potassium ion in potassium ferrocyanide by the other 
mono-valent positive ions were examined. Substituents to give isomor- 
phous ferroelectric substances through replacing some part of the K ion 


were found to be NHi, Rb and TI ions respectively. 


The peak of the 


dielectric constant versus temperature curves shifts to the low tempera- 


ture side by increasing the amount of these substituents. 


Substituted 


compounds containing relatively small amount of these substituents show 
ferroelectric behavior similar to that of potassium ferrocyanide trihydrate. 


$1. Introduction 


In the previous papers” .”).», we reported the 
ferroelectric behavior in potassium ferrocya- 
nide_ trihydrate, K.Fe(CN)s:3H:O, and _ its 
isomorphous substances obtained through re- 
placing the Fe ion by Ru, Os and Mn ions, 
and H2O by D:0. These substances crystallize 
with monoclinic symmetry, of which crystal 
class is C2h and space group is C2/c at room 
temperature. The ferroelectric axis lies in 
[101] direction. 

Subsequently, we have attempted to sub- 
stitute some part of the K ion of potassium 
ferrocyanide trihydrate by the other mono- 
valent ions to obtain new isomorphous fer- 
roelectric substances. 


§2. Preparation of the Samples 


Mixed crystals were grown by the slow 
cooling of mother solutions, which had been 
Prepared beforehand by dissolving monovalent 
ion ferrocyanide and potassium ferrocyanide 
in various proportions. The preparation of 
monovalent ion ferrocyanide was done by 
mixing hydroxide of the corresponding ion and 
hydrogen ferrocyanide in the molecular ratio 
of 4:1. Mono-valent substituents to be ex- 
amined were NH, Li, Na, Rb, Cs, AU 
CH:NHs, C.H;NHs, NH:2NHs, and NH;OH. 
Among these substituents, NHi, Rb, and Tl 
ions gave the isomorphous ferroelectric mixed 
crystals. 

The mixed crystals were cut perpendicular 
to the cleavage plane (010) and silver-painted 
to measure the electric properties. The die- 
lectric constant was measured by the tuning 


method in iMC. The hysteresis loop in 50 
cps was measured by the ordinary Sawyer- 
Tower’s circuit. 


§3. Experimental Results 


(1) Relation between the composition of mother 
solution and that of the mixed crystal 
obtained 

The ammonium content in the mixed crys- 
tals is determined by the colorimetric analysis 
using Nesslar’s reagent. The thallium con- 
tent is determined by the gravimetric analysis 
in the form of TICl. In the case of the Rb 
ion, however, we have failed to obtain the 

Rb content, because the flame photometric 

analysis was confused by the spectrum of K 

ion. 
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Fig. 1. Relation between the compositions of the 
mother solution and the obtained crystal in the 
case of the (K, NH,),Fe(CN);.-3H,O type mixed 
crystals. 
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Figs. 1 and 2 show the relations between 
the compositions of mother solution and the 
obtained crystal. The composition of the 
grown crystal shows a considerably large 
deviation from that of the mother solution. 


(2) Dielectric behavior 

Figs. 3, 4 and 5 show the small signal dielec- 
tric constant versus temperature curves of 
these mixed crystals, having various molar 
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Fig. 2. Relation between the compositions of the 
mother solution and the obtained crystal in the 
case of the (K, Tl)s5Fe(CN),-3H,0 type mixed 
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Fig. 3. Dielectric constant versus temperature 


curves of the (K, NH,),Fe(CN)5-3H20 type mixed 
crystals in the [101] direction, 
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percentages of the substitution ions. In the 
case of (Rb, K) mixed crystal, the amount of 
Rb ion in the mother solution is indicated, as 
the analysis of the crystals was not performed. 
The peak height and sharpness of these curves 
at the dielectric anomaly decrease with the 
increasing content of replacing ions. Figs. 6, 
7 and 8 show the relation between the Curie 
temperature and the amount of substituting 
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Fig. 4. Dielectric constant versus temperature 


curves of the (K, Rb),Fe(CN),-3H.O type mixed 
crystals in the [101] direction. 
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Fig. 5. Dielectric constant versus temperature 
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crystals in the [101] direction. 
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ions in these three cases, respectively. A 
linear relation holds approximately in each 
case. 
(3) Ferroelectric behavior 

Ferroelectric properties of these mixed crys- 
tals disappear for relatively small content of 
the substituting ions. Figs. 9 and 10 show 
the temperature dependencies of the spon- 
taneous polarization Ps and coercive field Ec 
of (Rb, K) and (NH:, K) ferrocyanide, respec- 
tively. The ferroelectric hysteresis loop 
disappears or can be observed only slightly for 
the replacing ion contents higher than 5% for 
NH, ion, 15% for Rb ion. In the case of the 
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Fig. 6. Relation between the Curie temperature 
and the content of the replacing NH, ion in the 
case of the (K, NH,)4-Fe(CN).-3H,O type mixed 
crystals. 
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Tl ion, however, hysteresis loop disappears 
even for very small content of replacing ion. 


The ferroelectric axis is [101] direction simi- 
larly to the ordinary potassium salt. 


§ 4. Discussion 
The ionic radii of K+, NHs+, Rb+ and Tl+ 
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Fig. 8. Relation between the Curie temperature 
and the content of the replacing Tl ion in the 
case of the (K, Tl)sFe(CN),-3H.O type mixed 
crystals. 
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ions are 1.33, 1.59, 1.49 and 1.444, respec- 
tively. This means that, by substituting some 
part of the potassium ion in potassium fer- 
rocyanide by the ion having larger ionic 
radius, the transition point shifts toward the 
low temperature side. Contrary to this, the 
ferroelectric transition temperature increases 
by substituting Fet++ ion of potassium ferro- 
cyanide by the divalent ion having larger 
covalent radius of octahedral coordination?’. 
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Fig. 10. Spontaneous polarization and coercive 
field versus temperature curves of the 
(K, Rb),Fe(CN).3H,O type mixed crystals. 


The peak height and sharpness of dielectric 
constant versus temperature curve decrease 
with the increasing content of the substituting 
ions. As stated before, the ion content in the 
mother solution and in the grown crystal 
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shows relatively large deviation with each 
other. For this reason, the grown crystal 
shows a lamellar structure having gradually 
segregated concentration of the replacing ion. 
From the relations such as shown in Figs. 1 
and 2, the segregation degree of the substitut- 
ing ion in the crystal is supposed to increase 
with increasing concentration of the ion in the 
mother solution. 

Considering the fact that the Curie point of 
the mixed crystal varies linearly with the 
concentration of the replacing ion in the 
crystal, this local change of the concentration 
can be taken as the reason why the peak 
height and sharpness of dielectric constant 
decrease with the increasing content of replac- 
ing ion. The ferroelectric hysteresis disap- 
pears or can be observed only slightly in 
these mixed crystals with the relatively small 
amount of replacing ion. This phenomenon 
may be explained as follows. The coercive 
field strength of potassium ferrocyanide group 
ferroelectrics increases rapidly with decreas- 
ing temperature. Consequently, for the 
mixed crystals with the Curie point varying 
locally, the domain switching may occur only 
in the limited region in the crystal having 
relatively small coercive field strength. 
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Iron vacancies in Fe-Ses are confined to the alternate iron layers 
parallel to the ¢ plane of the fundamental lattice with the NiAs struc- 
ture. The origin of the ferrimagnetism of Fe;Ses (T;=187°C) may be 
attributed to this ordered arrangement similarly to the case of Fe;S,. 


There are two types of the superstructure: 
The unit cell dimensions and the lattice symmetries of these 


ones. 
structures are as follows: 


low- and high-ternperature 


low-temperature type: A=)“ 3B, B=2a, C=4c, triclinic, 
high-temperature type: A=2a, C=3c, hexagonal, 
where the capital and small letters designate the super- and fundamental 


lattices, respectively. 


The transition from the triclinic structure to the 


hexagonal one, which means a rearrangement of the iron vacancies, 
begins at 240°C, proceeds gradually and finishes at 298°C. 


$1. Introduction 


The crystal structures and ferrimagnetic 
properties of iron selenide FeSe- were investi- 
gated by Hagg and Kindstrém" and Hirone, 
Maeda and Tsuya?’, respectively, with powder 
specimens. The more detailed investigation 
on single crystal of FeSe. system was under- 
taken by Hirakawa of our laboratory and it 
was expected that such an investigation would 
give us some information about the complex 
structural changes and ferrimagnetic proper- 
ties of pyrrhotite Fe;S;, which had been 
studied by many researchers. But it was al- 
most impossible to synthesize the single cry- 
stal of pyrrhotite. 

At the beginning of the present work Fe-Ses 
and FesSe: were found to have superstruc- 
tures® which stimulated our interests. In 
Fe;Ses the iron vacancies are confined to the 
alternate c planes of the fundamental lattice 
with the NiAs structure similarly to those in 
Fe:Ss*, but the stacking sequences of these 
planes along the c axis are different for the 
selenide and the sulphide. That is, if the 
capital and small letters designate the unit 
cell dimensions of the super- and fundamental 
lattices, respectively, C=3c for Fe-Ses and 
C=4c for Fe;Ss. Moreover Fe-Ses (strictly 
speaking, Fe;Ses with C=3c) has hexagonal 
symmetry, although Fe-Ss is monoclinic. 

The work on the magnetic properties of 
Fe:Ses by Hirakawa® using a torque magneto- 
meter pointed out that the torque curves in 


the c plane showed a six-fold symmetry as 
well as small amount of component with a 
two-fold symmetry. The origin of this com- 
ponent was attributed to a lattice deformation 
of an undetectable order. 

On the other hand, the crystal structure at 

high temperature was examined by the pre- 
sent author to resolve the following problems: 
(1) Whether the superstructure disappears 
or not at high temperature. 
(2) Whether the temperature of the dis- 
appearance coincides with Curie temperature 
T-(187°C) or not, if the disappearance of the 
superstructure would be observed. Many 
specimens obtained from different ingots were 
examined and the results were reported 
shortly® as follows: the crystals cooled down 
slowly to room temperature have a _ super- 
structure with C=4c (triclinic symmetry) and 
is very similar to that of Fe;Ss‘) except for 
the lattice symmetry. With increasing temper- 
ature from 240 to 298°C the superstructure 
transfers gradually to that with C=3c. 

In the present paper the experimental and 
analytical details of the X-ray work on these 
superstructures of Fe;Ses will be described 
together with some additional experiments to 
confirm the above results. 


§2. Experimental 


The preparation of single crystals of Fe;Ses 
was described in the previous papers?» 
Most of specimens used in the present investi- 
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gation, however, were prepared by an im- 
proved method. That is, iron rods (Johnson- 
Matthey) were used instead of electrolytic 
iron powder and: the reaction with selenium 
was performed in an evacuated silica tube by 
induction heating. An additional heat treat- 
ment to obtain single crystals was similar to 
that of the original method. 

At room temperature oscillation and rotation 
photographs with CoKa radiation were obtain- 
ed by using a cylindrical camera, the diameter 
being 10cm. Above room temperature these 
photographs were obtained by using a_ high- 
temperature camera designed and built for 
the present investigation. Requirements for 
this camera were as follows: (1) Tempera- 
ture is to be measurable precisely. (2) Not 
only an equatorial line but also higher layer 
lines are to be recorded, if necessary. (3) 
Successive exposures are to be carried out 
without disturbing specimen to follow a cry- 
stal transformation. (4) To be convenient 
in operation. 


This camera is shown in Figs. 1, 2 and 3, 
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the details being as follows: 

Furnace: It is necessary to record the higher 
layer lines without disturbing the homogeneity 
of temperature distribution around the speci- 
men. Therefore a cylindrical Ni-foil furnace 
(0.018 mm thick) described by Dent and Tay- 
lor? is used. Current of about 20A (20 W) 
is sufficient for 400°C. This furnace is dura- 
ble for more than 40 hours, which is sufficient 
for one series of experiment. Vertical, lateral 
and rotational adjustment and exchange of 
the heater are made easily. 

Temperature measurement: A junction of 
Chromel-Alumel thermocouple (0.3mm dia.) 
is placed 1mm above specimen, not to inter- 
cept the X-ray path. The wire of the couple 
is placed in such a way as shown in Fig. 1 
to reduce the effect of thermal conduction 
through itself. Calibration by melting speci- 
mens of In, Sn, Bi, Pb and InSb having 
similar shape and size to those of FeSes 
specimen was carried out before and after 
each run. The difference between true melt- 
ing point and temperature recorded by the 
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thermocouple was less than 4°C in every 
specimen and a good linearity between these 
two temperatures was found in every case. 
Therefore the accuracy of temperature meas- 
urement of’ specimen after this calibration 
would be within --2°C, and the stability of 
temperature during exposure (less than half 
an hour) was within +0.5°C. Another thermo- 
couple (not shown in Fig. 1) could be attached 
simultaneously, and its junction was placed 
close to shielding paper of cassette. This 
thermocouple indicated 10°C higher than room 
temperature when that of specimen was 400°C. 
Atmosphere: Both furnace and camera unit 
are inside vacuum chamber. 


Fig. 2. A sketch of the inside of the camera. 
Screen and heating element are removed. 


Fig. 3. A sketch of the heating element. 


Film mounting: The film carrier with Strau- 
manis-Ievins type film mounting, 9 cm in dia- 
meter, can be moved axially to give a series 
of 10 exposures of the equatorial reflexions. 

Windows: Inner radiation shield is Al-foil 
which covers a slit of a cylindrical brass 
screen wound on upper and lower water 
jackets. Higher layer reflexions can be re- 
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corded by using another screen with a wide 
slit. A window for X-ray of outer vacuum 
chamber is Mylar sheet. Shadow of specimen 
during exposure is observable on a fluorescent 
screen. Brass pipes connecting the two water 
jackets, two heater leads juxtaposed to these 
pipes and one of supporting arms of the heater 
are placed in the low- and high-angle position, 
and reflexions with @ between 7.5 and 82.5 
degrees are observable. 

Specimen: The specimens on which the X- 
ray work was performed were formed into 
nearly cylindrical shape, about 1.3mm in 
length and about 0.4mm in diameter, by cut- 
ting with a small sawteeth and grinding with 
sand paper. These were mounted on a quartz 
fibre support, 15mm in length and 0.2 mm in 
diameter by a small amount of potter’s clay. 
Since a movement of arcs of goniometer head 
was limited to +6 degrees by the contact of 
the support with the furnace and with the 
thermocouple wire, the axis of the specimen 
was made parallel to the crystallographic axis 
within -+2 degrees. 

So far as a determination of positions of 
vacancies is concerned, a precise data of in- 
tensities are not necessary, if the fundamental 
structure is well-known. These data must be 
obtained to determine the displacement of the 
individual atoms, neighbouring to the vacan- 
cies, from the original positions caused by 
the existence of these vacancies. But this 
problem will not be mentioned in the present 
paper. Therefore Weissenberg photographs 
were taken only subsidiarily at room temper- 
ature. 


§3. Structure Determination 


(a) ‘4c structure’ 

Rotation, oscillation and Weissenberg photo- 
graphs about each crystallographic axis indi- 
cated that Fe;Ses crystallized by slow cooling 
has a superstructure superposed on the funda- 
mental structure of the NiAs type. If the 
capital and small letters designate the unit 
cell dimensions of the super- and fundamental 
lattices, respectively, this superstructure has 
the following dimensions: 


A=) B26 & B=2@ and G=4. 


This structure will be named as the ‘ 4c struc- 
ture’. Since the pycnometric density is in 
very good agreement with the calculated value 
assuming that one eighth of iron sites in the 


f 
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fundamental lattice are vacant, this super- 
structure may be attributed to an ordered 
arrangement of iron vacancies. Moreover 
the (0001) and (0003) reflexions prohibited for 
the ideal NiAs structure are observed. These 
suggest that the vacancies are confined to 
the alternate c planes, where the arrangement 
as shown in Fig. 4 is reasonable, because the 
periodicity of this superstructure in the c 
plane is twice as great as that of the funda- 
mental lattice and one fourth of iron sites 
must be vacant. 

For all the observed reflexions h, k and / 
are all even or all odd, where the indices are 
on the basis of the superstructure. Further- 
more the (hk0) reflexions are observed if 
(h+k)/2 is even, indicating that, if this struc- 
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Ordered arrangement of Fe atoms and 
vacancies in the alternate metal layer parallel 
to the ¢ plane. Solid and open circles represent 
Fe atoms and vacancies, respectively. Unit 
cells of super- and fundamental lattices are 
indicated by full and broken lines, respectively. 


Fig. 5. Unit cell of the ‘de structure’ of Fe;Ses. 
Open and solid circles represent vacancies and 
Fe atoms, respectively. Se atoms are omitted 
for clarity. Broken lines indicate the funda- 
mental unit celi. These notations will be used 


also in Figs. 6 and 7. 
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ture is projected on the C plane, these iron 
vacancies are at every iron site with equal 
probability. Therefore the structure as shown 
in Fig. 5 is the most probable one. 8 vacan- 
cies in the unit cell are at the following 
positions: 


(0, 0, 0; 0, 1/2, 1/2; 1/2, 0, 1/2; 1/2, 1/2, 0) 
+0, 0, 0; 1/4, 1/4, 1/4. 


From another point of view this arrangement 
resembles the diamond structure and the (hk/) 
reflexions should be systematically absent un- 
less the following condition besides that for 
the face-centred lattice is also fulfilled: h+k 
+l=2n+1 or 4n (n: integer). This rule is 
satisfied for all the observed reflexions. 


(b) 

Fig. 6. Superstructures obtained from that shown 
in Fig. 5 by turning both the A and B axes 
around the C axis; (a): through +60 and (b): 


—60 degrees. (b) is turned upside down for 
the sake of contrast with (a). 


Now, if both the A and B axes are turned 
around the C axis through +60 and —60 de- 
grees, the superstructures as shown in Figs. 
6(a) and 6(b) are obtained, respectively, where 
(b) is turned upside down for the sake of 
contrast with (a). The diffraction records of 
these structures should contain different 
systematic extinctions which are different also 
from those of the first structure. 

This was proved by turning a specimen 
around the C axis through 30 degrees succes- 
sively, by taking oscillation photographs about 
the A or B axis at every step and by com- 
paring the observed systematic extinctions 
with those obtained by calculation on the 
above models, where the maximum numbers 
of h, k and / are 13, 7 and 25, respectively. 

The lattice constants at room temperature 
are as follows: 
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A=7/3 BH=12.53, B=2a=7.23s 
and C=4c=23.5,A , 
PAP Cee eral 7p=GOO” - 


Except for the lattice symmetry, the super- 
structure of Fe;Ses at room temperature is 
identical to that of natural pyrrhotite Fe;Ss 
described by Bertaut‘). It was rather difficult 
to find a specimen of complete single crystal 
and there are twin structures in general. 
That is, reflexions corresponding to the three 
structures as shown in Figs. 5 and 6 are ob- 
served frequently on an oscillation photograph. 


(b) ‘3c structure’ 

On the specimen quenched from 320°C an- 
other hexagonal superstructure, having the 
following unit cell dimension, was observed: 


A—2a sand) G=3c. 


This structure will be named as the ‘3c 
structure’. For convenience of comparison 
with the ‘4c structure’, the following ortho- 
hexagonal cell was chosen throughout the 
analysis: 

(aoe ee = 20) sande \O=—oCe 


Similarly to the case of the ‘4c structure’, it 
is found that the iron vacancies are in the 
alternate c planes with the arrangement as 
shown in Fig. 4. 


Fig. 7. An orthohexagonal unit cell of the ‘3c 
structure’ of Fe;Se,. A hexagonal cell is shown 
by broken lines. 


For all the observed reflexions h+k is even, 
where the indices are based on the super- 
structure. One of the possible models is 
shown in Fig. 7 and this is the most probable*. 
6 vacancies in the unit cell are at the follow- 
ing positions: 

0503/2; 1/290) 
+0, 0, 0; 1/4, 1/4, 1/3; 1/4, 3/4, 2/3** . 

* Details of this analysis have been reported 

previously?). 


** These positions are described incorrectly in 
the previous paper?). 
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This structure is stable even at liquid air 
temperature. The crystal with this structure 
is also ferrimagnetic and the Curie tempera- 
ture is nearly the same as that of the crystal 
with the ‘4c structure’, i.e., 189°C for the 
former and 187°C for the latter®. 


(c) Transition from ‘4c structure’ to ‘3c 
structure’ 

The structural changes at high temperature 
were examined systematically with eleven 
specimens cut out from several ingots and 
the structure of them was examined at 
room temperature. To obtain information 
most effectively the axes of these specimens 
were made parallel to the B axis and oscilla- 
tion photographs with an angular range of 
20 degrees about this axis were taken at inter- 
vals of 2~10°C. 
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Photo. 1. Oscillation photograph indicating tran- 
sition from ‘4e structure’ to ‘3¢ structure.’ 
Indices referred to each structure are given at 
the bottom or top. 


At first the transition from the ‘ 4c struc- 
ture’ to the ‘3c structure’ was investigated. 
An example is shown in Photo. 1. Indices 
based on the ‘4c’ and ‘3c’ structures are 
given at the bottom and the top, respectively. 
On the pattern of the ‘ 4c structure’, the twin 
structure described in §3(a) is presumable. 
The intensity of the (008) reflexion which is 
one of the weakest reflexions from the funda- | 
mental lattice is reduced to 1/10 by a filter 
of metal foil to compare with that of the 
superstructure pattern, where the indices are 
given on the basis of the ‘4c structure’. As 
shown obviously in this photograph this tran- 
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Photo. 2. A part of oscillation (left) and rotation 
the ‘4c¢ to 3c’ transition. 


sition proceeds gradually through the tem- 
perature range of about 60°C. At the inter- 
mediate state the patterns corresponding to 
both of these structures are observed. As 
shown in Photo. 2, on rotation photographs 
taken in this temperature range the splittings 
of high angle reflexions due to the triclinic 
deformation of the hexagonal lattice are de- 
creasing gradualiy and disappear at the tem- 
perature where the pattern of the ‘4c struc- 
ture’ disappear on oscillation photograph. 
The Photo. 2 was obtained by the following 
procedure: a pair of an oscillation and a rota- 
tation photographs with the same specimen 
were taken successively at each temperature. 

This transition which is independent of the 
magnetic transition from the ferrimagnetic 
state to the paramagnetic one, begins at 
240°C* and finishes at 298°C**. These values 
are reproducible within +2°C for specimens 
prepared from the same raw materials. 

The reverse transition from the ‘3c struc- 
ture’ to the ‘4c structure’ was difficult to 
observe in a complete form by the above 
method. This might be due to oxidation of 
specimens during exposure at high tempera- 
ture and was consistent with the fact that 
crystals prepared from electrolytic iron powder 
often had the ‘3c structure’ at room temper- 
ature, even if they were cooled down slowly, 
because it might be rather difficult to reduce 
iron powder completely. The reversibility 
and reproducibility of this transition, how- 
ever, were proved by another method de- 


scribed in § 4. 


Ok, “These values for the specimens prepared 
from electrolytic iron powder were about 302 and 
317°C, respectively. 
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(right) photographs in the temperature range of 


Intensity of certain reflexion from the 
fundamental lattice, for example the (4012) 
in Photo. 1, changed remarkably with tem- 
perature. This suggested that atoms near 
the iron vacancies changed their positions 
with temperature. But this problem will not 
be discussed further. 


7) 


300. (°C) 


{00 200 


Fig. 8. Lattice constants and volume of the 
fundamental unit cell of Fe;Seg as a function of 
temperature. 


The lattice constants of the fundamental 
lattice up to 350°C are shown in Fig. 8. This 
is in good agreement with the results obtained 
with a dilatometer. The anomalous behavi- 
our below 190°C is corresponding to the mag- 
netic transition and is observed clearly on 
the rotation photographs as shown in Photo, 
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Photo. 3. Rotation photographs displaying an anisotropic thermal expansion below T-¢. 


are given on the basis of the ‘4e structure’. 


3*. A similar behaviour has been reported 
by Willis? and Snow!? on CrSb which is anti- 
ferromagnetic compound with the NiAs struc- 
ture. Below the transition the axis of easy 
magnetization in Fe;Ses*) and CrSb!’° is paral- 
lel and perpendicular to the c plane, respec- 
tively. This may be the cause of an opposite 
behaviour with respect to the @ and c axes 
for these compounds. 


(d) At higher temperature 

The following two types of structural 
change were observed on the ‘3c structure’ 
when specimens were heated to higher tem- 
perature: 
1) ‘3c—1c type’. The transition from the 
“3c structure’ to ‘lc structure’ was observed 
in the temperature range from 360 to 375°C, 
which proceeded gradually like that from 
“4c’ to ‘3c’. The term ‘1c structure’ means 
a partial ordered state in which the iron 
vacancies remain within the alternate c planes 
but are distributed at random in these planes. 
This is concluded from the disappearance of 
the superstructure reflexions except for the 
(0003) and (0009) etc. referred to the ‘3c 
structure’. Such a situation has been reported 


* The relative intensities of the superlattice 
reflexions to those of the fundamental ones may be 
estimated if the (008) reflexion is compared with 
that in Photo. 1. 
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by Jellinek on Cr;Ss!”. This transition was 


reversible and reproducible. At about 400°C 
the distribution of the vacancies became com- 
pletely disorder. 

ii) ‘3c—2c— 1c type’. For some specimens 
an intermediate phase was found between 
the ‘3c’ and ‘lc’ structures. The diffraction 
pattern of this intermediate phase could be 
indexed on the basis of a hexagonal unit cell 
with A=2a and C=2c. Oscillation photographs 
were taken at 400°C, but the observed ex- 
tinction rule could not be explained from any 
arrangement of iron vacancies. The intensi- 
ties of this ‘2c structure’ were of the order 
of 1/5 compared with those of the ‘4c’ and 
‘3c’ structures. Therefore this structure 
may be somewhat disorder. The gradual 
transition from ‘ 3c’ to ‘2c’ begins at 320°C 
and finishes at 385°C and the ‘2c structure’ 
disappears at about 450°C. 

To make clear the essential behaviour, the 
experiments described below were carried 
out. Specimens with the ‘4c structure’ at 
room temperature were sealed into evacuated 
silica tubes, heated up to 450°C and quenched, 
but the diffraction pattern showed the ‘3c 
structure’ only. Consequently the reason for 
these different behaviours at high temperature 
has been unknown. The ‘2c’ and ‘lc’ struc- 
tures seemed to accompany oxidation or any 
other chemical change. 
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§4. Additional Experiments 


It was found by the experiments described 
in §3(c) that the crystals with the ‘4c’ and 
“3c’ structures were obtained when they were 
cooled down slowly and quenched from 320°C, 
respectively. The experiments with a torque 
magnetometer by Hirakawa®’, using crystals 
to which the heat treatments described above 
were applied, suggested that the torque curves 
in the c plane for specimens with the ‘3c 
structure’ had no detectable anisotropy, but 
those for specimens with the ‘4c structure’ 
showed a component of two-fold symmetry 
superposed on a six-fold one. This fact was 
confirmed directly by examining the crystal 
structure of the specimen on which the torque 
curve was measured. This was carried out 
as follows: Several disks with the axis paral- 
lel to the c axis were cut out from crystals 
quenched from 320°C. The planes of the disks 
were made flat with sand paper and polished 
with powder of CreO:;. The torque curves 
in these planes showed no anisotropy. Oscil- 
lation photographs indicated that these had 
the ‘3c structure.’ Then these disks were 
sealed into an evacuated silica tube and an- 
nealed at 290°C and cooled down slowly. 
Oscillation photographs indicated the ‘4c struc- 
ture.’ The torque curves contained a com- 
ponent of two-fold symmetry superposed on 
a six-fold one. On the planes of these disks 
three sets of parallel folds crossing each other 
at an angle of 60 degrees were observed. 
These folds might be due to twins and were 
parallel to the A axes. These processes were 
reversible, and moreover, when these disks 
were quenched from 275°C, the oscillation 
photographs showed the patterns of both the 
‘4c’ and ‘3c’ structures coexisting with 
nearly equal proportion. When these heat 
treatments were repeated more and more, 
however, it became difficult to obtain crystals 
in state of the pure ‘4c structure’. These 
results are consistent with those described in 


SiG): 


§5. Discussion 

On some chalcogenides of the 3d transition 
group elements, of which structures are re- 
lated to the NiAs type and of which composi- 
tions are non-stoichiometric, superstructures 
have been reported by several researchers. 
Above all on pyrrhotite Fe7Ss, synthesized 
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crystals were examined systematically with 
powder specimens").!?) and some natural cry- 
stals were also examined")... The origin of 
these superstructures, however, had not been 
revealed for a long while. In 1952 Néel sug- 
gested that the ferrimagnetism of pyrrhotite 
should be due to the ordered arrangement of 
iron vacancies and the superstructure might 
be explained also by this ordering. 

The first to find such an ordered arrange- 
ment was Bertaut who investigated single 
crystals of natural pyrrhotite’ A similar 
ordered structure has been found on natural 
smythite Fe:S: by Erd et al.» in which the 
iron vacancies are confined to every fourth 
metal layer and C=6c. Another example of 
such an ordering has been reported on CrS,z 
system by Jellinek'’. He found superstruc- 
tures on Cr7Ss, CrsSs, CrsSs and CreS;. In 
each compound chromium vacancies are con- 
fined to every second metal layer. CrsS; has 
the same structure as that of FesSe,*) with 
C=2c. CreSs has two types of superstructure: 
with C=2c (trigonal) and with C=3c (rhombo- 
hedral). These are similar to the case of 
Fe;Ses, but are attributed to the slight dif- 
ference of compositions: Cro,.0S for the 
former and Cro.6:S for the latter, respectively. 
Most of these compounds are ferrimagnetic 
or antiferromagnetic and at their Curie or 
Néel temperature these ordered structures 
still remain as expected. It seems that 
similar ordered structures may be observed 
in many other compounds if they are examined 
in detail. 


The author wishes to express his hearty 
thanks to Prof. T. Okada for his continuous 
guidance and encouragement and to Dr. K. 
Hirakawa for suggestion of the present pro- 
blem, for discussions and for supplying the 
crystals. He is also indebted to Mr. Y. Sue- 
mune for drawing the figures. The present 
investigation was partly supported by the 
Scientific Research Expenditure of the Minist- 
ry of Education. 


Note added in proof. A partial ordered 
arrangement has been reported also on tita- 
nium vacanies in the non-stoichiometric phase 
Tioi2Ss(0.2<x%<1). [A. D. Wadsley: Acta 
Cryst. 10 (1957) 715.] 
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The ultrasonic attenuation coefficients in magnetite crystals were meas- 


ured over the temperature range 


of 4.2°K-300°K. and two kinds of at- 


tenuation peaks were observed below the transformation temperature of 
of ionic ordering. The attenuation is attributable to the relaxed electron 


diffusion between Fe?+ and Fe3+ 
ordered lattice of magnetite. 


ions on the octahedral sites in the 
The electron diffusion processes are clas- 
sified into the single electron process and the coupled transition. 


The 


activation energy of the former process is determined to be 0.055ev and 


the latter 0.36 ev. 


Introduction 


<1. 


Recently, low temperature internal friction 
was investigated on single crystals of magnet- 
ite and several kinds of ferrite in the frequ- 
ency range 10*-10°c/s by Fine and Kenney” 
and Gibbons”). They found the relaxation 
peaks in magnetite at about 40°K and 95°K. 
The origin of these peaks were considered as 
the relaxed motion of electrons between Fe?+ 
and Fe** ions induced by a lattice deforma- 
tion due to the alternating stress. This con- 
sideration is based on a model that the ions 
of different size redistribute under the action 
of the external stress to reduce the elastic 
strain energy by the electron diffusion process. 
But the previous measurements mentioned 
above were limited to the lower frequency 


range and the exact evaluation of the activa- 
tion energies for the relaxed electron diffusion 
processes have not yet been achieved. The 
present author planned to measure the ultra- 
sonic attenuation at 10°-10%c/s and to deter- 
mine the activation energies for both peaks. 
Some discussions on the mechanism of both 
relaxation processes are also given. 


§ 2. 


The specimens were natural single crystals* 
obtained at Hidaka, Hokkaido, Japan and their 
volumes were about 1 to 2 cubic centimeters. 
The ultrasonic waves were transmitted 
through (111) or (100) plane. The former was 


* Kindly furnished by the Miyahara Laboratory, 
Hokkaido University. 


Experimental Method 
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a natural surface lapped carefully to be flat 
and parallel to the opposite surface. The 
(100) plane was cut, lapped and oriented by 
the X-ray diffraction method within 1°. Their 
low temperature transformation point at 
about 120°K was confirmed by the magnetic 
method. 


Feeder Line 
Thermo-couple 


Copper Of 4 Absorber 
container / PA Electrode 
Z y Quartz 
y Crystal 
Z 
4 ; Specimen 
y y 
Z 
Brass _ J y 
Spring Z y 
QUIZ7 PLL LLL enka Lor 


Fig. 1. Specimen holder. 


The specimen was mounted in a liquid heli- 
um cryostat of the usual type together with 
the quartz crystal transducer. Details of the 
specimen holder are shown in Fig. 1. The 
copper container was made light in weight 
and the specimen occupied a greater part of 
the heat capacity. The temperature of the 
specimen was measured by an Au(2%Co)- 
Ag(0.2%Cu) thermo-couple. After the evapo- 
ration of liquid helium, the specimen was 
kept under natural heating and the rise in 
temperature was about fifty degrees per hour. 

The apparatus and the method of the at- 
tenuation measurements were the same as 
those used by the author for the previous 
measurements®’). The error in the present 
measurements was within +3 per cent. 

In the course of the measurements a maxi- 
mum magnetic field of 5000 Oe was applied 
to the specimen to reduce the secondary 
effect due to the magnetic domain wall mo- 
tion. Since the magnetic anisotropy of mag- 
netite vanishes at about 130°K*’, the resistance 
for the domain wall motion becomes small. 
The attenuation took a very large value in 
zero field and was reduced radically in the 
high field as shown by X in Fig. 2b. 

Owing to the technical difficulty in supply- 
ing liquid helium, the specimen was cooled 
down through the transformation point with- 
out application of the magnetic field. So the 
specimen must have been composed of twins 
of the ordered structure. 
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Results of Measurements 


§ 3. 

Attenuation of the longitudinal waves trans- 
mitted along the <111> direction is shown in 
Figs. 2a and 2b at 5 Mc/s and 15 Mc/s respec- 
tively. On both curves, sharp peaks of at- 
tenuation are observed at about 60°K (first 
peak) and 110°K (second peak). At tempera- 
tures near the peaks, attenuation varied re- 
markably with temperature, so the determina- 
tion of the peak point was made by observing 
the temperature where the attenuation was in- 
flected from increasing to decreasing. In the 


<I11) Longitudinal waves 
5000 = ¢ | 


5 Mc/s, 


Attenuation db/cm _ 


80 160 
Temperature °K 


(a) 


{1 Longitudinal waves 
15 Mc/s, 5000 Ce 


db/cm 


Attenuation 


120 160 


80 
Temperature °K 
(b) 

Fig. 2. (a) Ultrasonic attenuation of the longi- 
tudinal waves in magnetite along <111> at 5 Mc/s 

and (b) at 15 Mc/s. 


«100) Shear waves 
polarized in <1!O) 


5 Mc/s, 5000 Ce 


db/cm 


Attenuation 


O 40 80 120 
Temperature °K 


Ultrasonic attenuation of the <110> polar- 
ized shear waves in magnetite along [010] at 
5 Mc/s. 


Fig. 3. 
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case of the first peak, both peak value of at- 
tenuation and the corresponding temperature 
were determined, but in the second peak at- 
tenuation increased hugely and only the tem- 
perature of inflection was determined. 

Attenuation of the shear waves polarized in 
the <110> direction transmitted from the (100) 
plane is shown in Fig. 3. In this case similar 
results to those in Fig. 2 are obtained and 
two peaks are observed. 
$4. Discussions 

Since the half width of attenuation peaks is 
narrow, the attenuation is attributable to 
single relaxation phenomena. In Fig. 4, the 
ultrasonic frequency of the attenuation meas- 
urement is plotted against the inverse of the 
absolute temperature 7 at which the first or 
the second peak was observed. The relaxa- 
tion peaks obtained by Fine and Kenney” and 
Gibbons”) are also plotted on the same figure. 
As this figure shows, the relaxation frequency 
falls linearly with the increase of the 1/T 
value covering the points obtained at lower 


Frequency 


0,03 


Fig. 4. Relaxation frequency against 1/T for the 
two relaxations in magnetite. Point A was 
determined by Fine and Kenney!) and B and c 
by Gibbons.2 
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frequencies. Making use of the simple Ar- 
rhenius type equation activation energies and 
frequency factors for each sequence of the 
relaxation peaks are calculated and listed in 
Table I. 


Table I. 
Activation Frequency 
energy | factor 
| ev | sect 
: = a ab parent 
first peck 0.055 4.310" 
second peck | 0.36 | 


6.5 x 1028 


Fig. 5. The ordered arrangement of Fe?+ and 
Fes+ ions in the octahedral sites of magnetite. 
The principal axis of disordered magnetite are 
shown conventionally. 


The origin of the attenuation peaks is con- 
sidered to be the stress-induced relaxation in 
the distribution of Fe?+ and Fe*+ ions occur- 
ring as a result of the transmission of the 
ultrasonic waves. At first, various types of 
deformation of the ordered magnetite crystal 
and the resultant distribution of Fe?+ and 
Fe** ions to reduce the strain energy should 
be considered. The ion arrangement in octa- 
hedral sites of the ordered magnetite crystal 
is shown in Fig. 5, where hatched or un- 
hatched circles correspond to Fe?+ and Fe?+ 
respectively. 6 is in the direction of prefer- 
red distribution of Fe?+ and about 0.55% 
shorter than a, which is in the direction pre- 
ferred for Fe*+.» For simplicity, the cubic 
crystal axis of the spinel lattice is used and 
the four types of the octahedral sites are 
designated by a, 8, + and 6 as shown in 
Riga: 

First, consider the <100> transmission of the 
longitudinal ultrasonic waves. For the com- 
pression along [100] it is preferred for Fe?+ 
to sit on @ and 8, and for Fe®+ on y and 6, 
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each arrangement of ions is described as 
Fe**(af) or Fe**(7d) respectively. For the 
extension Fe*+(7 8) Fe*+(aé) or Fe?+(ad) Fe®+(7 8) 
are preferred. To complete these rearrange- 
ments, Fe?+ on @ or B must exchange the 
sites with Fe*+ on 7 or 6, respectively. These 
rearrangements of ions are effectively caused 
by the transition of an electron between Fe?+ 
and Fe** and this is expressed by the single 
electron process of the following type: 

Fe2+ * Feit +e- (1) 
For simplicity, only the Fe?+ arragements are 
discussed hereafter. For the compression 
along [010] (@B) is preferred and for the ex- 
tension (ay) or (08). For the compression 
along [001] (ay) or (68) and for the extension 
(a8). These ion rearrangements are expres- 
sed by the same process of single electron 
migration as in (1). 

Next is the case of the <110> longitudinal 
wave transmission. For the compression along 
[110], preferential arrangement of Fe?+ is 
(af) and for the extension (7é). To complete 
this rearrangement two Fe?+ on a@ and 8B 
migrate simultaneously into 7 and 0. Such 
migration is completed not by the process (1) 
but by a simultaneous migration of two elect- 
rons, or the coupled electron migration 
process. By this rearrangement the axis a 
and 6 are interchanged. For the [011] com- 
pression (yf) is preferred and for the exten- 
sion (aé), and for the [101] compression (08) 
and for the extension (a7). In both processes 
of rearrangement there is an intermediate 
state (@B), and the process is divided into 
two parts, in each of which only one electron 
moves. Hence these processes are principally 
the single electron process of (1). 

Also in the case of the <111> longitudinal 
wave transmission, for the [111] compression 
(a8) is preferred and for the extension (ar), 
(ad) and (76) are preferred. In these rear- 
rangements the former two are the single 
electron process but the last is the coupled 
electron process. 

In the case of the shear wave or the tor- 
sional wave transmission, the processes of 
deformation are similar to those of the longi- 
tudinal waves. Hence all the types of ion 
rearrangement are contained in the above 
considerations and listed in Table II; the unit 
processes are classified into the single electron 
process and the coupled one. Owing to the 
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Table II. The preferred arrangements of Fe2+ in 
the octahedral sites of magnetite for the trans- 
mission of ultrasonic waves along various direc- 
tions. 


Coupled electron 
process 


One electron 


Direction of | IPT SS 


transmission. | 
|Compres- Exten- Compres- | Exten- 


sion sion sion sion 
<100> [100] ap te 
[010] sap oe 
ay 
(ool) 15h a8 
<110> [110] ab 70 
[011] [ex pan | 
[101] OR a Seg 
ay F 
<Ub [111] | a 1 | a@p | 0) 


limitation in the experimental procedure, the 
specimens are composed of multiple twins at 
the ordered state. Hence the relaxation 
process observed in a certain direction is the 
superposition of the unit processes in the 
equivalent directions. 

Now, the first peak of attenuation is ex- 
plained as a stress-induced relaxation of one 
electron diffusion expressed by the equation 
(1). The first reason for such conclusion is 
that in the case of electric conduction in 
magnetite, current is carried by electrons 
hopping between neighbouring pairs of a fer- 
rous and a ferric ion as represented by the 
equation (1). In pure magnetite, the activa- 
tion energy for the electric conduction was 
determined by Calhoun® to be 0.06ev (40°- 
52°K), 0.09ev (56°-77°K) and 0.llev (78°- 
90°K). The value 0.06ev fairly coincides 
with the activation energy of ultrasonic re- 
laxation 0.055 ev obtained for the first peak, 
lying near 50°K. Next, the first peak was 
observed in all the cases of longitudinal wave 
transmission along <100>, <11l> and shear 
waves along <100>. The single electron 
process, expressed by the equation (1) can 
occur in all the above cases as will be seen 
from Table II. The low temperature peak 
was also observed by the previous investiga- 
tors'2) in some ferrites without low tempera- 
ture transformation of ionic ordering, and 
peak height varied with the content of Fe?*. 
This fact also supports the above explanation 
for the origin of the first peak. 
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The activation energy for the second peak 
observed directly below the transformation 
point is 0.36 ev and considerably higher. This 
peak is regarded as a stress-induced relaxa- 
tion corresponding to the simultaneous ex- 
change of paired Fe?+ ions with paired Fe** 
or the coupled electron process in Table II. 
According to the previous measurements,”.”? 
the second peak was not observed in magnet- 
ite for the <100> longitudinal waves nor in 
various ferrites without low temperature ionic 
ordering in octahedral sites. From Table II, 
it can be seen that in these cases the coupled 
exchange of ions does not occur. In the con- 
ductivity measurements, the activation energy 
was obtained as (0.1l ev at temperatures near 
the second peak. This value is considerably 
lower than the activation energy of ultrasonic 
relaxation, so the latter can not be considered 
as the single electron process expressed by 
(1). As a consequence, it is concluded that 
the second peak of attenuation is a stress- 
induced relaxation, the elementary process of 
which is the coupled exchange of ions through 
the coupled diffusion of electrons in the 
ordered octahedral sites of magnetite. 
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The author wishes to expresss his hearty 
thanks to Professor T. Hirone of this Institute 
for his kind guidance throughout the present 
work and to Professor S. Miyahara of the 
Hokkaido University for his kind furnishing 
with specimens and helpful discussions. He 
is also indebted to the members of Hirone 
Laboratory and those of Miyahara Laboratory 
for their kind advices on the present study. 


Addendum Shear wave attenuation was meas- 
ured at 35 Mc/s in the same way as in the 
case of Fig. 3. The first peak was observed 
at 68°K and the second at 112°K, both are 
to be plotted in Fig. 4. 
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Both X-ray study and electrical measurement were simultaneously 
carried out keeping the specimen in vacuum. In K-Sb and Na-Sb, the 
crystallization into the hexagonal structure from amorphous state and 
the transition from p-type semiconductor to n-type one occur simul- 
taneously with successive activation by alkali metal. But Cs-Sb keeps 
constantly p-type in spite of the crystallization into the cubic structure 
from amorphous state. In Rb-Sb, the transition of the structure occurs, 
i.e., amorphous—>cubic>hexagonal, and n-type conduction appears in the 
hexagonal structure. In order to explain these facts, the relation be- 
tween the excess alkali atoms and the crystal structure was considered. 

The cubic phase of Rb;Sb was found to be the same as the structure 
of CssSb. The unit cell (2=8.84+0.02A) is described by the space group 
Fd3m-O;7 with eight rubidium atoms at (0,0,0; 0,4, 4; 3,0, 4; 4,4, 0) 
+0,0,0 and 4,4,4 and four antimony and four rubidium atoms occupy- 
ing at random the other positions (0, 0,0; 0, 4,4; 3,0, 4; 4, 3, 0)+34, 4, 4 


and 7,2, 4. 


§1. Introduction 


Alkali antimonides are intermetallic com- 
pounds composed of alkali metal and antimony 
as represented by M:Sb, the film of which is 
photosensitive to visible light. Among them, 
cesium antimonide has been investigated by 
many investigators in relation to its electrical 
and photoelectrical properties because of its 
excellent photo-emissivity. 

Brauer and Zintl!) showed that the crystal 
structures of KsSb and NasSb are hexagonal 
(NasAs type) and that LisSb has a hexagonal 
structure (the high-temperature modification) 
and a cubic structure (the low-temperature 
modification, probably CusAl type). For CssSb, 
two. different cubic types has been reported; 
Gnutzmann?) found that the unit cell of CssSb 
is a perfectly ordered cubic lattice of Cs and 
Sb (CusAl type); on the other hand, Jack and 
Wachtel®) found that it is randomly distributed 
by Cs and Sb atoms over equivalent positions 
to a certain extent. Recently we became 
aware that the structure of Rbs:Sb were re- 
ported independently by Gnutzmann” and by 
Zhuravlev, Smirnev and Mingazin’’, who found 
that RbsSb has a hexagonal structure (NasAs 


type). However, these X-ray studies have 
been made on powder specimen only and 
therefore the structure of practical photosensi- 
tive film has been unknown at all. 
Imamura®’, one of the authors, studied the 
behaviors of the electrical properties of the 
alkali antimonide films in the process of pre- 
paration of the specimens, and suggested that 
Rb:Sb might exist in both the hexagonal and 
the cubic forms. In order to study such rela- 
tion between the physical properties and the 
structure as in the case of RbsSb, X-ray work 
must be done by use of the same specimen 
film for which the physical properties are 
measured. However, it is difficult to accom- 
plish this purpose, because an extremely thin 
air-tight window is needed to reduce the 
absorption of X-ray. In all the X-ray work 
made in the past, powder specimens were 
used, and there was no definite evidence that 
the photosensitive film has the structure as 
in the case of powder specimens. Hence, 
employing the test tubes with which both X- 
ray study and observation of the electrical 
properties of alkali antimonide films could be 
carried out, the relation between the electrical 
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properties and the crystal structure of alkali 
antimodes were investigated. We also found 
a new cubic phase of RbsSb in this experi- 
ment. 


§2. Experiment 


Rubidium-antimony film was prepared in an 
evacuated glass tube as shown in Fig. 1. In 
order to obtain X-ray photographs, the en- 
trance and the exist window were mounted 
on both sides of the tube and covered with 
mica plates (10 in thickness) to admit X-rays. 


aE X- yay 
Sb mica window 
ae 


a 


i —~ aquadag electrode 
Yi & 


glass 
envelope 


S 


wy X-ray film 


Rb source 
Specimen 


Fig. 1. Preparation of alkali antimonide film and 
arrangement in X-ray diffraction. 


A tungsten filament with antimony and a 
rubidium source were mounted in the tube. 
The tube was evacuated and baked at 350°C 
for three hours. After antimony was evapo- 
rated on the exist mica window, metallic 
rubidium vapour was made by reducing ru- 
bidium chromate with silicon powder in an 
ordinary way to react with the antimony film 
at 150°~250°C. During the reaction, the sign 
of the thermoelectromotive force and the 
electrical resistance of the film were measured 
with two aquadag electrodes mounted near 
the exit window. After the measurements, 
the tube was tipped off from the evacuation 
system in a vacuum of 3x10-*mmHg and 
then X-ray diffraction was carried out with 
placing an X-ray film at a distance of 26mm 
from the exit window of the tube, as shown 
in) Fig. 1: 

In the above method, however, diffraction 
lines at high angles disappeared owing to the 
increase in absorption of the exit mica window. 
So we also prepared the powder specimen by 


glass envelope Sb powder 


Fig. 2. Preparation of powder specimens of alkali 
antimonides. 
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using tiny flakes of antimony films which 
were made by tearing off evaporated films 
from glass substrate, as shown in Fig. 2. 
After reacting with rubidium under the same 
condition, the powder specimen was manipu- 
lated into the X-ray capillary and sealed off 
under vacuum to mount on a Debye-Scherrer 
camera. In this case, we could not measure 
the electrical properties of powder specimens, 
but a composition of specimen, Rb/Sb, was 


measured as follows: weighed tiny flakes of . 


antimony films (about 2mg) were put into 
the glass envelope in Fig. 2. After the X- 
ray photographs were taken with the capillary 
containing the powder specimen prepared as 
mentioned above, which was weighed, and 
the capillary was broken and washed with 
Aqua regia, so that the capillary without the 
specimen was weighed. The amount of the 
specimen was calculated as the difference of 
two weighing values of the capillary with the 
specimen and without the specimen, and the 
amount of rubidium as the difference between 
the amount of the specimen and the amount 
of the used tiny flakes of antimony films. 
Thus, a composition of specimens was calcu- 
lated. 

All the X-ray photographs of specimens in 
this experiment were taken at room tempera- 
ture with copper radiation. 


§3. Results 


Structure of Rb:Sb 

The electrical resistance of the specimen 
increases rapidly with successive activation 
by rubidium, and then it reaches a maximum 
value at which the specimen has stoichiomet- 
ric composition RbsSb. With supplying ru- 
bidium furthermore, the resistance remarkably 
decreases?). 

When the resistance of the specimen ap- 
proached the maximum value in the process 
of reaction, the X-ray photograph of the 
specimen showed a halo diffraction pattern at 
low Bragg angle, as shown in Fig. 3(A). 
Consequently, the specimen was considered 
to be amorphous. After the specimen was 
annealed at 150~200°C for 5 hours, many 
diffraction lines appeared which, however, 
have not yet been interpreted. 

Just after the peak resistance was attained 
by supplying rubidium, the specimen had the 
cubic structure which was a new phase of 


| 


j 


/ 
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Fig. 3. Diffraction patterns of rubidium-antimony film. (A): At the initial stage in activation 


process. (B): Cubic phase of RbsSb. (C): 
eS a 
© 2 ©FS ass 
vo —- OM nN = 
CN S20 5 SO ee. 

i (fi 
(A) 
(B) 
Fig. 4. Diffraction patterns of powder specimens 


phase. 


Rb:sSb. By supplying rubidium a little more 
the cubic phase was transformed into the 
hexagonal phase. The X-ray photographs of 
the cubic and the hexagonal phases which 
were taken after the reaction at 180°C are 
shown in Figs. 3(B) and (C), respectively. 
X-ray photographs were also taken with the 
powder specimens, as shown in Figs. 4 (A) 
and (B). The diffraction patters in Figs. 4 (A) 
and (B) were respectively identified with those 
in Figs. 3(B) and (C). In Figs. 3(B) and 
4(A), however, very weak diffraction lines 
of the hexagonal structure appear among 
the strong diffraction lines of the cubic struc- 
ture. This shows that these specimens have 
not a homogeneous composition. 

The diffraction pattern in Fig. 4(A) indicates 
a cubic cell with the constant: 

a=8.84+0.02A , 


and can be interpreted by the same structure 
of CssSb as that found by Jack and Wachtel’? 
(see Fig. 5(A)). That is, the structure is 


Hexagonal phase of Rb;Sb. 


a 
i 
© 
+ 
° 
i<9) 
¢ 
} 


s— (620) 


of Rb3Sb. 


(A): Cubic phase. (B): Hexagonal 


represented by space group Fd3m-O,'’ and 
eight rubidium atoms occupy the positions at 
(0, 0, OR 0, 3, 25 zs 0, z3 z, 3, 0)+0, 0, 0 and te on zig 
and four antimony and four rubidium atoms 
occupy at random other positions at (0, 0, 0; 
0,3, 8; 4,0, 4; 2,2,0)+4,4,4 and 4,4, 4. The 
crystal structure factors are 
F=4( fsp+3 fro) 
for h,k,/ all even and h+k+/=4n , 
F=0 
for h,k,/ all even and h+k+l/=4n+2, 
and 
F=V 8 (fsp— Rb) 
for h,k,/ all odd. 


The calculated spacings and intensities of 
the reflections for this structure are in good 
agreement with the observed values (see 
Table I). 

Gnutzmann”) reported that CssSb has the 


structure of CusAl type. Scheer and Zalm” 
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Table I. Calculated and observed X-ray data with CuKa radiation for 
the cubic phase of Rb;Sb. (a=8.84+0.02A) 

*) Int. 
ee ee ee Oe 
— Beall ili 0.9 _ o- 23 640 0 — 
— 4,42 200 0 -= ily 1.18 642 18.0 m 
3.08 33,1183 220 100 v.S. 1.14 WING) 553+731 0.14 v.w 
2.63 2.67 311 0.7 Ww. 1.10 ital 800 2.0 v.w. 
— EOD 222 0 — 1.08 1.08 733 0.05 v.w 
2.19 2. 2AM 400 18.4 m.s - 1.07 644+ 820 0 — 
2.01 2.05 331 0.3 w. 1.04 1.04 660 +822 10.2 w.m. 
= 1.98 420 0 _ 1.02 NOY 555+751 0.09 v.w 
1.79 1.80 422 37.9 S. = 1.014 662 0 _ 
1.69 1.70 333+511 0.2 w. 0.986 0.989 840 6.4 v.w. 
Ie 50 1.56 440 eS m. 0.968 0.971 753+911 0.11 v.w 
1.48 1.49 531 nz V.w. — 0.964 842 0 —_ 
= 1.47 442 +600 0 — 0.940 0.942 664 6.4 w. 
R39 1.40 620 15.4 m 0.927 0.927 931 0.09 v.w. 
1.36 1835 533 0.07 vV.w 0.902 0.903 844 6.6 w. 
— il ois} 622 0 -- 0.889 0.889 755+771+933 0.12 v.w. 
1E27 1.28 444 Boll V.w. 0.865 0.870 862+10,20 21.9 Ww. 
1.24 1 0.11 V.w. 0.853 0.855 7734951 0.13 v.w. 


24 Sole 7 11 


*) The intensities were corrected for Lorentz-polarization factors, and not for absorption and tem- 


perature factor. 


expected the ordered CusAl-type structure to 
be the stable modification of Cs:Sb and the 
disordered structure of proposed by Jack and 
Wachtel to be an unstable modification and 
suggested that this might account for the 
observations that a prolonged heating of 
photocathodes resulted in an irreversible de- 
crease in photosensitivity. It is important to 
determine whether the photosensitive film has 
an ordered or a disordered structure. In CusAl 
type, four antimony atoms are situated at 
(0, 0, 0; 0, 4, 3; 3,0, 4; 4, 4,0) and twelve ru- 
bidium atoms at (0, 0, 0; 0, 4, 3; 4, 0, 4; 3, 3, 0) 
3,2, 2) 4,4,4; and #,2,%, and the crystal 
structure factors are 

F=4(fsp+3/frp) 

for h,k,/ all even and h+k+/=4n , 
F=4( f sp— FR) 


for h,k,l all even and h+k+l=4n+2, 
and 
F=4(fsp—fRb) 
for h,k,l all add. 
It was impossible to observe ‘the reflection 


lines for which h+k+/=4n+2 with h, k, 1] all 
even, notwithstanding that the intensities of 


the reflections with h,k,/ all odd were ob- 
served (see Table I). Consequently, it does 
not seem to be proper to consider the struc- 
ture of the cubic phase of RbsSb as CusAIl- 
type. 

Recently, Zhuravlev, Smirnov and Mingazin*? 
reported that RbsSb has the structure of 
NasAs type (Fig. 5(C)). This agrees with our 
result for the hexagonal phase of Rb:Sb. (The 
photograph of Fig. 4(B) give the lattice con- 
stants: a=6.32+0.02A, c=11.19+0.02 4). 


Electrical properties 


Imamura® found several facts from obser- 
vation of the sign of the thermo-electromotive 
force during the preparation: In Cs-Sb, the 
sign is always negative, indicating that posi- 
tive charge carriers are predominant, but in 
K-Sb and Na-Sb the transition from p-type 
to n-type takes place just after, or in some 
case even before, the peak resistance has 
been attained. In Rb-Sb, this transition oc- 
curs rather later than the former two. He 
also suggested that the transition from n-type 
to p-type is associated with the structure 
change from the amorphous to the hexagonal 
or from the cubic to the hexagonal, and that 
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rubidium antimonide has either the cubic or 
the hexagonal phase. 

In order to examine whether the structures 
are responsible for the electrical properties, 
the X-ray photographs of Cs-Sb, K-Sb and 
Na-Sb were taken by the method as described 
in §2. The sign of thermo-electromotive 
force was also observed. In Cs-Sb, the tran- 
sition from the amorphous to the cubic phase 
took place by supplying cesium and the tran- 
sition to hexagonal phase did not appear by 
supplying cesium furthermore, and the sign 
was always negative. In K-Sb and Na-Sb, 
the transition from amorphous to hexagonal 


Table II. 
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phase (NasAs type) took place after attaiment 
to the peak resistance and the transition from 
p-type to n-type. In this case, the cubic 
phase was not observed. In Rb-Sb, the tran- 
sition from p-type to 7-type took place in the 
cubic phase containing the hexagonal phase. 
These results are almost in agrement with the 
Imamura’s suggestions. It may be concluded 
that an alkali antimonide of the amorphous 
or cubic phase is a p-type semiconductor and 
of the hexagonal phase is an 7-type one. 
The space among the atoms in the hexa- 
gonal lattice is larger than that in the cubic 
lattice, as seen from Table II. The excess 


Comparison of the hexagonal and the cubic phase in Rb;Sb. 


Lattice constants (A) : Small distance (A 
Crystal type | sane | yay “) 
a | ¢ | Sb-Sb_ | Sb-Rb | Rb-Rb 
| 
Hexagonal 6.32 11.19 3.25 6.32 365. |. 43.73 
| 
Cubic 8.84 | 3.64 31837 3/83 3.83 


alkali atoms can be easily accommodated at 
‘tthe interstitial positions in the hexagonal 
lattice and act as donors. On the other hand, 
the cubic Jattice cannot accommodate so many 


excess alkali atoms at the interstitial position 


that the cubic phase indicate an wm-type 
‘conduction. This can be seen from the 
fact that the cubic lattice of RbsSb is trans- 
formed into the hexagonal one by diffusing 
rubidium in a large quantity. The excess 
alkali atoms in the cubic lattice may occupy 
‘the Sb sites to indicate p-type conduction, 
because such substitution is possible to a 
certain extent in the disordered lattice as 


@ : Rodos Sbos @:Sb @: Sb 
O:Rb 0: Alkali atom O: Alkali atom 
(A) (B) (C) 


Wig. 5. Unit cells of alkali antimonides. (A): 
Unit cell of the cubic phase of Rb3Sb (the same 
as the unit cell of Cs,Sb according to Jack and 
Wachtel). (B): Unit cell of Cu;Al type (unit 
cell of Cs;Sb according to Guntzmann). (C): 
Unit cell of NajAs type (unit cell of NasSb, 
K,Sb and the hexagonal phase of Rb3Sb). 


shown in Fig. 5(A). The transition from the 
cubic phase to the hexagonal one is prohibited 
for CssSb. This may be assigned to the large 
ionic radius of Cs atom. In fact, although 
we also prepared a specimen of Cs-Sb by 
evaporating antimony at 180°C ina glass tube 
which was filled with Cs vapour, the hexa- 
gonal phase was not observed. In this case, 
excess Cs atoms may initially occupy Sb sites 
substitutionally. The more excessive cesium 
may deposit on the wall of the glass envelope 
or on the surface of the specimen. 

The diameter of the halo in Fig. 3(A) agrees 
with that of the strongest diffraction line of 
Rb:Sb. Probably, owing to deficiency in the 
quantity of rubidium, grains could not grow 
so large in size that they gave the sharp dif- 
fraction lines. The origin of the p-type con- 
duction in the amorphous state in all kinds 
alkali antimonides may be assigned to vacan- 
cies of alkali atoms in such tiny grains. 


§ 4. Discussion 

Although many specimens of RbsSb were 
prepared, we could not make a specimen of 
the cubic phase which contained no hexagonal 
phase, so that we could not show experi- 
mentally with the pure specimen of the cubic 
phase that the cubic phase is a p-type semi- 
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conductor. However, the transition from /p- 
type to m-type in Rb-Sb occurs rather later 
than that in K-Sb and Na-Sb in the process 
of activation with alkali and CssSb has the 
cubic structure and is a p-type semiconductor. 
These facts seem to support the conclusion 
that the cubic phase of RbsSb is a p-type 
semiconductor. 

A thick film of the specimen was necessary 
to obtain X-ray photographs with sharp dif- 
fraction patterns. But, in a thick specimen 
(few microns), the transition of the structure 
in the process of preparation occurred con- 
siderably later than the transition from -type 
to p-type and attainment to the peak resist- 
ance. This might be due to the fact that 
the reaction between alkali metal and an- 
timony proceeded rapidly at the surface of 
the film and the surface layer of the film had 
a considerable effect on the electrical proper- 
ties of the specimens. Therefore, it was de- 
sirable to make the specimens as thin as 
possible. In fact, even with the semi-trans- 
parent specimens clear diffraction patterns 
were obtained, using a thin mica window. 
It is probable that the specimen containing 
both the cubic and the hexagonal phase has 
layer of the hexagonal phase near the surface. 

Jack and Wachtel®?) made X-ray specimens 
of CssSb by reaction at 200°~210°C between 
antimony powder and cesium vapour, and re- 
ported that many specimens gave X-ray photo- 
graphs with a high background intensity and 
only one or two broad and diffuse reflexions 
at low Bragg angle. But we obtained a 
clearer cubic diffraction pattern with the 
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specimens of CssSb that were prepared by | 
reaction at 180°C between evaporated thin 
antimony films and cesium vapour and were 
not annealed after reaction. This shows that 
cesium may not easily diffuse into antimony 
and a highly crystalline specimen of CssSb 
can be prepared by diffusing sufficiently cesi- _ 
um into antimony. Therefore, it may be 
noted that such a thin film of Cs-Sb asa 
practical photocathode with the maximum 
photosensitivity just after the establishment - 
of a maximum resistance has the cubic struc- 
ture, though the relation between the photo- 
emissive properties and the crystal structure 
is not the main subject in the present work. 
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The high temperature modification of sodium ferrite, B-NaFeO:, has 
weak ferromagnetism, whose Curie temperature is about 450°C. The 


magnetic property resembles that of LaFeQs;. 


The origin of weak ferro- 


magnetism of @-NaFeO, can be attributed to the presence of the Dzyalo- 
shinsky type interaction in this compound. 


Introduction 


$1. 


It is known from the works of French 
researchers!) that sodium ferrite, NaFeQO:, 
crystallizes in two modifications: (1) the low- 
temperature- or a-modification which is rhom- 
bohedral with the space group D3,-R3m», and 
(2) the high-temperature- or (§-modification 
which is orthorhombic with the space group 
C!,—Pna?. In the present work, thermomag- 
netic study was made with 6-NaFeO:, and it 
was found that this substance shows weak 
ferromagnetism when cooled in a magnetic 
field from temperatures above 500°C, The 
magnetic property is like that found in LaFeO; 
which was studied previously®. The origin 
of this weak ferromagnetism can be inter- 
preted on the basis of symmetry consideration 
as due to the presence of the Dzyaloshinsky 
type interaction” in the compound. 


$2. Experimental 
2.1. Experimental Procedure 

Powders of Na:CO; and a-Fe.0; of average 
particle size of 0.5 in diameter were mixed 
in the desired proportions, ground in an agate 
mortar, and sintered at 900°C for 20hrs in 
air. The sintered products thus obtained 
were more stable at room temperature than 
those with shorter sintering periods. Unstable 
products were subject to hydration in moist 
air. Sintering above 1000°C caused sticking 
of the molten samples to the crucibles. 

X-ray powder diffraction patterns were taken 
of the samples with varying ratios of Na to 
Fe. Samples ware vacuum-sealed in thin glass 
tubes. 

Samples for thermomagnetic measurements 
were made in a form of a rectangular prism, 


4mmx4mmx8mm in size, and were sup- 


ported by platinum wires, whose one end was 
buried tight in the sample. Sample mounting 
as well as the magnetic measurements were 
made as fast as possible after sintering since 
even the well-reacted samples were apt to be 
attacked by moisture. 


2.2. Crystallographic Study 

Fig. 1 shows schematically the positions and 
intensities of the observed lines on powder 
photographs. It is seen that samples with 0.9 
<x<1.1 (x denotes Na content: NazFee-.O3-z) 
have essentially the same crystal structure, 
which should correspond to the $-NaFeO: 
structure. The pattern was compatible with 
the structure given by Bertaut and Blum”, 


ee Se Ee ee 
AT S261 2S) Os Om 2 43 14 iS \6cm 


13 sl a kt ayes its l 


Fig. 1. Schematical representation of the powder 
diffraction parterns of sintered products of 
mixtures of Na,CO3 and a-Fe,03;. The abscissa 
represent the distance between lines of given 
indices. # stands for the value in the formula 
Na,Fe:_,O3_,. Lines with the label a are per- 
tinent to a-Fe,O;. Camera diameter: 114.6mm. 
Radiation: FeKa. «=0.8 corresponds to 2Na:O3- 
3Fe.03, and w«=1.0 to B-NaFeQOp. 
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except for a small difference in lattice con- 
stants from theirs (the present data: a=5.65A, 
b=7.13A, c=5.37A). Observed and calculated 


line intensities of 8-NaFeO. are listed in 
Table I. 

Table I. Interplanar distance, d, and observed 
and calculated line intensities of @-NaFeO:. 
No. (hkl) dobs deal Tovs eat 
1 110 4.43 4.43 s 54 
2 011 4,27 4.29 s 47 
3 020 = SY — 0 
4 it 3.40 3.42 Ww 13 
5 120 3.02 3.02 Us ge 
6 200 2.83 2.83 8 30 
Ul 002 2.68 2.68 vs 55 
8 121 2.63 2.63 vs 99 
9 210 — 2.63 — 1 
10 201 2.48 2.50 m 38 
11 211 2.36 2.36 ™m é 
12 iA — 2.29 = 3 
13 220 = fe Wie -— 0 
14 130 == i220 — 3S 
15 031 2M 2.18 Ww 6 
16 022 — 2.14 — 1 
17 221 SS 2205 = 1 
18 131 — 22038 — 2 
19 122 2.00 | 2.00 m ORS 
20 202 95 1.94 m i 
040 eS 1.78 ™m 22 
320 1.66 1.66 s 32 
123° t54- 1.54 8 39 
| 1.50 | 1.51 | m 1 


For x=0.8, there appears a new structure. 
The composition corresponds approximately 
to 2Na,03Fe20;. According to Collongues and 
Thery®, the compound of this composition has 
a tetragonal structure, and our data are in 
rough accord with theirs. Samples with *«< 
0.7 are mixtures of 2Na2O3Fe.0; and a-Fe:QOs. 

For x>1.3, additional lines are superposed 
on the pattern of B-NaFeO:. It is not yet 
clear whether these lines are due to admixing 
of a different phase or they are some super- 
lattice lines of the original B-NaFeO: structure. 
2.3. Magnetic Study 

Thermomagnetic measurements were made 
of three samples, with x=1.0, 1.1 and 0.7. 
Figs. 2 (a) and (b) show specific magnetization 
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vs temperature curves of the samples with 
x=1.0 and 1.1, respectively. The Curie tem- 
perature of these samples are 450°C and 550°C, 
respectively. The dotted curve in (b) seems. 
to indicate that for this sample treating field 
of 6800 Oe is not sufficiently strong to produce 
full remanence. 


o (emu/g) 


05 
O 100 200 300 400500600700 800 900 
Temperature (°C) 


b) 
o (emu/g) 
0.09 
-X- — -X—-xX----x- Ra 
008k : 


O 100 200300 400 500 600700 800 900 
Temperature (°C) 

Fig. 2. Specific magnetization « against temper- 
ature of (a) NaFeO, and (b) Na;.:Fe) 90; 5. Solid 
curve: not field-cooled. Dotted curve: cooled 
from temperatures above 550°C in a field of 
6800 Oe. Measuring field: 6800 Oe. 


As in LaFeO:, the field-cooled sample has 
a magnetization vs field curve displaced along 
the magnetization axis. This is shown in 
Fig. 3. The displacement, however, is very 
small as compared with the case of LaFeQOs. 
The relation between the remanent magneti- 
zation (or) and the field applied during cooling 
(M:) is shown in Fig. 4. As is seen from 
the figure, o, is roughly proportional to the 
square root of Hi. According to Néel’s theory 
of thermoremanent magnetization®’, this be- 
havior corresponds to the case of fine grains 
with very high coercive force. 

Fig. 5 shows the result of the thermomag- 
netic measurement on a sample with x~0.7. 
As was stated in 2.2, this sample is a mixture 
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of 2Na:O3Fe:03 and a-Fe:0;. The anomaly in 
the curve near 650°C may probably corre- 
sponds to the Curie temperature of a-Fe.0;.* 
Then the peak at 100°C may be identified 
with the critical temperature of antiferro- 
magnetic 2Na:03Fe:0s. 


(emu/g) 
: Ht= 
010 x* 800 oe 
AY “ *n*200 oe 
al x re 0! OC 
0.06 5 ge 
x ° 
004-1b isin 
0.02 
-6000 -2000 


“8000-4000 . 0 4000 8000 
a 00e H (oe) 
a ° 
SERRE 
- 0.06 
40° 
-008 
-0.10 


Fig. 3. Specific magnetization (c) vs field (#) 
curves of field-cooled and not-field-cooled speci- 


mens of B-NaFeO, (at room temperature). H;: 
the field during cooling. 
(emu/g) 
or 
0.04 
0,03 S 
002 ° 
0.01 
© 6 100 200300400500600700800 900 


Ht (Oe) 
Fig. 4. Thermoremanent magnetization (cr) a- 
gainst field applied during cooling (Hr) of B- 
NaFeO,. 


§ 3. Discussion 

As was shown in § 2, 8-NaFeO: shows weak 
ferromagnetism, and it resembles LaFeOs in 
that the o vs H curve is shifted along the 
magnetization axis if it is cooled from tem- 
peratures above the Curie temperature of 
weak ferromagnetism. It has become more 
and more confirmative that LaFeO:, together 


<3 Supplementary measurements revealed that this 
anomaly was absent in a sample with 7=0.8. 
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with other earth orthoferrites®, is an intrinsi- 
cally non-compensating antiferromagnetic be- 
cause of an angular coupling between almost 
antiferromagnetically arranged spins. We 
shall now discuss the possibility of a similar 


interpretation of weak ferromagnetism in p- 
NaFeO2. 


o (emu/g) 
Olé 
0.15 


O14 
ok) 
O12 


Ol 
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0.08 
0100 200300 400500600700 800 900 
Temperature (°C) 
Fig. 5. Specific magnetization (c) against temper- 
ature of Nap ;Fe;.3O02 3. 


Fe, Fea 


Fig. 6. Environment of an Fe’+ ion in ~-NaFeOs 
structure projected on the ac-plane. Large 
(white) circle: O?- ion. Small white circle: 
Fe?+ ion with + spin. Small black circle: Fe3+ 
ion with — spin. 


First of all, Fe?+ ions in B-NaFeO: from 
a distorted simple monoclinic lattice, so that 
an antiferromagnetic spin lattice can be 
formed with antiparallel spin arrangement be- 
tween near-neighboring Fe*+ ions. Each Fe’+ 
ion has four Fe*+ neighbors (see Fig. 6). All 
of them are separated from the central Fe*+ 
ion by intervening O*- ions. Interionic dis- 
tances and angles Fe-O-Fe are given in the 
figure. As can be seen, from the figure 
neighbors of Fe: (or Fes) are Fez and Fes, and 
those of Fe: (or Fes) are Fe: and Fes. 

The structure has four screw axes parallel 
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to the c-axis, two planes of gliding reflection 
mn, and two other planes of gliding reflection 
a. Consideration of these symmetry elements 
leads to the following relation between the 
components of S; (for numbering of spins, 
see Fig. 6): 


S3=— Soi On Os S2z=ESiz , 
Sse=—€’Siz, Ssy=E'Siy , Sas Sus 5 
Se=Ce'Sin, Sag=—e’Sy., .Sa=é6S8a; 
(1) 
where € and & take the values +1. The 
components of the net moment vector 
m=S,+S82+S3+S: 
can be written as: 
Mz=(1—E)(1—E)Siz , | 
(2) 


My=(1—E)(1 +E) Siy , 

mz=(1+6)1+E)Sx . | 
As mentioned above, S: and S: (or Ss and S:) 
should be nearly antiparallel to each other, 
while S: and Ss (or S: and S:) are parallel, 
so that the vector 


l=Si—S2+Ss—S;: 
should have a non-zero absolute value. 
(1) it follows that: 
‘Sa +é&)1—€&)Siz ’ 
lj=CA+8)0 +2) Sie 5 
ee + 6")Sis . 
The case €=&’=—1 is inhibited, because, 
then, all of the components of J in (3) vanish. 
Hence we have three cases: 

ly 6S..e 

From (3) we have /-=4Siz and /y=/z=0 so 
that the approximate spin direction lies along 
the a-axis. From (2) mz=my=mz=0 and no 
net moment appears. 

Ze ei — 1. 

Iz=lz=0 and /,=4S.,, so that the approxi- 
mate spin direction lies along the b-axis. 
From (2) mz=m,y=0, mz=4S, and a small 
moment appears in the c-direction. 

co — i 


From 


(3) 
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le=ly=0 and 1.=4S1z, so that the approxi- 
mate spin direction lies along the c-axis. 
Mz=m:=0, My=4S1, and a small moment ap- 
pears in the b-direction. 

The origin of these non-vanishing net mo- 
ments may by the Dzyaloshinsky type inter- 
action Di;[SixS;]®. The following relation 
holds between the components of Di;’s: 


Di2x(uz, uy, 0) D3(0, Vy, Vz) Dis(—wWaz, 0, Wz) 
Dea(Wz, 0, Wz) D2s(0, —Vy, Vz) 
Dsi(tz, —Uy, 9). 


Of these only wz and wz are responsible for 
producing net moments. 
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The Crystal structure of chloranil and bromanil has been determined 
by X-ray diffraction technique based on the two-dimensional Fourier 


analysis. 


Chioranil and bromanil are isomorphous. 


The cell constants 


are: do=8.862, bo =5.837, co=8.763A, B=72.6° for chloranil and ay)=8.62,, 


bo=6.173, Co=9.02,A, B=74.2° for bromanil. 
in the unit cell and the space group is P 2,/a (C2). 


There are two molecules 
The crystal con- 


sists of two layers of substituted halogen atoms which are parallel to 
the (001) plane, and the skeletons consisting of oxygen and carbon atoms 


lie between these two layers. 


The juxtaposition of molecules is such 


that the dipole interactions between C=O bonds stabilize the structure. 
There is definite localization of the double bonds in the benzene ring. 
In the molecule the adjacent halogen and oxygen atoms protrude respec- 
tively up and down from the plane of the benzene ring making a pucker- 
ed form. The thermal motions of the molecules in this crystal have 
been analysed from the anisotropic thermal parameters of chlorine and 


oxygen atoms. 


A theoretical analysis shows that the puckered form is 


more stable, as a molecule, than the planar form. A clear correspon- 
dence is found between this fact and the anisotropic thermal motions 


of Cl and O atoms. 


$1. Introduction 


Although the molecular shapes of p-benzo- 
quinone and its derivatives are symmetrical, 
they have small but definite values of ato- 
mic polarization. Hammick and Coop” sug- 
gested that this fact was due to the bending 
effect of the molecule. If it be so, molecules 
in the crystals may be bended much more 
by the crystalline field. These effects may 
become clear by a accurate determination of 
their crystal structures. 

The crystal structure of p-benzoquinone 
was determined by Robertson and Trotter”. 
If this structure is compared to that of chlo- 
ranil and bromanil, the influence of substitu- 
tion by halogen atoms to the C=O bond may 
be estimated. Due to the large size of the 
halogen atoms the distortion of C—Osbonds 
is expected to be discernible. 

Harding and Wallwork” determined the 
crystal structure of the chloranil-hexamethy]- 
benzene complex. According to their results, 
the oxygen atom and its adjacent two chlo- 
rine atoms in the chloranil molecule protrud- 
ed in the same direction from the plane of 
the carbon skeleton. 

In this paper the detailed crystal structure 
of chloranil and bromanil will be reported. 


The structure of chloranil was determined in 
details which enabled us to discuss the struc- 
ture of the molecule. 


§2. Experimental 


Both chloranil and bromanil were purified 
by recrystallizing from saturated benzene 
solution. Single crystals suitable for X-ray 
diffraction work were obtained by crystalliz- 
ing from benzene solution at about 30°C. 

The X-ray absorption coefficients of bro- 
MAanile waren 2 (Cie nena lool 
and those of chloranil are fouea=121cm", 
MMoxa=14cem-!. To minimize the effect of 
absorption, in the case of bromanil, single 
crystals were cut and polished to form cylin- 
drical rods 0.2mm in diameter. The softness 
and cleavage of these crystals made it very 
difficult to obtain good samples. Therefore, 
some systematic error in the intensity data 
was unavoidable. In the case of chloranil 
the absorption correction was neglisibly small 
for MoKa since we used crystals having a 
diameter about 0.2mm. 

For the structure determination a complete 
set of relative intensity for (Ok/), (A0/) and 
(hkO) was obtained by integrating Weissen- 
berg goniometer. For chloranil MoKa radia- 
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tion and for bromanil CuKa radiation were 
used. The relative intensities of reflexions 
on Weissenberg photographs obtained by the 
multiple-film technique were measured by 
visual comparison with an intensity scale. 

The crystals were often found twinned in 
the (001) plane. The temperature factor was 
fairly large and the reflexions over sin @/A= 
0.8 A- could not be observed. The diffuse 
scattering was often observed in the cut and 
polished crystals. 

The crystals are monoclinic and the unit 
cell dimensions determined from high angle 
reflexions on Weissenberg photographs are: 


Go =8.862-40.02s, 5bo=5.837£0.016, 


Co=8.763-+0.02; A, B=72.6°-0.4° 
for chloranil 


Q=8.62:+0.01e, bp =6.173-0.005, 


Co=9.02;£0.013 A, B=(4 272-042 
for bromanil. 


The space group is P2:/a (Cx). The density 
determined by the floatation method is 1.67 
g/c.c. for chloranil and is 3.02 g/c.c. for bro- 
manil. Since the general position in P2:/a is 
fourfold and the unit cell contains only two 
molecules, the centres of gravity of the 
molecules should occupy a set of twofold 
special positions. Thus each molecule dis- 
plays a centre of symmetry in the crystal. 
Therefore it is clear that their atomic polari- 
zation is not due to the asymmetry of the 
molecules. Since the diffracted intensities of 
chloranil and bromanil show the same be- 
haviour, both crystals are isomorphous. 


Structure Determination 


§3. 

From the Patterson maps of the b-projec- 
tion and a-projection the positions of the 
heavy atoms were determined. Then the 
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structure factors were calculated with a few 
models in which the carbon and oxygen skele- 
ton was placed in addition to these heavy 
atoms. It was possible to arrive at a model 
which gave fairly good agreement between 
Frat. and Fos.. This was done first with 
bromanil. In the case of chloranil the model 
obtained for bromanil was adopted as a 
starting point. 


§4. Refinement 


In the earlier stage the refinement was re- 
peated by Fourier syntheses. Then, it was 
followed by subsequent (/)-Fc) syntheses. In 
the later stage the thermal anisotropy of 
heavy atoms and oxygen atom was taken 
into account. In the structure factor calcul- 
ation the atomic scattering factors were 
taken from McWeeny* for the light atoms, 
those from Tomiie and Stam® for chlorine, 
and those from James and Brindly® for 
bromine. 

From the (~o.—@c) maps the corrections for 
atomic co-ordinates 4r were estimated by the 
equation: 

Ar=[d(00— c)/dr)r-o/2pe(0) , 
where (0) is the electron density at an atomic 
centre and p is a constant whose value is 
deduced from the Fourier map by the equ- 
ation: 
o(7)= (0) exp (— pr”) . 


The values of 20(0) given by Burbank” were 
used in this refinement but the results of 
corrections with his values showed some 
tendency of overestimation. 

At this stage of refinement, the tempera- 
ture factors for each atom were introduced 
according to the method suggested by Atoji® 
and modified by Sasada®. In the final stage 


Table I. Final atomic parameters and temperature factors of chloranil. 
a-projection b-projection c-projection 

x/a y/b 2/e 7 rr . r 

| de B 4 da B 4 va B 4 
Cl, | 0.4759 | 0.7267 | 0.1778 | —120.5 | 5.19 | 2.06 + 6.1 O.061 128i | 4100.3 5.57 | 0.06 
Cl, | 0.6917 | 0.2812 | 0.1707 | — 59.9 | 5.03) 1.76] +53.2 | 5.7511.19| — 95.3 | 5.05 | 0.75 
O 0.3307 | 0.8940 | 0.5075 | + 4.7 |6.54|3.75| —73.0 | 7.88 | 3.61 | + 65.0 | 3.53 | 1.23 
C; 0.0938 0.2100 0.4972 ar en EN — 6.25 | — — 2.17; — 
Cy 0.4973 | 0.5952 | 0.3493 | = 2.90 | — — 4.81 | — — 1.71) — 
C3 0.0810 | 0.0933 | 0.3490 = Se ZU — 4.90 | — — 2.00) — 
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the thermal anisotropy of chlorine and oxygen ‘Table III. Observed and calculated structure fac- 


atoms was taken into account by the method tors for chloranil. In the columns of F)/2 the 
suggested by Schomaker® which was modifi- signs “<” indicate none observed structure 
ed for the two-dimensional case. By this cor- factors. 


rection the disagreement factor for each pro- 
jection was reduced by 2~3¢ i He Foy Hele hk | Foe Peja 
: uced by 2~3% and the posi- 
oe of light atoms were adjusted slightly. 00 5 io oe 05 8 <1.89 0.88 
ince in j : . «UZ — <I) OS 
ee paper the author wants to dis- 3 48.12 47.37— 10 <2.07 0.25— 
ar: small distortion of the C=O bond, even F ae wet 06 O 7.43 8.47— 
this slight influence sh ious- ; 3 1 <1.60 1.14 
Ss ould be taken serious 6 30.64 30.10 3 2°91 201 
We 7 5.88 4.49— aecaloer/ OMmeoeiy a 
: lo cae ARG 5e le Si 
5 E 3 .04— Sie 22550 lod 
Table II. Final Seca parameters and tempera- 10 <1.80 0.48 681 85) dao 
ture factors of bromanil. eon 4). 66 TA<AR OAR ESS 
WY RAS Bh ayl 8 <2.04 0.99 
ala y/o ae G1) W0F68" 0.28 9 <2.09 0.86 
: <0.78 0.22— 07 1 <1.80 0.66— 
Br 0.4685 Ute 3. Tr 2 <1.85 0.82— 
: Cees Ot 4 <1.07 0.00 Sec ies 0.51 — 
Bre 0.6970 0.2822 0.1702 x Satae 0.73 AYA 89F 0529 
O 0.3199 , .69 3.19 al 04mm lee 2 
aoe 00087 7 <1.41 0.07 6 <1.99 0.57 
Ci 0.0983 0.1638 0.4953 pe 1.24— 7 <2.07 0.30— 
Cc i <1.70 1.83— 8 <2.14 0.68— 
2 Uae 0.5634 0.3571 10 <1.89 0.03 |08 0 <1.99 1.67 
Cy 0.0840 0.0620 0.3505 Hh <A Geh Os 7s 1 <1.99 0.14— 
12927049 0,86 Zr <i.99) OL OL 
gipeojectionaee26 2 020 38.41 40.50— 3 <2.04 0.75— 
Snes: fe 18 1L2— 4 <2.09 0.06 
b-projection B=6.5 2 17.29 16.81 5 <2.14 0.16 
c-projection B=5.5. S Boyoys YF) ON 2219 O54 
AlN (eee 
: 5 13.84 12.96— 00 1 8.80 10.00— 
The final atomic parameters and tempera- 6 14.67 15.65— 2 18.48 15.86— 
: 7 <1.51 2.88— 3 41.05 46.10— 
ture factors are shown in Tables I and II. In 8 7.72 7.86 4 8.89 7.28— 
Table I each atom is assumed to have its OTA S28 Feel Sele 10 
; : Came 10 <1.85 1.06— 6 27.97 25.88 
stationary scattering factor multiplied by a (tee oo. 2052 7 5.31 3.04— 
temperature factor, 12 <2.09 2.45— 8 7.91 6.14— 
Re OPS) 1 fe >5eele28— 9 7.68 6.60— 
exp—[B—A4 sin’ (¢—¢)](s/2)° , F020 06= 10 <1.82 0.64— 
fy 4 a) << il cilye oO) aL 1k eee BOS 
where B and A are constants, is the angle 421.26 1.57 12 1.86 2.04 
between the direction of maximum vibration R Sa On58-= 1389 23) 10 54 
* * ‘ 6 <1.46 0.26— 20 —12 <2.23 0.20 
and the c* or a* axis and (2s, o) are the polar kee Rodeo Dye eho oF 
co-ordinates of a point in each projection See 18708 0620" 20M 28008 0152 
plane of the reciprocal lattice. The final 9 <1.80 0.51 — 9 <1.86 0.80 
10 <1.89 0.33 = 8 <1-72 0.74— 
structure factors Fox, Fro: and Pax. are shown 1h <2.04 0.27= 5-458) 0.405 
in Tables III and IV. The / values have 12icz-14 0718 — 6 2.37 3.04 
; Ko Rie ue. Cat 04 0 7.67 8.38 & 908 se 0s 
been put on the same scale as the fc values 1 11.85 12.62 2 Bt 9h ol 
by making the value of Fy|—|Fe|| mini- 2 10.63 9.55— — 3 9.35 8.54 
a iz ae 4 FR ocenion 012.95 14-312 LOO 07 35a 6= 
mum. Fig. 1 (a) shows the final o-projecti AeA? .78= 4 jm 29 32 
of electron density and Fig. 1(b) shows the 5 8.98 8.28 0 16.43 15.86 
: é f ch t R085 6 £4.90) 5:67 1 18.15 18.72— 
b-projection of (00.—(c) at the step stnov=¥.1o. Mea 10 8.27 25619 12,38 — 
The disagreement factors R= >1||Fo|—|Fell/ : oes ae : ae ni 
|Fo| for the refined projections, excluding 10 2:81 0.89 5 11.40 11.08 
all reflexions too weak to be observed, are 11 <2.09 0.32 6 5.82 4.86 
: On eal 465 0582 {! Soo, Ono 
shown below: Rec iAG 61233 80h 2:5618:2.68— 
A 01134 Rev 010 3 <1.51 0.36 9 <1.68 1.24— 
Row=0.09, Riov=0.13, Kary eri 4 <1.55 0.64— 10 <1.82 0.92 
for chloranil, §acd 6ardils= 11 <1.95 2.34 
= = 6 <1.70 0.48=— TPS 2509) 0,46 
Row=0.13, Raov=0.15, Rnto=0.22 7 <1.80 0.41 13 <2.23 0.88— 


for bromanil. — 


1188 Ikuhiko UEDA (Vol. 16, 
Table III. Continued. Table IIJ. Continued. 
i Vn Bult a ol ah, Me eee b bk. Fallea Mo 2usmuletl mentee Rive 
A Or = 11 12.23.01 230 lil OuOnes Daan cos 1dudt Yo} iamwye? orgioretaiia! 2362 
Eig eon ce <1 270-2 30= 2 2.07 1.18 3 <1.30..0.45— 
—~ 9 <2.00 0.18 0 4.00 3.34 3 21.04 0 to ee Se 
= 8.5 c6s0. Nee 1) 1258794 4 5.22 3.62 5 21637" OSL 
= ee AG 50k 2 <1.82 0.38 5 ded tO OSes <1.41 2.09— 
= 621.63) 2.44 35 2.78 1.66— 6 el 10, 0.72 7 Reel Eee 
=5 )12.38:11.84 A a3. 492 4.40 = 7 9°67 3-4 8 <i 1) Oye 
= 4 8.75 8.52 5 2.98 1.40— 8 51683 22th <1.59 1.09 
SE 3130 21 — 6 2.89 3.36 9 21.440.25= 1 1 70 4 Oe Ou 
— 2 31.69 29.72— ect Oly 2.56 10 <1.52 0.56 2 1.96 2.07 
= Ve 72266.7.50— WP. 004 Sal <1,59 0.77 3 21,41. 01S 
0 8.10 10.02 9°<2.05 1.06— 15.0. 4.96 4.09 4 of 4h i 
1 31.93 33.64 10 <2.14 1.80— 2 4.30 4.01— | 5 <1.48 1.24— 
2 6.89 7.24 ll <2.23 0.04— q 6.45 6.46— | 6 <1.52 0.82 
3.0 7,50) 8.22— | 12 10) 9eo 03 20.68 4 <1 hOurO28 Sn lewz <1.59 0.69 
4 29.79 30.70— Se 10 F 6.52— 5 4.15 3.44 8 <1.63 0.46 
5 4.05 1.94 0 <2.14 0.46 6 2.306 2254 (90 SO. SAes2eeed0 
6 7.45 7.98 L208 1.26— 7 ZA 37. Terie <1.52 1.63 
7 9.96 11.38 2 <2.09 0.20 8 214s 0.21 ee 21.62 0.01 — 
8 <1.58 0.22 3 <2.09 0.46 9 4i 52 RCs aks SACbGr Tes 
Gy 8.54 5.04— 4 <2.09 0.50 10 < 1,50. 00813 |44 <1.56 0.45 
LO Ao7 0nd 54 — 5 <2.09 0.80— On60, 8182 .eesiee 5 <1.59 1.14 
1H 95) 1.30 6 <2.09 0.78 1 5Os ese | 6 <1.63 0.77 
12 <2.09° 1.66 Tee 0.83 
ea 13 <2.28 0.86 8 <2.19 0.50 
= 5 oan He Nes oo Table IV. Observed and calculated structure fac- 
— 7 <1.95 0.74 20 0 18.64 16.47 tors for bromanil. In the columns of F)/4 the 
= an ee : ae Hires signs “<” indicate none observed structure 
2A Osh 2 1d 1. g 5.48 4.76— factors. 
= Syps 14) 17.06 =4"10 5.82 5.43 - 
SnD 3?) Sle 34 udp ABUO8.76 hk 1 Bolt» FJ4 leh ot aPy4 FyA 
ah eee aa 11 0 18.64 18.10 
0 11.64 12.46 2 37.46 42.23—- 00 1 bayRosodaanerico: Seimetire den wise 
Ly 419 seit SA 3 13.93 13.08 2 24.82 25.38— 8 1.18 1.09 
2 5.86 4.74—-| 4 5.22 5.64 3°40 15 4815 9 0.64 1.00 
3812-60 13.6021 5 <0.89 0.52 410.79 8.45— 100Re Holiss 
£5) 8640) WEA 6 14.56 13.49— 5 £OLTel S284 ol | Oder 409K eels 
Bis 5.al 5.22 7 2.261.2.07— 6 25.87 21.97 1 8.338 7.22 
6 9.45 9.20 8 1827 1 .39— 7 <p oe 9 ‘S99 ipi7gs 
Tei no) Obie, 24 9 3.113. @ Waddey 5 OTe 3 11.78 11.79— 
Sm 3.2ieed 02 1 10 allie aediedG 9 7.47 5.55— 4 MPS eB se 53 
9 3.82 4.42— | 11 <144 1.75 10a, cOnKO 5 7.29 5.99 
10 <1.91 0.70— | 12 2.78 2.76— 11 2.27 1.95 6 4.48 5.45 
11 <2.00 2.00 | 13 <1.67 0.92 01 PAS AGED 7A MBO ES 
122.14 1.60 022.0 0838787139.81— ee ae 8 4.21 2.58— 
13 <2.23 0.16 1 bt 4.56— Ba a5 one 9 v168 ool 
80-8 <2.28 0.10 | 2 4.59 3.34— 4 11S? 0.64255 Bay ie Oo ler 
eS Pec PnlOr 1240-1 <3 TOOT 5 3.08 2.40 nd <P ONO Rte 
= 62050 Ml BAe 84 8.97 8.05— 6 3.99 2.89— Chapin ice 
= bee dn05" 1. 00 5 8.45 7.41— ip VS Cavohot! ie WE ese 
= 4. 479 2.36 6 6.30 5.31— Bevis VO GS bil wuiiondd 
= Byrd 2409360 7 1.07 0.87 © j450eel.76— 6 5 ee 
Oe 7 AAG Mee 4.48 3.34 Hately tv 6 72 OH 
= le 6.19% 5 Asai 2.74 1.98 02 0 45.03 45.55— g} 20hinisse 
0 5.07 4.06— | 10 2.33 2.70— 115.5516.80—|06 0 3.80 2.95— 
Ie AL 8G 4.62 ae <i148- 1.30— 2 18.67 17.95 {, Oro. feo 
24 1A. 93,8 6). 48 <1.59 0.81 3 33.21 37.49 2 2.81 2.46 
é ee pee 13 0 13.26 11.89— 4 3.58 3.29 3, 150-1044 
5 4.47 4.82 | 3 304 137— 8 16.13 13.90 5 2.22 1.63 
oe ae : lee ? 0.99 1.21 — 6 1.50 1.08— | 
8 4.89 1.40 6 8.45 6.98 9 5.35 4.41 107 yin | 
9<1.91 0.26 | 7 Lie ne aera 3 Y Lon ica | 
ee op ei eb@ 1.8 0° 0.45 0.57= 2weed o10oe | 
ieee Ope |e ee ea 03 1 0.45 0.74— eae ni tiv | 
12 <2.23 0:60 | 10 Sibu ieee re nie Ayal 
10 0 x 5 a) 19 a . 3 UBS 7046 Zeal 
19 1.36 | 11 <1R5P Vises 41.58 
2 avs: 0.003] Gain pare 5 0.99 1.39— I 0 s8220.0:3 
48 6.94 6 1.36 2.03— 2 | APe5s96 te 
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Table IV. i 
Tom Gontnued: Table-IV! Continued. 
lle Ue 
Fo/4 F-/4 aN sa eel 5) alas RT hkl Fo/4  F,/4 hie l : Fol4. Fl 
00 3 33.7 46.3— = 
ae ee ee 550 4.89 5.18 560 1.95 2.30— 
5 15.3 15.4 ah eos ° 4.73 3.95- | 6 1,45. 90877— 
6 21.4 20.7 Ret ap eae j 05 1.29 1% 1.45 2.48— 
ee ea carps Fe ear 0.70— 7 OL G74 0o= 
hal ition les Ni 2 61 60 ‘i ate aa 2 56h 950803 
ghz sda5i0e ga. 7 a8i4 2 Ppesulyty pitta G Shale ae 
Se ae yh oem : a econ < 0.10 
sii ppane: : : x 0.41— 5 1.95 2.67— 
O09 gS 5 5.4 5.2— 4 De OBy | ers 
DPQ MLLOM PS 1022 GURLUE (ISS : ane 
Ef Glo) uh ll) i) Nae OS 
A eee nhs pl oils Ue eee 
SAAS LT. gree Chg 
pls ectheen 0 ea dh 1 10 40,2 A OOS 
Oe One) ORS a0. 9 
Ae Sse Pra I eh 5k 
—3 5.0 4.2 Py 32 OR) 
Liisa Ga Sa Be Ups ys 
—1 6.4 6.7 4 2.0 2.4— 
0 9.6 6.6 Ber ONac 0. 7 
i, AbaSP ster(6¥= Ge Is Ibo 
2 MOE S» Je = TeMO) Seale 5 
Bl <e We) 
Ae ONY eet DOO Skee Cee 
De One eO haw) 4 Sab / elon 92, 
Se eaZ Oiled 6 10345" 9.20 
ae Rae 8 Say AO 
Sh AE ako 10 2.84 2.07 
Cnr O22 LAO eel 206 M6533 
Oy ORS 2 26.40 34.96— 
bya iy 3 Has) Sas 
40-9 < 0O.1 4 Bi. Ah XS) Fig. 1(a). The final projection of the electrom 
ap : as en 4 er fog density along the b-axis. Contours at intervals. 
GEO 1.2 7 e 0.87— of 2eA-2. Contour at 0eA-2 is broken. 
ee WE eLORO) 8 heey 7) Oh 
pe 1S ied 9 Te OeD3 
ue A. onlce 10 0.95 1.33— 
— 2 28.6 26.3— 0 2 0” 28585546. 33 — 
ele Abe mA RO oa 1 8.17 10.22— 
0, T40M473 2, Werke) arate 
Woo fh.203 catove6) 3 BO ciate 
Dai Ome. 9 4 WA Ss A 
4) INI toa 5 7 .A5 A, bl — 
By Di Sia Sytei— 6 (62) On00— 
SA a3 i DP Pei 
Qe rts) 8 5.6m 4.22 
7 10.4 10.4 9 Wel OB22 
Sam = ORS 10 122° 0.96— 
C) Sale OS 1 QO WZ w= 
IO» “Seial= D 13.40 12.65 
AyQe 1 ae OO 3 217 0,660— 
GO = Os Oxo 4 Bake Bl 2p— 
=6 iO Osc 5 5.89) 5.93 
Fat Op y 1.0 6 WDA MOF 
soles ens ORS = 7 BaCO. lets Fig. 1(b). The (00—(c) map, (b-projection), at the 
eo oe oc hee hae step that the disagreement factors R=0.15. 
= A Bae a 040 16.34 18.09 Contours at intervals of 0.4eA-2. The negative 
Oy Oe aU 1 10.11 8.08 contours are broken. 
le Sa oA Zs PROPS Mel OYE 
DAA at 3 z  OnIM= 
‘ De pest ¢ Le Doe §5. Accuracy of the Structure Determination 
vo. . *: 
BWR 4.7 6 2.89 acl In the case of bromanil the systematic 
S oF oe i ee ey error in the observed structure factors was. 
8 92.2 0.3— 9 - d ue inevitable because of its large absorption coef- 
5. ie 12510 bite R 
19 2: 5 ef 5 4.04 3.99— ficient. Moreover, because of the large 
RNP = 85, SOKG: 0.7 3 2.56 0.24 atomic number of bromine, the accuracy of 
—4 2.5 2.4 4 970008 the position of light atom was not satisfac- 
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tory enough to discuss its detailed structure. 
The standard deviations for atomic positions 
were calculated by Cruicksnank’s™ method. 
Those values o(7v) were about 0.01 A for bro- 
mine atoms and about 0.1A for the light 
atoms. 

In the case of chloranil there is no systema- 
tic error except the extinction effect. The 
standard deviations of atomic positions are: 
o(r)=0.003 A for chlorine, o(7)=0.009 A. for 
oxygen and o(r)=0.012 A for carbon. There- 
fore the standard deviations of the bond 
lengths are: o=0.017A for the C-C, C=C 
bonds, o=0.015 A for the C=O bond and o= 
0.012 A for the Cl-C bond. The average 
standard deviation of the bond angles is 
about 1.2°. 


Fig. 2. The arrangement of molecules of chlora- 
nil with interatomic distances in A and bond 
angles in degrees. The values in the paren- 
theses are the corrected distances by Cruick- 
shank’s method. 
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§6. Discussion 


(1) Molecular Structure: 

The crystal axes were transformed to the 
orthogonal axes such that a, b axes were 
|parallel to X, Y axes with the common 
origin. In this orthogonal co-ordinate system 
the structural calculations of the molecule 
and the crystal were performed. The results 
are shown in Fig. 2. The plane through 
which all carbon atoms in one molecule and 
its centre of symmetry lie is calculated to 
be 


1.0000.X + 0.6731 Y—0.03162Z—7.5584=0 , 


for the molecule at (1/2, 1/2,1/2). The per- 
pendicular displacements of atoms in this 
molecule from the above plane are shown in 
Fig. 3. It is certain that the adjacent chlo- 
rine and oxygen atoms protrude respectively 
up and down from this plane. Moreover the 
distances between these adjacent oxygen and 
chlorine atoms are fairly shorter than that 
expected from the sum of their van der Waals 
radii. Thus these atoms around the carbon 
skeleton construct a puckered form. 


(-0,060) 


(+0.059) 


-0.053) 


Fig. 3. Molecule of chloranil. The value in the 
parenthesis for each atom is the perpendicular 
displacement in A from the carbon skeleton 
plane. The axes 1, 2 and 3 are those concern- 
ing Ui3. 


(+0,061!) 


The bond lengths are found to have fairly 
typical values, from which it follows that C: 
=Cs is the double bond and C:-Cz, C2-Chi, Cz 
-Cl, are the single bonds. The distance be- 
tween C: and O atoms is somewhat longer 
than that expected from the C=O bond. 
Therefore, this bond may have a single bond 
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(C-O-) character to some extent, although it 
is mainly of double bond character. Thus 
the Ci:=O bond may have a dipole moment. 
(cf DFigs.e2eand3)) 


(2) Molecular Arrangement: 

In the crystal the chlorine atoms form la- 
yers parallel to the XY plane. The distance 
between these chlorine layers is slightly 
larger than that calculated from their van 
der Waals radii. The cleavage of the (001) 
plane is well explained by this structure. In 
these layers the distances between chlorine 
atoms in adjacent molecules are also slightly 
larger than that expected from their van der 
Waals radii. These may indicate that the 
van der Waals potentials arising from inte- 
raction between chlorine atoms are much less 
than exerting in crystals of usual poly halo- 
genated molecules. 

A layer consisting of light atom skeleton 
lies between these two chlorine layers. In 
this layer an oxygen atom is found nearest 
to a carbon atom forming a C=O bond in the 
adjacent molecule. The distance between 
these atoms is much shorter than that expect- 
ed from their van der Waals radii. The two 
oxygen atoms belonging to these two C=O 
bonds are even disposed as if they repulse 
each other. It is suggested that the cohesive 
factors between molecules arise mainly from 
the dipole interaction of the C=O bonds. 
‘This fact supports Hammick and Coop’s” 
theory about the atomic polarization of p- 
benzoquinone and its derivatives. But it 
cannot be decided whether the bending of 
the C=O bonds in this crystal is caused by 
the packing of oxygen to the adjacent carbon 
and chlorine atoms, or it is due to the in- 
teraction between the dipoles of C=O bonds 
and the crystalline field. 

When the structure of molecule as found 
here is compared with that of Harding and 
Wallwork®) from the crystal structure of the 
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chloranil-hexamethylbenzene complex, there 
is found a remarkable difference in the orient- 
ation of the C=O bond relative to the two 
adjacent chlorine atoms. The chloranil 
crystal is yellow and that of complex is pur- 
ple red. In the complex some interaction 
between the two kinds of molecules should 
take place resulting the change of electronic 
state of the molecule of chloranil, which 
may cause the bending of the C=O bonds. 


(3) Anisotropic Thermal Motion: 

Using Cruickshank’s!?) method the thermal 
motions of chloranil molecule were analysed 
from the observed thermal anisotropic para- 
meters of the oxygen and chlorine atoms. 
The thermal vibration tensors U??*’s for Ch, 
Cl. and O atoms were calculated from the 
data of B, 4 and ¢ in the three projections, 
such that 

ue= Ss S U2} bly; 
t=1 j=l 
where the mean square amplitude of vibrations 
of these atoms in the direction specified by a 
unit vector 7=(d1, 12, J3). In these calculations 
the adopted axes are indicated in Fig. 3 and 
the results are listed in Table V. 

The problems to be solved here are the 
rigid body vibrations of this molecule. The 
tensors 7i;’s of molecular translational vib- 
rations and the tensors a:j;’s of molecular 
librations about the centre of molecule then 
can be calculated by the equations: 


SU es 


Sj pe 
3 § 

= 2 » [TijlilstoislArlAr),] , 
‘El FE 


where r’s were the positions of atoms refer- 
red to the molecular co-ordinates shown in 
Fig. 3. These equations were solved under 
the condition that the molecule was approxi- 
mately planar, namely 7:?=0. For the small 
values of 73’s, the value of wiz was rather 


Table V. Observed and Calculated Uj;. 
(Values in 10-2 A?) 


Ui Ve22 | Uss Uie Us Wes 
Sas Obs Cal. | Obs. Cal. | Obs. Cal. | Obs. Cal. | Obs. Cal. | Obs. Cal. 
Cl, Ue (Dol 6.99 7.76 M49” 7.01 —3.50 —4.87 3.08 3.06 —0.72 —0.86 
Cl, Vel Oee6209 6.085 nt 79 6.43 6.46 —0.91 —0.04 3.23 3.11 —0.09 0.10 
O 22.06 8.85 3.68 3.68 B22 LO —2.84 —2.38 3.83 3.62 —0.30 —0.29 
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indefinite. Moreover this affected the values 
of Tss, @1. and @22 very much. Therefore 
the value of wi: was determined as to give 
resonable value for 7s: compared to those of 
Ti; and Tx. The results are shown in Table 
VI. From these results the calculated values 
of Us3' are compared to those of U?}* which 
are shown in Table V. 


Table VI. 
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From these results, it seems certain that 
the value of w1: is fairly smaller than those 
22 and w33. This means that the libration 
about the axis J is small but those about the 
axes 2 and 3 are not so much restricted. 
These facts are consistent with the orienta- 
tions of the inter-molecular bonds in this 
crystal, and with the short distance between 


Values of Jj; and wij. 


(Values of 7;; in 10-2 A2 and w,;; in deg?.) 


—2.41 


= Wi Asis 2.80 
3.68  —0.30 
4.86 


=2.0 
8.8 


— 3.6 
== 
Load 


a ge ee 


an oxygen atom in one molecule and its 
nearest carbon atom in neighbouring mole- 
cule. (cf. Figs. 2 and 3.) 

The small corrections for atomic positions 
due to these librations were calculated by 
Cruickshank’s'? method. The corrected bond 
lengths are shown in Fig. 2Z. 


(4) Puckered Molecular Form: 

From the results of X-ray analysis it be- 
comes clear that the oxygen and chlorine 
atoms connected to the benzene ring const- 
ruct a puckered form. This steric effect is 
in harmony with the results calculated by 
the method of Gafner and Herbstein*®’. 

a) The angular distortion energy &: for 
each atom is calculated from: 

Fi=1/2-R(Ax) , 

where 4x is the displacement of an atom 
from the plane of the carbon skeleton and k 
is the force constant of its displacement. 
The force constant for out of plane displace- 
ment is generally smaller than that for in 
plane. Accordingly the value of force cons- 
tant for each atom is assumed to be: R=0.05 
x 10° dyne/cm equally. 

b) The van der Waals interaction between 
a pair of adjacent and non-bonded atoms was 
treated by Hill’. The van der Waals ener- 
gy £2 is given by, 

E2=€.(ra*/r)®—26a(ra*/r) , 


where 7 is the distance between these atoms 
and €z, rz“ are energy parameters for this 
pair of atoms. The distance y depends upon 
4x when the adjacent atoms displace anti- 
parallel whereas it is constant when these 


atoms displace parallel. The values &, and 
ra* of a single Cl atom have been determin- 
ed by Hill’) and the values of a single O 
atom are calculated by the method of Hill'” 
from the data of Oz gas given by Johnston 
and McCloskey’. The values €, and 7.* of 
a pair of A and B atom are calculated by 
the formulas: (cf. Hirschfelder, Curtiss and 
Bird?) 

Ea={Ea(A)-Ea(B)}” , 

fa = T2tt A 7e (BSG 


where the value of 7.*(A) or 7~.*(B) means 
the van der Waals diameter of the atom. 
Since the van der Waals radii have not been 
determined very accurately and the energy 
FE; depends on 7.* strongly, the energy dif- 
ferences F2’s between planar and puckered 
molecules are calculated for a few different. 
values of 7.*, such that: 
if dx’s of adjacent atoms are in the op- 
posite direction, 
E=Fi+1/2{(E2—Ey)a-o+(E2—Ep)ci-ci} 
for Cl atom, 
E=E,+(E2—£)ci-o for O atom, 
and if 4x’s are in the same direction, 
E=E, ’ 
where £ is the van der Waals energy at: 
Ace 
The constants used in the calculations are. 
shown in Table VII and VIII. The results. 
are shown in Figs. 4(a) and (b). 
From these results, for the probable values 
of k, €&; and y.*:the energy differences E’s. 
of Cl and O atoms show the flat valleys in. 


for both atoms, © 
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Table VII. The constants used in the calculations of potential energy 
differences of Cl and O atoms. 


Atoms and pairs Cl O Cl-Cl Cl-O 
&qX 1015 ergs 21.8 lO 21.8 12.8 
Case I 3.825 3.425 3.825 3.600 
Case II 3.814 3.364 3.814 3.589 
rat A Case III 3.805 | 3.355 3.805 3.580 
Pauling”) 3.6 2.8 3.6 Bo 
Author 3.88 — | 3.88 — 
kx10-5 dyne/cm 0.05 0.05 — == 


fairly wide ranges of anti-parallel dx. The 
condition which gives the minimum of this 3 
| potential difference is: 


Gat = (1 +f. tee oa 


In these calculations the value of k may have 
been estimated somewhat less. When the 


Table VIII. The combinations of k’s and 1,*’s 
for which the energy differences show minima 
at the observed atomic distances r(Cl-Cl)=3.217 
and r(Cl-O)=2.955 A. 


kx10-sdynejem | 0.05 0.10 | 0.15 
wap 3.814 | 3.998 | 4.116 
ue Cl-_O 3.589 | 3.768 | 3.882 
[= suai 

100x10'’ ergs 


AS: 


ieivarom ay re direction opposite direction Ay 


0.04 002 0 002 004 O06 008 OlOR 


Fig. 4(b). 

Fig. 4. The energy differences between the pu- 
ckered and planar form of chloranil for vari- 
ous cases of 1rg*’s. (a) for Cl atom and (b) for 
O atom. 


value of r which gives the minimum of the 
potential difference is kept constant (the ob- 
served atomic distance) and let the value of 
k increase, 7a2* does not increase very much. 
(cf. Table VIII.) Moreover, the mean value: 
of van der Waals diameter of Cl atom which 
has been obtained in this X-ray analysis is. 
aK 3.88.4. (cf. Table VII.) Now, the exact 

“100 opposite direction 4 y : values of 7a*’s are not known, the direct 
ens Sse ee correlation between the theoretical calcula- 
G04 002 0 002 004 006 008 O10h tions and the results of X-ray analysis of 
Fig. 4 (a). chloranil can not be given with high reliabili- 


irection 
ax same_directio 
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ty. However, from the calculations given 
above it can be concluded that the puckered 
form is stable and that the thermal vibrations 
are pronounced perpendicular to the mole- 
cular plane and anti-parallel to each other. 

In the above calculations only the adjacent 
atoms in the same molecule are taken into 
account. The oxygen atom has another 
neighbouring carbon atom which belongs to 
a neighbouring molecule. (cf. Fig. 2.) The 
influence of the carbon atom to this oxygen 
atom should be very large and should give 
the decisive effect in making the puckered 
form of the molecule. Moreover, the influence 
may act also co-operatively to make the 
puckered form of chlorine atoms. Since 
there is no such influence in the gaseous 
state, the O and Cl atoms have even chances 
protruding to the two sides of the carbon 
skeleton plane so that the positions of these 
atoms would be diffused by the thermal vib- 
rations in the shallow potential barriers. 
Therefore chloranil molecules in the gaseous 
state may look like planar. The influence of 
the carbon atom may also hinder the thermal 
vibration of O atom as we see from the fact 
that the observed values of Uz. and U3: of O 
atom are smaller than their corresponding 
values of Cl atoms. (cf. Table V.) 


§7. Conclusion 


Chloranil and bromanil are isomorphous. 
‘These crystals form a sandwich type struc- 
‘ture which is composed of two layers of halo- 
gen atoms parallel to the (001) plane contain- 
ing light atom skeletons sandwiched between 
them. The interactions between the mole- 
‘cules are mainly due to the dipole interaction 
of C=O bonds, which is also supported by 
the mode of the thermal librations of chloranil 
molecules in the crystal. The molecule has 
a centre of symmetry and the oxygen and 
chlorine atoms around the plane of carbon 
‘Skeleton are arranged in a puckered form. 
By a theoretical calculation of potential dif- 
ference between the planar and puckered 
molecules, it is shown that the puckered 
form is more stable. Moreover there are 
‘some found correlation between these poten- 
tial difference valleys and the anisotropic 
thermal motions of the oxygen and chlorine 
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atoms. Although the bending of C=O bonds 
as found by the present analysis which is 
also supported by a theoretical calculation of 
the molecular structure, there is still a pos- 
sibility that this bending is caused by the 
interaction between molecules. The bond 
lengths found here have normal values except 
the C=O bond suggesting there is a small 
contribution of the single bond. 

The author wishes to express his sincere 
thanks to Professor I. Nitta and Professor T. 
Watanabé for their guidance and encourage- 
ment throughout this work. He also thanks 
Dr. Y. Sasada for his kind advice and Mrs. 
K. Sugahara for her help in calculations. 
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Structure changes of supersaturated gold-nickel alloy after successive 
agings were studied by means of electron diffraction and electron micros- 
copy. Specimens were prepared by vacuum evaporation and subsequent 
quenching (Y. Fukano and S. Ogawa, J. Phys. Soc. Japan 14 (1959) 1671). 
After aging at temperatures lower than 165°C, side maxima appear beside 
the main spots from the matrix. The side maxima disappear after aging 
at 250 - 300°C, indicating that they correspond to pre-precipitations. The 
side maxima were interpreted by assuming a modulated structure similar 
to that found in Au-Pt alloy by Tiedema et al. (T.J. Tiedema, J. Bouman 
and W.G. Burgers, Acta Metallurgica 5 (1957) 310). This implies that 
gold-nickel alloy at the pre-precipitation stage contains a modulated 


structure similar to that in Au-Pt alloy. After aging at temperatures 
higher than 300°C, two stable phases with parallel lattices appear. In 
this state, Widmanstétten structure was found in electron micrographs. 


§1. Introduction 


Since quenching of thin films was difficult 
so far,? aging of alloys has not been studied 
with thin films prepared by vacuum evapora- 
tion. Recently, the present author and 
Ogawa?) developed a new technique to quench 
thin films and studied the aging of Al-Ag 
alloy. In the present experiment, single 
crystalline films of Au-Ni alloy were quenched 
by this technique and structure changes of 
the films after aging were studied by electron 
diffraction and electron microscopy. 

After aging at temperatures lower than 
165°C, side maxima appear at low angle side 
of main spots from the matrix. The side 
maxima disappear after aging at 250-300°C. 
‘This implies that pre-precipitates formed by 
low temperature aging are dissolved. The 
side maxima were explained as a kind of the 
so-called ‘‘ side bands’’ investigated by Daniel 
and Lipson.®? After aging at temperatures 
higher than 300°C, two stable phases with 
parallel lattices appear. In this state, Wid- 
‘manstatten structure was found in electron 


‘micrographs. 


§2. Experimental 
The present study was carried out using 


* Now at Department of General Education, Na- 
goya University. 


single crystalline films of Au-20 atomic % Ni 
alloy (Fig. 1) prepared by vacuum evapora- 
tion. 


WG 


Temperature 


40 60 80 Ni 
Atomic. 4. Ni ——— > 


1 
Au 20 


Fig. 1. Equilibrium phase diagram of Au-Ni 
system. 


a) Specimen preparation 

The two component metals of this alloy 
were simultaneously evaporated in vacuum 
onto fresh cleavage surfaces of rocksalt which 
were maintained at about 430°C after pre- 
heating up to 500°C. The mean thickness of 
films was about 700 A estimated from the 
total amount of evaporated metals. Films 
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prepared in this way were well orientated, 
their surfaces being parallel to (001) plane. 
It was observed by means of electron micro- 
scopy that the thickness of the films were 
not uniform in most cases. In the present 
work, however, four most uniform films were 
selected as specimens. Non uniform films 
were destroyed during the quenching. 
b) Quenching and aging 

The specimens were first homogenized by 
heating in vacua at about 700°C for 2 hr and 
then quenched to room temperatures by the 
method described in the previous section. 
Thus the films of homogeneous supersaturated 
solid solution were obtained. They were 
aged in vacua at various temperatures for 
various periods of time. For temperatures 
below 165°C, the aging was carried out in 
the chamber immersed in boiling water or 
oil bath, and for temperatures above 200°C, 
in a transparant quartz tube tightly wound 
by nickrome-wire. 


c) Electron diffraction and electron microscopy 
The diffraction camera used was a conven- 
tional type with a single lens and had camera 
length about 30cm. The electron microscope 
used was Hitachi HU-7. The operating vol- 
tage of electron diffraction camera and elec- 
tron microscope was 50kV. Electron micro- 
graphs were taken at magnification 4,000 X. 
For the measurement of lattice constants, 
evaporated gold films aged at about 500°C for 
2 hr in vacua were used as standard, adopt- 
ing lattice constant a=4.070kX (Wyckoff*’). 


§3. Experimental Results 


The four specimens were examined through 
all the subsequent agings after quenching. 
The diffraction patterns were taken at various 


stages of aging. The results are summarized 
in Table I. 


a) Aging at room temperatures 

Photo. 1 shows a diffraction pattern of the 
specimen aged for 2 hr at room temperatures. 
The pattern shows that the specimen consists 
of a single phase of the face centered cubic 
lattice. The lattice constants obtained from 
all the specimens are listed in Table II. 
They are independent of the period of aging. 
The mean value 3.98+0.01kX agrees with 
the X-ray value of the homogeneous solid 
solution of Au-20 atomic % Ni alloy.” 
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Table I. The results obtained from electron 
diffration patterns at various of aging. 
Heat treatment | Results 
Trae ee eee ae 
10-— 30 2—72 ficic: 3.98+0.01 
100 2—13 f:ccc. 3.98+0.01 
165 2 fC. Coan 3.98+0.01 
250-300 0.5— 1 SRY CHO 3.98+0.01 
250 — 300 4 fierce: 3.98+0.01 
40-500 | 1 | FEES | Sisz0.01 
700 2 | Feet) | 315220:01 


* Main spots are accompanied with side maxima 
on low angle side. 


Table II. Lattice constants obtained from 
specimens aged at room temperature for 
various periods of time. 


No. Sp. nee ae Lattice constant. 
| 2 3.98+0.01 
2 10 3.99+0.01 
3 24 3.98+0.01 
4 72 3.97+0.01 
mean 3.98+0.01 


b) Aging at temperatures 100-200°C 

The diffraction patterns were taken at the 
stages of aging for 2 hr, 7 hr and 13 hr at 
100°C and for 2 hr at 165°C. Some of the 
main spots are accompanied by weak side 
maxima or are pear-shaped. The main spots: 
correspond to the face centered cubic lattice. 
The lattice constant is 3.98+0.01 kX which is: 
the same as that of the quenched specimen. 

Photo. 2 shows a diffraction pattern taken 
from the specimen aged at 100°C for 2 hr. 
In Photo. 2 the incident beam is in [001] 
direction. The (200)-spots are pear-shaped, 
elongated towards the low angle side. On 
the original plate of Photo. 2 it can be ob- 
served that the (220)-spots and other higher 
order spots are also elongated towards the 
low angle side, parallel to the elongation of 
(200)-spots. When, however, the specimen is. 
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(220) (020) 


Photo. 1. Electron diffraction pattern of the 
specimen aged for 2 hr at room temperatures 
after quenching. 


(220) 
Photo. 3. 

Photos. 2—3. Electron diffraction pattern of the 

specimen aged for 2 hr at 100°C. Enlarge- 

ments correspond to marked parts. 


slightly tilted, pear-shaped spots are ob- 
served to split into weak side maxima 
and main spots, although it is difficult to 
reproduce the details of this splitting on 
the print. Photo. 3 was taken by rotat- 
ing the specimen about 45’ around [110] 
axis from the position in which Photo. 2 
was taken. The spots (200), (020), (220) 
and (220) which lie near the boundary 
of 0-th Laue zone are accompanied by 
weak side maxima. Photo. 3 is reproduced 
schematically in Fig. 2, where dots and 
crosses represent the side maxima. Side 


Photo. 2. maxima corresponding to the dots in 
(000) (200) 6 
(a) 0 
(b) 45! 
(c) 2 10’ 


ke 
Photo. 4. (200)-spot and the associated side maximum from the tilted specimen. @ is the 
angle between the normal of the specimen surface and the incident beam. Arrows in 


(b) and (c) indicate the side maxima. 
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Tempera- 
ture of aging of aging 
(°C) 


(200) 


(000) 


Photo. 5. 


Fig. 2 are reproduced in the enlargements 
given in Photo. 3. Those corresponding to 
the crosses are extremely weak and can be 
observed only on the original plates. The 
spots (200), (020) and (220) lie on the Kikuchi 
bands with the same indices in Photo. 3. 
The side maxima accompanying these spots 
are hardly observed. When Bragg condition 
is exactly satisfied each main spot is so strong 
that it masks the weak side maxima associated 
to it. The effect of masking may become 
serious by the strong diffuse inelastic scat- 
tering which accompanies each Bragg spot. 
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165 2 


250—300 1 


250 —300 4 


400—500 1 


700 


The variation of (200)-spot and the associated side 
maximum during aging at various temperatures. 
indicate the main spot from qa, a; and a»-phases, respectively. 
Arrows in (b), (c) and (d) indicate the side maxima. 
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Since it was impossible to 
observe all the side maxima at 
the same time, the side maxima 
around each main spot were 
investigated by tilting the speci- 
men films. The distance 47 be- 
tween a main spot and the as- 
sociated side maximum was 
measured in many diffraction 
patterns (Table III). It is found 
in Table III that the value of 
Ar is constant independent of 
the angle of inclination 0. @ is 
the angle between the normal 
of the specimen surface and 
the incident beam. Photo. 4 
shows this fact: Distance 4r 
remains constant, although 
Photo. 4(b) and 4 (c) are taken 
at 0=45’ and 2°10’, respectively. 
Based upon the fact that dy is 
constant, it is concluded that 
the intensity regions of the 
main maximum and the associ- 
ated side maximum in the reci- 
procal space are juxtaposed in 
(010) plane, as illustrated in 
Fig. 3. The elongation of the 
region normal to (001) reciprocal 
plane in Fig. 3 may be caused 
by bending of the specimen 
films. For higher order spots 
the side maxima are not ob- 
served although each spot is 
slightly elongated towards the 
low angle side. Summarizing 
the observations, the intensity 
distribution on the (001) reci- 
procal plane as shown in Fig. 
4 is concluded. 

c) Aging at 250-300°C 

Photo. 5 shows the variation of (200)-spot 
from the specimen at the various stages of 
aging. At 250-300°C the side maximum still 
remains after aging for 1 hr. When, how- 
ever, the specimen is further aged for 3 hr 
the side maximum disappears. Thus the 
diffraction pattern looks similar to that taken 
just after quenching (Photo. 5 (a)). The 
lattice constant is also the same as that of 
the quenched specimen. However, the back- 
ground of Photo. 5 (e) is much lower than 
that of Photo. 5 (a), although the change is 


Duration 


(hr) 


i) 


@, a, and ay 
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Photo. 6. 


Electron diffraction pattern of the 
specimen aged for i hr at 400—500°C and then 
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slowly cooled to room temperatures. 


Photo. 7. Electron diffraction pattern of the 
specimen aged for 2 hr at 700°C and then 
slowly cooled to room temperatures. 


Photo. 8. Electren micrograph of the specimen 
aged for 2 hr at 165cCs 


Photo. 9. Electron micrograph corresponding to 
Photo. 7. Arrows indicate L-shaped precipitates. 


(020) - 
Kikuchi 
band 


[ (200)- | 
Kikuchi band 


Fig. 2. The scheme of the original plate of 
Photo. 3. The main spots are represented by 
circles and the side maxima by dots and crosses. 


hardly recognized in the reproduction. This 
change indicates that imperfections in the 
specimen have been decreased. The specimen 
which has once been aged at 300°C for more 
than 4 hr and has lost its side maxima shows 
none of them even when it is again aged at 
temperatures 100-200°C. 
d) Aging at 400-500°C 

The specimens were successively aged at 
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Table III. The observed valve of 4r. ; 
Ar (mm) 2 2AL | Qa 
te 0 eet = = =a = S| a (mm (kX) 
No. | (200) (021) (200) | (020) (220) | (220) (220) kX) z. 
10 45/ 100 y 0.23 0.23 . 0.23 0.23 0.23 Bye, I 70 
ere) 45) 100 , 0.23 0 23 0.24 0.23 0.23 32e0 70 
19 | 2°10! | 100 0.25 0.25 0.25 R25 0.25 32.8 66 
age eee = | ee 
40 | 2°10’ | 165 | 0.25 0.25 | 0.25 32.6 65 
43 ': 45! | 165 a 0.25 0.25 0225 0.25 32.9 66 
Wa eas tes) 0.250 0.25 0.25 0.25 | 33.1 | 66 
49 By! 165 | 0.23 0.23 0823 0.23 0.23 0.23 32.4 al 
53 7 45) | 250 | . 0.25 0.23 0.24 0.24 0.24 BYR 2 67 
a } 7 > oe a ~ mean) 68 
| k 
Ewald sphere 1/Q oO oO fe) =®) =) 
i“ oO O: @) *O oO 
IN 7 . = 
Side maxima’ 290? 
Sections of intensity (a) : 
regions cut by Ewald 08 (b) O- O Q(o9Q) *O O acate: Fy 
spheres a, b and c. 
ee = § (c) 
O- O: fe) -O ro) 
Fig. 3. The illustration of the intensity region 
of (200)-spot and the associated side maximum. 
Sections of intensity regions (a’), (b’) and (c’) e & as & ES 


correspond to Photos. 4 (a), 4 (b) and 4 (c), 
respectively. 


high temperatures after the side maxima 
disappeared. Photo. 6 shows a diffraction 
pattern taken from the specimen aged at 
400-500°C for 1 kr and then cooled slowly 
to room temperatures. The main spots (a1 
in Photo. 6) correspond to a face centered 
cubic lattice of lattice constant 4.05+0.01 kX. 
They are accompanied by weak spots (a2 in 
Photo. 6) corresponding to another face cen- 
tered cubic lattice of lattice constant 3.52-+ 
0.01 kX. The two lattices are parallel to each 
other. 

Photo. 7 shows a diffraction pattern of the 
specimen further aged at 700°C for 2 hr and 
then cooled slowly to room temperatures. 
The weak spots in Photo. 6 have become a 
little stronger in Photo. 7 and spots are 
multiplied by double reflections. The lattice 


Fig. 4. The illustration of the intensity distribu- 
tion on (001) reciprocal plane. Open circles and 
dots indicate main spots and the side maxima, 
respectively. 


constant of each lattice remains the same as 
that given above. 

The lattice constants 4.05kX and 3.52kxX 
agree respectively with X-ray value of Au-6 
atomic % Ni (a@:-phase) and that of Ni-l 
atomic % Au (a@-phase) given by KOster et 
al. Since the a:-phase has grown parallel 
to the matrix phase, it can be expected that 
there is Widmanstatten structure. 

e) Electron microscopy 

Photo. 8 shows an electron micrograph 
taken from the specimen aged for 2 hr at 
165°C. In this micrograph the images of the 
modulated structure, details of which will be 
described later, corresponding to the side 
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maxima are not observed. Small black dots, 
loops and short lines are visible on the original 
plate at the locations denoted by a, b and c. 

They may be images of dislocations.®?) 
Loops have irregular elliptic shapes and the 
smallest diameter was estimated to be 200A. 
The distribution of loops is not: uniform. 

Photo. 9 is the electron micrograph cor- 
responding to Photo. 7. White short lines 
nearly parallel to <100> are visible in Photo. 
9. The average dimension of short lines is 
estimated to be 200A in width and 500A in 
length. Some of short lines appear to have 
L-shape. Since they are not observed in 
Photo. 8, the appearance of them may be re- 
lated to the precipitation of a,-phase. The 
distribution of white short lines is not uniform. 
We consider that this pattern corresponds to 
Widmanstatten structure which is expected 
from the diffraction pattern (Photo. 7). 


Spacing 


Number of unit cells 


Fig. 5. A model of modulated structure given by 
Tiedema et al.®) 


$4. Interpretation of Side Maxima 

In interpreting Fig. 4, it might be possible 
to assume that a new phase with a tetragonal 
lattice, which is parallel to the lattice of the 
matrix, had precipitated in the matrix, c-axis 
taking three orientations parallel to the cubic 
axes of the matrix. If so, the lattice constant 
a of the new phase is a=3.98+0.01kX, the 
same as the lattice constant a of the matrix, 
and the lattice constant c is c=4.11+0.01 kX 
calculated from the distance between the in- 
cident spot and the side maximum of (200). 
This tetragonal phase must be either the 
matrix phase deformed from the face centered 
cubic lattice or a newly precipitated phase. 
According to Vegard’s law, however, spacing 
larger than that of gold, a=4.070 kX, is im- 
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possible in any substitutional solid solution of 
gold and nickel. Thus the assumption that 
the new tetragonal phase exists is impossible 
and the side maxima must be interpreted 
from a different standpoint. 

According to X-ray study of Au-Pt alloy by 
Tiedema et al.,®) two side bands besides main 
reflections appear in the early stages of aging 
and disappear at the later stages. These 
side bands are attributed to the following 
modulated structure: The modulation occurs 
along a cubic axis and its wave-length is 
Qa, where a@ is the lattice constant of the 
matrix (Fig. 5). Out of Q layers, p layers 
are Au rich and g layers are Pt rich, where 
q=Q—p. The spacing of p layers and that 
of q layers are assumed respectively to be 
@,=a(1-+qd) and a:=a(1—pé), where 6 is a 
parameter. Ratio ~/q is assumed to be the 
same as that of the amount of the two stable 
phases which would be obtained at room tem- 
peratures. 

Au-Ni alloy system studied in the present 
experiment has the equilibrium phase diagram 
similar to that of Au-Pt alloy system (Fig. 1). 
The behavior observed for Au-Ni that the 
side maxima appear at the early stage and 
disappear at the later stage of aging is also 
similar to the behavior for Au-Pt. From these 
similarities, it is reasonable to attribute the 
side maxima to the modulated structure as 
that of Au-Pt alloy. The wave-length of 
modulation Qa is given by the distance 
between a main spot and the associated side 
maxima (47 of Table III) using the relation 


4r-Qao=AL, (1) 


where 4 is the wave-length of electron wave 
and L, the camera length. Value of Q turned 
out to be 17. The ratio p/g is determined 
from the phase diagram (Fig. 1) and thus p= 
14 and q=3 are obtained. It may be re- 
asonable to determine parameter 0 by assum- 
ing that ratio (1+q0)/(1—pd) is equal to ratio 
Q/d,=4.05/3.52, where a: and a2 are lattice 
constants of stable a; and a@,-phases, respec- 
tively. Then 6 turns out to be 0.008. 

The amplitude of electron wave diffracted 
by the modulated structure is given by 


= oe q=1 : 
A= 'S (= Fu exp 2nihs (14+93)+ >, Fx exp 2niht (1—pd) 
x exp 2zth p(1+ge)} exp 2xthmQ, (2) 


m=0 s=0 
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where Fy, and Fs are the structure amplitudes of each layer of Au-rich phase and Ni-rich 
phase, respectively; , the index of reflection and M, the number of wave-lengths Qa. The 


intensity is, therefore, given by 


sin? zhp (1+q@0) 
sin? zh (1+q0) 


a 
T=| | F,|? 


+ |F'a|? 


sin zhp (1+q0) 


sin? zhq (1—pée) 
sin? zh (1—pod) 
sin zhq (1—pé) 


+2\F4| |Fs! 


The intensity given by the formula (3) has 
the subsidiary maxima at h=o+ ioe where 


ho is the index of main maxima and 7, an 
integer. 


BS ek 2OO Mine ews! Baap ae he 
@ eC Q@.aQ @ 10a Q 
Fig. 6. The calculated intensity curves of (200) 
and (400)-spots in the reciprocal space. 


Fig. 6 shows the intensity curves in the 
reciprocal space calculated for 6=0.002 and 
0.008. Value of M is assumed to be 5. In- 
dependent of the value of 0, subsidiary 
maxima appear only on the low angle side 
of (200) and (400) main maxima. Subsidiary 
maxima around (220) are expected to appear 
on [100] axis similarly to those of (200). The 
modulated structure in specimen films may 
be formed along three main axes of the 
matrix. Thus a diffraction pattern cor- 
responds to the superposition of the intensity 
regions of three orientations. 

The agreement between the observation 
and the theory is good in the fact that no 
side maxima is observed in high angle side. 
It may be reasonable that the second order 
side maximum at low angle side was not 
observed, because the expected intensity is 
too weak. The elongation of (400) spots 
towards low angle side (Fig. 4) is also in ac- 
cordance with the theory. 


sin zh (1+q6) 


in? zMQh 
x cos zhQ a+s)| one 


sin zh (1—pé) 


§5. Discussions and Conclusions 


a) Side maxima 


The side maxima observed in the present 
experiment are a kind of the so-called ‘‘side 
bands’’ investigated by Daniel and Lipson.® 
The side bands observed by them were sym- 
metric across a main reflection and inter- 
preted by assuming sinussoidal modulation of 
spacing (Fig. 7 (a)). In the case of Al-Cu, 


Scattering amplitude 
foe free 


N 
\ 


amplitude 


om 

& 

2 8 1 

“n > 
x=, 
& 
So 
LS) 
YY 

Qs(p+q) 


Fig. 7. Modulations given by Daniel-Lipson (a),. 
Wilson (b), Tiedema et al. (c) and the present 
author (d). 4 and @ are amplitudes of the 
modulation in spacing and scattering amplitude, 


respectively. @, p and q are the number of 
unit cells. 
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Guinier” and Preston! observed asymmetric 
streaks extending towards high angle side. 
Wilson’? explained the streaks as follows: 
Asymmetric side maxima are expected if 
modulations are assumed both for the spac- 
ing and for the scattering amplitude (Fig. 7 (b)). 
Moreover, the side maximum on low angle 
side vanishes provided AypQ4=a, where hy is 
the index of the main reflection and 4 and a 
are amplitudes of the modulation in spacing 
and scattering amplitude, respectively. If 
parameter @ is not a constant, the side 
maximum extends into astreak. In the case 
of Au-Pt, Tiedema et al.®) observed asym- 
metric side bands. The intensity of the side 
band on low angle side was stronger than 
that on high angle side. Tiedema et al. as- 
sumed a periodic modulation as illustrated in 
Fig. 7 (c) to interpret the difference of in- 
tensity of both side bands. In the present 
case of Au-Ni, the side maxima are observed 
on the low angle side alone. We assumed 
modulations as illustration in Fig. 7 (d) to 
interpret the side maximum on low angle 
side. Each type of the modulations (Fig. 7) 
depends on the size of atoms and the scat- 
tering factor (Table IV). 


Table IV. Size and scattering factor of 
component atoms. 
, Scatterin Size of 

Author Alloy Bm. 8 ae 

4 4 Cu- fou~ rcCu> 
Daniel-Lipson (Fe-Ni) | (fre or fNi)) (TFe Or rNi) 
Wilson Al-Cu | fai<fcu (|rai>reu 
Tiedema etal. | Au-Pt fau~fpt FAu>ret 
Present author | Au-Ni fau>fNi YTAu>INi 


b) Formation of modulated structure 

For aluminium alloys, the formation of pre- 
precipitates at low temperatures has been ex- 
plained as due to quenched-in vacancies which 
increase the diffusion rate of solute atoms.!” 
In the present case of Au- Ni, the formation 
of modulated structure at low temperatures 
may also be explained as due to quenched-in 
vacancies. This explanation is supported by 
the result that the modulated structure is not 
produced by re-aging at low temperatures 
after reversion. Because the excess vacancies 
have been annealed out in the reversion 
process, the diffusion rate of Ni-atoms_ be- 
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comes too small to produce pre-precipitates. 
again. The decrease of vacancies in the 
matrix has been proved also by the decrease 
of background intensity in diffraction pattern. 
(§ 3(c)). 

In the present case, the aging is carried: 
out in the region of temperatures where the: 
second derivative of free energy to composi- 
tion is negative.!? The segregates formed. 
in the matrix, therefore, will grow further 
by mechanism of up-hill diffusion. The sur- 
rounding matrix becomes Au-rich. Thus, the: 
modulated structure will be formed by the 
periodic repetition of the segregation and. 
growth. 

Flinn et al.’ supposed that the homo- 
geneous solid solution of Au-Ni alloy must 
have a locally ordered structure to reduce the: 
large strain energy in the supersaturated. 
solid solution. In the present experiment, 
such an ordered structure is not found. The 
large strain energy may be reduced by the 
formation of the modulated structure. 

Based upon the measurements of electrical 
resistivity and other physical properties, 
Sivertsen et al.’ suggested that metastable: 
precipitates are formed in Au-30 atomic % Ni. 
alloy during aging below 225°C. They sup- 
posed that the metastable precipitates are: 
solute rich clusters, solvent-rich clusters or 
highly ordered regions in the matrix. In the 
present experiment, it has been made clear 
that the pre-precipitates have the modulated. 
structure. The pre-precipitates in the present. 
experiment are formed below 300°C while in 
Sivertsen’s experiment, below 225°C. The 
difference may be due to the difference of 
compositions of alloys used in both experi- 
ments. 

c) True precipitation 

Koster et al.°) found that the supersaturated! 
solid solution of Au-Ni alloys decomposed by 
a discontinuous reaction into two phases of 
an Au-rich solid solution (ai-phase) and a Ni- 
rich solid solution (a:-phase) for aging at 
temperatures higher than 400°C. According 
to them, the process of the precipitation 
proceeds by inhomogeneous precipitation. 

In the present work, the homogeneous solid. 
solution of Au-20 atomic % Ni alloy decom- 
posed into two phases of a; and a, in the 
whole specimen film after aging at 400-500°C 
for 1 hr. Since the rate of precipitation im 
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thin evaporated films is larger than that in 
bulk crystals, we consider that the inhomo- 
geneous precipitation could not be observed 
in the present experiment. 

Tiedema et al.*) found Widmanstatten struc- 
ture in Au-Pt alloy. Although Koster et al. 
did not find Widmanstatten structure in bulk 
crystals of Au-Ni alloys, the structure is 
observed in the present experiment (Photo. 9). 
However, the structure is of dimension 
‘several hundred Angstroms. This may be 
attributed to the large difference between 
lattice parameters of two phases, because 
well-developed Widmanstatten structures are 
observed for nearly equal lattice parameters.” 
.Q,-phase precipitates as the plate parallel to 
the cubic plane in the matrix. Such a pre- 
cipitation was also found in Cu-Ag alloys.” 

Ellwood et al.'® found from the density 
measurement that there are very many 
vacancies in the homogeneous solid solution 
of Au-Ni alloys, particularly in Au-20 atomic 
% Ni and Ni-10 atomic % Au. We, there- 
fore, consider that small loops shown in Photo. 
8 are dislocation rings which are formed by 
the collapse of aggregates of vacancies.” 
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The Harker-Kasper inequality method was applied successfully to de- 
termine most of the signs of structure factors of ethylene diammonium 
Sulphate. Starting from these signs the final Fourier projections on 
(001) and (100) were obtained. The dimensions of the unit cell contain- 
ing eight formula units are @=8.47+0.02 A, c=18.03+0.04 A, and the 
space group is D{—C4,22, or D'—C4;22,. The ethylenediammonium 
group is of gauche type with an azimuthal angle of 75.7°. The hydrogen 
bond distances found in this crystal are 2.80 A, 2.81 A, and 2.82A. The 
existence of only one kind of two mirror-image configurations of the 
ethylenediammonium ion in one of the enantiomorphous forms of this 
crystal may be an important cause of the strong optical rotatory power 


of the crystal. 
$1. 


Crystals of ethylenediammonium sulphate, 
(NH:sCH2CH:NH:)SQ., are tetragonal and are 
known for the strong optical rotatory power, 
15.5°mm_~! for the D-line of sodium.” In order 
‘to obtain a structural basis for the interpreta- 
‘tion of the optical activity as well as informa- 
‘tion on the role of hydrogen bond in this cry- 
stal, its structure has been analyzed by X-ray 
methods. The accurate determination, if pos- 
‘sible, of the sulphate and the ethlyenediam- 
onium groups in this crystal is another pur- 
pose of this investigation. 

From the structure-analytical point of view, 
this crystal proved to be a suitable example 
for the application of the inequality method,” 
which permits many of the signs of structure 
factors to be determined from intensity data. 
The present author devised a convenient gra- 
phical method for applying some important 
inequalities and used it for the determination 
of the signs of structure factors F(k0)’s and 
F(Okl)’s of this crystal.» The intensity data 
were also used by Okaya and Nitta as the 
first example of the application of their linear 
inequalities.” 


Introduction 


§2. Experimental 

(1) Unit cell and space group 

The crystallographic description of this sub- 
stance is given by Groth.’ Single crystals 
used in this investigation were obtained by 


slow evaporation of an aqueous solution at 
room temperature in adesiccator. Laue photo- 
graphs showed the tetragonal holohedral sym- 
metry. Oscillation photographs about the a 
and c axes, and equatorial Weissenberg photo- 
graphs about the c axis were taken with 
filtered Cu Ka radiation. The diameters of 
the rod specimens along the a and c axes used 
for the oscillation and Weissenberg photo- 
graghs were 0.13mm and 0.22 mm respectively. 
The dimensions of the tetragonal unit cell ob- 
tained from oscillation photographs are a= 
8.47+0.02A, c=18.03+0.04A. The density 
given by Burgers’) is 1.625 g.cm~’, and the 
value calculated for eight formula units per 
cell is 1.62g.cm-*. Systematic absences of 
reflections are observed in (hkl) when h+k< 
2n, in (hhO) when h2<2n, and in (00/) when 
Ja<4n. Hence the space group is Di—C41221 
or Di—C4322:. By axial transformation the 
lattice parameters become a@=5.99A, c=18.03A, 
and the notation of the space group 4:2: or 
P432;. These crystallographic data are in good 
agreement with those given by Burgers.®’ In 
the present investigation the former set of 
axes was chosen, because it was easier to ob- 
tain rod specimens along the a axis based on 
the former axial system. 


(2) Intensity data 

The (hkO) and (ORI) intensities of oscillation 
photographs were measured with a micro- 
photometer using a standard intensity scale, 


1206 Kiichi SAKURAI 


and the (k0) intensities recorded on multiple- 
film integrated Weissenberg photographs were 
estimated visually by comparison with a stand- 
ard intensity scale. Corrections for polariza- 
tion and Lorentz factors were applied in the 
usual way. As the dimensions of the speci- 
mens were small, no correction for absorption 
was considered neccessary. Approximate 
values for a scale factor and a temperature- 
factor parameter were obtained by Wilson’s 
method,” due allowance being made for over- 
lapping of atoms in the (001) projection as 
anticipated from the cell dimensions. The 
value of the temperature-factor parameter was 
found to be 2.0 A®. The final values of the scale 
factor and the temperature-factor parameter 
were determined by comparison of observed 
structure factors with calculated values. 


§3. Structure determination 


For the space group Di—C4,22:, there exist 
two sets of positions, special eight-fold and 
general sixteen-fold position: 

(000: 430)+ 

Sa) Dep ORO MO MA we 

16: (b) x, 9,2: X%,9¥,4+2: 4-9, x, $+2: 

Tan) ete oe 

X,Y, 2: X,Y, 4—2: 4-+y, x, F—z: 

$—Y, X, $—Z. 
As the number of formula units in the unit 
cell is eight, sulfur atoms occupy the special 
eight-fold positions, and nitrogen, carbon, and 
oxygen atoms the general positions. The Harker- 
Kasper inequality method was applied, for it 
was expected that this structure could be 
solved by this method. Although the structure 
does not possess a center of symmetry, its 


(Vol. 16, 


projection on (001) and (100) are both centro- 
symmetric, and it is sufficient to determine the 
sings of F(hkO)’s and F(Okl)’s to obtain the 
Fourier projections onto these two planes. 
One of the fundamental set of inequalities” 


(UngtUg <1 Uae’) lt Uxz-n'), 


where Ux is the unitary structure factor for 
the reflection H=hki, was used. The magni- 
tudes of structure factors, U(hk0)’s and 
U(Okl)’s, were derived from the structure fac- 
tors converted into an absolute scale by Wilson’s 
method. The application of the above inequa- 
lity was carried out using a chart devised by 
the present author. A detailed description of 
the use of the chart and the procedure of sign 
determination has already been published.* 


(1) (001) projection 

The values of the unitary structure factors 
and the signs determined by the inequality 
method are given in Table I. An arbitrary 
parameter & is connected with U(hk0)’s with 
h and k both odd, and this corresponds to the 
arbitrariness of the choice between the two 
sets of origins (00), ($4) and (40), (03). Putt- 
ing £=—1, a Fourier projection on (001) was 
synthesized. It is shown in Fig. 1. After the 
completion of analysis, it was found that the 
signs of (400), (890), and (570) were wrong. 
A Fourier projection including all F(hR0)’s 
with their correct signs is shown in Fig. 2. 
A comparison of these two Fourier maps shows 
that the inequality method leads to an es- 
sentially correct map except minor details. 
As anticipated from the unit-cell dimensions, 
there is a considerable overlapping of atoms 


in the (001) projection, and the parameters of 


Table I. U(hk0)’s and the signs determined by the inequality method 

; \K 0 1 2; 3 4 5 6 ii 8 9 10 
0 1.00 _ |0.08| = +0.17 — 0.00 _~ +0.69 — 0.00 
1 — — _ -+0.10é — 0.00 — --0.37é —, »-0.325 <== 
2 |0.08| — —0.30 _ |0.09| — -—-—0.45 — 0.00 — —0.40 
3 — -—0.10 = — — -40.24¢ — 0.00 — —0.39é = 
4 40.17 — |0.09| — +0.84 — |0.09| — 0.00 —~ 0.00 
5 | — 0.0) — —0.24é —— — — 05325 — 0.00 

| 0.00 _ —0.45 os |0.09| — -0.60 _ 0.13] 

i — -0.37é _ 0.00 = = ),eW: — _ 

8 +0.69 — 0.00 -— 0.00 — |0.13] 

9 | — —=0.32 — — -++0..39¢ — 0.00 

| 0.00 -- —0.40 


i 
= 


1961) 


Crystal Structure of Ethylenediammonium Sulphate 12077 


the atoms other than the sulfur atom cannot the symmetry of the structure allows the x 


be obtained from this projection. However, 


Fig. 1. Fourier projection on (O01 


al 
4 


On 


based on the 


signs determined by the inequality method 
alone. Contours are drawn at equal arbitrary 


intervals. 


Fig. 2. Final Fourier projection on (001). 


Con- 


tours are drawn at intervals of 2 e.A-2, except 
around sulfur atom where contours are at in- 


tervals of 4 e.A~-2 starting at 14 e.A-?. 


and y parameter of the light atoms to be 
determined simultaneouly from the (100) pro- 
jection. 


(2) (100) projection 

The values of the unitary structure factors. 
and the signs determined by the inequality 
method are given in Table II. In this case: 
two arbitrary parameters, 7 and €, are con- 
nected with reflections with k=2xodd, /=even 
and those with k=2xeven, /=odd respective- 
ly. This corresponds to the arbitrariness of 
the choice of origin out of four points (00), 
(02), G0), and (44). Putting y=+1 and €= 
—1, a Fourior projection on (100) was synthe- 
sized. It is shown in Fig. 3. In this projec- 
tion all atoms are fairly well resolved, and it 
was possible to obtain approximate parameter: 
values. From the Fourier projections on (001) 
and (100) using the signs obtained by the in- 
equality method, it can already be seen that. 
the configuration of the ethylenediammonium 
ion is gauche. By successive Fourier ap- 
proximation, the final projection on (100) was. 
synthesized using all the observed F’s. It is 
shown in Fig. 4. In order to refine the struc- 


Table7II. U(Okl)’s and the signs determined by the inequality method 
SS | 
Ny 0 2 6 8 10 
Le | — = = 
0 1.00 (0.08 | +0.17 0.00 +-0.69 0.00 
1 = ++0.207& |0.08| 0.03| —0.41é --0.677% 
y — +0.297 |0.08| -+0.347 0.00 +0.377 
3 — 0.00 |0.10| 0.27| |0.24| -+-0.2376 
4 +0.22 0.00 ++-0.24 0.12] +0.49 0.00 
5 — -++0.267 —0.27é 0.13] |0.17| -+-0.357% 
6 ~ +0.167 |0. 13| +0.537 |0.15| |0.26| 
1 — |0.10| +0.24é —0.397% 0.00 
8 --0.33 |0.11| --0.47 0.22| -+-0.33 
9 = +0. 2676 = 0.28 + 0.287% 0.00 
10 — + 0.077 0.00 --0.397 0.60 
11 _ |0.15| -+-0.30E 0.00 0.00 
12 0.00 0.00 -+0.40 0.00 0.00 
13 — 0.00 0.00 0.00 0.00 
14 A +0.137 0.00 0. 00 (0.31 
15 — 0.00 0.00 |0.14| |0.22| 
16 +0.52 0.00 +0.37 0.00 
17 == 0.00 0.00 0.00 
18 — +0.577 0.00 +0.297 
19 — 0.00 0. 00 —0.347% 
20 ++-0.37 0.00 --0.58 
21 — 0.00 — 0.23 
22 = —0.527 7 - 
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ture, (fo—F.) syntheses were calculated, and, 
after eight successive calaulations, the final 
atomic parameters and the temperature-factor 
parameter were determined by the same pro- 
cedure as mentioned by Cochran.® The final 
difference map is shown in Fig. 5. It shows 
peaks in the positions expected for the hydrogen 
-atoms from a model of the ethylenediam- 
vmonium ion, and reasonable parameter values 


\Y) 


fig. 3. Fourier projection on (100) based on the 
signs determined by the inequality method 


alone. Contours are drawn at equal arbitrary 
intervals. 

al! 

4 


WY 


Fig. 4. Final Fourier projection on (100). Con- 
tours are drawn at intervals of 2 e.A-?, except 
around sulfur atom where contours are at in- 
tervals of 4 e.A-® starting at 10 e.A-2, Chain 
lines represent zero contour and broken lines 
negative contours. 
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can be assigned to them. Using the formula 
of Cruickshank” for the standard deviation 
of electron density, o(0o), 


o(00)= 1S Fo—Fe)'}? 


where A is the area of the cell in projection, 
o(00) for the (100) projection was found to be 
0.69 e.A-? 

The final atomic parameters are listed in 
Table III. The observed and calculated struc- 
ture factors, Fo and F., are given in Table 
IV. The calculated values include the contri- 
bution from hydrogen atoms. The average 
temperature-factor parameter is 1.72 A?. The 
atomic scattering factors used in the calcula- 
tion are those given in the ‘ Internationale 
Tabellen’.1” The values of R indices for 
(hkO) and (OR/) zones are 12% and 16% res- 


Aa ih ~ 
SSSl--L NY 
ee | 
S3h4 3 
SS, 


Se 


fe 
\ 


eae 


Fig. 5. Difference synthesis projection on (100). 
Contours are drawn at intervals of 0.2 e.A-2, 
Negative contours are drawn in broken lines 
and zero contour is omitted. Crosses mark the 
positions of hydrogen atoms. 


Table III]. Atomic parameters 
x y Zz 
Ss | 0.2291 0 0 
Ov |. +0E183 0.125 0.0296 
Ox | 40829 0.063 0.0608 
N 0.611 0.111 0.0643 
G 0.744 0.005 0.0430 
Hy 0.64 0.12 0.114 
Hn —O«.61 0.21 0.044 
Hn 0.53 0.07 0.055 
Hiv 0.83 0.07 0.055 
Hv 0.76 0.10 0.055 
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Table IV. Observed and calculated structure factors. 
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pectively, non-observed reflections being in- 
cluded. 


§ 4. Discussion of the structure 
Interatomic distances and bond angles are 
given in Table V. Owing to the overlapping 
of atoms, the standard deviations of the inter- 
atomic distances cannot simply be estimated 


by the usual formula,” so that any significance - 
cannot be attached to the differences between , 
the values found in the present work and 
those reported. Therefore a mere comparison 
of the former with the latter will be made. 
In the following discussion the sulphate group . 
and the ethylenediammonium group are first 
dealt with, and then the linkage of ions in the . 
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Table V. Interatomic distances and bond angles. 
SO; group N—H.--O hydrogen bonds 
S—Or 1.49A  N--Or 2.82A 
S—O1r 1.48 N--O7 2.80 
O; --O1 DoH N--On 2.81 
On: - Ou 2.44 <C—N:--O; 103.6° 
O1 --On 2.42 <C—N--O'1 106.5 
O; --Ou 2.44 <C—N:-On 108.7 
NH;*+-CH,-CH, NH3t <Orx --N--O:% 125.0 
group <O; --N--On 94.5 
“C—C 1.554 <O'1--N--On 114.8 
C—N 1.49 Non-bonded N- -O distances 
N--N 2.99 N--On 3.26 A 
N—Hy 0.93 N--O'n Seo 
N—Hi 0.93 N--O”1 Base 
N—Hur 0.80 
C—Hiv 0.92 
C—Hy 0.93 
<C—C—N 106.2° 


azimuthal angle 75.7° 


structure is described. 

(1) Sulphate group 

The S-O distance in the sulphate group has 
been discussed be Wells'” and Pauling.'”?) Paul- 
ing has given a value of 1.51A asa predicted 
S-O distance after taking into account the ionic 
character of o bond and the amount of z bond 
character and has stated that this value is in 
good agreement with an average of observed 
distances, 1.50A. The average S-O distance 
of 1.49 A found in the present investigation is 
close to this predicted value. 


(2) Ethylenediammonium group 

A striking feature of this crystal structure 
is that the configuration of the ethylenediam- 
monium group is not trans but gauche with 
the symmetry C2. (see Fig. 6.) The azimu- 
thal angle of one half of the group with res- 
pect to the other is 75.7°, which is much larger 
than 60°. This large azimuthal angle may be 
due to the intramolecular repulsion between 
two NH3+ groups. The C-N* distance of 1.494 
is in good agreement with those found in 
amino hydrohalides, amino acids, and peptides.* 
The reported values range from 1.464 to 
1.52A. Cox and Jeffrey! have reviewed re- 
ported values of the C-N single bond distance 
and have concluded that they lie within a 
small range about the average value 1.472. 
Hall and Llewellyn’ have examined C-N+ 
‘bond distances reported until 1953 and have 


* The C—N bond considered here refers to the 
C—NH,* bond of a terminal nitrogen atom. 


Kiichi SAKURAI 


(Vol. 16, 


concluded that the best value is 1.47-1.48A. 
They have also compared C-N* distances with 
C-N distances and have pointed out that there 
is no evidence of bond shortening of the former, 
relative to the latter, due to the formal charge 
effect which is estimated to be about 0.03A by 
Pauling. In a review concerning the structural 
data of amino acids and carboxylic acids 
published by Hahn,™ it has been remarked 
that the C-NH;+ distance is 1.50A, which is 
0.034 longer than the normal C-N single bond 
length. 


A 


Cc 


Ta) 
9) 
N 
a 
Sea 
TTL 


Fig. 6. Structure of the ethylenediammonium 
group. Bond lengths are given in Angstrém 
units. 


As the ethylenediammonium ion has the 
gauche configuration, two mirror-image con- 
figurations are possible, and only one kind of 
the two forms exists in one of the enantio- 
morphous forms of this crystal. This may be 
considered to be an important cause of the 
strong optical rotatory power of this crystal. 


(3) Linkage of sulphate and ethylenediam- 
monium groups 

The structures projected on (001) and (100) 
are shown in Fig. 7 and Fig. 8 respectively. 
As can be seen from Fig. 8, the structure can 
conveniently be described as built up of layers, 
parallel to (001), containing ethylenediam- 
monium and sulphate groups. Each nitrogen 
atom is surrounded by six oxygen atoms at 
distances 2.80, 2.81, 2.82, 3.26, 3.31, and 3.324 
The N---O distances, 2.80, 2.81, and 2.82A, 
can be interpreted as hydrogen bonds. ‘These 
values lie within the range of values reported 
by Donohue'® in his list of N-H---O hydrogen 
bond distances and of those reported later for 
amino acids and peptides. The arrangement 
of these three oxygen atoms around the nitro- 
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gen atom is shown in Fig. 9, where their 
positions are projected upon the plane per- 
pendicular to the C-N bond. In this figure the 
positions of the hydrogen atoms derived from 
the difference synthesis are also shown. The 
C-N:--O angles are found to be 108.7°, 106.5°. 
and 103.5°, all being near-tetrahedral value, 
and the hydrogen atoms lie nearly on the lines 
connecting the nitrogen and the oxygen atoms. 
This situation favors the formation of strong 
hydrogen bonding.’ In each layer ethylene- 
diammonium and sulphate groups are linked 
by two sets of hydrogen bonds of lengths 2.80, 
2.81A and N---O contacts with distances Basil 
SEOZ Jy while these layers are held together by 
hydrogen bonds of length 2.82A and N::-O 
contacts with a distance 3.26A. As the num- 
ber of linkages between layers formed by each 


Crystal Structure of Ethylenediammonium Sulphate 


1211 


nitrogen atom is smaller than that within a 
layer, a nearly perfect cleavage parallel to 
(001) can be accounted for by this structure. 


§5. A remark on the use of the inequality 
method 


In this structure the ethylenediammonium 
ion has the gauche configuration, and this un- 
expected result has been established unam- 
biguously by the use of the inequality method. 
This work has thus demonstrated the use- 
fulness of the inequality method in determin- 
ing a crystal structure in which molecules or 
molecular ions have an unknown or unexpected 
strucrure. It will be useful also in determin- 
ing the average structure of a disordered cry- 
stal without any trial-and-error process. 

In order that the first Fourier synthesis may 


“70 TO) C) 


E 


Fig. 7. Projection of the structure on (001). 
bonds and N---O contacts. 
N-H:--O hydrogen bond o 
participating atoms. 


Interatomic distances are given in Angstrém units. 
f length 2.82A is not shown owing to the overlapping of 


Broken lines represent N-H-:-O hydrogen 
The 
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bI- 


CaS 1e) N 
Fig. 8. Projection of the structure on (100). 
bonds and N::-O contacts. 


Broken lines represent N-H---O hydrogen 
Interatomic distances are given in Angstrém units. 


give a correct approximate structure, about 


Or, 
20% of larger structure factors must be given & 
their correct signs. In this work the signs of bey 
about 70% of the observed structure factors yy 
could be determined for the (“k0) and (ORI) bi 
reflections, and the minimum magnitudes of 


U(hkO) and U(Okl) of which the signs could On C)-------2:8! ) 
be determined were 0.10 and 0.07 respectively. 
Obviously the magnitudes of unitary structure 
factors are important for the successful ap- 
plication of the inequality method. The pre- 
sence of the comparatively heavy sulfur atom 
in this structure makes o, the standard devia- 
tion for the Gaussian distribution of unitary 
structure factors greater, than that expected 
when the atoms in the unit cell are all equal, Fig. 9. Arrangement of three hydrogen-bonded’ 
and this causes unitary structure factors with oxygen atoms around a nitrogen atom viewed" 
large magnitude to be observed. This situa- 


iene along the C—N-bond. The positions of hydrogen. 
tion has favored the application of the inequa- atoms are shown by filled circles, 


4 
= 


(ys ts 8 
xe) 
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lity method. 

The author wishes to express his thanks to 
Prof. Emeritus I. Nitta and Prof. T. Watana- 
bé for their interest and helpful advice during 
the course of this investigation. He is also 
indebted to Dr. Y. Tomiie for his help in 
experimental work and many tedious calcula- 
tions. 
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Study of Metallic Carbides by Electron Diffraction 
Part IV. Cobalt Carbides 


By Sigemaro NAGAKURA 
Tokyo Institute of Technology, Oh-okayama, Meguro-ku, Tokyo 
(Received March 3, 1961) 


Thin cobalt films formed by evaporation were carburized in town gas 
at temperatures below 550°C for several hours. Electron diffraction 
studies of these films confirmed the existence of two kinds of carbide, 
CosC and Co,C. Co,C is an orthorhombic crystal with lattice constants 
a=2.910, b=4.469 and c=4.426A, and has a distorted c.p.h. structure. 
The lattice relation between Co,C and Co is (001)cosc//(00. L)a-Co//(111)3-Co 


and [100]coec // [10.0]a-Co //[101]z-co. CozC is formed at temperatures ina 
range 450°~500°C, and decomposes gradually to a-Co containing stacking 
faults and graphitic carbon at temperatures in a range 450°~470°C. 
Co;C is an orthorhombic crystal with lattice constants a=4,483, b=5.033 
and c=6.731 A and is isomorphous with cementite (FesC). The lattice 
relation is (121)cosc // (10.1)a-Co // (100)g-co, and [111]cose // [01-0]a-Co 
//{001]g-co. CozC is formed at temperatures ina range 450°~500°C 
and decomposes gradually to a-Co containing stacking faults and to 
graphitic carbon at temperatures in a range 480° ~490°C. The mechanisms 
of CoC and Co,C formation and decomposition are discussed. 


§1. Introduction 

In the previous papers?» the electron dif- 
fraction studies on the nickel and iron carbides 
were published and it was shown that the 
method is useful for the study of metallic 
carbides. The method is applied to the study 


of cobalt carbides in the present paper. 

The cobalt carbide CozC was found by Bahr 
and Jessen,’ and Hofer and Peebles” after the 
CO-gas cementation of cobalt powder at tem- 
peratures below 300°C. X-ray studies by 
Drain,» and Juza and Puff? showed that the 
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Co.C is orthorhombic. Juza and Puff carried 
out the structure analysis, but Clark and Jack® 
reported that their structure was not correct 
and proposed another structure. Although the 
above mentioned authors found only the car- 
bide Co.C, Meyer”) produced another carbide 
by the cementation of cobalt bars. His car- 
bide gave the X-ray powder pattern similar 
to that of cementite, FesC, so that it was con- 
sidered to be Co;C. In the present study both 
kinds of carbide were produced by the cement- 
ation of the evaporated cobalt films, and their 
structures, lattice relation between the carbides 
and cobalt, processes of carbide formation and 
decomposition were studied. 


§2. Experimental 


Cobalt films of about 400A in thickness were 
prepared on the cleavage faces of rock-salt 
crystals by the evaporation of electrolytic 
cobalt. The films were polycrystalline when 
they were deposited on the faces of rock-salt 
kept at room temperature, while they were 
single crystalline on the faces kept at about 
500°C. The cementation was carried out ac- 
cording to the method described in the pre- 
vious paper.” The town gas through the 
converter furnace at about 1000°C was used 
to carburize the evaporated films. Carburizing 
temperature was changed in a range from 250 
to 550°C. Carburizing period was about 5 hrs., 
and rate of gas flow was 100~150cc per min. 
Composition of the gas was as follows: C: 25, 
CHy:5, H2:40, N2:30 (in vol %). The electron 
diffraction patterns were taken by the camera 
operated at 65kV. The 200kV electron diffrac- 
tion camera* was used for the measurement 
of intensities. 


§3. Results 
1. Evaporated films 
Photo. 1 (a) is an electron diffraction pattern 
of a cobalt film formed on a surface of rock- 
salt kept at room temperature. The pattern 
is due to a-Co crystallites (c.p-h. structure) 
of random orientation. In the pattern it can 
be seen that the (hkl) Debye ring having the 
relation h—k=<3n (m: integer) is broad. The 
breadth increases as the index 7 becomes 
higher. The (hkl) ring having the relation h— 
* The author wishes to express his thank to 


Prof. G. Honjo and Dr. N. Kitamura for giving 
permission to use the 200 KV camera. 
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k=3n is sharp. This shows that many stack- 
ing faults are produced on the close packed 
planes™ during the deposition. The mean 
particle size calculated from the half -breadth 
of the sharp rings was 30A. When a@-Co film 
was heated in vacuum it transformed to the 
B-Co film (f.c.c.) gradually, accompanying the 
crystal growth. Photo. 1(b) reproduces a dif- 
fraction pattern of cobalt film heated at 650°C 
for 30min. The mean particle size was 60A. 
When the a-Co films were heated in the elec- 
tron diffraction camera, the transformation 
from @ to @ did not occur at the transforma- 
tion temperature of builk cobalt, 420°C, but 
occured in a wide temperature range above 
about 500°C. The amount of transformation 
depended on the period of heating and on the 
temperature, and the rate of transformation 
was very slow at 500°C. The 8 to @ trans- 
formation did not take place on cooling. 
Photo. 2 reproduces an electron diffraction 
pattern of a cobalt film with single crystalline 
orientation prepared on a surface of rock-salt 
kept at 500°C. The lattice relation was found 
to be (00.1a—co//(111)p-co and [10.0]e—co// 


[101]e-co, ie. the closest packed atomic planes 
and atomic rows are parallel to each other. 
The streaks in the pattern can be ascribed to 
the effect of stacking faults. 


2. CoC films 

Photo. 3 reproduces an electron diffraction 
pattern of a polycrystalline film carburized for 
6 hrs. at 500°C. The pattern can be indexed 
by an orthorhombic unit cell of dimensions 

a=2.910A, b=4.469A and c=4.426A, 

which agree well with the X-ray data of Co.C, 
@=2.89/ A, b=4447 A and c=4c/ln. sine 
mean particle size calculated from the half- 
breadth of the ring was 40A. The patterns 
of single crystalline film carburized partly and 
completely are reproduced in Photo. 4 (a) and 
(b), respectively. The lattice relation is 


(001)co,c//(00.1)e-co//(111)g-co , 
[10Glcose//[ROOlo-es LOL lezen 


The Juza and Puff’s structure of CozC” does 
not take the positions of carbon atoms into 
consideration and cannot interpret the reflec- 
tion (011). According to Clark and Jack,® the 
structure of Co.C belongs to the space group 
Pmnn and the positions of cobalt atoms are 0, 
¥, 2 OY, 2; 1/2, 1/2+y, 1/2—2; 1/2,1/2—y, 
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1/2+z with y=0.347 +0.001, z=0.258+0.002, 
and the positions of carbon atoms OF OF 0381/2. 
1/2, 1/2. The structure is illustrated in Fig. 
1. Intensities calculated from the model are 
tabulated in Table I and compared with the 
observed intensities. The intensity measure- 
ment was carried out according to the Karle 
and Karle’s method,' and the peak area of 
Debye ring was measured. Honjo and Kita- 
mura’s method’ was applied to correct the ef- 
fect of primary extinction using the 200 keV 


a-Co 


(b) 


patterns of eva- 


(a) 
Photo. 1. Electron diffraction 
porated Co films. 

(a) a-Co film deposited on the rock-salt kept at 
room temperature. 

(b) After heating the above film at 650°C for 30 
min in vacuum. The pattern is composed of 
rings due to @-Co and a small amount of «-Co. 


Photo. 2. Electron diffraction pattern of eva- 
porated Co film having single crystalline orienta- 
tion. Co-existence of a- and 8-Co with definite 


orientation is observed. 
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electron diffraction apparatus. The extinction 
effect was observed in the (002), (111) and (021) 
rings. The observed intensities agree with the 


Sep 


Photo. 3. Electron diffraction pattern of poly- 
crystalline Co.C film formed by the cementation 
at 480°C for 8 hrs. 


(b) 
Photo. 4. Electron diffraction patterns of Co,C 
formed from the single crystalline Co films. 
(a) Partly carburized at 450°C for 4 hrs. 
(b) Completely carburized at 450°C for 4 hrs. 
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calculated in the experimental error. 

After carburizing for 5 hrs. the carbide was 
not produced below 400°C, while the film was 
carburized to Co.C at 450°C, leaving small 
amount of a-Co. The completely carburized 
films were obtained at 500°C. In this case the 
deposition of free carbon on the films were 
observed in many cases. Above 550°C the 
pattern was composed of Debye rings due to 
a- and $-Co and graphitic carbon. 


a-Co 


Photo. 5. A series of diffraction patterns show- 
ing the decomposition of Co,C into a-Co and 
graphitic carbon. 


Photo. 6. Electron diffraction pattern after heat- 
ing the film of Photo. 4 (b) at 500°C for 10 
min in vacuum, showing the decomposition of 
Co,C to «- and 8-Co and graphitic carbon. 
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When the carburized films were heated in 
vacuum, Co:C was found to decompose into a 
-Co and graphitic carbon. The process of 
decomposition was continuously observed in 
the electron diffraction camera. Heating rate 
was 2°~4°C per min. and the accuracy of 
temperature was within a few degrees.” 
Photo. 5 reproduces a series of the changes of 
diffraction patterns. The decomposition began 
at 450°C and finished at 469°C, leaving the 
rings due to a-Co and graphitic carbon. a-Co 
crystallites produced by the decomposition con- 
tained the stacking faults as in the evaporated 
films. Photo. 6 reproduces the diffraction pat- 
tern after heating the carburized single cry- 


(a) (b) 


Photo. 7. Electron diffraction pattern of (a) 
polycrystalline Co;C film formed by the cementa- 
tion at 450°C for 4 hrs., and of (b) FesC film 
(cementite, see reference 3). 
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Table I. Spacings and Intensities of Co.C 
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Spacing. 0A Intensity 
ee i) pacing) (arbit. unit) 
dobs heal Tesys Teal 
l o11| 3.120 | 3.014 a5 41 
101 | | 2. 432 7 
3| 110| j2-42l | 9'439 68 70 
le 0204) = 2.224 | 5 
5/ 002! 2.179 | 2.213 |s00* 109 
6 111} 2.125 2.136 | 376 
021 1.989 1.994 194 
8 012 ie 1.983 |200# 1 
f 1625 6 
10/ 112| |1-640 | 1639 {106 100 
11| 022| 1.574 1.572 15 19 
12| 200| 1.455 1.455 21 38 
13| 031 ay 1.410 = 0.6 
a 1.402 os 0.3 
15| 122 - | Ss 0.8 
16| 130 1.325 | 45 
i7 || 211.| ‘1.326 1.321 \ 50 2 
18| 103 1 316 ) 3 
19| 113 1.262 37 
20) 131 poe 1.261 46 4 
21 032 1.235, | 0.0 
22 023 1.231 22 
23) 220 ges 1.219 45 1 
24) 202 {216 | | 17 
95| 221| | 1.176 36 
26| 212| j1-182 11750) 36 0.2 
27| 132| | ietS7 oN 2) 23 
28 | 123 | j1.135 1.134 |} 30 0.3 


* Obtained by the Honjo-Kitamura’s extrapolation 
method. 


stalline film at 500°C for 10 min. It can be 
seen that the film is composed of the spots 
due to a-Co, small amount of 8-Co and graphi- 
tic carbon without orientation. It is note- 
worthy that the pattern of cobalt is still 
single crystalline. 


3 CosC films 

Photo. 7 (a) is an electron diffraction pattern 
of polycrystalline film carburized at 450°C for 
4 hrs. and Photo. 7 (b) is the pattern of ce- 
mentite, Fes;C. Their spacings and visual 
intensities are tabuiated in Table II. It is 
evident from the photographs that the carbide 
is isomorphous with the cementite and can be 
identified with Cos;C. The orthorhombic lattice 
constants are 

a=4,483 A, b=5.033 A and c=6.731 A, 


which are nearly equal to the lattice constants 
of cementite, a=4.516 A, b=5.077 A, and c= 
6.727438. Photo. 8 reproduces an electron dif- 
fraction pattern of CosC formed by the cement- 
ation of a single crystalline cobalt film. The 


lattice relation may be 


(111)co,c//(10.1)a-co//(100)—-co 5 
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[01 1]c040//[01.0]a-co//{001]a-co . 


This relation is gradually destroyed in the 
growth stage of carbide crystal. 

The temperature range of Co;C formation 
was 450~500°C. The diffraction rings of CosC 
are always spotty, showing that the particle 
size of Co;C is of the order of several hundred 
A. This is much larger than that of a-Co. 
When Co;C film was headed in vacuum, it 
was found that CosC decomposes to a-Co and 
graphitic carbon as in the case of Co.C. Photo. 
9 illustrates the process of the decomposition 
of Co;C: the decomposition began at 477°C 
and finished 491°C. a@-Co crystallites produced 


Photo. 8. Electron diffraction pattern of Co,C 
film formed from the single crystalline Co film. 


Temp°C 
CosC oe 


CosC 456 


CosC 472 
Co3sC 

477 
a-Co 

+ 

C 49| 
a-Co 

+ 507 

C 


(oan 


Photo. 9. A series of diffraction patterns show- 
ing the decomposstion of Co3C into a@-Co and 
graphitic carbon. 
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Table II. Diffraction data of CosC and Fe;C 
Co3C Fe3C (cementite) 
No. = hci || 
Int. d (A) Int. d (A) 
1 s 6.807 (001) s 6.925 
2 m 5.058 (010) w 5.077 
3 vw 4.502 (100) vw 4.518 
4 vw 4.040 (011) vw 4.052 
5 w 3.738 101 Ww et 
6 eet 110 ( : 
7 m  —- 3.376) | 02 m) +3364 
8 Ww 3.005 111 w 3.017 
9 vw 2.808 | (012) w 2.803 
10 vw 2.703 (102) Ww 2.697 
11 m 2.520 ue w 3 x a 
12 =x \ : 
13 S 2.371) 021 j vs} 2375 
14 m 2.244 200 S 2.258 
15 — - (003) vw Ds JAAD) 
16 m 2.195 120 m D213 
ik -- (201) vw 2.140 
18 w 2.129 121 m 2.105 
19 s 2.089 210 s 2.063 
20 = (013) = 2.051 
21 m 2.050 022 m 2.026 
22 vs 2.013 103 vs 2.008 
23 s 1.961 211 s 1.972 
24 Seal ou aes te A fae ears 
25 Sh = 1-808) 495 «ly. YS) 967 
26 m 1.838 122 S 1.849 
27 vw 1.751 212 m 1.758 
28 vvw 1.690 (030) a 1.693 
29 220 | ( 1.687 
30 m 1.679. 004 m 1.682 
31 [oleozs el lie cle we asg 
32 a = (031) vw 1.641 
= m 1.622 ey m 1.636 
= = 014) ( 1.596 
35 — : (203) Pt of 1501 
= m 1.570 130 w 1.585 
— (104) p85 76 
38 — = 123 vow {1.575 
vw 1.529 131 w 542 
: (she es en) (C2518 
ay | a L510)2 gga fek¥ 1519 
42 222 1.508 
43 m 1.502) | (300) m 1.505 
44 ae ae 1.505 
2 vw 1.462 301 VVW 1.469 
— — 310 VVW 1.443 
47 VVWw 1.43) 132 VVW 1.433 
48 _ =e 311 w 1.412 
49 w 1.402 024 Ww 1.402 
50 = 2 (302) — 1.375 
51 VVW 15352 230 vVvw 1.354 
52 — — (033) | vvw 1.351 
33 (| 204 ( 1.349 
o4 VVW 1.341 223 Ww 1.348 
55 (0 ie Ts 
96 vw 1.332 124 Ww 1.339 
57 a 
59 = = 214 ( 1,303 
60 = = 320 O30 
61 : 7 (015) — 1.300 
ica eee 1.299{ | 133 w 1.294 
am Scoatil #105 vvw 1.289 
ee = Sake) Hie 127 
65 Ce ea ‘ie ee 
66 vw 1.254 | 239 vw 1.256 
6¢ 303 1.250 
68 <— == 15 |} w 1.250 
69 041 |J° | y2a7 
70 Gane = 140 Ww 1.2222 
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71 w — 121/31 se emi te 
72 m 1.210.) 92201) ees 
73 ae — 141 VVW 1.203 
74 (034) 1.193 
75 224 : 

76 w = 1.191) | 95 > 1.189 
77 042 1.188 
78 pes a 915 vv) een 100 
79 = s 233 ma, ioe 
80 es = (205) me Pisce 
81 134 1.153 
82 m 159} 125 m| 1.150 
83 142 1.149 
8d (| 400 ( 

85 s 1.125) | 339 S$} 1.125 
86 (304) 1.121 
87 m 1.116) 393 my) 1.121 
88 006 Siete 
89 - = (401) ae 1.113 
90 (al) 8931 ( 

© Ww 1.108} | 549 w] 1105 
92 (| 043 ‘eae 

93 vw 1.101) 410 | vw) 1.102 


* Indices in the brackets correspond to the for- 
bidden reflections. 


by the decomposition contained the stacking 
faults. 


§ 4. Discussion 


The c-projection of the structure of a-Co 
and Co:C are illustrated in Fig. 1 (a) and (b), 
respectively. Here, large circles A, B (Fig. 1 
(a)) and A’, A”, B’, B” (Fig. 1(b)) represent 
cobalt atoms and small circles (Ci), (Cz) carbon 
atoms. In the structure of a@-Co each close 
packed atomic plane formed by A and B is 
parallel to the c-plane, but in the structure of 
Co:C atomic planes A’—A’” and B’—B” make 
an angle of 17°37’ to the c-plane, since height 
of each atom is different. In both of the 


Fig. 1. Structures of @-Co (a) and Co.C (b) (e- 
projection). Height of atoms: A: 1/4; B: 3/4; 
A’: 0.242; A’ 0.258 Bi: 0,742: Br a0758s16 e 
0; Cy: 1/2. Heavy lines indicate octahedrons 
formed by cobalt atoms. Atomic distance is 
shown in A unit. 
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Structure, however, there are octahedrons 
formed by cobalt atoms, and in the CoC the 
octahedral interstices are occupied by carbon 
atoms. Both structures are different only in 
the orientation of the octahedrons in the 
lattice. This fact and the lattice relation be- 
tween @-Co and Co2C suggest that the Co.C 
is formed by the diffusion of carbon atoms 
into the octahedral interstices of a-Co. By 
the carbon atom moving in the octahedron, it 
expanded and distorted in such a way that the 
distance A’’—A’’ becomes longest and A’’— 
B’ shortest. The mean particle size of Co,C 
crystallites is nearly equal to that of a-Co and 
this fact suggests that each crystal of a-Co 
changes to Co,C crystal without crystal growth. 
In the carbide lattice carbon atoms are distri- 
buted regularly so as to minimize the lattice 
distortion. Unlike the case of NisC?) and &- 
Fe,C, the distribution of carbon atoms in the 
crystal does not form any sublattice structure. 
The degree of orientation of a-Co crystallites 
produced by the decomposition of the single 
crystalline CoC film was not different from 
the degree of orientation of the original a-Co 
crystallites. This shows that the decomposi- 
tion of CoC is caused by the carbon atoms 
moving out of the octahedral interstices of 


| CozC. When a-Co films are carburized, the 


CozC may be produced mainly from a-Co even 
when the carburizing temperature is above the 
transformation temperature, since the rate of 
transformation from a@- to B-Co is slow. How- 
ever, CozC can be produced also from §-Co 
and in this case the mechanism can be con- 
sidered to be similar to the case of NisC forma- 
tion from nickel.” 

The arrangement of cobalt atoms in CosC 
crystal has no simple relation to the atomic 
arrangement in a- or f- crystal and the par- 
ticle size of Co;C is much larger than that of 
a- or B-Co. These situations are similar to 
the case of Fe;C (cementite) formation from 
a-Fe. In contrast to the case of CoC, there- 
fore, Cos;C may be formed in such a way that 
nuclei of Co;C are produced on the cobalt sur- 
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face and grow up gradually at the expense of 
cobalt crystal. 

The temperature range of Co2C and Co;C 
formation were nearly same. Therefore, it 
could not be predicted which carbide would be 
produced by the cementation. It is worth- 
while to mention that the decomposition pro- 
duct of both carbides was mainly a@-Co but not 
8-Co, in spite of the fact that the decomposi- 
tion temperature is higher than the transforma- 
tion temperature of bulk cobalt. This may be 
due to the fact that the atomic arrangement 
of cobalt atoms in the carbides is more closely 
related to that of a-Co than that of 8-Co. 
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Study on the Internal Motions of Some Acryl- and Methacryl-group 
High Polymers by Pulsed NMR Method 


By Takao KAWAI 
Yoshida College, Kyoto University 
(Received February 1, 1961) 


The internal motions of some high polymers were investigated by 
measuring the spin-lattice relaxation time (71) together with its minima 
(T; min) in proton resonance in the temperature range from liquid air up 
to about 300°C by pulsed NMR method at 25 Mc/sec. For acryl-group 
high polymers (PMA, PEA, PBA), two minima of JT, were observed, one 
at higher temperature corresponding to the segmental motion and the 
other at lower temperature to the internal motion of side chain ester 
alkyl group. For methacryl-group high polymers (PMMA, PEMA, PBMA), 
three minima of 7, were observed, of which one at the highest tempera- 
ture corresponds to the segmental motion, the next at the middle tem- 
perature to the internal motion of both main chain methyl group and 
side chain ester alkyl group and the last at the lowest temperature to 
the internal motion of the latter group alone. ; 

Thus, we could definitely separate the internal motion of amorphous 
high polymers. The rigorous analysis of the behavior is considered to 
be a rather difficult problem, because of the complexity of the circums- 
tances and the lack of both existing suitable formulas and precise ex- 
perimental data. 


§1. Introduction 


Nuclear magnetic resonance (NMR) methods 
have been widely applied to investigate the 


are fit to simple analyses. As to the partially 
crystalline high polymers, the investigations 


Table I. Samples used. 
internal motion of high polymers. Some rese- 
arches are summarized in a recent review by | Acryl:group Methacryl-group 
Sauer and Woodward.” However, the methods igi TE H '*CH, 
which have been widely used are steady state at, aon 
methods to measure the line width, the second a ie Rx ay i ‘ g 
moment, or the line shape. Relatively few Mth yee C=0 
works have been performed on the spin-lattice ester pieatt, ee 
relaxation ti i 2,3,4,5) 
We have Pree : dda ea ects Fol pernvl ea. 
; ‘ acrylate (PMA) ylate 
tion about the internal motion of some high (PMMA) 
polymers, by measuring 7: in proton reson- H H H CH 
ance in the temperature range as wide as a A Nc aeona 
possible. Some preliminary results were al- Ethyl rae weal 
ready published. In the present study, we H “er 8 Beg 
have succeeded in separating clearly the inter- Rover 0 —C,;H; (CH, 
nal motion of high polymer into the segmental Poly ethyl Poly ethyl 
motion and the component motions of side acrylate (PEA) methacrylate 
chain. The samples used, the experimental ea 
methods and results, and discussions will be 7 # : vias 
given in detail below. Sei her —C—C— 
| 
§2. Samples ne ane 
; : ester | | 

We have investigated the internal motion of paige Ngai 
the amorphous high polymers but not of the the Poly buthyl Poly bay! 
partially crystalline ones, because the formers eee GS m(PBMA) 
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will be done in a near future. 

Six samples were used, as tabulated ir 
Table I. 

All samples were kindly supplied by Asahi 
Kasei Mfg. Co. and some were polymerized 
by Prof. Kozasa at Kyoto University who 
measured the average polymerization factors 
for PMA and PEA by Ostwald’s viscometer 
and found them to be about 4600 and 5560 
respectively. The samples are otherwise 
thought to be of commercial grade. 


§3. Experimental Method and Results 


To measure 7:1, a standard 90°~90° pulse 
method was used.”® The experiments were 
performed at 25 Mc/sec, using the apparatus 
already reported.®) Some improvements were 
made, however, in order to increase the stabili- 
ty, to obtain stronger 7.f. pulse, to measure 
T: at lower temperatures and to observe spin 
echo decay time. All the modifications will 
be reported in detail elsewhere. The obtained 
data on the temperature dependence of 7: for 
six amorphous high polymers are given in 
Figs. 1~6. 

The estimated error in the measured 7; is 
about +10% above—50°C, but for lower tem- 
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300 200 100 50__0°C_-50 -l00 


10° 


10) Fumi Oumi GO UoOwmaceo 


1221 


perature range, it grows worse up to about 
+30%. This inaccuracy may be due partly 
to weak signal and short free induction decay 
time (7;*) at lower temperatures and partly 
to the transition between the modes of inter- 
nal motion which mainly determine 7,. The 
error in measuring the temperature T is about 
+1°C through nearly the whole range but 
about +3°C for lower temperature range, due 
to the performance of the modified Gutowsky 
type cryostat! which was used. 

Some remark must be made about the am- 
plitude of the nuclear signal just after the 
first pulse (y1). In principle, 4: is proportional 
to the number of resonant nuclei. As already 
pointed out,®) however, our apparatus cannot 
detect the nuclear resonance signal due to 
protons in the rigid state. So y: may be con- 
sidered to be a rough measure of the number 
of moving protons. The results of measure- 
ment of the temperature dependence of 4»: for 
PMA and PMMA are shown in Figs, 7 and 8 
respectively. The interpretion of y: as being 
proportional to the number of moving protons 
may contain some errors, because y: will be 
very sensitive to the adjustment of 90°~90° 
pulse condition, to the change of the ‘“‘Q”’ of 


-!50 


7.0 8.0 9.0 10,0 1,0 1207 15.9 


10? 


T (°K) 
Fig. 1. Temperature dependence of 7, of proton in PMA. 
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Fig. 2. Temperature dependence of T, of proton in PMMA. 
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Fig. 4. Temperature dependence of 7, of proton Fig. 5. Temperature dependence of 7; of proton 
in PEMA. in PBA. 
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the sample coil with temperature and to the 
change of the filling factor of the sample at 
high temperature, where the sample is in vis- 
cous liquid state. However, Figs. 7 and 8 are 
considered to be useful supports for the inter- 
pretation of the data on 71, as will be shown 
in the next section. 


300 100 O° -100 -150 
2 A PL De 


8.0 10.0 12.0 


20 4.0 


10% 
7 (PK) 


Fig. 6. Temperature dependence of T; of proton 
in PBMA. 


§ 4. 


To interpret the data on 7i, we follow the 
BPP theory!” and consider that one mode of 
the internal motion corresponds to one V- 
shaped part of the curve 7:1 versus 1/T. But 
we do not directly apply their formula, which 
is based on the assumption of a single cor- 
relation time. 

Thus, first, the V-shaped curves at highest 
temperatures, maked with A and A’ in Figs. 
1~6, obviously correspond to the segmental 
motions. The data in this temperature range 
for PMA and PMMA were already published,® 
having been analysed tentatively by using the 
BPP formula. Recently, A. Miyake used these 
published data to obtain a distribution spectrum 
of the correlation time and succeeded in inter- 
pretation.” 

Second, the V-shaped curves marked with 
B, in which a minimum of 7; occurs at about 
-10°C for three methacryl-group samples as 
seen in Figs. 2, 4 and 6, are due to the ex- 
istence of main chain methyl groups. This 
conclusion can be derived by comparing the 
data for each methacryl-group high polymer 
with those for corresponding acryl-group. In 
this temperature range, we can consider that 
in methacryl-group high polymers, both the 
side chain ester alkyl group and the main chain 
methyl group are moving and that the magnetic 
interaction between these two groups are 
rather strong, for otherwise we would be able 
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to observe two Ty’s separately as in the study 
of the sorbed water.) 

Third, the V-shaped curves at lowest tem- 
peratures marked with C and C’ in Figs. 1~ 
6, can be considered, of course, to correspond 
to the motions of side chain ester alkyl groups. 
At the present stage, however, we cannot 
decide by NMR whether only alkyl groups or 
the whole C-O-O-R groups are moving. As 
to the solution of this problem, the study of 
8 transition by dielectric relaxation experi- 
ments may be useful. For PMA and PMMA, 
the V-shaped curves are not completed, which 
show that the side chain methyl groups are 
moving even at the liquid air temperature. 
It is reasonable to consider that it is not so 
easy for the ethyl buthyl and perhaps propyl 
radicals to move as for the methyl radicals. 
-200 
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Fig. 7. Signal amplitude (arbitrary unit) versus 
1/T for PMA. 
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Fig. 8. Signal amplitude (arbitrary unit) versus 
1/T for PMMA. 


Finally, we consider the data shown in Figs. 
7 and 8. As already pointed out in the pre- 
ceding section, y: isa measure of the number 
of moving protons. According to the above 
interpretation of the data on 7:1, the respec- 
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tive y.’s should be in the ratio of 6:3 in the 
temperature ranges corresponding to A and 
C for PMA, and 8:6:3 in the temperature 
ranges corresponding to A’ B and C’ for PM- 
MA, considering the molecular structure of 
each polymer (Table 1). As seen in Figs. 7 
and 8, these expectations are fairly satisfied, 
showing the correctness of the above inter- 
pretation. 


§ 5. Discussions 


Here we consider the use of the BPP for- 
mula"! based on the ‘‘single correlation 
time (t-).”? According to it, the relation be- 
tween T; and t- can be represented as follows: 

1 Spun To At, ) 

T 10,0 Gee arcer ee 
where 6 is the ‘“effective’’ interproton 
distance, that is an appropriate average of the 
distances between propons which are effective 
for the relaxation. Further, if we consider 
the internal motion of high polymers as an 
activation process, we have 

To=Toexp(4E/RT) . 


If we use the above formula, we can analyse 
the data on the temperature dependence of 
Ti, taking b, t and 4E as three adjustable 
parameters. Then the minimum of 7: gives 
b and the temperature dependence gives To 
and 4E. These processes were, indeed, carried 
out for the segmental motions of PMA and 
PMMA previously.” For other modes of the 
internal motion, we have tried these analyses 
for the two representative cases, that is, for 
the V-shaped curve marked with B for PMMA, 
and for that marked with C for PEA. It 
would be desirable to treat the V-shaped curve 
marked with C for PMA, since it corresponds 
to the motion of methyl group, which has 
been widely studied. Unfortunately, however, 
we could not attain the temperature where 
the minimum of 7: for that mode occurs. 

The results of the analyses are as follows: 
b=2.1A, to=3.5<10-!2 sec and 4E=3.6 Kcal/ 
mol for curve B of PMMA, b=2.2A, to= 
4.5x10-* sec and 4E=1.9 Kcal/mol for curve 
C of PEA. The plots of te versus 1/T are 
shown on semilogarithmic scale in Fig. 9 (a) 
and (b) for these two cases respectively, where 
open circles (for PMMA) and filled circles (for 
PEA) are derived from the data on T1, using 
the BPP formula, and the straignt lines con- 
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necting these give te=t. exp(4E/RT). 

For the curve B of PMMA in Fig. 2, where 
not only main chain methyl groups but also 
side chain ester methyl groups are moving 
and further there are strong coupling between 
both, the circumstances are very complicated. 


T;(sec) 


lrmmapioxid%sed 36 | 
ea 
20 30 40 50 60 70 80 90 100 
3 
TR 


Fig. 9. Plot of te against 1/T for PMMA (a) and 
PEA (b). 


But we notice that the value of 2.1A is some- 
what larger than that estimated from the 
molecular structure (about 1.8A for H—H 
distance in methyl group). The same can be 
said about 6 for the curve C of PEA in Fig. 
3. As for the activation energy 4E, the values 
derived above seem to bea little smaller than 
that derived from 7; for methyl groups in 
smaller molecules.® It may perhaps be un- 
necessary to confirm the existence of the dis- 
tribution of correlation times, though in gener- 
al, both the increase in the value of Ty min 
(which is equivalent to the increase in the 
apparent value of 6b) and the flatness of the 
V-shaped curve (which is equivalent to the 
decrease in the apparent activation energy) 
are the results which are expected when we 
take the distribution of correlation times into 
account. 


§6. Conclusions 


We could definitely separate the various 
modes of the internal motion of amorphous 
high polymers, by measuring 7; in proton 
resonance by pulsed NMR method. Recently, 
the similar investigations were performed by 
Odajima, Woodward, and Sauer, by measur- 
ing the second moment by steady state method. 
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Our results are excellently consistent with 
theirs, and we think our results are more 
direct. We could not discuss our data quan- 
titatively, because of the complexity of the 
affairs, the lack of hoth the suitable formula 
for analysis and the precise experimental data. 
For further discussions, the progress in the 
theory of T; of high polymers and the measure- 
ments of 7, at various frequencies would be 
necessary. 
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Mechanical Dispersions and Transition Phenomena in 


Semicrystalline Polymers 
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The existing data of mechanical dispersions in seven semicrystalline 
polymers (polyethylene, polypropylene, polyethylene terephthalate, poly- 
trifluoromonochloro ethylene, polyamide, polyurethane and _ polytetra- 
fluoroethylene) are compiled and the frequency dependence of loss peak 
temperature (‘‘ transition map”’) is illustrated. The primary and secondary 
dispersions occuring in the amorphous regions are identified on the basis 
of these results. The correspondence of the mechanical dispersions to 
dielectric ones, transition temperatures found in dilatometric measure- 
ments and change in NMR line width with temperature is discussed for 
these polymers. 


§1. Introduction of the sample and the temperature dependence 
of the relaxation time. The glass transition 
temperature depends indeed on the cooling 
rate, but it can be taken practically as a 
loss exhibits a maximum at a temperature material constant, since the cooling rate can- 
T, higher than 7,, the temperature gradient not be varied in the order of magnitude in 
of storage modulus has a discontinuity at T,” usual experiments. 

and the modulus largely decreases in the vicini- 
ty of 7; from the order of 10'° to 10° or 10’dyn/ 
cm’, 

Recent investigations about the glass transi- 
tion Of amorphous polymers have revealed 
that the transition occurs in a rather broad 
temperature range.” In many amorphous 
polymers the upper limit of this range, T,*, 
is about twenty or thirty degrees higher than 
the lower limit, 7,7.” 

The temperature dependence of volume, 
elastic modulus and loss factor in the vicinity 
of the transition region, is schematically il- 
lustrated in Fig. 1. As is apparent in the 
figure, the glass transition temperature Ty in 
existing literatures which was determined as 


A mechanical dispersion phenomenon in 
amorphous polymer is observed above glass 
transition temperature 7,: the mechanical 


an intersection of two straight line portions in Tg Towritdtion’s 

the volume-temperature curve lies between Sa emt: 

T+ and T,-, being rather nearer to Ty*. Fig. 1. Schematical representation of the tem- 
It should be particularly mentioned here that peraturendepgadence ot the (welume soa 


chanical loss factor and the storage modulus 


the transition region and the dispersion regi 
& pes e near the glass transition temperature. 


are not identical, though closely related to 
each other.” The former is determined by 
the interrelation between frequency of external 
excitation and temperature dependence of re- 


In the case of semicrystalline polymers also, 
the glass transition has been believed to take 
place in the amorphous part and the associated 
laxation time, while the latter is determined mechanical dispersion has been observed. This 
by the relation between cooling or heating rate dispersion is usually termed ‘‘ primary disper- 
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1/2 Var 
(Circle and dot represent values for branched and linear 


Fig. 2. Transition map of polyethylene. 
polyethylene respectively. ) 


sion.’’ Besides this there has been found in 
lower temperatures another dispersion as- 
sociated with the local motion of chain mole- 
cules in the amorphous part, named ‘‘ second- 
ary dispersion.’’ Furthermore, a third dis- 
persion originating from the crystalline part 
has been also exhibited in some polymers. 

Owing to the complicated behavior above- 
mentioned, there is even at present a large 
scatter of the opinion among authors about the 
problem which dispersion should correspond to 
the primary or the secondary dispersion. It is 
our purpose here to compile the existing data 
on the mechanical dispersion of semicrystalline 
polymers and to identify the primary and the 
secondary dispersions. The data of the ther- 
mal expansion, dielectric dispersion and nu- 
clear magnetic resonance will be also referred 
to. 

Seven kinds of semicrystalline polymer are 
dealt with in this paper: 

(1) Polyethylene (PE) 

(2) Polypropylene (PP) 

(3) Polyethylene terephthalate (PET) 

(4) Polytrifluoromonochloroethylene 


5 
(10°7°K) 


(PTFMCE) 

(5) Polyamide (PA) 

(6) Polyurethane (PU) 

(7) Polytetrafluoroethylene (PTFE) 

Nylon 6 and nylon 66 among many modific- 
ations of PA have been most extensively 
studied and are the subjects of the present 
study. In the case of PU the data are avail- 
able only for polytetramethylene-hexamethy- 


a B 
10° d ——t 
36 : te 

———— = =| 

36 

10? ge 

\ [sr 37 37; | 
y ] 
| 

| | 
2 3 4 5 7 
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Fig. 3. Transition map of polypropylene. (Circle 


and dot represent isotactic and atactic polymers 
respectively.) 
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lene-urethane. Polymers other than these in Figs. 2 to 8 for seven kinds of polymers. 


seven are not treated here because the avail: Numbers in the figures indicate the reference 
able data have been too scanty up tothe pre- numbers. The names of dispersion follow 
sent. mostly the nomenclature in the review article 


by Woodward and Sauer,” in which the up- 
§2. Transition Maps of Semicrystalline swing, not the peak, of damping near the 
Polymers 


tar 
The frequency dependence of the tempera- ig 


ture of loss factor maximum 7; is illustrated 
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Fig. 4. Transition map of polyethylene tereph- Fig. 5. Transition map of _ polytrifluoromono- 
thalate. chloroethylene. 
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Fig. 6. Transition map of polyamide. (Circle and dot represent nylon 6 and nylon 66 respectively.) 
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melting point was often called ‘‘a peak’’ and 
the peak just below was called ‘‘a’ peak.” 
This a’ peak is named ‘“‘ a peak ”’ in this paper 
and the name ‘‘a’”’ is not used. 

It is apparently seen from these transition 
maps that the relation between log f and 1/ 
Ty is linear in most of the dispersions, though 
in some cases the linear relation does not hold 
in low frequencies. The apparent activation 
energy £ is calculated from the straight line 
portion by 


Olog f 

fan ee a7 ( (1) 
mere R is the gas constant. The values of 
FE are listed in Table I, together with T; values 
at lcps frequency. The values of PE in this 

table are related to the branched polymer. 
The relationship between transition phe- 
nomena and dielectric dispersion in polar poly- 
mers has been the subject of many papers. 


f (c/s) 


E 
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The data of dielectric dispersion are shown in 
Table I for comparison, reproduced from the 
very extensive study by Nakajima and Saito.” 
The values of PE was obtained with an oxi- 
dized sample. 7, in Table I is not to be 
directly compared with &’’ maximum tempera- 
ture, since the loss factor corresponds to &’’/ 
€’, rather than €” in dielectric property. The 
&€” maximum temperature should be higher 
than T;, if the mechanical and dielectric dis- 
persions are associated with the same mole- 
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Fig. 7. Transition map of polyurethane. 
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Yasaku WADA 


(Vol. 16, 


1230 
Table I. 
; rus Ks Thee anicale Dielectric Tr 
Polyirier ps | Dispersion |~ 7 (kcal/ T, at lcps | BE (keal/ e’’ max. temp. (°K) 
| mole) | (°K) “mole) | at Icps (°K) 
PE 370 a 130 333 
B 34 250 26 265 2535) 
r 9.5 145 13 140°) 
pp 440 | a 345 
B 40 74 2508.7) 
} 
13 178 
a eed 
PET 5370 | 2 | 65 365 100 420 340,813) 3609 
| B 17 230 18 200 
PTFMCE | 483 — S04 370 60 380 32009.10,119 
| B 21 248 18 240 
PAD ee | Ta06s 88 a | 62 330 48 310 3309 
B 21 214 17 220 
, 16 148 9 
PU 450 B 43 310 
| B 20 200 
10 140 
PTFE 600. |e 170 400 4009 
B 70 300 
P: 20 180 16012) 


cular mechanism. Taking this into consider- 
ation, one sees in Table I that the values of 
mechanical dispersion are in a satisfactory 
agreement with those of the dielectric one. 

The last column of Table I shows the tem- 
perature 7; where the volume-temperature 
curve was found to exhibit a discontinuity in 
slope 


§3. Criteria for Primary and Secondary 
Dispersions 

The primary dispersion, being caused by 
movements of large sections of chain mole- 
cules in the amorphous phase, may be ex- 
pected to follow the criteria below: 
(1) The loss peak height should increase with 
increase in the fraction of the amophous phase. 
(2) The activation energy should be relatively 
large, say several tens kcal/mole as estimated 
from that of perfectly amorphous polymers, 
owing to the large unit of motion. 
(3) The thermal expansion curve should have 
a point of discontinuity in slope (Ty) in the 
vicinity of the loss peak temperature at a very 


low frequency. 
(4) Ty, should be roughly two-thirds of cry- 
stalline melting temperature 7m, when meas- 
ured in absolute temperature scale.4!© This 
relationship is only an empirical one, but has 
been confirmed for many substances exhibit- 
ing the glass transition. Fig. 9 represents 
the relation of break temperatures in thermal 


(°K) 


Tx or Tr 


0 200... 400 
Tm (°K) 


600 
Fig. 9. Break points in thermal expansion curves 


(circle) and loss peak temperatures at 1 cps 
(dot) plotted against melting points. 


soreness eeneetetottetemeereensgeeeieeestieeenerenttiI==seserseo= sna. =, htt ss === er 


1961) 


expansion curves (Tx) and loss peak tempera- 
tures at lcps (7+) against Tm for seven poly- 
mers. 

Recently some theoretical studies have been 
made on the mechanism of the secondary dis- 
persion,’*! the conclusion being not yet ar- 
rived. Okano!” attributed this dispersion to 
the vibration of chain segments and achieved 
a qualitative agreement with experiment. It 
may be inadequate at the present stage to 
ascribe the secondary dispersion of a specific 
polymer to the rotation of a specific group of 
atoms in a chain molecule. 

In any case, since it is at least valid that 
the secondary dispersion comes from the local 
motion of segments in the amorphous phase, 
the dispersion may be expected to obey the 
following criteria: 

(5) The loss peak height should increase with 
increase of the relative amount of the amor- 
phous phase. 

(6) The dispersion should be observed at 
lower temperatures than the primary one. 
(7) The activation energy should be smaller 
than that of primary disperson, roughly es- 
timated as ten kcal/mole or so. 

Identification of the primary and secondary 
dispersions for specific polymers will be made 
in the next section on the basis of the above 
criteria. 


§ 4. Discussions on Specific Polymer 
Polyethylene 


The peak height of 8 dispersion is very 
small, often undetectable in linear PE which 
has a small fraction of the amorphous regions. 
Further, the increase in the amorphous regions 
by irradiation brings about the increase in 
height of the 8 peak of PE.” It is apparent 
from Table I and the above facts that the 8 
dispersion fulfils all the criteria for the prima- 
ry dispersion. 

It is seen from Table I that the 7 disper- 
sion fulfils the criteria for the secondary 
dispersion except (5). The loss peak height 
of this dispersion is almost the same in 
branched PE as in linear PE.'*”® This discre- 
pancy may be explained under the assumption 
that some of the so-called crystalline regions 
in linear PE may be in an intermediate state 
between the crystalline and the amorphous 
states and the local motion of molecules which 
contributes to the secondary dispersion can 
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take place also in this intermediate region. 

The change in shape of the proton magnetic 
resonance absorption line of PE with tempera- 
ture seems to support the view of regarding 
the 8 and y dispersions as primary and second- 
ary ones respectively. The narrow line com- 
ponent, caused by moving protons in the 
amorphous regions, at first appears at 200°K 
or below, then begins to become rapidly nar- 
rower at about 250°K.2” 

Many investigators have agreed in attribut- 
ing the @ dispersion of PE to the presence of 
the crystalline regions.”8"? 


Polypropylene 


The behavior of the mechanical dispersions 
in PP is closely similar to PE so far as the 
data available at present concern.®” A similar 
assignment of mechanisms to the dispersions 
as given to PE applies seemingly to PP. 

Two extra loss peaks (6 and € peaks) have 
been found in this polymer at very low tem- 
peratures and have been attributed to the rota- 
tion of methyl groups in the crystalline and 
amorphous regions respectively.*” This ex- 
planation seems, however, not easy to under- 
stand. The rotation of such an axially sym- 
metrical group as methyl group can result in 
no strain in the polymer and hence may not 
bring about any mechanical relaxation. In 
any cases, it may be important to explore the 
mechanical response over an extremely low 
temperature range for other polymers also. 


Polyethylene terephthalate 


The a@ dispersion of this polymer, the loss 
peak height of which was found to increase 
with increase of the amorphous regions,°® 
satisfies well the criteria (1) to (4). Accord- 
ing to the study of dielectric properties,® the 
relaxation strength of this dispersion begins to 
fall at about 100°C with decreasing tempera- 
ture. This is indicative of the fact that the 
segmental motions of molecules begin to be 
‘frozen-in’? from this temperature. This 
temperature therefore can be regarded as the 
upper limit of glass transition region. 


Polytrifluoromonochloroethylene 


As is apparent from Table I, the criteria 
(2) to (4) hold true well for the a dispersion. 
Nakajima and Saito’? have investigated the 
dielectric dispersion of this polymer in detail. 
According to them the relaxation strength 
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of both a and # dispersions increases almost 
linearly with increasing fraction of the amor- 
phous regions. Further, the relaxation strength 
of a dispersion falls rapidly from 50°C with 
lowering temperature. This indicates definite- 
ly that this temperature is the upper limit of 
glass transition region. They also found that 
the narrowing in the distribution of relaxation 
times for the 8 dispersion starts at 20°C with 
increasing temperature. This behavior can be 
accounted for by considering that the local 
motion of segments is modified above this 
temperature by the rotationary motion of seg- 
ments.°”) This temperature therefore can be 
regarded as thestarting point of glass transition, 
i.e. the lower limit of the transition region. 

The y dispersion satisfies the criteria (5) to 
(7) and can be safely concluded to be the secon- 
dary dispersion. 

The temperature dependence of maximum 
slope width of magnetic resonance absorption 
line of fluorine nuclei in PTFMCE supports 
our conclusions. According to Nishioka,®° 
narrowing occurs slightly first at around 240°K, 
then falls rapidly from 340°K. 


Polyamide 

The mechanical dispersion of polyamides has 
been most fully investigated by Woodward, 
Crissman and Sauer.®” According to them, 
three loss peaks, a, 8 and 7, are all affected 
in height and/or peak temperature by absorbed 
water, hence all of them are considered as con- 
tribution of the amorphous regions. It was 
further verified that the 8 dispersion disap- 
pears for polymers perfectly free from water. 
It may be quite natural to say, on the basis 
of these facts and the data in Table I, that 
the a and y dispersions correspond to the pri- 
mary and secondary dispersions respectively. 

One possible explanation for the appearance 
of the 8 dispersion may be that the amorph- 
Ous regions are microscopically separated into 
two phases, one including water molecules, 
the other not. The local motions in the former 
phase contribute to the @ dispersion, those in 
the latter to the y dispersion. As is widely 
known,®” absorbed water in polymers at low 
temperatures hinders the molecular motion, 
hence the # dispersion is located at a higher 
temperature. The primary dispersion results 
from the motions in regions including both 
phases and may not be separated into two 
peaks. 
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Investigation of the dielectric dispersien of 
nylon 6*) shows that the relaxation strength 
of @ dispersion falls from 75°C with decreas- 
ing temperature. This indicates that this 
temperature is the upper limit of glass transi- 
tion region. 

The line width of nuclear magnetic reson- 
ance absorption in dry nylon 6 first decreases 
slightly from ca. 150°K with increasing tem- 
perature, then rapidly from 310°K;°” this is 
favorable to our conclusions. 


Polyurethane 


Behavior of the mechanical dispersions of 
PU very much resembles to PA, reflecting the 
similarity in chemical structures. With less 
uncertainty a similar assignment of mecha- 
nisms as given for PA appears to apply to 
PU. 


Polytetrafluoroethylene 


Many authors have confirmed™*®:* that the 
B dispersion of PTFE comes from the crystal- 
line phase transition. 

The a@ dispersion, though very well fits the 
criterion (4) as seen in Fig. 9, cannot be re- 
garded as the primary dispersion on account 
of the following reasons. First, the apparent 
activation energy is too large as seen in Table 
I. Secondly, change in the X-ray pattern has 
been observed at elevated temperatures, be- 
ing correlated with this dispersion.** Though 
some discrepancies exist among the data of 
nuclear magnetic resonance study in PTFE, 
it may be at least valid that the line width of 
the narrow component caused by moving 
fluorine nuclei in the amorphous regions ex- 
hibits narrowing far below room tempera- 
ture,” indicating the glass transition located 
at low temperatures. 

Taking the above facts into consideration, 
it may be reasonable to regard the y disper- 
sion as the primary one. Indeed, McCrum*®? 
has found that the loss peak height of y dis- 
persion decreases with increasing crystallinity 
and the storage shear modulus falls in this 
dispersion range from 2x10" to 4.5x10° dyn/ 
cm’ for the sample of 45% crystallinity. The 
y dispersion thus satisfies well the criteria for 
the primary dispersion except (4). The definite 
explanation about the misfit of the criterion 
(4) to PTFE cannot be given here, but some 
remarks must be added. Nonpolar polymers 
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such as PE and PP have generally lower glass 
transition temperatures than polar ones as PA, 
PTFMCE and PET, owing to the larger chain 
flexibility. Then the low transition tempera- 
ture of PTFE may be reasonable. The misfit 
therefore seems to be due to the too high melt- 
ing point, presumably resulting from the cry- 
stal structure of PTFE. If we take the cry- 
stalline phase transition temperature (285°K) 
as a hypothetical melting point, the criterion 
(4) applies very well also to this polymer. 

It is not unreasonable to compare the a 
dispersion of PTFE to those of PE and PP. 


§5. Conclusion 


In this paper we have correlated the dyna- 
mic mechanical behavior of seven semicrystal- 
line polymers with other types of behavior 
such as the dielectric, thermal and magnetic 
ones and classified the transition or dispersion 
regions without considering the specific chemi- 
cal structures of polymers. 

The conclusions are shown in Table II, the 
upper and lower limits of glass transition 
region being also listed. Of course values are 
only approximate ones. The glass transition 
temperature is affected by degree of crystal- 
linity, degree of orientation, cooling rate and 
other numerous factors and varies from sam- 
ple to sample by ten degrees or so. 


Table II. Classification of dispersions 
Disperi- | Dispersion due to Glass 
Pol sion due | amrphous region transition 
Bey. itonucry stale) p._.; region 
line region Primary ‘Secondary (°K) _ 
PE a B i 220—250 
PP a B r 230—260 
PET | @ B 340—360 
PTFMCE a B 290—320 
PA @ (Be ap 310—340 
IPAUS - @ Bor Cane oLO 
JPA ag, a, B va 150—1280 


* Observed only for polymers including water. 
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The centrifugal distortion constants and the inertia defects necessary 
for the analysis of the microwave spectrum of formaldehyde molecule 
were calculated by the vibration-rotation theory. 

Nielsen’s formulation was used throughout together with the useful 
relations found by the present authors. The calculated centrifugal distor- 
tion constants, inertia defects and Coriolis coupling constants fit well to 
the experimental values. 


$1. Quantum Mechanical Hamiltonian 
The quantum mechanical Hamiltonian for a vibrating rotator was derived by Wilson and 
Howard as follows,” 


H = 5 Sytl\(Pa— pa)ttap (Pp — Polit Span pphlte V (1) 


where P.z’s are the components of the rotational angular momentum along the molecule- 
fixed axes and ps;’s are momenta of vibration. pa’s are components of the angular momentum 
due to the vibration and can be written in terms of ps as 


a= DB Cur Qrbe 


where Qs; are normal coordinates of vibration and €;s" are Coriolis coupling constants. yu 
is the inverse of the inertia tensor and when the moments of inertia are expanded in terms 
of the normal coordinates, its determinant # and components as are vibrational operators. 


op = Map —Yaw peee[ Sas? Qs+ >) > 4S (Aj OP) = PE sar OE ara) — Base asa? }QQs'] 
S Si Gs’ 
—_ : $A) (@) | dt) (@) of mQ Q | 
Sela (€) 7 (@a) LL () yas'BY as: (BY) Law (Ass xe Ss sg s/s!) FO sQPs 
pu=p {1 2 Maa as Qt UT xt BB Y - 


-where as“) and A,“ are expansion coefficients of the moments of inertia and are defined 
as follows; 
Tug= Tug + Sas? Qs+ > SS { Ass) — IE grr CP) 500 }QsQsr . 
8 ss! Shy, 


V is the potential energy of vibration composed of harmonic quadratic terms and anharmo- 


nicity terms; 


V= De = O2+ hed EY Dhhersgeqe qe the DTT Thksss1317G8sr Gor Gorn (4) 
Senseo s sf gif git? 
ssions are substituted into Eq. (1) and appropriate Van Vleck’s transforma- 


Bre cn these expre the rotational Hamil- 


a) 
tion which eliminates the first order off- diagonal terms is carried out 
tonian for an asymmetric rotor can be written as 


H=} SyoopPaPat 4, 2 Aleit PaPePyPs (5) 


Z 


with 
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1 il ih 3kesss a V; Rss? /(%B 


GC Ss’ Ws [2 


h / ws! AC AMR ies Bi ese I] (Us+3)_ 
a Srr2C {4 @s(s?— Ws?) Cast Oss Ws f Teo Isp 


and 


36%?) as") It 
- Qrr2c2a9? Loa Ipe Ly Iss 


loa eee 
he a@pBys — 


For a planar molecule Lec —Iua®—Ino=0 but A=Lec—Ina—Io» is not equal to zero due to 
the additional terms in the expression of owe in Eq. (5). The formula for this quantity, in- — 


ertia defect, was derived by the present authors from Eq. (5) by using properties of vibra- 
tion-rotation quantities as® 


Sides ( De Ose £(E gqr!®))2 +E ggr))2—(E gr (9)? 
b= ES (ot SSS aa aay lew aa iealealeoes 
3 1 pe — ; 3 Lee | Lov me 
4F > ie (v+ 9 )] roma 4 CoB ae A 
= RE [TceZee—Ino80—LaaZua] ( 6 y 


where ¢ expresses the out-of-plane vibration and gaz are the components of the g-tensor for 


the rotational magnetic moment of the molecule. The purpose of this report is to evaluate | 


the centrifugal distortion constants Tagys and the inertia defects 4 for the formaldehyde. 
molecules. 


§2. I Matrix 


In order to calculate the vibration-rotation interaction, the transformation which relates the- 
Cartesian displacements of atoms with the normal coordinates of vibration is necessary. 
This is the 2 matrix used by Nielsen and his coworkers, the elements of which are defined by 


V mi bai=dlis Qs (7) 


where da; represents the Cartesian displacement of the i-th atom. Eq. (7) can be written in. 
matrix form as 


x=M~1Q (8): 


where M is a 3NxX3N diagonal matrix and x and Q are vectors with 3N and 3N—6 elements, 
respectively. 


The J matrix can be calculated if the normal vibration treatment is completed. Thus, if | 
we define the internal coordinates and the symmetry coordinates by R and S, respectively,. 


and the transformation matrices between them as 

x=AR, R=U'S and S=L@Q , (9) 
the J matrix is expressed as 

1=M*AU'L. (10): 


L matrix can be obtained from the normal vibration calculation (GF—2,E) Li=0. A matrix. 
for such molecules as formaldehyde can be derived analytically by inverting the B matrix 


(R=Bx) with the Eckart’s condition. For HDCO, where the symmetry is low, it can be 
obtained from the relation 


A=M"B’G-1 (11) 


‘ordinates. 
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‘where G denotes the inverse of the G matrix calculated with respect to the internal co- 


From ike properties of these matrices and the e matrix which represents the 
normalized Eckart’s condition, following relations are obtained®). 


Ul E3n-6 
Ve=e'l=0 (12) 


ll’ = F3n—ee’ 
‘They are expressed in scalar form as 


Dr Les Lis =O sr 
SS, Umi Lis’ =0 


SVmi (ri lis — Bs lis) =0 (13) 


. yo f[ 1 ti BiB ’ 
Lis! ee fh ( +. Tats z ) 
Shs Us pe A aVitiee Toe Ls 


Dla y= VMN 0058, (ae<B) 

s Ly 
‘They can be used for checking the calculated J matrix as well as for obtaining useful rela- 
‘tions between the vibration-rotation quantities. Attention must be paid in calculating the I 
‘matrix to the fact that the Cartesian coordinate is fixed to the molecule along of the 
‘principal axes of inertia. Thus for the case of HDCO where the a-axis of the inertia tensor 
‘does not coincide with the C=O axis, a slight modification is necessary, because the B matrix, 
independent of the masses of the atoms, is common to all isotopic species and was calculated 
with respect to the coordinate along the C=O axis. The matrix 0 which expresses the rota- 
‘tion of the molecule-fixed coordinate must be multiplied. It is easily seen that the @ matrix 
and the M?/! matrix commute each other, and the l’ matrix related to the principal axes of 
inertia can be expressed by 


V=6l oC) 


The quantities as, Ass‘? and €." are expressed by the components of J matrix as 
follows.” 


asm =2 5) Vm (Bi lis® +7: lis”) 
as'*?) = —2 Simi ats lis) = — 255 V mi Bilis (a* 8) 
Ages Ligh Ot Lig Lisi) = 00 — Leg Digs 
AL 5 lis Lig (<8) (15) 
Co NG aS, dn Lis —Lisr? lis) 
It is obvious from the third formula of Eq. (15) and the first formula of Eq. (13) that the 
following relations exist for a planar molecule. 
Anite + Ant= Aal=1, s: in-plane vibration 
as@D +a) =as™, 
and 


= (bd) = 1, A (cc) —(), 3 F , 
A560 = Ass nM s: out-of-plane vibration (15’) 


as'@ =as =a, =0. 
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It can be seen from Eq. (15) using Eq. (13) that the following relations exist:® 


il as\%8) Ag PO 


2S; Car € s5r'8) Se 
3 


é 


S (ase)? =A Ta 


Pyy— (Tau — Ip)? 
Ly 


D (as'™ as?) = 2 Tea+ Ips— yy) 


Say 


Ite 


(16) 


These relations can be used to check the calculation. 


§3. Symmetry Considerations 


In applying the formulation given above to 
actual molecules many terms are shown to 
vanish from the symmetry considerations. 
Among many quantities appearing in Eq. (5), 
only those terms which are totally symmetric 
with all symmetry operations remain. For 
example, sss is non-vanishing only when s 
belongs to the totally symmetric species, be- 
cause otherwise fsss gs* 1S antisymmetric with 
some symmerty operations. In the same way, 
whether as‘“®) Ass‘%"), and €ss vanish or not 
are determined from the symmetry properties 
of gsPaPs, Qs*PaPs, and gsqs’Pa, respectively. 


Table I 
Character Table for C; symmetry 
(Gr fl | o (ab) 
| 
A’ Fl | -Fl | Re 
OS (ee sal ees | Ra, Ry 
| 

Table II 


Non-vanishing elements for C; symmetry 


ksss 
Ksss’ 


sSeA’ 


GI s arbitrary 


Ass andAss(%)_s arbitrary a=a, b, ¢, 


Cg5/C0) s8CA’and s’CA’orsc A” and sc A” 
| 


C556) and ac) sCA’and s'CA”orsc A”and s'CA” 


ase) and 6a?) scA’ a=a, b, c 


(as), as2°)) sc A” 


i) Cs symmetry, HDCO 

The character for Cs symmetry is shown in 
Table I, in which the c-axis is taken as the 
out-of-plane axis. Non-vanishing elements 
are listed in Table II. as and as‘*” are 
shown to be zero from Eq. (15) for a planar 
molecule. 
ii) Cy symmetry, HCO 

The character for C2 symmetry is shown 


Table III 
Character Table for Cs, symmetry 
Coy I C2(a) o(ab) o(ac) 
Aj -+1 --l -l +1 
A, +1 Fl —1 -—1l Ra 
B, bl —1 +1 -1 Re 
B, +1 —1 -1 +1 Ry 
Table IV 


Non-vanishing elements for Cj, symmetry 


fees | sCAy 
| 
Ksss! s'CA, 8 arbitrary 
A goo) | s arbitrary, a=a, b, ¢ 
A) sCA, and s’CB,, (sc A; and s’C 3B.) 
Css’) scA, and s’CBs;, (sc A, and s’CB,) 
C536) sCB, and s’C Bo, (sc A; and s’CA;) 
6%) scA; a=a, b, ¢ 
as6%) seBi 
(as0%2)) scA, 
(as64e)) sCB, 
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in Table III. Non-vanishing elements are 
listed in Table IV. The rotational Hamiltonian 
described in the previous report was derived 
from these considerations.” 


§4. Centrifugal Distortion Constants 


The centrifugal distortion constants defined 
in Eq. (5) are calculated if the J matrix is 
obtained. Since they are expressed by as°#?)’s 
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the non-vanishing constants are shown to be 
Taaae, Tawps aNd Tava for Coy planar molecules 
and Tawa, Tawse, Taran and Tawa for Cs planar 
molecules. 

The centrifugal distortion constants are 
calculated directly from Eq. (5), which can be 
transformed into a more convenient form. 
When Eq. (15) is substituted for example to 
the expression of taaa in Eq. (5), it is seen 
that 


il (as(%™)2 
Taaaa = — 
ie 2 Lea)4 2 AG 
Be. 2 ee ee PEN Lig Viet é lis?) [jg 
(Teves?) py py vmimys | 88, x ‘i + Birs Cas tied 
lis Lye lis? lig 
+ riBs ge Tir 5 sama 
$ s $ 


The terms appearing in the bracket can be written in a matrix form. If we define a 
matrix X which is a square diagonal matrix with the equilibrium coordinates of particles as 
the diagonal elements, the following relation exists 
(17) 


Vmims a8; >" =|X' MP DU MAX | asp 


3 Lj?) 

As 
where the suffix represents the aifj-th component of the matrix. When the Eqs. (10) and 
(11) and the familiar relation F-!=U’L1-"'L’U are substituted, the matrix appearing in the 
right hand side of Eq. (17) becomes A’ MAF-1A’MX=K. The matrices X, M, and A can be 
calculated from the masses of the atoms and the geometry of the molecule without solving 
the normal coordinate problem. Thus the centrifugal distortion constants can be used to 
determine the potential constants when there is not sufficient vibrational frequencies. The 
centrifugal distortion constants can be represented by the K matrix as 


Taaae = — eae > Dd (Keigst Keiys + Kyias t+ Kyiys) 
( aa Oo a (18) 
2 rE 
Taapp =— 7)? (Ina)? x x (Kpwjt+ Ketas + Kytys + Kyias) 


This equation is essentially the same as the one derived by Kivelson and Wilson but is more. 
straightforward.” : ; 
For a planar molecule such as formaldehyde, c elements of the X matrix vanish and 


Kates=0. Thus the following relations which was pointed out by Kivelson and Wilson are 
valid for all planar molecules. 
; 4 C4 Oz 

— + 2 Taavd AB 3 1 Toned Be 


Tececee — Taaaa At 


C C 


Tovee= ToD Tay + Taavd AP 


(19) 


2 C2 


Taace=Taaaa Ag + Taavd B 


Thi lation can also be derived from the definition of the centrifugal distortion constants 
is relati 


and the relation between as%) in Eq. (15’). 
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Table V 
Observed and calculated vibrational frequencies in cm~! and the potential constants 
A ee D,co** HDCO*** 
; (obs.) (calc.) 0% (obs.) (calc.) 6% (obs.) (calc.) 0% 
1 2766.4 2782.2 —0.6 2055.8 2045.1 0.5 2844.1 2831.2 0.5 
2 | 1746.1 L755 7 -—0.6 1700 1684.5 0.9 2120.7 2087.8 1.6 
3 | 1500.6 1502.6 -0.1 1105.7 1101.3 0.4 1723.4 1714.6 0.5 
4 2843.4 2875.4 —1.1 2159.7, PND) 8 1.4 1400.0 1396.4 0.3 
5 1247.4 1247.9 0.0 990 989.3 0.1 1041 1030.2 1.0 
6 1163.5 75S —1.0 938 938.0 0.0 1074 1063.3 1.0 


frr=12.374x105 dyne/cm 
Srr = 4.407 
Frr 0.038 


* Blau and Nielsen (8) 


y 


foo— foo =0.7980 
form fip = 01867 


n 


Faw=0.3406 x 10-11 dyne cm 


fro—fre =0.4046 x 10-8 dyne 
fro — fro = 0.3766 
Fro: eal ro = (0) 


it y 


" 


*« E. S. Ebers and H. H. Nielsen, J. Chem. Phys. 6 (1938) 311. 
*** D. W. Davidson, B. I. Stoicheff and H. J. Bernstein, J. Chem. Phys. 22 (1954) 289. 


$5. Calculation 


i) Normal vibration 

The formaldehyde molecule has six modes 
of vibration. In the cases of H2,CO and D.CO, 
three of them belong to Ax, two to B, and 
one to Bz species and in the case of HDCO 
five of them belong to A’ and one to A” 
species. An elaborate normal vibration treat- 
ment for the formaldehyde molecule was 
given by Miyazawa” using Urey-Bradley 
potential field. His potential constants were 
slightly modified in order to fit the calculated 
values to the values recently observed by 


a 
O 
R C__sb 
el Q2 
C 
ni Yo 
H H 
p 
O 


Blau and Nielsen.» Internal coordinates were 
taken as shown in Fig. 1. The following 
equilibrium structure was assumed: 
C=021121' Al C=H=1 08 Agi< BOOS 1204 
The observed and calculated vibrational fre- 
quencies are listed in Table V, together with 
the potential constants. The agreement is 
satisfactory. JZ matrix was calculated from 
the Z matrix obtained in the course of normal 
vibration treatment. The calculated I matrix 
was checked by Eq. (13). 
li) a'@?, Al. ¢?~ anduew ~ 

as’, Ass), and Cs“ were calculated 
from Eq. (15). It was seen that the calculated 


values of these constants satisfied the rela- 
tions in Eq. (16). Some of them are written 


here. 
HCO: (C16)? + (Coo)2-+ (C5)? =1 
(C46)? + (C56 )2=1 
(Crs )2-+ (Cos)? + (Cas)?=1 (s=4, 5) 
HDCO (E16)? + (Cae™)?+ (C36')?-+ (Cae™)* 


+ (Ose) =1 (a=a, b, c) 
DE Evi P=d (5, s°=1, 2, 3, 4, 5) 


ili) Centrifugal distortion constants 


The centrifugal distortion constants are 
calculated either by Eq. (5) or by Eq. (15). 
The explicit formula by Eq. (5) was given by 
Silver.» The calculated values are listed in 
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Table VI 
Calculated centrifugal distortion constants in Mc/sec 
HCO H,C8O H,CO1s DCO HDCO 
Toodd ~ 0.40331 — 0.38084 —0.36350 — 0.31250 — 0.36106 
Teece —0.23114 —0.22222 — 0.21356 —0.12503 — 0.16993 
Taaaa —101.831 10h! 83 —101 .823 — 25.494 —57.187 
Tecan — 0.38358 — 0.38286 —0.31746 — 0.27237 — 0.23698 
Taabb 1.41014 1.31228 1.31432 0.92728 1.45748 
Tobdee - 0.29166 — 0.27852 —0.26730 — 0.17460 —0.22790 
Tabad —3.29200 — 3.16220 —3.01747 —1.78082 — 2.30378 
Tabod — 0.19466 
Taaad 2.71209 
Tabec — 0.07943 
Table VII 
Calculated inertia defect in amu A? 
A= Ayiy + Acent + Aetec 
Avin = Dds(vs +4) 
HCO H,C130 HCO ® D.CO HDCO 
Ay 0.0086 0.0071 0.0085 0.0752 —0.0127 
Ae 0.0546 0.0591 0.0693 0.0241 —0.0065 
4 0.0955 0.0891 0.0758 0.1625 0.0355 
44 —0.0271 — 0.0261 —0.0272 — 0.0907 0.1373 
As | 0.4341 0.3913 0.4062 0.6002 — 0.3473 
Ag — 0.4464 —0.4013 — 0.4132 — 0.6093 0.3358 
Acent 0.0016 0.0016 0.0016 0.0014 0.0014 
Arve | — 0.0052 — 0.0052 —0.0052 —0.0051 — 0.0052 
Aviv, 0 0.0561 0.0561 0.0561 0.0772 0.0674 


Table VI. 
iv) Inertia defect 

The inertia defect was calculated as shown 
in Table VII. It depends on the vibrational 
states of the molecule. The additional terms 
which come from the centrifugal effect and 
electronic interaction are given separately. 
The effect of elentrons is not very small. 
This is due to the out-of-plane z electrons of 
the C=O bond. In calculating the electronic 
interaction the g-values listed in Table I of 


II were used. 


§6. Discussions 

The calculated constants of vibration-rota- 
tion interaction are compared with the ob- 
served ones in Table VIII. There is only one 
experimental value for the Coriolis coupling 
constant.® This value has been obtained 
from infra-red spectrum. Since vs and ve 
vibrations have nearly equal frequencies, the 
two levels vs=1 and vs=1 mix through €56. 
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Table VIII 
Comparison with the experimental values 


| | calc. obs. 
tem | HCO | 0.563 0.54* 
Toobd | HCO | - 0.40331 — 0.39220 
Tobbd H,C8O | — 0.38084 — 0.37283 
THobb | D,CO | —0.31250 — 0.31942 
Tobbd | HDCO | —0.36106 — 0.37016 
A | H,CO 0.0561+0.0016§ 0.0574+0.0002 
4, | HDCO | 0.0674+0.0018§ 0.0679+0.0004 


* Blau and Nielsen (8). 
§ The quoted error came from the experimental 
error of g-factor (5). 


The calculated value is found to be in good 
agreement with the experimental value. 

The calculated centrifugal distortion con- 
stants were used in the analysis of the K- 
type doubling spectra in the first part of this 
series of reports. As was shown there, the 
observed frequencies were fit with the cal- 
culated ones by a small adjustment on Toppo. 
The calculated values and observed ones are 
listed in Table VIII. 

Since the frequencies for the R-type transi- 
tion were available only for HxCO and HDCO, 
the observed inertia defects are listed only 
for these two species. They agree with the 
calculated values within the probable error. 
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The rotational constants for other isotopic 
species were computed using the calculated 
inertia defects. The measurement of 1o1<-0oo 
lines for these isotopic species would be of 
interest to test the accuracy of the present 
result. 
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Two radiation fields (v1 of about 150 Mc and v2 of 30, 20, and 15 Mc) 


are applied at static fields of about 50 gauss. 


The line shape, the peak 


position, and the intensity of the signal are well interpreted on the basis 
of the Bloch phenomenological equation choosing T'=4.8 x 10-8 sec, except 


for slight discrepancies near Ho=w,/|y|. 


¥2=4.5 Mc are also given. 


Introduction 


Sal 

When a two-level system of energy separa- 
tion hyo is simultaneously irradiated by two 
radiation fields of different frequencies y, and 
v2 (¥1>¥2), the double quantum transition can 
take place’? under the condition of conserv- 
ation of energy (vo=v;—v2 Or yy=yvity.) and 
that of angular momentum. In the case of 
Yy=Yi-—vz, a quantum with frequency » is 
absorbed and a quantum with frequency v2 
simultaneously emitted, while in the case of 
Yo=Yitve, two quanta with frequencies »; and 
v2 are simultaneously absorbed. Though each 
process is accompanied by the inverse process, 
the weight of the inverse process is smaller 
by the population ratio of the two energy 
levels. The net emission at the frequency v2 
in the case of vy)=yv,—y2 is of particular inter- 
est, since this mechanism can be used to 
realize a maser on a system with the positive 
temperature,*®) and recently much attention 
has been paid to the role of the double quan- 
tum transition in the masers.**” 

The present paper is concerned with this 
type of double quantum transition associated 
with the electron spin resonance of dipheny]- 
picryl hydrazyl (DPPH) at low magnetic fields. 
In the field of the magnetic reasonance, the 
experimental work reported by Winter” seems 
to be the only one as the experimental work 
on such a double quantum transition.*) He ob- 
served a double quantum transition in DPPH 
at high magnetic fields, but gave no detailed 
descriptions of characters of the transition 
such as the line shape, the peak position and 
the intensity of the signal. The aim of the 
present work consists in the detailed study 
on the double quantum transition relating to 
the relaxation in the non-isolated system. 


Some experimental results at 


We used two radiation fields of the frequency 
vy; of about 150 Mc and of the frequency v2 in 
the range of 4.5 Mc to 30Mc, and the static 
magnetic field of about 50 gauss. The signals 
were observed at the frequency v,. The low 
field magnetic resonance is particularly suit- 
able for the study of the line shape, since the 
sufficient field strength of rf magnetic field is 
readily obtainable and the inhomogeneity of 
the static magnetic field is easily reduced to 
such an amount that the line shape is not 
seriously affected by it. 

The description of the apparatus, the ex- 
perimental results and the comparison with 
the calculations based on the Bloch phenome- 
nological equation” are given in the following. 


§2. Apparatus and Experimenta! Procedure 


The block diagram of the apparatus is shown 
in Fig. 1. The directions of three magnetic 
fields (Hy, 2H:cosat and H,coswet) are so ar- 
ranged that the conservation of the angular 
monentum is preserved for the double quan- 
tum transition, as shown in Fig. 2. 

The static magnetic field Hy of about 50 
gauss is produced by a Helmholtz coil which 


Generator 
I50Mc 
igen 


Block diagram of apparatus 
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is supplied by a low voltage stabilized current 
generator using power transistors. At the 
same time,*this generator gives a gradual 
change in the magnetic field drived by sweep 
generator of the Miller integrator type. The 
value of Hy is measured by an ordinary ab- 
sorption signal of DPPH using a low field 
electron spin resonance spectrometer operat- 
ing in the range of 10 Mc to 200 Mc, which is 
mot shown in Fig. 1. 


z ,He 


H,cos wt - X 
mate 2H, Cos uyt 


Fig. 2. Arrangement of magnetic fields. 


The rf magnetic field 2H: cos ait (x12¢150Mc) 
perpendicular to the static magnetic field Ho 
is produced by a Helmholtz coil with dia- 
meter of 3cm supplied by an rf generator 
‘constructed by the stage of master oscillator 
and that of power amplifier. The maximum 
available value of H, is about 4 gauss. The 
value of Hi is measured by a pickup coil- 
VTVM system. It is also chequed by use of 
the pulsed pure quadrupole resonance of Br*! 
in NaBrOs,” as follows. A single crystal of 
NaBrOs is inserted in the coil and the fre- 
quency of the rf generator is set at the pure 
quadrupole reasonance frequency of Br®!, i.e. 
about 150Mc which is also the frequency of 
the radiation field used throughout the present 
experiment. The rf generator is then operat- 
ed in pulsed fashion and the signal from Br* 
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is detected in a usual way as in the standard 
pulsed pure quadrupole reasonace experiment 
(the details of the calibrating apparatures are 
not given in Fig. 1.). From the observed 90° 
pulse-width #. and the relation V3 rarHitw= 
z/2, the value of H; is obtained. 

The rf magnetic field Hz cos at Q2=4.5~ 
30 Mc) parallel to the static magnetic field Ho 
is produced by a marginal oscillator of Pound- 
Knight type.®) The marginal oscillator serves 
also as a detector for the double quantum 
transition, whose output is amplified and 
coherently detected in the same manner as in 
the usual magnetic resonance experiment.® 

The 32c modulation field is produced by an 
auxiliary coil parallel to the static magnetic 
field Hy) and the peak-to-peak amplitude used 
for all of the measurements is 0.1 gauss or 
less. The frequency modulation and frequen- 
cy sweep scheme is more desirable than the 
present magnetic field modulation and magne- 
tic field sweep scheme, but it is not practical 
because a relatively wide frequency range 
must be swept. Since our main purpose is the 
detailed study of the line shape, particular at- 
tention was paid to the setting of modulation 
amplitude, the linearity of the sweep, the 
balancing of lock-in mixer, and the homo- 
geneity of magnetic fields Ho and MM. 

The sample consisted of approximately 0.3 g 
of polycrystalline diphenyl-picryl hydrazyl. All 
measurements were made at room tempera- 
tures. 


§3. Experimental Results and Discussion 


The measurements were made at the fre- 
quencies vi of about 150 Mc and yz of 30, 20, 


1961) 


15 and 4.5 Mc for various values of H; from 
1 to 3 gauss. The value of H: was fixed at 
0.1 gauss. 

First we shall show the experimental results 
at v2=30, 20 and 15Mc. A typical recorder 
trace and its integrated curve at ».=15Mc 
and Hi=2 gauss are represented in Figs. 3 
and 4. All of the integrated curves of the 
signals obtained at »2=30, 20 and 15 Mc have 
the similar profile. The characteristic features 
of the curve areas follows. The curve shows 
opposite polarities on both sides of the magne- 
tic field Ho=o./|7|. By comparing it with the 
polarity of the ordinary absorption signal ob- 
tained by the same apparatus at the frequency 
v2, it was decided that the emission takes place 
below that field value (i.e. w.<o.) and the ab- 
sorption above it (i.e. o>). The fact that 
the emission takes place in the present case 
was also confirmed by detecting it with the 
aid of a high gain regenerative amplifier, in 
which the oscillation occurred when coupled 
with it in the case of 2g of DPPH. 

The emission and the absorption parts of the 
integrated curve are similar in form except 
for the polarities. More precisely, however, 


Fig. 4. Integrated curve of the signal given in 
Fig. 3, the left-hand half showing the emission 
and the right-hand one absorption. 


10 height of signal 


05 


10 20 30 


Ruri 14-4) 

Fig. 5. Calculated half line shapes and experi- 
mental points at vi=150Mc, v,=30Mc, Hi=1, 2, 
3 gauss and H,=0.1 gauss. The formers are 
obtained by using (8) and normalizing the peak 
to unity, and the latters obtained by the 


procedures stated in the text. 


Double Quantum Transition in Electron Spin Resonance 


1245 


the height of the absorption curve is slightly 
larger than that of the emission curve. The 
ratio of the two peak heights is equal to that 
of the values of H, at which the peaks appear. 
If the curves are transformed by dividing the 
ordinate by the corresponding abscissa, the 
emission and the absorption curves become 
coincident in form. So, in the following, we 
deal with only the half of the whole curve 
obtained by the above procedures. 


KO) 


height of signal 


0.5 


O 
Ho= “IY 


% — 4 


Fig. 6. Calculated half line shapes and experi- 
mental points at »;=150Mc, ve=20Mc, H,=-1, 2, 
3 gauss and H,=0.1 gauss. ‘These are obtained 
in the same way as in Fig. 5. 


¥=15 Mc 
4+Hi=lgauss: 
x :HE2 4 

o HES 4 

4 =|50Mc 
He=O.i gauss 


To) 5 25 (Mc) 


hae 


5 
a w/\Y | 


Fig. 7. Calculated half line shapes and experi- 
mental points at »,=150Mc, ».=15Mc, H,=1, 2, 
3 gauss and H,=0.1 gauss. These are obtained 
in the same way as in Fig. 5. 


The transformed emission (or absorptiony 
curve is not symmetrical with respect to its: 
peak axis, but some bulges or bumps appear 
on the higher (or lower) field side. The 
detailed line shapes are given by experimental 
points in Figs. 5~7 for various values of vs. 
and of A. 

The positions of the peaks do not coincide 
exactly with the field values Ho=(@:-2)/|7|,. 
shifting to the higher field side in the case of 
emission (lower field side in the case of ab- 
sorption). The amount of the shift is appro- 
ximately proportional to Hi’. 
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The variation of the peak height (signal in- 
tensity) with Ai is shown in Fig. 8 (where the 
heights are not divided by the corresponding 
values of Ho). It is proportional to Hi? at 
y,»—30 Mc, but at v2=15 Mc, the increase of it 
becomes more gradual than HA,” for larger 
values of Hi. Since it is difficult to maintain 
the equal sensitivity of the spectrometer at 
different frequencies, the precise comparison 
between peak heights at different frequencies 
was not made. But it was observed that the 
peak height is approximately proportional to 
1/2? at the fixed values of A. 


Peak height 
30} 5(arbitrary scale) 


re) i 
robe z. en Fr -1 ( Za) 
w2OF Mp fas (rete 
aba 
gales 
© () 
is) xe} 
8 20 A: %=30 Moucoias 
es o : 2 (emission) 
xX :%=|5Mc( wv ) 
| 4=|5OMc 
Ho= 0.1 gauss 
bi 
2 
Hi 
6) 5 Orit 


Fig. 8. Variation of peak height with H, at v.= 
30Mc, 15Mc, 11=150Mc and H2=0.1 gauss. o , 
4, X are experimental points corresponding 
respectively to emission and to absorption at 
v2=30Mc and to emission at »,=15Mc. Curves 
are obtained by using (10) and multiplying by 
appropriate factors for best fits. Different 
multiplication factors are used for »,=30Mc 
and »2=15Mc. 


The signal intensity decreases as cos?0, if 
the direction of the field H:cos wst is rotated 
by the angle @ in the zx plane (Fig. 2). No 
signals could be obtained when the direction 
of Hz cos a:t became perpendicular to both Hy 
and M. We tried to observe, in this case, 
the signals due to the higher order transitions 
at the field Ayp=(2w,; +a»)/|y|, but without suc- 
cess. 

Now, we shall compare the above results 
with the calculations based upon the Bloch 
phenomenological equation. 

In non-diluted DPPH, the strong exchange 
coupling markedly narrows the resonance 
lines,!? so the application of the Bloch equa- 
tion was justified’? from the microscopic point 
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of view. It holds in the present case of the 
double quantum transition. Further we as- 
sume 7:=T7>» after Lloyd and Pake,!” though 
recently it was pointed out!® that in some 
cases the relation 7:=T> does not hold exactly 
for non-diluted DPPH. 

The Bloch equation is 


dM il 
Seine ——(M—M)). 
i 7(Mx #1) F 0) 


In the present case, H consists of three com- 
ponents Ho, 2H; cos ait and H: coswet, namely 

H=(H.+ Hp cos wxt)k +(2H; cos ait) . C2) 
Using a coordinate system rotating about HM 
with angular frequency , the phenomena des- 
cribed by Eqs. (1) and (2) can regarded as a 
kind of magnetic resonance in the rotating co- 
ordinate system, ‘‘ nutation resonance.’’ The 
time dependent magnetization M, of frequency 


ve obtained from the equation is 
M.=(7 He cos a,t+ 7’ He sin wrt) , 
with 


(1) 


(3) 


x= Fir MyT 
/ 4a. Wz } 1 
(We+o2)?+1/T? 1+(w@e—w2)?T?’ 


ey 


where 


we=|1|He=V (wo— a1)? + (7 Mi? » 
and further, following assumptions have been 
made: 


lr |Ha< 


We" it 
wes. 7? Ae< Te: (5) 
Using the values of T already reported ,!023. 
it can be shown that the inequalities (5) hold 
under the present experimental conditions. In 
addition, #2.TS1 at ».=30, 20 and 15 Mc, so 
that Eq. (4) becomes 


i= Slim Te aS 
4WeWs il 
(@e+@2)? 1+(We—we)?T? ° ($) 
The power absorbed by the sample is 
P= Southey! : Oe, 


According to the formulas (4) and (7), P be- 
comes negative for wom and positive for 


®o>@:, Corresponding to the experimentally 
observed facts. 


Since the line shapes in Figs. 5~7 are ob- 
tained from the experimental curves devided 
by the corresponding value of A and nor- 
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malized as the peak height becomes unity, 
they should be compared with a factor 


1@)— ol (7 Hi)? 


We® 


; 4Me2 1 

(We+ 2)? 1+(@e—ws)?T? 
appeared in (6). 

Best fits are obtained by choosing the value 
of T as 4.8x10-8sec. The solid curves in Figs. 
O~7 are the polts of the factor for various 
values of H; using the above value of T. The 
Same value of T was also obtained by use of 
ordinary absorption signal of the same sample 
at the frequency of about 150 Mc. The signal 
was obtained in the course of measuring Hb. 

The asymmetry in the line shape is mainly 
Jeo—eil (rE)? 

We* 
written as cos9 sin@ and has the peaks at 


H. ; 
Saas , where @ is the angle between 


(8) 


due to the factor which can be 


fy) and Hz in the coordinate system rotating 
about Ho with the angular frequency mw. If 
the resonance lines were traced using the fre- 
quency modulation and frequency sweep tech- 
nique, the asymmetry in the line shape would 
not appear. 


Awe 
The factor —— 7 represents the fact that 


(We+@.) 
the magnetic field causing the transition is 
linearly polarized rather than circularly. 

; As will be seen in Figs. 5~7, the agreement 
between the experimental points and the cal- 
culated curves is nearly satisfactory. In the 
region near Hp=ai/|7|, however, some disagree- 
' ments appear, especially for the case of Hi=1 
gauss. They may be attributed to the experi- 
mental error due to the poor signal-to-noise 
ratio, frequently encountered in the case of 
lower Hi; and to the rather crude assumption 
that 7:=7». The rf field 2H: cos ait is ‘‘on 
resonance’”’ in the region near Ho =,/|7|, so that 
the direct transition (not the double quantum 
transition) is strongly saturated. At first sight, 
the saturation might be considered to be an 
origin of the disagreements. However, the 
effects of the saturation caused by the rf field 
2H, cosa:t on the line shape of the double 
quantum transition are already taken into ac- 
count when the Bloch equation is used. So, 
the anomalous saturation effect which cannot 
be described by the Bloch equation, if any, 
might be another origin of the disagreements 
in the region near Ho=o/|7|. The study of 
the double quantum transition under the satura- 
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tion condition which is closely related to the 
“rotary saturation’! is now under way on 
diluted DPPH, where Ti<72 and the applic- 
ability of the Bloch equation is doubtful. 

It is difficult to calculate the exact values 
of Ho at which the factor (8) is maximum. 
But considering the fact that the first two 
factors of (6) are rather slowly varying func- 
tions of Ho near the peak, the approximate 
peak position is obtained as 


Oy 1 ( I GZEINZ A ae ) 
= Sie W2 —_-—_— 
I7| val 2 (Op) 8 at? 


(9) 
1 


Lay 

The term ——— ——— is about 0.1 gauss or less 
8lr| oT? 

in magnitude under the present experimental 


conditions and it cannot be detected by the 


1 
The terms 
2\7| 


becomes of the order of one gauss 


used experimental apparatus. 
(rf) 
M2 


and gives a main contribution to the shift of 
the peak position from Ho=(a:-kw»)/|7|, which 
agrees with the experimental results. 

The approximate peak value of y’”’ is cal- 
culated from (6) by putting w.=w2, as: 


2 2 
Lire HY fr-2(tHY], 
which explains the experimental variation of 
the peak height with Mi, at the fixed vz as shown 
in Fig. 8, and that with ». at the fixed M. 
The difference between the gradients of two 
curves for ».=30Mc in Fig. 8 can be inter- 


preted by the difference between the values of 
Mo=x0Ho at which the peaks appear. 


Fig. 9. A recorder trace of signal at »;=150Mc, 
vy=4.5Mc H,=1 gauss and H,=0.1 gauss. 
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Next we shall mention about the signal at 
the frequency vs of 4.5 Mc. One of the recorder 
trace of the signals is shown in Fig. 9. ‘The 
integrated curve is similar in form to the or- 
dinary dispersion signal. Though it seems to 
have different profile from the results observed 
at y»=30, 20 and 15 Mc, it consists of two parts, 


Lo 

aN 
ote \ 
a 


O05 %=4.5Mc 
\\we e : Hi=l gauss 
N N ~ X:HF2 ¢ 
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Fig. 10. Calculated half line shapes and experi- 
mental points at »,=150Mc, ».=4.5Mc, H,=1, 
2 gauss and H,=0.1 gauss. These are obtained 
in the same way as in Fig. 5. 


emission and the absorption part. After the 
treatment described above, the line shape be- 
comes the same as those at the higher v. fre- 
quencies. The half of the whole line shape is 
shown by experimental points in Fig. 10. The rf 
field 2H; cos ait is always ‘‘on resonance’’ over 
the whole curve, but as mentioned above, Eq. 
(4) can be used for analysis. Two calculated 
line shapes at Hi=1 and Hi=2 gauss are shown 
in Fig. 10, where T=4.8x10-8sec is used. So 
far as the curves in Fig. 10 are concerned, the 
agreement between the experimental and the 
calculated line shapes is satisfactory. The ob- 
served variations in the position and in the 
height of the peak are different from those at 
¥2=30, 20 and 15Mc, and are rather complicat- 
ed functions of Hi. The peak height is pro- 
portional to H,* up to the field H,=0.5 gauss, 
but for heigher values of Hy the increase in 
the peak height becomes more gradual. For 
the values of H:>1 gauss, the peak position 
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lies on the lower (or higher) field side for higher 
values of H; in the case of the emission (or 
absorption). Though these features can be 
interpreted qualitatively by the expression (4), 
no precise comparison has been made as yet. 
The detailed study of the case of v2=4.5Mc 
will be published in a near future. 
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In the present paper is discussed the equilibrium of a pendent drop 
which appears on the film of water covering a horizontal surface. It is 
found that the volume of the drop takes a maximum value at a special 
configuration of D/H=3, where D is the diameter and H the depth, of 
the drop. The solutions for the equilibrium beyond this maximum can- 
not be realized in the actual drop, since there is slight but steady cur- 
rent of water into the drop from the surrounding film. The drop, in 
reality, will become unstable for external disturbance and collapse just 
before the said limit is reached. 

An analytical solution is obtainable for the case of a two-dimensional 
drop, the cross sectional area of which is also seen to attain a maximum 
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Introduction 


§1. 

When a glass or metal plate is wetted fully 
by water and set horizontally, there will soon 
appear pendent drops on the lower surface of 
the plate. As far as the present writers are 
aware, the theoretical consideration concern- 
ing the pendent drop of this kind was first 
made by S. Moriguchi.” He linearized the 
fundamental equation of equilibrium for small 
thickness of the drop at its initial stage of 
formation, and determined the diameter of the 
drop as a characteristic value of the equation. 
In the present paper is considered the more 
developed and thick drop on the basis of the 
equilibrium equation in its full nonlinear form. 
The process of growth and breakdown of the 
drop will be of special interest. 

As the result of calculation, it turns out that 
the volume of the drop attains a maximum at 
a special geometry D/H=3, where D is the 
diameter and H the depth, of the drop. This 
may be regarded as the final stage of equi- 
librium for an actual drop, since its volume 
must increase monotonously owing to the in- 
flow of water induced by the negative pres- 
sure at the base of the drop. 

The drop, in reality, will collapse just before 
the said limiting stage is reached. The dis- 
cussion of the dynamical instability of the drop 
will however be given in a subsequent paper. 


§2. Fundamental Equation 

The shape of the pendent drop in question 
is symmetric about a vertical axis and we take 
it as the z-axis (positive direction downward) 
of the cylindrical coordinates (7, z) (Fig. 1). 
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Fig. 1 


Let z(r) be the surface of the drop, 7 the 
surface tension, o the density of water, g the 
accelaration of gravity and p the excess pres- 
sure of the surrounding air over the pressure of 
water at the bottom (z=0) of the drop. Then, 
by considering equilibrium of the mass of water 
contained between the two coaxial cylinders 7 
and r-+-dr, we may write down the equation 
of equilibrium in the following form: 


d : rdzdr___ chap Som 


Putting here 
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we reduce Eq. (1) to a nondimensional form 


ibe bees Edn/dé a 

é dé lrieaneer | t?—o a 
The parameter / is the representative length 
of the present problem, whose value is deter- 
mined by the physical constants T, o and g. 
Assuming, for example, p=lgr/cm’, T= 
73 dyne/cem and y=980 cm/sec” for water, we 
obtain the result 7=0.27 cm. 

Appropriate boundary conditions for the pre- 
sent problem may be such that 

at £=0 and E=a dy/d&=0. (4) 
Here a is the nondimensional radius of the rim 
of the drop, which may be taken as the charac- 
teristic value of Eq. (3). As is shown below, 
it may take finite values. This might be seen 
somewhat unnatural, since any observed drop 
continues smoothly to the surrounding film of 
water and hence has no difinite radius. The 
discrepancy may however be explained as 
follows: Since the surface tension acts hori- 
zontally at the rim =a, the weight of the 
drop as a whole must be sustained by the 
sum of the pressure difference p. Therefore 
the pressure of water at the bottom z=0 
of the drop must be lower than the air 
pressure, while the pressure in the thin 
fim of water surrounding the drop is ob- 
viously equal to the air pressure. The result 
will be slight but steady inflow of water into 
the drop from the surrounding. Thus, the 
actual drop is never in equilibrium in the strict 
sence, and precise argument about the shape 
of the drop near the rim will call for the con- 
sideration of the inflow of water (viscosity 
will be important) mentioned above. However, 
for the case of very slow growth, the shape 
of the drop may be expected to agree prac- 
tically with the profile of equilibrium to be 
determined by (3) and (4). 

Since the drop is relatively flat at its initial 
stage of formation, we may safely neglect the 
term (dy/d&) in Eq. (3). Then, it reduces to 
the Bessel equation of the zero order. This 
is the case treated by S. Moriguchi. The 
radius @ is determined as the first characteris- 
tic value of the equation for the boundary con- 
dition (4).* Now, for the consideration of the 
drop at its intermediate and final stages, it 
seems to be impossible to make any neglect 

* a=3.83 and the diameter of the drop 2la=2cm 
for water. 
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in Eq. (3). Further, owing to its nonlinearity, 
it is difficult to obtain analytical solution of the 
full equation (3), and so we shall appeal to 
a method of numerical integration in the fol- 
lowing section. 


§3. Integration of the Equation 
Let AE be a small increment of & and 


‘5 Si) el Sith é 


BigeZ 


Ej= fA (7 =0, I, 23hxe.) Pe hen; Eqi@)imay. be 
approximated by the difference equation 
(EjAE)-(541/2-Cs-1) +5=0, 

where 


(5) 


1 a 
Ci+1/2= (Est FE) a AE x 


ae 2 )-1/2 
fei (ea) | 
75=0(E») 
Solving for 744, we get 
nj+1= 15+ R(1+ R?)-V20E , 
payee serena | 
This formula enables us to calculate 7j41 with 


the known data 7; and 7;-1. For the starting 


value 7 and 71 we use the power series solu- 
tion 


(5a) 


C5-1/2=€ G-141/2 5 


6) 
b (6) 


1= 10 | 1 FE SE 
ois 

~ 4608 
which satisfies the initial condition y=y and 
dy/dE=0 at €=0. By means of (6) and (7) we 
may calculate the successive values of 7; until 
dy/dE=0 at E=a. This a may be taken as 
the radius of the drop. Further, the numeri- 
cal result thus obtained may be refined in the 


following way.. We first integrate once the 
equation (3) formally and obtain 


(2-20 70? + 9pot)EB+ ++ (7) 


1961) 


eg é 2 )-1/2& 

| anlae=—{e—(\" nae) bl" graze. (8) 
‘Then, inserting the values of 7(£) previously 
obtained into the right hand side, and carry- 
} ing out numerical integration,* we can obtain 
| the second approximation for 7(&). We repeat 
tthe process till the result converges. 


!$4. Result and Discussion 


Fig. 3 shows the calculated profiles of the 
ipendent drop for several values of the pa- 
|rameter 7. The diameter-depth ratio D/H for 
each case is tabulated in Table I. 


Fig. 3 
Table I. 
No | 1 | 1-3 15 | 16 | 2 


On the Pendent Drop, I 


D/H | 5.173 | 3.786 | 3.175 | 2.924 | 


20° No 


Pee de 
* We have used the formula i Lea 12 Yj-1 
+8ys—Yj+1) 4u 
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Now, the volume V of water contained in 
the drop is obviously given by the equation 


(9) 


Evaluating the integral numerically for each 
values of 7%, we obtain the relation between 
V and D/H as shown in Fig. 4. As is seen 
in the figure, the volume of the drop becomes 
maximum at about D/H=3. This stage of the 
maximum volume may be taken as the static 
limit of the actual drop, since as mentioned 
before the volume of the drop must increase 
steadily.** As a matter of fact, the drop will 
break down just before the said stage is at- 
tained owing to its instability for external 
disturbances. 


D 
0 


/2 
Y= 2n| rzr)dar 


§5. Two-dimensional Case 


The corresponding problem for the two- 
dimensional case seems to be rather artificial, 
yet it may be of some interest since exact 
analytical treatment is possible. The result 
turns out to be qualitatively similar to that of 
the preceding case. 

Taking the rectangular coordinates (x, y) in 
place of (v, z) and applying the corresponding 
transformation (2), the fundamental equation 
becomes 


A bails 
dé Vice b+n=0. 


Solving this equation under the conditions (4), 


(10) 


2.092 Fwe get 


O 


Fig. 5 


** Part of the profile for D/H<3 can be realized 
in a pendent drop from the lower tip of a vertical 
capillary (Reference 2). 
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=%70 COS 8 , (11) 
E=2E(n0/2, 0)—F(o/2, 8) 
where F(A, 0) and E(A, 0) are respectively the 
elliptic integral of the first and the second 
kinds. Since 7(&)=—y7(a—E&) in this case, the 
reduced radius a of the drop is given by the 
expression 


=[E]o-n/2=4E (0/2) —2K (40/2) 


hs Gris 
ne ik LpGet- ee gage 
285 ea 5 pee! ] 
16384” ~ aigagoa Tf 


where K and £ are the complete elliptic in- 
tegrals. Further, the volume (or cross section- 
al area, to be exact) S of the drop is S=2a7, 


Table II. 


No lo. 684 0. 845 a 147) eR 286 ils 414 i 532 1.638 


DE 4. 174 3k 187 1.976 1.554 1. 198 0. 882 0.589 
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and it can be shown that S becomes maximum 
for 4,%<1.187. Corresponding value of D/H= 
a/n. is found to be about 1.85. In Fig. 5 are. 
shown some of the calculated shapes of the: 
two-dimensional drop. The value of D/H for 
each case is given in Table II. 

After completing the present work, thal 
writers became aware of the paper due to. 
S. Fordham,” in which are given detailed 
results of calculation for the shapes of pendant. 
drops. Fordham’s work however concerns the 
determination of surface tension from measure- _ 
ments of pendant drops and hence the cal- 
culation of the shape of drop was carried out 
only up to the point of inflexion on the profile: | 
of the drop. 
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Observation of Dislocations in Germanium 
Single Crystal 


By Masakazu SHOJI, Shoji TAUCHI, 
‘Tomokuni MITSUISHI and Masami TomMoNno 


Hitachi Central Research Laboratory 
Kokubunji, Tokyo 
(Received February 28, 1961) 


It is well known that the density of small etch 
pits of germanium revealed by slow etching is 
several orders of magnitude larger than that of 
CP-4 etch pits!).2), These small etch pits were 
» believed to be screw dislocations!).2), but their high 
|F density has not been explained. Correspondence 
| between the dislocation line and etch pits was re- 
ported?).4), although above-mentioned point is not 

decided. 

In this experiment, dislocation lines in germanium 
Were observed by the method of Borrmann‘) and 
' the density of etch pits was compared with that of 

X-ray images. From the crystal ingots two groups 
of specimen A and B were taken very near to each 
other as shown in Fig. 1(a). 


Crystal Ingot 
N type | to 3Qcm Point Focus Source 
Specimen 
Eiim 
Ay —————— :0.7t 
“Va 
hc a entivastnicd (1 
or Gee A CIN) Molcori 
Direction of Growth B (il C1100,C1000 
(a) (b) 


Fig. 1. Orientation of the specimen and the 
method for X-ray observation. 


Nearly isotropic distribution of the direction of 
: Burgers vector was assured by the comparison of 
X-ray photographs taken for the specimen A and 
B as shown in Fig. 1(b). After the X-ray observa- 
tion, CP-4 etch pits and small spiral etch pits re- 
ported by Rhodes et al.?) were revealed succes- 
sively. The density of the latter was considerably 
larger than that reported. The density of etch 
pits was compared with that of X-ray images ob- 
¢ained for one of the (110) planes. The result is 
shown in Fig. 2. This might be a extension of the 
data of Kurtz et al.®) 
Agreement between the density of X-ray images 
and that of CP-4 etch pits becomes good because 
both of them are underestimated. Factor of under- 


estimation in X-ray observation must be smaller 
than six because one of the six <110> is perpen- 
dicular to the diffracting plane. This is shown by 
L in the figure. For the etch pit, this factor must 
be smaller than fours) in the worst caseS). This 
is given by H. Overlapping of images prevents 
precise determination of the density. 


10° 
anor 
€ 
= 
3 
SIO 
iS 
7 

10° 10* 10° (Oo sOn 
Pits/cm® 
Fig. 2. Comparison of the density of images and 


that of etch pits. 


Density of small etch pits was nearly uniform all 
over the ingots from which specimen A and B were 
taken. If these pits correspond to the dislocation 
lines, some of the photographs taken for different 
(110) planes must show their images. But the den- 
sities of images determined from several photo- 
graphs agreed within the factor six and the den- 
sity of small pits was about 10% times larger than 
these. So these small etch pits never correspond 
to the usual dislocation lines. 

They may be clusters of vacancies, some kind of 
defects related to the impurity2), or loops of dis- 
location which are too small to be resolved. Rela- 
tion to the rocking curve data!) is not clear at 
present. 

The authors wish to express their thanks to Dr. 
H. Hagihara and Professor K. Kohra for their kind 
advice and encouragement. 
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Anomalous Temperature Dependence of 
Lattice Constants of Ferroelectric 
Sodium Nitrite 


By Sadao HOSHINO and Iwao SHIBUYA 


Institute for Solid State Physics 
The University of Tokyo, Tokyo 
(Received March 18, 1961) 


In order to study the mechanism of the ferro- 
electric phase transition in NaNO2, the temperature 
dependence of lattice constants was measured pre- 
cisely by x-ray diffraction methods. NaNO, is fer- 
roelectric below 160°C!) with the space group 
Im2m2). The spontaneous polarization along the 
orthorhombic } axis disappears above the Curie 
point as the space group becomes Immm?). 

Single crystals grown from aqueous solution 
were used throughout the experiment. In the preli- 
minary stage of the experiment, back reflection 
photographs were taken at various temperatures 
with a high temperature x-ray camera. The result 
suggested the existence of a weak anomaly just 
above the Curie point in addition to the expected 
one at the Curie point. Because the accuracy of 
the film method was not sufficient for the present 
study, additional precise measurements were made 
using an x-ray diffractometer with an electric 
furnace. The distance from the specimen to the 
receiving slit in front of the G-M counter was 
200mm, considerably longer than the radius of the 
camera previously used (50mm). The resolving 
power for measuring the change of diffraction 
angles was quite high, so that even a small change 
of the unit cell dimensions (about 0.0001A) could be 
detected. Special care was taken for temperature 
control of specimens; the maximum error of temper- 
ature measurements did not exceed +0.2°C. A 
very slow heating rate of at least ten minutes per 
degree was chosen to attain thermal equilibrium of 
the specimen. Results obtained are shown in Fig. 1. 

As is shown, the ¢ axis decreases its length 
moderately with increasing temperature, while the 
a and 6 axes increase their magnitudes. In the 
figure, one can observe two anomalies at 163°C and 
178°C, respectively. The one at 163°C apparently 
corresponds to the known transition point where 
the spontaneous polarization disappears, while the 
other at 178°C has not been reported previously. 
If the second anomaly observed in this thermal 
expansion experiment corresponds to a new phase 
transition, it should indicate the existence of an 
unknown phase between the well-known ferro- and 
para-electric phases, although no indication of such 
an anomaly was shown in the dielectric!) and 
specific heat‘) measurements. Recently, Tanisakis) 
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discovered the presence of a microdomain structure 
just above 163°C. Referring to his result, one 
might call NaNO, in the new phase region as anti- 
ferroelectric. However, no perfectly ordered state: 
would be attained in this phase range, therefore, 
further structural investigations together with the 
evaluation of the pair-correlation function illustrated 
recently’.?) appear to be necessary for the detailed 
discussion on the phase transition mechanism of 
this crystal. 


A 


CELL DIMENSIONS IN 


5.360 
O 


50 100 150 200 
TEMPERATURE (°C) 

Fig. 1. Temperature dependence of the a, b, and 
¢ axes obtained by measuring temperature varia- 
tions of diffraction angles of (400), (060), and 
(006) Bragg reflections, respectively. 


250 


The phase transition at 163°C was deduced to be: 
of the first order), however, the results of the 
present investigation seem to contradict the above 
statements, since no appreciable jump in the temper- 
ature variation of the cell constants was observed: 
at the transition point (Fig. 1). 

A part of this work (film method) was made at 
the Tokyo Institute of Technology getting assistances. 


of Messers Y. Takeuchi and T. Kato to whom the 
authors’ thanks are due. 
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Moving Striation in Microwave Discharge 
Plasma 


By Mikio TAKEYAMA, 

Yoshida College, Kyoto University 
Tanehiro NAKAU, Sdzaburo YAMASAKI 
Osaka University of Liberal Arts and Education 
and Takeshi ISA 
Himeji Technical College 
(Received February 23, 1961) 


Recently many investigations!.2) have been carried 
out on the moving striation in glow discharge 
plasma. The present note reports that a similar 
sonic wave can also be observed in stationary 
microwave discharge plasma under certain condi- 
tions. 

The experimental apparatus and procedures are 
as follows: A JRC-2M10 magnetron (maximum 
output power is 200 W C.W. at 2450 Mc/s) was 
mounted in a rectangular waveguide (72x34 mm). 
The discharge tube 20mm in diameter was placed 
2cm apart from one end of the guide, in the first 
case, perpendicular and in the second case, parallel 
to the microwave electric field, as shown respec- 
tively in Figs. 1 and 2. Commercial pure argon 
gas of 8 mmHg pressure was sufficiently cleaned off 
active gases and used. 


EO 
I 


© 
E-field photo tube 


wave guide 


discharge tube 


Fig. 1. Microwave electric field perpendicular to 


plasma column. 


Short Notes 


1255 


The power and the heater supplies for the mag- 
netron oscillator were well regulated to make 
stable the plasma excited by microwave. In the 
first case (Fig. 1), we could observe a sonic wave 
in a plasma under certain condition, when the dis- 
charge tube was placed unsymmeirical to the wave- 
guide. The plasma light intensity when the sonic 
wave was excited was detected by the photomulti- 
plier tubes I and II placed apart from each other 
in Fig. 1. The output signals from the photo tubes 


were observed on an oscilloscope. In Photo. I, we 


fai)) 


wave guide 


discharge tube 


Fig. 2. Microwave electric field parallel to plasma 
column, 


Photo. I. 
discharge. 


Moving striation pattern in microwave 


can recognize a phase difference between the waves 
detected by the photo tubes I and IJ, that is, the 
existence of progressing wave. We also observed 
that the amplitude of oscillation built up with wave 
progression. The frequency shifted from ~500 c/s 
to ~ 900 c/s with the change in microwave power, 
the wave velocity was about 20 m/s, and the wave 
length about 4cm. This wave might be so-called 
“moving striation ”. 

In the second case (Fig. 2), on the contrary, any 
sonic wave was not observed. 

The authors wish to thank Prof. I. Takahashi and 
Prof. K. Mitani at Kyoto University, and Prof. H. 
Takeyama at Hiroshima University for their kind 
advices and discussions. 
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Electron Spin Resonance of Manganese 
in MgCl. 


By Kuniya FUKUDA, Hiroaki MATSUMOTO, 
Toru TAKAGI and Yoichi UCHIDA 


Department of Physics, Faculty of Science, 
Kyoto University 


(Received January 23, 1961) 


Electron spin resonance of manganese ion in 
MgCl, single crystal has been measured at room 
temperature by using 1.2 cm wavelength microwave. 

The material of MgCl, containing one mole per- 
cent of MnCl, after having been thoroughly baked 
and sealed in a quartz tube under vacuum of about 
10-3 mmHg, was heated up to 800°C and then slowly 
cooled down to room temperature at a rate of 20°C 
per hour. MgCl,-Mn crystal obtained in this way 
has a layer structure. From its Laue pattern in 
Fig. 1, it is seen that the crystal is single and has 


Fig. 1. Laue pattern of MgCl,-Mn. Incident X- 
ray 1S perpendicular to the cloven plane of a 
sample (parallel to the c-axis). 


a three-fold symmetry axis (c-axis) perpendicular 
to the cloven plane. MgCl, single crystals as well 
as MnCl, belong to CdCl, crystal type and have a 
trigonal symmetry about the c-axis!). 

Electron spin resonance was measured by rotat- 
ing the static magnetic field around the c-axis in 
the plane perpendicular to it. Resonance spectra 
are independent of the direction of static magnetic 
field in this plane within experimental error and 
they consist of a broad line of about 450 oe. peak 
to peak width and many sharp lines of about 40 oe. 
peak to peak width, as shown in Fig. 2. 

The sharp lines can be analyzed with the spin 
Hamiltonian: 


GF = 98HS + DS?+ E(S,?—Sy?)+ ASI , 


where A=(—82+4)x10-4cm~, |D|=(140+10) x 10-4 
cm~!, H=0 within experimental error, and g= 
2.002+0.003. Therefore, these sharp lines must be 
attributed to the hyperfine structure of Mn++ ion, 
the local field around which has axial symmetry 
about c-axis of the host crystal. The values of A 
and g show considerably good agreement with those 
of MgBr2-Mn2), 
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From the above results, it would be plausible to 
consider that Mn++ ions occupy the regular sites 
in host crystal. 

The broad line, which overlaps hyperfine lines, 
seems to have nearly Gaussian shape rather than 
Lorentzian and the g value of 1.996+0.007, as shown 
in Fig. 2. The intensity of this broad line did not 
change when a sample was heated at 450°C for one 
hour and quenched to room temperature. The 
ratio of the intensities of a hyperfine line and the 
broad line changed sample to sample when they 
were cloven from different parts of an original 
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e 
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Fig. 2. Electron spin resonance pattern of MgCl.- 
Mn. Static magnetic field is perpendicular to 
the c-axis of a sample. 


crystal. Further experiments are necessary to see 
the relations between the hyperfine lines and the 
broad line. 

During X-ray irradiation, MgCl.-Mn crystals 
showed red luminescence (broad band at about 
650 mz) and MgCl. crystals without manganese 
weak green luminescence. Electron spin resonance 
spectra of Mn++ ion changed and a few sharp 
lines (about 10~20 oe.) appeared in the neighbour- 
hood of g=2 after X-ray irradiation. 

The more detailed investigations of the broad 
line and the analysis of the new spectra which 
appeared after X-ray irradiation are now in pro- 
gress. 

The authors wish to express their thanks for the 
facilities of X-ray diffraction measurements offered 
by Mr. Tsuneo Seto. 
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The New Magnetic Phase in 
Manganese-Aluminium-Nickel 
System 


By Ichiro TSUBOYA and Makoto SUGIHARA 


Electrical Communication Laboratory 
Nippon Telegraph and Telephone 
Public Corporation 
Musashino-shi, Tokyo, Japan 
(Received March 16, 1961) 


The new magnetic phase is observed in Mn-Al-Ni 
ternary alloy system. The nature of this ferro- 
magnetic phase seems to be the same as « phase 
in Mn-Al-Cu!) and Mn-Al-Fe?) alloy systems re- 
ported by the present authors. The composition 
range of this phase, however, extends more widely 
than Mn-Al-Cu or Mn-Al-Fe alloys. 

For preparation of the specimens, electrolytic Mn 
(99.9%), electrolytic Ni (99.9%) and pure Al (99.99%) 
were melted in suitable proportion in air and cast 
into rods of 10mm in diameter. The cast speci- 
mens were annealed for 1 hour at 900°C in vacuum 
to remove the segragation, then cooled to room 
temperature at the rate of 150°C per hour. 

The composition range showing ferromagnetism 
was determined by magnetic examination. The re- 
sults are shown in Fig. 1 with the results of X-ray 
analysis. 


50 40 


30-20 


ZOMEAO MOON COM ON SO 
Mn at.% 
Fig. 1. Results of magnetic examination and X- 
ray analysis. 

« phase; magnetic 
« phase and £-Mn phase; weakly magnetic 
orthorhombic Y phase; non magnetic 
8-Mn phase and B-NiAl phase; non mag- 
netic 

(1: #-Mn phase; non magnetic 


bO@e 


According to X-ray analysis, there is 4 pan 
cubic phase in the composition range of mie 
at.% Mn, 10 to 30 at.% Ni and 40 to 5a5 at.% nn 
This composition range nearly coincides ait e 
one which is determined by magnetic examination. 
It is observed that this cubic phase has a see 
ordered structure of CsCl type as the « i sear 
Mn-Al-Cu and Mn-Al-Fe alloy systems. e 
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tice parameter of « phase in this system changes 
with an increase of Ni content from 2.970 to 2.920A. 
The other phases which exist in the composition 
adjoining to the « phase are the mixture of @-Mn 
and 8-NiAlI phases in the Ni rich region, the orthor- 
hombic Y phase in the Al rich region and the 8- 
Mn phase in the Mn rich and Ni poor region. 
These phases do not show ferromagnetism. 

The magnetic properties such as Curie tempera- 
ture, «—T curve and temperature dependence of 
inverse susceptibility are also measured. The Curie 
temperature and the saturation magnetization. show 
an appreciable composition dependence. The Curie 
temperature becomes the highest, 550°K, at the 
Mn rich side and the lowest, 360°K, at the Ni rich 
side. The saturation magnetization reaches the 
maximum value 4000 gauss (per mol) near the phase 
boundary of the Mn and Ni poor side, decreases 
with an increase of Mn or Ni content, and reaches 
1500 gauss at the phase boundary of Ni rich side. 
The temperature dependence of the saturation 
magnetization (s—7') and of the inverse susceptibi- 
lity (1/x—T) are shown Fig. 2 for typical speci- 


re 


Se — 


4000 x10" 


(a) 


(b) (a) 
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Fig. 2. Temperature dependence of saturation 
magnetization and inverse susceptibility of a) 
Mn 35 Ni 15 Al 50 and b) Mn 40 Ni 15 Al 45. 


mens. The 1/X—T curves almost shows the non- 
linear relation except for specimens containing 
nearly 50 at.% Al. 

These magnetic properties of the « phase in Mn- 
AI-Ni alloy are similar to the « phase in Mn-Al-Cu 
alloy!.3), and can be qualitatively explained by the 
ferrimagnetism which originates from the antiferro- 
magnetic interactions between Mn atoms occupying 
two different sublattices of CsCl type structure. 

Futher discussion and detailed measurements will 
be reported later. 
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Effect of Current Injection on Properties of 
Cadmium Sulfide Crystals 


By Hiroji MITSUHASHI 


Technical Research Laboratories, Japan 
Broadcasting Corporation, Setagayaku, 
Tokyo 


(Received March 30, 1961) 


In order to study the effects due to the excitation 
by Tesla’s coil, the specimen was rested in a simple 
cryostat!) evacuated at a pressure of about 10-? 
mmHg. Green gleams came out from the surface 
of:the crystal when the excitation by the coil was 
attempted from outside the glass envelope of the 
cryostat, i.e. a discharging tip of the coil ap- 
proached the crystal or the wiring connected to the 
specimen which was kept at the temperature of 
liquid nitrogen. Immediately after the excitation 
the conductivity of all the crystals was increased 
by several orders of magnitude and the photocon- 
ductivity became largely overwhelmed by the in- 
creased dark conductivity. The higher temperature 
peaks in the thermally stimulated current curve of 
the most original crystals disappeared as seen in 
Figs. 1 and 2, although those of lower temperature 
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Fig. 1. Thermal stimulation of the unbom- 


barded crystals of (a) No. 3 [0.6mmx0.15 mmx 
x0.9mm (|| ¢)] and (b) No. 5 [1.1mmx0.20 mm 
x1.5mm (||c)]. The heating rate was 10 de- 
grees C. per min. The trap depths indicated 
were calculated on the assumption that attempt 
to escape frequency was 101° per sec. ¢ axis 
of every specimen was always made parallel 
to the electric field. 
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Fig. 2, Variation of thermal stimulation for the 
crystal No. 3, (a) just after the bombardment 
and (b) when the crystal came to equilibrium 
after annealing. 
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kept their shapes. With subsequent gradual heating | 
the increased conductivity began to decrease and | 
approached to the value at its initial state. The 
stimulated current peaks which once disappeared 
resumed their shapes. One of the most prominent 
effects on a few samples was inversion of the 
quenching spectra (Fig. 3), that is, the crystal got 
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Fig. 3. Inverted photoconductivity for the crystal 
No. 3 measured at —12°C. with 51 volts applied. 
The dotted curve shows the incident energy to 
the sample. 


photoconductive at 0.9 and 1.4 microns where the 
original crystals showed salient quenching?). This 
photoconductivity is quite stable in nature except 
for the further bombardment and/or heating of the 
specimen and appears as more exaggerated situation 
of the enhancement observed by Kitamura?). 

All of these phenomena seem to be closely as- 
sociated with the change of the lattice imperfections 
which act as donors and acceptors. The function 
of the Tesla’s coil is understood as providing 
bombarding ions and electrons of high energy by 
ionization of the residual gas. The inverted photo- 
conductivity is thought of as occurring from the 
considerable increase in the imperfections corre- 


sponding to the hole trapping centers advanced by 
Taft?) and Rose?), 
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Absorption and Reflection Spectra of 
Afterglow Plasma 


By Shigetoshi TANAKA 
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The plasma resonance, which occurs at w= 


“opt 2 (w»: plasma frequency) for a circular cylin- 
drical plasma column, has been studied by many 
workers!),2), It has further been reported that a 
series of small peaks occur, in addition to the main 
peak, at lower electron densities, but it was not 
explained so far, though various mechanisms can 
be considered?.)#), 

In the present work, both absorption and reflec- 
tion powers from an afterglow plasma generated by 
pulsed discharge (pulse width: 15 sec., peak 
voltage: 2500volt, peak current: 2amp.) were 
measured at a fixed microwave frequency (w/2r= 
8,705 mc/s), with the plasma column placed across 
waveguides as shown in Fig. 1. The absorption 
spectra are shown in Figs. 2 and 3, but the reflec- 


waveguide 


waveguide (33.0 xl0.2) 


(22.9x 22.9) 


<= 


D outer diameter : 6 (mm) 
Limer diameter : 4 (mm) 


Fig. 1. Waveguides and discharge tube (with 
neon gas filled at 7.55mm Hg). 


oxide cathode 


\Ert | anode 
i> 


f(Erf 1 tube axis 
(case I) 


rf //tube axis 
(case I) 


tion spectra are omitted since they were similar to 
the former. The plasma resonance did not appear, 
as seen from Fig. 2 in the case I, where the micro- 
wave electric vector F,; was parallel to the tube 
axis, but did appear in the case II, as shown in 
Fig. 3, where E,; was perpendicular to the tube 
axis. Figs. 2 and 3 were photographed in succes- 
sion by switching over between microwave channels 
leading to I and II. 
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The followings are to be noted: The multiple 
peaks did not appear at electron densities lower 
than that of w»/// 2 =w in our experiment on after- 
glow, as seen from Fig. 3, in contrast to the ex- 
periment on the active plasma®).4), in which a 
discharge field was kept impressed. The multiple 


Fig. 2. Absorption spectrum (upper) and tube 
current (lower, 2 amp/div.) in the case I (swept 
at 20 sec/div.). 


Fig. 3. Absorption spectrum (upper) and tube 
current (lower, 2amp/div.) in the case II (Swept 
at 20 » sec/div.). 


peaks rather appeared at electron densities higher 
than that of w,/\/ 2 =w in the case II, as shown in 
Fig. 3, but they also appeared in the case I, though 
both are not alike in detail. 

The author wishes to express his thanks to Prof. 
I. Takahashi for his guidance. 
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The Base Resistance of the Transistor 
in the Saturated Region 
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Base resistance of the transistor is heavily modu- 
lated by the collector voltage in the saturation 
region by the conductivity modulation induced by 
the minority carrier injection from the collector 
junction. The space charge layer width variation 
of the junction also take part for it, but it is found 
that the effect is much smaller than the former 
effect. 

For simplicity of calculation, we consider the 
external base resistance due to the part shown by 
the hatched annular part of the pnp transistor in 
Fig. 1. In this case, the external base resistance 
is given by the well-known formula!) 


Row =w 10 (re/Tre)/2x Ww (1) 


to 
Colisctor Base Semiconductor 
K (n type Ge) 


Fig. 1. Transistor geometry for the calculation. 


where Oy and Wy represent the specific resistivity 
and the effective width of the hatched part re- 
spectively, both functions of the collector voltage. 
In the operating situation, injected minority carriers 
from the emitter would affect them, but we neglect 
the effect here. 7., r- denote the emitter and 
collector radius. We get the approximate expres- 
sion for py as a function of Vye (voltage applied 
between the base and the collector electrodes) as 
On =1/Qun<n> 
=1/qunlpntexp(g Vie/Ak T)—1} (1+8/2Dp- Ww) 

/A1+s/De- Ww)+nn] (2) 
where <n> means the one dimensional (w-direction) 
average of the number of the conduction electrons 
from the emitter side surface to the collector 
junction in the annular region; gq, pp, Pn, Nn, k, 
T and Dp their usual meaning; 8s, surface re- 
combination velocity for the minority carrier at 
the emitter side surface. Index 2 in the exponential 
term means the correction factor for the injection 
relation, We take 2=2 for Vye>0 and 4=1 for 
Vie <0. In deriving (2), we assume the one di- 
mensional hole distribution from collector junction 
to emitter side surface in the annular region which 
induces the same number of free electrons in the 
conduction band there and take the average for 


Short Notes 


(Vol. 16, 


0.1-Cm 
219XI0 ° 


! 
- 03-02 -0.1 


Oo Ol O02 O03 
Vac (volt ) 
Fig. 2. Variation of Ryy with Voc for six different 
y's. We assume the values Wo (geometrical 


width of the annular region)=10-3cm, s=300 

cm/sec, T=300°K, 7r¢/re=1.5. 
them. It is also assumed Wy/Lep<1 where Lp 
denotes the diffusion length for the hole. In ordinary 
transistors, Mn=>Pn is assured to reduce Ryy and 
the effect of Vz- on it can not be observed except 
the case of deep bias. The expression for Wy can 
be found in the text book.?) 

In Fig. 2, the dependence of Ryw on Voe is shown 
graphically with a parameter 7=pp/nn for german- 
ium base. In this example, we take the case for 
Vie varying from 0.3 to —0.3 volts. This covers 
the saturation and part of the active region of the 
grounded-base operation for the transistor with Voe 
(forward bias voltage applied between the emitter 
and the base electrodes)=0.3 volts. It is to be 
noted that as 7 approaches unity, Ryy varies in a 
wide range in the saturation region. 

Such a rapid charge in Ryy results in an inter- 
esting phenomenon of negative collector resistance 
within the saturation region of the transistor of 
certain types.3,4) That is, if Ryy increases drastical- 
ly so that the decrease of the minority carriers at 
the emitter is accompanied by the increase in the 
d.c. voltage drop (the product of the base current 
and Ryy) in the base circuit with V,,, the collector 
current in turn decreases, thus the dynatron type 
negative resistance can be observed in the collector 
circuit. In the saturation region, the decrease of 
the minority carriers at the collector junction with 
Vue is the dominant agent for the internal feed- 
back effect and it is necessary for the negative 
resistance that the above mentioned external base 
resistance negative feedback does overcome such 
internal feedback in the transistor. 

The author thanks Dr. S. Iwase, the chief of the 
plant, for the encouragements given during the 
work. 
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On the Secondary Tunnelling Phenomena in 
a p-n Junction of Gallium Arsenide 


By Akikazu SHIBATA 
SONY Corporation, Shinagawa, Tokyo, Japan 
(Received March 10, 1961) 


Several workers have reported the fine structures 
of the J-V characteristics of a tunnel diode indicat- 
ing the phonon interaction at low temperature!).?) 
or the presence of intermediate states in the energy 
gap®). Very recently, an evidence of the possible 
existence of impurity bands in the energy gap and 
the tunnelling between the conduction and/or val- 
ence bands and impurity band(s) was observed in 
a p-n junction of GaAs. A similar phenomenon 
was also reported by Holonyakt) who observed 
tunnelling between these impurity bands at 78°K. 

The observed I-V characteristics of a typical 
GaAs p-n junction at room and at liquid nitrogen 
temperatures are shown in Fig. 1. This junction 


200pu0,-— 7 
$120 ai 
5 | 
S80 A 

40 jas Oe 
7 7eX / 


02 04 06 O08 IOV 
Voltage 
Fig. 1. I-V characteristics of a Zn-doped GaAs 
p-n junction (IP~50ya at R.T.). 


was formed by alloying a Sn-Pb-Te dot to very 
heavily doped GaAs with Zn (>10! cm-’). This 
junction exhibits very small current peaks of about 
50ua at about 0.1 and 0.43 volts at room tempera- 
ture. (The significance is the appearance of a 
secondary tunnelling peak even at room tempera- 
tures) 

Similar secondary tunnelling current peak was 
reported in an epitaxially formed P-doped Ge p-n 


ut 0.4 volts at 4.2°K® and a Si 


junctions at abo 
‘ volts?). 


tunnel diode in a form of a hump at about 0.8 
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Esaki proposed possible existence of a deep impuriy 
level. 

In comparison to the GaAs p-n junctions, several 
P-doped Ge p-n junctions were formed and the 
existence of a hump at about 0.4 volts at 78°K was 
confirmed. Several As-doped Ge backward diodes 
having comparable peak currrent were also investi- 
gated at 78°K. In this case, however, no evidence 
of such a hump was observed. In contrast with 
Zn-doped GaAs -n junctions, a Cd diffused GaAs 
p-n junction showed a clear structure in the cur- 
rent peak at about 0.05 volts at 78°K and did not 
show a secondary tunnelling hump as illustrated in 
Fig. 2. This structure may be attributed to the 


Pedal 
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Fig. 2. characteristics of a Cd-diffused GaAs p-n 
junctian at 78°K (IP=0.70 ma). 


distortion of the energy band edge due to the high 
impuirty concentration which has been recently 
investigated by Pankove®).7). A simple calculation 
of tunnelling current also indicated that such a 
distorted band edge could produce a structure in. 
the tunnelling current peak. 

It could be concluded that these experimental 
facts, together with those by Holonyak and others, 
strongly indicate the existence of impurity bands: 
in the energy gap and also the distortion of the 
energy band edges. However, no such a deep lying 
impurity band is reported yet. In any case, these: 
secondary tunnelling current peaks are revealed 
only when specific combinations of impurities and 
semiconductors are used. It should be a most urget: 
project to elucidate these possible deep lying im- 
purity bands. These phenomena should be observed. 
in all the semiconductors and we are continuing: 
the investigation using other JII-V compound semi- 
conductors. 
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The Optical Absorption of Localized 
Exciton in KCI-KI Crystal 


‘By Kaizo NAKAMURA, Kuniya FUKUDA, Riso KATO, 
Atsuo MATSUI and Yoichi UCHIDA 


Department of Physics, Faculty of Science, 
Kyoto Uniwersity 


(Received April 3, 1961) 


It has been shown in earlier works!) that a defi- 
nite peak is observed at room temperature on longer 
-~wavelength side of the fundamental absorption edge 
of KCl or NaCl crystal containing I~ impurity, and 
that this peak is ascribed to the localized exciton 
at I- ion occupying Cl- lattice site. Recently, 
Kobayashi and Tomiki have reported?) that com- 
‘mercial KCl or NaCl powder contains a considerable 
amount of Br- impurity, and that this impurity 
causes a remarkable shift of the absorption edge 
to longer wavelength side. 

In the present work, the starting material of KCl 
powder was prepared by the chemical reaction of 
filtered aqueous solution of potassium bicarbonate 
and distilled hydrochloric acid. The single crystals 
of pure KCl and those containing 0.05 mole % of 
KIZin melt were grown by the Kyropoulos method 
in air with a platinum crucible. The optical absorp- 
tion spectra of both crystals were measured at low 
temperature by the vacuum ultraviolet spectro- 
‘meter?), 

Fig. 1 shows the absorption spectra of KCl single 
crystals both at room and liquid nitrogen tempera- 
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Fig. 1. Absorption spectra of KCl crystals. C: 
crystal from commercial powder, S: from syn- 
thetic powder, —R: measured at room tempera- 
ture, —L: at liquid nitrogen temperature, C 
and § are almost the same in thickness. 


tures. The shift of absorption edge due to the 
presence of Br- or of other impurities is more than 
0.2 ev at room temperature and about 0.4 ev at liquid 
nitrogen temperature, respectively. The slope from 
7ey to absorption edge which appears in synthetic 
KCl at liquid nitrogen temperature might be as- 
cribed to the defects such as dislocations. 

Fig. 2(a) shows the absorption spectra of KCl- 
KI crystals at room temperature. A peak is at 
6.58 ev (A) and a hump appears at about 7.1 ev (B) 
on absorption edge. This hump is masked by the 
shift of absorption edge in commercial KCl. 

Fig. 2(b) shows the absorption spectra of KCl-KT 
crystals at liquid nitrogen temperature. The A- 
band shifts to 6.7l1ev and the B-hump appears as 
a narrow band at 7.2ev which is observed as a 
shoulder in commercial KCl. Further, near the 
absorption edge a shoulder (C) is observed at about 
7.5ev. The half widths of these bands are 0.22 ev 
for A-band and about 0.1 ev for B-band. 

The above three bands may correspond to the 
“jodine doublet” and the perturbed exciton near 
I- ion. Further experiments will be necessary to 
decide the correspondence. Similar experiments on 
synthetic NaCl-Nal crystals are now in progress. 
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at room temperature and (b) those at liquid 
nitrogen temperature. Solid curve is for the 
crystal from synthetic powder, and dashed curve 
for the crystal from commercial one in each 


figure, where reference curve of pure KCl crys- 
tal is given. 
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Refractive Index Difference of Dilute 
Aqueous Solution of 
Polyvinylpyrolidon 


By Yasuhiro MIYAKE and Jiro F URUICHI 
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Recently, the anomalous behavior of the concen- 
tration dependence of the reduced viscosity in the 
very dilute solution of high polymer has been re- 
ported and interpreted as either due to (1) the 
peculiarities of the viscosity, such as the effects of 
Non-Newtonian or of the adsoption of polymer 
molecules on the capillary wall of the viscometer 
or due to (2) the disentanglement and the expansion 
of polymer molecules occurring below a critical 
concentration or the nonuniformity of the solution!). 
In order to decide the above interpretations it is 
desirable to adopt the methods using other than 
the viscometer and giving a sufficient accuracy in 
the region of the very dilute concentration. The 
differential refractometer seems to be the useful 
one for this purpose. The concentration depend- 
ence of the refractive index difference in the dilute 
aqueous solution of polyvinylalcohol(PVA) has 
already been investigated by M. Matsumoto and 
Y. Ohyanagi?), who have found out the anomaly. 
On the other hand, the measurement based on the 
determination of the concentration using the more 
accurate interferometer for polyvinylacetate in 
toluene solution by C.A.F. Tuijnman and J. J. 
Hermans3), who studied the precision viscometry 
of this system, suggests that such an anomaly can- 
not be found out. From these results, one may 
expect that the anomaly in PVA solution is due to 
the destruction of the structure of water caused by 
the strong interaction of the hydroxyl group of 
every structural unit with water just as the inter- 
pretation of M. Matsumoto et al. Therefore the 
sample which has no such group strongly interacting 
with a solvent as the hydroxyl group should not 
show the anomaly. Then, in the present work, the 
refractive index difference 4n of the dilute aqueous 
solution of polyvinylpyrolidon(PVP), which is solu- 
ble in water like PVA but has not the hydroxyl 
group, has been precisely measured. Molecular 
weights of the sample used are 700,000, 40,000 and 
20,000 respectively, whicn are obtained from Kyorin 
medicine manufacture Co. The measurements have 
been done at 25°C with the cell of the inner angle 
125° for the wave length of 436mp using Debye- 
type differential refractometer*. The result is 


* This apparatus is made by Narumi CO. For 


example. 
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shown in the figure. 

It is evident from this that the index difference: 
4n between the solution and water plotted against. 
the concentration does not show the anomalous. 
behavior. This is likely to confirm the above in- 
ference, that is, the disagreement is attributed to- 
the hydroxyl group so that the destruction of the: 
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Fig. 1. Refractive index difference between solu-- 
tion and water, 4n, plotted against concentration: 
for aqueous solution of PVP at 25°C. K is. 
constant. 


structure of water may be the origin of the anoma-- 
lous behavior in the static measurement like this. 
as well as in the specific volume one?) which is not 
the kinetic method such as the viscometric5). It 
corresponds to the interpretation (2) as the origin 
of the anomaly. However, the results of the anoma- 
lous behavior of polystyrene in various solvents. 
obtained by the authors’ viscometric investigation®) 
have also to be interpreted as due io the other 
origin than the interpretation (2). Hence, it is. 
necessary to consider the structure of the polymer 
and the solvent and also the method of the measure-- 
ment in the investigation of the polymer solution. 
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The Electron-Coupled Nuclear Spin 
Interactions in Ionic Crystals 
by the Overlap Model 


By Tatsuo SHIMIZU 
Department of Physics, University of Tokyo 
(Received February 16, 1961) 


Various properties of the ionic crystal have been 
Sinvestigated by two different approaches. ‘The first 
is based on the model in which partially covalent 
bonds are assumed to work, and the second is 
based on the model in which the overlap between 
atomic orbitals is explicitly taken into account. 
‘The first and the second will be referred to as the 
‘covalent and the overlap model, respectively. 
Yoshida and Moriya!) calculated nuclear quadrupole 
relaxations and chemical shifts by the covalent 
model, and Kondo and Yamashita?) calculated the 
‘same quantities by the overlap model. The results 
based on the overlap model seem to be more reason- 
cable than those based on the covalent model. Be- 
sides these quantities Yoshida-Moriya!) have calcu- 
lated the electron-coupled nuclear spin interactions 
‘by the covalent model, and Bloembergen and 
Sorokin®) have extended them later. The calcula- 
tion of them on the basis of the overlap model, 
however, has not yet been carried out. In this 
mote we shall mention the result of such calcula- 
‘tion. 

The electron-coupled nuclear spin interaction 
energy is obtained as the second order perturba- 
tions of the following interaction operator: 

SE! = & [(6r/3)8 ir» Ly -S)9(rew) 

+ 2B hy w{3Ly -rew (Skew) Pew 5 

—(Uy -Sx)rew3}] 
‘The notations are those usually used. In calculat- 
‘ing the second order perturbations, we approximate 
the excitation energies by an appropriate average 
value 4H as is usually done. As the ground state 
wave function, we take the Slater determinant con- 
structed from the atomic orbitals of the free ions, 
-and we rewrite it with the Léwdin orthogonalized 
atomic orbitals. We take into account the overlaps 
S between the orbitals belonging to the nearest 
neighbor ions only, and retain them up to the order 
of S?in the results. For that sake, we need retain 
S only in the first order in the Léwdin orbitals. 
Moreover we retain 


| eMlra)p.de 


only in the case where both atomic orbitals » and 
v belong to the same ion, and neglect the electron 
densities of the atomic orbitals at the nuclei other 


than those which they belong to. The results are 
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as follows: 


(88/3)? myn(1/4E)[Smens|bms(0)|? |bxs(0)|2Lim Tn 
—(3/20n){ Sksmn|bns(0)|2<1/73>mp 
+ Smshp|Gms(0)|2<1/r3>np} 
X {In Tn —3( Tine +B Imy +7 Ime oTazt+bIny+7rInz)} 
+(9/400n2)Simphp<1/72>mpSl/1>np 

x {Tine Tn t+ 3(aTime t+ BImy +7 Ime eTn2t+ BInyt+rInz)})- 
Here m and h designate the metal ions and the 
halogen ions respectively, and s and p respectively 
designate the outermost s orbitals and the outer- 
most p orbitals directed to the nearest neighbor 
ions. a, 8, 7 are direction cosines of the nearest 
neighbors. In the above expression, 4H was as- 
sumed for simplicity to be common for various 
terms in braces. The results can also be expressed 
in the exchange and pseudo-dipolar type coupling, 
that is: 


Aln:-Ih+BilIn: Rue SRaihe Rinn) Tn: Rmn)} ; 


where 


A=(8Bh/3)°7m7n(1/4E\(S mens|ms(0)|2| bas(0)|? 
+ (9/200r2)S mpnp<1/73>mp<1/1>ep) » 

B=— (88h/3)7mrn(1/4E){(3/20n) 

x (SismolGns(0)|2<1 |7?>mp ++ Se | $ms(0)|2<1/73>x ») 

+(9/400r2)Simphp<1/13>mpS1/r9>ap} - 
Here Rx, is a vector connecting the metal ion and 
the nearest neighbor halogen ion. The above ex- 
pressions for A, B have the same form as those 
obtained using covalent model, if we replace 
2Smshp etc. by Aldms|2|aapl2 etc. respectively. This 
correspondence is similar to that in the case of 
the chemical shift2). 

Only experimental results on A and B in ionic 
crystals, which have been published, are those of 
CsBr, and the results are Ah~1=55 cps, Bh-~1=+15 
cps or —89cps3). The theoretical prediction shows 
that B is always negative, so that we must take 
—89 cps as the experimental value of Bh-!. Since 
there are many unknown parameters in the theore- 
tical expressions, we can not obtain convincing 
theoretical values of A and B. However, we may 
make a rough estimate of them in order to see 
whether our model gives a reasonable result. We 
assume the following values: 4H=10eV, Smonp 
=0.080, which has been obtained by Kondo- 
Yamashita from the experimental value of the 
chemical shift?), <1/73>my=29 A.U. and <1/r3>;,)=13.6 
A.U. which have been obtained by Barnes and Smith 
semiempirically*), and |¢ms(0)|2=65 A.U. which is 
calculated by the Hartree-Fock wave function5). 
Furthermore if we assume 1/9Smprp=1/3Srsmp 
=1/3Smsrp=Smsas, we obtain the experimental value 
of A for |¢ns(0)|2~40 A.U. which seems reasonable. 
From these parameter values, we find Bh-!~ —20 cps. 
If we assume 1/4 Sinprp=1/2 Srsmp=1/2 Smsrp=Smsns, 


1961) 


we obtain the experimental value of A for |¢,,.(0)| 
we A.U., and Bh-! again becomes ~—20cps. The 
discrepancy between —20 cps and —89cps does 
not seem to be serious in view of the rough na- 
ture of our estimation. 

Finally, we note that if we take into account 
the overlaps between the next nearest neighbor 
ions, the interactions between metal ions or halogen 
ions will be obtained in the form exactly the same 
as the expressions obtained above. Therefore the 
unpublished experimental results on the coupling 
between T1 ions cited in Yoshida-Moriya’s paper!) 
may be explained by our model, although it is ap- 
parently very difficult to explain it by the covalent 
model. 
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Magnetic Properties of B8 Type Compounds 
in Manganese-Tin System 


By Mitsuru ASANUMA 


Department of Physics, Faculty of Science, 
Hokkaido University 


(Received January 21, 1961) 


In previous report’, it has been pointed out that 
Fe, 38n has a B8 type structure and shows ferro- 
magnetism with the Curie temperature at 676°K. 
In this system, the composition range of B8 phase 
is so narrow that it was not possible to observe 
the variation of the magnetic moments of the com- 
pounds as a function of the composition. 

However, in manganese-tin system, as the homo- 
geneous range of B8 structure is considerablly wide, 
being estimated to be 35~40 atomic per cent tin 
by Nial2), it has been possible to observe the varia- 
tion of the magnetic moments of the system in this 
range of composition. This fact is important, since, 
from this result, it is possible to estimate the mag- 
netic moments of manganese atoms in each lattice 
site theoretically. 

The specimens were prepared as follows; after 
melting the mixture of each component in argon 
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atmosphere, it was crushed, baked at 600°C for a 
week in evacuated silica tube, and quenched in 
water. 

The obtained specimens were examined by X-ray 
Debye-Scherrer method with Fe-Ka, and it was re- 
cognized that Mn; ;Sn, Mn; ¢Sn, Mn, ;Sn and Mn, Sn 
have all B8 type structure. 

The dependence of saturation magnetization at 
absolute zero temperature on manganese content is 
shown in Fig. 1 and Table I, together with the lat- 


Bohn magnetron/mol 


4 


0 Of G2 03 04 05 
Fig. 1. The dependence of saturation magnetiza- 
tion at 0°K on manganese contents in Mn,.,Sn. 
Table I. 
Curie Temp. 
c(up)imol (°K) a(A)  ¢(A) cla 
Mn, ;Sn DAS 269 4.37, 5.508 1.265 
Mn, .Sn 220. 263 4.37, 5.51, 1.26 
Mn, ;Sn 1.92 258 4.39; a byn e255 
Mn, sSn 1.76 256 4.39, 5.51. 1.256 


tice parameters and the Curie temperature in the 
latter. The value of saturation magnetization at 
0°K decreases aS manganese content increases. 

The fact that the magnetic moment per mol de- 
creases as the manganese content increases sug- 
gests that the phase is probably ferrimagnetic. 

When one assumes the variation in population of 
the manganese atoms takes place mainly on the B 
sites in Fig. 2, the magnetic moment of manganese 
atom on B sites is calculated to be 2.2 v3. 

The same assumption leads to the value of 3.5 uz 
as the magnetic moment on A sites. 

B8 type structure extends from B8, type to B82 
type for certain kinds of metalloid element. Here, 
B8, type structure corresponds to a filling of octa- 
hedral interspaces with transition metal atoms, in 
a hexagonal close packed structure of metalloid 
elements, and B& type structure corresponds to a 
filling of both octahedral and trigonal interspaces 
with transition metal atoms, in a hexagonal close 
packed lattice. Since the volume of octahedral 
interspace is larger than that of trigonal interspace, 
it is reasonable to assume that the octahedral inter- 
spaces, i.e. A sites are always filled up and the 
variation in population takes place only on the 
trigonal interspace, i.e. B site. 
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Guillaud?) has suggested that the critical distance 
of ferromagntic and antiferromagnetic interaction 
between manganese atom may be 2.81 A as deduced 
from the analysis of the variation of the Curie 
temperature in MnAs, MnSb and MnBi. In a spe- 
cimen Mn, sSn, Mn-Mn distance in A site is 2.75, A 


© Transition Metal Atom (A site) 


© Tansition Metal Atom  (B site) 
@ Tin Atom 
Fig. 2. The crystal structure of B8, type struc- 
ture. 
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Fig. 3. The curve of the inverse of magnetic 
susceptibility vs temperature. 


and the distance between A and B sites is 2.88, A. 

Therefore, according to Guilland, it is expected 
that Jaa is negative, while Jap, Jpg are positive, 
and present result is inconsistent with Guillaud’s 
criterion. The behavior is also same in Mn, ;Sn. 

The dependence of the inverse of magnetic sus- 
ceptibility above the Curie temperature in Mn, ;Sn 
is slightly concave against temperature axis as 
shown in Fig. 3. This result also suggest the B8 
phase in manganese-tin system is ferrimagnetic. 
The details will be published in this Journal. 
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On the Decomposition of the Ferromagnetic 
Phase of the Heusler Alloy, Cu:MnAl 


By Ren’iti KIMURA, Tetuo OHOYAMA 
and Keizo ENDO 


Department of Physics, Faculty of Science, 
Tokyo Metropolitan University 


(Received March 6, 1961) 


Through our recent study of isothermal change 
in the electrical resistance, the decomposition of 
the metastable ~-phase of a Cu-Mn-Al alloy has 
been found to be complicated by the cooperation: 
of two mechanisms of different kinds. These pro- 
cesses consist of the precipitation of more stable: 
phases, but the different values of the activation 
energy seem to suggest that different processes: 
predominate in higher and lower temperature re- 
gions. 

The specimen for this study had the composition 
of Cu,MnAl and was prepared as follows: Mother 
alloys with composition of Cu;Mn and Al;Mn were 
first prepared from electrolytic copper (99.9%), 
electrolytic manganese (99.9%), and pure aluminum 
(99.99%). The metals of desired proportion were: 
charged in an alumina crucible, melted in an in- 
duction furnace, and cast into an iron mold. Then 
the mixture of the mother alloys in an optimum 
proportion to obtain the composition of Cu,MnAl 
was melted in an atmosphere of argon, and a rod 
of ca. 1.5mm in diameter was drawn up into a 
quarz pipe. The specimen thus obtained was at- 
tached with appropriate electrical lead wires and! 
placed in an electrical furnace. On heating and 
cooling as well as at definite temperatures, the: 
potential drop in the specimen on passing a station-. 
ary current was recorded, as a function of time, 
on an electromagnetic oscillograph paper by means: 
of a feed back device!). 

In Fig. 1, the electrical resistance of the spe- 
cimen which was quenched into water from 800°C. 
and was ascertained to be of the @-phase by the: 
X-ray diffraction is shown as a function of tem- 
perature. The resistance observed on heating at. 
a rate of ca. 250°C per hour is shown by the full 
curve. It increases first as though it is the dis- 
ordering process, and at 350°C, with the beginning 
of the precipitation, becomes to increase more: 
slowly, and after a sudden fall at about 500°C, 
increases again toward the knick point at 700°C, 
after which it remains constant or rather decreases. 
slightly*. 


* Further investigations will be necessary to« 
ascertain whether the temperature coefficient is: 
realy negative at these temperatures, and to dis- 
cuss the origin of it, if it is the case. 
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Then the change in the resistance when the tem- 
perature was held constant after having been raised 
up to that point at the same rate as before were 
also recorded and plotted in the same figure. The 
points corresponding to the equal time duration 
held at each temperature are connected by dotted 
curves. It is clearly seen in the figure that the 
rate of change in the resistance becomes much 
greater at the temperatures above 410°C. The 
logarithm of the time necessary for 50% of the 
total isothermal change to take place is plotted 


200 400 600 800 
Temperature (°C) 

Fig. 1. Full curve: The change in electrical 
resistance of §-CuzMnAl when heated at a rate 
of 250°C per hour. R, is the value at the 
knick point 700°C. Dotted curves: The resist- 
ance after held at constant temperatures for 
9min. (OC), 18min. (A), 36min. (()), 90min. 
(+), and 135 min. (@). 
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Fig. 2. 


against the reciprocal of absolute temperature in 
Fig. 2. It forms a knick point at about 410°C and 
the activation energies can be calculated from the 
slope of the straight lines to be 0.42 and 1.5eV 
for the lower and the higher temperature ranges, 
respectively. 

To obtain more informations about the difference 
of the two processes, microscopical observations 
and Debye-Scherrer X-ray analysis have been under- 
taken. More dispersed fine precipitations were ob- 
served under a microscope in the specimen held 
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at lower temperature range, but unfortunately, the 
Debye photographs taken at room temperature for 
the powdered specimen quenched at each stage of 
the resistance change could not offer any clue to 
this problem, presumably owing to the instability 
of the phases in the quenched specimen. Thus 
the high-temperature X-ray technique seems to be 
essential to proceed further. As it is in prepara- 
tion, we hope the result will be reported in future. 


The authors wish to express their hearty thanks 
to Profs. E. Fukushima and T. Sato for their kind- 
ness to afford them facilities to achieve the work, 
and are also grateful to Mr. T. Kuwajima for the 
design of the feed-back device for the automatic 
recording. 
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Microwave Measurement of Fast 
Time varying plasmas 


By Susumu Takeda 
Nagoya University, Nagoya, Japan 
(Received April 21, 1961) 


The electron density (5x111~2x10!8cm~8) and 
the collision frequency in a decaying plasma are 
deduced from the simultaneous recording of two 
X-band microwave detector siginals displayed on 
the dual trace oscilloscope. The electron tempera- 
ture, except in its very early period, decreases 
more slowly than expected on the basis of the 
simple assumption of energy equipartition between 
electrons and ions. The collision frequency meas- 
ured here is compared with other results. 

The principle of the measurement is a modifica- 
tion of the method previously described!’. This 
method can yield the instantaneous value of both 
the electron density and the collision frequency of 
a time varying plasma. 

In order to confirm the applicability and the 
validity of this measurement, it was tested to a 
typical recurrent decaying plasma. Since the two 
detector signals are photographically recorded, this 
tecenique can be especially adapted to vlasmas 
produced by non repeated discharges. 

The electron density n and the collision frequency 
, are related to the plasma impedance r+jz, as 


follows?) 
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where A and B depend on the dimension of the 
wave guide and the glass tube which contains the 
plasma and penetrates through the wide side of that 
waveguide. 

Figure 1. shows ve;/n (here electron-ion collision 


200 
psec 


+ 
50 100 150 


—-1 


250 


Fig. 1. Ratio of the electron-ion collision fre- 
quency ve; to the electron density n, and the 
electron temperature JT, versus time. 


frequency v.; predominates and is almost equal to 
total v) and the electron temperature 7, calculated 
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from veisn~(Te/300)-%/2 versus time. The charac- 
teristic time for equipartition of the temperature 
between electrons and ions, tj, is difined te;=1/vex 
M;/2m where M; is the ion mass. And the theo- 
itical value?) of c.; in this experimental condition 
is of the order of a few yu sec; that is much shorter 
than the measured one. One reason which can 
possibly explain the measured long decay time of 
the electron temperature would be the presence of 
metastable atoms, heating the electron gas by the 
intermediary of the ion gas. 

It was usually assumed that the maximum light 
intensity originating from the afterglow close to 
the beginning of a pulsed discharge occured at 
the time when the electron temperature reached 
300°K. The photomultiplier datas of these experi- 
ments, especialy in Neon afterglow, contradict this 
assumption, since the light intensity maximum ap- 
pears in less than 20sec, whereas the electron 
temperature reaches 300°K after more than 100.4 
sec. 

The value of v,.;/n in the late time in Fig. 1 ap- 
proaches the value 1.2x10~-2cm3/sec, which is 
compared to the theoretical and experimental values 
derived by other authors and listed in Table 1. 


} 


Experiment 
Electron Spitzer4) | Ginsb 5) / D ee 6) | a r : : y 
Density p insburg ouga _ Anderson Dougal This work 
(1) (II) 
| Sores thee el 2 enOie= 
1x10" | 3.2x10-8 | 3.8x10-8 | 9.6x10-8 | 3.0x10-8 | 9.8x10-3 | 1.2x10-2 | at m=5x10" 
1x10 2.4X10-% | 2.91078 | 5.5x10-8 ee i tae 


(1) Phototube datas of luminous intensity. 
(II) Microwave interaction. 


(3), (4) vee deduced from 7,,;. 
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Hot Electron Behavior at High Pressures 


By Louis GoLp 


Radiation Laboratory and Department of Nuclear 
Engineering, University of Michigan, 
Ann Arbor, Michigan 
(Received March 17, 1961) 


Changes produced in the hot electron behavior of 
many-valley semiconductors by high (hydrostatic) 
pressures afford a means for securing information 
on the energy gap pressure coefficient. This brief 
communication discloses how a newly developed 
phenomenological theory!) for the nonequilibrium 
carrier distribution in such multivalued band mini- 
ma structures characterizes hot electron departure 
fromi Ohm’s law, to the extent where the role of 
high pressure may be appraised. 

It has been demonstrated that the angular devia- 
tion ¢ from collinear current and voltage directions 
relates to the all important total carrier density 
via 

tan ecces/KT , Cal 
where e¢ was identified as an appropriate activa- 
tion energy"). Now interpreting ¢ as essentially an 
energy gap H, for the intrinsic range, the relation 
(1) may be reexpressed as 


tan c0ce4g/2kT . etaP/2kT : (G25) 


where «a is the pressure coefficient for the increase 
or decrease (+) of Ky, with hydrostatic pressure 
P. Hence, provided the mounting pressure does 
not expend itself in merely redistributing carriers 
over the various band minima, a state should exist 
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where the dominant effect contributing to tane is 
the gap change per se. 

Now the high pressure-hot electron researches by 
Koenig et al.2) do indeed manifest findings along 
the lines of indicated expectations. Thus in the 
neighborhood of electric fields near 3000 v/cm small 
increases of ¢ in N-germanium were detected at 
77°K when pressures up to ~109dynes/cm2 were 
impressed; according to Eq. (2), perceptible pres- 
sure effect becomes favorable for aP=kT. Numeri- 
cally then, with a=+5x10-!2ev/dyne/cm? and 
Pinax=5.2 X109 dynes/cm?, aP~0.025ev which ex- 
ceeds kT~0-0066 ev (T=77°K). Hence the theory 
appears in sensible agreement with these experi- 
mental observations. 

Future studies of high pressure-hot electron 
interaction may be judiciously guided by the fore- 
going considerations. For example, in view of the 
negative coefficient for N-silicon a=—1.3x10-? ev, 
higher pressures and lower temperatures are called 
for to detect the anticipated decrease of ¢. More 
generally, with recognition of the crucial role 
played by the free carrier density, it becomes of 
interest to explore the influence of impurity con- 
centration, opticai excitation, etc. It is conceivable 
that the presently advocated scheme for determin- 
ing energy gap changes with hydrostatic pressure 
may lend itself to band structure exploration in 
less familiar semiconductors. 
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On the Viscosity of Irradiated Polymers. III. Effect of Branching 


By Kanji KATSUURA 
J. Phys. Soc. Japan 15 (1960) 2310 


Column Line Should read 
left 23 np, q, R)/N=m(p, 4, R) 
2nd of Eq.’s (4) —G'(Zo, #) +G"(zo, %) 
Eq. (7) Re(p. 0) Rep, 1)? 
d 
a Loses ee lero ) Jao. 
Eq. (36) a=AiRy. 
right 9 We plot a,;’s against b for a=1. 
right a1 0.74 0.70 
Reference 7) J. Chem. Phys. J. Phys. Chem. 
Fig. 5 Values of a; plotted against b. 
Pigs So: 
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